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We discuss the non-linear corrections entering in the calculation of the primordial black hole abundance
from the non-linear radiation transfer function and the determination of the true physical horizon
crossing. We show that the current standard techniques to calculate the abundance of primordial
black holes suffer from uncertainties and argue that the primordial black hole abundance may be
much smaller than what routinely considered. This would imply, among other consequences, that
the interpretation of the recent pulsar timing arrays data from scalar-induced gravitational waves
may not be ruled out because of an overproduction of primordial black holes.

Introduction. The various detections of gravitational
waves (GWs) originated from the mergers of black hole
binaries [1–4] have resurrected the interest in the physics
of Primordial Black Holes (PBHs) [5–7]. Some of the
LIGO/Virgo/KAGRA data may be in fact of primordial
origin [8–15] and forthcoming GW experiments might
shed light on the possible existence of PBHs [16–20].

In the standard scenario, PBHs are considered to be
born in the radiation-dominated phase by the collapse
of large overdensities created during inflation on small
scales [5]. Upon horizon re-entry, the very same sizeable
fluctuations generate GWs at second-order in perturbation
theory (see Ref. [21] for a review).

The recent pulsar timing arrays (PTA) data releases by
the NANOGrav [22, 23], EPTA [24–26], PPTA [27–29]
and CPTA [30] collaborations have shown evidence for
the presence of a stochastic background of GWs and have
raised the question if it can be ascribed to the scalar-
induced GWs that may be sourced along with PBH for-
mation. Whether or not this is possible depends crucially
on the PBH abundance. The argument goes as follows.
The amount of GWs induced at second-order depends on
the square of the amplitude of the dimensionless curva-
ture perturbation power spectrum Pζ , ΩGW ∼ P2

ζ . On
the other hand, the abundance of PBHs is exponentially
sensitive to the same amplitude, fPBH ∼ exp(−1/Pζ),
where fPBH is the PBH abundance with respect to the
total dark matter. A large stochastic background of GWs
requires large values of Pζ , automatically generating a
PBH abundance which tends to be too large to be com-
patible with the 15-year NANOGrav data, (unless some
negative non-Gaussianity is introduced), see Refs. [31–38]
for recent works along this direction.

Given what is at stake, the compatibility of the first
discovery of a stochastic background of GWs with the
PBH scenario, but also for more general reasons, a natural
and fundamental question to ask is how well do we know
the PBH abundance to make any definite conclusion.

The goal of this paper is to argue that there are sources
of uncertainties plaguing the standard calculation of the
PBH abundance, mostly coming from the details of hori-
zon crossing and the effect of the non-linear radiation
transfer function. These effects might change the PBH
abundance with respect to what considered in the litera-
ture.

A quick summary of the standard PBH abundance calcu-
lation. In this section we briefly summarize what it is
routinely done, and currently the best way to our knowl-
edge, to compute the PBH abundance in the literature,
see for instance Refs. [39, 40].

As we already mentioned, we will focus on the PBH for-
mation from the collapse of sizeable overdensities that are
generated during inflation and re-enter the cosmological
horizon during the subsequent radiation-dominated era.
One key quantity is the curvature perturbation ζ which
appears in the metric in the comoving uniform-energy
density gauge as

ds2 = −dt2 + a2(t)e2ζdx2, (1)

where a(t) is the scale factor in terms of the cosmic time.
On superhorizon scales, one applies the gradient expan-
sion [41] to relate the non-linear density contrast δcom(r, t)
on comoving orthogonal slicings and the time independent
curvature perturbation ζ(r) as [42]

δcom(t, r) = −8
9

1
a2H2 e

−5ζ(r)/2∇2eζ(r)/2, (2)

where H is the Hubble rate. Whether or not cosmological
perturbations may gravitationally collapse to form a PBH
depends on the amplitude measured at the peak of the
compaction function, defined to be the mass excess com-
pared to the background value in a given radius [42–44].
On superhorizon scales it reads

C(r) = −2
3 r ζ

′(r) [2 + r ζ ′(r)] , (3)
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where the prime stands for differentiation with respect
to r. The compaction function has a maximum at the
comoving length scale rm satisfying

C′(rm) = 0 or ζ ′(rm) + rmζ
′′(rm) = 0. (4)

One can therefore define a smoothed perturbation ampli-
tude as the volume average of the energy density contrast
within the scale rm at the cosmological horizon crossing
time tH [43]

δm = 3(
rmeζ(rm)

)3

∫ rm

0
dr δcom(r, tH)

(
reζ(r)

)2 (
reζ(r)

)′
,

(5)
where a top-hat window function is adopted to account
for the treatment of the threshold [45]. This represents
the main quantity determining the abundance of PBHs.
When computed at the cosmological horizon crossing time
tH (the perturbations, if large enough, collapse into a PBH
very rapidly after horizon crossing)

ϵ(tH) = rH

rmeζ(rm) = 1
rmeζ(rm)aH

= 1, (6)

it simplifies to

δm = δl − 3
8δ

2
l , δl = −4

3rmζ
′(rm). (7)

The PBH abundance is then computed by integrating the
probability distribution function of the smoothed density
contrast from a threshold value δc on, as

β =
∫

δc

(
MPBH

MH

)
P (δm)dδm, (8)

in terms of the PBH mass MPBH and the mass enclosed
in the cosmological horizon at the horizon crossing time
MH . However, from the relation shown above, one can
use the conservation of probability to write

P (δl)dδl = P (δm)dδm, (9)

such that the linear smoothed density contrast δl is the
ultimate key parameter which we have to compute the
probability of [39, 40, 46–49], with a corresponding thresh-
old given by [39]

δl,c = 4
3

(
1 −

√
1 − 3

2δc

)
. (10)

For Gaussian curvature perturbations, the probability for
the linear density contrast is Gaussian and is exponentially
sensitive to the threshold δl,c and the variance σ2

l

P (δl) = δl,c√
2πσl

e−δ2
l,c/2σ2

l ,

σ2
l =

∫ dk
k

Pδl
(k)
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FIG. 1. The integrand of the linear variance in Eq. (11) for
a lognormal curvature perturbation power spectrum Pζ(k) =
Aζ exp

[
− ln(2k/3k⋆)2/2σ2], assuming k⋆rm = 2.1 (1.75) for

different widths σ = 0.5 (1).

