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1. Introduction

The production of four top quarks (𝑡𝑡𝑡𝑡) is one of the rarest Standard Model (SM) processes
accessible currently at the Large Hadron Collider (LHC) providing an important test of the SM. The
cross section receives potential contributions from beyond the Standard Model (BSM) processes,
which could lead to an enhancement of the cross section, e.g. [1–9]. Despite its small cross
section, the process has been measured at the LHC by the ATLAS [10–12] and the CMS [13, 14]
collaborations. In themost recent ATLAS analysis [12] themeasured total cross section shows a two
standard deviation excess compared to the SM prediction, computed at next-to-leading order (NLO)
in Quantum Chromodynamics (QCD) and including NLO electroweak (EW) corrections [15].

Regarding theoretical predictions, NLO QCD corrections to the total cross sections were first
calculated in [16], and later in [15, 17]. A combination of NLO QCD and EW corrections has been
presented in [15, 18]. The calculation of the next-to-next-to-leading order (NNLO) cross section
for such a process is currently out of reach. One can, however, increase the precision of theoretical
calculations by taking into account the effects of multiple soft gluon emissions. Such emissions lead
to logarithmic terms of the form 𝛼𝑛

𝑠 [log𝑚(1 − �̂�)/(1 − �̂�)]+ with 𝑚 ≤ 2𝑛, �̂� = 𝑀2/𝑠 = (4𝑚𝑡 )2/𝑠
and

√
𝑠 the partonic center-of-mass energy. These terms appear in the cross section at all orders in

𝛼𝑠. In this work, we aim to extend the precision of theoretical predictions for the production of four
top quarks beyond the known NLO by performing soft gluon resummation up to next-to-leading
logarithmic (NLL) accuracy, supplemented by non-logarithmic O(𝛼𝑠) terms that do not vanish at
threshold.

In the following, we present results for resummed cross sections in the absolute mass threshold,
i.e. �̂� → 1, using the Mellin-space approach in direct QCD.

2. Resummation at absolute mass threshold

The partonic resummed cross section at next-to-leading-logarithmic (NLL) accuracy in Mellin
space can be written as [19, 20]

�̂�NLL
𝑖 𝑗→𝑡𝑡𝑡𝑡

(𝑁) = Tr
[
H𝑖 𝑗→𝑡𝑡𝑡𝑡 (𝑁) S𝑖 𝑗→𝑡𝑡𝑡𝑡 (𝑁 + 1)

]
Δ𝑖 (𝑁 + 1) Δ 𝑗 (𝑁 + 1) , (1)

where the hard pieceH𝑖 𝑗→𝑡𝑡𝑡𝑡 accounts for the hard dynamics and the soft function S𝑖 𝑗→𝑡𝑡𝑡𝑡 gathers
the contributions from soft wide-angle emission. Soft-collinear contributions from the incoming
partons are accounted for in the incoming jet functionsΔ𝑖, 𝑗 . The incoming jet functions are universal
and well-known, and can be found at NLL accuracy e.g. in Ref. [21].

The evolution of the soft matrix is driven by the soft anomalous dimension (SAD) matrix 𝚪,
which can be expanded perturbatively i.e. 𝚪 = (𝛼𝑠/𝜋) 𝚪(1) + (𝛼𝑠/𝜋)2 𝚪(2) + . . . . The one-loop
SAD matrix 𝚪(1) is required for predictions at NLL accuracy. Alongside the hard and the soft
functions, the SAD matrix is a matrix in colour space, hence a study of the colour structure is
needed. The resulting dimensions of the colour spaces for the 𝑞𝑞- and 𝑔𝑔-initiated channels are 6
and 14 respectively. We work in a colour basis where 𝚪(1) is diagonal in the absolute mass threshold
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limit, and denote this basis with the subscript 𝑅. The one-loop SAD matrices for 𝑁𝑐 = 3 read

2Re
[
𝚪 (1)
𝑅,𝑞�̄�→𝑡𝑡𝑡𝑡

]
= diag

(
0, 0,−3,−3,−3,−3

)
, (2)

2Re
[
𝚪 (1)
𝑅,𝑔𝑔→𝑡𝑡𝑡𝑡

]
= diag

(
− 8,−6,−6,−4,−3,−3,−3,−3,−3,−3,−3,−3, 0, 0

)
. (3)

It can be checked that the elements of the matrix correspond to the negative values of the quadratic
Casimir invariants of the respective irreducible representation of the final-state colour structure.

