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ABSTRACT: We consider thermal stress-tensor two-point functions in holographic
theories in the near-lightcone regime and analyse them using the operator product
expansion (OPE). In the limit we consider only the leading-twist multi-stress ten-
sors contribute and the correlators depend on a particular combination of lightcone
momenta. We argue that such correlators are described by three universal func-
tions, which can be holographically computed in Einstein gravity; higher-derivative
terms in the gravitational Lagrangian enter the arguments of these functions via the
cubic stress-tensor couplings and the thermal stress-tensor expectation value in the
dual CFT. We compute the retarded correlators and observe that in addition to the
perturbative OPE, which contributes to the real part, there is a non-perturbative
contribution to the imaginary part.
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1 Introduction

Understanding the non-perturbative structure of quantum field theories (QFTs) at
finite temperature is an important challenge of theoretical physics. In particular,
thermal fluctuations cannot be ignored when studying real-world, out-of-equilibrium
phenomena in, e.g., the quark-gluon plasma or strongly coupled condensed mat-
ter systems. Conformal field theories (CFTs) provide a natural starting point for
investigating QFTs more generally. The additional symmetries in conformal theo-
ries impose powerful constraints on physical observables, even at strong coupling.
Achieving a better understanding of general thermal field theories should therefore

begin with an investigation of CF'Ts at finite temperature.

A basic probe in any local field theory is the stress tensor, 7). The importance
of the stress tensor, and correlators thereof, to CF'T is hard to overstate. The stress-
tensor sector is completely universal in two-dimensional CFT, where the infinite-
dimensional Virasoro algebra allows determining physical observables based on sym-
metries. In higher dimensions, although the structure of conformal correlators is less
constrained and in general they are determined via case-by-case computations, the
conformal invariance still fixes two- and three-point stress-tensor correlators uniquely
up to a few constants [1]. In particular, the two-point stress-tensor correlator at zero
temperature is fixed up to an overall coefficient, the central charge C7.

When considering the theory at finite temperature, the stress-tensor two-point
functions are no longer fixed by one constant. Instead, these thermal T'T correlators
are generally theory dependent: they depend on, for instance, the coefficients appear-
ing in the zero-temperature three-point correlators of stress tensors. It is desirable to
identify physical limits that make some universal aspects of the thermal correlators
manifest, and then devote future efforts to computing non-universal corrections to
the correlators.

In this paper, using the AdS/CFT correspondence [2-4], we analyze thermal
TT correlators at large central charge in a class of holographic CFTs in four dimen-
sions, focusing on a certain universal, near-lightcone regime. Our analysis of the
near-lightcone T'T" correlators is in part motivated by the large body of recent work
on thermal scalar correlators and their near-lightcone behavior in spacetime dimen-
sions greater than two [5-37]. In the context of AdS3/CFTy such correlators have
been well-studied in the literature, e.g., [38-52]. In d = 4 holographic CFTs, heavy-
heavy-light-light (HHLL) correlators were compared to thermal two-point functions
in [5] and several operator product expansion (OPE) coefficients of multi-stress ten-
sor exchanges were computed in [6] which also observed that the scalar correlator
in the near-lightcone limit is unaffected by higher-derivative interactions if one as-
sumes a minimally coupled scalar in the bulk. Corrections to such universality due



to non-minimally coupled interactions were discussed in [20]. In [10, 13, 17] the
bootstrap procedure for computing HHLL correlators was developed. Subsequently,
it was pointed out [27, 32] that higher-dimensional scalar correlators near the light-
cone share certain similarities with the two-dimensional Virasoro vacuum blocks.
Although the underlying mechanism responsible for this remains to be better under-
stood, the time is ripe for investigation of a parallel story for the thermal correlators
of stress tensors.

An initial step towards this direction was made in [53], which computed the
thermal two-point correlators of stress tensors in d = 4 holographic CFTs dual to
Einstein gravity and read off conformal data beyond the leading order in the large Cr
expansion. It was also observed that some OPE coefficients cannot be determined
in the near-boundary analysis of the bulk equations of motion but these coefficients
do not affect the near-lightcone T'T" correlators. Subsequently, ref. [54] included the
Gauss-Bonnet (GB) higher-derivative term in the gravitational action in AdSs to
study what happens when the conformal collider bounds [55] in the dual CFT are
saturated.! It was shown that the thermal stress-tensor correlators near the lightcone
take the vacuum form when this happens.

In this paper we point out that the stress-tensor correlators computed in Einstein-
Gauss-Bonnet gravity suggest a certain near-lightcone universality, which does not
require ANEC saturation. We shall elaborate on this observation in more detail,
but the main message is the following: thermal TT" correlators near the lightcone
are completely determined by three universal functions (depending on polarization).
The Gauss-Bonnet term in the bulk Lagrangian only affects the arguments of these
functions via corrections to the cubic stress-tensor couplings and the thermal stress-
tensor one-point function. We hypothesize that this remains the case in more general
higher-derivative gravitational theories.?

The analysis in this paper involves correlators in momentum space, and we
mostly focus on retarded correlators in the near-lightcone regime. To show that
they have a universal structure, we identity a suitable limit in momentum space
and show that the equations of motion of gravitational fluctuations in this limit
take the same form as those in Einstein gravity. (These reduced bulk equations of
motion isolate the contributions of the leading-twist operators to the thermal 77T
correlators in the dual CFTs.) The near-lightcone 7T correlators depend on a sin-
gle parameter, o ~ q*(q7)3/T*, where ¢* are the lightcone momenta and T is the
temperature. The expansion in the inverse powers of « is essentially an OPE (where

!Conformal collider bounds, introduced in [55], are examples of Averaged Null Energy Conditions
(ANECs) which were shown to hold in unitary QFTs in [56, 57].

2We expect similar results for the thermal correlators of conserved currents of spin one, with
two (instead of three) universal functions.



only the leading-twist multi-stress tensor operators contribute because of the near-

lightcone limit). The reduced equations can be solved perturbatively in 1/« and

one can read off the corresponding OPE data. Using the WKB approximation, we
1

ald

observe a non-perturbative imaginary term ~ ie~*" in the retarded correlator. Such

non-perturbative terms take the same form irrespective of polarization.

Outline

The rest of this paper is organized as follows. In Section 2, we argue for the uni-
versality of thermal T'T-correlators in the near-lightcone regime. We then adopt a
momentum-space approach in Section 3, where we show that the momentum-space
equations of motion in Einstein-Gauss-Bonnet gravity in a suitable limit take the
same form as the ones in Einstein gravity. By studying the on-shell action, we find
that the near-lightcone T'T' correlators (with three independent polarizations) in the
holographic Einstein-Gauss-Bonnet theory are completely determined by three uni-
versal functions.

In Section 4, we compute the near-lightcone correlators in momentum space
perturbatively in 1/a. In Section 5, we compute the near-lightcone correlators nu-
merically and analyse the large a behavior using the WKB approach. We extract
the non-perturbative term in the retarded correlators. We discuss our results and

pose some questions for future work in Section 6.

In Appendix A, we discuss the position-space correlators and perform the Fourier
transform to check the momentum-space results. We also estimate the radius of con-
vergence in momentum space (for the scalar channel) of the near-lightcone correlators
and find that the radius of convergence approaches zero, i.e., the series is asymptotic.
Thermal conformal blocks in momentum space, discussed in Appendix B, provide ad-
ditional checks. We list the equations of motion in Einstein-Gauss-Bonnet gravity in
Appendix C.