= 16
81

∫ dk
k

(krH)4W 2(k, rm)T 2(krH)Pζ(k), (11)

where W (k, rm) is the Fourier transform of the top-hat
window function in real space with radius rm, and

T (x) = 3
sin
(
x/

√
3
)

− (x/
√

3) cos
(
x/

√
3
)

(x/
√

3)3
(12)

is the linear radiation transfer function which has to be
finally computed at the time of horizon crossing tH .

A critical look at the standard PBH abundance calculation.
At this stage one can outline a few inconsistencies in the
standard calculation of the PBH abundance:

i) The initial density perturbation is defined on super-
horizon scales, and then evolved forward through horizon
re-entry to check if a PBH will form. The starting point,
Eq. (2), to calculate the threshold is rigorously valid only
on superhorizon scales, much before the large overdensities
re-enter the Hubble radius. The threshold is computed
by using the time-independent part of the profile at times
such that rm ≫ rH , and then extrapolating its value at
horizon crossing, for which ϵ(tH) = 1, with the growth
in time ∼ (aH)−2 ∼ a2. This procedure based on the
gradient expansion breaks down close to horizon crossing
and neglects the effect of the radiation pressure, which
would be increasingly more important as we approach
horizon crossing. This is clear from the expression (5)
where there is no radiation transfer function.

The point is that the variance σ2
l , which contains the

information of the radiation pressure through the linear
radiation transfer function, is obtained by integrating over
all momenta and the integrand in its definition, Eq. (11),
is peaked at scales beneath the horizon. Fig. 1 shows
this point for some representative examples of comoving
curvature perturbation power spectra.

This means that the variance gets contributions from
scales which at ϵ(tH) = 1 are already well inside the
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horizon. The action of the radiation pressure becomes so
important that the density contrast stops growing, thus
changing completely the time dependence with respect to
the linearly extrapolated case with no radiation pressure.
This is because, for the relevant scales, the time depen-
dence in the square root of the variance is of the form (up
to oscillations) ∼ (aH)−2T (k/aH) ∼ constant.

The comparison between the extrapolated threshold
with no transfer function and σl, which determines the
PBH abundance, is therefore not much consistent. Even at
the linear level the time dependence between the threshold,
which is computed considering only cosmic expansion
and without pressure effects at horizon crossing, and the
square root of the variance does not cancel in the standard
procedure.

One could of course compute both the density con-
trast and the square root of the variance on superhorizon
scales to cancel the time dependence. This would require
computing the variance without including the radiation
transfer function [45, 50, 51]. However, the integral over
the momenta in the variance would be sensitive to the
ultraviolet cut-off due to the ∼ k4 term and therefore
again sensitive to the details around horizon crossing.

Forgetting the issue introduced by the radiation pres-
sure and accounted for by the radiation transfer func-
tion does not come without a price already at the linear
level. Indeed, calling k⋆ the typical momentum at which
PBHs form, one has typically at the linear level k⋆rm ≃
k⋆/aH ≃ O(2÷3) [43, 52]1, and T 2(k⋆rm) ≃ (0.76÷0.53).
The effect of the transfer function is not negligible because
the length scale ∼ k−1

⋆ is already well inside the horizon
when rm ≃ rH . The radiation pressure therefore tends to
suppress the variance and makes it more difficult to build
up perturbations able to overcome a given barrier. As we
shall see, this remains true at second-order.

ii) The quantity δm is intrinsically of the second-order.
Evaluating the effects of the radiation pressure will there-
fore require at least a second-order transfer function
to be consistent both for the calculation of the thresh-
old and the variance. This is a major source of uncer-
tainty in the calculation of the PBH abundance. In
the following we will adopt a perturbative approach
to discuss the role of non-linearities in the evolution
of the density contrast by expanding each quantity as
O(t,x) = O1(t,x) + O2(t,x)/2 + · · · (see the Appendix
for the perturbative expansion of the cosmological pertur-
bations).2

1 For a monochromatic curvature spectrum peaked at a given mo-
mentum, k⋆ coincides with such a momentum and k⋆rm ≃ 2.7,
while for a broad spectrum it coincides with the maximum mo-
mentum scale, as the PBH mass function peaks at that scale [53],
and k⋆rm ≃ 3.5.

2 This perturbative scheme will apply as well to the treatment of
rmeζ(rm) in the definition of ϵ(tH), such that at the linear level
rm ≃ rH at the time of horizon crossing.

Consider the density contrast in the comoving gauge of
Eq. (2) close to the Hubble crossing time tH and imagine
an effective expansion at second-order of the form

δcom(tH ,x) = fζ(tH)∇2ζ1(x)
+ gζ(tH)ζ1(x)∇2ζ1(x)
+ hζ(tH)∂iζ1(x)∂iζ1(x) + · · · , (13)

in terms of some time-dependent functions fζ(tH), gζ(tH),
hζ(tH), · · · . The variance of such a quantity will depend
only (assuming ζ1(x) is a Gaussian field) upon the square
root of the combination

f2
ζ (tH)⟨(∇2ζ1)2⟩ + g2

ζ (tH)⟨(ζ1∇2ζ1)2⟩ + · · · , (14)

as ζ1(x) is treated as a stochastic quantity. The threshold,
on the other hand, is determined from the profile in real
space, and will depend on the linear combination of the
functions fζ(tH), gζ(tH), hζ(tH), · · · . Since close to the
horizon the functions are not expected to have the same
time dependence, the cancellation operating at the linear
level will be in general no longer operative;

iii) The threshold δc (or δl,c) is routinely calculated ex-
trapolating its value at horizon crossing in an unperturbed
universe. However, it has been already noted that the
non-linear effects arising at the true horizon crossing in
an inhomogeneous universe, where the gradient expansion
fails, increase the value of the threshold by about a factor
O(1.7 ÷ 2) with respect to the one computed on super-
horizon scales and linearly extrapolated at ϵ(tH) = 1 [54]
(see their Fig. 8). Part of this extra growth is due to
the longer time necessary to reach the non-linear hori-
zon crossing, part is due to higher orders in the gradient
expansion when ϵ(tH) ∼ 1 and finally part to non-linear
effects due to the radiation pressure, which are accounted
for numerically in Ref. [54]. In general, increasing the
critical threshold by a factor O(1.7 ÷ 2) might drastically
reduce the PBH abundance, unless the variance of the
density contrast does increase correspondingly.