The soft function is expressed in terms of the evolution matrices U𝑖 𝑗→𝑡𝑡𝑡𝑡 and the boundary
condition S̃𝑖 𝑗→𝑡𝑡𝑡𝑡 , such that S𝑖 𝑗→𝑡𝑡𝑡𝑡 = Ū𝑖 𝑗→𝑡𝑡𝑡𝑡 S̃𝑖 𝑗→𝑡𝑡𝑡𝑡U𝑖 𝑗→𝑡𝑡𝑡𝑡 , with

U𝑖 𝑗→𝑡𝑡𝑡𝑡 = Pexp

[∫ 𝑀/�̄�

𝜇𝑅

𝑑𝑞

𝑞
𝚪𝑖 𝑗→𝑡𝑡𝑡𝑡

(
𝛼𝑠 (𝑞2)

)]
. (4)

In the 𝑅 basis, the soft function at NLL reads

S𝑅,𝑖 𝑗→𝑡𝑡𝑡𝑡 = S̃𝑅,𝑖 𝑗→𝑡𝑡𝑡𝑡 exp


Re

[
𝚪 (1)
𝑅,𝑖 𝑗→𝑡𝑡𝑡𝑡

]
𝜋𝑏0

log(1 − 2𝜆)
 , (5)

with 𝜆 = 𝛼𝑠𝑏0 log �̄� and �̄� ≡ 𝑁e𝛾𝐸 .
The hard and soft functions can be expanded perturbatively in powers of 𝛼𝑠: H𝑅 = H(0)

𝑅
+

𝛼𝑠

𝜋
H(1)

𝑅
+ . . . and S̃𝑅 = S̃(0)

𝑅
+ 𝛼𝑠

𝜋
S̃(1)
𝑅

+ . . . . The function H(1) gathers one-loop virtual corrections
and non-logarithmic collinear enhancements, which are not collected in the jet functions. The
first-order soft function accounts for eikonal corrections to S̃(0) . To obtain predictions for the cross
section at NLL accuracy, only the lowest order terms are needed. The first-order contributions
enter formally at NNLL accuracy. The accuracy of the predictions, however, can be improved
beyond NLL by including non-logarithmic contributions at O(𝛼𝑠), i.e. H(1) and S̃(1) , dropping
their products such that

Tr
[
H𝑅 S̃𝑅

]
= Tr

[
H(0)

𝑅
S̃(0)
𝑅 + 𝛼𝑠

𝜋
H(1)

𝑅
S̃(0)
𝑅 + 𝛼𝑠

𝜋
H(0)

𝑅
S̃(1)
𝑅

]
. (6)

The resulting accuracy is referred to as NLL′.
The resummation-improved predictions for the total cross section at NLO+NLL or NLO+NLL′

accuracy are obtained through matching to the full NLO fixed-order result

𝜎NLO+NLL
(′)

𝑡𝑡𝑡𝑡
(𝜌) =𝜎NLO

𝑡𝑡𝑡𝑡
(𝜌) +

∑︁
𝑖, 𝑗

∫
C

d𝑁
2𝜋𝑖

𝜌−𝑁 𝑓𝑖 (𝑁 + 1, 𝜇2𝐹) 𝑓 𝑗 (𝑁 + 1, 𝜇2𝐹)

×
[
�̂�NLL

(′)

𝑖 𝑗→𝑡𝑡𝑡𝑡
(𝑁) − �̂�NLL

(′)

𝑖 𝑗→𝑡𝑡𝑡𝑡
(𝑁) |NLO

]
, (7)

with 𝜌 = 𝑀2/𝑠 the hadronic threshold variable. The last term in the second line of eq. (7)
corresponds to the expansion of the resummed cross section truncated at NLO.