2 Position-Space Correlators

In this section, we point out a universality of the near-lightcone T'T" correlators based
on the position-space computation performed in [54].

Let us first recall that the vacuum stress-tensor three-point function in d = 4
CFT in general depends on three coefficients (@, b, ¢) [1]. Depending on three differ-
ent channels, i.e., scalar, shear, and sound channels (polarisations), the “conformal
collider bounds” place constraints on some linear combinations of these coefficients
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where the central charge can be expressed as

71'2

Cr =+ (143 — 20 — 5¢) . (2.4)

In this paper we are interested in thermal stress-tensor two-point functions on
spatial R?® which involve three independent polarizations, mapping separately to the
three different conformal collider bounds. The single-stress-tensor exchange contri-
bution to thermal T'T" correlators near the lightcone, as shown by [58] using the
stress-tensor OPE, are directly proportional to the same combinations of (5,3, ¢) ap-
pearing in the conformal collider bounds.® At higher orders in the OPE, in large-C
CF'Ts, the thermal T'T" correlators receive contributions from multi-stress-tensor ex-
changes. In [53], the OPE limit of the thermal T'T correlators in holographic CFTs
dual to Einstein gravity was studied using the thermal conformal blocks, including
double-stress tensors ~ [T?]; with dimension 8 + O(1/C7) and the corresponding
CFT data was read off by comparison with a bulk computation.

It is interesting to ask what happens when one includes higher-derivative correc-
tions to Einstein-gravity which modifies, in particular, the stress-tensor OPE coef-
ficients (a, g, ¢). In the context of holographic CFTs dual to Einstein-Gauss-Bonnet
gravity, the thermal T'T correlators were examined in [54] in position space. It was
observed that, in the near-lightcone regime, the saturation of a CCB, i.e., ANEC
saturation, implies that the corresponding correlator takes the vacuum form, in-
dependent of temperature. To gain a broader understanding of the near-lightcone
dynamics of the thermal correlators and their possible universal behavior, in this
paper we study these thermal correlators away from ANEC saturation.?

Before proceeding, let us set up some notations. In any CF'T, the thermal one-
point function of an operator Oa ; on Sj x R?* with dimension A and spin J is fixed,
see e.g. [61, 62]

(Opg)p = —(epu, ...e,, — traces) (2.5)

30ne can use this fact and some minor assumptions to prove conformal collider bounds [59].
4In particular, the results of this paper are applicable for small values of the Gauss-Bonnet
coupling, which one expects for a unitary theory with a large gap [60].



where [ is the inverse temperature and e* is a unit vector on the thermal circle S é
For our discussion of the near-lightcone correlators, it will be further useful to define
the following quantities:

Cscalar = C_Cscalar ) Cshear = C_Cshear ) Csound = C_Csound 9 (26)

T T T
where Cscalar shear sound are defined in (2.1) — (2.3).

We will study the stress-tensor correlators integrated over the zy-plane:’®

Gt 2) = / dady (T (b, 22, y)To(0))5 - 2.7)

R2

The stress-tensor correlators can be classified into three independent channels, see,
e.g., [63]. In the lightcone coordinates z* = t 4 z in Lorentzian signature, we
consider the limit = — 0, with fixed = (z7)*47*. In any four-dimensional CFT
with no operators with twist less than or equal to two other than the stress-tensor,

the thermal T'T" correlators in the near-lightcone limit are given by

+ - —nCr _ é\scalar T ($+)3
nyazy(x y L ) - 10($7)3($+)3 (1 7_‘_2 /64 + ... ) y (28)
— —3rCr é\shear T (er)g
- _ _ 5
Gm«’m(.ﬁ s L ) 80(x—)4(x+)2< 372 ,34 +) 5 ( 9)
oy —mCrp . é\sound x_($+)3
oot 27) = 720(367)%#( oot g +o) (2.10)

The leading and subleading terms in (2.8) — (2.10) are universal, but the higher-order
terms a priori are model-dependent. These higher-order terms contain contributions
from the operators with larger dimensions — in holographic CFTs, they include multi-
stress tensor operators denoted as [T%];.

Position-Space Correlators in Holographic Einstein-Gauss-Bonnet Theory

Here we make an observation based on the thermal 77" correlators obtained holo-
graphically using Einstein-Gauss-Bonnet gravity [54]. Denote the dimensionless
Gauss-Bonnet coupling as Agg.® We introduce a parameter

k=1/1—4A\p | (2.11)

which will help simplify expressions. The limit x — 1 recovers Einstein gravity. The

coefficients (a, 3, ¢) can be related to the Gauss-Bonnet coupling:
8Cr 5 Cr 50 2CT 61

—6+2). b= 84+ ) . 2.12
457r2( * /i) ’ 9072 K 457'('2( + /i) ( )

5See [53, 54] for related discussions on the integrated correlators.
SEinstein-Gauss-Bonnet gravity is discussed in more detail in Section 3.

a=




The conformal collider bounds, (2.1) — (2.3) translate to, respectively,
bk —4)>0, (2—-k) >0, (4—-3k)>0. (2.13)

Now we make the following observation: the near-lightcone 7T correlators in
holographic CFTs dual to Einstein-Gauss-Bonnet gravity computed in [54] can be
recast in the following way:

—nCr 1_ 5 _
Gmy,xy = W (1 + ﬁascalar + wagcalar + . > 5 (214)
—37Cr 1 85 _,
Gloto = i (1 g + gy +00) o (219
—7Cr 1 _ 11 _
Guste = gy (1 oo + pggraoma t ) (210)

where

- 3
(s s ) =(Con Canar Coma) D o)
While the first and second term are fixed by conformal symmetry as was shown in
(2.8) — (2.10), one can see that, even at O(a@?), the dependence on the Gauss-Bonnet
coupling can be absorbed into the parameters @, which depend on the thermal one-
point function of the stress tensor (~ bpS~1) and (6,3, ¢) through the particular
combinations appearing in the conformal collider bounds.” This observation hints
at the following intriguing possibility: multi-stress tensor contributions to the near-
lightcone T'T correlators in holographic CFTs might be fixed by (the k-th power of ) the
single-stress-tensor contribution. Exploring such a possibility and its consequences
is the underlying motivation of the present work.

To see this universality in position space we note that near the lightcone the
corresponding reduced EoMs in Einstein-Gauss-Bonnet gravity obtained in Sec. 3.2 of
[54] are identical to the ones in Einstein gravity, after performing suitable rescalings of
the coordinates. This is easy to see in the scalar and shear channels, while the sound
channel is technically more complicated when analyzed in position space. In the next
section we shall analyze the EoMs in momentum space and show the universality in
all channels.

Before moving to the momentum-space analysis, let us conclude this section
with a technical remark: the structure of the higher-order terms, denoted by dots in
(2.14) — (2.16), in fact slightly differs from the first three terms we listed — besides
the corresponding dependence of @gcatar; Qshear aNd Agound, the higher-order terms are

"The coefficients appearing in (2.14)-(2.16) in the @ expansion can also be verified to be the
same in Einstein gravity [53] and Einstein-Gauss-Bonnet gravity [54].



multiplied by a log(—x%x~) piece. These arise for two different reasons, one is a
contribution due to the anomalous dimensions of the multi-stress tensor operators
and the other is because we consider the integrated correlator. We discuss this more
in Appendix A where we perform the Fourier transformation of the position-space

correlators.

