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ABSTRACT: The planar integrability of N' = 4 super-Yang-Mills (SYM) is the cornerstone for
numerous exact observables. We show that the large charge sector of the SU(2) N’ =4 SYM
provides another interesting solvable corner which exhibits striking similarities despite being
far from the planar limit. We study non-BPS operators obtained by small deformations of half-
BPS operators with R-charge J in the limit J — oo with A\; = g%MJ /2 fixed. The dynamics
in this large charge 't Hooft limit is constrained by a centrally-extended psu(2|2)? symmetry
that played a crucial role for the planar integrability. To the leading order in 1/.J, the
spectrum is fully fixed by this symmetry, manifesting the magnon dispersion relation familiar
from the planar limit, while it is constrained up to a few constants at the next order. We
also determine the structure constant of two large charge operators and the Konishi operator,
revealing a rich structure interpolating between the perturbative series at weak coupling and
the worldline instantons at strong coupling. In addition we compute heavy-heavy-light-light
(HHLL) four-point functions of half-BPS operators in terms of resummed conformal integrals
and recast them into an integral form reminiscent of the hexagon formalism in the planar limit.
For general SU(N) gauge groups, we study integrated HHLL correlators by supersymmetric
localization and identify a dual matrix model of size J/2 that reproduces our large charge
result at V = 2. Finally we discuss a relation to the physics on the Coulomb branch and
explain how the dilaton Ward identity emerges from a limit of the conformal block expansion.
We comment on generalizations including the large spin 't Hooft limit, the combined large
N-large J limits, and applications to general N' = 2 superconformal field theories.
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1 Introduction

1.1 Introduction and motivation

A system with a large number of degrees of freedom often exhibits emergent properties
which are difficult to deduce from its Lagrangian. Among multiple ways of introducing a
large number of degrees of freedom to a given system, the two approaches often discussed
in the literature are

1. Consider a family of theories parametrized by a parameter N which quantifies the
number of degrees of freedom, and take the limit N — oo.

2. Consider a state in a given theory in which a large number of degrees of freedom are
excited, such as a state with a large density of particles.

A prominent example of the first is the large N, limit: gauge theories with a large number
of colors N, admit a double-scaling limit in which N, is sent to infinity while the *t Hooft
coupling A = g%MNc is kept finite. As pointed out by 't Hooft [1], Feynman diagrams
contributing to this limit can be classified by the two-dimensional topology: the leading large
N, answer is given by diagrams that can be drawn on a two-dimensional sphere while the
subleading corrections come from diagrams that can be drawn on higher-genus Riemann
surfaces. This “empirically-observed” connection to two-dimensional surfaces was promoted
to a full-fledged duality after the discovery of AdS/CFT correspondence [2], which relates
a special class of large N, gauge theories to string theory in AdS spacetime and provides a
physical interpretation of the two-dimensional surfaces that show up in the large N, expansion.

On the other hand, examples of the second kind abound in condensed matter and
statistical physics, and understanding their emergent properties is one of the central goals
in these fields. To appreciate its importance in a simple setup, let us consider a system of
particles with two-particle interaction strength g. If both the number of particles and the
interaction strength are small, the system can be studied by perturbation theory around
a free particle system. However, if the system contains a large number of particles N, the
effective interaction strength gets enhanced to

Aeft ~ gIN | (1.1)

simply because the probability of a given particle to interact with another is proportional
to N (see figure 1). Admittedly, the relation (1.1) is based on a rather crude estimate,
and in actual physical systems, there can be various other effects to be taken into account.
Nonetheless, (1.1) already highlights several important features of a system with a large
number of degrees of freedom:
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Figure 1. The figure represents a system of N particles interacting with a pairwise coupling constant
g for small N (left panel) and large N (right panel). For a small number of particles N ~ O(1) and
weak interaction g < 1, the system is approximately free and can be studied within the standard
perturbation theory. However, when the number of particles N becomes large, the interaction strength
is roughly enhanced to Ao ~ g/N. In the double-scaling limit where A.g is kept fixed, one can replace
the two-particle interaction by an effective one-particle potential.

o Even if the fundamental interaction is weakly-coupled (g < 1), a sector with a large
number of degrees of freedom can be driven to a strongly-coupled phase.

o It suggests the existence of a double-scaling limit in which N is sent to infinity with
Aot fixed. In the simple example discussed above, this is a limit in which the system is
well-described by a mean-field approximation and the two-particle interaction can be
replaced with an effective one-particle potential.

At least formally, this double-scaling limit is reminiscent of the 't Hooft limit of the large
N, gauge theory, and it is tempting to ask whether and how the physics of the two setups
exhibits similarities on a more concrete level.

Partial answers to this question were given thanks to vigorous studies in the past years on
the large charge sectors of conformal field theories (CFTs) with global symmetry, which were
initiated in [3]. In a series of works [3-5] (see also a review [6]), operators with large global
charge J > 1 in generic (non-supersymmetric) CFTs have been studied using the effective
field theory (EFT) techniques, and universal predictions on the conformal dimensions and
the structure constants of large-charge operators have been obtained, which were later borne
out by the direct large N analysis [7-12] and by the lattice simulation [13-17]. The EFT
approach was subsequently generalized to supersymmetric field theories [18-27], for which the
relevant EFT is a low-energy EFT on the Coulomb branch. One of the main outcomes in the
application of this EFT to supersymmetric theories is the determination of the asymptotic
behavior of two-point functions of chiral and anti-chiral operators (equivalently the extremal
correlators) in rank-one N = 2 superconformal field theories (SCFTs), which, for theories
with a Lagrangian description, reproduces the exact results obtained by supersymmetric
localization [28].

The results based on EFTs are valid irrespective of the interaction strength and are
applicable to theories without a weak-coupling description. The flip side of this universality
is that it is difficult to capture intricate dynamics which are theory-dependent. One approach



that could overcome this limitation is to consider CFTs with a weak-coupling parameter g and
take a double-scaling limit in which one sends the charge to infinity while keeping a product
g7 J fixed, as was first found in [20]. The physics in this limit — which we call the large
charge 't Hooft limit in this paper — is different from the standard large charge limit reviewed
above and exhibits certain similarities with the large N, ’t Hooft limit. Much like the large
N, ’t Hooft limit, this double-scaling limit selects a certain class of Feynman diagrams and
the observables in this limit can be computed by a resummation of such diagrams [29, 30].
Alternatively, the limit can be studied by the semiclassical analysis as was demonstrated
in [31, 32]. This parallels the fact that the large N, limit of the gauge theory corresponds to
a classical limit of the holographic dual. In fact, the analogy goes even further: it was shown
in [23, 33-38] that various results obtained from supersymmetric localization in the large
charge limit can be recast into an “emergent” matrix model of size of order J, for which the
large charge 't Hooft limit corresponds to the standard 't Hooft limit.! In addition, it was
shown in the analysis of the O(NN) model [10] that the 1/J perturbative series in the large
charge 't Hooft limit is asymptotic and the coefficients at large order grow double-factorially,?
much like in the 1/N, expansion of the large N, gauge theory.

Finally, already back in 2012, Polchinski and Silverstein [42] argued that the large
charge limit alone (without taking a conventional large N limit) can lead to a holographic
dual description. The most notable example is a system of a few NS5 branes and a large
number of fundamental strings, which is known to be dual to type IIB string theory on
AdS3xS3xT* [43, 44]. When viewed from the fundamental strings, this leads to a conventional
large N theory in two dimensions while, when viewed from the NS5 branes, this corresponds
to a large charge state in six dimensions. This suggests that the large charge limit and the
large N limit are sometimes dual descriptions of the same system.

1.2 Summary of main results and outline of the paper

In this work, we study the large charge 't Hooft limit of the four-dimensional N/ = 4
supersymmetric Yang-Mills theory (SYM) with the gauge group SU(2) and reveal yet another
similarity between the large charge 't Hooft limit and the standard 't Hooft limit. In
particular, we demonstrate that the observables in the large charge 't Hooft limit are highly
constrained by the maximally-centrally-extended psu(2]2)? symmetry (see around (3.7)),
which played a crucial role in the integrability approach to the standard 't Hooft limit [45, 46].
Specifically, we analyze the spectrum of non-BPS operators obtained by small deformations
of the half-BPS operators with large U(1)g charge J,® in the limit J is sent to infinity
while keeping \; = g%,;J/2 fixed.* At the leading order in the 1/J expansion, we show
that the spectrum is given by a gauge-invariant combination of “magnons” satisfying the

!Such an “emergent” matrix model was obtained first for the generalized cusp anomalous dimension
of the BPS Wilson loop in N' = 4 SYM by Gromov and Sever using the integrability approach. See [39]
and [33, 40, 41].

2Namely, the coefficient at f-loop grows as (2¢)! unlike in standard perturbation theory in quantum field
theory, in which the coefficient grows as £!.

3This is the universal U(1)g symmetry for general N' = 2 SCFTs.

“We choose this definition of Ay (rather than Ay = g%,;J) since the localization result for the integrated
heavy-heavy-light-light (HHLL) four-point function can be recast into a matrix integral of size J/2 (instead of
size J). See section 5.5 for details.
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Figure 2. The Compton wavelength £. of a particle in a short representation of SU(2|2)? scales
inversely with the large charge 't Hooft coupling /s in units of the S radius L. The standard large
charge limit (fixed gypm and J — o0) corresponds to Ay — oo. In this limit, the sphere flattens out,
resulting in a BPS particle protected by the flat space Poincaré supersymmetry.

following “dispersion relation”:

A 2l
_ 2 2 2_ AN _9ywm
E, = \/n*+ 16¢2, (g = 1672 = 3272 nGN) . (1.2)

Interestingly, this takes the same form as the dispersion relation of magnons with momentum
p = =£7 in the large N, limit [45],

Y 5 _ A Rul
E,(p) = \/n2 + 162 sin? 3 <92 =157 ‘1((1;/;20, n e N) : (1.3)

where the integer n signifies the n-th bound state of fundamental magnons. As we explain in
this paper, this is not a coincidence but is a direct consequence of the maximally-centrally-
extended psu(2|2)? symmetry present in the large charge 't Hooft limit. We also show that
the spectrum at order 1/J is constrained by the symmetry up to a few overall constants,
some of which can be determined by a straightforward semiclassical analysis around a BPS
background with large charge.

Moreover we establish that in the standard large charge limit (fixed gyy and J — 00),
the maximally-centrally-extended psu(2|2)? symmetry undergoes an Lie algebra contraction,
morphing into the centrally-extended Poincaré supersymmetry. Correspondingly the short
representations of the former symmetry become the BPS particle representations of the
contracted symmetry. This group-theoretical understanding provides a solid foundation for
the relationship between the large charge limit of SCFTs and the dynamics on the Coulomb
branch discussed in the literature. For more explanation, see figure 2 and section 3.1.4.

In addition to determining the large charge spectrum, we compute the three-point function
of the Konishi operator and two large-charge BPS operators, and heavy-heavy-light-light
(HHLL) four-point functions of two large-charge BPS operators and two light BPS operators.
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Figure 3. Left Panel. The three-point function of the Konishi operator and two large-charge BPS
operators as a function of the large charge 't Hooft coupling is depicted. The blue line represents
the exact result from weak to strong coupling. The green and orange dashed lines correspond to
the weak and strong coupling perturbative expansions, respectively. The weak coupling expansion is
truncated to the first ten terms, while the strong coupling expansion incorporates a single worldline
instanton contribution. Remarkably, the strong coupling expansion yields a highly accurate result,
even at small coupling. The zoomed-in box highlights the weak coupling region. Right Panel. The
integrated correlator of two large-charge BPS operators and two light BPS operators at leading order
in the large charge expansion as a function of the large charge 't Hooft coupling is illustrated. The
blue line corresponds to the exact result that interpolates from weak to strong large charge 't Hooft
coupling. The green and orange dashed lines represent the weak and strong coupling perturbative
expansions, respectively. Similarly, the weak coupling expansion is truncated to the first ten terms,
whereas the strong coupling expansion includes a single worldline instanton contribution.

The three-point function is given by a simple integral involving the Bessel function,

4gw — J1(8gw)

sinh?(w) (1.4)

O =8¢t +4g [
K = —8g" +4g w
0
which nevertheless exhibits a rich structure interpolating between the perturbative series
at weak coupling (A; < 1) and the worldline instantons at strong coupling (A; > 1).5 See
equation (5.31) for the explicit result and also figure 3 for a summary. The HHLL four-point

functions are given in terms of a resummation of conformal ladder integrals [47],

o0

t(z,2) = > (—4¢)*(1 — 2)(1 - 2)FW(z, 2), (1.5)

k=0

where z and Z are conformal cross ratios and F*) is a k-loop conformal ladder integral
which can be represented as

z3
2k
Z1 0 0Ty = ﬁ(l—z)(l—Z)F(k)(z,Z). (1.6)
T12T34
Ty

5See (1.2) for the relation between A; and g.



Here the black dots are being integrated, the points x3 4 are the locations of the large charge
operators and the horizontal line represents the propagation of a scalar field in this background
from z1 to xo (see section 5 for details). Similar resummations of ladder integrals showed up
in a related context of the large charge double-scaling limit of the critical O(NN) model [9, 48].

Similar but different resummations of conformal ladder integrals show up in the so-
called hexagon approach [49] to the four-point functions in the planar limit [50-54]. Taking
inspiration from it, we express the resummed conformal ladder integrals as a sum over magnons,

1— 1 _ —O’\/(12+1692 .
Kz 5) = (1—2) Z) Z s1.n(ag0) 7
= Va?+16g2 sin(p)

with e77 = v/2Zz and ¢*¥ = /z/Z, and use this to read off the operator-product-expansion
(OPE) data. In addition, we derive a strong coupling expansion of the resummed ladder

(1.7)

integrals,
#(2,%) = (1_Z ZW +2mn) + W (21 — ¢ + 27n)
(1.8)
W(z) = 4ng1(4g\/a:2 +02) .

sin(z)vVa? + o2

This expression has two remarkable features;

1. It provides an exact rewriting of the resummed conformal ladder integrals in terms of
the worldline instanton contributions W (x) depending on the orientation (blue versus
red) and the winding number n of the instanton. See figure 4.

2. The worldline instantons have the same functional form as the massive propagator in
flat space (i.e. Bessel K7). This provides a concrete link between the large charge limit
in the CFT and the physics on the Coulomb branch.

See section 5.1 for further discussions on these points.

We also compute the integrated four-point functions for arbitrary SU(N) gauge groups
by recasting results from supersymmetric localization into a matrix integral of size J/2. The
matrix integrals can be evaluated by saddle-point techniques and the answers are in precise
agreement with the results in the literature obtained by other methods [55, 56]. For N = 2,
we derive the same answer from our un-integrated HHLL four-point function by explicitly
carrying out the integral over the conformal cross-ratios z, z, thus providing a nontrivial
consistency check of our formulae. See figure 3 for an illustrative summary. Note that the
large charge 't Hooft limit corresponds to a standard ’t Hooft limit of this matrix integral,
thereby offering another evidence for the similarity between the two limits.

The rest of this paper is organized as follows. In section 1.3, we explain generalities of
the large charge limit and the large charge 't Hooft limit in SCFTs and discuss similarities
and differences. In section 2, we compute the non-BPS spectrum in the large charge 't Hooft
limit by perturbation theory in Aj. For the explicit computation, we use the dilatation
operator at weak coupling, which was determined fully at the non-planar level in [57]. We
find that the resulting spectrum at leading order in the 1/J expansion is consistent with an
interpretation that non-BPS operators consist of combinations of “magnons”, each carrying
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Figure 4. An illustration of the worldline instanton representation (1.8) of the HHLL four-point
function from summing massive propagators. The blue and red curves depict the two distinct terms,
representing the worldline instanton’s wrapping of the cylinder in opposite directions. The varying
tones of blue and red correspond to different winding numbers (n = 0, 1, 2) for each respective direction.

a definite energy, subject to parity and gauge constraints. We consolidate this observation
by examining the partition function of free ' =4 SYM and taking the large charge limit.
In section 3, we explain the structure of the large J spectrum from the point of view of
the maximally-centrally-extended psu(2|2)? symmetry. We first give a physics derivation
of the existence of the centrally-extended symmetry in the large charge 't Hooft limit. We
also provide a brief explanation on how this symmetry is related to the centrally-extended
Poincaré symmetry on the Coulomb branch of the A/ = 4 SYM. We then use the symmetry to
constrain the spectrum at leading order in the large J limit. This allows us to fix the energy
of individual magnons non-perturbatively as a function of A;. We then check the results
against the semiclassical analysis around a large-charge BPS background. It is in principle
possible to determine the full Aj-dependence just from the semi-classics, but as we will see,
the actual semiclassical computation is rather complicated: even in the leading large J limit,
the computation involves diagonalizing the unconventional kinetic terms since the background
is space-time dependent. The centrally-extended symmetry provides a useful guiding principle
for organizing the computation and also allows us to promote the results obtained in a scalar
subsector to sectors involving fermions and gauge fields. In section 4, we analyze the 1/.J
correction to the spectrum. For simplicity, we focus on the SU(2|2) subsector and show that
the spectrum is constrained by the centrally extended symmetry up to a few overall constants.
We then compute some of these constants by a direct semiclassical analysis. In section 5, we
analyze a sample of higher-point functions. First we study the three-point function of the
Konishi operator and two large-charge BPS operators up to order 1/J and obtain an integral
representation exact in A\jy. We then analyze the weak- and strong-coupling limits making
contact with the perturbation theory and the worldline instantons. We next study HHLL
four-point functions of two large-charge BPS operators and two small-charge BPS operators in
the large charge 't Hooft limit. The results are given by a resummed conformal integral which
we recast into an ordinary contour integral. Using this representation, we read off the OPE
data. We also explore a connection to the standard large charge limit and study a relation to



the physics on the Coulomb branch. In particular, we discuss how the form factor expansion
of the two-point function in the Coulomb branch arises as a limit of the conformal block
expansion in the heavy-light channel. We then derive an “emergent” matrix integral which
computes the integrated four-point functions. Using the matrix model representation, we
analyze the large charge 't Hooft limit and obtain the answer exact in A;. Finally in section 6,
we conclude and discuss possible generalizations including extensions to less-supersymmetric
large charge states, theories with higher-rank gauge groups, the three-point functions, the
combination of large N and large J limits, and applications to general N'= 2 SCFTs.

1.3 Large charge limit vs. large charge 't Hooft limit

Before delving into the details of the computation, here we review a physical picture of
the large charge limit and the large charge 't Hooft limit, and discuss their similarities and
differences. Along the way, we also mention several open questions.

Basics of large charge limit. The simplest way to discuss the large charge limit in
conformal field theory in d dimensions is to consider on flat space R? a two-point function of
operators that have the minimal conformal dimension A, (J) for a given large charge J.
We then map it to a cylinder R, x S1 where the radius of the sphere is taken to be L.
Under this mapping, the large charge operators are mapped to states with the following
energy and charge:

Anin(J)

Estate = I )

Jstate = J - (1.9)
The factor 1/L in the expression for the energy comes simply from the dimensional analysis.
These relations translate to the energy and charge densities (€gtate and jstate) Of the states as

Amin(J . J
€state ™ rrznd() ) Jstate ™ Td—1- (1.10)

We then take a scaling limit in which we send both J and L to infinity while keeping jstate
to be finite. As a result, we obtain the lowest energy state in flat space with a given charge
density jstate- The physics of such states depends on the behavior of a theory in flat space:

1. In generic (non-supersymmetric) conformal field theories, we expect that a state with
a non-zero charge density in flat space is a highly excited state with an O(1) energy
density. By requiring €sgate ~ Jstate ~ O(1), we arrive at the famous scaling relation of
the large charge operator

Amin(J) ~ JTT . (1.11)

2. In theories with a moduli space of vacua, the lowest energy state with a charge density
J not necessarily zero in flat space has exactly zero energy ¢ = 0. In this case, the
scaling relation (1.11) is violated since egtate asymptotes to zero in the large L limit
while jstate can approach a finite nonzero value. This is in particular the case for N' = 2
superconformal field theories, for which there exist the BPS operators satisfying a linear
relation between the dimension and the charge, Apin(J) ~ #J.



Before proceeding, let us make two side comments regarding the second scenario. First, in
order to have a state with j # 0 and € = 0 in flat space, it is enough to have an operator
whose dimension scales as Apin(J) ~ J* with « strictly smaller than %. However in all
the examples known in the literature, the relation between the minimal dimension and the
charge is linear, suggesting that this might be a universal feature of CFTs with a vacuum
manifold. In fact, there is an interesting result on condensed matter systems [58], which
proved that the off-diagonal long range order — a hallmark of the spontaneous symmetry
breaking present in the moduli space of vacua — implies a linear energy-charge relation. It
would be interesting to try to adapt the proof to CFT. Second, the paper [59] proposed® that
the weak gravity conjecture in AdS implies a convexity of conformal dimensions of charged
operators in CF'Ts. When applied to the large charge sector, this means that the exponent «
in the dimension-charge relation must satisfy o > 1. This is indeed satisfied in all the known
examples. Thus, combining the two statements, we are led to the following conjecture:

Conjecture.” In any CFTs in d > 2, the dimension-charge relation Ay, (J) ~ J¢
satisfies 1 < o < diil. The lower bound is saturated (o = 1), if and only if the CFT
comes with a moduli space of vacua.

It is an interesting open problem to establish this claim using non-perturbative techniques®
such as the conformal bootstrap.

Large charge limit of SCFT and large charge ’t Hooft limit. Let us now take a
closer look into the large charge sector of SCFTs. To be concrete, we consider N = 2 SCFTs
in four dimensions and discuss Coulomb branch operators” with large U(1)g charge J and
scaling dimension A = |J|. Roughly speaking, the insertions of these operators effectively
introduce (nonlinear) source terms for the scalar fields in the vector multiplets, and the path
integral will be dominated by a configuration with a nontrivial profile for these scalar fields.
This is physically similar to considering theories on the Coulomb branch in flat space, which
is described by an effective Lagrangian of axion-dilaton (and also other massless scalars if
rank > 1) together with super-partners at low energy. As demonstrated in [18, 19] for the
rank-1 SCFTs, this intuitive picture can be turned into a computational framework with
the help of the EFT techniques. Namely, by writing down all the interactions allowed by

5More recently, counter-examples were found in [60] for the original formulation of the conjecture, but even
in those counter-examples, the convexity still holds in the large charge limit.
1. The upper bound a < ﬁfl comes from requiring that the finite charge density state in flat space has
finite energy density, which is a physically well-motivated assumption. 2. The results in the literature are

consistent with a stronger version of the conjecture, which states that o must be either %

8In a recent paper [61], it was shown that the convexity (a > 1) follows from the consistency of the large

or 1.

charge EFT under the assumption that the large charge limit is described by the EFT that consists of a single
Goldstone boson. It would be interesting to prove the statement without making such assumptions (i.e. purely
based on the conformal bootstrap).

9They are half-BPS scalar primary operators and elements of the Coulomb branch chiral ring whose vacuum
expectation values are (anti)holomorphic functions on the Coulomb branch of the vacuum manifold. The
“rank” of an N/ = 2 SCFT refers to the complex dimension of its Coulomb branch.

10T his is most obvious for Lagrangian SCFTs (e.g. N = 2 superconformal QCD). For non-Lagrangian SCFTs
(e.g. the Argyres-Douglas SCEFT [62]), these vector multiplets come from the Coulomb branch effective action
(see [19]).



the symmetry and organizing them according to the derivative expansion, one can compute
observables in the large charge limit as a function of the coefficients in the effective Lagrangian.
In particular, it turns out that some of the observables depend only on universal properties
of the theories such as the conformal anomalies. Thus one can make a solid prediction from
EFT and test it against the exact results from supersymmetric localization.

In theories without exactly marginal parameters such as Argyres-Douglas theories [62, 63],
this EF'T approach is perhaps the best one can do. In contrast, in theories with tunable
couplings (to be denoted by gyn ), one can better understand inner workings of the large charge
limit. In these theories, the large charge operators give a vacuum expectation value to scalar
fields in the vector multiplet of order (@) ~ gymV/J. As a result, BPS W-bosons acquire mass
of order myy ~ gYMﬁ while BPS monopoles acquire mass of order mmonopole ~ VI /gy M-
In the standard large charge limit in which J is sent to infinity with gyn fixed, both particles
become infinitely massive in units of the radius of S3. By integrating them out, we generate
higher-derivative contact interactions of the axion-dilaton fields that are suppressed by inverse
powers of J. This is quite analogous to what happens when we integrate out a propagator
of a heavy particle in flat space:

1 1 P>
gy yE R Ve VR (1.12)

In theories with a Lagrangian description, it should be possible to perform this integrating-out
procedure explicitly and derive the EFT Lagrangian from first principles although it has not
been demonstrated in the literature to the best of our knowledge.

