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Abstract

The planar integrability of N' = 4 super-Yang-Mills (SYM) is the cornerstone for nu-
merous exact observables. We show that the large charge sector of the SU(2) N’ =4 SYM
provides another interesting solvable corner which exhibits striking similarities despite being
far from the planar limit. We study non-BPS operators obtained by small deformations of
half-BPS operators with R-charge J in the limit J — oo with \; = ¢%,,J/2 fixed. The
dynamics in this large charge 't Hooft limit is constrained by a centrally-extended psu(2[2)?
symmetry that played a crucial role for the planar integrability. To the leading order in 1/,
the spectrum is fully fixed by this symmetry, manifesting the magnon dispersion relation
familiar from the planar limit, while it is constrained up to a few constants at the next or-
der. We also determine the structure constant of two large charge operators and the Konishi
operator, revealing a rich structure interpolating between the perturbative series at weak
coupling and the worldline instantons at strong coupling. In addition we compute heavy-
heavy-light-light (HHLL) four-point functions of half-BPS operators in terms of resummed
conformal integrals and recast them into an integral form reminiscent of the hexagon for-
malism in the planar limit. For general SU(N) gauge groups, we study integrated HHLL
correlators by supersymmetric localization and identify a dual matrix model of size J/2 that
reproduces our large charge result at N = 2. Finally we discuss a relation to the physics
on the Coulomb branch and explain how the dilaton Ward identity emerges from a limit
of the conformal block expansion. We comment on generalizations including the large spin
't Hooft limit, the combined large N-large J limits, and applications to general N' = 2
superconformal field theories.

arXiv:2306.00929v1 [hep-th] 1 Jun 2023



Contents

1 Introduction
1.1 Introduction and outline of the paper . . . . . . . . . ... ... ... ....

1.2 Large charge limit vs. large charge 't Hooft limit . . . . . . .. ... ... ..

2 Weak Coupling Analysis
2.1 SU(2) sector: operators and magnons . . . . . . . . . ... ... .......
2.2 SU(3) sector: parity projection . . . . . .. ... ...
2.3 SL(2) sector: bound states . . . . .. ... Lo

2.4 Superconformal index and partition function at large charge . . . . . . . ..

3 Symmetry and Operator Spectrum at Leading Large J
3.1 Symmetry and its central extension in the large charge 't Hooft limit
3.1.1 Residual superconformal symmetry at large charge . . . . . ... ..
3.1.2 The maximal central extension and its representations . . . . . . ..
3.1.3 Gauge invariant operators and comparison with data . . . . . . . ..
3.1.4 Relation to Poincaré supersymmetry . . . . . . . ... ... ... ..

3.2 Recovering the leading large J spectrum from semiclassics . . . . . .. . ..

4 Operator Spectrum at Order 1/.J
4.1 Constraints from centrally-extended symmetry . . . . . . . . .. .. ... ..

4.2  Constraints from semiclassics at one-loop . . . . . . . .. ... ..o

5 Higher-point Functions with Large Charges

5.1 Resummed ladder integrals and worldline instantons . . . . . . . .. ... ..

5.2 Three-point function of Konishi and two large charge operators. . . . . . . .

5.3 Heavy-heavy-light-light four-point functions . . . . . .. ... .. ... ...
5.3.1 Four-point functions at large charge . . . . . . . .. .. ... ..
5.3.2 Heavy-light OPE at large charge . . . . .. . ... ... .. .....

5.4 Relation to the Coulomb branch . . . . . . .. ... ... ... ... .....
5.4.1 Three-point function . . . . . . ... ... ... L
5.4.2  Four-point function: dilaton exchange and form factor expansion . . .
5.4.3 Coulomb branch from conformal blocks: summary and conjectures

5.5 Matrix model for integrated correlators . . . . . . . ... ..o
5.5.1 SU(2) gauge theory . . . . . . . . . ...

11

15
15
19
23
26

30
30
31
32
39
41
42

46
47
53



5.5.2 Radius of convergence and massless magnon point . . . . . . . . . .. 87

5.5.3 Generalization to SU(N) gauge theories . . . . . .. ... ... ... 88
Conclusions and future directions 94
6.1 Direct generalization of the results in this paper . . . . . . . ... ... ... 94
6.2 Other important future directions . . . . . . . . ... ... ... ... .. 95
Action & conventions 100
Large charge background and scalar propagators 104
Perturbative computation 107



1 Introduction
1.1 Introduction and outline of the paper

A system with a large number of degrees of freedom often exhibits emergent properties
which are difficult to deduce from its Lagrangian. Among multiple ways of introducing a
large number of degrees of freedom to a given system, the two approaches often discussed in

the literature are

1. Consider a family of theories parametrized by a parameter N which quantifies the

number of degrees of freedom, and take the limit N — oo.

