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We show that the QCD axion couples to the electromagnetic kinetic term at one loop. The result
is that if axions make up dark matter, they induce temporal variation of the fine structure constant
«, which is severely constrained. We recast these constraints on the QCD axion parameter space.
We also discuss how to generalise our finding to axion-like particles, and the resulting constraints.

Introduction. — The axion is a well-motivated ex-
tension of the Standard Model (SM). The “QCD axion”
was originally introduced to explain the non-detection of
the electric dipole moment (EDM) of the neutron [1-3].
Axions have since garnered much interest as a candidate
for dark matter (DM) [4—6]. Other generic pseudo-scalar
particles with an ultraviolet (UV) shift symmetry which
do not relax the neutron EDM to zero are also natural
DM candidates, and are typically referred to as “axion-
like particles” (ALPs).! Many experimental searches are
directed at discovering an axion, many of which assume it
to make up all of the dark matter of the universe. Many
of these searches rely on the coupling between the axion
and photons [7],
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to generate observable signals from axion-photon conver-
sion. This interaction and that of the QCD axion with
nuclei are the subject of extensive experimental and theo-
retical work (see e.g. [8, 9] for recent reviews).

The axion field, being odd under parity-conjugation (P)
and charge-parity-conjugation (CP), does not couple to
the kinetic term of the photon and therefore does not lead
to a shift in the fine-structure constant « to leading order.
Likewise, as we show in the Supplemental Material (s.m.)
through simple helicity arguments, symmetry prevents the
operator of Eq. (1) from generating a quadratic axion-
photon amplitude. However, we show for the QCD axion,
and generalise to ALPs, that an operator of the form
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1 We will refer to an “axion” when a statement applies to both the
QCD axion and an ALP.

is generated at one loop. This operator does not respect
the UV shift symmetry of the axion and originates in dy-
namics that are explicitly symmetry-breaking, with ¢,
encoding the origin. In the case of the QCD axion, ¢,
arises from the same dynamics that generates the poten-
tial, which preserves a discrete Z, shift symmetry for a,
such that ¢ _, ~ O(107"). For ALPs, we present two con-
structions that lead to non-zero c,,, one QCD-like and
one invoking an explicit symmetry-breaking operator. In
the latter, ¢, directly depends on the explicit symme-
try breaking parameter, emphasising the fact that the
quadratic operator only exists when the axion shift sym-
metry is broken.

The operator of Eq. (2) leads to time-variation of the
fine-structure constant « if the axion has a time-varying
field value, as expected for DM axions:
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Such a variation in the fine-structure constant is severely
constrained by cosmology and experiment [10-12], and
is currently the subject of an intense experimental pro-
gram (see, e.g., [12] for a recent review). We demonstrate
that these constraints also apply to axions, QCD or oth-
erwise. In particular, we consider constraints from cos-
mology, violations of the weak equivalence principle, and
direct searches for ultralight dark matter. Our results are
summarised in Fig. 1 for the QCD axion, and in Fig. 2 for
ALPs.

Generating the quadratic axion-photon coupling.
— In the standard lore, the shift symmetry of the ax-
ion implies that a basis can be found such that it is
derivatively-coupled to SM fields. In this case, the naive
expectation is that the first order at which a quadratic
axion-photon coupling is generated will be O((d,a)? ),




and will therefore be vanishingly small. However, since
axions have a small mass due to a breaking of the shift
symmetry, a much larger quadratic axion-photon coupling
can be generated. Below we will explore this coupling,
first for the QCD axion, and subsequently for an ALP.

The QCD Azion. — The coupling of the QCD axion
to SM fields can be consistently treated in Chiral Pertur-
bation Theory (xPT) associated to the breaking of the
approximate SU(N¢)r x SU(N¢)r flavour symmetry of
the N light SM quarks.? Our guide to understanding the
coupling of axions to SM fields is then the neutral pion,
which shares the same quantum numbers as the axion.?

In xPT, the first order at which an operator appears
leading to a tree-level coupling of neutral pions to F? =
F PP s O(p%). However, the process vy — 707 is
experimentally observed to have a cross-section that is
only ~ 102 smaller than that of vy — 777~ a tree-level
O(p?) effect, at \/s ~ 0.4GeV [14, 15]. In xPT, the large
vy — 7970 cross-section is explained by the observation
that unitarity requires it to be generated at one-loop or-
der involving O(p?) operators, and is thus O(p?) in the
xPT power-counting. Importantly, as there is no tree-level
(7%)2F? operator in the O(p*) xPT Lagrangian, there can
be no counterterm and the amplitude for vy — 7079 is fi-
nite [16, 17].