To better understand the physics of these heavy particles, it is instructive to take a
slightly different limit in which J is sent to infinity while the large charge 't Hooft coupling
AJ = g%MJ /2 is kept finite. The physics in this large charge 't Hooft limit differs from that of
the standard large charge limit since the mass of BPS W-bosons myy ~ gymy/J remains finite
and they contribute to observables even in the J — oo limit. Furthermore, the very notion of
“BPS particles” is modified in this limit (see figure 2): in the standard large charge limit, the
Compton wavelengths of the particles are much smaller than the size of the sphere, allowing
one to classify them by BPS representations of the Poincaré supersymmetry in flat space.
On the other hand the Compton wavelengths are finite in the large charge 't Hooft limit and
the particles “feel” the curvature of S3. Thus, a priori, the classification based on the BPS
representations in flat space cannot be justified. One of the punchlines of our work is that the
correct symmetry algebra governing this limit is the centrally-extended SU(2|2)? symmetry,
which was first introduced by Beisert in the analysis of the large N V' =4 SYM [45, 46]. This
symmetry turns out to be powerful enough to fully determine the leading large J spectrum as
well as constrain the structure of 1/.J corrections. Now, in order to relate this to the standard
large charge limit, one needs to take the “strong coupling limit”, i.e. Ay = g%MJ /2 — oo.
As we will see, in this further limit the centrally-extended SU(2|2)? symmetry contracts to
the centrally-extended Poincaré supersymmetry and the short representations of SU(2(2)?
become the BPS representations of the Poincaré supersymmetry, providing a concrete link
between the two centrally-extended supersymmetries studied in different contexts.
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2 Weak coupling analysis

In this section, we analyze the spectrum in the large charge 't Hooft limit at weak coupling
(in Ay) by directly diagonalizing the dilatation operator in the limit. The result suggests
that non-BPS operators in this limit are made out of fundamental excitations with definite
energy which we call “magnons”, subject to certain constraints. We focus on simple closed
subsectors of the theory, namely the so-called SU(2), SU(3) and SL(2) sectors. As we will see
below, despite their simplicity, these sectors exhibit crucial features of the spectrum in the
large charge 't Hooft limit such as the relation between operators and magnons, the parity
constraint, and magnon bound states. We also provide evidence for this interpretation by
analyzing the large-charge limit of the partition function of free N' =4 SYM.

We denote the three complex adjoint scalar fields of the SU(2) SYM by X,Y,Z and
choose the U(1)g generator such that X,Y has R-charge J = 0 and Z has R-charge J = 1.
In the following, we will consider gauge invariant operators built out of these scalar fields
and their derivatives.

2.1 SU(2) sector: operators and magnons

We first consider the so-called SU(2) sector; namely gauge invariant operators which consist
only of two complex scalar fields Z and X. As shown!! in [64], they form a closed subsector
under the action of the perturbative dilatation operator. The full dilatation operator at
one and two loops in this sector is given by'?

. d

2
9yMm v
Dy =222 Tr[X, Z|| X, Z] : Zap =

1 {712 I‘[ ) H ) ] ) ab dea

2
Dy = — % (Z%g) (: Tr [[X, Z],Z} [[X,Z],Z] :

+: T |[X, 2], X [[X, 2], X] :
+1Te[[X, 2], 7 [[X, 2], 77 ¢),

where T® are the SU(2) generators. Here the normal ordering symbol : e : means that
operators Z and X do not act on fields inside D; and Dy, (2.1).

In the large N, limit, single-trace operators provide basic building blocks of gauge-
invariant operators and the action of the dilatation operators on them was found to be
isomorphic to Hamiltonians of an integrable spin chain [66]. In this paper, we are interested
in the opposite limit, namely in ' =4 SYM with the SU(2) gauge group. In such theories,
most of single-trace operators can be rewritten as multi-trace operators of shorter lengths
using the trace relations of SU(2),

- TrzZZ - TrXX
2 2

1
TrZXZX = —iTrZZTrXX—i-TrZXTrZX.

22

1o, X2 1,9, TrX =TrZ =0,

(2.2)

" This property is discussed mostly in the planar limit but it also holds in theories at finite N.
2See [64]. A more explicit expression can be found in [65]. See also the thesis by Beisert [57], in which
various aspects of perturbative dilatation operators are discussed.
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(They can be verified by explicitly writing down components of the matrices.) Using these,
one can express all gauge-invariant operators as products of the following single traces:

™ZZ, TrZX, TrXX. (2.3)

To study the large-charge sector using this basis, we consider a background of a large
multi-trace of the form (Tr ZZ)” /2 with excitations consisting of any of the remaining two
letters. This provides a complete basis for all excited states in this sector. To simplify the
discussion we will assign names to these letters,

a:=TrZZ b:=TrZX c¢:=TrXX (2.4)

We will be dealing with operators of the form
J—ny
a2 b"b ") . (2.5)
Here we shifted the exponent of a so that the total R-charge in the Z-direction is J. We

then consider the limit where J > ny ~ O(1). The goal now is to determine the action
of the Hamiltonian for the operators in this basis.

Simplification at large J. Before delving into the actual computation, let us discuss
briefly how the action of the dilatation operator simplifies in the large J limit. The one-loop
dilatation operator D; contains two derivatives X and Z (see (2.1)). The derivative X
always acts on the excitations, namely b or ¢, while Z can act either on the background
al/=ma)/2 or the b-excitations. In the large charge 't Hooft limit, the leading contribution
comes from the action of Z on the background

v J—ny I>1 J—np
Zga 2 RoJa 2 Zy, (2.6)

which gives an O(1) answer after multiplied with the coupling constant g2,; = 2\;/J. By
contrast, if Z acts on the excitations, the result will be suppressed by 1/J. A similar
simplification takes place at two loops. Among the three terms in (2.1) for Dy, only the first
term in (2.1) survives in the leading large J limit since only that term contains two Z and
can produce gyyJ? = 4)\?]. Once again, by acting with any of the two Z on the excitations
one produces terms that are subleading in the large J expansion. We conclude that the
leading large J action of the dilatation operator on the basis of states (2.5) can be easily
obtained at each order by choosing the terms of the dilatation operator with the maximal
number of Z and act with all of them on the background. We obtain

J—n J—n J—n
Dy |aT" 6" ) = 169°n, <|a2b b ") — a2 E—1 pret2 c”‘_1>>
. ; (2.7)

n —n J—n
Dyla2 © pe ¢y = —128¢%n, <‘a2b b7 ") — a7z £—1 pnp+2 cnc—1>) .

Given a number nx of Xs, we can construct | | +1 eigenstates from this dilatation operator
and the corresponding spectrum of anomalous dimensions + is given by

Tenyx =k x 2€ with e =8¢ — 32¢%, k‘:Oj...,V;XJ. (2.8)
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In addition, because of the structure of basic single-trace operators (2.4), nx needs to be
even (odd) if J is even (odd).

Let us make two observations on this spectrum. First, (2.8) can be reproduced by a
collection of non-interacting “magnons” of the following kind,

e “0” (or massless) magnons whose anomalous dimension is 0,
e “4+”7 and “—” massive magnons whose anomalous dimensions are ¢,
subject to the constraints that
o the total numbers of + and — magnons are equal,
¢ the total number of magnons need to be even if J is even and odd if J is odd.

The first condition can be interpreted as the consequence of the U(1) gauge invariance
unbroken by the large charge background (for details see section 3). We will see in the
next subsection that the second constraint will be replaced with a certain parity condition
for more general operators.

Using this physical picture, the energy (2.8) can be interpreted as the energy of a state
with & £ magnons and (nx — k) 0 magnons. Second, the expansion of € coincides with the
expansion of the “magnon energy” mentioned in the introduction,

V141692 =148¢% —16¢* + ... . (2.9)

at weak coupling. (The leading term can be interpreted as the bare dimension of the field
X.) Since we only have the leading two terms in the expansion, this is more like numerology
at this point. However, as we will see later, the symmetry around the large charge vacuum
fixes the energy of the excitation to be precisely of this form.

In the large N limit of ' =4 SYM a similar magnon picture also emerges for single
trace operators carrying a large charge J. In this limit, the single trace operators can be
thought of as periodic ferromagnetic spin chains with asymptotically large length. The
states are obtained by exciting magnons without restrictions on their number and the total
energy amounts to add the corresponding individual energies. This picture holds up to finite
size effects which lead to exponentially suppressed corrections in the length and modify the
asymptotic spin chain interpretation. As will be discussed in the next section, in the large
J limit, we will also find some one-dimensional system describing these magnons although
there is no really underlying lattice like in the large N limit.

Higher orders. A natural way of writing the dilatation operator is to use creation and
annihilation operators for the letters (2.4),

a'(0) =1a), 6%0) =0), &j0)=1c), (2.10)

with the standard commutation rules [a, af] = [b, b'] = [¢,¢f] = 1 and vanishing commutators
involving operators of different species. This can be easily obtained by studying how the
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dilatation operator acts on individual letters. In terms of such operators, we can write

2
Dy =—2 PN (ahbbe +4abt bl e — 4fcha +hp —87)
8 (2.11)

2
A g ~ ~ ~ A
Dy = -2 %("a +fip + i) Dy

where we have defined the number operator for each letter n, = T %. Their action on states
is easier to compute now, for example we have for D
J— J—

IN n n J—n
Dy la™z " b™ ¢™) = 16 g (1 - T;’) e <|¢12b b7 () — [a "z L pet? c”‘_l))

8 - 1 J—n J—n
n nb(”}a )92 (]a2b b ¢c) — \QT"H pre—2 cnc+l>> .

(2.12)

The dilatation operator can be easily diagonalized and we obtain the spectrum which

we write in a concise form as'?
128 g* 1
T <2e— 8{’}“) (1+J(1 —2k+nx)> . k=0,..., V;XJ . (2.13)

We want to interpret the 1/J correction of this formula in light of the magnon picture
advocated in the previous section. Accordingly, let us write the total number of magnons as
nx = 2k 4+ ng where 2k is the number of massive magnons and ng is the number of massless
magnons. Let us focus on the leading correction in 1/J and write it as

2k
Venx |, =2knoeo+2ke + (2>62, (2.14)

1
J
with
— _ 2 4 _ 4
€) — €1 = 8g — 96g s €Q = —1289 . (2.15)

This formula makes it clear that at order 1/.J, magnons interact at most pairwise. The
contribution €g arises from the pairwise interaction between massless and massive magnons
whereas e has its origin in the pairwise interaction of massive magnons. Finally, the €¢; term
corresponds to the correction to the mass of the magnons. At order 1/.J2, we find terms that
scale with k% which can be interpreted as arising from a three-body interaction. This is the
main piece of data of this section and in what follows we will justify both qualitatively and
quantitatively the leading and subleading terms of the 1/J expansion of the formula (2.13).

2.2 SU(3) sector: parity projection

We next consider the so-called SU(3) sector involving all three complex scalars X,Y, Z.
This sector is closed under the action of the dilatation operator at one-loop, but at higher
orders they generally mix with operators that contain fermions. The full one-loop dilatation

3 At one-loop order, a similar result has been found in [67]. We thank Tristan McLoughlin for bringing this
to our knowledge.
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operator involving all SO(6) scalar fields is known from [64], and when restricted to the
three complex scalars it reads

2
Dy = — (98“\24> (: Te[X, VX, V] 4 X, Z)[X, 2) 4 TV, 2]V, Z) ) . (2.16)
s
As in the previous SU(2) sector, using the relations (2.2) together with
TrTXYZ=-TrXZY, (2.17)

one can express all gauge-invariant operators in terms of the basic letters

a:=TrZZ b:=TrZX c:=TrXX

2.18
0:=TrZY ¢e:=TrYY f:=TrXY g¢g:=TrXYZ. (2:18)
As before, the states we will be considering are of the form
J—np—np—ng
la 2 bR {1 gt | (2.19)

and the leading J contribution is extracted from the two last terms of (2.16) by acting
with Z on the background fields.

Leading order. At leading order in the large J expansion, we find that the energies of
states are always given by integer multiples of 8¢ as was the case with the SU(2) sector (2.8).
However, it turns out that the detailed spectrum and the degeneracy show a rather intricate
pattern and depend on whether the charge J is even or odd. See table 1 for the full spectrum
for states with a small total number of X and Y scalars (which we denote by N). For
instance, the spectrum of states with N = 2 is

N=2 EvenJ: {0,0,0,16¢°% 1692, 16¢%},

, (2.20)
Odd J: {16¢°},
while, for states with N = 3, we have
N=3  Even J: 16¢2,16¢%} ,
{1697, 169"} (2.21)

Odd J:  {0,0,0,0,16¢% 16¢% 164%, 1642, 16¢°,16¢%},

Although the spectrum and the degeneracy look rather complicated, we find that there
is a simple rule that reproduces the spectrum from the magnon picture that we discussed
in the previous subsection:

1. Both X and Y magnons come with three different types; “massless”, + and — types
discussed in the previous subsection.

2. U(1) gauge invariance: the total numbers of + and — excitations are equal.

3. Parity: consider the “parity” transformation which multiply —1 both to magnons and
background Z fields, and swaps + and — magnons. Under this transformation, the
states need to be even. This is equivalent to saying that combinations of magnons need
to be even (odd) under the parity if J is even (odd).
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N| J eigenstate o J eigenstate 0%
J
CER ) 0 la? ~26%0) 0
\a*_le) 0 |a2 ~2pp3) 0
even \a5_1b2> 0 2 |ﬂ%_2b202) 0
B J
2 a2 "1od) —[a%f) [ 169% + 19 a# 241 0
I g 1642
\aie) - |a2 92) | 16g% + L& \a%*%‘l) 0
5 —1p2 2 169 2
|02 C> ‘02 b > 16g +7 |a§7162> |a572b3 > 3292+ 32}:}
odd a7 g) 1692 +32q +|a5*1bca)—|u‘f/2cf>
-1 L 2. .3 2, 3242
|a%*1bg) 16g2+4 89° |a2 bale) a2 b0%) 3297 + =7~
even I 1642 + 489 \a?‘ 02f) — |a//2ef) ,
2 — J J
a2 09) bg” + even | 11a¥ —1p2¢) — 3|a% ~2202) + [a7 ~Lbof) | 3292 + 22
J—3 J
\aTbDQ) 0 +3laz 7 1@?) — 1]’/ 2ce) — $]a’/2f2) .
J J E
|a 7223 0 laZ 7102 — FlaZ ~%0%) — 1]a7/2e?) | 329 4 22
n b2 ?) 0 ja% = 1p%0) — 1Ia%_2b4> — 3lal/22) | 3292 + 22
J J 2
3 |a 5 bd) 0 |a§ Yocd) — aZ ~162f) 16g2+—48Jg
2
odd | a7 0f) — [a”2" 622) | 169% + 222 \w Lboe) — |a ~1o%) 1692 + 282
J J_ J_ E
o T ve) — |a%a3> 1692 + 220" % ~10%f) — a2 ~2b0%) 169 + 282~
J_ J_ 48
a7 cd) — [a 72 620) | 1692 4 228 Ia2 '0%f) — o= ~?b%0) 169% + =5
L DA 48
0 T b ) — [a T b20) | 1692 + 322 |a2 "bof) — a2 "%6%0%) 169 + =4~
J_
07 be) — |72 00%) | 167 + 20 ja% ~16%) — Ja¥ ~26%?) 16g° + 22
J
3392 a7 122¢) — a7 20t 1692 + 18°
|u z bc> \a z b3) 16g% + 22
J laZ ~1c02) — [a% ~1b2¢) 16g2 + 182~
2
|a% 12y — |ag Lp2e) 1692 + 4879
2
ja% ~b%0) — [aF %) 169 + 450~
J J 2
la? ~16of) — L]aZ "Lb2e) — LaZ 'ca2) | 3292 4 S0
+3lal/2ce) — §lal/2f?)
J—1 J—3 2
la"Z fg) —[a"Z bog) 329 4 S
J—3 J—1 2
a7z 0%g) — a7 = eg) 3292 + 4~
J—3 J—1 2
odd a2 b2g) — a2 cg) 32924-%
J—3 2
la"z bog) 1692 + %
J—3
a”7 0% g) 169 + 94"
J—3
a2 b2g) 169 +6“Tg

Table 1. This table contains the spectrum of states of the dilatation operator at one-loop in the large
charge 't Hooft coupling and up to the first 1/J correction in a sector involving two complex scalars.
Note in particular that the spectrum depends on the parity of J.

Postponing the explanation of the origin of these rules to section 3, let us see below how
these rules reproduce the spectrum given in (2.20). For N = 2, the sets of magnons that
satisfy the second condition above are

|#Y¢Y) . [ or), lefdy), l63¢r),

Here ¢1 (¢2) denotes the X (Y') scalar and the superscripts 0 and =+ signify the particle

|#963) . 16265), |63 ¢3) - (2.22)

types. We next impose the parity condition and find, for even J,

6260), 10009, 16808), lofor), —=(I67ea) +lodor)) . ledoz)  (2.23)

7
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The first three states have zero energy while the last three states have the energy 16¢2,
reproducing the spectrum (2.20) at leading large J. For odd J, the only state that survives
the parity projection is
1
V2

which has the energy 16¢% in agreement with (2.20). Performing a similar analysis for N = 3,

(16t 6s) —l6ge1)) (2.24)

one can also reproduce the spectrum (2.21).

Subleading order. At order 1/J, the magnons begin to interact similarly to the picture
suggested by the previous results. By an explicit diagonalization of the dilatation operator,
we find that the anomalous dimensions in this sector depend on whether N 4 J is even or
odd. We have generated data for a large set of states involving several magnons and observed
that it can be accommodated by the following expression

2k
Ve, Nn|, = 2knoeo +2ker + ( ) > ea+2n(2k —2n+ 1) €3 (2.25)
7
with ng = N — 2k and
k
n=20,..., 3 for N 4+ J even,
1 (2.26)
n:bJ—l—l,...,k‘ for N 4+ J odd
and as before k =1,.. ., {%J counts the number of pairs of “massive” magnons. In the absence

of massive magnons the corresponding anomalous dimension vanishes, i.e. y4—o N=0,n=0 = 0.
The three first terms in this expression coincide with the result for the SU(2) sector found
before (see equation (2.14)) with the values of €12 being given in (2.15) restricted to
one-loop. In addition, we now have an extra term e3 when n > 0 which should arise from
the interactions between different scalars. Its value is given at leading order in the large
charge 't Hooft coupling by

€3 = 8g2. (2.27)

These eigenvalues also come with some degeneracy. However the detailed pattern shown in
table 1 is rather complicated. We postpone their interpretation from the magnon picture
to section 4, where we verify that both the degeneracy and the energies €g 123 can be fully
explained from interactions among different magnons and determine the values of some
of the “energies” €123 as an exact function of the large charge 't Hooft coupling. (See
sections 3.1.3 and 4.2.)

2.3 SL(2) sector: bound states

Finally, let us discuss the analysis of the weak coupling data for the SL(2) sector, which
consists of gauge invariant operators made out of complex scalars Z and light-cone derivatives
acting on them. As we will see below, the analysis in this sector reveals yet another feature
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of the spectrum i.e. the existence of a new infinitely family of magnons, labelled by a positive
integer. Owing to the similarity with magnon bound states in the planar N' = 4 spin chain,
we often refer to them “bound states” in this section. This time we restrict the analysis to
the one-loop and we will focus on the leading large J anomalous dimension. The elementary
fields in this sector will be denoted by the notation

Zn:=DYZ (2.28)
where D is the n-th covariant derivative along a light-cone direction. The full non-planar
dilatation operator at one-loop can be obtained for example from the dilation operator in
the psu(1,1|2) sector worked out in [68] by projecting out the fermions and one of the two
scalars. The outcome is given by'*

g [e.e]
D, = Iym
871'2 Z Z

m,n=0 k=0

k:—|— . Tr : [Zontktt> Zm) = [Zneiks Zn) & - (2.29)

Note that the derivative of the first commutator also acts on the field of the second
commutator. In order to study large charge operators in this sector, we consider the letters
out of which we construct any operator

a:=TrZZ bh :=TrZ, Zp,... with n=(ny,n2,...). (2.30)

Similarly to the previous scalar sector, for a given total spin S = )", n; we find a finite number
of letters, as a single trace can be factorized into multiple traces of smaller length whenever
there is a repeated sequence of fields in b,. We consider states of the form

JEZ

H bn,) (2.31)

where ¢; is the length of the tuple n;. As before, in the large charge 't Hooft limit, the leading
contribution arises when Z acts on the background. We now analyze a couple of examples
of low spin. For simplicity, below we assume that J to be even.

Spin two. The simplest example corresponds to spin S = 2 operators of arbitrary twist
7 (1 = A — S), for which there are only three independent letters we can use to construct
gauge invariant operators

by, bays b2 - (2.32)

The leading order result in the large J expansion for the action of the dilatation operator
on the large charge states is given by

A J J

Dy a2~ b 1)) = 167 (|a5_1 by) — a2 2% 1)>) +0(1/J)

A J J

D1 ‘ai_l b(O 2)> = —892 (|a§_1 b(171)> - |a§_2 b(071)>> + O(l/J) (233)
Dy a2 b%.1)

0.

This gives two eigenstates with v = 0 and only one non-zero eigenvalue with v = 16¢>.

1 This dilatation operator is in fact equivalent to the non-planar uplift of the Hamiltonian found in [69].
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Spin three. At spin three, we encounter a larger number of states made out of the
following letters

by, by bozs bazs bogz)- (2.34)
The action on the states is simple to compute and we obtain two eigenstates with non-zero
anomalous dimensions given by v = 12¢% and v = 16¢2.

General spin. For general spin 5, it is simple but tedious to find the eigenstates using the
dilatation operator (2.29). By explicitly constructing them for several values of the spin, one
finds that the spectrum and the degeneracy can be reproduced by combinations of magnons
which are now labelled by a positive integer n

D2 2m (n€Zs), (2.35)

n? n? n
and carry the following spin S and the anomalous dimension +:

zgz S=n, =0,

25 S=n, 7=—.
n

To select physical states, we impose the same conditions as in the SU(3) sector; namely we
require the total numbers of + and — particles to be equal and impose the parity condition.
For instance, for spin S = 2, we have three states

2020), l23). ey ). (2.37)

The first two states have v = 0 while the last state has v = 16¢> being consistent with
what we saw in the analysis above. Similarly, for spin S = 4 we have the following states'®

with non-zero -~

v=8¢": |xm)),
v |+l
3 V2
P IRt Cr (2.38)
\/i 3
vy=169":  |2f20272), |29 2),
v=329": |2y 2 2.

As shown above, the eigenvalue v = 16¢ has double degeneracy. In comparison with the
previous scalar sectors, we find a larger number of non-trivial anomalous dimensions for a
given spin. For example, with nx = 4 we have found only two non-trivial values whereas
here there are five distinct dimensions for S = 4.
The energy of these magnons given by (2.36) coincides with the expansion of

/12 2 _ 8g°

n* + 16g —n+7—|—---. (2.39)
(Again the leading term corresponds to the tree-level conformal dimension.) Later, we will
discover that these distinct magnons sit in higher representations of the symmetry group
and can be regarded as bound states of the fundamental ones.

15Note that here we assumed J to be even when performing the parity projection.
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2.4 Superconformal index and partition function at large charge

We now analyze the superconformal index and the partition function of free N' = 4 SYM
with the SU(2) gauge group and show that the results in the large charge sector agree with
the index and the partition function of free magnons subject to the constraints discussed
above. This consolidates the magnon interpretation advocated in the previous subsections.

Toy model. To understand the mechanism in a simple setup, let us first consider the
partition function in the SU(2) sector, namely operators made out of X and Z. Following
the standard recipe (see e.g. [70-72]), we find that the partition function is given by

Zsu(2)(q1, q2) :/dU exp [Z fX’Z(zmxadj(U")] , (2.40)

n=1

d oo n .n
:jé ) 475':6(1 _ 1‘2)(1 _ :L'_2)8Xp [Z fX,Z(Zlv(b)(l + :L,Qn + x—Qn) ’
= n=1

with fx 7 being the single-letter index

fxz(q,q2) =a +q. (2.41)

Here dU is the Haar measure of SU(2), g1 and g2 are the fugacities for Z and X respectively,
and Xagj is the SU(2) character for the adjoint representation. On the second line of (2.40), we
replaced the integral over SU(2) with the integral over the Cartan element U = diag(x, 1/z).
To project onto the large charge sector, we perform the contour integral around the origin
_ dq

Zj(q2) = ]{WZSU(Q)(Qla%)a (2.42)

and set J > 1. To evaluate this integral, we use the integral expression for ZSU(Q)(ql, q2) (the
second line of (2.40)) and exchange the order of the z-integral and the g;-integral. This leads to

_ dx 2 _9 j{ dq 1 n o n 2n —2n
Zola) = §_ (=0 =) f e |3 pealal ) (4 )
dz 1 $_2_2J+$4+2J 1
- ?{xzo omiz \ 2 2(1+a2?) <(1 —q2)(1 —q2/2%)(1 — q2$2)> '
=Tz (x) =ZIx(z,q2)

(2.43)
The first factor Z; is the contribution from Z scalars while the second factor Zx is the
contribution from X scalars.
In the limit J > 1, the term z**27 in 75 can be neglected as long as we perform the
integral in the region |z| < 1. We thus have

1 dx 1 de z—272J

Zrs1(e2) = 5 b QWixIX(l‘,QQ) BN A g Ix(z,q2). (2.44)

To evaluate the second term, we deform the contour to infinity. The contribution from the
2-2J

contour at infinity vanishes due to x~ and we are left with'® the contributions from

187« (x,g2) has other poles as shown in (2.43). However, if we first expand Zx as a power series in ga, each
term in the expansion only contains poles at x = 0 or x = oco. Thus, for the purpose of determining the
partition function as a power series in g2, we do not need to take into account the contribution from poles
in Ix.
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residues at x = +i. Using Zx (x, q2) = Zx(1/z, q2), we then arrive at the following expression:

J
Zisl@) = 5 (f_ oo Tnea) ) + ) i) (2.45)
One can check explicitly that this expression correctly reproduces the counting of operators
in the large charge sector.