Overall, non-linear effects become important close to
horizon crossing and may give rise to large corrections to
the probability of collapse estimated in the literature.

The rest of the paper is dedicated to inspect more
closely such sources of uncertainties due to non-linear
effects. We start by commenting about the last point we
mentioned.

Crossing the real horizon later. There are various effects
to consider. First, the physical horizon in a perturbed
universe expands more slowly than in an unperturbed
universe, making the density profile grow more. Secondly,
non-linear effects and the effect of the radiation pressure
close to the horizon crossing change the density contrast
profile; both lead to an increase of the critical threshold,
as discussed numerically in Section 5 of Ref. [54].
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We discuss here the first effect, which is already present
at horizon crossing at the linear level, and we will come
back to the second effect in the next section.

Consider the equation describing the expansion rate
H(t,x) as measured by a free-falling observer which is
instantaneously at rest with respect to the radiation fluid,
i.e. on comoving slicings [55]

H2(t,x) = H2(t)
(

1 + δcom
1 (t,x)

)
+ 2

3
∇2

a2 ζ1(t,x). (15)

Since for large amplitudes the peaks of the density contrast
are identifiable with the peaks of the comoving curvature
perturbation [56] for which ∇2ζ1 < 0, we automatically
deduce that the physical Hubble rate is smaller than the
background value provided that the last term in Eq. (15)
is larger than the term H2(t)δcom

1 . One can easily convince
oneself that this is indeed the case.

At the linear level and for any scale (not only super-
horizon), one can relate the linear density contrast in the
comoving gauge to the linear gauge-invariant Bardeen’s
potential Φ1(t,x) through the following equation [57] (see
also the Appendix):

δcom
1 (t,x) = 2

3
∇2Φ1(t,x)
a2H2 . (16)

Approximating at horizon crossing Φ1(tH ,x) ≃
−2ζ1(x)/3, one obtains

H2(tH ,x) ≃ H2(tH)
(

1 − 1
2δ

com
1 (tH ,x)

)
. (17)

One can estimate the effect on the threshold by averaging
over a sphere of radius rm and assuming the critical profile
for δcom

1 (tH ,x), obtaining

3
r3

m

∫ rm

0
dr r2

(
H2(tH ,x)
H2(tH) − 1

)
≃ −1

2δc, (18)

from which one can see already the effect of the curvature
term in slowing down the Hubble radius expansion. In the
last equation, to be consistent with the linear perturbation
theory adopted so far, one needs to take the value of
δc obtained from the linear Gaussian threshold [54] for
the volume average of the first-order density contrast
δcom

1 (tH ,x).
One can do a better estimate including the effect of

higher-order gradients, still remaining at the linear level.
At horizon crossing, the comoving curvature term starts
growing due to the scalar shear and the effect of higher-
order gradients starts becoming manifest [57]

ζ̇1

H
≃ 1

4δ
com
1 − 3

4
∇2δcom

1
a2H2 , (19)

where the dot denotes differentiation with respect to the
cosmic time. The rate ζ̇1 is positive since the second term
grows faster (as a2) than the first one and around the

peak of the density contrast ∇2δcom
1 < 0. Integrating over

time and inserting the result in Eq. (15) gives(
H2(tH ,x)
H2(tH) − 1

)
≃ δcom

1 + 1
12

∇2δcom
1

a2H2 − 1
4

∇4δcom
1

a4H4 . (20)

When the perturbation has just crossed the horizon, the
last two terms dominate and averaging again over a sphere
of radius rm we obtain an extra shift in the Hubble rate

3
r3

m

∫ rm

0
dr r2

(
H2(tH ,x)
H2(tH) − 1

)
≃ 7

4rmδ
′
1

com(rm) − 3
2r

2
mδ

′′
1

com(rm) − 3
4r

3
mδ

′′′
1

com(rm)

∼ −5
2δ

com
1 (rm) ∼ −5

6δc, (21)

where we have approximated rmδ
′
1

com(rm) ∼
−r2

mδ
′′
1

com(rm) ∼ r3
mδ

′′′
1

com(rm) ∼ −δcom
1 (rm) for a peaked

perturbation, and used the relation δc = 3δcom
1 (tH , rm)

for the critical profile [43], to get an order of magnitude
estimate. Taking δc ≃ 0.51 for the linear Gaussian
threshold [54], we obtain a change in the horizon-crossing
time ϵ(tH) ∝ 1/H of

ϵ(tH) ≃ 1
(1 − 5δc/6)1/2 ≃ 1.3, (22)

which is already in good agreement with what was nu-
merically found in Ref. [54] (see their Fig. 5, where a
monochromatic spectrum corresponds formally to the
case α = 6.33).

Being the variance dominated by the momentum modes
well inside the horizon at rm = rH , when the linear density
contrast has already stopped growing, increasing ϵ(tH)
will not necessarily change the linear variance by the same
factor. For instance, for a broad spectrum of the curvature
perturbation, the linear variance does not change shifting
rH as the integral is over the momenta krH once rm is set
to be equal to rH . For a monochromatic power spectrum
Pζ(k) = Aζk⋆δ(k − k⋆), the change of the variance is set
by the square of the radiation transfer function and it
does not automatically cancel the change of ϵ2(tH) in the
critical threshold.