The same arguments apply to the QCD axion, which
couples to 7T 7~ at tree-level in the O(p?) Lagrangian,
and therefore couples to vy at one loop. In the s.m., we
derive the coupling of two axions to two photons, whose
size is approximately
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We identify ¢, = mmy mq/3 (my, + ma)* ~ 0.2 when
comparing with the form of Eq. (2). In the second line of
Eq. (4) we have written the coupling in terms of the axion
mass

ma 7
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where € encodes possible deviations from the usual QCD

2 e,y
a

m- ~e
(mu + md)2

(5)

2 We will take Ny = 2 for simplicity, but our results hold for Ny = 3.
3 In a particular axion coupling parameterisation, there is tree-
level mixing between a and 7°. Since observables should not be
parameterisation-dependent, we should already conclude that the
axion will have all the same couplings as a 7. Due to its trans-
formation properties under the chiral symmetry, the 17<’) is an
even better guide, and also possesses a quadratic coupling to pho-

tons [13].

prediction [18-20] and is typically taken to be ¢ S 1. We
see the expected result that any non-derivative coupling
is suppressed by the shift-symmetry breaking parameter,
the axion mass, and goes to zero when the shift symmetry
is restored. Crucially, the denominator has no powers of
fo when the numerator is expressed in terms of m,, and
therefore the suppression is not as small as might have
been anticipated on dimensional grounds. Indeed, since
the operator is generated through the same dynamics as
the axion potential at A, the naive power counting should
have been that ¢,_, ~ (mxfx)?/A*, which is confirmed in
the detailed computation.

Higher-order one-loop and tree-level corrections to
Eq. (4) appear at O(pS) in the xPT power-counting
scheme, and can safely be neglected.

Axion-like Particles. — ALPs are often characterised as
possessing a mass m, and decay constant f, that are un-
related. This is a convenient way of considering the phe-
nomenology of ALPs as an effective field theory (EFT)
while setting aside unknown UV dynamics. However,
given this ignorance of the UV, one must be careful about
consistently building the EFT and including all possible
operators (for recent discussions see [48, 49]). As we saw in
the preceding discussion of the QCD axion, the dynamics
that breaks the axion shift symmetry also generates the
quadratic axion-photon coupling. Similar arguments can
be applied to an ALP.

A simple QCD-like model for an ALP with a quadratic
coupling to photons is an SU(N) @ U(1)’ sector where
SU(N) instantons break the ALP shift symmetry, and
there are chiral fermions charged under both SU(N) and
U(1)". If the chiral fermion masses are O(GeV), they can
have an effective charge under EM of g.g < 0.1e through
kinetic mixing of the U(1)" with U(1)gy. The dynamics
of the SU(N) sector ensure that the ALP couples to the
kinetic term of the U(1)’, while the kinetic mixing induces
a corresponding coupling to U(1)gm with a suppression
from the effective charge. The resulting quadratic ALP-
photon operator assuming Ny = 2 with degenerate SU(N)
quark masses is
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We can relate this coupling to the ALP mass as in the case
of the QCD axion, with m2 f2 ~ exrp m2, f2,. The scale
N ~ 4 f. of the SU(N) sector must be sufficiently heavy
compared with the light quark mass scale, such that the
price to pay for having a light ALP is that ear,p must be
very small. Explicit computation in the s.m. shows that
for this construction of the ALP-photon coupling, we have
¢, ™~ q2(m/12) which can be O(1072) for A’ ~ TeV.
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FIG. 1. New constraints on the decay constant f, as a function of the mass m, for axion dark matter, shown in various
shades of blue and purple. New constraints from atomic clocks are shown [21-26], as well as from Eot-Wash [27, 28] and
MICROSCOPE [28, 29] searching for fifth forces and violations of the equivalence principle respectively. Finally, new constraints
from BBN [30] are shown. In addition to new constraints, we show projections for future atom interferometer experiments AION-
100/MAGIS, ATON-km and AEDGE [31-33], as well as from a Nuclear clock [34] with sensitivity |da|/a = 10722, Also shown
are existing constraints on tuned QCD axions, such as searches for EDMs (HfFt [35] and n [36]), Rb clocks [22], BBN from to
the coupling to nucleons [37], in-medium effects on the tuned QCD axion potential from the Sun [38] and White Dwarfs [39],
SN1987A [40], cosmology [41], and from GW170817 [42]. We also show exclusions from black hole superradiance [43-45] as dashed
grey lines. Analysis of ultra-faint dwarf (UFD) galaxies [46] and of the Lyman-« forest [47] exclude wave-like DM with very low
masses. The existing constraints in dark grey shades indicate that they assume the axion is dark matter, while the lighter shades