We now show that the expression (2.45) can be interpreted as a partition function of
free magnons subject to the parity and the U(1) gauge constraints. In this SU(2) sector,
we have three types of magnons X, X+ and X~. To impose the U(1) gauge invariance
discussed above, we assign the gauge charge'” +2 to X, =2 to X~ and 0 to X°. In addition
each magnon carries a fugacity g2. Thus the partition function of free magnons without

parity constraint reads

7 dx — 45 2 dx
o(2) .i:o omiz P Lz::l n ( Tt ) o 2z x (2, q2) (2.46)

This coincides (up to a factor of 1/2) with the first term in (2.45). So the remaining task is
to take into account the parity constraint. We follow the approaches developed in [73-75]
and write a parity-projected partition function as

2(@) = 5 (Zola2) + (-1 Zo(@2)) (2.47)

where Z, (q2) is the parity-weighted partition function defined by a trace over the Hilbert
space with the parity operator o inserted (see e.g. section 3.3 of [75]). When J is even
(odd), this projects to parity even (odd) magnon states. The actions of the U(1) gauge
transformation u and o on the basis of single magnons (i.e. X, X+ and X ) are given by

10 0 -10 0
u=102%> 0 |, o=10 0 —1]. (2.48)
00 272 0 -1 0

Then, applying the general formula (see (3.13) of [75]), we obtain

Zo(a2) = j( 2?5:3 exp [Z %ﬁr ((UU)")] = ]{ 2?533 exp [Z % (1+2(-1)")
n=1 n=1

j{ da (2.49)

71 )y
Imin X(Z, C12)

=ZIx(i,q2)-

We can then verify that the parity-projected magnon partition function (2.47) coincides
precisely with the large charge sector of the partition function (2.45):

Z(q2) = Zys1(q) - (2.50)

17 Assignment of the charges £2 is purely a convention that we chose to make the comparison with (2.45)

easier. As long as we assign the opposite charges to X*, the result will be the same.
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Generalization. The argument above can be readily generalized to the full partition
function of free N' =4 SYM. The building block for writing the full partition function is a
single-letter partition function fgngle, Which in general depends on several different fugacities.
To take the large charge limit, we separate out the contribution from the Z scalar as follows

fsingle(q07 q1,4q2, - - ) =qo + frest(q17 qz2; - - ) ’ (251)

where the first term on r.h.s. is the contribution from the Z scalar while fies; denotes the
contributions from the rest of the single letters.

Before proceeding, let us make a cautionary remark here. When writing (2.51), we made
an assumption that fiet does not depend on the fugacity gg. This is not true in a standard
convention since the letters DFZ, which are part of fiest, are charged under the same U(1)g
symmetry as Z. To get (2.51), we need to introduce an extra fugacity go, which only counts
the number of Z fields (excluding D¥Z). This is in fact more suitable for analyzing small
fluctuations around the large charge half-BPS operators since fixing the U(1)g charge does
not guarantee that the state is a small deformation of the half-BPS state.

Using (2.51), we express the full partition function as

dx (1—22)(1—272)
—o0 4miz (1 — qo)(1 — qo/2?)(1 — gox?

where 7,5 is the contribution from all the letters except Z:

Z(qO,ql,...) :f; )Zrest(x7q1>-~')a (252>

Trest(z,q1,...) = exp [Z frest(Q17;Q2 o) (1+ 22 4 xzn)] ' (2.53)

n=1

We then perform the projection to the large charge sector by

dqo
ZJ((]]_, .. ) = % .7’]“2((]07(]1, .. )
2miqy
de (1 22727 4 p4+2] (2.54)
= —0 | = — 3 Irest($7Q17"‘)‘
z=0 2miz \ 2 2(1+ 22)
Following the argument above, we obtain the partition function for J > 1,
1 dz -1)’ )
Zrsia) =5 (oo T )) + 5 Tl ). (259)
On the other hand, the free magnon partition function is given by
_ 1, s
Z(ar--) = 5 (Zolar, ) + (-1 Za(aw)) | (2.56)
with P
. x
ZO(qlw"):j{ fzrest(x7Q17”')7
2—0 21T (2.57)
- dzx > LS . ’
Zs(q1,...) = 517 OXP Lzz:l fresdil)tr ((Ju)n)l = Trest (1, 2) -

We thus conclude that the partition function in the large charge sector is in precise agreement
with the partition function of magnons subject to the gauge and the parity constraints. For a
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special choice of fugacities, the partition function preserves a fraction of supersymmetries
and can be identified with the superconformal index [71, 72]. Therefore the argument above
also establishes the agreement between the superconformal index in the large charge sector
and the BPS particle index of free magnons subject to the constraints.

Let us make two comments before concluding this section. First the relation between the
index at large charge and the index of free BPS magnons discussed here is reminiscent of
the relation between the superconformal index and the BPS particle index found in [76, 77].
It would be interesting to explore a potential connection. Second, another interesting
future direction is to generalize the analysis here to higher-rank gauge groups and to less
supersymmetric states (see section 6 for further comments). In higher-rank gauge theories,
there is a ‘moduli’ of large charge operators; namely there exist multiple of operators with
the same R-charge. It would be interesting to see if the index at large charge exhibits the
wall crossing phenomena as we change the moduli parameters.

3 Symmetry and operator spectrum at leading large J

As we saw in the previous section, the spectrum in the large charge t Hooft limit can be
interpreted as a system of “magnons” obeying certain dispersion relations whose interaction
is mediated by a coupling that scales as ~ 1/J. In this section, we show that the underlying
symmetry of this system is the centrally-extended SU(2|2)? symmetry and explain how to
use this symmetry to fully determine the dispersion relation at finite Ajy. We also perform
explicit semiclassical analysis around the large charge state and verify the results of the
symmetry analysis.

3.1 Symmetry and its central extension in the large charge ’t Hooft limit

Understanding the symmetry is of utmost importance in various branches of theoretical
physics. In relativistic quantum field theory, particles and their interactions are classified
by the representation theory of the Poincaré group, which is a symmetry preserved by
the Minkowski vacuum. In the (standard) large charge limit of CFT, a convenient way to
construct the large-charge EFT is to use the coset construction of Callan-Coleman-Wess-
Zumino based on the symmetry preserved and/or spontaneously-broken by the large charge
state. Below we will discuss the symmetry of the large charge 't Hooft limit of N'=4 SYM
with emphasis on the central extension.

3.1.1 Residual superconformal symmetry at large charge

The large charge half-BPS states can be created by inserting (TrZZ )J/ 2 at the origin of R*
and (TrZ Z )J /2 at infinity. By the state-operator correspondence, this configuration maps to
a half-BPS large charge state on R, x S®. The bosonic symmetries preserved by both of these
operators are the SO(4) R-symmetry that rotates the four real scalars, which are not in Z or
Z, and the SO(4) Lorentz (Euclidean rotational) symmetry around the origin. The generators
of these symmetries in the chiral and anti-chiral spinor representations of SO(4) are

SO(4) R-symmetry: R%,, Rdi) (a, ba,b=1, 2),

. . 3.1
SO(4) Lorentz symmetry: L%, L% (o, B¢, =1,2). (3:1)
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In addition, since these operators satisfy the BPS condition A = |J|, they are invariant
under the combination given by
D—-J
C=—, (3.2)
2

where D is the dilatation operator around the origin and J generates the U(1)g symmetry
under which Z and Z have charge J = 1 and J = —1 respectively (and X,Y are uncharged).
The configuration is invariant also under half of the supercharges which we denote as,

Qaa ) Saa ) Qad ) de . (33)

The full symmetry of the setup is given by the following half-BPS subalgebra of the N/ = 4
superconformal algebra,'®

(psu(2]2) x psu(2]2)) x R, (3.4)

with the last abelian factor being a central extension generated by C in (3.2). The two
psu(2|2) factors are generated by chiral (undotted) and anti-chiral (dotted) elements in (3.1)
and (3.3) respectively.
Explicitly, the nontrivial part of the (anti-)commutation relations for the chiral psu(2|2)

reads

(B, G = —05G° + 50C°, [R%, G] = 82Gy — 564G,

L%, C7) = 0% — S8G7, (L%, G] = ~5Cs + 2556, 5

[D—J,Q%]=[D~J,5%] =0,
(5%, Q%) = 0LL%5 + 63 R", + 686 (D — J)/2.

The (anti-)commutation relations for the anti-chiral psu(2|2) are identical. Here G¢ and G,
represent any generators with a R-symmetry index while G7 and G represent any generators
with a Lorentz index.

For later convenience, let us also write down the commutators between fermionic charges
and the U(1)g symmetry J:

N 1 A 1
[J, Qaa] = +§Qaa » [J7 Saa] = _isaa . (3'6>

3.1.2 The maximal central extension and its representations

The symmetry (3.4) provides certain constraints on the dynamics of excitations. However,
the constraints obtained in this way are not strong enough. Namely it does not determine the
dependence on the coupling constant Aj. This parallels the fact that the Poincaré symmetry
in flat space only allows us to express the S-matrix in terms of Mandelstam variables and is

8The bosonic subalgebra of psu(2|2) x psu(2|2) is

s1U(2)a X 5u(2)a X 5u(2)0 X su(2)q .

R—symmetry Lorentz

where the undotted algebras belong to the first psu(2]2) while the dotted ones belong to the second psu(2|2).
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ignorant about its dependence on the coupling constant. Nonetheless, as we will see below,
the large charge half-BPS states are in fact invariant under a further central extension of (3.4),
namely the universal (maximal) central extension [78],%°

(psu(2]2) x psu(2]2)) x R? (3.7)
which will allow us to determine the full dependence on \; at large J.

Central extension. The universal central extension (3.7) of psu(2|2) x psu(2]|2) was
discussed first in the study of the spin-chain description of single-trace operators at large
N [45]. The key insight there was to include field-dependent gauge transformations as part of
the symmetry. Since the (non-abelian) gauge transformation depends on the gauge coupling
gyM, this enabled non-perturbative determination of the dispersion relation of “magnons”
(i.e. excitations on the spin chain) and the matrix structure of magnon S-matrices. Below,
we argue that the same symmetry is present in the large charge 't Hooft limit?® and explain
how it constrains the spectrum around the large charge state.

To understand the origin of the symmetry, we recall that the superconformal transfor-
mations of the fields in the N/ = 4 SYM can be written compactly in the following way

using the 10d SYM notation (see [80, 81]),%!

1

(5AM :EFM\I/, ow 9

FMNPMNE+—%FM¢JV“E, (3.8)
where ¢ is a conformal Killing spinor (written as a 10d chiral spinor) that parametrize the 32
supercharges and I'j; denotes the 10d gamma matrices in the chiral basis. The 10d indices
M, N split into 4d spacetime indices p, v and R-symmetry indices I, J. Correspondingly the
4d gauge fields and scalars are packaged together in Ay = (A,, ®7) and Fyn = [Dar, D]
with D = d+ A. The three complex adjoint scalars X, Y, Z introduced previously are each
made of the two out of the six real scalars ®; (see (A.2)).

From (3.8), one can show that the consecutive action of two (different) supercharges
on a fermion leads to a term of the schematic form

52 ~ (@, V], (3.9)

which represents a field-dependent gauge transformation and therefore carries information
on the interaction term of the Lagrangian. Working out this relation more explicitly for the
supercharges (3.3) belonging to psu(2|2) x psu(2|2), we obtain the following central extension,

(Q, QYW = {3, QYU = e[ 2, 9], (3.10)

9The Lie superalgebra psu(2|2) admits a maximal three-dimensional central extension known as the universal
central extension in [78] (see also [45]). The fully centrally extended algebra is the contraction of the Lie
superalgebra D(2,1;\) as A — 0 (which can be thought of a deformation of osp(4/2) at A = 1).

2OFor the origin of the centrally extended symmetry in the large N limit, see e.g. the review [79)].

21Here the convention for the SYM action is such that 921 appears as an overall factor in the action. To
obtain the supersymmetry transformation rules for the canon\{(I:VIally normalized fields, we rescale Ay — gymAnmr
and ¥ — gYM\I/-
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with Z = /2Z. In what follows, we denote the action of this field-dependent gauge
transformation by?> P - e = [Z,e].

Since P is a gauge transformation, it acts trivially on gauge-invariant states. However,
in the presence of large charge states, the SYM scalar fields acquire nontrivial profiles, whose
presence breaks the gauge invariance. As a result, “magnons” around large charge states are
nontrivially charged??® with respect to P. As we see later in section 3.2, the scalar expectation
value induced by the large charge state on R, x S3 is given by

ngﬁ\/jeicp 0
(Z2) =27y = PRI (3.11)
2

where €% is a (time-dependent) phase which does not affect the spectrum. Thus the upper
and lower off-diagonal components of the SYM fields have charges gyny/Je¥ /7 under P
respectively while the diagonal components are uncharged:2*

m® mt
M:< 8 0), (3.12)

m —m

P-m* = +2ge? m* P-mb=0. (3.13)

Now, on R, x S3, the supersymmetry generators Q’s and the superconformal generators
S’s are related by Hermitian conjugation, which implies that the anti-commutator of the
superconformal generators also get centrally extended in the following way:

{52, S50 = {82, S50 = ePeny[271, 0] (3.14)

The transformation above involves an inverse of the field Z, which might seem unusual at
first sight. However, such a transformation is possible once we include quantum corrections.
In fact, this relation was originally found in planar AV = 4 SYM through the two-loop
analysis of superconformal generators [82]. Here we do not have such a direct field-theoretical
derivation; instead we simply assume its presence, motivated by the closure of the algebra.
In what follows, we denote this action by K - e = [Z71 e]. The action of K on fundamental
fields can be deduced from the Hermiticity of the algebra. Namely by taking a Hermitian
conjugate of (3.13), we obtain

K -m* =+2ge %m*, K-m’=0. (3.15)

Together with the superconformal subalgebra (3.4) discussed earlier, these generators
constitute the maximally-centrally-extended psu(2|2)? symmetry (3.7), which has the following
new nontrivial anti-commutation relations for fermionic generators in the chiral psu(2|2)
factor as compared to (3.5),

{Q%., ng} = eabeagP, {5%., S’Bb} = eabeo‘ﬁK, (3.16)

and similarly for the anti-chiral psu(2|2) factor.

22The action of the supercharges on a scalar field is also given by the same equation (3.10).

230f course, physical observables are always gauge invariant and are given in terms of gauge-invariant
combinations of these excitations as we will see below.

24Recall the definition of g as in g = v/ A;/(47) = gymV/'J/(47).
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Representations and short multiplets. As is the case with the Poincaré symmetry in
relativistic QFT, excitations around the large charge state are classified by the representations
of the symmetry group. In the present case, the relevant symmetry is the maximally-centrally-
extended psu(2]2)2. In flat space, the central extension of supersymmetry allows for the
BPS representations, which are short representations of the extended super-Poincaré algebra.

Two important features of such representations are®®

1. In order for a particle to be in a short representation, it needs to satisfy a special
relation between mass and charge, namely the BPS condition M = |Z|. This allows
one to determine the mass of the particle purely from its quantized charge.

2. The dynamics of BPS particles is severely constrained. For instance, the only way
in which a particle stops being BPS is through a multiplet recombination process, in
which several short representations combine into a long (generic) representation. This
property allows us to define a variety of BPS indices, which are invariant under the
continuous deformation of the theory such as a coupling constant.

As we see in this section and the next, these properties have natural counterparts for the
maximally-centrally-extended psiu(2]2)? symmetry.

The short representations of the maximally-centrally-extended psu(2|2) are classified
and explained in [46]. They are labelled by two integers m and n and the three central
charges satisfy the BPS condition C? — PK = (n + m + 1)?/4. Among them, the ones that
play an important role in N' = 4 SYM are

(m,n) = (m,0) : symmetric representations,

3.17
(m,n) =(0,n) : anti-symmetric representations. (3.17)

The most special case (m,n) = (0,0), or more precisely (0, 0) ® (0,0) since we have two copies
of psu(2|2), corresponds to inserting fundamental fields (or letters) of N'=4 SYM into the
large charge state. To make manifest the product-algebra structure, we often express them as

XAA — yAYA (3.18)

where x and x are the fundamental representations of the left and the right psu(2]2),
=L e, X =@ ). (3.19)

The explicit relation between X AA and fundamental fields of A’ = 4 SYM is given by

plo' =X, o'¢P=Y, o' =Y, *'=-X,
YepS = DY Z o ™% : fermion .

(3.20)

Here D% is a covariant derivative in the spinorial notation. Note also that here we are
using an “operator notation” rather than a “state notation” to label the excitations; namely
the “excitation X” means an insertion of the letter X into the large charge operator, and

25Gee lecture notes from G.W. Moore on BPS states and wall-crossing in 4d A/ = 2 QFTs available at
https://static.ias.edu/pitp/archive/2010files/Moore_ LectureNotes.rev3.pdf.
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corresponds to exciting an s-wave of X on S3. Similarly, the “excitation D**Z” means an
insertion of D7 into the large charge operator, which corresponds to exciting Z with a
unit angular momentum on S3.

In the planar limit, the other representations show up as the bound states?® of the
N =4 SYM spin chain. In the current context, we need to know how the excitations around
the large charge “vacuum” decompose into the irreps of the maximally-centrally-extended
psu(2|2)2. There are several ways to see this; either by decomposing the partition function
computed in section 2.4 or by expanding the Lagrangian around the large charge vacuum
as we will do in section 3.2. The result of such analyses is that the excitations decompose
into anti-symmetric representations with a unit multiplicity:

o
(excitations at large charge) : @ (0,n) ® (0, n) (3.21)
n=0

The states with n = 0 correspond to fundamental letters discussed above, while states
n > 1 correspond to excitations with higher angular momenta on S3, such as the insertion
of DX to the large charge operator. All these representations are BPS representations
and satisfy the BPS condition

(D—-J)?—4PK =(n+1)?, neN. (3.22)

Constraining the dynamics. We are now in a position to use the symmetry and the BPS
condition to constrain the dynamics of excitations. Let us first discuss the (0, 0) representation
corresponding to fundamental fields. The action of bosonic generators on the (0,0) follows
directly from the superconformal subalgebra (3.4),

a a 1 a
R% |pe)s = 0clon) s — 50 1¢c)
1
L% |vy)g = 85 1¥8)s — 505 114)7 5
A 1
Tishs = (74 5) 10

j‘soa>J = J"Pa)J

(3.23)

Here the subscript in |e); indicates the background U(1)g charge coming from the BPS
large charge operator. For the action of the fermionic generators, we write down the most
general ansatz consistent with the bosonic symmetry,

Q%lpc) s = adg [a) s,
Q%alty) s = be®ear @b} i1,
S5%lpe)s = ceace™ [y) -1,
Sl ;= doS|pa). -

Since the central charges commute with other generators, their actions are the same for all

(3.24)

the states in a given multiplet. We denote them as,

(D=Dx)s=hix)s,  PX)s=pX)s,  KIX)s =k, (3.25)

26The symmetric bound states correspond to bound states in the spin chain while the antisymmetric bound

states correspond to bound states in the so-called mirror channel. For more explanation, see e.g. the review [83].
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where h, p, k are in principle non-trivial functions of the large charge 't Hooft coupling ;.
To determine their \; dependence, we first impose the (anti-)commutation relations of the
generators to relate them. The result of this straightforward exercise (see e.g. [45]) is,%”

h =ad + bc, p = ab, k=cd,

(ad —bc)? =1. (3.26)

Inverting the above relations, we can then express h in terms of p and k as follows,

h=+1+4pk. (3.27)

We now use the fact that the central charges P and K are field-dependent gauge trans-
formations and their actions are given by (3.13) and (3.15). This fixes the energy of the

ho=1, hy=4/1+16¢2, (3.28)

where the subscripts 0 and + signify the diagonal and off-diagonal components of the su(2)

excitations to be

matrix (see (3.12)). This shows that the energy of the diagonal components is protected
while the energy of the off-diagonal components depend nontrivially on the coupling constant.
In what follows, we often add superscripts to excitations to distinguish the diagonal and
off-diagonal components e.g. x° and x*.

Performing a similar analysis for the other representations following [46], we find their

(0,n—1)® (0,n—1) : hy=n, hy=,/n?+16¢%. (3.29)

Here again, the subscripts are for distinguishing the diagonal and off-diagonal components of
the adjoint fields. As mentioned in the introduction, (3.28) and (3.29) take the same form
as the magnon dispersion relation. This is simply because both are consequences of the

energies to be

representations of the maximally-centrally-extended psu(2[2)2.

3.1.3 Gauge invariant operators and comparison with data

So far we have focused on the spectrum of individual excitations around the large charge
vacuum. To discuss the spectrum of operators, we need to make sure that the resulting state
is gauge-invariant, since each excitation itself is not, as is clear from the fact that it transforms
nontrivially under the action of the central charges P and K, which are field-dependent
gauge transformations.

To build gauge-invariant operators, we have to add particles in such a way that the
total central charges P and K vanish:

PlU); = K[¥); =0. (3.30)

This is the condition imposed also for the spectrum in the planer limit (in which case it is
called the zero-momentum condition see e.g. [45]). Roughly speaking, this condition comes

2"The relation on the second line is the BPS condition. See [45] for more details.
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from the diagonal U(1) gauge invariance which is unbroken in the presence of the large charge
semiclassical state. This is however not sufficient for the invariance under the full SU(2)
gauge group. One way to achieve this is to impose the invariance under the transformation®®

generated by o2, which acts on a field in the adjoint representation as

oaxor = —xT (=P -x), (3.31)

where 7 is the transposition of the SU(2) matrix x. The advantage of using this trans-
formation is that its action on the excitations around the large-charge vacuum is simple; it
simply multiplies (—1) to all the excitations and the background charges Z, and swaps the
excitations xT with x~. This is precisely the “parity” transformation discussed in section 2.2.

As a result, the rules for constructing gauge-invariant operators can be summarized
as follows:

1. The total U(1) charge has to be zero which implies that the number of upper triangular
modes Y+ and lower triangular modes x~ needs to match.

2. For even J, the state has to be symmetric under the parity transformation of all the
fields, x* — —xT and x? — —x°.

3. For odd J, the state has to be anti-symmetric under the parity transformation.

Using these rules, we recover the spectrum of some simple operators studied in the
previous section. For example, let us consider the simplest states in the SU(2) sector with
two excitations. By the rules above, J needs to be even and the only states one can construct
are the following with the corresponding energies

10960); with E =2, |¢]7é7); with E=2/141642. (3.32)

We display in table 2, a list of some states up to four excitations in the SU(2) and SU(3)
scalar sectors. We recover the spectrum of the last section by expanding the results of this
section for small \; (equivalently small g).

A similar analysis can be performed also for the SL(2) sector once we include the
higher representations ((0,n)). As expected, the results are in perfect agreement with the
perturbative analysis in the previous section.

3.1.4 Relation to Poincaré supersymmetry

Before ending this subsection, let us comment on the relation to the Poincaré supersymmetry.
So far we have been discussing the large charge 't Hooft limit, in which the double-scaled
coupling Ay is fixed. If we instead take the standard large charge limit in which the
coupling gywm is fixed, the dynamics is described by the effective action on the Coulomb
branch [18-22, 24-27]. Therefore in this latter limit, we expect that the relevant symmetry
is the centrally-extended Poincaré supersymmetry.