We do not attempt here to calculate the effect of non-
linearities on the slowing down of horizon crossing, which
have been studied numerically in Ref. [54]. We limit
ourselves to the observation that one expects corrections
of the order of O(δ2

c ), see for instance Eq. (A.21) of the
Appendix. For instance, the leading (and growing in
time) second-order correction to the comoving curvature
perturbation at horizon crossing has the form [57–59]
2
3∇2ζ2(t,x) ≃ − 1

48a2H2

∑
i̸=j

∂i∂jδ
com
1 (t,x)∂i∂jδcom

1 (t,x),

(23)
which is again negative and increasing like a2. Its effect
is to further slow down the expansion rate and increase
the PBH threshold, but only for non-spherical peaks.
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The non-linear transfer function: the second-order case.
As we have stressed in the introduction, one of the main
uncertainties in the calculation of the PBH abundance is
that the effect of the radiation pressure is standardly either
not accounted for (in the threshold, with the exception
of Ref. [54]) or it is, but only at the linear level (in the
variance). We would like to offer some considerations
about the non-linear effects, limiting ourselves to the
second-order.

Our starting point is the second-order equation for
the density contrast in the comoving orthogonal gauge
expressed in terms of the Bardeen potentials constructed
from the longitudinal gauge (see the Appendix)

3
2a

2H2δcom
2 = ∇2Ψ2 + 3∂iΦ1 ∂

iΦ1 + 8Φ1∇2Φ1

+ 3Φ̇2
1 + 6H

∇2

(
∂iΦ̇1∂iΦ1 + Φ̇1∇2Φ1

)
. (24)

This expression is valid at all scales, not only on super-
horizon. It shows a fundamental point, that close to
horizon crossing the overdensity on comoving orthogonal
slices contains many non-linear terms, even non-local,
and therefore it is unlikely that the non-linear smoothed
density contrast will have a quadratic relation of the local
type with the linear one, as in Eq. (7). In other words,
Eq. (7), obtained on superhorizon scales, fails to capture
the non-linearities in the critical threshold due to the
radiation pressure. This implies that neither δc nor δl,c

may be used and that a priori there is no simple relation
of the local type between the linear density contrast and
the non-linear one.

Eq. (24) needs to be supplemented with the equation for
the evolution of the second-order gravitational potential
Ψ2 [59, 60]

Ψ̈2 + 5HΨ̇2 − 1
3

∇2Ψ2

a2 = 1
a2

[
2
3∂

iΦ1∂iΦ1 + 8
3Φ1∇2Φ1

+ 2Φ̇2
1 +HN j

i

(
A

(2)i
j

)·

+ 1
3N

j
i

(
A

(2)i
j

),k

,k

]
(25)

A
(2)i
j = 6 ∂iΦ1∂jΦ1 + 2

H

(
∂iΦ1∂jΦ1

)·

+ 2
H2 ∂

iΦ̇1∂jΦ̇1,

where

N j
i = 3

2
1

∇2

(
∂j∂i

∇2 − 1
3δ

j
i

)
. (26)

Eq. (25) has to be solved with the superhorizon initial
condition [60, 61]

Ψ2(x) = −2Φ2
1(x) + 2N j

i

(
∂iΦ1(x)∂jΦ1(x)

)
. (27)

In momentum space the solution is the sum of two pieces

Ψ2(t,k) = Ψ2(k)T (k/aH)

+
∫ d3p

(2π)3uv

(
2
3

)2
IΨ

(
u, v,

k

aH

)
ζ1(p)ζ1(k − p),

(28)

where u = |k − p|/k, v = p/k. This equation shows the
dependence on the linear radiation transfer function in
the first term and of the second-order radiation transfer
function through the function IΨ(u, v, x) [59–61].

To account for the effect of the radiation pressure in the
PBH threshold at second-order in perturbation theory we
proceed as follows. At first-order the equation of motion
of the gravitational potential is

Φ̈1 + 5HΦ̇1 − 1
3

∇2Φ1

a2 = 0. (29)

We can treat the last term as a perturbation, which gives
close to horizon crossing

Φ1(t,x) =
∫ t dt′

a5(t′)

∫ t′

dt′′a5(t′′)1
3

∇2Φ1(x)
a2(t′′)

=
(

1 + 1
30

∇2

a2H2

)
Φ1(x). (30)

This is quite a good approximation: going to momen-
tum space and evaluating at k⋆rm ≃ k⋆rH = 2.74 for
a monochromatic power spectrum, we find Φ1(t,x) ≃
0.75Φ1(x), while the linear radiation transfer function
gives T (2.74)Φ1(x) = 0.77Φ1(x).

At second-order, proceeding in a similar way to obtain
Ψ2(t,x) by using Eq. (27), then shown in Eq. (A.25), we
obtain (see the Appendix for details)

δcom
2 ≃ 1

a2H2

(
2
3∇2Ψ2 + 2∂iΦ1 ∂

iΦ1 + 16
3 Φ1∇2Φ1

)
= 1
a2H2

(
−4

3∇2Φ2
1(x) + 2∂

j∂i

∇2 (∂iΦ1(x)∂jΦ1(x))

+4
3∂

iΦ1(x)∂iΦ1(x) + 16
3 Φ1∇2Φ1

)
+ 1
a4H4

(
2
3∂

i∇2Φ1(x)∂iΦ1(x)

+ 8
15∇2Φ1(x)∇2Φ1(x) + 2

15Φ1(x)∇4Φ1(x)
)
. (31)

When evaluated at the time of horizon crossing aH =
1/rH ≃ 1/rm, the first-order curvature profile Φ1(tH ,x) ≃
−2ζ1(x)/3 in Fourier space is dominated by large mo-
menta, see for instance Fig. 1 for different shapes of a
lognormal power spectrum. This allows us to focus only
on the last three lines in the previous expression, which
are expected to dominate for large momenta.

