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Abstract. We study the kinetic mixing between the cosmic microwave background (CMB)
photon and the birefringent dark photon. These birefringent dark photon may exist in parity-
violating dark sector, for example, through the coupling to axion field. We show that the
birefringence of the dark photon propagates to the CMB photon, but the resulting birefrin-
gence may not be isotropic over the sky, but will be anisotropic in general. Moreover, our
investigation sheds light on the essential role played by kinetic mixing in the generation of
two fundamental characteristics of the CMB: circular polarization and spectral distortion.ar
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1 Introduction

Although Maxwell’s theory of electrodynamics upholds parity as a fundamental symmetry, it
can be disrupted by introducing a Chern-Simons coupling with a pseudoscalar field θ [1–3]:

LCS = gθθFµνF̃
µν , (1.1)

where gθ is a coupling constant, Fµν ≡ ∂µAν − ∂νAµ is the field strength tensor, and
F̃µν ≡ 2ϵµναβFαβ/

√
−g is the dual strength with the Levi-Civita symbol ϵµναβ . A popu-

lar example for the pseudoscalar field is an axion [4, 5] or axion-like particles (ALPs) a(x),
for which one can identify gθθ = gaa/fa, where ga is a coupling constant of the order of fine-
structure constant α = e2/(4π), and fa is the axion decay constant. See e.g. [6] for a recent
review. With this interaction, the dispersion relations of two circular polarization modes of
the electromagnetic waves differ from each other, i.e. parity is violated.

The Thomson scattering on the last scattering surface of the cosmic microwave back-
ground (CMB) leads to the linear polarization of the CMB [7, 8]. Thus, the interaction (1.1)
yields rotations of the linear polarizations, called “cosmic birefringence”. When decompos-
ing the angular distribution of the CMB polarization by the E-mode (even-parity) and the
B-mode (odd-parity) [9, 10] the EB-cross correlation vanishes in the standard ΛCDM cos-
mological model [11, 12]. Therefore, the detection of the EB-cross correlations will be a clear
smoking gun of parity-violating new physics beyond the standard model of particle physics
(BSM).

Interestingly, recent analyses of the CMB have provided a tantalizing hint of the EB-
cross correlation that is consistent with an isotropic birefringence signal [13–16] due to the
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interaction (1.1). Since ALPs may contribute to dark matter and/or dark energy, the obser-
vation of parity-violating physics in the polarization of the CMB could represent a significant
step toward our understanding of the dark sector [17].

In this paper, motivated by the hints of the parity violation in our universe, we investigate
the consequences of the parity violation in the dark sector from an alternative interaction that
the photon can participate in: kinetic coupling to other massless U(1) gauge fields. Especially,
we assume the new gauge field is completely secluded from the standard model (SM) sector
other than the kinetic coupling but is birefringent due to its interactions with dark sector
particles.

The paper is organized as follows. In Section 2, we begin by reviewing the model of
dark photons with the kinetic mixing to SM and modification of the Maxwell equations. In
Section 3, we derive the relation of birefringence in SM and that in the dark photon by
considering the polarization tensors of each sector. In Section 4, we discuss the implications
of our findings and the current and future constraints on the model. Finally, we conclude in
Section. 5.

2 Maxwell Equations with Dark Photon Kinetic Mixing

The model consists of the photon of U(1)EM denoted by Âµ, and a massless dark photon of
a dark U(1)X gauge theory denoted by Âµ

X , whose Lagrangian density contains the following
kinetic terms:

Lkin√
−g

= −1

4
F̂µνF̂µν −

1

4
F̂µν
X F̂Xµν −

ε

2
F̂µνF̂

µν
X , (2.1)

where ε is the kinetic mixing coefficient, F̂µν ≡ ∂µÂν − ∂νÂµ, and F̂Xµν ≡ ∂µÂXν − ∂νÂXµ

are the field strength tensors. The Lagrangian density is conveniently diagonalized with the
following linear transformation:

(
Âµ

Âµ
X

)
=


1√

1− ε2
0

− ε√
1− ε2

1

(Aµ

Aµ
X

)
, (2.2)

where Aµ and Aµ
X are, respectively, what we identify as the photon and the dark photon

respectively.
The kinetic mixing changes the interaction Lagrangian, modifying the interactions of

photon and dark photon with the electric and dark-electric currents:

Lint√
−g

⊃ ejµÂ
µ + eXjXµÂ

µ
X ≈ (ejµ − εeXjXµ)A

µ + eXjXµA
µ
X , (2.3)

where we take ε ≪ 1. Note that the photon couples to the dark current jXµ with a coupling
proportional to the kinetic mixing parameter ε, but the dark photon is inert to the SM
charged matters. In literature, the coupling between the photon and the dark current is often
parameterized as a milli-charge [18–20]

ϵ ≡ −ε
eX
e

. (2.4)
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Indirect constraints to ϵ come from the milli-charged particle (MCP) searches. The
constraints from LEP and LHC allow ϵ ≲ 0.1 for a MCP mass ∈ [6, 300] GeV and future
∆Neff bound would be able to close this window up to ϵ ≲ O(10−6) [20–23].1 The future
experiments such as FerMINI [26] and milliQAN [27] will cover up to ϵ ≲ O

(
10−3

)
in this

mass range too. For a mass range mMCP ∼> 1 TeV, there hardly exist constraints on the
kinetic mixing coming from MCP. Also, the total energy density of dark photon is bounded
at the time of CMB (and BBN). Explicitly, we request ργX/ργ ≤ 0.065 to be consistent with
the CMB bounds on ∆Neff [28].

Maxwell’s equations for photon and dark photon along with the corresponding currents
are

∇µF
µν = 4π (jν + ϵjνX) and ∇µF

µν
X = 4πjνX . (2.5)

Both photon and dark photon satisfy the Bianchi identity: ∂ρF̃µν = ∂ρF̃Xµν = 0. In this
article, we assume that the dark photon is birefringent which happens when the dark current
jX is intrinsically parity-violating. A concrete example includes, but is not limited to, the
dark current induced from the axion and dark photon Chern-Simons coupling, i.e. jµX ∝
gaX(∂νa)

˜̂
Fµν
X with some coupling constant gaX .2

3 Polarization tensor with birefringent dark photon

In the expanding universe described by a flat FLRW metric ds2 = a(η)2(−dη2 + δijdx
idxj)

with a conformal time dη = dt/a(t), Eq. (2.5) implies that a linear combination, Ãµ ≡
Aµ−ϵAµ

X , propagates freely as a monochromatic wave in the SM vacuum jν = 0. The photon
component Aµ is determined by the monochromatic wave Ãµ and birefringent wave Aµ

X .
Therefore, the parity-violating effect appears in the visible component if the dark component
is parity-violating, even though the ϵ factor suppresses the effect.

Without loss of generality, we set the direction of the propagation in the z-direction, and
the initial amplitude of (partially) linearly polarized photon and dark photon in the xy-plane
as, respectively,

E
(p)
γ,i =

√
I0P

(
1
0

)
, E

(p)
X,i =

√
IXPXeiδX

(
cosα
sinα

)
, (3.1)

where we allow a phase factor δX and an angle α with respect to the photon. Here, P (PX) ∈
[0, 1] is the degree of polarization of photon (dark photon), and I0 (IX) is the initial intensity
of photon (dark photon). In general, they depend on the direction of the line of sight n̂. For
a brief review of the polarization theory and related definitions, see Appendix A.

1These constraints are more severe if MCPs consist of all dark matter while we are not assuming this is the
case [24, 25]. Our following analysis are independent on the constraints of ϵ while observational possibilities
depends on this.

2Having two photons, we can have three axion couplings,

Lint ⊃
a

fa

[
c1F̂µν

˜̂
Fµν + c2F̂Xµν

˜̂
Fµν
X + c3F̂µν

˜̂
Fµν
X

]
,

where c1, c2 and c3 are, in principle, independent parameters [29]. Here, we set c2 ∼ 1 as the only non-zero
parameter, then c3 ∼ ϵc2 ∼ ϵ and c1 ∼ ϵ2c2 ∼ ϵ2 are induced by kinetic mixings after the diagonalization. We
note that c1 is responsible for the isotropic birefringence of photon, and c3 affects the anisotropic birefringence
and other observables such as intensity, and circular polarization. More detailed study for this axion example
is given in Appendix. B.
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Figure 1. A schematic sketch defining the variables in the initial conditions (left) and the effects of
birefringent dark photon on photon’s linear polarization (right).