2 Combined with the diagonal U(1) gauge transformation mentioned above, the o2-transformation (which
implements the Zz Weyl group reflection) generates any SU(2) transformation and it is therefore enough to
impose these two conditions.
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sector | # of excitations J state E
9 even 19999) 5 2
oF 61 )s 21/1+ 1697
5 o |696969) 1 3
SU@) |6 6307 ) 142,/1+ 162
BT 1
4 even |67 Y8301 ) 2+24/1+ 16¢°
|97 ¢1 1 ¢1)s 4,/1+ 162
oven |9 93) s 2
) 5 (1676205 + 183 67)) 2./1+ 1692
odd 5 (1670305 — 165 61)7) 2,/1+ 162
wen | vz (16708650 —lerete)s) | 1+2y/1+ 1697
L (16F 6967)0 — lor 8968)s) | 1+2y/1+ 1692
169676%) 5 3
|696369) s 3
3 ad | T leteten)s +loreted)s) | 1+2y/1+ 166
5 (16768650 + loy 69e)s) | 142y/1+ 169
|67 61 69).s 1+2y/1+ 1692
|95 ¢ ) 1+ 2\/@
696969¢9) 1 4
|#9896069) s 4
SUG) |¢?¢8¢8¢§1>J 4
696007 65 ) 2+24/1+ 1697
1696265 65 )5 24+2,/17 1697
6907 61 #9)s 2+ 24/1+ 1692
even |67 61 6999) 2+2,/1+ 1642
5 (1670995 630y + |97 @305 6%)s) | 2+21/1+ 1642
L (167 096005 ) s + |6y 696361 )s) | 2+2/1+ 1602
75 (107 696305 ) + 167 696967 )s) | 2+24/1 + 169°
L (670t 036300 + 107 676503)0) | 4y/1+ 1602
o1 &1 63 &3 ) 4,/1 + 1642
1 L (167017030 +107 670 63)s) | 4/1+ 1602
L (1670367070 +107 6305 63)5) | 4y/1+ 1662
25 (1676305 98)s — o7 @003 68)s) | 2+24/1+16
L (167 96807 ) s — 167 996T) ) | 2+24/1+ 169
== (167 636307 )y — 167 #36965)s) | 2+24/1+ 1692
odd | J5 (16767 63 05 )s — loy o7 65 9)s) | 4y/1+ 169
L (1670 070300 — 1676767 65)a) | 4y/1+ 169
25 (1676030500 — 1 6365 03)a) | 4y/1+ 16

Table 2. This table presents the spectrum of states for the dilatation operator, showcasing the
dependence on the large charge 't Hooft coupling at leading order in the large charge expansion. The

analysis focuses on the sector involving two complex scalars.
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To see the relation between the two explicitly, we carefully take the limit of anti-
commutation relations of the maximally-centrally-extended psu(2|2):

0 b shra. o saph o sbsa (D =)
5%, Q%) = 0, L% + 65 R0 + 0005 ~——5— (3.33)

{Qaav Qb,ﬁ} - Gabeaﬁp7 {Saaa SIBb} - Eabea/BK .

In the standard large charge limit, the eigenvalues of D—J, Pand K all go to infinity as
o V/J. Therefore, it is more natural to rescale the generators in the following way:

Q% = JY*Q%, 5% =J4Q%, D;J:\/jpo, P=VJZ, K=+JZ. (3.34)

After this redefinition, the anti-commutators become

{Qaa ) Qbﬁ} = 5a’b6a73P0 )

_ _ _ 3.35
{QaaaQbﬂ} — eabeaﬁz7 {an'meﬁ'} — Eabedﬂzv ( )

which can be identified with the anti-commutation relations?’ for the centrally-extended
Poincaré supersymmetry. In addition, the BPS condition for the maximally-centrally-extended
psu(2]2)? (3.22) becomes

(D—J)?—4PK =(n+1)? — Py=|Z], (3.36)

which coincides with the BPS condition of the extended Poincaré supersymmetry. Note
that the representation index n disappears from the BPS condition upon taking the large
charge limit. This is a reflection of the fact that the entire tower of (0,n) ® (0,n)’s combine
into a BPS single-particle representation on the Coulomb branch. We will see this more
explicitly in section 5.4.

3.2 Recovering the leading large J spectrum from semiclassics

In this section, we will recover the previous results from a simple semiclassical analysis. In
particular, we will derive the relation (3.28).

It proves useful to study the theory on the Euclidean cylinder S x R, by a Weyl rescaling
of R*. We profit from the state/operator map, and consider the insertion of large charged
states created by the action on the vacuum of TrZ” and its conjugate at 7 = —oo and
T = 400 respectively. As we have explained, these states break a particular R-symmetry
subgroup U(1)p C SO(6)r and are protected by supersymmetry so that A = |.J|. The full
superconformal subalgebra preserved by this setup is (3.4). The longitudinal direction of the
cylinder provides an additional isometry corresponding to time translations and the energies
of the states are equal to the conformal dimensions of the operators in flat space. Therefore
the combination H — J (where H is the time-translation generator) is preserved by these
states, a situation that finds parallel in a superfluid state carrying a finite homogeneous

29Here we only have Py on the right hand side of the anti-commutator of Q and Q. We can see the other
components of translation generators by rescaling L%z and L% 4 so that the three of the six generators survive
in the limit. This is a standard Inonu-Wigner contraction of so0(4) ~ su(2) x su(2) to iso(3).
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charge density on the 3-sphere, namely p ~ J/L? [4], with the crucial difference that the
energy density in this case is vanishing by supersymmetry. The SYM path integral is now
performed with the boundary conditions set by these states and in particular the trajectories
reflect the same symmetry breaking pattern discussed in the previous section. In the large
charge limit, one expects a particular semiclassical trajectory to dominate the path integral.
To see it explicitly, we notice that performing the path integral with insertions is equivalent
to compute the partition function with the effective action

Seff = —5— [/deflsg Lar—q4 — )\— log (TrZQ)( T=—00,{) — % log (TI‘ZQ)<T:+OO, Qg):| ,

ey
(3.37)
where we bring the insertions into the original action, thus modifying it, and we have used
the metric on the cylinder as ds? = dr2 + L2dQ§3. We see that the whole effective action

is of order g% > 1 when A is fixed, which justifies a semiclassical approach. The effect
YM

of the insertions is to source a nontrivial profile for the fields Z and Z determined by the
saddle point. In order to find the saddle, it is convenient to expand these fields in terms
of spherical harmonics on S3,%°

209 = S+ 3 (V). (3:39)
77 k

where we have introduced a collective index k = (k,I) which comprises the spin k£ and
polarization I and the sum in k entails a double sum running over £k = 1,...,00 and
I =1,...,(k+1)? Since we are focusing for now on operators that preserve the full
isometries of S?, we consider only the lowest spherical harmonic (or s-wave) z(¢) and later we
will add higher spherical modes which correspond to excited states from operator insertions
with derivatives. At leading order in the large J limit, only the quadratic part of the action
is relevant and when restricted to the s-wave, it reads

S = 2L3 /dT {Tr (zz + zz) 2)\1‘/]3 <log (Trz ) O(t —71) + log (Tr52) 5(1 — Tg))} ,
(3.40)

with the limit 7 — —oo0 and ™ — +00. The second quadratic term inside the trace arises
from the conformal masses due to the curvature of the sphere. As in the previous section, we
partially fix the gauge by considering diagonal fields, z = diag(zo, —z0) and z = diag(Zzy, —Z2p).
We then have the stationary equations

- 1 A1
20 — 7520 + %*5(7 —7) =0,
L L 20 (3 41)
. 1 Asl '
z20 — ﬁZO + ﬁ;()d(’r - Tl) =0,
39The spherical harmonics are normalized by
13 dsxf }/b(,dldr)/deIdl' (Skm ) (338)

L

k(k+2) Yk

scalar *

with g, being the metric on a 3-sphere with radius L and obey V?Y,

scalar
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which are solved by3!
20 = ke TIT , 2o = Re LIl , (3.42)

with the constraint Kk = ;‘TJQ ¢TI =7l The fact that only the product ki is fixed reflects the
invariance of the action under the rescaling z — az, 7 — o~ 'z. In appendix B, we derive
the stationary solutions zg, Zy directly in the flat space R* which are related to the above
by a Weyl transformation (see around (B.4)).

Scalar excitations. We now consider excited states obtained by inserting other scalars
on the background created by TrZ”. In the discussion that follows, we will add a single
additional scalar field X, but there is no obstacle to adding more. Technically, the steps
are analogous to the Higgs mechanism in which the field X acquires a mass term from the
interactions with the nontrivial background Z. The interaction between these two fields
in the original N/ = 4 SYM comes from the scalar commutator terms of the Lagrangian.
We can write the scalar field X and its conjugate as a matrix as in (3.12), expand each
mode in spherical harmonics as in (3.39)

X(t,Q) =

scalar ) (343)

Restricted to the lowest spherical mode, the quadratic part in X of the action becomes

3
Squad = 2L /dT {23: P+ rtet i + %xoxo + é (1 + 1692) (:E+x+ +fx)} )

(3.44)

We identify two type of modes with distinct masses. We have massless or diagonal modes

2¥ and its conjugate which do not get perturbative corrections to their mass given by

(mo)? = 1/L2. In addition, we also have massive or off-diagonal modes x* and their

conjugate whose mass is given by (m+)? = (1 + 16¢%)/L?. Translating into conformal

dimensions, we see that each massless and massive mode contributes

Ap=1, Ay =+/1+16g2, (3.45)

to the total dimension of the operator at leading order in 1/.J. This is consistent with the
findings of the previous section, see (3.28).

Spinning excitations. In order to study operators with spin we keep higher spherical modes
of the complex scalar in (3.43). The modes with index k correspond to states transforming
in the representation (k/2,%k/2) of so(4) = su(2) x su(2) and in flat space, they amount to
operators obtained by adding derivatives, which we can schematically write as

Oy~ Tr(DFX) 27 (3.46)

The corresponding polarization is specified by the index I in (3.39) that can take (k + 1)?
values. In order to write down the action for the higher spherical modes, we decompose

3Tn deriving the solution, we use that 81gn( ) = 20(z).
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them into diagonal modes denoted by wﬁ and off-diagonal ones denoted by xf, and in terms
of these, the quadratic part of the action reads

213 ) ) )
Suwna = =~ 3 [ dr |20l + Gt +
Mk (3.47)
+ 2 (mok)*Tpay + (my k) T ol + (mo k) Tery |

where the masses are given by

(moy)* = W, (myy)* =

2 2

(k + l)LQ—i- 16g ' (3.48)
These masses translate into the conformal dimensions of operators made out of the corre-
sponding modes by (1.9). To draw a comparison with the leading order spectrum found in
section 2.3, we start by recalling that the excited states in that sector are formed by adding
light-cone derivatives to the vacuum fields Z, as shown in (2.28). Adding a derivative to
a vacuum field Z is a simple excitation, similar to adding a complex scalar X, and carries
the same value of the central charge C, see (3.2). Thus simply by adding more derivatives,
we can conclude that

C|l...(D*1'z)...); 1 =C|...D*X ...); (3.49)

We can then decompose the field D¥Z into its diagonal part which we denote by zﬁ and
off-diagonal zlf and they contribute to the anomalous dimension with

Ag=Fk, Ay=/k?+16g2, (3.50)

respectively, in agreement with (3.29). The comparison with the perturbative results now
follows in a straightforward manner. We add excitations such that the resulting states are
neutral under the U(1) gauge charge which requires the off-diagonal modes zljf to be added
in pairs each one carrying an energy (3.50) and at leading order, the correction in energy is

2
A:ll;loop _ 8i

i (3.51)
precisely matching (2.38). The degeneracy observed in that section follows from the distinct
ways of adding modes at the cost same energy cost. For example, let us consider the spin 4
states. We can obtain states by adding modes up to spin k = 4 while keeping the state neutral,

see table 3. The data obtained here is in line with the perturbative analysis of section 2.3.

4 Operator spectrum at order 1/J

The coupling constant of the effective theory around the non-trivial vacuum generated by the
large charge operator scales with 1/J. The reason is obvious: with a canonically normalized
effective Lagrangian, the interacting terms are of order 1/v/J (Yukawa terms and gauge
interactions) or 1/J (purely scalar terms and gauge interactions). This produces an expansion
in 1/J for the anomalous dimensions which is a nontrivial function of A\ at each order. In
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state A—-J weak coupling

|z 210 217 20) s 4 % /1+ 16g7 4432% 1 ...
23 23 )2 2 x /22 + 1647 4+8¢2+ ...
e | VITTE+ JEIIoE |44 2E 1.
202021 21) -4 2 +2/1+ 1697 4+16g%+ ...
2821 21)s-3 24+ 2/1+ 1642 4+ 160% + ...
|Z?Z[_12£>J—3 14+ /141692 + /22 + 1692 | 4+ 12¢% + ...

Table 3. Eigenstates and respective spectrum for spin 4 states. Note that each excitation is labelled
by the pair k = (k, I) but since we are projecting the derivative into a light-cone direction we keep the
polarisation index I fixed for all excitations and omit it here. The symmetrized and anti-symmetrized
combinations showing up above reflect that we keep only parity even states as explained before for
the case of pure scalar states.

this section, we will be interested in determining the first subleading term in the expansion in
1/J (which we may call the one-loop correction) exactly in the large charge 't Hooft coupling.
We start by evoking again the maximally-centrally-extended symmetry (3.7) and study how
it constrains the dilatation operator and afterwards we complement the analysis by some
perturbative computations from semiclassics.

4.1 Constraints from centrally-extended symmetry

It is natural to expect that the maximally-centrally-extended symmetry (3.7) which fully
constrained the one-magnon energies (up to the coupling constant redefinition) is also powerful
in determining how they interact. In fact, such symmetry was put to good use in the large
N limit of N' = 4 SYM in that it fixed the two-magnon dynamics in the spin chain. For
example, in [82] the symmetry completely constrained the one-loop spin-chain Hamiltonian
of a large compact subsector that included su(2|2) (even without using the central extension)
and in [45] the two-magnon scattering matrix for asymptotically large spin chains was also
completely determined up to a global phase.

In our current problem, we aim to fix the dilatation operator using the same type of
arguments. The superconformal generators (3.3) and (3.2) receive corrections of order 1/.J,
and demanding closure of the algebra (3.5) at this order should constrain them. In this
section, we focus on a single copy of psu(2]2) C psu(2[2)2. However, extending the results
to the entire algebra should pose no difficulty.

In order to reduce the space of parameters that the generators can depend on and therefore
make the computations easier, we take advantage of the following simple considerations.
Since the bosonic subalgebra of psi(2|2) does not get deformed at loop level, it is convenient
to write down the generators in a manifest su(2), x su(2), invariant way. Moreover, their
form should also be compatible with the interacting part of the Lagrangian of the effective
theory. The interactions involve either three fields at order 1/v/J (in the case of the Yukawa
and gauge interactions) or four fields at order 1/J (for the pure scalar terms and gauge
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interactions) from which we expect a generator G to have an expansion of the form

~ 1 .
G = Z WGk/z(QQ) . (4.1)
k=0

At each order k, the perturbative correction G‘k /2 can have at most k + 2 external legs. This
means that up to order 1/J each generator can be built out of at most four external “legs”.
In a basis of states for which the classical dimensions are preserved by the interactions, this
implies that we can have at most pairwise interactions. This is of course consistent with the
magnon picture found previously in the weak coupling analysis of section 2.

With these constraints it is straightforward to write the most general ansatz for the
generators at one-loop. We begin with the dilatation operator D. Clearly at order 1/ V/J there
is no possible term we can write compatible with su(2), x su(2), symmetry and preserving
the classical dimension. The lowest perturbative correction is therefore at order 1/J and
we have for one-particle,

Dylgmyy = Ar o),

R (4.2)
Dy |3y = B |vdt) g,

where the coefficients A; = A, (¢%) and By = By, (¢9%) are generic functions of the large
A

T672
On a two-particle state, the transitions should preserve the U(1) gauge charge (besides the

charge 't Hooft coupling g% = but we will omit this dependence to simplify the notation.

global J charge) and together with the requirement that the classical dimension is not modified
by the interaction this forces the gauge indices to be at most permuted. We can then write

Dy ¢ ¢y?)g = (A1 + Ag + Cyaz) |60 64') s + Dz |90 04" ) g

+ Ejaz €ap €’ [0 5) 1
Dy ¢ i2) s = (AL + Ba + Fua2) |80 ¢002) 5 + Gz |62 00" ) s (4.3)
D, [ 5?) g = (B1+ B2+ Hy2) 0o 5?) g + Lz [Wav5) g

+ J112 €08 | g ) g1

where again we have used a shorthand notation for the two-particle coefficients, for example
Cii2 = Crmime (gz). Our analysis at one-loop has revealed that the anomalous dimensions
of multi-magnon states depended on J in a discrete way. As seen in formula (2.25), the
dimensions of the operators for a given number of magnons vary for different parities of J.
To account for this difference, we have added an extra index J to the two-body interaction
coefficients and a generic coefficient ¥ ;1o satisfies a parity condition

Y2 = Y4212 (4.4)
for any J. It is important to note that condition (4.4) is an assumption based on lower loop

perturbative data. It would be important to further verify its validity through a more robust
perturbative analysis and to gain a deeper understanding of its origin.
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Let us consider the superconformal generators Q%, and S¢,. Once again there is no
term one can write at order 1/ V/J,32 and we have for the one-particle loop correction

“ald]) = CLafluE)

[ ):Dle Peasldy) i (4.5)
S, |¢) > = 6abeaﬁwjml> -1
S%lwg") = C18g107) s,

where C' and D are in principle independent coefficients from C and D and not necessarily
their complex conjugates. The action involving a pair of magnons can be written as

“aldy o) g = 0 (K2 |02 va ) g + Lz |60 ¥a%) )

+ &g (MJ12 9y a?) g+ (Mya1 + Ly — Kji12) |6y 90) )
+ €pe €T (Ny12 |72 5 + (My12 — Kjo1 — Nyon) |00 0m2) )
+ C10y |97 e ) + C2 Og By V)

ey U = 07 (Oa [BE 0 + Praa [00205") )
+ €ap € (Qra2]dy &) g41 + Rutaloy ™) s+1)
+ C1 0 [ 52) 1 + Da€ag o 61%) 11

U [PRIPI2) ;= €?eap (SJ,IZ [ FER I S AT !(ﬁ;r,m%mhﬂ)
+ ey (UJ,12 95 25" ) g1 — (Sui2 + Ty + Ug2n) \¢ZL1¢Z”>J+1)
+ €Pepy (Vraa |67 ™2 o1 + (Vior — Syo1 — Ugi2) |67 141)

+ Dy eab6a6‘¢?1¢;n2>t]+l — Dy fabfaw \¢?2¢?1>J+1 .
(4.6)

The coefficients K ;12 to V12 are unknown functions of the 't Hooft coupling. In this ansatz,
we have implemented the su(2), x su(2), invariance which justifies certain odd looking
combinations of the unknown coefficients. The last line in the r.h.s. of each equation arises
from the one-particle loop correction. We can write down a similar expression for the action
of 5%, on a two-particle state,

Sl 602 = €ane®” (Sunz 6805 ) -1 + Tuaolél 651 )
+ €qc€®” (UJ,lz [Py 52 ) -1+ (-31,12 + Tyo1 + UJ,Ql) \¢Zn2¢7ﬁnl>kl)
+ €pec™” (VJ,12 |6h g ) g1 + (SJ,21 A VJ,21) |¢?1¢?2>J—1>
S% |y 5*) s = o5 (OJ,12 6y da'2)g + Priz |¢?2¢?1>J)
+ €7 €ap (QJ 12/ ?) 1 + Ry, 12\1/)?2%0}3”1%71)
+ C165 |y ¢2) g + Do €7 €ab| VY P52 ) g—

32Note that even though in the original N’ = 4 SYM we have terms of order gym for these generators, for
example Q|Y) ~ gym|Z¢), such O(gym) transitions involve Z fields which are enhanced by a factor of v/.J in
the large charge limit.

— 38 —



8% W m2) s = 05 (K oz |60 42) s + Lyaaloiay™) )
+ 6 (MJ,12 |pa" gt )g — (MJ,21 + K2 + EJ,Ql) |¢Z“1/JZIQ>J)
+ e5,€?? (NJ,H |pns™) g + (MJ,H + Nyo1 + f_fJ,m) !¢?2¢?1>J)
+ G105 |5 l2) g — CadS|on25 ) g

A further constraint arises from the requirement that the theory is exactly symmetric under

(4.7)

charge conjugation, as discussed in the previous section. The action of charge conjugation
on a two-particle state is defined as

PN x5 = (D™ xe ™), Xi2 = aYas (4.8)

and we require [3, Gk] = 0. This reduces the number of unknowns by relating coefficients
with opposite U(1) gauge charges.

The algebraic relations impose strong constraints on the coefficients of the one-loop
dilatation operator. For the one-particle energies, it reduces to a single independent coefficient
function A_(g?) due to the following conditions

Ag=0, Ay =A_, Bp=A4, with m=0,+. (4.9)

For two-particle states involving at least one massless particle, we also obtain a single unfixed
coefficient function

Dy |X(1) X(2)>J =0, X1,2 = GasVa,

. (4.10)
DI xs)s =(A-+Fr0) XIx3") s, x12 = bar Y

where the coefficient F); 1 (¢%) remains as the only unknown leftover. On a pair of massive
particles, we obtain instead

(A_+ Fy—1) |0 )+ Gy |07 07 ) s
(2A_+Fj_y) Wii/{?gch +Gy—+ Wi(/’g)J
(2A_ +F;_4) \ﬁ@/};b +Gy—+ ’¢;F¢§>J
(2A7 + FJ,——) IXTXZ )

Dy |¢Eof)
Dy [z F)
Dy |¢av)s
Dilxixa)s

(4.11)

where the coefficient F’ J,—— is given in terms of the unknowns defined in the ansatz (4.3)
by the combination

Fj__ =F__+Gj__. (4.12)

Our analysis of algebraic constraints revealed that the transition between a pair of scalars
and fermions, governed by the coefficients ;12 and J;12, vanishes. This can be attributed
to the assumption made in condition (4.4). While our findings are consistent with the data
in section 2, it is important to note that this particular type of transition has not been
probed by our perturbative analysis and further higher loop calculations are necessary to
confirm the validity of this result.
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Representation theory. We want to understand these results from the point of view
of the representation theory of the centrally extended psu(2|2). The dilatation operator
we just constructed is one generator of the extended algebra and corresponds to one of
its central charges that was previously called C. We have expanded each generator in the
parameter 1/J which serves as a “quantum” parameter in this context. The first quantum
correction to the dilatation operator that we have denoted by Dy is in fact invariant under
the tree level algebra, that is

[Dy = J,Go] =0, (4.13)

for any tree level generator G of psu(2(2). Hence Dy — J is an invariant operator under the
(tree) psu(2]2) algebra acting on a tensor product of two fundamental multiplets. On general
grounds, we expect the number of degrees of freedom of such operator to be in one-to-one
correspondence to the number of irreducible components in the tensor product.

We recall that each fundamental multiplet is characterised by the triplet of central charges
C= (C, P, K) obeying the shortening condition, see the discussion in section 3.1.2. As before,
we denote the fundamental representation by (0, 0),, where we included the subindex m = +,0
that stands for the U(1) charge. We therefore have three distinct cases

(0,0)+ ®(0,0)4, (0,0)+ ®(0,0)—, (0,0)+ ® (0,0)9 (4.14)

with all other possibilities related to these by parity.
In the first case (0,0)1 ® (0,0), we have that the resulting central charge of the tensor
product is C" = (2C4,2P;,2K ) and it obeys again a shortening condition

c?=1. (4.15)

This means that there are in principle two eight-dimensional short representations in the de-
composition of the tensor product. The states in these two representations can be constructed
explicitly as follows. Let us denote the fundamental representation as

XA = <ZZ> : (4.16)

where for the moment we have omitted the gauge charge index and A is a super-index that
runs over the bosonic and fermionic components A = (a, «). The first eight-dimensional irrep
is built by symmetrising the super-indices in the following way

lsym) s = |xaxs)s + (=D)AIB | xpxa) s (4.17)

with | e | denoting the corresponding grading. The second is obtained instead by anti-
symmetrising the super-indices as

lasym) s == |xaxs)s — (=D)AIBxpxa)s. (4.18)

Since the particles are commuting or anti-commuting depending on the component, this second
representation is trivial. Therefore, there is only one non-trivial irreducible component in the
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decomposition of the tensor product of (0,0)4 ®(0,0)+ and therefore we expect only one degree
of freedom. This degree of freedom corresponds precisely to the coefficient function F A

We now consider the sector of states obtained from the tensor product (0,0)4 ® (0,0)_.
In this case, the total central charge,

C'=(Cy+C_,Py+ P Ky +K_) = (2C4,0,0), (4.19)

does not fulfill the shortening condition, resulting in a unique, sixteen-dimensional long
multiplet. However, as previously noted, when dealing with massive particles of opposite
charges, we can construct two distinct sets of states with different quantum numbers under
charge conjugation, depending on the parity of J. As a result, we expect to find two
distinct copies in the tensor product (0,0); ® (0,0)_. This is why we anticipate two degrees
of freedom in this tensor product, which explains the presence of the two undetermined
coefficient functions F;_4 and Gj_.