At horizon crossing the density contrast becomes

δcom
2 (tH ,x) ≃ 4r4

m

9

(
2
3∂

i∇2ζ1(x)∂iζ1(x)
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FIG. 2. The density profile corresponding to the critical
threshold at first- and second-order in perturbation theory, for
a monochromatic curvature spectrum.

+ 8
15∇2ζ1(x)∇2ζ1(x) + 2

15ζ1(x)∇4ζ1(x)
)
.

(32)

Adopting Gaussian peak theory to a monochromatic curva-
ture perturbation power spectrum, for which k⋆rm ≃ 2.74,
one can derive the shape for the linear curvature pro-
file [54]

ζ1(x) = ζ0
sin(k⋆r)
k⋆r

, (33)

from which we obtain the critical density profile at second-
order shown in Fig. 2, where the overall amplitude ζ0 has
been fixed at the linear level by requiring that δc =
0.51 = 3δcom

1 (tH , rm) [43]. The impact of the second-
order radiation transfer function on the PBH threshold is
estimated to be

3
r3

m

∫ rm

0
drr2δcom

2 (tH , r) ≃ 0.13. (34)

This result shows that the second-order radiation trans-
fer function increases further the PBH threshold for a
monochromatic spectrum, due to the radiation pressure
which makes the collapse of the overdensities into a PBH
more difficult. To this effect one should further add the
one described in the previous section related to the slowing
down of the horizon. The corresponding critical threshold
will be given roughly by (the factor 1/2 comes from the
normalization of the second-order variables)

ϵ2(tH)δc + 1
2ϵ

4(tH) 3
r3

m

∫ rm

0
drr2δcom

2 ≃ 1.08, (35)

where the corrective factor ϵ4(tH) has been included for
the slowing down of the horizon based on the dependence
1/(aH)4 in Eq. (32). This result is in good agreement with
the numerical fit for the PBH threshold, α0.06 + 0.025 ≃
1.14, for a monochromatic curvature power spectrum with
α = 6.33, provided in Ref. [54] (see also the left panel of
their Fig. 8).

0 1 2 3 4 5
0
1
2
3
4
5
6
7

FIG. 3. The integrand of the second-order variance in Eq. (38)
for a monochromatic curvature perturbation power spectrum
evaluated at the time of horizon crossing.

As for the variance at second-order, we offer the fol-
lowing considerations. When a given scale re-enters the
horizon, the linear gravitational potential Φ1(t,x) decays
like a−2 (up to oscillations). By inspecting the time de-
pendence of Eq. (28) it is easy to convince ourselves that
the second-order gravitational potential Ψ2(t,x) decays
like a−2 as well [59]. As a consequence, one can keep the
leading time dependent term in Eq. (31) and approximate

3
2a

2H2δcom
2 ≃ ∇2Ψ2, (36)

because all the other terms decay faster at horizon cross-
ing. From the solution of the second-order scalar per-
turbation in Eq. (28), one can estimate the variance of
the second-order smoothed density contrast in the comov-
ing gauge at horizon crossing by computing its two-point
connected correlation function, which gives

σ2
2 =

∫ dk
k

Pδcom
2

(k, rH),

Pδcom
2

(k, rH) =
∫ ∞

0
dv
∫ v+1

|v−1|
du
(

2
3

)6
(krH)4I2

Ψ(u, v, krH)

·W 2(k, rm)Pζ1(kv)Pζ1(ku). (37)

In Fig. 3 we plot the power spectrum of the second-order
smoothed density contrast in the comoving gauge for a
monochromatic curvature perturbation power spectrum,
for which we get

Pδcom
2

(k, rH) =
(

2
3

)6
(krH)4

(
k⋆

k

)2
W 2(k⋆, rm)

· I2
Ψ

(
k⋆

k
,
k⋆

k
, k⋆rH

)
θ

(
2 − k

k⋆

)
, (38)

evaluated for k⋆rm ≃ k⋆rH = 2.74, where θ indicates the
Heaviside step function. The figure confirms that, as in
the linear case, the variance is dominated by momenta
larger than the Hubble rate where the second-order radia-
tion transfer function is non-negligible. At this stage the
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time dependence ∼ a−2 of the gravitational potential Ψ2
is the same as at the linear level and the second-order vari-
ance does not change as well with time (up to oscillations).
The values of the linear and second-order variances for
k⋆rm = 2.74 are (the factor 1/4 in the second-order term
accounts for the normalization of the second-order density
contrast)

σ2
l ≃ 1.19 (0.41)Aζ and 1

4σ
2
2 ≃ 0.25 (1.02)A2

ζ , (39)

where in the parenthesis we have indicated the values
when the Hubble rate is shifted by a factor ϵ(tH) ≃ 1.3
due to the crossing of the physical horizon, as discussed
in the previous section. We deduce that the second-order
contribution is always negligible compared to the linear
one, even for the preferred value of Aζ ≃ 6·10−2 to explain
the recent PTA data [31]. We think this conclusion is
quite robust and does not depend on the details of the
time of horizon crossing and the shape of the comoving
curvature power spectrum, as long as k⋆rm ∼> 1. For
instance, for a broad spectrum, even at second-order the
variance is insensitive to changes in the physical horizon
as it is an integral over all the momenta krH once one
sets rm = rH at the corresponding order in perturbation
theory.

As a final remark we notice that, because of the non-
Gaussian nature of the second-order density contrast δcom

2 ,
the expression for the PBH probability will depend also
on higher-order cumulants of the density field beyond the
two-point function. We leave the investigation of the form
of such a probability to future work.

Conclusions. In this article we have addressed various
issues related to the calculation of the abundance of PBHs
and point out the uncertainties the standard procedure
suffers of. They come above all from the incomplete
treatment of the radiation pressure and of the non-linear
effects close to horizon crossing.