2. Consider a state in a given theory in which a large number of degrees of freedom are

excited, such as a state with a large density of particles.

A prominent example of the first is the large N, limit: gauge theories with a large number
of colors N, admit a double-scaling limit in which N, is sent to infinity while the 't Hooft
coupling A = g2, N. is kept finite. As pointed out by 't Hooft [1], Feynman diagrams con-
tributing to this limit can be classified by the two-dimensional topology: the leading large
N, answer is given by diagrams that can be drawn on a two-dimensional sphere while the
subleading corrections come from diagrams that can be drawn on higher-genus Riemann
surfaces. This “empirically-observed” connection to two-dimensional surfaces was promoted
to a full-fledged duality after the discovery of AdS/CFT correspondence [2], which relates a
special class of large N, gauge theories to string theory in AdS spacetime and provides a phys-

ical interpretation of the two-dimensional surfaces that show up in the large N, expansion.

On the other hand, examples of the second kind abound in condensed matter and sta-
tistical physics, and understanding their emergent properties is one of the central goals in
these fields. To appreciate its importance in a simple setup, let us consider a system of
particles with two-particle interaction strength g. If both the number of particles and the
interaction strength are small, the system can be studied by perturbation theory around a
free particle system. However, if the system contains a large number of particles N, the

effective interaction strength gets enhanced to
)\eﬁ‘ ~ gN s (11)

simply because the probability of a given particle to interact with another is proportional

to N (see Figure 1). Admittedly, the relation (1.1) is based on a rather crude estimate,
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Figure 1: The figure represents a system of N particles interacting with a pairwise coupling
constant g for small N (left panel) and large N (right panel). For a small number of particles
N ~ O(1) and weak interaction g < 1, the system is approximately free and can be studied
within the standard perturbation theory. However, when the number of particles N becomes
large, the interaction strength is roughly enhanced to Aeg ~ g/N. In the double-scaling limit
where Aeg is kept fixed, one can replace the two-particle interaction by an effective one-
particle potential.

and in actual physical systems, there can be various other effects to be taken into account.
Nonetheless, (1.1) already highlights several important features of a system with a large

number of degrees of freedom:

e Even if the fundamental interaction is weakly-coupled (g < 1), a sector with a large

number of degrees of freedom can be driven to a strongly-coupled phase.

e [t suggests the existence of a double-scaling limit in which N is sent to infinity with
Aef fixed. In the simple example discussed above, this is a limit in which the system is
well-described by a mean-field approximation and the two-particle interaction can be

replaced with an effective one-particle potential.

At least formally, this double-scaling limit is reminiscent of the 't Hooft limit of the large
N, gauge theory, and it is tempting to ask whether and how the physics of the two setups
exhibits similarities on a more concrete level.

Partial answers to this question were given thanks to vigorous studies in the past years on
the large charge sectors of conformal field theories (CFTs) with global symmetry, which were
initiated in [3]. In a series of works [3-5] (see also a review [6]), operators with large global
charge J > 1 in generic (non-supersymmetric) CFTs have been studied using the effective

field theory (EFT) techniques, and universal predictions on the conformal dimensions and



the structure constants of large-charge operators have been obtained, which were later borne
out by the direct large N analysis [7-12] and by the lattice simulation [13-17]. The EFT
approach was subsequently generalized to supersymmetric field theories [18-27], for which the
relevant EFT is a low-energy EFT on the Coulomb branch. One of the main outcomes in the
application of this EFT to supersymmetric theories is the determination of the asymptotic
behavior of two-point functions of chiral and anti-chiral operators (equivalently the extremal
correlators) in rank-one A/ = 2 superconformal field theories (SCFTs), which, for theories
with a Lagrangian description, reproduces the exact results obtained by supersymmetric
localization [28].

The results based on EFTs are valid irrespective of the interaction strength and are
applicable to theories without a weak-coupling description. The flip side of this universality
is that it is difficult to capture intricate dynamics which are theory-dependent. One approach
that could overcome this limitation is to consider CFTs with a weak-coupling parameter g
and take a double-scaling limit in which one sends the charge to infinity while keeping a
product ¢g#.J fixed, as was first found in [20]. The physics in this limit — which we call
the large charge 't Hooft limit in this paper — is different from the standard large charge
limit reviewed above and exhibits certain similarities with the large N, 't Hooft limit. Much
like the large N, 't Hooft limit, this double-scaling limit selects a certain class of Feynman
diagrams and the observables in this limit can be computed by a resummation of such
diagrams [29,30]. Alternatively, the limit can be studied by the semiclassical analysis as
was demonstrated in [31,32]. This parallels the fact that the large N, limit of the gauge
theory corresponds to a classical limit of the holographic dual. In fact, the analogy goes
even further: it was shown in [23,33-38] that various results obtained from supersymmetric
localization in the large charge limit can be recast into an “emergent” matrix model of size of
order J, for which the large charge 't Hooft limit corresponds to the standard 't Hooft limit.!
In addition, it was shown in the analysis of the O(/N) model [10] that the 1/.J perturbative
series in the large charge 't Hooft limit is asymptotic and the coefficients at large order grow
double-factorially,” much like in the 1/N, expansion of the large N, gauge theory.