When the dark photon propagates through a birefringent medium (a time-varying axion
medium, for instance), the polarization vector evolves into an emergent state:

E
(p)
X,i → E

(p)
X = Û(βX)E

(p)
X,i =

√
IXPXeiδX

(
cos(α+ βX)
sin(α+ βX)

)
, (3.2)

with the rotation matrix Û(βX) =

(
cosβX − sinβX
sinβX cosβX

)
induced by dark birefringence. A

concrete example is the axion coupling to dark photon, that generates βX ∝ gaX
∫ η
ηi
dη′ dadη (η

′).
Schematic pictures of our setup and the birefringences of photon and dark photon are depicted
in Figure 1.

The polarization tensor is given for the partially polarized dark photon:

ρX =
1

2

(
1 + PX cos(2α+ 2βX) PX sin(2α+ 2βX)
PX sin(2α+ 2βX) 1− PX cos(2α+ 2βX)

)
(3.3)

with the Stokes parameters being QX/IX = ρX11−ρX22, UX/IX = ρX12+ρX21 and VX/IX =
i(ρX12−ρX21) = 0. We note that no circular polarization is generated from the birefringence.
Because Ẽ = E − ϵEX freely propagates, the Jones matrix constructed with this degree is
time-independent, i.e. J̃αβ(t) ≡ ⟨ẼαẼ

∗
β⟩T = J̃αβ(0). Here, ⟨ · · · ⟩T means taking an average

over a time interval T ≫ ω−1 where ω is the frequency of the oscillation. As

⟨ẼẼ⟩T = ⟨(E − ϵEX)(E − ϵEX)⟩T = ⟨EE⟩T − ϵ⟨EEX + EXE⟩T + ϵ2⟨EXEX⟩T , (3.4)

the photon polarization ⟨EE⟩T = ⟨ẼẼ⟩T+ϵ⟨EEX+EXE⟩T+O(ϵ2) evolves with ϵ. Explicitly,
by subtracting the values at t > 0 and t = tini = 0, we have

J(t) = J(0) + 2ϵ
√

I0IX
√
PPX sin

(
βX
2

)

×

−2 cos δX sin

(
α+

βX
2

)
e−iδX cos

(
α+

βX
2

)
eiδX cos

(
α+

βX
2

)
0

+O(ϵ2) ,

(3.5)

– 4 –



where Jαβ(t) = ⟨EαE
∗
β⟩T (t), and the initial tensor, given by the initial condition of the

photon, is

Jαβ(0) =
1

2
I0

(
1 + P 0

0 1− P

)
≡ I0ρ0 . (3.6)

As a direct consequence, we find that photon intensity changes inducing spectral distor-
tion of O(ϵ), the corresponding polarization tensor ρ = J/I and the Stokes parameters for
the photon are given, respectively, as

∆I = I − I0 = Tr(J(t)− J(0))

= −4ϵ
√
I0IXPPX cos δX sin

(
α+

βX
2

)
sin

(
βX
2

)
+O(ϵ2) ,

(3.7)

ρ = ρ0 − 2ϵ

√
IX
I0

√
PPX sin

(
βX
2

)

×

(1− P ) cos δX sin

(
α+

βX
2

)
e−iδX cos

(
α+

βX
2

)
eiδX cos

(
α+

βX
2

)
−(1− P ) cos δX sin

(
α+

βX
2

)
+O(ϵ2) ,

(3.8)
and

Q

I
= ρ11 − ρ22 = P − 4ϵ(1− P )

√
IX
I0

√
PPX cos δX sin

(
α+

βX
2

)
sin

(
βX
2

)
+O(ϵ2) ,

U

I
= ρ12 + ρ21 = 4ϵ

√
IX
I0

√
PPX cos δX cos

(
α+

βX
2

)
sin

(
βX
2

)
+O(ϵ2) ,

V

I
= i(ρ12 − ρ21) = 4ϵ

√
IX
I0

√
PPX sin δX cos

(
α+

βX
2

)
sin

(
βX
2

)
+O(ϵ2) .