We observe that the tensor product (0,0); ® (0,0)¢ results in states with total cen-
tral charge

C'=(Cy +Cy, Py + Py, Ki 4+ Ko) = (Cy + Co, Py, K ), (4.20)

which again does not obey a shortening condition and results in a single long multiplet. In
this case, there is only a single degree of freedom corresponding to the unfixed function F)j _1g.
We have finally narrowed down the problem to five unknown coefficients

{AfaFJ,——HGJ,—+7FJ,+07FJ,——} . (421)

These coefficients can be determined through a one-loop computation in the effective field
theory. In the following discussion, we will perform a partial analysis and determine some
of them.

4.2 Constraints from semiclassics at one-loop

We now turn to the computation of some coefficients of the previous section and compare
them with the perturbative data from the first section.

The effective action which we will use is obtained by expanding the N' = 4 SYM
Lagrangian around the classical profile Z of the elementary complex scalars Z and Z sourced
by the large charge operators,

0
0 —zy

250
Z=2Zg+0Z, Zy= N , (422)

where §Z denotes the fluctuation around the saddle point and similarly for Z. In section 3.2,
we analyzed the leading semiclassics on the cylinder R, x S3. Here we find it convenient
to work directly on the flat space R*. The diagonal entry zgl is a nontrivial function of the

large charge 't Hooft coupling and fixed by the saddle point equation. This computation

is given in the appendix B and the answer is3

ei¢|x1—$2\ AJ ~ e_i¢|$1—a:2| AJ
Clnznl [N = ol [ (423)

0 _
za®) 2|z — x1|?

T o — )2

33They are related to (3.42) by a Weyl transformation.
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Figure 5. The figure displays the complete set of diagrams involving external scalars. The single
(double) line represents the propagation of massless (massive) scalar modes and the single (double)
coiled line denotes the massless (massive) gluon propagator. The blob amounts to the sum of all
self-energy diagrams.

where 12 are the location of the operator insertions and ¢ is an undetermined phase which
reflects a symmetry of the saddle point equation and it will not play any role in what follows.

We aim to study the one-loop correction to the two-point function of large charge
operators with impurities. This calculation poses significant challenges compared to the
analogous computation in the original N'= 4 SYM. Firstly, we must contend with massive
fields whose mass has a non-trivial kinematic dependence given by

|21 — a2]?

m?(x) = 8|29 = AJ- (4.24)

m2|x — x1]?|r — 22)?
This makes even the computation of propagators more complicated. Secondly, there are
additional vertices that couple massive and massless particles induced by the background
field, for example, new cubic couplings for scalars and additional scalar-gluon interactions.
Thirdly, the mass terms are not diagonal in the flavor indices and there is a quadratic term
coupling scalars and gauge fields. To make the computations feasible, we need to bring
the quadratic part of the action into a canonical diagonal form. These are three important
differences that make the one-loop computation significantly more challenging.

We have determined the scalar massive propagator in the appendix B, and fermion and
gauge field propagators are computable by similar methods. We also strongly benefit from
the symmetry analysis of the previous section, which reduces the number of graphs to be
analyzed. For example, processes with external fermions are completely determined in terms
of processes having only scalars as external fields. We display in figure 5, all the diagrams
involved with external scalars. For our purposes, we will only determine a few of those
diagrams. The third point is the most technically involved and will be left for future analysis.

From diagrams to coefficients. In order to read off the undetermined coefficient functions
of the previous section, we have to extract the logarithm divergence of each of the Feynman
diagrams above. In this paper, we will restrict ourselves to the diagrams with four external
massive legs, namely the ones represented in IV and V in figure 5. Those will be enough to
fix three out of the five unknowns of the previous section namely F;_,,G ;4 and F A
The constant A_ is fixed from the self-energy diagram I and the interaction of a massive
and massless particle mediated by Fj o is determined by the remaining diagrams. These
diagrams involve exchange of intermediate massive virtual particles which are technically
harder to deal with.
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The diagrams IV and V are simple to compute from the effective action and we display
the result here while leaving the details in the appendix C:

xT y*t x~ yT
R _ 2 1 4 4 N __ 44X 1 4 4
G = == —5 (2m)% |21 — 22" X122 Ga = = 35— (2m)" 21 — 22" X122
1424 1+24

Q,'+ yi .'IU+ U_

zt y*
G3i = = :F% 1)\J (27T)4|:L’1 — 1122‘41111113—»%1 (92 . 84H12734 .

1+ﬁ Ta—+T2
xT yt

The double line corresponds to the massive scalar propagator and the coiled line represents
the propagator of the massless mode of the gluon field. The functions X234 and Hi 34 are
standard integrals with four external legs defined in the appendix C and the repeated label
in X means taking a colliding limit of the respective points.

The coeflicient functions are obtained by combining the above integrals as follows

— 1292 2 4
FJ7_+ = (Gl + Gg) ‘10g = _TwQQ ~ —129° + 1929 + ...
Gj—+ = (Go)| ——8792~—82+1284+ (4.25)
J—+ = 2] |15g T 141602 g ) :
20g>

=——2 _ ~20¢%—320¢" +...

Fie = (614G ) e = 5 +16¢2

where we are extracting the coefficient of the logarithmic divergence of the respective integral
(and also factorizing out the tree-level respective contribution).

Comparison with data. We can partially fix the coefficients of the dilatation operator
obtained in (4.11) by using the perturbative data summarized in table 1. The result is

Fy_+2A_ ~ 24¢% 4 . ..
Fj 0 ~ —8g% + ... (4.26)
Fj__ —2A ~—16¢*+...

which is fully consistent with the effective field theory computation (4.25).

5 Higher-point functions with large charges

In this section, we will analyze correlation functions involving two large charge operators
(referred to as “heavy”) and additional operators with small charges. In these examples, the
n + 2 correlation function of two operators O of large U(1)g charge J and n small charge
operators O;, with m = 1,2,...,n are obtained in the large charge 't Hooft limit as the
n-point function of O;,, computed with the effective action (3.37),

(01(0)0;, (1) ... O, () O 5(00)) = (J|Oy, (1) - .. Os,, (x0)|])

't Hooft (51)
Lt 05 (1) . Os, (0))ett
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where the heavy state |J) is defined in radial quantization as O;(0)|0). We will focus on
two specific examples: the first is the three-point function of the Konishi operator with two
heavy half-BPS operators, while the second is the four-point function of two light half-BPS
operators and two heavy half-BPS operators.

Before delving into the computation, let us summarize some basic facts about the half-
BPS superconformal primaries in A’ =4 SYM in order to set the notation. The single-trace
half-BPS superconformal primary operator of A = J € Z>5 is defined in terms of the
adjoint scalars ®; by

Sy(z,Y) =tr(Yl®))! (5.2)

where Y is a null SO(6)p polarization vector. The stress tensor multiplet is generated by
the primary operator Sy. As discussed in section 2, when the gauge group is SU(2), Syso
can be expressed as products of Sy using the trace relation. Therefore, below we use the
following basis of half-BPS operators from the multi-trace operators, which will play the
role of the large charge heavy operators in (5.1) at large J,

Os(z,Y) = Ny (Sa(z,Y))? | (5.3)
where N is a normalization needed to make the two-point function unit-normalized.

5.1 Resummed ladder integrals and worldline instantons

Before discussing the correlation functions, let us study the propagator of a massive particle
around the large charge background which will play a key role in the discussions below.

Massive propagator. The propagator of a massive particle can be computed by expanding
the N’ =4 SYM Lagrangian around the large charge semiclassical solution. As shown in [9]
and reviewed in appendix B, the result can be expressed as a sum of conformal ladder integrals

2
9ym >
=M ¢ 4
G(:I:lamQ) 871'2’3312’2 (sz)7 (5 )
k
tz2) =Y (~4%) (1= 2)(1 - 2)FP(z,2). (5.5)
k
Here F*) is a k-loop conformal ladder integral (see (1.6))
) 1 [N (=) 2k =) ) _
(k») - r . T
FY(z,2) = PO L;) RI(E— )i (log(zZz))" (Ligk—r(2) — Ligg—r(2)) | , (5.6)
and z and z are the conformal cross ratios®*
233 23yl
2Z = 54 33 , (1-2)(1-2)= %2 34 , (5.7)
13724 13724

and w34 are positions of insertions of large charge operators. The vertical lines in the
figure of (1.6) correspond to background scalar fields produced by the large charge operators

34Note that here we adopted a non-standard definition of the cross ratios. The main reason is to simplify
the expressions appearing in the heavy-light OPE.
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while the horizontal line corresponds to a probe scalar propagating in the presence of the
large charge background. This is precisely the resummation of ladder integrals discussed by
Broadhurst and Davydychev [47] but direct physical applications were missing. It is worth
emphasizing that the large charge 't Hooft limit provides a physical setup for this quantity.

A similar but different resummation of the conformal ladder integral shows up in the
integrability approach to the four-point function [50] in the planar limit. Taking inspiration
from it, one can rewrite (5.5) into the following integrability-like representation,

oo, 7) = (1—z )(1— z) Z/OO du a sin(ay) _giue 58
#2) = mid g sin(p) )

where €'¥ = \/2/Z and e~ = y/2Z. An alternative representation of the massive propagator
was found in [47] by using the integral representation for the conformal ladder integrals:

t(z,2) =

(1—2)(1—%) [ smhtJ0<4g\/t2—J)
e B |

Amusingly, the expression resembles the one that appear in the octagon form factor [84-93]

(cos ¢ — cosh t)? (5:9)

(see e.g. (1.31) of [86]), which computes the correlation function of four large charge operators
in the planar limit.

Strong coupling expansion and worldline instantons. At strong coupling Ay > 1,
we will find below exponentially small corrections of order O(e_#m) to the propagator,
which can be interpreted as coming from worldline instantons from the virtual propagation
of massive W-bosons.

In order to see this explicitly, we first perform the integral in (5.8)

—oy/a?+169° sin(aap)
Va2 +16¢g2 sin(p)

As we will see later, this can be interpreted as a conformal block expansion in the heavy-

Kz 7) = L2 1 —2) Z (5.10)

light channel. In order to obtain a strong coupling expansion, we now convert this into the
conformal Regge representation [94]. First we split asin(ay) into two terms (ae’® —ae~"%%) /2i
and convert the sum over a into an integral using

1ap —tapu ueigo'u,
Zae o — % dul — 627”,“ 5 — 2@6 o — f(;i dUm.’ (511)

where C; (C_) is a contour that encircles positive (negative) integers on the real axis. As
a result, we obtain

t( 7) (1 - Z)(l - 2) p wetPu efow/u2+1692
2,2) = —— P2 74 u ‘ )
z2—Z coue. 1 —e?m | /yu2 4 1642

We then deform the contour so that it encircles the branch cuts [4gi, ioo] and [—4gi, —ico].

(5.12)

Each contour can be decomposed as

Ci = £[ico — €,4gi — ] UCE U £[4gi + €, ic0 + € (5.13)
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where CF are infinitesimal semicircles of radius € centered on +4gi which connect the two
semi-infinite lines. As ¢ — 0 the contribution of the two semicircles vanishes and we can
combine the remaining four semi-infinite line integrals composing C+ UC_ into a single integral

(1-2)(1-2) /i‘x’ du 2iu sin(u(m — ¢)) cosh(o/u? + 16g2)
z2—z dgi sin Tu Vu? + 1642
_ (=9 -2 (—2i0, )/OO dzx io: (e*49$(2ﬂn+so) + e*4gw(2ﬂ(n+1)*¢)) cosh(4go V1 — z?)
P L L -2
(5.14)
where in the second line we have changed variables with u = 4gix, and rewritten the integrand

t(z,2) =

as a series expansion around the strong coupling regime (assuming 0 < Re(p) < 2m).
Performing the integral, we arrive at the following expression for the massive propagator,

(1—2

t(z,2) = Z W(p + 2mn) + W (21 — ¢ + 27n), (5.15)

where W (x) is given in terms of the modified Bessel function as below,

4gx K1 (4gvV a2 + o2)
sin(z)vVaZ+ o2

To our knowledge, the expression (5.15) has never been written down in the literature,

W(z) = (5.16)

and it makes manifest the structure of the propagator at strong coupling: each term in
the sum in (5.15) can be interpreted as the contributions from the worldline instantons®?
(see [10, 27, 95] for other setups in which the worldline instantons show up in the large charge
expansion). The integer n counts how many times the worldline wraps the great circle of S?
while the two terms in the summand correspond to different orientations of the worldlines.

The explicit expansion at strong coupling can be obtained straightforwardly by expanding

the Bessel functions,

o5 72 g L2 = 2)

Z—Zz
< Z( (2 + ) VIO (om(n 41) — ) az+<2w<n+1>—¢>2>
> (2 4 )2) (02 + @2n(n+1) - 9))*/*

(5.17)
which manifests the existence of an infinite series of non-perturbative corrections. The
exponential suppression of the resummed ladder integral at strong coupling was pointed
out already by Broadhurst and Davydychev [47], but the analysis here provides a physical
interpretation of such suppression in terms of the worldline instantons in the large charge
background. These worldline instantons come from the virtual propagation of massive
W-bosons of the SYM in the large charge background. Indeed, working on the cylinder
R, x S3, the mass of the W-boson is

(5.18)

351t should be possible to reproduce the expression (5.16) by directly performing the worldline path integral,
but we leave it for future investigations.
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which follows from (4.24) after the Weyl transformation (see also [23, 27]). In the conformal
frame where the large charge states are inserted at 7 = £00, and one of the light operators
at 7 = 0 and the north pole on the S, then the other light operator is located at 7 = o
and at azimuth angle ¢ on the S?. There is an integer family of geodesics in the form
of helices that join the two light operator insertions (see figure 4). The length of such a

geodesic of winding number n in units of the radius L of the S? is either \/o2 + (271 + )2
or \/o2 + (2r(n + 1) — ¢)? depending on its orientation. Putting together with (5.18), this
precisely explain the exponentially suppressed worldline instanton contributions in (5.17).

The resummation of other classes of diagrams in A/ = 4 SYM (the double pentaladders and
integrals arising from the negative amplituhedron geometry) were discussed recently [96, 97]
and a similar exponential suppression was found at strong coupling. It would be interesting
to see if these integrals compute some physical observables in the large charge limit.

5.2 Three-point function of Konishi and two large charge operators

We consider here the three-point function involving the Konishi operator O,

4 2 4 2
O = —5—tr (2,®)) = —— (2090 + 207 @7 ) , (5.19)
39yMm 39ym

and two large charge operators of the form (5.3). Here we put the superscript b since
the operator is bare i.e. the operator is not multiplicatively renormalized yet. In the large
charge limit, the massless fields evaluated on the classical background produce the tree
level structure constant

Ok @001 @s)Owalluwee _ 87 [0 gy TTha (5 90
(0(3)05(x4)) 393 J 2m ST Batat,
where the classical solution®® is given by
/ _ 0 Y- —i6 Y,
2m\/2Y34 |z — 23] |z — 24

where 6 is a ‘moduli’ of the solutions that we need to integrate over (see e.g. [4, 98, 99]).

The massive fields on the other hand are responsible for the non-trivial dependence on the
't Hooft coupling. At leading order in J, the non-trivial part of the structure constant arises
from the massive propagator connecting the two massive fields in the limit of coincident points.
The expression of the massive propagator is given in (5.8) and we will consider the case k > 1,
as k = 0 corresponds to a self-contraction of the Konishi operator. We take the OPE limit of
the propagator, where the fields at the positions x; and x5 are brought infinitesimally close
to each other with |x12]| = e. This is analogous to a perturbative point-splitting regularization
for the tree-point function. We can implement this limit in the cross-ratios by

z—1-6, z—1-0. (5.22)

36The semiclassical configuration for Yz = %(l,i, 0,0,0,0) and Yy = \%(1, —14,0,0,0,0) is written down in

the appendix B. Performing the R-symmetry transformation, one can find for general Y3 4.
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2.2
; m;é . From the expression of the conformal ladder integrals (5.6) we obtain
13%14

where §%2 =
the limit

FU =2_2]og4,
(k+ l) (5.23)
NCYCES )C(Zk:—l).

Let us first consider the cases with & > 2 which remain finite as we consider (5.22). Using

F(k‘>2)

the integral representation for the (-function, one can resum the ladders into

_ 0 B o Agw — J1(8gw)
= 3" (—4g2)F P —9 / doy =T~ J11990) 5.24
CK ICZ:;( g7 ) F(z2,2) =2 0 T (w) (5.24)
We then obtain
<O}){OJOJ> J$§4 4892 66[(
= 1-— 1 —logé — . 5.25

In order to extract the structure constant, we need the Konishi operator normalization
given by the corresponding two-point function. At the order we are working, we will only
need the one-loop result because higher loop corrections will only be relevant for higher
terms in the 1/J expansion. It has been observed for example in [100], that the one-loop
two-point function of the Konishi operator for any gauge group SU(N.) does not receive
non-planar corrections. Using this observation and putting together the explicit results for
the relevant diagrams listed in the appendix B of [101], we compute the two-point function
in point-splitting regularization

(OF (1) 0% (x2)) —1_ M (1 —log ( ¢ )) (5.26)

<O})(($1)O})((w2)>tree 472 3312

Thus, the renormalized three-point function reads

oren0 ;0 J 2 24 2 2 Gro — 4 2
(OK"0,07) _ 2$342 1424 log 233342 + 6(CK 9°) (5.27)
(0,0y) 3T{3T7y J 13724 J
From this, we can read off the one-loop anomalous dimension Ax = 2 + g3;A; + - -+ and

the large charge expansion of the structure constant Cx = JCé?) + Cé(l) + C}?)/J + e

484> 3 0)

1 1) 9 /°° 4gw — J1(8gw)
Pl 2 Cyk 5 C 8g° +4g A W

A1 =
! sinh?(w)

(5.28)
The anomalous dimension agrees with the result in the literature [100] while the structure
constant Ck is a genuinely new prediction, which we will study in more detail below.

Weak- and strong-coupling expansions. Let us study the weak and strong coupling
expansions of C’g). The weak coupling expansion follows directly from (5.23) and is given by

C(2k — )D(k+3)

cl) = —gg —16¢%)F . 5.29
+k22 JAT (k4 1) (—16g~) (5.29)
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The series has a finite radius of convergence
As| <72, (5.30)

This parallels the fact that observables in the planar limit has a finite radius of convergence
as a function of the 't Hooft coupling. A physical interpretation of the radius of convergence
will be presented in section 5.5.2.

On the other hand, the strong coupling expansion can be derived by taking the limit,
2,2 — 1 =4, of (5.15) and subtracting the contributions from F(©1. As a result, we obtain

A A 20 &
ol = 27;72 {271; + log <4752)] - TQJ Zl (K2(2TL\/)\J) + Ko(zn\/E)) . (5.31)

The Bessel functions on the r.h.s. are exponentially suppressed for large Ay, and they capture
the worldline instanton contributions. The structure of the result resembles the ones for
the extremal correlator in N' = 2 SCFT. In that case, the coefficient of log \; is given by
the a-anomaly [23]. Here it is instead given by the anomalous dimension of the Konishi
operator as we will show in section 5.4.1

5.3 Heavy-heavy-light-light four-point functions

Four-point functions of BPS primaries O, contain a wealth of information including the
non-BPS operator spectrum that appear in the OPE channels and their corresponding OPE
coefficients. In this subsection, we focus on the four-point function (02020 ;0;) in the
large charge 't Hooft limit.

5.3.1 Four-point functions at large charge

The four-point function (02020 ;0}) is a nontrivial function of the conformal cross ratios
and a polynomial in the R-symmetry polarization,

(O(x1,Y1)O2(22,Y2)O g (23, Y3)O (24, Ys)) =
Vi3YaaY14Ya3 V5 2 [Fi(2, 2)

— + F5(2,2) + aaFs(z, 2z
wlyedatadsey L aa 2(2:2) 12 (5.32)
(1—a)(1—a) I _ o, —2F6(22)
AV o F 1— 1- )22
+ Y (e, 2) + aaF(2,2) + (1 - @)1 - Pt

where Y;; = Y; - Y; and the conformal cross ratios are given by (5.7) while o and & are
the R-symmetry cross ratios
Y14Y23
Yi3Yas '’

_ YoV
Yi3Yos

(1-—a)(1-a)

As we see below, the scaling of F}’s in the large charge 't Hooft limit is non-uniform,

aa = (5.33)
Fias~O0(J%), Fi5~0(]), F5~O0(1). (5.34)

In what follows, we compute the leading term?3” for each Fj in the large charge 't Hooft
limit by evaluating the diagrams depicted in figure 6.

37Since the dependence on the R-symmetry polarization is different, one can easily distinguish the subleading
corrections to JFi,2,3 from the leading contributions to Fs although both can be of order 1.
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2, 2o 0 &

OO e OO
=0 e o (=0 @

Fs (@) Fg (b)
Figure 6. The figure represents the diagrammatics of the four-point correlation function for the
leading term in the large charge expansion. The light operators are depicted as black circles, while
connections to crossed circles indicate the evaluation of fields on the classical solution. The red
and blue crossed circles serve to differentiate between the two terms of the classical solution, see
equation (5.21). The last row corresponds to Fg and we distinguish the massless (Fj (4)) and massive
propagators (F ()) by single and double lines respectively.

Computation of Fy 2 3. At the leading order in the large charge 't Hooft limit, the four-
point function is given by expectation value of the light operators in the classical background,

<02020JOJ> 0(J?) df

(0,0,) §<(92>C1<02>d. (5.35)
Plugging the expression (5.21) into O,
Oy = \}6‘ (52;1) tr (Y - @)%, (5.36)
and integrate over 0, we find
ﬁ<02>d<02>d _ J? ayy l(Y13)2(Y24)2 N 4Y13Y14Y23Y24 n (3/14)2(3/23)21  (5.37)
2 6 (Y34)? 1323 01327423373 21423

Comparing this expression with (5.32) using (0;0;) = (Y3 - Yy)” /2], we find

aq 2z

F J? [ 2z ~
1+F2+aaF3:<Zz+4+aa>. (5.38)
aq 6

Computation of Fy5. At the next order, the four-point function receives a correction
from a diagram in which a massless particle is exchanged between Oy and the remaining
scalar in each light operator is replaced with the semiclassical VEV. See figure 6. Computing
this diagram, we find

(02020,;0,) o) £CC§4Y12 [Y13Y24 . Y14Y23] (5.39)
(0,0,) 3 95%23/34 55%395%4 ﬁﬂ%g ' .
This leads to
(1-a)(1-a) _ _ o ( aa) 2Z2(1 —a)(1 — &
o (Fu(z,2) + aaF5(z,2)) = 3 1+ 7 ) aal = 21— %) (5.40)
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Computation of Fg. Finally at the next-to-next order, the four-point function receives a
contribution from a diagram that includes exchanges of two massless or massive particles

38

between (03.°° This diagram produces the following result

<OQOQO]O]> 0(J% Y122 _\9
— " = —=(142t(z2,2)*) , 5.41
0.0 s, (1+26227) (5.41)
where the first term arises from the massless exchange and the second from the massive
propagator (see also figure 6). From this result, we read

(1-a)’(1-a)

2 Fo _ ((1—(1)(1—&))2zil+2t(z,2)2. (5.42)

a 1-2)(1-2)) aa 3
5.3.2 Heavy-light OPE at large charge

We will now show that the result of the four-point function (5.32) and in particular the non-
trivial piece (5.42) given in terms of ladder integrals naturally manifests the OPE structure
of the four-point correlation function.

General OPE structure. Let us begin by discussing the general structure of the OPE of
two superconformal half-BPS primaries in the [0, p, 0] representation of SU(4) in the large
charge limit. We will be studying the heavy-light OPE channel (s-channel) of the four-point
function for which we take the limit z, 2 — 0. Each term in (5.32) admits an OPE expansion
in terms of the standard four-dimensional conformal blocks that we can write as

E(Z,Z) = ZCA,S gA,S(Zag) (543)
ALS

where cp g denotes the product of the two three-point couplings between the two external
operators O; and O3 together with the exchanged primary Op g

CA S = ‘C(’)J(QQ OA’S|2 , (5.44)

while the function G is given by G = (22)_%6*2&5]’27‘] with G’Zfémf‘] being the conformal

block for a primary operator of spin S and dimension A given in [102].