Finally, already back in 2012, Polchinski and Silverstein [42] argued that the large charge
limit alone (without taking a conventional large N limit) can lead to a holographic dual

description. The most notable example is a system of a few NS5 branes and a large number

1Such an “emergent” matrix model was obtained first for the generalized cusp anomalous dimension of
the BPS Wilson loop in N/ = 4 SYM by Gromov and Sever using the integrability approach. See [39]
and [33,40,41].

2Namely, the coefficient at f-loop grows as (2¢)! unlike in standard perturbation theory in quantum field
theory, in which the coefficient grows as £!.



of fundamental strings, which is known to be dual to type IIB string theory on AdSs x S? x T
[43,44]. When viewed from the fundamental strings, this leads to a conventional large N
theory in two dimensions while, when viewed from the NS5 branes, this corresponds to a
large charge state in six dimensions. This suggests that the large charge limit and the large
N limit are sometimes dual descriptions of the same system.

In this work, we study the large charge ’t Hooft limit of the four-dimensional N/ =
4 supersymmetric Yang-Mills theory (SYM) with the gauge group SU(2) and reveal yet
another similarity between the large charge 't Hooft limit and the standard 't Hooft limit.
In particular, we demonstrate that the observables in the large charge 't Hooft limit are
highly constrained by the maximally-centrally-extended psu(2[2)? symmetry (see around
(3.7)), which played a crucial role in the integrability approach to the standard 't Hooft
limit [45,46]. Specifically, we analyze the spectrum of non-BPS operators obtained by small
deformations of the half-BPS operators with large U(1)x charge J,* in the limit J is sent to
infinity while keeping A\; = ¢2,,J/2 fixed.* At the leading order in the 1/.J expansion, we
show that the spectrum is given by a gauge-invariant combination of “magnons” satisfying

the following “dispersion relation”:

by 2
E, =+/n?+ 1642, (g2 = A gyt n e N) : (1.2)

~ 1672 3272

Interestingly, this takes the same form as the dispersion relation of magnons with momentum
p = £ in the large N, limit [45],

Y o A gl
E,.(p) = \/n2 + 1642 sin? 5 (g2 =157 \1%/;2 , nE N) : (1.3)

where the integer n signifies the n-th bound state of fundamental magnons. As we explain in
this paper, this is not a coincidence but is a direct consequence of the maximally-centrally-
extended psu(2]|2)? symmetry present in the large charge 't Hooft limit. We also show that
the spectrum at order 1/J is constrained by the symmetry up to a few overall constants,
some of which can be determined by a straightforward semiclassical analysis around a BPS
background with large charge.

Moreover we establish that in the standard large charge limit (fixed gym and J — 00),

the maximally-centrally-extended psu(2]2)? symmetry undergoes an Lie algebra contraction,

3This is the universal U(1)z symmetry for general N'= 2 SCFTs.

4We choose this definition of \; (rather than \; = g3-;J) since the localization result for the integrated
heavy-heavy-light-light (HHLL) four-point function can be recast into a matrix integral of size J/2 (instead
of size J). See Section 5.5 for details.



R, xS}

VAN S |

7
-
v
Poincaré
psu(2|2)? ~  SUSY

Figure 2: The Compton wavelength /. of a particle in a short representation of psu(2|2)?
scales inversely with the large charge 't Hooft coupling v/\; in units of the S* radius L.
The standard large charge limit (fixed gyy and J — 00) corresponds to Ay — oo. In this
limit, the sphere flattens out, resulting in a BPS particle protected by the flat space Poincaré
supersymmetry.

morphing into the centrally-extended Poincaré supersymmetry. Correspondingly the short
representations of the former symmetry become the BPS particle representations of the
contracted symmetry. This group-theoretical understanding provides a solid foundation for
the relationship between the large charge limit of SCFTs and the dynamics on the Coulomb
branch discussed in the literature. For more explanation, see Figure 2 and Section 3.1.4.

In addition to determining the large charge spectrum, we compute the three-point func-
tion of the Konishi operator and two large-charge BPS operators, and heavy-heavy-light-light
(HHLL) four-point functions of two large-charge BPS operators and two light BPS operators.