3 Momentum-Space Correlators

In this section, we will study momentum-space thermal 7T correlators and show that
the near-lightcone correlators computed in the holographic Einstein-Gauss-Bonnet
theory are universal: they are determined by three universal functions, depending
on three polarizations. We will hypothesize that this might be the case for all holo-
graphic theories. In subsequent sections, we will compute these functions.

Let us give a brief review on Einstein-Gauss-Bonnet gravity. The action in five
dimensions is given by
2

1 12 L
=— [ dPzy/—g | = A
SaB 167rG/ x Q[LQ + R+ Acs

5 (R?* — 4R, R"™ + Rupe R*P7)| . (3.1)

The theory admits a black-hole solution [64, 65]:
2

ds? = % (—@dﬁ +da? + dy? + dzZ) +

L? dr?
ﬁm (3.2)

where f(r) and f. are

f(r)= 2)\1GB [1 - \/1 —4X¢B (1 - :—Z)] and  fo = L= 21\;34)\03 - (33)

The parameter r, is the location of the black-hole horizon. We focus on a planar
horizon. In the following we set the AdS radius L//fx to 1,i.e. L =+/fx

To study the equations of motion of gravitational fluctuations, we consider the
metric perturbation hy,, = hy, (r)e” % with the momentum along the z-direction,
and adopt gauge-invariant quantities following the recipe in [63]. The radial gauge
hy, = 0 is used. The fluctuations are classified into three independent channels:
scalar, shear, and sound. In Einstein-Gauss-Bonnet gravity, the corresponding gauge
invariants are given by [66]:

1

GB

Zs(cala)r = T_thy ’ (34)
GB q 1Y

Zihealz = ﬁhtm + T_thz ) (35)
cB) _ 2¢° 4104 2102 o (2f +rf 1P

Zsoma = oy hu+ Zhe + —rhe + 07| T =y (hee - hy) 5 (36)



where (t0,q) = %(w, q) are the dimensionless frequency and momentum; 7" is the
Hawking temperature. The linearized equations of motion of gravitational fluctua-
tions in Einstein-Gauss-Bonnet gravity were worked out in [66]. (See [67-83] for more
recent applications of Einstein-Gauss-Bonnet holographic gravity.) In this work, we
are interested in the near-lightcone regime of the correlators.

Defining a coordinate u = 72 /r?, the equation of motion in each of the three
channels can be written as a second-order differential equation:

Z"u)+AZ'(u)+ B Z(u) =0 . (3.7)

The channel-dependent coefficients A and B are given in Appendix C.

3.1 Equations of motion in the near-lightcone limit

In this work, we are interested in the near-lightcone limit. Denote q* = o £ q. We
consider the following limit:®

g7 — oo, q — 0, a=—q"(q)? fixed, u=u/(q")? fixed.  (3.8)

This limit isolates contributions from the leading twist operators, which corresponds
to zooming in on the near-boundary region in the bulk. For the position-space stress-
tensor correlators, the corresponding near-lightcone limit in the bulk was discussed
in [54].

We next show that, in the limit (3.8), the equations of motion in Einstein-Gauss-
Bonnet gravity reduce to those in Einstein gravity.

Scalar Channel: First we derive the reduced equation of motion in the scalar
channel. In the limit (3.8), the equation of motion at leading order can be written
as

Oé(/ﬂ} =+ 1)2 <CY (5/‘3}2 + K — 4) ﬂ2 - 852) Zscalar(a) - 3252 ( : (a) - ?7 ’ (ﬂ)) = 0 :

scalar scalar

(3.9)
The observation is that, after rescaling the variables
2
u= 5(5(:——1_’3% , a= %ar : (3.10)
the equation of motion (3.9) becomes
y 1., - o, a ~
scalar (Ur) — T teatar (r) + ( ZL - ﬂ_T)Zscalar(ur) =0. (3.11)

8We use the minus sign in the expression for a to make calculations in the space-like regime
(which we will be interested in) more convenient.



Since this equation is completely independent of s, we conclude it is identical to the
equation of motion in Einstein gravity in the same limit.

Shear Channel: The equation of motion in the limit (3.8) is
a(k + 1) (852 + a(k — 2)(k + 1)) Zanear () (3.12)
+ 3252 ((8/12 +3a(k — 2)(k + 1)0%) Zlpeur (W) + (@ (—&% + £+ 2) 4° — 8K7) U ;’hear(ﬁ)) =0.

After performing the rescalings

~ K2(k+1) _ 8(k —2)
=7, =0, , 3.13
" 2(k—2) " “ K2(K + 1)3a (3:13)
we find
v~ 1 3ol — 4N, ~ a?, o L
shear(u’f“) - ﬁr ( Olrag —4 ) shear(uT> + ( 4 ﬁT)Zshear(ur) =0 (314)

which is identical to the equation of motion in Einstein gravity in the same limit.

Sound Channel: In the limit (3.8), the sound-channel equation becomes

ok +1)? (857 + a(k + 1)(3k — 4)a%) (24k* + a(k + 1) (35 — 4)u?) Zsouna (1) (3.15)

sound sound

+ 3262 (245 + 50k + 1) (3 — ) Zloppa () — (i + 1) (36 — )i + 245%) W00 (W) ) =0 .

Performing the rescalings

k*(k+1) 8(3k —4)
~_ U, = 0, , 3.16
N 8—6r “ /12(/£+1)3a (3.16)
we obtain the same equation as in Einstein gravity:
1 /50,02 — 12 a?u «
" L) — — (= T o " rer_ T 7)) =
sound(uT) ar ( Oér’lj% —12 ) sound(ur) + ( 4 ar)ZSOUHd(uT) 0. (317)

In the Einstein gravity case, kK = 1, one can verify that u = u,, @ = «, in all channels.

In summary, the momentum-space reduced equations of motion in the three
different channels can be written as
K(ara ar) 3% N Ay

Z"(w,) - ——2Z7"(u,) + ( —)Z(u,) =0 (3.18)

Uy, 4 Uy

(0%

where K (o, u,) is channel-dependent:

3o, u? — 4 ba,u? — 12)

(Kscalar7 Ksheam Ksound) = (1; (319)

au?—4" au?—12
Hence, we have observed that the reduced equations of motion in the holographic
Einstein-Gauss-Bonnet theory take the same form as the ones obtained in Einstein
gravity.

We will next analyze the action and show that the near-lightcone 7T correlators
are determined by three universal functions which correspond to the three indepen-
dent polarizations.

— 10 —



3.2 Thermal correlators from holography

Here we compute holographic thermal 77" correlators G, ,» in four spacetime di-
mensions. The symmetries of the theory imply that the momentum-space retarded
correlator has the following form [63]:

G,uu,pk(k) - L,ul/,pAGscalar(k) + S;w,p)\Gshear<k) + Q,uu,p)\Gsound(k) ) (320)

where Ggeatar, Gehear and Ggoung are three independent scalar functions of momenta
and the tensor structures L, o5, Suvpx and @, px are fixed by the symmetries, see,
e.g., [63]. If not stated otherwise, we use Minkowski signature.