As first noted in [103], the large charge limit suppresses the contribution to the OPE
from the conformal descendants and what remains is the exchange of the primary operator of
the conformal multiplet. Indeed, in the limit J — oo the function Ga g simplifies to

(a—g) sin(S +1)e
sin

Ga,s(z, 2) =l

(5.45)
where we have used the parametrization of the cross-ratios in terms of the o, ¢ defined as
e = \/z/z and e™% = \/zz and Céo) denotes a Gegenbauer polynomial whose expression
is simply

sin(S + 1)¢

4
sin ¢ (546)

Céo) (cosyp) =

38 . . . _ 2 8?2 InJ (5050 +&—
Recall that in the particle picture, Oz = 7 (ﬁ) Y'Y ((IDI@J + @] (IJJ).
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It is useful to describe the primary operators that can be exchanged in the OPE from the
magnon picture perspective. The external operators are described in terms of the following
magnon states

Oy < [0)s (5.47)

2 87‘1’2 2 87‘(’2
O2(Y) & —= | o | YIVE (1890% ) + |27 0% )0) = —= | 5 | (129200 + |2 27 )0) ,
() %<Q%M> (12§25 )0 + [@ @5c)o) 7\ (129290 + |27 27 )o)
(5.48)

where we used the normalization as in (5.36). The subindex in the magnons reinforces that
these are in the fundamental representation. For each R-symmetry structure in (5.32), we
find a different set of states appearing in the OPE as we now describe.

OPE expansion of F; 2 3. The contribution to Fi 23 arises from the part of Oz where
both elementary fields are aligned with the vacuum polarizations. Therefore, the exchanged
state is also a vacuum state at leading order in J. We can summarise the large charge OPE by

0),;@[0)2="EB 10)s52n (5.49)

n=-—1,0,1
The three states in the right hand side have dimension A = J + 2,J,J — 2 and no spin and
each of them give rise to Fj 23 respectively. Combining (5.43) and (5.45) with S = 0 we get

CJ+2,0

F1 = (ZE) CJ+2,0, F2 = CJ70, F3 = o=

(5.50)

This matches the structure of (5.38) and the comparison gives the structure constants

J? 2.J°2 J?
— = 90 = —. 51
6 o 3 0 W-20= (5.51)

OPE expansion of Fy5. From the R-symmetry structure of Fys, it follows that the

Cj4+2,0 =

polarization of one of the elementary fields in Oy is aligned with the vacuum while the other
field is exchanged and contracted with the remaining short state. Therefore, we find two
states in the OPE each one with an excitation carrying arbitrary spin and differing by their
R-charge. This excitation is identified with a massless magnon in a bound-state representation
whose energy does not receive corrections at leading order in the large charge. The OPE
structure in terms of magnon states is then given by

o0
0 0
0) @2l =B D lalis)sin (5.52)
S=0n=—1,1
The dimensions of these operators are A = J + 5 + 2,J + S in one-to-one correspondence to
Fy and F5 respectively. From the OPE expansion of the four-point function, these functions
can be expressed as

e s sin(S+1
Fy=22) crissas(22)2 (Smgo)(p
N (S (5.53)
_ 8 sin(oS +
Fs=Y crss(z2)2 00 77
= sin @
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In order to see this structure from the explicit formulas (5.40), we make use of the integrability-
like representation of the massless propagator which can be obtained by setting g = 0 in (B.15)
and leads to the identity after performing the integral in w

1

1—2)(1-2 i ~o(a-t) 042 (5.54)
—2)(1-2) —

sin ¢

The index a labels the bound-state representation and it relates to the spin by a = § + 1.
By plugging this identity in (5.40), we immediately recover the structure (5.53) and by
comparison we obtain that

J
CI+s+28 = 35 CI+S,8 = =, (5.55)

w

and they are independent of the spin at this order.

OPE expansion of Fg. In Fg we find that the light operators are fully contracted. The
exchanged operators contain two excitations which may be massless or massive depending
on which term of Oy we consider, see (5.48), and they carry arbitrary spin. Hence, the
OPE can be summarized by

0, © 2 at2)0 = D D EB 2 T2 atn) (5-56)

S=0n=0 a=1

2
p

counts the number of pairs of contracted derivatives acting on both fields. The spin of the

where z;! and xff denote magnons in the p-th and ¢-th bound-state representation and n
state appearing on the right hand side is S. These states are schematic and in order to
obtain the correct physical states one should properly symmetrize/anti-symmetrize the U(1)
indices of the two excitations depending on the parity of J as described in earlier sections,
thus the upper limit in the sum.

Our aim now is to rewrite the result (5.42) in the form (5.43) and read off the three-point
couplings along the way. Let us start with the massless exchange that corresponds to the first
term in (5.42). The operators with ¢; = ¢5 = 0 in (5.56) do not carry anomalous dimension at
this order in the large charge limit and their dimensions are given by A = J+ S +2n+2. We
can now proceed by using the relation (5.54) in (5.42), and rewrite the result using the identity

b—1
sin ap sin by = sin ¢ Z sinfa+b—1-—2n)p (5.57)
n=0
to obtain
— oo
+b—1-2n)yp
Frnassless — zZ o(a+b—2) Sln(a 5.58
6 3 %:: Z ¢ sin ¢ ’ (5.58)

where Frassless denotes the first term of Fg in (5.42). To make the tower of operators of (5.56)
more evident we simply redefine the labels according toa =a+nand b=5+2 —a+n,
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where it becomes clear that a — 1 counts the number of total derivatives acting on a field
with n of them being contracted to the other field. This equation turns into

J

omassless _ —32 Z Z (S +2n + 1)(23) J+S+2n+2 sin(S + 1)¢ (5.59)
’ S=0n=0 sinp ’

from where we read-off the structure constant
S+2n+1
Cj+S+2n+2,5 = #- (5-60)

We proceed with the massive exchange given by the second term in (5.42) and make use
of the integrability-like representation (5.8) to get

Fénassive =3 Z Cabe (\/a2+169 /b2 +16g2 )Sln(agp) n(by)

.61
R w0

with
ab

Va2 4+ 16g2/b2 + 162

The OPE structure becomes manifest once we use again the formula (5.57) to rewrite (5.61) as

o oo (S#—l"l

v AJans sin(S + 1
Fénass e _ Z Z Z CaJrn S42n42—a (ZZ) B} u , (5‘63)
S=0n=0 a=1 SIH %2

Copy = (5.62)

(i

where we have redefined the indices a and b as before a =a+nand b=S5+2 —a+n, and

Ajans=J+ \/(a +n)? 4+ 1692 + \/(S +n+2—a)?+ 16¢2 (5.64)

are the dimensions of the exchanged operator. Finally, we then read-off the structure
constant ca g
4(a+n)(S+n+2—a)

= . 5.65
3v/(a+n)2+16¢%\/(S+n+2—a)? + 1642 (5.65)

CA,S

5.4 Relation to the Coulomb branch

It is known that the large charge limit of SCFTs is described by the effective action on the
Coulomb branch, see e.g. [18, 19]. From the point of view of the large charge 't Hooft limit
discussed in this paper, the standard large charge limit corresponds to the strong coupling
limit, in which A; = g%MJ /2 is sent to infinity. In this subsection we explain how the physics
on the Coulomb branch is reproduced from the large charge 't Hooft limit at strong coupling.

For this purpose, we use the following formula relating correlation functions at large
charge and correlation functions on the Coulomb branch. (See [104] for more details and
the derivation):

d3_» OJ(rﬁa y) OJ<_rﬁa Q)HO(JT) df
lim < — L S > _/ HO (x5) (5.66)
r,J—00 272 <OJ(T‘TZ,3/) OJ(—rn,y)> 2
I fxed o)
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Here the 1.h.s. is the correlation function with two large charge operators inserted at antipodal
positions while the r.h.s. is the correlation function on the Coulomb branch where the scalar
acquires the expectation value

(®)) = (UI(G) 0 ) ’ v1(0) VA ey +e Py,

0 —u(6) o view o 09

with |v| = VAL

r

In what follows, we call this limit the macroscopic limit following the
terminology in [103].
Note that the formula (5.66) was derived for the standard large charge limit (fixed gym

39 as the strong coupling limit

and large J). Strictly speaking, the limit is not exactly the same
of the large charge 't Hooft limit, which corresponds to first taking J — oo with fixed Ay and
then sending A\; — co. Nevertheless, below we see that many of the features of the physics on

the Coulomb branch can be reproduced from the large charge 't Hooft limit at strong coupling.

5.4.1 Three-point function

Applying the general formula (5.66) to the three-point function of scalar primary O, we
obtain the relation

im  C (2)AO — [ L o) (5.68)
r,Janoo 170 r N 2 vr(6)> ’
@: fixed

where Cj o is the structure constant of two BPS large charge operators O and a general
scalar primary O. The conformal symmetry fixes the dependence on |v| on the r.h.s. to be

do

2

OOyt = o120 [ $co(), (5.69)

where cp(6) is O(1) quantity independent of |v|. Combining the two equations, we then
obtain the prediction for the behavior of the three-point function at large charge

Ao
oo [ VA de
Crro'Z <27TJ> %00(0) - (5.70)

This in particular implies that the structure constant Cjo must scale as < J20/2 at large
J, which we indeed saw in (5.70). To compare this with the strong coupling limit of the
result in section 5.2, we expand Ap and cp(f) in powers of gy,

do 1
Ap = Ay +9\2(MA1 +oy 500(9) = m (CO =+ Q%MCI + - ) ) (5.71)

where we used the fact that the tree-level one-point function of scalar primary on the Coulomb
branch scales as 1/ géf\}l (see [104]). We can then rewrite (5.70) in terms of A; and J as

Ag
00 J/2 2\ VA
Crio = (27r/> lco + TJ <00A1 log (27:) + C1> +-

39In other words, there could potentially be an order-of-limits issue.

(5.72)
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This is consistent with the structure of the result in section 5.2 and in particular explains the
origin of the term proportional to log A; that we found in (5.31) for the Konishi operator.

Comparing the two expressions, we can read off cp; and Ag; for Konishi operator
as follows:

3 87
co = o , c1 =4yE. (573)

Ay =2 A= —
0 ) 1 271'2’ 3

The results for the scaling dimensions Ag 1 are in perfect agreement with the direct perturbative
computation [100] (see also (5.28)), thereby providing evidence for the formula (5.68).

5.4.2 Four-point function: dilaton exchange and form factor expansion

Let us next consider the limit of the four-point function (5.32). The general formula (5.66)
relates the four-point function at large charge to the two-point function on the Coulomb
branch. At long distance, the two-point function on the Coulomb branch can be expanded
as a sum over intermediate states:

v QO s O Q
= |;‘1 —x2|22| /dm p(m=)G(|r1 — 22]) . (5.74)

(O1(21)O02(22)) 0 = (O1)0(O2)0 +

Here the first term (the disconnected term) corresponds to the vacuum intermediate state
while the second and the third terms are contributions from a dilaton exchange and massive
particle exchanges respectively. G,, is a massive propagator given by

Gm(x) =

mel(mx) : (5.75)

with K being the modified Bessel function. In what follows, we explain how each term
in (5.74) can be reproduced from the large charge 't Hooft limit at strong coupling.

Disconnected term. Let us first analyze the limit of F 3. Using (5.37), we find that
the Lh.s. of the general formula (5.66) gives

2J2 (Y13)?(Ya4)? + 4Y13Y14Y3Yoy + (Y14)?(Ya3)?

F 5.76
128 5 (Far)? o
On the other hand, evaluating the disconnected term on the Coulomb branch with
2 20 Y- —i6 Y,
ur(0) = Y22 C¥a)r e Y (5.77)

27r VY34 ’

and averaging over 6, we obtain (5.76) precisely. Therefore we conclude that the four-point
function at large charge correctly reproduces the disconnected term in the Coulomb branch.

Let us analyze this also using the heavy-light OPE. In the kinematics in (5.66), the
intermediate operator with dimension A and spin S in the heavy-light OPE contributes
to the four-point function as

(0:0,0,05) _

A ssin(S + 1)p
©,0) — i Z Cronl” (22)5 ===, (5.78)

sin ¢
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with €’ = \/z/Z. In the macroscopic limit  — oo, the cross ratios can be approximated as

2 ip 2 —ip
PSS - LR P (5.79)
T T

with

[~

COSP=1-—. (5.80)

|
As discussed in section 5.3.2, there are only a finite number of intermediate operators with
A — J = O(1) contributing to F 2 3. Then we can simply replace z and z with the limiting
value, 1:

2
W o 5~ <4|Cjoz| ) (S+1). (5.81)

- 72

Furthermore, the results in section 5.3.2 shows that the intermediate operators are all scalar
and the structure constant C;5, asymptotes to C; 2 in the large J limit:

C ~
Cjo, CJ@QO(J, —JOz . (5.82)
CrJ2
Together with the results for the three-point function at large charge (5.68), these properties
guarantee that the large charge limit of the four-point function reproduces the disconnected
contribution to the two-point function in the Coulomb branch.

Dilaton exchange. We next discuss Fy5 and show that they give rise to the dilaton
exchange on the Coulomb branch. Again using the general formula, we find that the large
charge limit of Fj5 gives

2J Y12 Y13Yo4 + Y14Yo3

He = 5, 5.83
45 37“2 x%g Y34 ( )
Comparing this with the expansion (5.74), we find that
2.7Y1s Yi3Yaq + YisYe
(107} ([0l = 22 VsVt Vi
: " 5.84)
_ 8m?Yyp [ df (5.

— (v(0) - Y] 0) Y

el LU ROCURDE
where, in the second equality, we used the relation between the Coulomb branch VEV and
the charge (5.67). This can be further rewritten in terms of the expectation value of O o
on the Coulomb branch,

1 1672
(O12)v %ﬁ(v'yl,z)27 (5.85)
in the following way,
H(1) A(2)
2y, A1As+ 3 RUVRT) (O1)0(O02),
T2 (0(6) - Y1) (0(6) - Ya) = ( AR , (5.86)

39\2(1\/[ ngQ
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where fr = 87/gym and R&LQ) is given by

o YA Y dy)

W) — ) : (5.87)

As will be explained in more detail in [104], the r.h.s. of (5.86) is precisely of the form
predicted by the supersymmetric dilaton Ward identity, and f; corresponds to the dilaton
decay constant. See [105] for a derivation of the dilaton Ward identity in non-supersymmetric
theories. Thus, the large charge limit correctly reproduces the physics on the Coulomb branch.

Let us interpret the result from the OPE point of view. Substituting the expression for
the cross ratio in the macroscopic limit (5.79) into

1 _ > e_gssin(S’—i— 1§17
(1-2)1-2) SZ:O sing (5:88)

we find that the dilaton exchange contribution 1/|z12|? come from a tower of primary operators
with increasing spin whose conformal dimension is proportional to the spin A ~ S. Note that
apart from the S = 0 contribution in the sum, all the operators exchanged in this channel
are in a long multiplet, and there is a priori no reason why their conformal dimensions are
integer-spaced. Nevertheless, this property is crucial for reproducing the dilaton exchange as
we saw above and we can think of it as a highly nontrivial constraint on the CFT data at
large charge for theories with a spontaneously broken conformal symmetry. We will discuss
this more in section 5.4.3 below.

Exchange of massive particles. Finally we analyze Fg and discuss how it reproduces the
form factor expansion; namely the expansion in terms of exchanges of massive particles. For
this purpose, it is enough to verify that the massive magnon propagator ¢(z, zZ) becomes the
massive propagator in flat space G,,,2(z) upon taking the limit (since a product of two massive
or massless propagators in flat space can be expanded in terms of the form factor expansion.)

This can be checked rather easily using the strong coupling expansion of #(z, z) (5.15).
In the macroscopic limit » — oo, o and ¢ can be approximated by

1 2119 cOS @ 1 z 2119 sin

c=—=logzz » ———, p=—log—- —
2 z

5.89
T 21 ( )

r
Substituting this into (5.15), we find that only the first term with n = 0 survives in the limit.
As a result, the contribution from a massive propagator is given by

9\2(1\/1 gxz[M 8g
G(z1,22) = s —5t(2,2) = 5 — — K1(8¢gl|z12|/7)
8 ’.%'12’ 8 |$12 r (590)

9\2(1\/1
=75 Gm=ap|(l212]),

where, in the second line, we used the relation |v| = v/Aj/(7r) = 4g/r and Gy, () is a massive

propagator in flat space (5.75). The result agrees precisely with the massive propagator in
the Coulomb branch with (¢) = diag(v, —v).
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Again, let us interpret the result from the heavy-light OPE. For this purpose, let us
consider the following OPE sum,

1 1-2)(1-2) —oyattatg? sin(ago)

Sla) = 5.91
() | 2122 Vzz Z Va2 +a2g? sin(e ( )
which corresponds to the contribution from a Regge trajectory of operators with
2 5 5 S+1
A(S) = J = \/(S +1)?+a%g? -1,  ca@s),s = (5.92)

V(S +1)2+a2g?’

To accurately evaluate this sum at strong coupling, we approximate the sum by an integral
as follows

_ _ 3\ oo —gaoV1+a?
S(a) 72 ga (1—2)(1 z)/ P sin(ay) (5.93)
0

|z12]? V2zZ V122 sin(p)
This integral can be performed analytically, and taking the macroscopic limit, we obtain

1 29«

S(a) T ==K (2ag|aia|/r) = 477 Grymex (210 (5.94)

lz12|?

which coincides with a propagator for a particle with mass m = <. There are two lessons

that we can learn from this analysis:
1. Operators in the Regge trajectory (5.92) together give a single massive propagator.

2. If we truncate the sum over spin (i.e. the sum over a), we will not be able to reproduce
the correct massive propagator. This implies that the asymptotic behavior of the Regge
trajectory (5.92) is important for reproducing the physics on the Coulomb branch.

5.4.3 Coulomb branch from conformal blocks

We now summarize the lessons we learned in the analyses above and propose conjectures
on how the physics on the moduli space is reproduced from the large charge limit of CFTs
with vacuum moduli.

To keep the discussion general, below we consider a macroscopic limit of general CFTs
with A(J) ~ J discussed in section 5.2 of [103]. The macroscopic limit in [103] is defined
by the following limit of the correlation functions:

n—1
G(zi, %) = <(’)H (H Ox( Zk;,Zk)> On(l)(’)jq(oo)> ;

k=1

— . =B A Wy W;
() = g 2,7 G( A —M)'
H H

(5.95)

Here Op is the heavy (i.e. large charge) operator with Agy o J and zj’s are coordinates on
the two-dimensional plane. For the four-point function, z can be identified with the cross

,59,



ratio we used in (5.7). The exponent § was left arbitrary in [103], but in all the known
examples including N/ = 4 SYM, it satisfies”

B=—0\. (5.96)

with d being the dimension of the spacetime. Applying this to the three-point function
and requiring it to be finite, one can show that the three-point function at large charge
should scale as

Crmo "5 AlRe (5.97)

In what follows, we discuss constraints on the four-point functions for d = 4. Before
proceeding, let us emphasize that the results presented below should not be taken as rigorous
proofs, rather they should be taken as well-motivated conjectures based on our analysis for
N =4 SYM. We leave it for future to provide rigorous proofs using the conformal bootstrap
(assuming the existence of the macroscopic limit).

Disconnected term. As we saw in section 5.3.2, the disconnected contribution to the

two-point function on the vacuum moduli arises from finitely many low-lying operators in

the heavy-light OPE. More concretely, we conjecture that the existence of the disconnected

term implies the following sum rule for finitely many heavy operators H' in the OPE sum,
1

l=lm —F —— Cyao,Cugo,(Sg +1). 5.98
J—00 CHHOchHOgA — A%;Lo(l/J) 0, Criir o (S ) ( )

Here Sy is the spin of the operator H'.

Dilaton exchange. As we saw in the analysis of ' =4 SYM, the sum

oo
(a—1) Sin a«p
5.99
(1—-2)(1-2) ; sing ’ (5:99)
reproduces the spacetime dependence of massless dilaton exchange. Then the dilaton Ward
identity*' [105] in the vacuum moduli implies the existence of an asymptotically linear
Regge trajectory H'(S),

Crip
Aprs) & Ap+ 5, lim A7 Crrsio _ Ao

. 5.100
J=x 1 Cppe fr ( )

Here f, is the dilaton decay constant and the factor Ag in the second equality comes from
(1—2)(1-2) = wa/AY.

40Tt is likely that 8 = 1/(d — 2) is a universal relation since it follows from the requirement that the
macroscopic limit of the three-point function with a current (O J,O1,) is finite.

“IHere we are not imposing supersymmetry and therefore considering the non-supersymmetric dilaton Ward
identity discussed in [105].
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Massive exchanges. Let us finally discuss the exchange of massive states in the form
factor expansion of the two-point function in the vacuum moduli. Generalizing the analysis
for N'=4 SYM (5.91), we conclude that the existence of a massive state with mass m implies
the existence of a Regge trajectory satisfying

Crnr
Ay ~ Dy +\/S2 - m2aZ | Gm ARTHIEO 5 ) 501

J— C 283
oo HHO /S2 + m?2 A%

Here we conjecture that the relation holds for S ~ (’)(AZ), and the constant ¢y is related

N|=

to the form factor in the vacuum moduli.

5.5 Matrix model for integrated correlators

We now study the correlation functions in the large charge 't Hooft limit using the super-
symmetric localization [81].

The supersymmetric localization is a powerful non-perturbative technique which is
applicable when the relevant observable preserves certain supercharges [81]. However for
generic SO(6)p polarizations and local BPS operators of definite spacetime positions, the
four- and higher-point functions do not preserve any residual supersymmetry. This can
be remedied by choosing special kinematic variables and/or integrating over the kinematic
variables with an appropriate measure. An example of the former is the extremal correlator
for Coulomb branch chiral primaries in general 4d N = 2 SCFTs [28], which in the N =4
SYM amounts to a (n + 1)-point correlator (Sy, (z1,Y)... Sy, (zn, Y)Szll 7, (00, Y)) with
aligned SO(6) g polarization Y = (1,4,0,0,0,0). In general 4d ' = 2 SCFTs, the extremal
correlators preserve half of the Poincaré supercharges and are independent of the positions x;
of the operators, but can depend nontrivially on the conformal manifold (marginal couplings).
Nonetheless, such dependence on the complexified coupling 7 is forbidden in the N' =4 SYM
due to the enhanced symmetry and thus A/ = 4 extremal correlators are completely trivial.
The other possibility amounts to certain integrated correlators for the BPS operators which
turn out to be much richer. Previous works on these integrated correlators in the SYM can be
found in [106-109] for SU(N) gauge group in the large N limit, later at finite N in [110-115],
with generalization to other classical gauge groups in [116], and more recently in [113-117]
and especially [55, 56] which will be relevant for our discussion below. In particular, a detailed
study of the integrated correlators of the SU(N) SYM in the large charge limit using the
harmonic analysis on SL(2,Z) and the recursion equations in both N and the charge J was
performed in [55, 56]. In what follows, we develop a complementary approach which recasts
the integrated correlators in the large charge limit into an “emergent” matrix model of size
J/2. Similar matrix models (whose sizes are proportional to the charge) showed up previously
in the study of correlation functions on the supersymmetric Wilson loop in planar N = 4
SYM [33-35, 37, 38], and the extremal correlators in rank-1 A" = 2 SCFTs [23].*> Here we

42The result was subsequently generalized to superconformal QCD with higher-rank gauge groups in [36]
under the assumption that certain mixings among operators are absent. Although the results were tested
against the first few orders in perturbation theory, it is not fully understood why such mixings are absent. By
contrast, such mixings are known to be absent in A/ =4 SYM thanks to the structure of the tt*-equation and
this is why we succeeded in deriving the results for SU(IV) gauge theories.
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present the results applicable to general SU(IV) gauge groups. As we will see below, the matrix
model approach is particularly useful for analyzing the large charge 't Hooft limit and allows
us to efficiently compute the correlator in the limit. Furthermore, in the case of SU(2) SYM,
we will explicitly confirm the un-integrated large charge correlators derived in section 5.3.

5.5.1 SU(2) gauge theory
We first focus on N' =4 SYM with the SU(2) gauge group and study the four-point function
(02020,;07).

Definition. Let us first write down the general form of the four-point function that solves
the N/ = 4 superconformal Ward identity [118, 119],

(O2(71, Y1) Oa(12, Y2) Oy (23, Y3)O (74, Ya)) = 52195;4] (TJ e (U, V., Yig) + Trioop(U, V, Yij)]
(5.102)
where Tjree coincides with the free N'=4 SYM answer and 7 o0p is given by
T1100p(U, V. Yi5) = O(U, V,Y3;)T;(U, V), (5.103)

with U = % and V = %. The function ©(U, V,Y;;) is fixed by superconformal
symmetry [1?8?4119]. Therefore the nontrivial information in the four-point function is
completely captured by a single function 7;(U, V'). The four-point functions of the descendant
operators satisfies similar relations and are determined by the same function 7;(U, V) [119]
(see also [106]).