The three-point function is given by a simple integral involving the Bessel function,

dgw — J1(8gw)
sinh*(w) '

[ee]
) = 842 + 49/ dw (1.4)
0
which nevertheless exhibits a rich structure interpolating between the perturbative series at
weak coupling (A; < 1) and the worldline instantons at strong coupling (A; > 1).° See
equation (5.30) for the explicit result and also Figure 3 for a summary. The HHLL four-point

°See (1.2) for the relation between \; and g.
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Figure 3: The three-point coefficient C’g) of the Konishi operator and two large-charge BPS
operators (on the left) and the integrated HHLL four-point function G; (on the right) are
depicted as a function of the large charge 't Hooft coupling. The blue lines are the exact
results. The green and orange dashed lines correspond to the weak and strong coupling
expansions respectively. The weak coupling expansion is truncated to the first ten terms,
while the strong coupling expansion incorporates a single worldline instanton contribution.
Remarkably, the latter yields a highly accurate result (especially for the three-point coeffi-
cient), even at small coupling. The zoomed-in box in the left picture highlights the weak
coupling region.

functions are given in terms of a resummation of conformal ladder integrals [47],°

o0

t(z,2) =Y (—49°)* (1 - 2)(1 - 2)FW(z,2), (1.5)

k=0

where z and Z are conformal cross ratios and F'*®) is a k-loop conformal ladder integral which

can be represented as

T3
ﬂ.Qk
1 O O Ly = ﬁ(l—Z)(l—g)F(k)(Z,Z) (16)
T19T34
Tyq

Here the black dots are being integrated. The points x3,4 are the locations of the large
charge operators and the horizontal line represents the propagation of a scalar field in this
background from x; to x5 (see Section 5 for details).

Similar but different resummations of conformal ladder integrals show up in the so-

6The same resummation of the conformal ladder integrals shows up also in the large charge double-scaling
limit of the critical O(NN) model [9].
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Figure 4: An illustration of the worldline instanton representation (1.8) of the HHLL four-
point function from summing massive propagators. The blue and red curves depict the two
distinct terms, representing the worldline instanton’s wrapping of the cylinder in opposite
directions. The varying tones of blue and red correspond to different winding numbers
(n =0,1,2) for each respective direction.

called hexagon approach [48] to the four-point functions in the planar limit [49-53]. Taking
inspiration from it, we express the resummed conformal ladder integrals as a sum over

magnons,

1—2)(1-2) f: ae~ 7V @169 gin ()
VzE 2\ Ja? 1 16¢2 sin(y) ]
with €77 = \/2Z and e = /z/Z, and use this to read off the operator-product-expansion

(OPE) data. In addition, we derive a strong coupling expansion of the resummed ladder

(

t(z,2) = (L.7)

integrals,
1-2)(1-2) «
t(z,z) = L\/%z) nz% W(p+2mn) +W(2r — ¢+ 27n),
_ 4gr K, (4gVa? + o?)
C sin(@)Vaifo?

This expression has two remarkable features,

(1.8)

1. It provides an exact rewriting of the resummed conformal ladder integrals in terms of
the worldline instanton contributions W (z) depending on the orientation (blue versus

red) and the winding number n of the instanton. See Figure 4.

2. The worldline instantons have the same functional form as the massive propagator in



flat space (i.e. Bessel K). This provides a concrete link between the large charge limit

in the CFT and the physics on the Coulomb branch.

See Section 5.1 for further discussions on these points.

We also compute the integrated four-point functions for arbitrary SU(N) gauge groups
by recasting results from supersymmetric localization into an “emergent” matrix integral of
size J/2. The matrix integrals can be evaluated by saddle-point techniques and the answers
are in precise agreement with the results in the literature obtained by other methods [54,55].
For N = 2, we derive the same answer from our un-integrated HHLL four-point function
by explicitly carrying out the integral over the conformal cross-ratios z, Z, thus providing a
nontrivial consistency check of our formulae. See Figure 3 for an illustrative summary. Note
that the large charge 't Hooft limit corresponds to a standard 't Hooft limit of this matrix
integral, thereby offering another evidence for the similarity between the two limits.