Following the Lorentzian AdS/CFT dictionary [84-88] we impose incoming bound-
ary conditions at the horizon, & — co. To compute the correlators we need the O(Z?)
on-shell action in all three channels, which is given by [66]

w2 Cprd dwdg 1 0
Isca ar — T 7772503,% ;k Zscaar 7_k ) 3.21
1 o ug%/(wuau o (11, ) Zacatar (1, — ) (3.21)
w2 Crrd dwdq 1 %)
Ishear = — 80f§o ug%/ (27‘1’)2 u(m2 — q2) %Zshear(ua k)Zshear(ua _k) s (3-22)
3m2Crrd dwdg 1 0
Isoun =T 7Zsoun 7k Zsoun 7_k P
47 732052 uli%/ (27)? a7 — 23 — 1)) g 2owmd (1 k) Zsownalu, =F)

(3.23)
where Cr is the central charge of the holographic Einstein-Gauss-Bonnet theory.
The correlators are given by
m Crr i Biound

2 4 2 4
™ CT7"+ Bscalar ™ OTT.i_ Bshear

Gsca ar — ) C;s ear — T T 14 o ) Gsoun = -
: 1Of020 Ascalar b 10f§o Ashear d 10](20 Asound
(3.24)
where A and B are the coefficients in the near-boundary expansion:?
aA a’A
Zu)=A— ————u+Bu* — ————u*logu+... (3.25
W=A" gy 270 ) )
Let us adopt a new variable
T = U, = 200 = —f2q g, (3.26)
where we used (3.10), (3.13), (3.16) and the relation
2
k=——1. 3.27
I (3.27)

9This is the standard Frobenius expansion around u = 0, i.e., Z = Au®t(1+...)+Bu?2(1+...),
where A; and Ay are the leading exponents. For equations (3.9), (3.12) and (3.15) one finds Ay =0
and Ay = 2. Since these differ by an integer, one has to include log-terms in the As-part of the
solution. Inserting the resulting ansatz into the corresponding equation, one can determine the
subleading coefficients in terms of A and B.

— 11 -



We can now rewrite the equations of motion (3.18) as

2(z) — B, an)Z'(x) + 2% 72y — 0 , (3.28)

4oy,

1 322 —4a, 522 — 12%)

(Bscatar; Baear; Bsouna) = (w 2 — doyr’ 7% — 120,

Note that x — 0 is the boundary limit while x — oo corresponds to the black hole
horizon.

Before solving the equation (3.28), let us consider a formal analysis of the near-
boundary structure of the correlators. The near-boundary expansion up to quadratic
order is the same in all channels and reads

Z(x):a—ax+bx2—gx2logx+... (3.29)

where a and b are functions of «,.. The coefficients A and B can be related to a,b in
the following way:

A=a, B=(q7q7)*f (b — glog(—fo?q*q’)) : (3.30)

We can now write the correlator in e.g. the scalar channel as

WQCT

Gsca ar —
: 160

(C]+q_)2 (fscalar(ar) - %log(—q+q_)) , fscalar(ar) = g R (331)

where we have ignored terms analytic in momenta.'® Note that the ratio f = % only

depends on ¢* through «,. The function feaia: can be obtained via

82 Zscalar (33) $2
scalar (&r ) = li . —1 3.32
f 1 <a ) Ili% 0x? (tha:’—)O Zscalar(x/) * 4 o8 x) ( )

after we solve for Z(x) from the corresponding equation of motion.

Analogously, in the other channels we obtain

7T2CT 4+ — 2 1 + —
Gshear - 160 (C] q ) (fshear(ar) - 5 log(—q q )) ) (333)
__m™Cr 1 + -
Gsound - = 160 (q q ) (fsound(ar) - 5 log(_q q )) . (334)

The functions fspear(a) and fsouna(@) are again defined as the ratios of the corre-
sponding coefficients in the near-boundary expansion of Z(z).

In the next two sections, we will compute the functions fscalar shear sound (%) first
perturbatively in 1/q, and then numerically. A few comments are in order:

0T hese correspond to contact terms in position space.

- 12 —



e We again emphasize that the near-lightcone 7T correlators in the holographic
Einstein-Gauss-Bonnet theory are expressed in terms of the same functions
(there are three of them, which corresponds to the three independent polariza-
tions) as the ones that appear in pure Einstein gravity. It is possible that this
universality holds true more generally, going beyond the holographic Einstein-
Gauss-Bonnet theory. We rephrase it in the language of the stress-tensor three-
point couplings below.

e The function f has a perturbative expansion in 1/« which is basically an OPE,
1

@®  The non-perturbative terms

and also non-perturbative terms of the type e~
correspond to tunneling under the potential barrier in the Schrodinger equation
which can be obtained from (3.28) and are sensitive to the boundary conditions

at the horizon (xr—00), as we explain in Section 5.

e The perturbative expansion is not sensitive to the horizon boundary conditions
— it is equivalent to the OPE which can also be performed in position space.
In Appendix A, we explicitly match several terms between the position- and
momentum-space expansions.

Let us now point out that the first term in the perturbative expansion of § is
a non-physical (cutoff-dependent) number, while the second term (proportional to
74 is fixed by the TTT three-point couplings and the coefficient by [58]

Ta4+2b—¢C by

scalar \ Q¥ ) |g—4 ~ — = 3.35
Feae(a)|p-e ~ T (335)
where by is defined by
~ by
br = — . 3.36
=& (336)
The ratio of (3.35) to the corresponding term in Einstein gravity is given by
scalar (00 )| 5~ Ta+2—¢ by  8(5k—4
fscalar(g)‘ﬁ_4 14a — 2b — 5¢ bT,O K (K' + 1)

where the zero in the subscript indicates the corresponding value for Einstein gravity.
The first equality in (3.37) follows from (3.35) and to get the second equality we have
used expressions for @, b, ¢ from (2.12). We also used!!

br 8

by R LP (338)

"This relation can be obtained from, e.g., Eq. (2.9) of [54]. In this work we do not need to know
the value of by, but it is available — for example it can be read off from Egs. (3.15-3.16) in [53].
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Note that the first equality in (3.37) was derived from the Ward identity. Eq. (3.37)
is consistent with the relation between o and . in (3.10), as it should. It is tempting
to propose that in any holographic theory the function that enters the correlator in
the scalar channel is

~ ~ —1
7& + 2b—¢ bT ] o (339)

f 1 r(aT) = f lar - — = — =
scala scala. 140/ . 2b . 5C bT70
This statement means that the near-lightcone correlator for all holographic CF'Ts is
completely fixed in terms of basic conformal data (such as @, b, ¢, br) and the function
f, which we compute in the next two sections. For the other channels, similar logic

implies
~ ~ —1
16a +5b —4c b
fshear(ar) = fshear 10 /a\+ = /C\ ~T « , (340)
14a — 2b — 5¢ brp
G+%-2 B
fsound(ar) = fsound —45 /Cf—i_ A_ CA ~T « (341)
14a — 2b — 5¢ bT70

Note that the combinations of a,/b\,/c\ in the numerators are proportional to the cor-
responding ANECs. Hence, one obtains the vacuum result once an ANEC gets
saturated, reproducing the results of [54].

4 Perturbative Analysis

Here we shall focus on computing the near-lightcone thermal TT correlators assuming
Einstein gravity in the bulk, setting . = a. We focus on the scalar channel where
the perturbative expansion reads

S
scalar - el 4.1
(@) = 3 P22 (4.0

The computation in the other two channels is analogous, so we will simply list the
corresponding results.