(3.9)

Change of intensity and polarization tensor are the key results of this article. Our results
explicitly suggest that a birefringence effect in the photon could be induced by the polarization
of the dark photon.

4 Observational Implications

In this section, we will discuss the possible observational implications. For a definite case
study, let us assume that the phase space distribution of dark photons follows the thermal
(Planck) equilibrium at the time of CMB decoupling time with a dark temperature TX ≡ rTγ ,
which is different from the CMB temperature Tγ in general by a factor r. To satisfy the Neff

constraint from Planck [28], r must be smaller than 0.4 [30]. This may be the case when
the dark photons were in thermal equilibrium with dark matter at an earlier time, before the
dark recombination and dark decoupling [30–32]. After the decoupling, the dark photon would
freely stream while keeping in the phase space the Planck distribution function with reduced
temperature. Note that, to avoid the constraints coming from the lack of dark acoustic
oscillation [33], the dark decoupling should happen well ahead of the cosmic recombination
at z ≃ 1100 [30].

– 5 –



4.1 Spectral distortion

The spectral distortion is given in Eq. (3.7). While the spatial average of the random distortion
vanishes, the statistical dispersion does not, even though its size is bounded from above by
the kinetic mixing angle ϵ as long as IX < I0:

δI

I0
≃ 2ϵ

√
IX
I0

√
P̄ P̄X

∣∣∣∣sin(βX
2

)∣∣∣∣ ≲ 2ϵ , (4.1)

where δI ≡
√

⟨∆I2⟩ and P̄(X) ≡
√〈

P 2
(X)

〉
with ⟨ · · · ⟩ taking an ensemble average over the

sky. Since I ∝ k3/
[
ek/(2πT ) − 1

]
for blackbody photons, we find

IX
I0

=


r (k ≪ TX)

exp

(
−1− r

r

k

2πTγ

)
(k ≫ TX)

. (4.2)

This characteristic frequency dependence can be a smoking gun signal of the kinetic mixing,
and it is distinguishable from the spectral distortion due to the axion decays when ma ∈
(keV,MeV) [34].3 At high frequencies with ℏω ≫ 3kBTX in the Wien tail, the intensity
of dark photon is suppressed thus the effect on the CMB polarization is minuscule. Current
bounds on the spectral distortion is O(10−5) and expected to be improved up to O(10−8) [39].

From the Eq. (4.1), we can see nontrivial implications on the intensity and degree of
polarization within the dark sector: For instance, assuming that there exists isotropic bire-
fringence βiso ≃ ϵ2βX and this explains the recent observation [13–16], the same parameter
space should have suppressed value of IX or P̄X . As a definite illustration, the bound on r
with

√
P̄ P̄X = 0.1 is depicted in Figure 2 using the current and future constraints on the

spectral distortion: δI/I0 = 10−5 and 10−8, respectively.

4.2 Birefringence

Non-zero value of U in Eq. (3.9) implies that there exists birefringence in CMB as

β(n̂) =
1

2
arctan

(
U

Q

)
= 2ϵ

√
IXPX

I0P
cos δX cos

(
α+

βX
2

)
sin

(
βX
2

)
+O(ϵ2) . (4.3)

Note that, in general, the angle α is unknown. For example, if dark recombination [30]
happened, as for the atomic dark matter model [31], the linear polarization of dark photons
is determined by the local quadrupole at the dark recombination time, which must be earlier
than the cosmic recombination time [33]. Taking the random α over the sky, we expect the
monopole, a constant isotropic birefringence angle, to appear as

βiso ≡ ⟨β(n̂)⟩ ≃ ϵ2βX , (4.4)

due to the effective photon-axion coupling induced by the photon-dark photon mixings. We
note that the recently reported cosmic birefringence at 3.6-σ level of βiso ∼ 0.35◦ ≃ 6.1 ×
10−3 [13–16] could be accounted with ϵ ≈ 0.078 and βX = 1, for example.

3Even though we only consider the massless dark photon, in the case of the massive dark photon for certain
mass ranges, there are other possible impacts on spectral distortion [35–37], or CMB anisotropies [38].
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Figure 2. Constraints on the temperature of the dark sector (r ≡ TX/Tγ) from the current/future
constraints/sensitivity on the spectral distortion for simultaneous explanation of the isotropic bire-
fringence at ϵ2 order as βiso = ϵ2βX . We set

√
P̄ P̄X = 0.1 for a definite illustration.