The rest of this paper is organized as follows. In Section 1.2, we explain generalities of
the large charge limit and the large charge 't Hooft limit in (S)CFTs and discuss similarities
and differences. In Section 2, we compute the non-BPS spectrum in the large charge 't
Hooft limit by perturbation theory in A;. For the explicit computation, we use the dilatation
operator at weak coupling, which was determined fully at the non-planar level in [56]. We
find that the resulting spectrum at leading order in the 1/J expansion is consistent with
an interpretation that the non-BPS operators are composites made of “magnons”, each
carrying a definite energy, subject to parity and gauge singlet constraints. We consolidate
this observation by examining the partition function of free N' =4 SYM and taking the large
charge limit. In Section 3, we explain the structure of the large J spectrum from the point
of view of the maximally-centrally-extended psu(2|2)? symmetry. We first give a physics
derivation of the existence of the centrally-extended symmetry in the large charge 't Hooft
limit. We also provide a brief explanation on how this symmetry is related to the centrally-
extended Poincaré supersymmetry on the Coulomb branch of the N' =4 SYM. We then use
this symmetry to constrain the spectrum at leading order in the large J limit. This allows
us to fix the energy of individual magnons non-perturbatively as a function of A\;. We then
check the results against the semiclassical analysis around a large-charge BPS background.
It is in principle possible to determine the full A j-dependence just from the semi-classics, but
as we will see, the actual semiclassical computation is rather complicated: even in the leading
large J limit, the computation involves diagonalizing the unconventional kinetic terms since
the background is space-time dependent. The centrally-extended symmetry provides a useful

guiding principle for organizing the computation and also allows us to promote the results

10



obtained in a scalar subsector to sectors involving fermions and gauge fields. In Section 4,
we analyze the 1/J correction to the spectrum. For simplicity, we focus on the SU(2|2)
subsector and show that the spectrum is constrained by the centrally extended symmetry up
to a few overall constants. We then compute some of these constants by a direct semiclassical
analysis. In Section 5, we analyze a sample of higher-point functions. First we study the
three-point function of the Konishi operator and two large-charge BPS operators up to
order 1/J and obtain an integral representation exact in A;. We then analyze the weak-
and strong-coupling limits making contact with the perturbation theory and the worldline
instantons. We next study HHLL four-point functions of two large-charge BPS operators
and two small-charge BPS operators in the large charge 't Hooft limit. The results are given
by a resummed conformal integral which we recast into an ordinary contour integral. Using
this representation, we read off the OPE data. We also explore a connection to the standard
large charge limit and study a relation to the physics on the Coulomb branch. In particular,
we discuss how the form factor expansion of the two-point function in the Coulomb branch
arises as a limit of the conformal block expansion in the heavy-light channel. We then derive
an “emergent” matrix integral which computes the integrated four-point functions. Using
the matrix model representation, we analyze the large charge 't Hooft limit and obtain the
exact answer in A;. Finally in Section 6, we conclude and discuss possible generalizations
including extensions to less-supersymmetric large charge states, theories with higher-rank
gauge groups, more general three-point functions, the combination of large N and large J

limits, and applications to general N' = 2 SCFTs.

1.2 Large charge limit vs. large charge ’t Hooft limit

Before delving into the details of the computation, here we review a physical picture of
the large charge limit and the large charge 't Hooft limit, and discuss their similarities and

differences. Along the way, we also mention several open questions.

Basics of large charge limit. The simplest way to discuss the large charge limit in
conformal field theory in d dimensions is to consider on flat space R? a two-point function
of operators that have the minimal conformal dimension A,;,(J) for a given large charge
J. We then map it to a cylinder R, x S¢~!, where the radius of the sphere is taken to be
L. Under this mapping, the large charge operators are mapped to states with the following

energy and charge:
Amin ( J)

Estate = I )

Jstate — J . (19)

11



The factor 1/L in the expression for the energy comes simply from the dimensional analysis.
These relations translate to the energy and charge densities (€gate and jseate) Of the states as

Amin J . J
Estate % ) Jstate ™~ F . (11())

We then take a scaling limit in which we send both J and L to infinity while keeping jsate
to be finite. As a result, we obtain the lowest energy state in flat space with a given charge

density jsiate- The physics of such states depends on the behavior of a theory in flat space:

1. In generic (non-supersymmetric) conformal field theories, we expect that a state with
a non-zero charge density in flat space is a highly excited state with an O(1) energy
density. By requiring €gate ~ Jstate ~ O(1), we arrive at the famous scaling relation of
the large charge operator

Amin(J) ~ J7T . (1.11)

2. In theories with a moduli space of vacua, the lowest energy state with a charge density j
not necessarily zero in flat space has exactly zero energy e = 0. In this case, the scaling
relation (1.11) is violated since €gate asymptotes to zero in the large L limit while jsiate
can approach a finite nonzero value. This is in particular the case for large classes
of superconformal field theories, for which there exist the BPS operators satisfying a

linear relation between the dimension and the charge, Ay (J) ~ #J.