4.1 Leading order (vacuum correlators)

We start with the O(1/a®) term, 9 in the large o expansion, which corresponds

scalar?
to the vacuum solution. As @ — oo the reduced equation of motion becomes

82 10 1 (0)
(@ - ;% - E) Zscalar =0 ’ (42)
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and admits an analytic solution in terms of the Bessel functions:

70 (@) = 2¢1215 (2V/7) + 200K (2¢/7) (4.3)

with two coefficients ¢; and c¢y. Regularity in the bulk requires ¢; = 0, while ¢y
which
does not affect the value of the correlator; without loss of generality we require a = 1

remains arbitrary. This remaining coefficient corresponds to the norm of Zscalar

n (3.30), thus co = 1. The near-boundary expansion is then given by

1 1
Zs(gilar( )= 1—:1:+Za:2(3—4’y—2log(x))+—a:3(17—127—610g(x))—1—(9 (z*) | (4.4)

36

where v is Euler’s constant. From (4.4) we find the ratio fbcalar =2 =1(3-4y).
Thus, the O(1/a’) contribution to the correlator Gyealar 18

2

© _7mCr, ol 1 b
=T S (3—4y) — = log(— . 4.
6 = Tt (3 6= ) - jlog(=a70") (4.5)

A similar calculation in the shear and sound channels yields the same result:

fscalar fshear = fso?md 4 (3 47) (46)

Note that in all channels §% corresponds to the contact term.

4.2 Subleading order

To proceed with perturbative expansion for the scalar channel, it will be useful
to convert the corresponding reduced equation of motion (3.28) into the following
Schrodinger form:

0? 3 1 =z a
—Y ————+—|Y(x)=0, Y(x)=4/—Z(x) . 4.7
Y@+~ ) Y@ =0, Y@ =y[22w). )
The expansion in 1/« reads
1
YV(z)=YOx)+ =YD(x)+... (4.8)
!
where Y© \/_ Scalar was computed before. Expanding the equation (4.7)
to O(l/a) gives
0? 1 3 T
—YW@) - (- +-= | YU(z) = -V O(z) . 4.
Ty ( b ) YO = =Y (1.9)
The solution can be written in terms of the MeijerG functions:
1 x? 2,1 1 3,1 5,1
YW(z) = i Ky (2V) Gig\ 4z 5 5 |—7h (2VE) Goyl4e| 4 25 5
2727 2 92792995 9
— 2ics\/xly (2v/) + 2c4v/7 K> (2V/7)
(4.10)
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Expanding the solution near the horizon, regularity restricts the coefficient c3 = %.
Setting @ = 1 in the expansion (3.30) leads to ¢4 = 0, which completely fixes the
O(1/«a) solution. This gives the following contribution to the correlator

*Cr (¢*q”
Gsca ar — G(O) T
1 scalar 1600 o

F + O(a™?). (4.11)

Following the same path, we also obtain the results in the shear and sound channels.

Extracting the functions fscalar; fshear @0d fsound, We find

o _ 1 o __1 _ 412
fscalar 10 ) fshear 40 ) fsound 60 : ( : )
4.3 Higher orders
The general equation satisfied by the higher-order terms is given by
0? 1 3 x
Y™ (z) - (= Y (z) = =2y =U(g) 4.1
S @) = (54 ) Yl = = 5Y ) (1.13)

The homogeneous solution is given by

YISTL)<J]) = —2Z'62n+1\/512 (2\/5) + 20271—}—2\/5}(2 (2\/5) s (414)

while a particular solution can be expressed via the Green’s function method de-
scribed in, e.g., [89], as

V@) ~(-2iv/ih2vE) [ dy%(Q\/ng(z\/g))_Tyy(nl)(y)
' (4.15)

VK (2vE) [ dug(-2iVELeVE) LY )

Although it is not easy to perform the integrals in (4.15) explicitly, one can examine
the near-horizon behaviour of the particular solution which will be used to impose
regularity at the horizon

Ve = 00) = (Jim ~2ivaR(va) [ dugeviKa(evi) Y )
(4.16)

Focus now on the O(1/a?) term. Regularity of Y ?)(z) near the horizon leads to
s = 55, While requiring a = 1 in the expansion (3.30) fixes the remaining coefficient
cg = 0. This yields the O(1/a?) contribution

Gt =GO +7T2CT (qtq)? N Cr (¢7q)?

O(a™?). 4.17
scalar T 7600 T o 300 o o) (4.17)
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In the same way, we can obtain the results in the remaining two channels. After
extracting the function f, we find the following results:

2) 1 @) 1 @) 11 A
fscalar 20 ) fshear 40 ) fsound 420 ( 8)
The same method in principle allows one to work out higher-order terms. In

Appendix A we also verify the above results using the position-space approach.

Radius of convergence: Let us now estimate the radius of convergence of the

perturbative expansion. We focus on the scalar channel. Define

fé:ilar
f(n—&- 1)

scalar

(4.19)

Tp =

We plot 7,(n) in Fig. 3 in Appendix A.'? The radius of convergence is defined as

lim,,_, 7, and we find that it seems to be zero.

5 Non-Perturbative Behavior

In this section we analyze the stress-tensor correlators in all channels by solving the
reduced equations of motion (3.28) numerically. Note that the retarded correlators
in general have an imaginary part, which represents a purely non-perturbative con-
tribution. Using a WKB approximation we analyse this contribution explicitly and
show that all three channels decay exponentially at the same rate.

5.1 Numerical solution

In what follows, we again focus on space-like momenta where « (and thus x) is
positive. In general, the solution in the limit x — oo is a regular function multiplied
by a superposition of incoming and outgoing waves. The natural choice is to pick
the incoming-wave condition as discussed in [84-87]. With this choice one obtains
the retarded correlators in the dual CF'T.

Consider the scalar channel. Near the horizon the corresponding reduced equa-
tion (3.28) reduces to
0? 10 x
a0 T a. e Zsca ar (T — - 1
(3x2 x Oz * 404) tr(7=00) = 0 (5.1)
where Zgcalar(z — 00) denotes the solution deep in the bulk. This equation can be
solved analytically in terms of the (differentiated) Airy functions. Expanding the

12The higher-order perturbative terms in this plot are computed in position space and then
Fourier transformed to momentum space.
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Figure 1: The real part of f(). The upper (solid, red) line corresponds to the
scalar channel. The middle (dotted, green) line corresponds to the sound channel.
The bottom (dashed, blue) line corresponds to the shear channel. At large «, all
three lines approach the expected value, % — v = 0.173, where v is Euler’s constant.
The additional smaller figures show the local minimum and maximum that appear

in the shear and sound channels, respectively, in a small a region.

solution for large x and picking the incoming wave, one finds

Zscalar (T —00) = rie 3va (a_llz — 2041; + .. ) ) (5.2)
2

We use this expression to numerically solve equation (3.28) starting from large values
of z all the way to the boundary at x = 0. Then, using (3.32) we compute the function
fscalar from this numerical solution. We compute fshear and fsounq in a similar way.

We next present the numerical results of both the real and imaginary parts of
the correlators, for all three channels.

Real part: We plot the real part of the function f(«) in Fig.1. For large a,

3
4

leading order in the perturbative expansion. We have also verified that, for every

in all channels the numerical solutions quickly converge to the value 5 — v, i.e., the

n € N, there exists a value a,, such that for all a > «,, the n-th order perturbative
expansion approximates the numerical solution better than any expansion with n—1
(or less) terms.

Imaginary part: We present the numerical solutions of the imaginary part of
the function f(«) in Fig. 2. The imaginary part of the correlators is purely non-
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Figure 2: The imaginary part of f(«). The upper (dashed, blue) line corresponds to
the shear channel. The middle (dotted, green) line corresponds to the sound channel.
The bottom (solid, red) line corresponds to the scalar channel.

perturbative in the 1/« expansion. Its concrete form is sensitive to the boundary
condition at the horizon. If one instead imposes the outgoing-wave condition in the
bulk and computes an advanced correlator, one finds that the correlator has the same
real part but the imaginary part differs by a sign (this also follows from the general
properties of Green’s functions).