On the other hand, the variance appears as〈
β2
aniso

〉
≃ ϵ2

IX
I0

〈
PX

P

〉
sin2

(
βX
2

)
. (4.5)

The variance can affect the TE-correlation as [40, 41]

CTE
ℓ → CTE

ℓ cos(2βiso)
(
1− 2⟨β2

aniso⟩
)
. (4.6)

Similarly, CEE
ℓ - and CBB

ℓ -correlations, and higher order correlations CEBEB
ℓ are all affected by

βaniso. The currently available bound for the variance of birefringence is ⟨β2
aniso⟩ ≲ 10−5 [42–

49].

4.3 Circular polarization

The non-vanishing circular polarization, called the CMB V -mode, is predicted in Eq. (3.9):

⟨V 2⟩ ≃ 4ϵ2I0IX P̄ P̄X sin2
(
βX
2

)
. (4.7)

We emphasize that the non-vanishing V ∼ U is a characteristic feature of our model with
kinetic mixing. Only a negligible amount of circular polarization is generated from the axion
decay [50, 51]. The currently allowed circular polarization is up to O(1µK) [52, 53].

We summarize the difference between the dark photon model with a coupling to a
pseudoscalar gθXθFXµνF̃

µν
X and mixing to the photon, and the axion model which the pseudo

scalar directly couples to the photon with gθθFµνF̃
µν in Table 1. We assume there exists field

excursion ∆θ, and this should be homogeneous for isotropic birefringence.

5 Conclusions

Recent CMB observations have hinted at the cosmic birefringence in tantalizing 3.6-σ level.
In literature, the birefringence is usually attributed to the direct coupling between photons
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Dark Photon Axion
Isotropic Birefringence O(ϵ2gθX∆θ) O(gθ∆θ)∗

Anisotropic Birefringence O(ϵgθX∆θ) O(gθ∆θ)

Spectral Distortion Yes Yes∗∗

Circular Polarization O(ϵgθX∆θ) Negligible
∗ For a mass window smaller than the Hubble scale of today H0 ∼
10−33 eV.

∗∗ Only in a mass window (keV-MeV) [34].

Table 1. Schematic comparison of observational signatures from birefringent dark photon mixing
considered in this work and direct coupling to pseudoscalar θ with field value difference ∆θ. Note
that the prefactors, influenced by the intensities and polarization degrees of both the photon and dark
photon, are not explicitly written in this table. For a more detailed explanation, consult the main
text.

and a pseudoscalar field, like an axion. Here, we investigate an alternative explanation with
the dark photon.

Our main results are encapsulated in Eq. (3.7) and Eq. (3.8), which represent, respec-
tively, the intensity and polarization tensor of the photon kinetically mixed to the birefringent
dark photon. We find that the kinetic mixing not only transfers the dark photon’s birefrin-
gence to the CMB photon, but also yields the unique, distinctive features such as direction-
dependent spectral distortion and circular polarization. The birefringence from the kinetic
mixing is anisotropic birefringence with non-zero variance.

Finally, we acknowledge that exploring a more concrete model of parity violation in
the dark sector would open up broader theoretical possibilities and potentially uncover new
avenues for observations of BSM physics. We leave these tasks to future work.
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A Review of (Partially) Polarized Light

In this appendix, we briefly review the theory of partially polarized light. Especially, we will
explicitly show how the polarization tensor is defined and set the notations. This part mainly
relies on Ref. [54].