Even if our calculations are certainly incomplete, we
can offer the following hints: i) the critical threshold is
larger than what routinely assumed. We have provided
some physical explanations for such an increase; ii) The
variance of the non-linear density contrast is unlikely
to be changed with respect to the linear one. This is
because it is suppressed by an extra power of the curvature
perturbation power spectrum; iii) The time dependence
between the critical threshold and the square root of
the variance does not cancel at horizon crossing as the
latter is dominated by momenta larger than the horizon,
when the density contrast has already frozen in (up to
oscillations). This is because the characteristic length
scale is such that k−1

⋆ ∼> rm ≃ rH . The reason why the
linear and non-linear variances are suppressed is because
of the action of the radiation pressure at the scales close
to k⋆. Therefore, it is difficult to build up fluctuations
which overcome a given barrier; iv) The relation between

the non-linear and linear threshold is not of the local
type, therefore making the calculation of the formation
probability not straightforward; v) Given the fact that
the non-linear effects increase the critical threshold, but
not the variance, it is likely that the PBH abundance is
much smaller than what considered in the literature so
far.

If confirmed by a more complete all-order (most likely
numerical) calculation, such conclusions would make the
PTA data compatible with the PBH scenario, since the
same amplitude of the stochastic GW background would
correspond to much smaller PBH abundances.
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APPENDIX

The components of a perturbed spatially flat Robertson-Walker metric can be written, up to second-order and using
conformal time, as (primes indicate here differentiation with respect to the conformal time τ) [60]

g00 = −a2(τ) (1 + 2ϕ1 + ϕ2) ,

g0i = a2(τ)
(
ω̂1i + 1

2 ω̂2i

)
,

gij = a2(τ)
[
(1 − 2ψ1 − ψ2)δij +

(
χ̂1ij + 1

2 χ̂2ij

)]
. (A.1)

The standard splitting of the perturbations into scalar, transverse (i.e divergence-free) vector, and transverse trace-free
tensor parts, with respect to the three-dimensional space with metric δij , can be performed in the following way:

ω̂i = ∂iω + ωi,

χ̂ij = Dijχ+ ∂iχj + ∂jχi + χij , (A.2)

where ωi and χi are transverse vectors (∂iωi = ∂iχi = 0), χij is a symmetric transverse and trace-free tensor (∂iχij = 0,
χ i

i = 0) and Dij = ∂i∂j − (1/3) δij ∂
k∂k is a trace-free operator. Here and in the following latin indices are raised and

lowered using δij and δij , respectively. For our purposes the metric in Eq. (A.1) can be simplified. In fact, first-order
vector perturbations are not generated during inflation and tensor modes are negligible. Thus, in the following we can
neglect ω1i, χ1i and χ1ij . However the same is not true for the second-order perturbations. In the second-order theory
the second-order vector and tensor contributions can be generated by the first-order scalar perturbations even if they
are initially zero. Thus we have to take them into account and we shall use the metric

g00 = −a2(τ) (1 + 2ϕ1 + ϕ2) ,

g0i = a2(τ)
(
∂iω1 + 1

2 ∂iω2 + 1
2 ω2i

)
,

gij = a2(τ)
[
(1 − 2ψ1 − ψ2) δij +Dij

(
χ1 + 1

2χ2

)
+ 1

2 (∂iχ2j + ∂jχ2i + χ2ij)
]
. (A.3)

The first-order perturbations of the Einstein tensor components which we need are

δ1G
0
0 = 1

a2

[
6
(a′

a

)2
ϕ1 + 6 a

′

a
ψ′

1 + 2 a
′

a
∂i ∂

iω1 − 2 ∂i ∂
iψ1 − 1

2 ∂k∂
i Dk

i χ1

]
, (A.4)

δ1G
0
i = 1

a2

(
− 2 a

′

a
∂iϕ1 − 2 ∂iψ

′
1 − 1

2 ∂kD
k
iχ

′
1

)
. (A.5)