The integrated four-point function introduced in [106] is a linear combination of the
four-point functions (5.102) of the BPS primaries and their descendants integrated over S*. In
particular, it can be thought of as the four-point function of two types of integrated operator
insertions on S* both involving O and its descendants. Such integrated insertions probe
infinitesimal deformations of the SYM on S* while preserve an N = 2 subalgebra. In the
N = 2 language, the first type of integrated insertion amounts to an F-term deformation

which is the exactly marginal deformation of the complex coupling 7 = ;{Ti + % (and 7T),
YM

while the second type is a mass deformation with real mass parameter m.**> The integrated

correlator takes the following simplified form [108],

2 00 g 3 ain2
Gy(r) = _7/ dr/ dip rs;,#ﬁ(u V) (5.104)
TJo 0 U=1+712-27 cos p,V=r2

where we emphasize 7;(U, V) depends nontrivially on the complexified gauge coupling 7.

Relation to localization. By supersymmetric localization, the S* partition function of
the SU(2) SYM with N' = 2 preserving mass deformation is equivalent to the following
integral [81],

Z(7,m) = / da (2a2)e= ™7 7,1 (my @, 7| Zinst (M, a, 72 (5.105)

43The two deformations involve different R-symmetry components of O and different supersymmetry
descendant operators.
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with
H(2a)?

H(m)H(2a +m)H(2a —m)
Here the function H(z) keeps track of the one-loop determinants of the fields and is defined

Zl—loop (ma a, 7—) = (5106)

in terms of the Barnes G-function by

H(.T) = e—(1+’YE)a:2G(1 + ix)G(l — zx) . (5.107)

_ 8n?
The function Zing(m, a,7) depends nonperturbatively on gy via e 9%m and contains the
instanton contributions (the anti-instanton contributions are captured by Zingt(m,a,7) ). For
m = 0, this becomes the familiar Gaussian Hermitian matrix model. One important property

of Zi.100p and Zjyt is that they are even functions of m and satisfy
OmZ1100ply—o = OmZinst|pm—y = 0. (5.108)

Since the integrated insertions are naturally associated to derivatives of the N' = 2
preserving parameters 7,7 and m in the SYM action on S*, we expect that the integrated
four-point function can be computed from

J g
07 02 8,2nZ (1,m)
Z(r,m)

(5.109)

m=0

for even non-negative integers .J,.JJ'. Importantly here we do not restrict J = J’. The
reason is to take into account operator mixing on S*, which arises owing to curvature and
mass deformation,

J

2
01 =05+ uyj-2x0) s (5.110)
K=1

Here O is the natural basis of operators on S% that are generated by the action of 8;]/  or

a2l

2/%, and corresponds to an insertion a” in the integral (5.105). On the other hand, O is

the basis of operators on R* whose two-point functions are orthogonal, (O;, Os) o § JJ
Thus using a polynomial

Qi(a)=a’ + ujj_oxa’ 2. (5.111)

we can compute Gy by

G, _ Bl di(m) Qs()Q)(a)
[ dii(m) Qs(@)Qu(a) |

where the denominator gives the two-point function of O;’s and is needed to make Oj;

(5.112)

unit-normalized. The mass-deformed measure dfi(m) is given by

di(m) = da (2a2)e_47r1m7“2 Z1-1oop (M, @, T)| Zingt (M, a, 2. (5.113)
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Thanks to the orthogonality of the two-point functions (in the absence of mass deformation),
Q;’s satisfy the condition,

/du Qi(a)Qy(a) o<y, dp = dia(0) = da (2@2)6_4”1“”“2 , (5.114)
which uniquely fixes the coefficients u; j_2x as functions of 7 and 7. Applying the Gram-
Schmidt procedure following [28, 33|, we can write down @ explicitly as follows:

To To - Iy
) Iy Iy -+ Ijg2
Qula)=5-| 1 1 (5.115)
J
Zj 22y Loj2
1 a2 ... a2/

Dj =det (IQ(]-HC,Q)) I; = /d,u a’ (5.116)

Two important identities that follow from the Gram-Schmidt procedure is the expression

1<j, k<3’

for the normalization of the two-point function,

[ dn@ula)@uta) = 2225, (5.117)

and a ‘matrix model’ representation for Dy [23, 33],

J

D;= (J/12)' /OOO ﬁ (dxiﬁe_4ﬂlm7xi) 1_[(1‘Z _ .%'j)2 ) (5.118)

i=1 1<j
dp

As shown above, the factor in the middle is the measure dy written in terms of the variable

l':az.

Matrix model for integrated correlators. We now derive the matrix model representa-
tion for the integrated correlator (5.112) following the approach in [37]. We first consider
orthogonal polynomials under the mass-deformed measure dji(m),

J

/ di(m) Q(a)Qy(a) = Dl%jz Srgry Qula)=a’ + 3 gy ok, (5.119)
K=1

where 7 x now depends both on 7 and m, and D admits a matrix-model representation

J
oo 2

- 1 Z;)  —4rImTa; .
Dy = (J/z)!/o [T (dwiy/aie” Ve T (i — a)?, (5.120)

i=1 i<j

F(a) =log Zi100p(m, a, 7) + 10g | Zinst (M, a, 7')|2 )

Taking the second derivative of (5.119) with respect to m and setting m = 0, we obtain the
term that gives G (5.112) and two additional terms:

%, ([ dntm) Q0@ @) - (5.121)

m=0

o ([ ditm) @@@s@)| _ +2 [du(0n@s@)’] 42 [auQu(@0E Qo

m=0
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However, since Zijoop and Zing are even functions of m (see (5.108)), the second term
in (5.121) vanishes. Furthermore, since 92 Q(a) is a polynomial of degree less than J, the
last term also vanishes owing to the orthogonality (5.117). We thus obtain®** the following
simple expression for G:

02, (J di(m)Q.(a)Qs(a))
[ dii(m)Q.1(a)Q(a)

7= (5.122)

02Dyys 02Dy
Dyia Dy

m=0 m=0

Using (5.120), we arrive at the formula that expresses the integrated correlator as an
expectation value of a “single-trace operator” in the matrix model

Gy = (tr[f (M)]) 5 — (tr[f (M)]), , (5.123)
where the function f(a) is given by
f@) = R2F(Va)| = 2 (l0g Ziiop(m, Vi, 7) +10g | Zinst (m, V3, 1)) |, (5.124)

m=0 =i
and (e) ; is the expectation value in the Wishart-Laguerre matrix model of size J/2,

f[?o z 1 (dmlfe Al ) H7,<]( ) Zk 1 f(xk)

Joo Tty (dwin/mie=4mim @) [T (i — )2
The formula (5.123) is valid at finite 7 and J, but it simplifies in the large charge 't

(tr [f (M)]); =

(5.125)

Hooft limit as the limit coincides with the standard 't Hooft limit of the matrix model. In
this case, the (anti)instanton contributions are non-perturbatively suppressed in J and we
can set | Zinss| = 1. Then, using the following integral formula®® given in (A.12) of [120],

© dw 1 — 2w?x? — cos(2wx)
logH(z)= [ 2 , 5.126
og H(z) /0 w 2sinh?(w) ( )

we can rewrite (5.124) with

_8/ 22 2VEw) (5.127)

sinh?(w)

To the leading large J limit, the matrix model is solved by the distribution [23],

1 [4—y
= —/— 0,4 5.128
) = 5/ el (5.125)
where y is related to the eigenvalue z by = = 1/\6‘; Y. Consequently, (5.123) can be evaluated
in the large J limit by
G —/4d () (A0 +1)f()\‘]y> (5.129)
7= [ dypoy)(As0s, 1622 :

44In the second equality, we used the fact that the localization integrand is an even function of m, (5.108).
45This can be derived by using the following two formulae:

log H(z) =

C(2n + 1)z 2, g(2n+1):L wdwﬂ.
r'2n+2) sinh?(w)
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Starting from the expression (5.127) for f(a) and integrating over z first, using

2w/ Ay
/4 dy po(y) sin? Ay} 1 M (5.130)
0 472 2 2wy

we obtain

a, :4/0°<’de <1—J0 <2wm>> . (5.131)

sinh?(w)

It is straightforward to obtain the weak coupling (small \;) expansion from (5.131) by

expanding the Bessel function and performing the integral. The result reads

2 ()22 (2n 4+ 1)IC(2n + 1

Gy = ST T 2 DG an
w2 (n!)

n=1

A% (5.132)

This agrees?® with the results obtained in recent papers [55] and [56], which used different
methods. (Note that the definitions of the large charge 't Hooft coupling in [55, 56] are

different; )\555’ 56 g3y J.) Tt is easy to see that the weak coupling expansion has a finite

2. This coincides with the radius of convergence for the

radius of convergence |A\j| < 7
structure constant of the Konishi operator (5.30). We will discuss their common physical

origin in section 5.5.2.

Comparison with the direct large charge computation. The result (5.132) can also
be reproduced by a direct integration of the four-point function at large charge, which we
computed in section 5.3.

The first step is to note the following relation between the HHLL four-point function
t(z,Z) in (5.9) and the un-integrated four-point function 7;(U,V) in (5.104),

THOV) = = (t(z2)? 1) . (5.133)

2z
The prefactor 1/zz comes from ©(U, V,Y;;) (see [106]) and the overall numerical factor 4
is to account for the correct normalization. The subtraction —1 is needed to remove the
tree-level contribution. We next use the crossing symmetry under z,z — 1/z,1/z and restrict
the range of integration of r to [0, 1]:

4 ! n r3sin? ¢
Gyj=— | d do ——T7;(U,V 5.134
=== [ar [Tap S ETWY) (5131)

U=1+r2—2r cos ¢,V =r2

We then express t(z, z) as a sum over magnons (5.10) and perform the integral explicitly.
The result reads

= (1 a?
Gy = 4;::1 <a R CES e 16g2)3/2> : (5.135)

It is then straightforward to check that the weak-coupling expansion of (5.135) is in precise
agreement with the result from the matrix model (5.132).

“®There is a difference of an overall factor of 4 as compared to the result in [55] owing to the difference in
the normalization of operators. See e.g. (3.29) in [55].
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A trick to evaluate the integral at strong coupling. To obtain the strong coupling
(large As) expansion, we evaluate the remaining w integral by contour deformation. A similar
trick gives a proof of the conjectured formula (4.21) in [23].

We first rewrite the integral as a contour integral over « just above the real line defined by

v = [—o00, —€] UC U [e, ] (5.136)

where C. is an infinitesimal semicircle of radius € centered at the origin in the upper half-plane.
Using the relation between the Bessel function Jy(x) and the Hankel function H(()l)(x),

2 () — HY (—2) = 2Jo() (5.137)

we have

o w 2w/ A g — 1) [ 2wV Ay
2 d Ji / d / d > H —— . (5.138
/6 wsinh2 w”? ( > ( v Y sinh?w  ° T ( )

Furthermore, the Hankel function Hél)(a:) has a branch point at * = 0 and behaves at

small x as
HY (@) =1+= (log 5 +’YE> + O(z). (5.139)

Consequently

2/Oodw7w + dw d HY 2uvAg
e sinh®(w)  Je, sinh?w ° T

Putting together (5.138) and (5.140), we obtain

A
> =2(1+9p) +log =5 . (5.140)
47

A 2w/ A

Gy =2log =% +4(1 +p) —2/dw72Hél WVATY (5.141)
4 sinh®(w) T

Deforming the contour upwards, one picks up residues at w = ni for positive integer n. From

the relation between Hankel function on the positive imaginary axis and Bessel functions,
HY (iz) = ——K,(z) (5.142)
t mittl ’

and the recurrent relations for Bessel functions, we thus obtain the following explicit expression
for the integrated four-point function

Gj= 210g )\— +4(1+vg) +8 Z (Zn\/ JK1(2n/5) — Ko(2nyv A ) (5.143)

Here again, the Bessel functions on the r.h.s. are exponentially suppressed for large A\; and
correspond to the worldline instanton contributions to the integrated correlator, as is expected
from the form of the un-integrated four-point function ¢(z, z) given in (5.15).

Using the following Mellin integral expression for the Bessel functions K;(2y) with ¢ > 0,

1 e+i00 _
Ky (2y) = —/ dsy~°T (S;t) r (S . t) , (5.144)

8T Je—ico
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where € > ¢t and y = n\/\;/2, we can equivalently write (5.143) in the following way,

Gy = 21og L 1 4(1 + 7p) + /Omm 45 35905 — 1)¢(s)T (5)2 (5.145)
ST VE 0+ —ico 27 2) '
Note that the weak coupling expansion (5.132) immediately follows from (5.145) by deforming
the contour to the left and picking up the residues.

5.5.2 Radius of convergence and massless magnon point

One interesting outcome of our analysis is that both the three-point function of the Konishi
operator and the integrated four-point function have the same (finite) radius of convergence
|As| = 7 and they become singular at \; = —72. Precisely at this point, the mass of the
lightest massive magnon,

A
1+ 16g2 = 1+W—‘2’, (5.146)

vanishes. It is therefore natural to conjecture that the physical origin of the radius of
convergence is a tachyonic instability induced by this magnon.

A few comments are in order. First, this relation between singularity and the emergence
of massless particles is reminiscent of the structure of the Coulomb branch moduli in N = 2
supersymmetric gauge theories, which also exhibits singularity when BPS particles become
massless [121]. In fact, using the dictionary between the large R-charge and the Coulomb
branch moduli (5.67), one can map the massless magnon point at large charge to the massless
W-boson point.

Second, in perturbation around a trivial vacuum (¢). = 0, the theory becomes unstable
as soon as the coupling g%M becomes negative and the perturbation series has a zero radius
of convergence. What we found implies that the large charge 't Hooft vacuum is more stable
than the trivial vacuum owing to the background R-charges that delays the onset of the
instability. One interesting question for the future is to take other quantum numbers (in
particular the Lorentz spin) to be large and study the stability.

Third, the radius of convergence is finite also in the standard large N, 't Hooft limit. This
often allows one to take the double-scaled large-N limit in which one zooms in the singularity.
The limit corresponds to the continuum limit of Feynman graphs and the critical behavior
near the singularity is governed by (gravitationally dressed) conformal field theory [122-124].
It would be interesting to take a similar double-scaled limit around A\; = —7 and study it
from the point of view of Feynman diagrams. Another interesting question is to find an
effective (conformal) field theory*” governing the critical behavior around A = —x.

5.5.3 Generalization to SU(NN) gauge theories

We now generalize the result to NV =4 SYM with the SU(N) gauge group. In N' =2 SCFTs
with higher-rank gauge groups, there are multiple chiral operators with the identical R-charge,
and in general they all mix with each other when the theory is placed on S*. This makes the

47A natural guess is a theory that contains both the Goldstone boson around the large charge vacuum and
the magnon that becomes massless at the singularity.
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Gram-Schmidt procedure and the derivation of the large-charge matrix model significantly
more complicated. However, in N =4 SYM, it was shown in [28] that operators organize into
a set of “towers” and the mixing occurs only within each tower. This is a special property
of N' =4 SYM. See section 3.2.1 of [28] for more details.

To define the towers of operators, we consider the set of operators made out of single-trace
operators of length greater than 2, i.e. H;ZCV:;), (Sk)™ and order them such that their charges
are non-decreasing; B, with J, < J,11. We then construct an orthogonal basis (9(()”) by
the following recursive procedure,

B A(n') )
o =B,— Y < ") ov, (5.147)

with
O = (8o (5.148)

For the first few n, (5(()") takes the following form:

(Sa)
((S2)%)

o0 =1, OV =85, O =8i- (82)°. (5.149)

Unlike the Gram-Schmidt procedure we used for the SU(2) gauge theory, the operators @(()n)’s

only contain B,,’s with the same charge. Consequently, there is still a residual mixing among
operators with different charges. A special property of N' = 4 SYM is that the residual
mixing occurs only among operators in the same tower, {@én), (’N)gn), -++ }. Within each tower,
there is only a single operator with a given R-charge and therefore the mixing can be resolved
in the same way as in the SU(2) theory;

k
oL + 3 (O (5.150)
K=1
General formula. The S* partition function of the mass-deformed SU(N) SYM reads

Z(rm) = | <H d“’) (H ai - W) d(tr(a))e >N 2, joop (m, a,7) | Zinss (m, a, )

1<)
(5.151)
with @ = diag(aq,...,ay) and
a;)
Zl—loop(ma avT) N 1 H (5152)

aj +m)’
The operators @,(gn) and (’),(Cn) correspond to the following insertions in the localization integral

O = gW@ (i) O @ (i) G5
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(n)

where g(") (a) is an insertion corresponding to the operator @0 , whose form can be deduced

from its structure (5.149), and Q,gn) (x) is a polynomial of degree k defined by*®

k
QU (x) = 2F + 3wt (5.154)
K=1

We then follow [36] and separate the integral into the integral along the “radial” coordinate
z = tr(a?) and the integral of “angular” coordinates [qv_1 dS2 with the traceless constraint,

/ (H daz> (H —aj)Q) 5(tr(a)) = /0 e /S (@), (5.155)

1<)

where J(Q) is a Jacobian for the change of coordinates. For later convenience we define the
constant Cy = [dQ J(2) and the normalized angular integration

(@) =g [, V@), (5.156)

which produces a function of the radial variable 2 = tr(a?). By construction, the angular inte-
gration is closely related to the full matrix integral for the hermitian Gaussian matrix model,

1<)

(f(a))annu = N/ (H daz) (H i—aj)Q) f(@)d(tra)e” ") (5.157)

where N is a normalization factor such that (1)gym = 1. For example if f is homogeneous
of degree A [36],

(f@) = S (e, (5.158)

which will be useful for us later.
The polynomials ngn) are orthogonal to each other under the radial measure du(™

/dM 2)Qp (z) = ?)%))1 S, dp™ = de o™ e*%ImTz« (g(n)(a)>2 », (5.159)
k

where D,E:") admits a ‘matrix model’ representation

Dmf—/ CLM )H(—@ﬂ (5.160)

1<

To derive a matrix model for the integrated correlators, we consider the mass-deformed
N2

_ 2
measure dip(™ = drz” 2 Se*Qﬂm”« (g(”)(a)) e” (@) where F = log Z100p + 108 | Zinst|?.

“Note that the normalization of z is slightly different from the one we used in the SU(2) gauge theory. In
terms of the eigenvalue a for the SU(2) gauge theory, z here is given by 2a? while = in the previous analysis
was given by a®.
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Following the derivation for the SU(2) gauge theory, we arrive at the following representation
for the integrated correlator of the operators (’),(gn)

(n) _ (n) — (n)

el = (w1 an]),,, (o [r an]), )
where () is the expectation value in the following matrix model of size k:
(e [fm )]) = S5 Tl (00 )) iy ’ ]_12 =, (5.162)
k fo ] 1 ( (n )(l“z‘)) Hz‘<j(33z‘ — ;)
and the function f("(z) is defined by the angular integral
2
( (s(@) 82 F(a)l,uzo )

() = , (5.163)

2
{(9™(a))™)
As in the case of the SU(2) theory, the formula (5.161) is valid at finite 7, N and J.

Result for maximal-trace operators. The matrix integral (5.162) takes a particularly

(0)5

simple form for O, ’’s, which are often called the “maximal-trace” operators. In this case
g9 (a) = 1 and the radial measure (5.159) coincides with the measure for the Wishart-

Laguerre (WL) matrix model
N2 3
dp® =dza= =z 2 g=2mlmrs (5.164)

Note that, even for n = 0, the observable f(™ (x) takes a rather complicated form since it
is defined by an angular integral (5.163).
We use the integral representation of log H(x) (5.126) and obtain

o0

9 wZ(wa) _ 9

amf(a)‘mzo = /0 dwm s I(a) =8 ZSIH (CLZ‘ — CLJ) . (5165)
The first step is to evaluate the angular integral of Z(wa), which we can write by expanding
in w as,

o0
(Z(wa)) = Z z5w?sb(s, N) . (5.166)
s=1
We will come back to the explicit form of b(s, N) shortly. Let us proceed by performing
the remaining rank & WL matrix integral and the w integral in (5.165). The latter is
straightforward with the following identity

23+1

/ dw———s— = 275T(25 + 2)¢(25 + 1) . (5.167)
sinh*(

The WL matrix integral with measure (5.164) is different from the N = 2 case considered

in the previous section. However, to the leading order in the large k limit, the eigenvalue

distribution is N independent (see e.g. [23] appendix A) and given by (5.128). The relation

between the y variable in (5.128) and the WL eigenvalue z is x = % here, where a factor
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2 originates from the different normalization conventions for general N as explained in
footnote 48. From the integral identity

4
| vty = i (5.168)

together with (5.167), we then obtain the following formula for the integrated correlator of

the maximal trace operators with charge J, (’){(](})27

2
J/2 22 7172525 +1)¢(2s + )T (H;) b(s, N)\S . (5.169)

We now come back to the explicit form of b(s, N). As a consequence of (5.158), the
coefficients b(s, N) are related to those from the Gaussian matrix model integral,

(Z(wa)) = ist%I;(s N), b(s,N)=2°(s N)F(Nzl) (5.170)
TS S ST (M +s) ‘

The integral (Z(wa))caym has been studied previously (see for example [113, 125]) and it
determines completely the integrated correlator of the stress energy tensor multiplet in the
SU(N) SYM [110-112]. In particular, the coefficient b(s, N) admits a meromorphic extension
to complex s, captures the spectral decomposition of the SL(2,7Z) invariant correlator into
non-holomorphic Eisenstein series and obey a three-term recursion relation in N. Here we
see that via (5.170), the same quantity completely determines the integrated correlator of
large charge maximal-trace operators.

By now there are several equivalent expressions for (Z(wa))gyvm which can be derived
by standard resolvent methods. Here we use the following expression which can be deduced
from formulae in appendix A [113],

t /

K(t)=e 'L (1) + N /0 dt'e™ (L§L,(#) Iy (¥) = L (@) In(t) = N2, (5.171)
where L'®) (t) are the generalized Laguerre polynomials and (Z(wa))aym = —2K(2w?). The
constant is fixed by K(0) = 0.

The Mellin transform of K(t) easily follows from the orthogonality of the Laguerre
polynomials and integration by part as in [113],%
00 51
/ @ K0 = NV = 1)(1 = 25) 322 = N1 = 5,2,3;1). (5.172)
0 s

On the other hand, the coefficients b(s, N) in (5.170) are picked out by the residue at origin,

N)=-2 5T (1) . 5.173
S me ( )

“OThis is related to the function c(s, N) in [113] by an overall factor of +s(s—1)(1—2s). The function c(s, N)
determines the integrated correlator of the stress tensor multiplet in [106] completely as shown in [110-112].
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Nonetheless, by considering a contour deformation in (5.172) with the new contour +/ that
comes in from oo just below the positive real axis, circles the origin by a small semicircle
C! and goes back to the infty just above the positive real axis,

v = [—ie + oo, —ie] U CL U [ie, ie + ool (5.174)

it is easy to obtain the following relation

~ _2677”'3 0o tfsfl
e N) = 5 /0 Ay <), (5.175)

and consequently from (5.172),

_ 2(=1)%(1+ 29)
e N) = —565 D

N(N —1)3F5(2—N,1+s,—5;2,3;1). (5.176)

We thus arrive at the final formula by combining (5.170) and (5.176),

o (—1)5((2s + 112 Ar\°
G%), :—2N(N—1);( ) (((83: W 25+ 1) <167Jr2)
(25
x 3F5(2 — N, —s,s+1;2,3;1)F(N22_fJr ] (5.177)

which reduces to (5.132) for N = 2 and agrees with the result in the recent paper [55] derived
from recursion relations in both N and J [114] (up to a factor of 4 as noted in footnote 46).
The radius of convergence in (5.177) is N independent and coincide with (5.30).

We expect the matrix model approach described here to be useful to study more general
large charge integrated correlators that involve operators O,gn) that are not of the maximal
trace type (i.e. n # 0). It would also be interesting to analyze the non-planar contributions
in the large charge limit, as well as other scaling limits such as the large N-large J limit>°

J oc N? discussed in [55]. We leave the more extensive analysis to future work.

6 Conclusions and future directions

The results of this paper highlight the large charge 't Hooft limit as a new and intriguing
solvable corner of N'= 4 SYM that shares striking similarities with the conventional large N,
limit. Through the analysis of the spectrum and correlation functions, we demonstrated the
validity of this claim. However, we emphasize that our analysis only scratched the surface of
this interesting limit, and there are countless exciting directions for future exploration.

6.1 Direct generalization of the results in this paper

Index and partition function at large charge. In section 2.4, we showed using the
contour deformation tricks that the superconformal index and the partition function simplify
in the large charge limit and can be rewritten as a sum over magnons. The analysis was

N2-3

50Tn the limit J o< N? with fixed 7, - = in (5.164) becomes dominant and the integral (5.162) can be
approximated by a matrix model with a logarithmic potential.
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done only for the SU(2) gauge group and for the large charge limit of 1/2 BPS operators. It
would be interesting to generalize it to higher-rank gauge groups and to less supersymmetric
states. If a similar rewriting exists for 1/16 BPS states, it could be relevant for the microstate
counting of supersymmetric black holes, about which significant progress has been made
recently [126-128].