of grey do not rely on axions as dark matter.

An alternative construction of the quadratic operator
starts from a UV Lagrangian in which the complex scalar
field containing the radial (p) and ALP fields couples to
fermions charged under U(1)gy, similar to the KSVZ
model [50, 51].% Without an explicit shift-symmetry
breaking operator, no quadratic coupling of the ALP to
photons is generated upon integrating out the fermions.
However, an operator of the form (p/f,)FF is gener-
ated. Since the radial mode mass is M, ~ O(f,), one
might think this operator is never relevant for the ALP.
However, the potential typically contains a term of the
form V(p,a) D Sla]p + h.c. such that upon integrat-
ing out p, the operator (p/fu)FF — (Sla]/faM?)FF.
For the canonical potential with no symmetry breaking,
Sla] ~ (da)?/fa, so that the original intuition that the
first quadratic axion-photon operator is O((9a)?/f2) ap-
pears to be confirmed. However, if the UV does not re-

4 A DFSZ-like model [52, 53] would result in tree-level couplings to
QCD.

spect the full ALP shift symmetry but only the milder
a — a+2nnf, Z, symmetry, e.g., S[a] ~ g*f, cos(a/f.)
with g a dimensionful parameter, integrating out p leads to
an operator ~ (g%a®/f3M?)FF. A precise calculation is
given in the s.m., yielding ¢_, = (47/3)Q?(g/M,)?, where
@ is the charge of the fermions integrated out in the UV.
While the potential we give in the s.m. does not lead
to a new contribution to the ALP mass, the symmetry-
breaking removes some of the protection of the small mass.
Significant tuning could therefore be required for the ALP
mass to remain small in the IR.

In a sense, the two constructions above reflect the same
overarching result: dynamics that breaks the full axion
shift symmetry (possibly to the smaller Z,, symmetry) at
a certain scale leads to an a?F? operator with a coeffi-
cient given by a ratio of some power of the shift-breaking
parameter over the scale of the breaking. For the QCD-
like model, this ratio is ~ (m, fr)?/A* ~ 1, while for the
UV-driven model this ratio is (g/M,).
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FIG. 2. ALP parameter space excluded by quadratic ALP-photon coupling. The colour scheme is the same as in Fig. 1. We
have compared with existing and future constraints on linear ALP-photon couplings as discussed in the main text. We have set

CF2

= 0.2, and constraints from variations of « scale as (cF2 )1/ 2 f.. Existing constraints on the linear coupling to photons shown

here are from CAST [54], Astrophysics [55, 56], Birefringence [57-62], SHAFT [63], ABRA [64, 65] and axion star explosions [66].
Future haloscopes aimed at ALP dark matter in this mass range include [67-73]. Analysis of ultra-faint dwarf (UFD) galaxies [46]
and of the Lyman-« forest [47] exclude wave-like DM with very low masses. To compare with constraints on the linear coupling,

We Use gayy = /(27 fa).

Phenomenology of the Quadratic Coupling. —
The quadratic axion-photon coupling leads to a shift in
the fine-structure constant in the presence of a non-zero
background field value of the axion. For dark matter ax-
ions near a spherically-symmetric, homogeneous body of
mass M and radius R with dilaton charge Q. [74], the
background field value is [28]

~ —VmpaDM cos(mat + @) X(r) , (7)
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The function s¢(Q.) ~ Q. min [1, 3/22], accounts for the
screening of the scalar near the macroscopic object, and
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The resulting shift in « is given by
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with ¢ an arbitrary phase. The form of Eq. (10) implies
that there is a static shift in a, since (cos?z) = 1/2, and
that the time-varying part oscillates at a frequency w ~
2mg.