3. Numerical Results

We next present numerical results for absolute mass threshold soft gluon resummation applied
to the production of four top quarks. We consider LHC collisions at

√
𝑠 = 13 TeV, and we make use

of 𝑚𝑡 = 172.5 GeV and LUXqed_plus_PDF4LHC15_nnlo_100 PDF set [22, 23].
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Fixed-order calculations are obtained from aMC@NLO [24, 25]. One-loop virtual contri-
butions needed for H(1) are also numerically extracted from the aMC@NLO code. We consider
NLO cross sections including only QCD corrections, as well as a combination of QCD and EW
corrections, with EW corrections up to O(𝛼2) [15].

In Figure 1 we present the scale dependence of the total cross section at several accuracies. We
set the renormalization and factorization scale equal and vary them simultaneously by factors of two
around the central scale 𝜇0 = 2𝑚𝑡 . The NLL resummed cross section calculated at the central scale
is higher by 4%, and the scale dependence is mildly reduced, compared to the NLO cross section.
With the inclusion of O(𝛼𝑠) contributions, the NLO+NLL′ cross section leads to an increase of
16% with respect to the NLO QCD result, and the NLO (QCD+EW)+NLL′ cross section is 15%
higher than the full NLO (QCD+EW) cross section. The scale dependence of the cross sections
with NLL′ corrections is significantly reduced.

0.5 1.0 2.0
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LUXqed_plus_PDF4LHC15_nnlo_100, S = 13TeV
N-resummed, mt = 172.5 GeV, R = F
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LO+LL
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NLO+NLL'
NLO(QCD+EW)+NLL'

Figure 1: Scale dependence of the LO, NLO, LO+LL, NLO+NLL, NLO+NLL′ andNLO(QCD+EW)+NLL′

cross sections at
√
𝑠 = 13 TeV. LO and NLO include only QCD effects, while NLO(QCD+EW) includes as

well electroweak corrections. The renormalization and factorization scale are set to the same value, and are
varied with respect to the central scale 𝜇0 = 2𝑚𝑡 .

To see whether the stability under scale variations is an artifact of 𝜇𝑅 = 𝜇𝐹 , we also study
the 7-point scale variation. In Figure 2 we show the central value of the cross section for the
fixed-order calculations and the resummation-improved results. In red we present the theoretical
error associated with the scale uncertainty. It can be seen that the associated scale uncertainty is
highly reduced, even up to a factor of two, when including NLL′ resummation effects compared to
fixed-order calculations. As an estimate of the PDF error we employ the PDF error of the NLO
(QCD+EW) result, which amounts to ±6.9%, and it is calculated by scanning over all the members
of the PDF set.

Our state-of-the-art prediction for the 𝑡𝑡𝑡𝑡 production at
√
𝑠 = 13 TeV, including soft gluon
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LUXqed_plus_PDF4LHC15_nnlo_100, S = 13TeV
N-resummed, mt = 172.5 GeV, 0 = 2mt, 7-point scale uncertainty

Figure 2: Total cross sections for the production of four top quarks at
√
𝑠 = 13TeV for fixed-order calculations

and resummation-improved results. The associated scale uncertainty presented is computed with the 7-point
scale variation method.

resummation effects, reads

𝜎
NLO(QCD+EW)+NLL′
𝑡𝑡𝑡𝑡

= 13.37(2) +3.6%−11.4% (scale)
+6.9%
−6.9% (pdf) fb.

Acknowledgments

We are grateful to Marco Zaro and Davide Pagani for their help in extracting the NLO elec-
troweak corrections from aMC@NLO. This work has been supported in part by the DFG grant KU
3103/2. MvB acknowledges support from a Royal Society Research Professorship (RP/R1/180112)
and from the Science and Technology Facilities Council under grant ST/T000864/1, while LMV
acknowledges support from the DFG Research Training Group “GRK 2149: Strong and Weak
Interactions - from Hadrons to Dark Matter". AK gratefully acknowledges the support and the hos-
pitality of the CERN Theoretical Physics Department. LMVwould also like to thank the organizers
of the conference for the possibility to present this talk.

References

[1] G. R. Farrar and P. Fayet, Phys. Lett. B 76 (1978), 575-579

[2] M. Toharia and J. D. Wells, JHEP 02 (2006), 015 [arXiv:hep-ph/0503175 [hep-ph]].