Constraints on CFT data from dilaton Ward identity. In section 5.4.3, we conjectured
the implication of the dilaton Ward identity on the CFT data. However the argument presented
there was rather heuristic and it is important to make them rigorous and prove them from
the conformal bootstrap. This will be the first step towards understanding necessary and
sufficient conditions for CFTs to have the vacuum moduli.

Integrated correlator at large charge. In section 5.5, we derived an emergent matrix
model description for the integrated correlator both for the SU(2) gauge group and general
SU(N) gauge groups. However, for the SU(V) gauge groups, we only analyzed the simplest
class of large charge operators (i.e. the maximal trace operators) and it would be interesting
to perform explicit computations for other large charge operators. In addition, we expect
that the matrix-model reformulation to be useful for other limits such as the combined large
N-large J limit (J oc N?) discussed in [55].

Massless magnon point, double-scaling limit, and EFT. One interesting outcome
of our analyses is that various quantities in the large charge 't Hooft limit become singular
at Ay = —72. As discussed in section 5.5, this singularity signals a tachyonic instability of
the lightest magnon. It would be interesting to see if one can define a “double-scaling limit”
near this instability, much like the double-scaling limit of matrix integrals studied in the
past [122-124]. Based on the analogy with the matrix integrals, we expect that this limit is
dominated by “dense” Feynman diagrams at large charge. It would be interesting to identify
diagrams that dominate in the limit and come up with a “continuum” description. A related
question is to understand the effective (conformal) field theory describing such a limit.

Exact worldline instanton. In (5.15), we derived an exact strong coupling expansion of
the resummed conformal ladder integral and interpreted it as a sum over worldline instantons.
It would be interesting to derive this expression from the first-quantized worldline formalism,
generalizing the analysis in [10].

6.2 Other important future directions

Less supersymmetric states. In this paper, we analyzed the fluctuations around the
1/2 BPS large charge states. One interesting future direction is to generalize the analysis
to less supersymmetric states, most notably to the 1/16 BPS states, which are dual to
supersymmetric black holes in the large IV, limit. Concrete questions in this direction are to
perform the semiclassical analysis around the 1/16 BPS solutions analyzed in [129, 130] and
to understand the residual (centrally-extended) symmetry around the background.

In addition, in a recent paper [131], the authors analyzed operators in generic (nonsuper-
symmetric) CFTs that have both large spin and large charge, and identified a new phase
called the “giant vortex” phase. The 1/16 BPS states are interesting also in this regard since
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they can carry nonzero Lorentz spin unlike the 1/2 BPS states discussed in this paper, and
might provide a supersymmetric analog of the giant vortex phase.

Higher-rank gauge groups. Most of the analyses performed in this paper are for the SU(2)
gauge group and a natural next step is to generalize it to higher-rank gauge groups. In higher-
rank theories, there are multiple 1/2 BPS operators with a given charge, and correspondingly,
there are different semiclassical backgrounds depending on how one distributes the charge
among the Cartan directions (see below for SU(3));

0
11

(P)ar ~ 95 A1 + 395 + ¢35 = 0. (6.1)
P33

Even in these cases, the centrally-extended su(2|2)? still governs the spectrum but the values
of the central charges of magnons depend on how one distributes the charges (i.e. 9 — ?j).
In particular, we expect that the charge distribution along the Cartan becomes continuous in
the large IV, limit and magnons can take an arbitrary continuous value of the central charge.
This would be a way to relate the analysis in this paper to the centrally-extended symmetry

in the planar limit [45, 46] although it might be difficult to make a precise statement.

Three-point functions. In section 5.2, we computed the structure constant of the Konishi
operator and two large charge operators. A possible generalization would be to extend the
analysis to other non-BPS operators. Even more interesting would be to consider the structure
constants of three heavy non-BPS operators which are obtained by small deformation of large
charge 1/2 BPS operators.”! In the planar limit, it was shown in [49] that the (non-extremal)
three-point function of 1/2 BPS operators preserves a single copy of the centrally-extended
psu(2]2) and one can use it to constrain the structure constants of non-BPS operators. The
same symmetry should survive also in the large charge 't Hooft limit, and it would be
interesting to understand the constraints from it.

Large spin ’t Hooft limit. Yet another direction is to see if there exists an analog of
the large charge 't Hooft limit for the Lorentz spin S. Since the anomalous dimension of
large spin operators scales as g%M log S at weak coupling, one candidate limit is to send S
to infinity keeping g%M log S fixed. To understand the physics of this limit, it is useful to
employ the coordinate transformation used in [133] and map a large spin operator to a state
in AdS3 x S'. As discussed in section 2.2 of [133], the large spin operator corresponds to a
fluxtube state in this geometry even at finite N, as long as the coupling gy is small,’? and
one can study it by (Kaluza-Klein) reducing N' = 4 SYM to an effective two-dimensional Yang-
Mills with higher derivative corrections. It would be interesting to compute the anomalous
dimensions in this limit using the perturbative dilatation operator and compare them against
the effective 2d YM description.

5!The paper [132] analyzed the correlation function of three large charge operators using the semi-classics.
It might be possible to perform a similar analysis for N’ =4 SYM. However for the non-extremal three-point
function, it seems difficult to even find a semiclassical saddle point at large charge. (The configuration discussed
in [132] corresponds to the extremal correlator in N/ =4 SYM.)

52This is because the probability of the fluxtube to break is exponentially suppressed e~1/9% in the limit.
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Relatedly, there have been interesting works [134, 135] which identified a double-scaled
lightlike limit of correlation functions at large N., where the 't Hooft coupling A is sent to zero
with the “cusp times” t7 = \log xf_u log 33221 41 held fixed. Physically this limit is controlled
by operators with large spin and is similar to the large spin limit discussed above. To make
a connection more concrete, it would be interesting to study a similar double-scaling limit
(with A replaced with g%,;) for the correlation function in the SU(2) theory.

In addition, the results in [135] are given by determinants of Bessel functions, which also
show up in the analysis of the large N. 2d YM. One interesting question is if the correlation
functions studied in [135] can be mapped to some observables® in the effective 2d YM.

Combining large N and large J and black holes. For the application to (standard)
holography, it is important to study the combined large N-large J limits. One difficulty
in this case is that the semiclassical analysis cannot be easily justified. To understand this
point, let us recall the basics of the standard 't Hooft limit. The action of N'= 4 SYM is
proportional to N/\, which is infinitely large in the 't Hooft limit,

S ~ J)\\[/d‘lmTr L] (6.2)

One might therefore think that the limit can be studied using the saddle point approximation.
As is well-known, this conclusion is incorrect for the following reason: if we approximate the
path integral by some saddle point, the saddle point action scales like

N N?
Ssaddle ~ X Tr [ : '”saddle ~ T . (63)

However, since there are ~ N? dynamical degrees of freedom, the one-loop correction to
the saddle point also scales like

S1100p ~ NZ. (6.4)

Thus, unless we take A to be small, the saddle-point approximation cannot be justified.

One potential way to overcome this difficulty is to combine it with the large J limit.
For instance, when the saddle point configuration scales like®® gy\v/J/N?, (6.3) will be
enhanced to

s N? g%/MJ
saddle ™ T N2a

(6.5)

53The correlation function in the light-like limit is known to be related to a null polygonal Wilson loop [136].
In the planar limit, the null polygonal Wilson loop at finite A\ can be studied using the so-called Pentagon
decomposition [137], in which the basic building block is the pentagon form factor which can be interpreted
as a form factor of a branch-point twist operator [138] on the two-dimensional worldsheet. It is therefore
tempting to conjecture that the relevant observable in this limit is a branch-point twist operator in 2d YM.

54The scaling with respect to gym and J is fixed by the fact that the Noether charge is quadratic in fields
1

IVMm

among different components of the SU(NN) adjoint field. For instance, if the semiclassical configuration only

and proportional to gZy; namely J ~ T‘r[@fl]. The exponent o depends on how the charge is distributed

has a single non-vanishing diagonal entry, we expect o = 0 while if it is distributed equally among N diagonal
entries, we expect o = 1.
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while the scaling for Si.1o0p remains the same. Thus, by taking the ratio gYM\/j JN® ~
VAJ/N/N® to be large, we can suppress the 1-loop correction parametrically. Of course
the estimate we gave here is rather crude and it is important to perform detailed analysis
for concrete cases.

It would be interesting to study double-scaling limits also on the gravity side. When
the t Hooft coupling A is infinite, the bulk is described by supergravity. As we decrease A,
it receives higher derivative corrections proportional to some powers of 1/A. On the other
hand, the effects of these higher derivative corrections are suppressed for a black hole of a
very large size. Since the size of the black hole with a large quantum number J is controlled
roughly by the parameter J/N?2, the effective strength of higher derivative corrections is
parametrized by % with some positive exponent 3. This offers the possibility to study the
limit % < 1 both at weak and strong couplings. At strong coupling, it is described by
supergravity as discussed above, while we can try to reach this limit from the weak coupling
by first taking the double scaling limit in which A — 0 with A = \?.J /N? fixed and then
later taking the limit A — co, much like what we did in this paper for the strong coupling
limit of A;. Note that there is no guarantee that different ways of taking the limits give the
same answer and more detailed analysis is certainly necessary.

N =2 SCFT. Much of our analysis can be generalized to study large charge operators
and their correlation functions in the double-scaling limit for general N' =2 SCFTs with a
conformal manifold such as the superconformal QCD (SQCD) described by N' =2 SU(N)
SYM coupled to 2N fundamental hypermultiplets. Previous works on large charge limits of
these N = 2 theories have focused on the two-point function of BPS operators [23, 26, 27]
which contain information about the extremal correlator sector of the SCFT [28] and are
nontrivial due to the reduced supersymmetry. In particular, at strong coupling A; > 1,
these two-point functions exhibit an infinite tower of worldline instanton contributions similar
to what we have seen here for more general observables in the A/ = 4 SYM. Nonetheless,
it would be much more interesting to extend the N’ = 2 large charge analysis to non-BPS
operators and also higher-point functions by exploiting our methods here.

Indeed, one copy of the maximally-centrally-extended psu(2|2) symmetry that played an
important role in our “bootstrap” analysis of the non-BPS large charge operator spectrum
survives in general N' = 2 theories.®® In this case, the superconformal R-symmetry is
u(1)g x su(2)r and the relevant large charge operators are Coulomb branch chiral primary
operators O that carry charge J > 0 under the u(1)r and are singlet under su(2)r. The
BPS condition reads A = J and thus as peﬁore, the operator inserted at origin is preserved

— D-J
by the superconformal generator C' = =5+.

Together with the rotation symmetry so(4)
and the su(2)r symmetry, the full superconformal subalgebra preserved by the operator
insertion 0;(0) is

su(2) x psu(2)2) x R, (6.6)

55This symmetry has also been explored in the context of the spectral problem in the standard large N limit,
see [139-143]. Tt has also been proposed that in some A = 2 theories such as those arising from orbifolding
N'=4 SYM, the original psu(2,2|4) symmetry is quantum deformed rather than lost, see [143]. It would be
interesting to carry out a similar large charge analysis in those cases.
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compared to (3.4) for the NV = 4 case. In the large charge 't Hooft limit, we expect this
symmetry to be further centrally extended, which includes a maximally-centrally-extended
psu(2[2) x R? factor, that would govern the physics of excitations on the large charge state
created by O;(0). It would be interesting to carry out this analysis explicitly, for example in
the case of the N' =2 SU(2) SQCD, to learn about the non-BPS large charge operators.

Another potentially intriguing direction to pursue is to develop a better understanding
of the large charge EFT in the large charge 't Hooft limit which shares many similarities
with the conventional Coulomb branch EFT, as we have commented on in the main text,
in general ' = 2 theories. It is well-known that the latter EFT has an elegant low energy
description in terms of the Seiberg-Witten curve and the complex geometric data therein,
largely thanks to the N' = 2 Poincaré supersymmetry [121, 144]. It is thus tantalizing to
speculate a version of the Seiberg-Witten curve for the large charge EFT that follows from
the centrally extended psu(2|2) symmetry.’® In particular, it would be interesting to extract
the correlation functions of large charge Coulomb branch operators from such an EFT. We
leave this investigation to future work.
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A Action & conventions

In this appendix, we establish our conventions for the flat space action, which will be used
for perturbative computations. We begin with the N'=4 SYM action which we write as

2 1 1 1
SN=1SYM = —5— Ao Tr (_4FWFW _ §D#<I>ID“(I>I + Z[‘I)I’ O ;][®r, D] + fermions) ,

9ym
(A.1)
where we omit the fermionic part of the action since we will not use it explicitly.

We express the six real scalar fields in terms of complex scalar fields in the usual manner,

Z+Z Z-Z X+X X-X Y+Y Y -V

o, = , By = , By = , By = , By = , B = .
Y, TV I SN TR T R RN
(A.2)

56See section 3.1.4 for comments on the relation between the centrally extended psu(2|2) symmetry preserved
in the large charge EFT and the Poincaré supersymmetry that govern the Coulomb branch EFT.
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Note that each of the complex scalar fields takes values on the Lie algebra of the gauge group
SU(2), with the generators of the Lie algebra taken to be Hermitian in our conventions. This
allows us to represent the fields explicitly as follows

0+ 0 -
2z - 720 z
Z - Z = ,
2zt - 2 oz
X = (m 0 X = Ik (A.3)

0 .+ B 0 =
y=(2 V), v=(Y "Y,).
v -y gt -

Similarly, the gluons, fermions, and ghost fields can be decomposed in the same way
a® at 0 )t _ 70—
A= ) o= () e= (Y ), (A.4)
a —a, YT = YT =1
0

Aot oo
fd C — . A.5

Among these fields, Z and Z acquire a classical profile in the large charge background

25 0 . zZ9 0
Zey = (51 _,0 Ze = 51 _50 /> (A6>

cl

around which we expand the action. In order to perform perturbative computations, we first
gauge fix the action by adding to it the gauge fixing term

2 4 1 . — -7 r7 2
Sef = 27/61 z <—Tr (OMA“ +ilZ, Za] +i[Z, ch]) ) (A7)
9ym 2

and the corresponding ghost term

S = o [diaTy (¢ (0"Dyc — [le, 2), Za] = [le, Z), Za] ~ [le, Zal, Ze1] — l[e, Zal, Za)) )

9ym
(A.8)
where ¢, ¢ are the ghost fields. The resulting effective action can be split as follows

SN=45YM + ng + Sgh = Skin + Sm,b + Secubic + Squartic + fermions,, (A9>

where from now on we will omit completely the discussion about the fermionic part. The
kinetic terms piece Sk, is given by

2 _ _
Skin = 9~ /d4$ @00 +afo@ ) +2 > oe’+ Y droer).
YM

de{z,y,2,c} de{z,y,z,c} (A10>
p==
where O = 0,0". The bosonic mass part of the action S, , reads
S __176 4 012( ,+(,—\1 @pQ iau—() + - =+
mb = 7 73 d*z||zq|”(a; (@™)" + Z | |)+2 za(z"a, —27ay)
Hu o€y}
p==%

+ %8‘%81 (z7a, —z%af)|. (A.11)
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We note that the classical profile of zgl and 521 induces a mixing term between the gauge

fields and the scalars zi 7+,

We now proceed with the cubic part of the action, which due to its length can be sub-split
into several parts according to the field content

Scubic - Scubic,g + Scubic,s + 'Scubic,g,s + Scubic,s,gh . (A12>

Each one of these parts read as

Secubic,g = /d4x 22 (a, ad —aja )8”(61“)Jr + (ajag - aua N (aH)~
9

+ (afa, —a,a})0"(a Oyu }, (A.13)

Scubic,s = T/d4x4
9ym

—2200(10 2+ [07) = (|27 P+ 2D + 2272 02 + e, (A14)

> (0@ 4 BFaT) 4+ BB + BT
de{z,y}

where h.c. means adding the conjugate of all terms of the Lagrangian where unbarred fields
become barred and vice-versa. The remaining cubic terms read

4 _
Scubic,g,s = gng[/d4$ |:_2(a’ )#ag( +Z +z Zc ) 2( ) g(z Z1+Z+ 81)

—4(a at (2 +202) + D (io*e (97 a) — %))
de{x,y,z}

+i0' et (2%, — dTal)) + 0" (BT af — 7a,) + h.c.)

; (A.15)

)

Scubiqs’gh:ngM d*z {z 21(26 ¢ +2cte )+z zl<2c ¢ +2¢¢ )

— 2% (207 2atet) 0 - 2 (20T 2 ) O

Finally, we display explicitly the quartic part of the action which we write as
Squartic = Squartic,g + Squartic,g,s + Squartic,s (A]-G)
where
1 4 Ovif OV [+ v —( + 0/.0
Squarticg = —5— [ d x|4(a”)"(a”)” (aua +a,a; ) —2a; (a™) (au (™) +2a,(a )“)
Iym

— 4a;(a+)“a3(a0)y + a:[ <a+)u (@) a, + a;(a_)“aj(cﬁ)"] ,
(A.17)
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Squartic,g,s = QL Z d497 [40,“ (aﬂ)u ((I)Jr(i)o + (i)i‘bo) + 2 a; (a*)“ ((I)Jr(i)*)
9ym de{z,y,z}

+ 4&2(@0)“ (q)_(i)() + (I>0<I>+> +2a) (a+)u <<I>_<i>+)

—2(a; (@*)" + 2a5(a%)) (@787 + TdT) — 8a, (a* ) (<1>O<1>0)] :

2 o B B B ~ (A.18)
Squartics = —5— / d'z Y {—4\11—@\1/0@0 + 4073~ 00 — U U300
Srm Pefry.z)
Ye{z,y,z}

+ 40T d000 — Ut Ut — P U d — TRt UTHT

— 20T UTP ™ + 40 dTPUOPY 4 4P TP TP .

B Large charge background and scalar propagators

In this section, we aim to find the propagators for the scalar fields in the effective action. We
consider a two point function of local operators with a very large charge, which we denote as

Oy(x) = (°(x))”, O4x) = (°(x))”. (B.1)

In the limit when J — oo, the insertion of such operators in the path integral source a
non-trivial profile for 2% and z° which can be obtained as a saddle point of the two-point
function given by

(O4(x1)0 (x0)) ~ €5 as J =00, gym — 0 with Ay = g3y J/2 fixed, (B.2)

where the corresponding effective action is given by

Seff = Seﬂ Z0720_>z81,221 Wlth
S.q = ii / Az {ZODZO + % (log(2°) 6(z — 21) + log(=") 6= xQ))] . (B3
J

In this expression, 221, 581 are the solutions of the saddle point equations that follow from

0

the action Seg. The explicit solutions for 2J(z) and zJ(z) are given by

6i¢ |5L‘1 - 51:2‘ )‘J 20 (x) o 6_i¢ |‘T1 — x2| AJ (B 4)
_— 7, Cl _——— . .
2

0 _
zal®) 2|z — xo|?

T o — a2 2
From (A.11), we find that the scalars 2%, 2% and y* have masses given by

o 2
m(w) = 8|22 = 1L

AJ. B.5
w2z — 21 2| — o2 (B.5)

The quadratic part of the action for each of these scalars, which we generically denote by

®, is then given by

2 _
Squadp = —— [ d'z (20 — m?(2)[®?) . (B.6)
IyMm
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The scalar propagator is obtained by solving the equation
2
(-0 (@) Glay) = 00 (a —y)  with Glr.y) = 5= (BE)2(w). (BT
YM

The solution to this equation has already been worked out in [9]. One considers an expansion
in powers the 't Hooft coupling A;

D=3 aley), onle.y) ~ OO (B.9)

The leading order term satisfies the massless propagator equation
1 1

dn? o —yP?’

—Ou90 =0 —y) = go= (B.9)

whereas the remaining terms obey
—Oagkt1 +m°ge =0, (B.10)

where we have omitted the arguments for simplicity. It is simple to obtain iteratively the
perturbative solution at any order k

a(z,y) = (D[ ]] < /d Znm Q(Zn)g()(zn7zn+1)) go(z,21), (B.11)
n=1

where we defined 21 = y. More explicitly, this is equivalent to

(71 — 29)?
T —21)?(y — 2)?

gk (z,y) = (—492)k 2 F(k)(z,i) (B.12)

where F() (2, Z) stems from a ladder type integral and can be pictorially represented by:

X1

2k
_ T —z —Zz (k) Z,Z
r o oY = (y—x)z(m _$2)2k(1 )(1 )F ( ) )

T2

Here the integration points are represented by the black dots while the white dots are
unintegrated external points. The conformal cross-ratios z,z are given by
2

— ) (x — = - 21— 15)2 (1 — )2
2z = Eix32(<yx§§2 (1-2)(1-2) = Exl xj;(@(,ag?‘ (B.13)

With the explicit form of the ladder integrals [145, 146], it was found in [47] the resumed
expression giving the two-point function (B.8)

- gYM msmh +log 2z) Jo (\/’;‘27 t(t —log z§)>

(@(2)®(y)) =
4 2 — 2 2z 2z > 2
™ |x y| 1 — a 12—3_(1 B) + 2 mCOSh (t — %log ZZ))
(B.14)
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where J, denotes the Bessel function. The ladder integrals can be represented in an alter-
native form that is more useful for analyzing the strong coupling behavior of correlation
functions [47, 50, 96]. It is given by

- gYM —2)(1-2) /°° du 2asin(ap)e 20

O(x)P = —7 — B.15

B)2) = g ZOZ L ey B
where ¥ = \/z/Z and e™® = \/zz. Since this type of integrals are common in integra-

bility approaches to correlation functions [50], we will refer to it as the integrability-like
representation of the ladder integral.

Of particular importance are the following limits of this formula. When 62 := |z —x1]? — 0
we obtain [9]

492 1 ( 6|.’L’2 - y| )\/1+16g21

P(z1)P(y)) = = B.16
(D(z1)2(y)) J |z —y|2V/1 + 16¢2 \ |21 — 22|71 — 9| ( )
and when |y — z2/> — 0
d(2)® 4g° 1 8|z — Vgl B.17
o 4 1
(2(2)®(22)) = — 22 — 2|2/1 t 162 <|1:1—:E2|\~’U2—~’L‘|) (B0

C Perturbative computation

In this appendix, we set up the perturbative computation of one-loop diagrams from the
effective action derived in the appendix A around the background field determined in
appendix B. We will be computing the diagrams listed below:

zt y* x y* xt y*
= X Gy = X GF = M .
xt y* xt Y- at vt
The double line corresponds to the massive scalar propagator and the coiled line represents
the propagator of the massless mode of the gluon field.

Diagram G;. After factoring out the tree level contribution and using the part of the
action denoted by Squartic,s in (A.18), we obtain the following one-loop result:

329 1

Gi=-—; 1+ 1642 "

w2 (2m)* 21 — 22| X 1122, (C.1)

which is independent of the sign of y. We consider the simultaneous point-splitting =4 = x| +¢#
and 7/ = 2§ + ¢* with ¢# — 0 of the integral Xja34 given by

X1234=/(d42 ! . (C.2)

2m)8 |xy — 2|2|we — 2|%|wg — 2|?|wg — 2|?’
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The result is given by [101]

1 ¢ 1
122 = i A1234 ) ( 0g <|x1 _ m2|2>> X (2m)4xy — 2| (C.3)

Ta—T2
We conclude that the logarithmic divergence of such a diagram is

1 4g? 1/ 5 4
G =—————~— (49— 64 o) C4
thes = 777 1642 7 (46" — 649"+ ) (C4)
Diagram Ga. The diagram Gy is similar to G; except with a different combinatorial
factor. We get

B 649> 1

Go = —L———— 72 (2m)* |x1 — 2o X120 C.5
2 7 1—|—16927T (2m)" [21 — z2|" X1122 (C.5)

This gives the following logarithmic divergence:

G =————— ~ — [ —8g“ +128¢" + ... ). C.6
2|10g 71 16 2 7 ( g g ) ( )

Diagram Gf. The gluon exchange diagram is derived from the part of the action denoted
by Squartic,gs in (A.18) and produces the following result

649> 1

Gy =7—2————
3 J 1+16g2

(2m)%|z1 — wal* LA 92 91H12,34 (C.7)

Ty4—>T2

with the two-fold integral Hig34 given by

d*zd*w 1
H = . C.8
12,34 / 2m)10 21 — 222 — 22w — 22|as — w]2|ae — w]? (C8)

We use the result for its derivatives that can be found for example in [101] and reads

1 e’ !
lim & - O H =——|2-log| —— (O 42y — zold .9
ap, 020041234 = 160 ( o8 <|$1 - $2|2>> " (@m)tan = af* o

T4—T2

When extracting the logarithmic divergence we now obtain

1 164> 1 9 4
2~ 4 (1697 — 25691 +... ) . C.10
J1+ 16g2 J< g o'+ (C.10)

+ _
G5 |log =4
This concludes the perturbative one-loop computation.
Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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