The constraints from a quadratic scalar-photon coupling
have previously been considered in, e.g., Refs. [10, 11, 30,
75, 76]. There is a far more extensive literature considering
a linear scalar-photon coupling, which has recently been
summarised in Ref. [12]. To facilitate comparison between
constraints on f, arising from the a?F? coupling and con-
straints on the linear axion-photon coupling, Eq. (1), we
use Gayy = /21 f,.

Big Bang Nucleosynthesis (BBN). — Variations of the
fine-structure constant would impact the predictions of
standard BBN, as has been discussed previously [10, 11,
30, 77]. The most sensitive BBN observable is the yield of
"He, measured to be Y, (*He) = 0.245+0.003 [78], which
agrees extremely well with the theoretical prediction in the
Standard Model, Y,"(*He) = 0.2467+0.0002 [79]. A care-
ful analysis of the impact of a quadratically-coupled ultra-
light scalar DM candidate on BBN was recently performed
in Ref. [30], which we recast as a limit on axions through
Eq. (10) with X (r) = 1. We take the “zero-T” result from



their analysis, but caution that the true constraint on f,
could be be up to a factor of ~ 3 weaker due to thermal
loops contributing to the mass of the axion [30].

For the QCD axion, the resulting constraints are weaker
than those arising from the axion-nucleon coupling [37].
This is expected, since the nucleon coupling appears at
tree level, while the photon coupling is a one-loop effect.
The EM effect should translate into constraints on f, that
are a factor ~ 47 /y/a ~ 102 weaker than the nucleon cou-
pling, an estimate which is confirmed in Fig. 1. For an
ALP, however, the nucleon coupling is model-dependent
such that the BBN « constraint might be the most strin-
gent in much of the ALP parameter space, as seen in Fig. 2.

Fifth Forces and the Weak Equivalence Principle. —
The effects of ultralight scalar dark matter quadratically-
coupled to photons on searches for fifth forces and viola-
tions of the weak equivalence principle were considered
in Ref. [28]. These results apply to the quadratically-
coupled axion also, and therefore appear in Figs. 1 and 2.
The strongest constraints are from the MICROSCOPE ex-
periment [29] searching for violations of the weak equiva-
lence principle, and the E6t-Wash torsion balance experi-
ments [27].

Ultra-light Dark Matter Searches. — Experiments look-
ing for ultra-light scalar dark matter with a coupling to
photons are sensitive to the resulting shift in a. The
axion-induced oscillation of « leads to a change in atomic
energy transitions, allowing strong constraints from very
precise clocks [21-26]. These constraints are shown in
Figs. 1 and 2. We also show projections for atomic inter-
ferometers AION and AEDGE [31],° and from a nuclear
clock [34]. Notice that some constraints have abrupt end-
points, ranging from m, ~ 1077 eV for Dy clocks to m, ~
10713 eV for ATON-km. This is a result of screening by the
Earth [28, 75], which occurs for f, < (c,,)/? x 10! GeV,
as can be computed from Egs. (7), (9).

Other Phenomenology. — A quadratic axion-photon
coupling can have profound implications for experiments
looking for axion DM on Earth due to the screening of
the axion field at large coupling to matter. On Earth, the
screening effect reduces the amplitude of the axion field
drastically if f, is too small. This affects not only the ob-
servables associated to the quadratic axion coupling, but
the linear axion couplings as well. The full extent of the
implications for existing and planned experiments will be
explored in separate work [81].

It has recently been shown that the polar cap regions

5 In Figs. 1, 2 we have re-interpreted Fig. 4 of Ref. [31]. However,
as shown in Ref. [80], the sensitivity of atom interferometers to
a scalar with linear couplings is likely slightly weaker. A similar
conclusion is expected to hold for the quadratic coupling.

of neutron stars (NSs) have large E - B and can therefore
source non-DM axions [56, 82]. The quadratic coupling to
B - B leads to an effective mass for the axion of order
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This “plasma’” mass for the axion coincides with the lower
end of the range of bare axion masses to which the anal-
ysis of Ref. [56] is sensitive. A careful re-analysis taking
into account this effect is therefore motivated. More gen-
erally, the plasma mass from the magnetic field around the
NS exceeds the bare mass for gy 2 7 x 1077 GeV™! x
(ma/peV) (1012 G/|B).