At second-order they are

δ2G
0
0 = 1

a2

[
3
(a′

a

)2
ϕ2 + 3 a

′

a
ψ′

2 − ∂i ∂
iψ2 + a′

a
∂i ∂

iω2 − 1
4∂k∂i D

kiχ2 − 12
(
a′

a

)2
(ϕ1)2

− 12 a
′

a
ϕ1 ψ

′
1 − 3 ∂iψ1 ∂

iψ1 − 8ψ1 ∂i ∂
iψ1 − 3 (ψ′

1)2 + 4 a
′

a
ϕ1 ∂i ∂

iω1 − 2 a
′

a
∂kω1 ∂

kϕ1

− 1
2
a′′

a
∂kω1 ∂

kω1 + 12 a
′

a
ψ1 ψ

′
1 + 1

2 ∂i∂kω1 ∂
i∂kω1 − 2 a

′

a
∂kψ1 ∂

kω1

+ 4 a
′

a
ψ1 ∂i ∂

iω1 − 1
2 ∂k∂

kω1 ∂k∂
kω1 − 2 ∂kω1 ∂

kψ′
1 − 2ψ′

1∂i ∂
iω1 − ϕ1 ∂i∂

k Di
kχ1

− 2ψ1∂k∂
i Dk

iχ1 + ∂k∂iψ1 D
kiχ1 − 2a

′

a
∂i∂kω1 D

ikχ1 − 2 a
′

a
∂kω1 ∂i D

ikχ1

− ∂kω1 ∂
iDk

iχ
′
1 − 1

2 ∂i ∂
i Dmkχ1 D

kmχ1 + ∂m∂
k Dikχ1 D

imχ1 + 1
2 ∂kD

kmχ1 ∂
iDmiχ1

− 1
8 ∂

iDkmχ1 ∂iDkmχ1 + 1
8 D

ikχ′
1 Dkiχ

′
1 + a′

a
Dkiχ1 Dikχ

′
1

]
, (A.6)
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δ2G
0
i = 1

a2

(
− a′

a
∂iϕ2 − ∂iψ

′
2 − 1

4∂k D
k
iχ

′
2 + 1

4∂k∂
kω2i + 8a

′

a
ϕ1∂iϕ1 + 4ϕ1 ∂iψ

′
1 + 2ψ′

1∂iϕ1

− 4ψ′
1∂iψ1 − 4ψ1 ∂iψ

′
1 + ∂iϕ1 ∂i ∂

iω1 − ∂i∂kω1 ∂
kϕ1 + 8a

′′

a
ϕ1 ∂iω1 − 4

(a′

a

)2
ϕ1 ∂iω1

− 2 a
′

a
∂kω1 ∂i∂kω1 + ∂i ∂

iψ1 ∂iω1 + ∂kω1 ∂i∂kψ1 − ∂kϕ1 D
k
iχ

′
1 + 1

2 ∂
kϕ1 Dikχ

′
1

− ψ1 ∂kD
k
iχ

′
1 + 1

2 ∂kψ1 D
k
iχ

′
1 − ψ′

1∂kD
k
iχ1 − ∂kψ

′
1D

k
iχ1 + ∂iω1 ∂k∂

m Dk
mχ1

+
(a′

a

)2
∂kω1 Dikχ1 + ∂kω1 ∂m∂i D

m
kχ1 − 1

2 ∂
mω1 ∂k∂

k Dimχ1 + 1
2 ∂kD

kmχ1 Dimχ
′
1

+ 1
2 ∂kDimχ

′
1 D

kmχ1 − 1
4∂iDmkχ1 D

kmχ′
1 − 1

2 ∂iDmkχ
′
1 D

kmχ1 − 2 a
′′

a
∂kω1 Dikχ1

)
. (A.7)

Correspondingly, the first-order components of the energy-momentum tensor are

δ1T
0
0 = −δρ1

δ1T
0
i = (ρ0 + P0)(v1i + ω̂1i), (A.8)

in terms of the background energy density ρ0 and pressure P0. At second-order they read

δ2T
0
0 = −1

2δρ2 − (ρ0 + P0)v1k(vk
1 + ω̂k

1 ), (A.9)

δ2T
0
i = 1

2(ρ0 + P0)
[
(v2i + ω̂2i − 2ϕ1(v1i + 2ω̂1i) + 4δ1gikv

k
1
]

+ 1
2(δρ1 + δP1)(v1i + ω̂1i). (A.10)

Einstein’s equations, as written in a generic gauge, are automatically gauge invariant and one can check that they can
be written in terms of gauge-invariant quantities. One is therefore free to evaluate them in the most convenient gauge
on the left- and on the right-hand side. For instance, we evaluate the first-order Einstein tensor in the generalized
longitudinal gauge (also called Poisson gauge) for which ω̂ = χ = 0, while we evaluate the energy-momentum tensor in
the comoving orthogonal gauge for which vi = ω̂i = 0. In such a case, one easily finds by subtracting Eqs. (A.4) and
(A.5),

∇2Φ1 = 3
2H2δcom

1 , (A.11)

where Ψ1 = Φ1 are the Bardeen’s gauge-invariant potentials [62], H = a′/a = aH, and δcom
1 is the gauge-invariant

density contrast in the comoving orthogonal gauge. Using the fact that in momentum space

Φ1(k, τ) = −2
3T (kτ)ζ1(k), (A.12)

we get

δcom
1 (k, τ) = 4

9
k2

H2T (kτ)ζ1(k). (A.13)

This equation is valid at all scales, not only on superhorizon scales. Similarly, at second-order one obtains the equations

−3
2H2δcom

2 = 3H2Φ2 + 3 HΨ′
2 − ∂i ∂

iΨ2 − 12H2 (Φ1)2 − 3 ∂iΦ1 ∂
iΦ1 − 8 Φ1 ∂i ∂

iΦ1 − 3 (Φ′
1)2

,

0 = − H∂iΦ2 − ∂iΨ′
2 + 8HΦ1∂iΦ1 − 2 Φ′

1∂iΦ1, (A.14)

which give

3
2H2δcom

2 = ∇2Ψ2 + 3∂iΦ1 ∂
iΦ1 + 8Φ1∇2Φ1 + 3 (Φ′

1)2 + 6H
∇2

(
∂iΦ′

1∂iΦ1 + Φ1
′∇2Φ1

)
, (A.15)

which reproduces Eq. (24) of the main text. The equation of motion for the second-order gravitational potential can
be found in Refs. [59, 60] and during the radiation phase it reads

Ψ′′
2 + 4HΨ′

2 − 1
3∇2Ψ2 = 2

3∂
iΦ1∂iΦ1 + 8

3Φ1∇2Φ1 + 2 (Φ′
1)2 + HN j

i

(
Ai

2 j

)′ + 1
3N

j
i

(
Ai

2 j

),k

,k
, (A.16)
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Ai
2 j = 6 ∂iΦ1∂jΦ1 + 2

H
(
∂iΦ1∂jΦ1

)′ + 2
H2 ∂

iΦ′
1∂jΦ′

1, (A.17)

and

N j
i = 3

2
1

∇2

(
∂j∂i

∇2 − 1
3δ

j
i

)
. (A.18)

Eq. (A.16) has to be solved with the superhorizon initial condition (with Φ1(x) ≃ −2ζ1(x)/3) [59]

Ψ2(x) = −2Φ2
1(x) + 2N j

i

(
∂iΦ1(x)∂jΦ1(x)

)
= −8

9ζ
2
1 (x) + 8

9N
j
i

(
∂iζ1(x)∂jζ1(x)

)
, (A.19)

and in momentum space the solution is the sum of two pieces

Ψ2(τ,k) = Ψ2(k)T (kτ) +
∫ d3p

(2π)3uvIΨ(u, v, kτ)
(

2
3

)2
ζ1(p)ζ1(k − p), (A.20)

where u = |k − p|/k, v = p/k, and the function IΨ can be found in Refs. [59–61]. A detailed inspection of the time
behaviour of IΨ(u, v, kτ) shows that Ψ2(τ,k) ∝ a−2 due to the last term of Eq. (A.16) [59].