Before proceeding, let us make two side comments regarding the second scenario. First, in
order to have a state with j # 0 and € = 0 in flat space, it is enough to have an operator
whose dimension scales as Apin(J) ~ J* with « strictly smaller than d;fl. However in all
the examples known in the literature, the relation between the minimal dimension and the
charge is linear, suggesting that this might be a universal feature of CFTs with a vacuum
manifold. In fact, there is an interesting result on condensed matter systems [57], which
proved that the off-diagonal long range order—a hallmark of the spontaneous symmetry
breaking present in the moduli space of vacua—implies a linear energy-charge relation. It
would be interesting to try to adapt the proof to CFT. Second, the paper [58] proposed” that
the weak gravity conjecture in AdS implies a convexity of conformal dimensions of charged
operators in CF'Ts. When applied to the large charge sector, this means that the exponent «
in the dimension-charge relation must satisfy a > 1. This is indeed satisfied in all the known

examples. Thus, combining the two statements, we are led to the following conjecture:

"More recently, counter-examples were found in [59] for the original formulation of the conjecture, but
even in those counter-examples, the convexity still holds in the large charge limit.

12



Conjecture:® In any CFTs in d > 2, the dimension-charge relation Ay, (J) ~ J¢
satisfies 1 < a < d;fl. The lower bound is saturated (a = 1), if and only if the CFT

comes with a moduli space of vacua.

It is an interesting open problem to establish this claim using non-perturbative techniques®

such as the conformal bootstrap.

Large charge limit of SCFT and large charge ’t Hooft limit. Let us now take a
closer look into the large charge sector of SCFTs. To be concrete, we consider N' = 2
SCFTs in four dimensions and discuss Coulomb branch operators'® with large U(1)x charge
J and scaling dimension A = |J|. Roughly speaking, the insertions of these operators
effectively introduce (nonlinear) source terms for the scalar fields in the vector multiplets,
and the path integral will be dominated by a configuration with a nontrivial profile for these
scalar fields.!! This is physically similar to considering theories on the Coulomb branch in
flat space, which is described by an effective Lagrangian of axion-dilaton (and also other
massless scalars if rank > 1) together with super-partners at low energy. As demonstrated
in [18,19] for the rank-1 SCFTs, this intuitive picture can be turned into a computational
framework with the help of the EFT techniques. Namely, by writing down all the interactions
allowed by the symmetry and organizing them according to the derivative expansion, one
can compute observables in the large charge limit as a function of the coefficients in the
effective Lagrangian. In particular, it turns out that some of the observables depend only
on universal properties of the theories such as the conformal anomalies. Thus one can
make a solid prediction from EFT and test it against the exact results from supersymmetric
localization.

In theories without exactly marginal parameters such as the Argyres-Douglas theories

[61,62], this EFT approach is perhaps the best one can do. In contrast, in theories with

81. The upper bound a < % comes from requiring that the finite charge density state in flat space has
finite energy density, which is a physically well-motivated assumption. 2. The results in the literature are
consistent with a stronger version of the conjecture, which states that a must be either ﬁ or 1.

In a recent paper [60], it was shown that the convexity (o > 1) follows from the consistency of the large
charge EFT under the assumption that the large charge limit is described by the EFT that consists of a
single Goldstone boson. It would be interesting to prove the statement without making such assumptions
(i.e. purely based on the conformal bootstrap).

10They are half-BPS scalar primary operators and elements of the Coulomb branch chiral ring whose
vacuum expectation values are (anti)holomorphic functions on the Coulomb branch of the vacuum manifold.
The “rank” of an N' = 2 SCFT refers to the complex dimension of its Coulomb branch.

"This is most obvious for Lagrangian SCFTs (e.g. N = 2 superconformal QCD). For non-Lagrangian
SCFTs (e.g. the Argyres-Douglas SCFT [61]), these vector multiplets come from the Coulomb branch

effective action (see [19]).

13



tunable couplings (to be denoted by gym), one can better understand inner workings of the
large charge limit. In these theories, the large charge operators give a vacuum expectation
value to scalar fields in the vector multiplet of order (¢) ~ gymVJ. As a result, BPS W-
bosons acquire mass of order my ~ gymV.J while BPS monopoles acquire mass of order
Mmonopole ™~ Vi /gym- In the standard large charge limit in which J is sent to infinity with
gywm fixed, both particles become infinitely massive in units of the radius of S®. By integrating
them out, we generate higher-derivative contact interactions of the axion-dilaton fields that
are suppressed by inverse powers of J. This is quite analogous to what happens when we
integrate out a propagator of a heavy particle in flat space:
2

ﬁ——%—%er. (1.12)
In theories with a Lagrangian description, it should be possible to perform this integrating-
out procedure explicitly and derive the EFT Lagrangian from first principles although it has
not been demonstrated in the literature to the best of our knowledge.