Conclusion. — The dynamics that endows an axion
with a mass, breaking its shift symmetry, also leads to a
non-shift-symmetric quadratic coupling of axions to pho-
tons. In the case of the QCD axion, we show that the lead-
ing contribution to this operator arises at one-loop order.
For a generic ALP, some model-building is required, but
the quadratic coupling can still be easily generated. The
result is that dark matter axions would induce temporal
variation of the fine-structure constant «, an effect which
is severely constrained. In the case of the QCD axion,
other constraints are typically stronger, but the quadratic
photon coupling offers a new way of independently rul-
ing out significant regions of parameter space. For ALPs,
the quadratic photon coupling could be the strongest con-
straint in wide regions of parameter space, and offers a new
way of probing regions that are inaccessible to traditional
haloscope searches. Indeed, the existence of a quadratic
coupling of axions to matter can have important implica-
tions for such searches due to screening near macroscopic
objects. A full discussion of these implications will appear
in a forthcoming publication [81].

The co-existence of the linear CP-odd and quadratic
CP-even couplings of axions could lead to different phe-
nomenology from that of ultralight scalars, which only
have CP-even couplings at all orders in the scalar field.
A thorough exploration of the implications of this admix-
ture of couplings should be undertaken.
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Quadratic Coupling of the Axion to Photons
Supplemental Material
Carl Beadle, Sebastian A. R. Ellis, Jérémie Quevillon and Pham Ngoc Hoa Vuong

In this Supplemental Material, we present details of various calculations leading to the main results discussed in the
text. In the first section, we show through simple helicity arguments that the linear axion-photon operator of Eq. (1)
cannot lead to a quadratic operator of the form in Eq. (2) at tree level. In the second section, we use Chiral Perturbation
Theory (xPT) to show how the operator of Eq. (2) is generated at one-loop order. Finally, we discuss how this operator
could arise in the case of ALPs, both from QCD-like dynamics and from an effective field theory (EFT) perspective.

NO TREE-LEVEL CONTRIBUTION

We show explicitly why the contribution of the operator aFlwﬁ' ¥ to the two-to-two scattering amplitude of axions
and photons at tree level is zero. There will be both ¢- and u-channel contributions to the amplitude. The axion-photon-
photon vertex is associated to the structure:

oy Envaper ey DS (S1)
where the subscripts label the distinct outgoing photon momenta and their corresponding polarisation vectors. We may
construct a 4-point vertex by gluing two of these vertices together, choosing opposite helicities for the outgoing states
such that this contributes to the same amplitude as the a?F? operator. We see that the t-channel diagram contribution
is:

g _ _

My g == [ 5) 1 a) = (e - a) (55 - p)] (27 0), (S2)
where p; 2 are the momenta of the outgoing photons and ¢ is the transferred momentum. One can now easily verify that
a gauge choice exists where this is zero. A nice way to see an appropriate gauge choice is by using the spinor-helicity
formalism and the Fierz identities for spinors. For example, take the following product in Eq. (S2):

5 om - (-5 Z2) (L) (59)
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We have used Fierz identities to go from the first to the second line. The label ‘s’ corresponds to a light-like reference

momentum we are free to choose; this encodes our choice of gauge. Choosing the reference momentum to be that of the

other photon’s momentum:‘s = 1’; is a good choice as the spinor-helicity brackets are antisymmetric in their arguments,

so the product is zero. Having chosen s = 1, the same now occurs for the product of polarisation vectors:

1 (et 2l
ey (e ) (55)
[ _
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The u-channel diagram calculation follows similarly, making the whole contribution zero. Note that the result could be
anticipated by seeing that parity forbids the process [16].