5.2 Imaginary part of correlators from WKB

An interesting question is how to estimate the non-perturbative behavior of the
thermal correlators calculated numerically above. Let us answer this question by
calculating the decay rate of Im Gg using the WKB analysis. To do so, we shall

transform the reduced equations of motion (3.28) to the following form:

RS — vz (5.3)

Compared to the previous Schrédinger-like equation (4.7), here the V() term is
independent of the expansion parameter, allowing us to perform a standard WKB
analysis. Starting from (3.28), we first rescale + — y/ay to have B(z) = B(y)a~/?
where B(y) is independent of a. We next introduce &(y) which satisfies the relation

dylog (0,€) = B(y) . (5.4)
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The equations of motion can be written as

L n yz —4
a 27"(&) = ——"FF—=2(&) . 5.5
(©) =~ 4O (5.5
The parameter « plays the role of h; the precise identification is a~1 = h. For

simplicity we omit the channel index in £ and Z. Note that the potential in (5.5) is
positive in the region y € (0,2) which corresponds to a classically forbidden region.

It may be useful to list explicit expressions relating y and & for different chan-
nels:!3

Scalar : y = /¢, (5.6)
Shear: y= \/4i|§]% , (5.7)
Sound : y=1\/12+¢3 . (5.8)

In (5.7) we use plus for £ > 0 and minus for £ < 0. We omit the channel index in £.
Transformations (5.6)-(5.8) map the conformal boundary to the points 0, —16 and
—1728 in the scalar, shear, and sound channel, respectively. In all three channels the
horizon corresponds to & = co. The transformed equations of motion have the form
(5.3), with the identifications h = a~1 and

{‘/;calara Vvshear; ‘/sound} =

1
4—¢ +1 8 4¢3
5~ , (5.9)

1682 g4 <4j: ygﬁ)g |§|%’_144 (12+gé)gg§

where in Ve we use the plus signs for ¢ > 0 and the minus ones for £ < 0. In all
channels the potential forms a barrier (V' > 0) in the near-boundary region:

Scalar: &€ (0,4) , (5.10)
Shear: ¢ € (—16,0) , (5.11)
Sound : ¢ € (—1728,-512) . (5.12)

The potential becomes negative for large . In addition, in the sound channel we
find a singularity in the classically allowed region at £ = 0.

One may now follow the standard WKB analysis. Considering the ansatz of the
form
Z(f) _ eia_%l(WO(E)Jra_%Wl(f)JFW) (513)

13Note (5.4) is a second-order differential equation. We have chosen two integration constants
such that these expressions look simple.
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and plugging this into the transformed equations, one determines the functions W;(§).
The leading term is

3
- i/ V=V (€)de . (5.14)

In the classically forbidden region we pick the sign corresponding to the decaying
exponential, while deep in the bulk we select the oscillating solution that satisfies
the incoming-wave condition near the horizon £ = oco. Validity of WKB is restricted

to the region where
d 1
X V(©)| <ax V()] - (5.15)

One cannot use the WKB ansatz close to the boundary and around the turning point

— in these regions one has to solve the equations of motion and connect solutions
inside and outside the barrier.

The imaginary part of the correlator, using (3.24), can be expressed as the fol-
lowing tunnelling probability!*

ImfNImGRNeXp[ i/b '\/V(g/)dg’} . (5.16)

In all three channels, the imaginary part of the correlator decays exponentially at
the same rate®®

Im§ ~ exp [ 2a411/ 1/4 i dy] = exp [ \/F_?Z()Z) ai] e et o (517)

It would be interesting to see if this behavior holds more generally. Note that the

INE

exponent in the retarded thermal correlator of a scalar field in the large momentum
limit was computed in [35, 85]. Although the near-lightcone limit we consider here
is different, the power of momenta in the exponent is the same, i.e. a'/* ~ ¢, while
the multiplicative constants in the exponent differ.

6 Discussion

In this paper we point out that the near-lightcone thermal correlators of stress tensors
in holographic Einstein-Gauss-Bonnet gravity take the same form as those in Einstein
gravity.'® More precisely, we observe that the thermal two-point correlators of stress
tensors are rather constrained in the near-lightcone limit: they are given by three

1See also Appendix B in [85] for a related discussion.

5Note the overall prefactors depend on the channels, as is apparent already from Fig. 2. We
verified that the WKB results agree with the numerics.

16This work focuses on d = 4 and we expect similar results in other d > 2 dimensions.
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universal functions (fscalar, fshears fsouna) Whose arguments involve the combination of
a ~ q"(q7)3/T* and the three coefficients a, B,/c\ which determine the stress-tensor
three-point functions. The correlator in a given channel takes the vacuum form when
the corresponding ANEC is saturated, as already noticed in [54].

The correlators admit a perturbative expansion in powers of 1/«. This is essen-
tially the OPE combined with the near-lightcone limit, where only the leading-twist
multi-stress tensors contribute. One can read off the OPE coefficients of the two
stress tensors and multi-stress tensors. The momentum space approach might be
more convenient than the one which employs the near-boundary ansatz in position
space and substitutes it into the equations of motion, e.g., [53, 54]. Note that the
power series in momentum space seems to have zero radius of convergence, i.e., it’s

an asymptotic series.!”

Depending on whether we want to compute retarded or advanced correlators, we
need to impose appropriate boundary conditions at the horizon (which in our vari-
ables corresponds to the behavior at large z). Perturbatively, the correlator is com-
pletely determined by the OPE (as we explain in Section 3 and Appendix A). However
the boundary conditions at the horizon affect the solution non-perturbatively in «.
This is because a general solution decays exponentially under the barrier, as dis-
cussed in Section 5.2. It would be interesting to understand the significance of such

non-perturbative terms.'®

In the near-lightcone limit, because of the universality of TT-correlators dis-
cussed above, we can simply focus on the analysis based on pure Einstein gravity.
Note that for the transverse polarization of the stress tensor, the equation of motion
for the metric fluctuation is the same as that for a minimally coupled scalar. Hence
the two point functions must be identical. Naively one may find this surprising, given
that the OPE coefficients for a scalar contain poles at integer values of the scalar’s
conformal dimension [6]. This corresponds to the mixing with the double-trace op-
erators and fixes the residue of the OPE coefficient of the latter, which ensures the
divergence is cancelled. How does this work in the stress-tensor correlator case and
how is this reflected in momentum space? The answer to this question is that the
logarithmic terms in position space which are produced by the cancellation of the

poles at A = 4 get Fourier transformed to the rational functions of momenta (or, in

17This was recently discussed in, e.g., [62, 90-92].

8In two spacetime dimensions, similar terms appear after the Fourier transform of the HHLL
Virasoro vacuum block, see, e.g., [85, 91]. (See also [93-96] for explicit expressions of retarded TT
correlators.) In four-dimensional holographic CFTs on the sphere, the spectrum of quasinormal
modes contains contributions that are non-perturbative in spin [34] (see also [97]). It would be
interesting to understand to what extent the non-perturbative terms are determined by the OPE
in d = 4.
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our limit, &) in momentum space. Indeed, in Appendix B, we verify explicitly that
the OPE coefficients of the two scalars and multi-stress tensors, together with the
thermal expectation values of the latter, multiplied by the corresponding conformal
blocks in momentum space reproduce the perturbative expansion of the transverse
TT correlator.