To better understand the physics of these heavy particles, it is instructive to take a
slightly different limit in which J is sent to infinity while the large charge 't Hooft coupling
Aj = g3\ J/2 is kept finite. The physics in this large charge 't Hooft limit differs from that
of the standard large charge limit since the mass of BPS W-bosons mw ~ gymV/J remains
finite and they contribute to observables even in the J — oo limit. Furthermore, the very
notion of “BPS particles” is modified in this limit (see Figure 2): in the standard large charge
limit, the Compton wavelengths of the particles are much smaller than the size of the sphere,
allowing one to classify them by BPS representations of the Poincaré supersymmetry in flat
space. On the other hand the Compton wavelengths are finite in the large charge 't Hooft
limit and the particles “feel” the curvature of S3. Thus, a priori, the classification based on
the BPS representations in flat space cannot be justified. One of the punchlines of our work is
that the correct symmetry algebra governing this limit is the maximally-centrally-extended
psu(2]2)? symmetry, which was first introduced by Beisert in the analysis of the large N
N = 4 SYM [45,46]. This symmetry turns out to be powerful enough to fully determine
the leading large J spectrum as well as constrain the structure of 1/.J corrections. Now, in
order to relate this to the standard large charge limit, one needs to take the “strong coupling
limit”, i.e. \j = g%\ J/2 — 0o. As we will see, in this further limit this centrally-extended
superconformal symmetry contracts to the centrally-extended Poincaré supersymmetry and
the short representations of former become the BPS representations of the latter, providing

a concrete link between the two centrally-extended supersymmetries studied in different
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contexts.

2 Weak Coupling Analysis

In this section, we analyze the spectrum in the large charge 't Hooft limit at weak coupling
(in A;) by directly diagonalizing the dilatation operator D in the limit. The result suggests
that non-BPS operators in this limit are made out of fundamental excitations with definite
energy which we call “magnons”, subject to certain constraints. We focus on simple closed
subsectors of the theory, namely the so-called SU(2), SU(3) and SL(2) sectors. As we will see
below, despite their simplicity, these sectors exhibit crucial features of the spectrum in the
large charge 't Hooft limit such as the relation between operators and magnons, the parity
constraint, and magnon bound states. We also provide evidence for this interpretation by
analyzing the large-charge limit of the partition function of free N’ =4 SYM.

We denote the three complex adjoint scalar fields of the SU(2) SYM by X,Y,Z and
choose the U(1)g generator such that X,Y has R-charge J = 0 and Z has R-charge J = 1.
In the following, we will consider gauge invariant operators built out of these scalar fields

and their derivatives.

2.1 SU(2) sector: operators and magnons

We first consider the so-called SU(2) sector; namely gauge invariant operators which consist
only of two complex scalar fields Z and X. As shown'? in [63], they form a closed subsector
under the action of the perturbative dilatation operator. The full dilatation operator D at

one and two loops in this sector is given by!?

2
A 9vym YA A d
Dy== T X 2N, 2], = e
Do—— 1 (B3) (m[1x.21.2) (1%, 21,2
2 9 871'2 . ) ) 3 ) . (21)

+ T [[X, 2], X] [[X. 2, X] -
+:Tr([X, 2], T [[X, 2], 7% ),

where T are the SU(2) generators. Here the normal ordering symbol : e : means that
operators Z and X do not act on fields inside Dy and Ds, (2.1).

12This property is discussed mostly in the planar limit but it also holds in theories at finite IN,..
13See [63]. A more explicit expression can be found in [64]. See also the thesis by Beisert [56], in which
various aspects of perturbative dilatation operators are discussed.
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In the large N, limit, single-trace operators provide basic building blocks of gauge-
invariant operators and the action of the dilatation operators on them was found to be
isomorphic to Hamiltonians of an integrable spin chain [65]. In this paper, we are interested
in the opposite limit, namely in A' =4 SYM with the SU(2) gauge group. In such theories,
most of single-trace operators can be rewritten as multi-trace operators of shorter lengths

using the trace relations of SU(2),

T T
_ 2z A X =TZz—o0,

2 . 2 (2.2)
Tt ZXZX =~ Tr ZZTe XX + Tt ZX Tr ZX.

72 1,, X?

(They can be verified by explicitly writing down components of the matrices.) Using these,

one can express all gauge-invariant operators as products of the following single traces:
TrzZ, TrzZX, TrXX. (2.3)

To study the large-charge sector using this basis, we consider a background of a large
multi-trace of the form (Tr ZZ)”7/? with excitations consisting of any of the remaining two
letters. This provides a complete basis for all excited states in this sector. To simplify the

discussion we will assign names to these letters,
a=Tr ZZ b:=TrZX c¢:=Tr XX (2.4)
We will be dealing with operators of the form
J—ny
a2 b ™). (2.5)

Here we shifted the exponent of a so that the total R-charge in the Z-direction is J. We
then consider the limit where J > ny ~ O(1). The goal now is to determine the action of

the Hamiltonian for the operators in this basis.