AXION-PHOTON COUPLINGS IN CHIRAL PERTURBATION THEORY

We derive the non-derivative axion-photon couplings from the Chiral Lagrangian, showing that they first appear at
O(p*). This is analogous to the couplings between the neutral pions and photons, which also appear at this order [16, 17].
After performing a rotation of the light quark fields to remove the anomaly-induced coupling of the axion to gluons, the
axion enters the Chiral Lagrangian through the light quark mass matrix,

M, = ¢i(0/20)Q (”(L;L 0 >ei(a/2fa)Qa ’ (S7)
ma

where Q, is a matrix whose trace is unity, following the notation of Ref. [83]. At O(p?), this matrix gives rise to the
QCD axion mass through the mixing with the neutral pion,

L2

P
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= T [D,U(D"U)T] + 2807 F Te [UM] + MoUT] (S8)

where U = ¢/f= 11 =

70 2rTt 9 . .
N o | and we define By = m;/(m, + mg). Choosing the charge assignment of
T -7
Ref. [84], Q. = M, 1/ Tr(M, 1), which removes the tree-level mixing between the axion and pion, we find the usual
relation for the axion-pion potential,

Via) = —m2f2 (1 Amemd 0 a v S9
@= iz (1 e (1) £

We make this choice in order to simplify the calculation, but note that the final results should be parameterisation-
independent [85].6

Expanding Eq. (S8) to second order in both the axion and the pion fields, we find that it contains terms coupling the
charged pions to the photon, which is contained in the covariant derivative D,,, as well as a term that goes as a® 7 7
Therefore, at one loop we can construct an a?-photon coupling. The relevant Feynman rules are given in Fig. S1, which
lead to three one-loop diagrams contributing to the axion-photon coupling shown in Fig. S2. These loop diagrams, being
made of two insertions of p? operator, are O(p?) in the usual yPT power-counting scheme.

.’ —+ ¢
L4 7'(' 4
¥ > el ‘
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-~ Y ~~

) o i mu magm2 2(mg — mu)zp - D2
e (p+ 7p7)'u 2ie gp’” .fz <mu+md) (mqumd)

FIG. S1. Feynman rules for the vertices from the O(p?) chiral Lagrangian leading to a loop-induced a®>F? coupling.

It can be shown that the sum of the three one-loop diagrams of Fig. S2 is finite. Indeed, they must be, since the O(p*)
XPT Lagrangian contains no tree-level a?F? coupling to absorb any eventual counterterm. The amplitude for vy — aa
is

A(vy = aa) = eu(pr)en (p2) MM, (S10)

6 This choice doesn’t avoid a kinetic mixing term, but since it is suppressed by ~ mg/mgﬂ it will be a sub-dominant effect.
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FIG. S2. Three diagrams contributing to vy — aa at O(p*) in the yPT Lagrangian.

where the tensor multiplying the polarisations is

iM* = 4]? (My + ma)?
/ d'l g™ (12 —m2) — (2L + p1)"* (2L — p2)”
(2m)* (12 = m2)((L+ p1)? = mZ)((l = p2)? —m2) -

(mumdmi +2(mg —my)? (k1 - k’g))

(S11)

The possibly divergent terms appear as g"1? — 41*1¥, and will therefore cancel in four dimensions after dimensional
regularisation, leaving a finite result. Unsurprisingly, this scattering amplitude looks precisely like that of vy — 7079,
which was calculated long ago [16, 17], albeit with a different prefactor. The amplitude also has a structure that is
manifestly gauge-invariant, and contains a part proportional to the combination g#"p; - p2 — phpY, which is characteristic
of renormalisation of the coupling a:

—i e? 9" (p1 - p2) — PhDY
MM = — —mumm2+2m—mu2k«k ( 21)
(SWQ) f2 (my +ma)? ( am +2(ma Jilhs - k) P11 D2

2mZ (. 2V/s . 2\/s
xll— . <L12<\/§_m>+hg<\/§+m>>1. (S12)

In the s = p; + p2 — 0 limit, this gives

M = (g (py - pa) — pAPTI0) , TH(0) = —— & e (513)
=\ P1p2) P ’ A8 72 f2 (my + mg)?
The result is that « is modified from its initial value «q as
2
Qo My, Mg @
~ 1 S14
(% 0[0( +12Wf3(mu+md)2> ( )

where a in the case of dark matter axions has a vacuum expectation value, (a(t)?) = p,,,/m2, so that the shift will be
non-zero. The same shift in « can be obtained by writing a quadratic axion-photon operator as in Eq. (2).

ALP COUPLINGS TO PHOTONS

We discuss the generation of the quadratic coupling of an ALP to photons, fleshing out the arguments made in the
main text. Two approaches are possible: IR dynamics similar to that which generates the a?F? coupling for the QCD
axion also apply to the ALP; the ALP shift symmetry is broken, leading to a?F? operators being generated by UV
dynamics. For the quadratic coupling to be phenomenologically relevant, some level of tuning of the ALP mass will
likely be required in both cases.