It is useful to examine the large-N counting of thermal 7T correlators (where
N ~ /Cr). Consider a finite temperature connected T'T-correlator on a sphere
above the confinement-deconfinement phase transition. The disconnected component
scales like N* and this behavior is entirely due to the double-stress tensor operators
[T,)?, as explained in [53]. Indeed, the MFT OPE coefficients Ap,, 7, 7.2 ~ 1
while ([7},,]*) ~ N*. The subleading corrections to the OPE coefficients and to the
anomalous dimensions of [T),,]* contribute to the connected correlator [53]. It is easy
to extract the large-N behavior of the OPE coefficients with the k-stress tensors
and convince oneself that they all contribute to the connected correlator with the
expected N? scaling.

On the other hand, in the low-temperature phase ([T},,]*) scales like N°, while
the leading large-N behavior of the TT correlator scales like N2. In holographic
theories such correlators are simply given by the sum of the vacuum correlators over
the thermal images. One can immediately see how this is reproduced by multi-stress
tensors. The only contributions that survive in addition to the identity are the
double-stress tensors.

There are various extensions to consider. Let us mention a few of them: (i)
Extend the analysis of near-lightcone correlators to the charged black hole case.
(ii) Understand more precisely how non-universal coefficients affect the thermal 7T
correlators when moving slightly away from the lightcone limit. (iii) It may be useful
to further study the thermal TT correlators using CF'T techniques developed in, e.g.,
[13, 26, 35, 36, 62, 91, 92, 98-107]. (iv) It would also be interesting to see if anything
useful can be said about the regime |k| > |w| [108, 109].

In this work, we speculate that the universality observed in the holographic
Einstein-Gauss-Bonnet theory remains valid in more general holographic theories. It
would be interesting to study the near-lightcone 7T correlators using different gravity
models to see if this universality persists. On the other hand, understanding this
directly from the CF'T point of view would be a more ambitious but very interesting
goal. In this spirit a possible step is to study the lightcone limit of heavy-heavy-light-
light correlators, with the light operators being stress tensors, from the bootstrap
point of view. This would extend recent progress for scalar correlators in e.g. [13, 14]
and related works. In the latter, the Lorentzian inversion formula was used to get
the OPE data for multi-stress tensors in the scalar case and it would be interesting to
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generalize this to stress tensor correlators, or spinning correlators more generally. A
CF'T bootstrap approach would likely shed light on the regime of universality beyond
the cases explored in this paper and is therefore of great interest.
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A Position-Space Analysis

To have a consistency check on the momentum-space results, here we discuss pertur-
bative solutions of the reduced equations of motion in position space, based on the
computation performed in [53, 54]. In position space, we can systematically calculate
the near-lightcone correlators order by order in a p expansion where pu = (/)%

A.1 OPE in position space from holography

Let the five-dimensional bulk coordinates'® be (r,tg, x,y, z) and assume the metric
fluctuations do not depend x and y. We consider a near-boundary, OPE:

r— oo with rtg, rz fixed . (A.1)

Defining v = 2 and w? = 1+r?t3,+r?2?, the bulk limit that isolates the near-lightcone
correlator contribution is [6, 54]

r— oo with v fixed . (A.2)

19Tn this position-space calculation we adopt the Euclidean signature, as was done in [53, 54].
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Performing this limit on the equations of motion, one gets the reduced equations of
motion for the bulk-to-boundary propagators Z which can be solved by the ansatz:2°

Z = zAdS (Q+ Qlogr —logw)) , (A.3)
Q= Z Z " w?™  and Q = Z Z b 02w (A.4)
n=0 m=—n n=0 m=3

where Z499 is the bulk-to-boundary propagator in pure AdS, which in the scalar

2r2 21
TwS

channel is

Using the above ansatz and the scalar-channel reduced equation of motion (in
the position space) obtained in [54], one finds that the coefficients a,, 3 (for all n > 3)
in (A.4) are undetermined. This reflects the fact that, by performing the limit (A.1)
one loses the information deep in the bulk. However, one can check that these
undetermined coefficients are always suppressed in the lightcone limit.

We next compute the holographic stress-tensor correlators perturbatively in the
p expansion. In doing so, we note that in the lightcone limit (i.e., = — 0 where
xF = t4 2 = —itp+ 2) the correlator is fully determined by the coefficients a,,,. The
first few terms of the near-lightcone correlator Gyeanar in position space are

lim Gscalar =
z——0

A
1200 "
21220 log(—ata™) 4
- 286000
T1a— 22! log(—ztz™) 4
9792000
230322+ log(—ztz ™)
- 56843800000

2

+

f)+OW%~

Using the same method, one can generalize the position-space computation to other
two channels. However, due to the computational complexity in position space, in
this paper we analyze the correlators in other channels in momentum space.

The correlator (A.5) depends on the combination z~ (2%)®, consistent with the
Fourier transformed results using the variable o which we discuss next.

20We rewrite the ansatz so it looks different from the one in [54].

21 The full solution Z is connected to Z by Z(tg, z,7) = [ dt)pdz’ Z(tg —tlg, z—z’)Z(tjTf7 z'), where
7 is the boundary value of the invariant Z. For other channels and more details on the ansatz, see
[53] and [54]
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A.2 Fourier transform to momentum space

We here transform the position-space correlator (A.5) to momentum space, where
the conjugate variables to (z*,z7) are (¢y,q_) = —%(q‘,q*). Fourier transform of
the zeroth-order contribution diverges and thus needs to be regularized. We use the

3 —3—¢€

dimensional regularization, where instead of (z~27)™® we consider (z~z™) and

then take e — 0. The result is
m™COr(gtq™)> 1 , -2 + -

T 3206 %ﬂ' Cr(q"q") (log (_q q ) +2y—-3— 10g(4)) +0(e) , (A6)
where ~ is the Euler’s constant. Terms O(¢) can be neglected, while the pole can be
eliminated by counterterms. The regulator-independent (physical) log(—¢*¢™) term
is

mCr L o b 32 + o=
_ T log (— . A.
5x—3g+3 — 3207r A og( 14 ) (A7)
We have verified that this result exactly matches the leading term in (4.5) computed

in momentum space.

The O(p') and O(p?) terms can be directly Fourier transformed:

_ 3
_ mCrp _7r2C'T,u(q+ +q7) _ _7T2CT/M]+ B nCrplat R 212 Crp i (A8)
10022 100g~ 100g— 12002~ 25(q7)* '

1.x1077 p=r

8.x107%f

6.x1078f

rn
4.x10-8F
T
T T3 T T T

Figure 3: Estimation of the radius of convergence in the scalar channel

For the terms O(u™) with n > 3, we use

47

log(—ztz™) — . A9
(-an) — (49
Applying derivatives with respect to z* and x~ gives
_ 16™T21 r
(™) 6(x+3:c*)" log(—aﬁx*) — _ 376 (n+3)0'(3n +6) (A.10)

(n+1)gt(¢7)" (¢ (¢)*)" "’
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which is valid for any n > 0. Using this result, we can Fourier transform the log-terms
appearing in (A.5). We obtain

1
G = Go( -5 log(—qTq™) + ;cw"“) , a=—q"(q)> (A.11)

where GGy and the first several coefficients ¢, are

72Cr(qtq™)? 1 1 378
G%calar — ’ Cslcalar S C;calar =, C?))calar S (A.12)
160 10 20 715
72Cr(qtq™)? 1 17 2241
G%hear - _ , ihear =, C;hear = Cghear - _ e (A13)
160 40 560 5720
2Cr(qtq)? 11 2297
Gsound _ _7T T\q 4 sound _ — sound _ ~— sound __ o A14
0 60 7 60" 1207 3 6435 (A.14)

We further list the fourth-order correction in the scalar channel for comparison in
Appendix B:

4473
170

scalar __

(A.15)

Focusing on the scalar channel, in Fig. 3 we also estimate the radius of convergence
(see (4.19)) by computing more higher-order terms in the expansion (A.12). We find
that lim,,_,o 7, ~ O.