A electric field at a fixed position x = 0 is given as E(t)e−iωt for a fixed k with |k| = ω.
Here, E can have a time dependence in general and is decomposed into polarized part (p)
and unpolarized (or natural) part (n) as

E = E(p) +E(n) . (A.1)

The unpolarized part satisfies 〈
E(n)

α E
(n)∗
β

〉
T
=

1

2
I(n)δαβ , (A.2)

where ⟨ · · · ⟩T is an average over a time interval T much larger than ω−1. Here, I(n) is the
intensity of the unpolarized part of the electric field. On the other hand, the polarized part
is assumed to be nearly constant compared to the time scale of the average. With this
decomposition, we define the Jones matrix

Jαβ ≡
〈
EαE

∗
β

〉
T
= E(p)

α E
(p)∗
β +

1

2
I(n)δαβ , (A.3)

the intensity I ≡ Tr J and polarization tensor ραβ ≡ Jαβ/I. If a quantity is slowly varying in a
much larger time scale than the time scale of averaging, there may be residual time dependence
after averaging fast modes. This also includes the observational effects we discuss in the main
text arouse from the slow birefringence of the dark photon βX(t).

In terms of Stokes parameters, the polarization tensor is written as

ρ =
1

2I

(
I +Q U − iV
U + iV I −Q

)
. (A.4)

We also introduce the degree of the polarization P ∈ [0, 1] as det ρ ≡ (1−P 2)/4 where P = 0
corresponds to the unpolarized light, and P = 1 is for the completely polarized one. With
these definitions, I(n) = I(1− P ), and I(p) ≡ |E(p)|2 = IP . Also, P =

√
Q2 + U2 + V 2/I.

B Birefringence from Axion with Two Photons

In this appendix, we present a more detailed examination of the axion example. While the
main text remains agnostic about the source of birefringence in the dark photon, ensuring
that our results are broadly applicable, this appendix focuses specifically on the axion. By
doing so, we can highlight some unique features that emerge in the axion scenario.
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We begin with the general Lagrangian for two photons allowing finite kinetic mixing and
the general axionic couplings (ĉi=1,2,3):

L = −1

4
F̂µνF̂

µν − 1

4
F̂XµνF̂

µν
X − ε

2
F̂µνF̂

µν
X +

θ

4

[
ĉ1F̂µν

˜̂
Fµν + ĉ2F̂Xµν

˜̂
Fµν
X + 2ĉ3F̂µν

˜̂
Fµν
X

]
→ −1

4
FµνF

µν − 1

4
FXµνF

µν
X +

θ

4

[
c1FµνF̃

µν + c2FXµνF̃
µν
X + 2c3FµνF̃

µν
X

]
(B.1)

where
c1 =

1

1− ε2
(
ĉ1 − 2εĉ3 + ε2ĉ2

)
= ĉ1 − 2εĉ3 + ε2(ĉ1 + ĉ2) +O(ε3) ,

c2 = ĉ2 ,

c3 =
1√

1− ε2
(ĉ3 − εĉ2) = ĉ3 − εĉ2 +

ε2

2
ĉ3 +O(ε3) ,

(B.2)

after the field redefinition in Eq. (2.2) where the approximation holds for small mixing.
The case we consider in the main text corresponds to (ĉ1, ĉ2, ĉ3) = (0, 1, 0) and ε ≪ 1.

Hereafter, we will use ϵ ≡ −ε ≪ 1 after setting e = eX = 1 for brevity.

B.1 General Solution

With non-vanishing c1, c2 and c3, we have generalized equations for two photons:

∂νF
µν = (∂νθ)

[
c1F̃

µν + c3F̃
µν
X

]
,

∂νF
µν
X = (∂νθ)

[
c2F̃

µν
X + c3F̃

µν
]
.

(B.3)

It is convenient to write the equations in a matrix notation,

∂νF⃗
µν = (∂νθ)C

˜⃗
Fµν , F⃗ =

(
F
FX

)
, C =

(
c1 c3
c3 c2

)
. (B.4)

In general, C is diagonalizable unless detC ̸= 0, and we have

C = XDX−1 (B.5)

where D = diag(λ1, λ2) with

λ1 =
1

2

(
c1 + c2 −

√
(c1 − c2)2 + 4c23

)
,

λ2 =
1

2

(
c1 + c2 +

√
(c1 − c2)2 + 4c23

) (B.6)

and X = (x⃗1|x⃗2) with x⃗1,2 being corresponding orthonormal eigenvectors.
Then,

∂ν(X
−1F⃗ )µν = (∂νθ)D(X−1 ˜⃗Fµν) (B.7)

or

∂νFµν
α = (∂νθ)λαF̃µν

α , (B.8)
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where Fα := (X−1F⃗ )α (α = 1, 2). Therefore, we have two independently birefringent fields
F1 and F2 with birefringence angles accumulated by the line of sight (LOS) integral:

βα =
λα

2

∫
LOS

dθ ≡ λα

2
∆θ. (B.9)

Finally, the original fields, Fα=1,2 (F1 = F and F2 = FX), are recovered by Fα = (XF⃗)α with
F⃗ = (F1,F2)

T .