11



QCD-like Dynamics

A simple model for realising QCD-like dynamics for the ALP-photon coupling consists of a sector with gauge symmetry
SU(N.) x U(1)'. Instantons of the SU(N,) sector will generate a potential for the ALP,

V(a) ~ mNr A4=N5 cos (;) , (S15)

a

where m is the mass scale of the N; ‘quarks’ which remain light at the condensation scale of the SU(N,) sector, A’, in
analogy with QCD. Assuming Ny = 2, with both fermions having equal mass, we can use xPT to refine our estimate to

2 g2 a1 oo
V(a) = —mz, ﬂ,cos<2fa>_ 5Mad” (S16)

with m2 f2 = m2, f2, /4.
Let us now consider the U(1)’, which we will take to be unbroken. The couplings of the ALP to the dark photon will
have exactly the same structure as those of the QCD axion to photon, so that we have

af a?
o~ af (l—l— 487Tf3> , (S17)

assuming equal light quark masses. In order to transmit this shift in the dark photon gauge coupling to the regular
photon, we can invoke a kinetic mixing (KM) x of the two photons,

1 . .
Ll = =5 (PP + Fieu Fie™ = OFiun FK"") — e " Ascp = € " Al (S18)
where the subscript K indicates that these quantities are associated to the KM basis, and 7 and j’ denote the SM and
hidden sector currents respectively. For a massless dark photon, the KM basis quantities can be rotated as Ag , —

Ay, A, — Al + xA, to leading order in x, such that the photon now couples to the dark current j*
1 v v . . .
Loy == (FuF" + F F") = Ay (e +x e/ j) = € 1A, + O(7) . (S19)

We see that the dark current couples directly to the photon with a strength x e’. As a result, in the yPT analysis of the
couplings to external vector fields, the covariant derivative acting on the U’ contains not only the dark photon A’, but
also the regular photon A. The dark sector therefore has the same Feynman rules as in Fig. S1, only with m, = my
and e — ye'. Therefore, the shift in e is the same as the shift in e/, moderated by the KM factor ¥,

2
a~ ag <1 +x%af, 486; fa2> ) (S20)

Above we considered a massless dark photon, for which x ~ 1 is allowed until we account for the dark fermions.
The dark pions will have an effective millicharge of g.g = xe’/e under EM, and are therefore subject to constraints
from collider searches [86-90] and stellar cooling [87, 91]. The latter require x < 107!5 for €’ ~ 1, which would make
the shift in « unobservably small for reasonable values of f,. If the dark pions have masses m, 2 MeV (GeV), then
x S 1074 (0.1) is allowed, such that the shift in o can be substantial for reasonable f,.

If the dark photon is massive, the rotation to obtain the mass eigenstate basis is different from above, and results in

1 1

Lo = —1 (FuwF" + F;WF““') — §m124,A’HA’“ —ejtA,— A, (" +xedh) + O . (S21)
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Ay is now an admixture Ag , — x A ,, so that an ALP-induced shift of e’ translates into an ALP-induced shift of e at
O(x). This follows from the fact that ¢’ is defined in the KM basis through the dark current interaction, so that the
shift in e’ due to the ALP can be absorbed by a shift in A%, which then enters A, at O(x). The resulting shift in «
is the same as in Eq. (520) above.

Shift Symmetry-breaking EFT

For our EFT analysis, let us consider an ALP with a coupling to vector-like (VL) fermions similar to a KSVZ
model [50, 51]. In order to couple to photons, the fermions should have electric charge. The UV Lagrangian is

Luv = —EFWFW +YriPYr + URiPYR + (yoYrvr +he) + 0,0'0"6 — V(e'e), (S22)
4

with ¢ being the complex scalar field containing both the radial field and the axion. As written, the Lagrangian is
invariant under a global U(1) transformation, and the potential can be written as

V(616) = A <¢*¢ - f;)Z | (523)

The field ¢ admits two commonly used and equivalent representations, one linear with ¢; = % (0 + fo +ia), and one
polar with ¢, = % (p+ fa)exp(ia/ f,). The polar representation makes the shift symmetry that acts on the axion field
a evident, while the linear representation obscures it. There exists a map between the two representations and to leading
order, p ~ o and a ~ a.