B Momentum-Space Thermal Conformal Blocks

In this appendix, we use the momentum-space conformal blocks to examine the
scalar channel in Einstein gravity, whose EoM and action are equivalent to the ones
for a massless scalar field. Note, however, that this equivalence do not persist when
considering higher-derivative terms, such as Einstein-Gauss-Bonnet gravity.?

The thermal conformal blocks in momentum space were computed in [91]. Ex-
panded in thermal conformal blocks, the scalar correlator can be written as

A000A 000, T
A -
con P 27(%52),

(00)s(wnlal =) = > a0, G2 (wWn,q) , a0, = (B.1)

On,J

where w,, = 2”7” is the Matsubara frequency and ap, , are thermal coefficients. (The

explicit form of Gﬁfj(wn, q) is given by Eq. (2.11) in [91].) Minimal-twist operators
are the ones that dominate in the near-lightcone limit that we are interested in.

22More precisely, while the OPE coefficients for minimal-twist stress tensors in the minimally
coupled scalar case do not depend on higher-derivative terms such as the Gauss-Bonnet coupling
[6] except through the temperature, the scalar wave equation in Einstein-Gauss-Bonnet gravity is
different from the scalar-channel EoM of metric perturbations.

— 27 —



The relevant coefficients for the near-lightcone correlator up to O(371¢), where
the contributing operators are [T*]; with dimension 4k and spin J = 2k with k =

1,...4, are
3CT
ay = W ) (B'2)
B 3CT A@ 7T 4
=10 120 <5> | o
3Cr Do (TAL + 600 +4) () (B.4)
U T 10T 201600(A0 — 2) B) '
301 Ao (1001AY + 3575A + 7310A2 + 7500A0 + 3024) (7 *2 (B.5)
aUrss = 10378368000(Aop — 3)(Ap — 2) B ’ '

30y Ao (119119AY, + 969969A, + 4184550A%) ('
UM = 710 592812380160000(Ao — 4) (Ao — 3)(Ao — 2) \ B

L 301 Ao (10867340A%, + 1695885642 + 14428176 A0 + 5009760) (76
10 592812380160000(Ap — 4)(Ao — 3)(Ao — 2) g

(B.6)

We have used p = (7/8)* and normalized the correlator to agree with the stress-
tensor correlator in the scalar channel, (75, 7},). The stress-tensor coefficient is fixed
by Ward identities and the stress-tensor one-point function, while the [T?], and [T®]g
were computed in [6, 13]. Here we have further obtained the coefficient for the [T%]g
operator with dimension 16 and spin 8 based on the method of [13].

Let us first discuss operators [T*];_y, with k = 0,1,2,3. For the identity contri-
bution, the block has a simple pole at Ap = 4 with a residue that is purely a contact
term. Removing the contact term gives

WQCT

(o0, = -"

(q2 + wi)Q log (q2 + wi) . (B.7)

After Wick-rotating w,, — —iw and taking the lightcone limit we reproduce (4.5).
Likewise, for the stress-tensor exchange we find

0y =~ (5)4 , (B.8)

© 200 ¢t \

which is in agreement with (4.12), where we remind the reader that Gy ., = %Gscalar.
Moreover, we have verified that the [T2]; and [T3]s contributions reproduce the

coefficients listed in (A.12).

Something interesting happens when we consider [T*]o, with k& > 4. First notice
that, as seen in (B.6), there is a pole at Ap = 4. Interpreted as a correlator of
a scalar with dimension four, this is related to the operator mixing between the
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[T%]s operator with dimension 16 and spin 8 and a double-trace operator of the
schematic form 00,,0,0,0,)O with the same quantum numbers. However, the block
with A =16, J = 8 has a zero at Ap — 4:

(Ap —4) (q8 — 36q6w,2l + 126q4wfl — 84q2w2 + 9w,§) OUA 9
@+ D) oot

(B.9)

GlAﬁ(?8 (wnv q) X
Thus, the pole in ajp4, cancels with the zero of the blocks. By Wick-rotating and

taking the lightcone limit, we obtain

(O0) |74 (B.10)

22901767°Cp (7"
- 425(q7 (g0 \B)

which is in agreement with (A.15).

C Equations of Motion for Einstein-Gauss-Bonnet Gravity
In Section 3, we showed that the equations of motion of metric fluctuations in
Einstein-Gauss-Bonnet gravity in the limit (3.8) reduce to the equations of motion
in Einstein gravity. Here we list the coefficients A, B in the Einstein-Gauss-Bonnet

equations of motion using the notation adopted in this paper.?

Scalar Channel:

U 1 1 1
Ascalar: w21 ((K}2—1) (1—u2)—|—1+U(u)> _E 5 (Cl)
B 1 (k=1 (k+1)? (3(k* — 1) u? — &?) (,%2—1)2
Bscalar = 4u(U(u) — 1) ( U(U)Q q2 + U(’LL) 1 m2) (02)

where U(u) = VK% — k2u? + u2.

Shear Channel:
1

Asear = T ()0 (@ (20 DO () = 1) — (2 = 1) 20 ) 3
< [ort(s 4 1) (; (1= #2) (2 = 1) (U() — 2) + U(u) - 1) ?
(1= ) (k4 (1= )7t =2 (1= k) e (U(w) = #2) = 20 () U )]
By = A DU +1) | VWP +20(w +1 o

du (u? — 1) U(u)? 4u (u?2 —1)?

23In Einstein-Gauss-Bonnet gravity, the equations of motion in terms of gauge-invariant variables
were first derived in [66]. Some simplified expressions can be found in, e.g., Appendix D of [79].
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Sound Channel:

1
Asound = 50 B S T )

v [3D1(U)U(u)2(U(u) 1)+ ( (k2 —1)% ut (=32 + 5U (u) — 7)

+ k2 (k7 = 1) u? (1842 = 13U () + 10) = 15%* (k2 = 2U(w) + 1) )¢

—3(1— k) (8* = (K* = 1) u?) (56*(U(u) — 1) — (k% — 1) u*(5U (u) — 7))m2} ,

(C.5)
Biound = (“;0_(;))2 [ (k2 —1)% ¢%ub (3(k — Dwo® + ¢%) + 12(k — 1)2%(k + 1)q%0
—4(k — 1)R2q%u® (362 — TU(u) +4) + (52 — 1)° u4<q4 (3K2(U () — 2) + Ul(u))
20k = D% u) = 3(k — 10U w)) = 12 (52 = 1) u (" (62 + 20 ()
+ (k= 1)g%w0? (952 — AU (u)) — 6(k — 1)?0*U () — 36 (q* (K2(U (1) — 2) + U(w))
+2(k — 1)q?2 (U (u) — £2) + (k — 1)2m4U(u))} (C.6)
where
Do(u) = 4(k — Vu(U(u) — 1)2U(u)* Dy (u) , (C.7)
Dy (u) = (k% — 1)u? (g% + 3(k — Dw?) + 3k (U(u) — 1)g* — (k — 1)n?) (C.8)
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