Similarly, one can introduce the second-order curvature perturbation ζ2, which in the Newtonian gauge takes the
form [57–59]

ζ2 = −Ψ2 + 1
4δ2 + 1

16H
(
δ2

1
)′ − 1

9δ
2
1 − 1

1H
δ1 (Φ′

1 + 2HΦ1) − 1
32H2

[
δ,k

1 δ1 ,k − ∇−2 (δ1 ,iδ1 ,j),ij
]
. (A.21)

On sub-horizon scales, where all gauges coincide and thus δ1 = δcom
1 , this expression provides the behaviour for the

curvature perturbation at second-order. The last term represents the leading contribution at late time and one can
show that

2
3∇2ζ2(t,x) ≃ − 1

48a2H2

∑
i̸=j

∂i∂jδ
com
1 (t,x)∂i∂jδcom

1 (t,x), (A.22)

as shown in Eq. (23) of the main text.
Finally, we provide the steps to estimate the second-order density contrast in the comoving gauge δcom

2 , as shown in
Eq. (31) of the manuscript, which is needed to compute the corresponding impact on the threshold of PBH formation.
Starting from Eq. (A.16) and treating the laplacian term ∇2Ψ2 as a perturbation, we can rewrite the equation by
introducing a source term S(t,x) as Ψ̈2 + 5HΨ̇2 = S (working with cosmic time), such that its solution formally reads

Ψ2(t,x) =
∫ t dt′

a5(t′)

∫ t′

dt′′a5(t′′) S(x)
a2(t′′) , (A.23)

where the source has been evaluated with proper superhorizon initial conditions, since we are interested in evaluating
the density profile at the horizon crossing time. The equation then simplifies to

Ψ2(t,x) = Ψ2(x) +
∫

dt
(

1
15

∇2Ψ2

a2H
+ 1
a2H

[
2
15∂

iΦ1∂iΦ1 + 8
15Φ1∇2Φ1 + 2

5N
j
i∇

2 (∂iΦ1∂jΦ1
)])

= Ψ2(x) + 1
30

∇2Ψ2(x)
a2H2 + 1

a2H2

[
1
15∂

iΦ1∂iΦ1 + 4
15Φ1(x)∇2Φ1(x) + 1

5N
j
i∇

2 (∂iΦ1(x)∂jΦ1(x)
)]
. (A.24)

By implementing the initial conditions shown in Eq. (A.19), we get after some simplifications

Ψ2(t,x) = −2Φ2
1(x) + 3 1

∇2

(
∂j∂i

∇2 − 1
3δ

j
i

)(
∂iΦ1(x)∂jΦ1(x)

)
− 1

5
1

a2H2 ∂
iΦ1∂iΦ1 + 1

10
1

a2H2

(
∂j∂i

∇2

)(
∂iΦ1(x)∂jΦ1(x)

)
+ 2

15
1

a2H2 Φ1∇2Φ1 + 3
10

1
∇2

1
a2H2

(
2∂j∇2Φ1∂jΦ1 + ∇2Φ1∇2Φ1 + ∂i∂jΦ1∂i∂jΦ1

)
, (A.25)

where we have used that ∇2Φ2
1 = ∂i∂iΦ2

1 = ∂i(2Φ1∂iΦ1) = 2∂iΦ1∂iΦ1 + 2Φ1∇2Φ1. By taking a Laplacian, we get

∇2Ψ2(t,x) = −2∇2Φ2
1(x) + 3∂

j∂i

∇2 (∂iΦ1(x)∂jΦ1(x)) − ∂iΦ1(x)∂iΦ1(x)
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− 2
5

1
a2H2 (∂i∇2Φ1(x)∂iΦ1(x) + ∂i∂jΦ1(x)∂i∂

jΦ1(x))

+ 1
10

1
a2H2

(
2∂j∇2Φ1(x)∂jΦ1(x) + ∇2Φ1(x)∇2Φ1(x) + ∂i∂jΦ1(x)∂i∂jΦ1(x)

)
+ 2

15
1

a2H2

(
∇2Φ1(x)∇2Φ1(x) + 2∂jΦ1(x)∂j∇2Φ1(x) + Φ1(x)∇4Φ1(x)

)
+ 3

10
1

a2H2

(
2∂j∇2Φ1(x)∂jΦ1(x) + ∇2Φ1(x)∇2Φ1(x) + ∂i∂jΦ1(x)∂i∂jΦ1(x)

)
, (A.26)

such that

∇2Ψ2(t,x) = −2∇2Φ2
1(x) + 3∂

j∂i

∇2 (∂iΦ1(x)∂jΦ1(x)) − ∂iΦ1(x)∂iΦ1(x)

+ 1
a2H2

(
2
3∂

i∇2Φ1(x)∂iΦ1(x) + 8
15∇2Φ1(x)∇2Φ1(x) + 2

15Φ1(x)∇4Φ1(x)
)
. (A.27)

The second-order density contrast then becomes

δcom
2 = 2

3
1

a2H2 ∇2Ψ(2) + 2 1
a2H2 ∂iΦ(1) ∂iΦ(1) + 16

3
1

a2H2 Φ(1) ∇2Φ(1)

= 1
a2H2

(
−4

3∇2Φ2
1(x) + 2∂

j∂i

∇2 (∂iΦ1(x)∂jΦ1(x)) + 4
3∂

iΦ1(x)∂iΦ1(x) + 16
3 Φ(1) ∇2Φ(1)

)
+ 1
a4H4

(
2
3∂

i∇2Φ1(x)∂iΦ1(x) + 8
15∇2Φ1(x)∇2Φ1(x) + 2

15Φ1(x)∇4Φ1(x)
)
, (A.28)

that provides Eq. (31) of the main text.
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