[3] D. Dicus, A. Stange and S. Willenbrock, Phys. Lett. B 333 (1994), 126-131 [arXiv:hep-
ph/9404359 [hep-ph]].

5



P
o
S
(
I
C
H
E
P
2
0
2
2
)
8
8
1

Absolute-mass threshold resummation for the production of four top quarks Laura Moreno Valero

[4] N. Craig, F. D’Eramo, P. Draper, S. Thomas and H. Zhang, JHEP 06 (2015), 137
[arXiv:1504.04630 [hep-ph]].

[5] N. Craig, J. Hajer, Y. Y. Li, T. Liu and H. Zhang, JHEP 01 (2017), 018 [arXiv:1605.08744
[hep-ph]].

[6] T. Plehn and T. M. P. Tait, J. Phys. G 36 (2009), 075001 [arXiv:0810.3919 [hep-ph]].

[7] S. Calvet, B. Fuks, P. Gris and L. Valery, JHEP 04 (2013), 043 [arXiv:1212.3360 [hep-ph]].

[8] L. Beck, F. Blekman, D. Dobur, B. Fuks, J. Keaveney and K. Mawatari, Phys. Lett. B 746
(2015), 48-52 [arXiv:1501.07580 [hep-ph]].

[9] L. Darmé, B. Fuks and M. Goodsell, Phys. Lett. B 784 (2018), 223-228 [arXiv:1805.10835
[hep-ph]].

[10] M. Aaboud et al. [ATLAS], Phys. Rev. D 99 (2019), 052009 [arXiv:1811.02305 [hep-ex]].

[11] G. Aad et al. [ATLAS], Eur. Phys. J. C 80 (2020), 1085 [arXiv:2007.14858 [hep-ex]].

[12] G. Aad et al. [ATLAS], JHEP 11 (2021), 118 [arXiv:2106.11683 [hep-ex]].

[13] A. M. Sirunyan et al. [CMS], JHEP 11 (2019), 082 [arXiv:1906.02805 [hep-ex]].

[14] A. M. Sirunyan et al. [CMS], Eur. Phys. J. C 80 (2020), 75 [arXiv:1908.06463 [hep-ex]].

[15] R. Frederix, D. Pagani and M. Zaro, JHEP 02 (2018), 031 [arXiv:1711.02116 [hep-ph]].

[16] G. Bevilacqua and M. Worek, JHEP 07 (2012), 111 [arXiv:1206.3064 [hep-ph]].

[17] F. Maltoni, D. Pagani and I. Tsinikos, JHEP 02 (2016), 113 [arXiv:1507.05640 [hep-ph]].

[18] T. Ježo and M. Kraus, Phys. Rev. D 105 (2022), 11 [arXiv:2110.15159 [hep-ph]].

[19] H. Contopanagos, E. Laenen and G. F. Sterman, Nucl. Phys. B 484 (1997) 303 [hep-
ph/9604313].

[20] N. Kidonakis, G. Oderda and G. Sterman, Nucl. Phys. B 531, 365 (1998). [arXiv:hep-
ph/9803241].

[21] S. Catani, M. L. Mangano and P. Nason, JHEP 07 (1998), 024 [arXiv:hep-ph/9806484 [hep-
ph]].

[22] A. Manohar, P. Nason, G. P. Salam and G. Zanderighi, Phys. Rev. Lett. 117 (2016), 242002
[arXiv:1607.04266 [hep-ph]].

[23] A. V. Manohar, P. Nason, G. P. Salam and G. Zanderighi, JHEP 12 (2017), 046
[arXiv:1708.01256 [hep-ph]].

[24] J. Alwall, R. Frederix, S. Frixione, V. Hirschi, F. Maltoni, O. Mattelaer, H. S. Shao, T. Stelzer,
P. Torrielli and M. Zaro, JHEP 07 (2014), 079 [arXiv:1405.0301 [hep-ph]].

[25] R. Frederix, S. Frixione, V. Hirschi, D. Pagani, H. S. Shao and M. Zaro, JHEP 07 (2018), 185
[erratum: JHEP 11 (2021), 085] [arXiv:1804.10017 [hep-ph]].

6


	Introduction
	Resummation at absolute mass threshold
	Numerical Results