B.2 Case Study (1) : c1,2 ∼ 1 ≫ c3 ∼ ϵ

Without loss of generality, we set c2 > c1 and c3 ≡ ϵc̃3 > 0. The X matrix is explicitly given

X =

1− ϵ2c̃3
2(c1 − c2)2

− ϵc̃3
c1 − c2

ϵc̃3
c1 − c2

1− ϵ2c̃3
2(c1 − c2)2

+O(ϵ3) , (B.10)

and the mixing matrix is diagonalized as

D =

c1 +
ϵ2c̃23

c1 − c2

c2 −
ϵ2c̃23

c1 − c2

+O(ϵ3) ≡
(
λ1

λ2

)
. (B.11)

The field Fα, in terms of the electric components, evolves as

X−1

(
E

(p)
γ,i

E
(p)
X,i

)
→

 Û(β1)
[
(X−1)11E

(p)
γ,i + (X−1)12E

(p)
X,i

]
Û(β2)

[
(X−1)

(p)
21 E

(p)
γ,i + (X−1)

(p)
22 E

(p)
X,i

]
.

 (B.12)

Now, the solution for the photon is obtained with the initial conditions given in Eq. (3.1)
with E

(p)
γ,0 =

√
I0P and E

(p)
X,0 =

√
IXPX :

E(p)
γ = E

(p)
γ,0

(
cosβ1
sinβ1

)
+ ϵ

c̃3
c1 − c2

E
(p)
X,0e

iδ

(
cos (α+ β1)− cos(α+ β2)
sin (α+ β1)− sin(α+ β2)

)
− ϵ2

c̃23
(c1 − c2)2

E
(p)
γ,0

(
cosβ1 − cosβ2
sinβ1 − sinβ2

)
+O(ϵ3).

(B.13)

With this constructed solution, we finally obtain the birefringence angle using the Stokes
parameters:

β = β1 + 2ϵ
c̃3

c1 − c2

E
(p)
X,0

E
(p)
γ,0

cos δ cos

(
α− β1 − β2

2

)
sin

(
β1 − β2

2

)
+O(ϵ2). (B.14)

The first term represents the isotropic birefringence due to the presence of c1, which is in-
dependent of the dark photon. The second term accounts for the anisotropic birefringence
induced by photon-dark photon mixing. It is important to note that the second term exhibits
a non-linear dependence not only on β2, and α, but also on β1. Consequently, the total
birefringence angle is not simply the sum of the two contributions.4

4We thank the referee for encouraging us to explicitly verify this interesting fact.
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B.3 Case Study (2) : c1 ∼ ϵ2, c2 ∼ 1 and c3 ∼ ϵ

This case is realized when we set ĉ1 = ĉ3 = 0 and ĉ2 = 1 as we did in the main text.
Expanding the result in Eq. (B.14) keeping the results at ϵ2 order, we obtain

β = 2ϵ
c̃3
c2

E
(p)
X,0

E
(p)
γ,0

cos δ cos

(
α+

β2
2

)
sin

(
β2
2

)

+ ϵ2

β̃1 +
c̃23
c22

sinβ2 + 2
c̃23
c22

E
(p)
X,0

E
(p)
γ,0

2

cos 2δ sin2
(
β2
2

)
sin (2α+ β2)

+O(ϵ3).

(B.15)
The isotropic part is

βiso = ϵ2
(
β̃1 +

c̃23
c22

sinβ2

)
, (B.16)

where β1 = ϵ2β̃1 is determined by λ1 ≃ ϵ2(c̃1c2− c̃23)/c2. It is noteworthy that when c̃1 = c̃3 =
1 the first term vanishes, resulting in βiso = ϵ2 sinβX ≈ ϵ2βX when β2 = βX ≪ 1 recovering
the result in Eq. (4.4).
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