The a?F? operator is not generated from the Lagrangian of Eq. (522) upon integrating out the VL fermions vy, g,
as expected given the shift-invariance of the Lagrangian. In order to see how such an operator is generated if the
shift-symmetry is broken, it is instructive to examine this result.

It is straightforward to calculate in the polar representation, where the Yukawa interaction of ¢ with the VL fermions
is £ (1/vV2)y(p + fa)e'™f2ripr + h.c. We can then demonstrate that the coefficient of the operator a?F? is zero in
two ways. In the first, we can expand the Yukawa interaction in powers of a/ f,, leading to two diagrams contributing to
the operator: a box containing two vertices linear in a and a triangle containing one vertex quadratic in a. Integrating
out ¢ using the universal structures of the fermionic Universal One-Loop Effective Action (UOLEA) of Ref. [92] we
obtain

a2

e = 2L Qe Fu e+ 2 (a1, 8 g e F e = 0 (S24)
A T T VE N R 7 1672 3M,, | ¥ 2f2 wE T ’

where @)y is the EM charge of the VL fermion in units of e, and My =y fa/V/2. The first term in Eq. (S24) corresponds
to the box diagram, while the second corresponds to the triangle. They precisely cancel each other, as indeed they should.
A more elegant way of obtaining the same result is to make use of the symmetries of the UV Lagrangian, and perform a
chiral rotation of the fermion field ¥ — exp(—iays/2f,)% to remove the a-dependent phase in the Yukawa interaction in
favour of a manifestly shift-symmetric derivative coupling £ D — 8““1717“751/). Using the fermionic UOLEA we find that

2fa
the coefficient of the operator O((da)?A?), which can map to a?F?, is zero as expected. Both approaches demonstrate

that the symmetry structure of the Lagrangian is responsible for ensuring that symmetry-breaking operators are not
generated.

In the above analysis, we have neglected the radial mode p. It has a linear coupling to the fermions, such that upon
integrating them out, we obtain a pF2/f, operator with a non-zero Wilson coefficient. Integrating out the p at tree level,
from the Lagrangian of Eq. (S22) we find that this leads to an operator ~ (9a)?F?/f2, since the classical background
field value of p is p. =~ (8,a)?/(fo M7), with M? = 2\ fZ. However, this also means that if the potential for ¢ contains
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non-shift-symmetric terms, p. could be the origin of an a?F?2 operator. For example, adding a shift-symmetry-breaking
potential that preserves CP and a Z,, symmetry for a,

V(a e, = o (qsqu - fa) (1-cos < ) (525)

where g is a dimensionful parameter, leads to p. = (9,a)?/(fa M) + a®g*/2f. M}, and therefore both the (9a)*F?/ fa
and a?F? operators. We do not specify the origin of this potential, but merely point out that it is possible to generate
the a? F? coupling without generating a mass for a, without violating CP, and retaining the residual Z,, symmetry for a.

Integrating out first the fermions with the UOLEA, and then integrating p out by setting it to its classical background
field value, we find

;2
1—loop ? 2 P 9
[’a2F2 1672 3M |: ¢f :| (ZQwe) 124 p=pela) (S 6)
2
g 2 v vo
F, F* F 2
48 12 (Qd) ) fQMg Fon2 @ v 24 2 (Qwe) f2M2 (a a’) vo (S 7)
(aa)Z a2g2

+ :
JaMZ — 2fa M7

In the second line, we have replaced p = p. = Comparing with Egs. (2), (3) one can identity the value

of ¢p2 and a(a) as,

Qo g’a’ > . (S28)

Qwa a(“)O‘(” 37 MIJ2

More generally, the condition for the a>F? operator to be generated by a symmetry-breaking potential is that the
potential take the form

Ven. D Slalp+h.c. | (S29)

where we can further impose that S[a] be an even function of a to preserve CP, and that it be a trigonometric function
of a/f, in order for a to possess a residual Z,, symmetry. In this case, we should expect the coefficient of the a?F?
operator and the corresponding shift in alpha to obey

Q3 fo 828 S
¢,y ]@g aaga] ., ala) ~a (1 +Q%a M;}g) : (S30)

where the leading term is Sa] o< a?/f2.
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