Simplification at large .J. Before delving into the actual computation, let us discuss
briefly how the action of the dilatation operator simplifies in the large J limit. The one-
loop dilatation operator D; contains two derivatives X and Z (see (2.1)). The derivative
X always acts on the excitations, namely b or ¢, while Z can act either on the background

al/=ma)/2 or the b-excitations. In the large charge 't Hooft limit, the leading contribution
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comes from the action of Z on the background

~ J=np 1 Jonp _
Zga 2 'K Ja 2 'Zy, (2.6)

which gives an O(1) answer after multiplied with the coupling constant ¢g%,; = 2\;/J. By
contrast, if Z acts on the excitations, the result will be suppressed by 1 /J. A similar
simplification takes place at two loops. Among the three terms in (2.1) for Dy, only the first
term in (2.1) survives in the leading large .J limit since only that term contains two Z and
can produce ge;J? = 4)%. Once again, by acting with any of the two Z on the excitations
one produces terms that are subleading in the large J expansion. We conclude that the
leading large J action of the dilatation operator on the basis of states (2.5) can be easily
obtained at each order by choosing the terms of the dilatation operator with the maximal

number of Z and act with all of them on the background. We obtain

Dy |a% b ") = 16g°n, <|a% b ¢"c) — |aji%_1 bt c“‘_1>>

(2.7)

J—ny

A~ J—n n
Dyla™=2 b™ ™) = —128¢"n, <|aTh b ") — |a 2 &1 pnot2 cnc—1>> '

Given a number nx of Xs, we can construct | - | +1 eigenstates from this dilatation operator

and the corresponding spectrum of anomalous dimensions v is given by

Yeme =k X 2¢ with e = 8¢? — 32¢*, k:O,...,V%XJ. (2.8)

In addition, because of the structure of basic single-trace operators (2.4), nx needs to be
even (odd) if J is even (odd).
Let us make two observations on this spectrum. First, (2.8) can be reproduced by a

collection of non-interacting “magnons” of the following kind,
e “0” (or massless) magnons whose anomalous dimension is 0,
e “+”7 and “—” massive magnons whose anomalous dimensions are ¢,
subject to the constraints that
e the total numbers of + and — magnons are equal,
e the total number of magnons need to be even if J is even and odd if J is odd.
The first condition can be interpreted as the consequence of the U(1) gauge invariance

unbroken by the large charge background (for details see Section 3). We will see in the next
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subsection that the second constraint will be replaced with a certain parity condition for
more general operators.

Using this physical picture, the energy (2.8) can be interpreted as the energy of a state
with & + magnons and (nx — k) 0 magnons. Second, the expansion of € coincides with the

expansion of the “magnon energy” mentioned in the introduction,

V1+16g%2 =1+ 8¢% —16¢" + ... . (2.9)

at weak coupling. (The leading term can be interpreted as the bare dimension of the field
X.) Since we only have the leading two terms in the expansion, this is more like numerology
at this point. However, as we will see later, the symmetry around the large charge vacuum
fixes the energy of the excitation to be precisely of this form.

In the large N limit of N' = 4 SYM a similar magnon picture also emerges for single
trace operators carrying a large charge J. In this limit, the single trace operators can be
thought of as periodic ferromagnetic spin chains with asymptotically large length. The
states are obtained by exciting magnons without restrictions on their number and the total
energy amounts to add the corresponding individual energies. This picture holds up to finite
size effects which lead to exponentially suppressed corrections in the length and modify the
asymptotic spin chain interpretation. As will be discussed in the next section, in the large
J limit, we will also find some one-dimensional system describing these magnons although

there is no really underlying lattice like in the large N limit.

Higher orders. A natural way of writing the dilatation operator is to use creation and

annihilation operators for the letters (2.4),
a'|0) = |a), 67]0) = o), [0) =c), (2.10)

with the standard commutation rules [a, af] = [b, bT] = [¢, ¢/] = 1 and vanishing commutators
involving operators of different species. This can be easily obtained by studying how the
dilatation operator acts on individual letters. In terms of such operators, we can write

A gz A A ~ ~

Dy = —2 200 (a6 6& +4a b7 b7 e —4hch, + 8y — 67 |

T (2.11)

2
PV
D2 = -2 w(na + 10y —|—ﬂc) D1
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where we have defined the number operator for each letter n, = {T¢. Their action on states

is easier to compute now, for example we have for D,

J—

Dl |a% 6" cnc> = 1692 (1 - %) U <|G% p"e cm> - |Cl 5o —1 bnb+2 Cnc—1>>
871[,(%[, — 1)
* J

(2.12)

92 <|a(]72nb bnb Cn‘> . |aJ;nb+1 bnh—Q cnc+1>> ]

The dilatation operator can be easily diagonalized and we obtain the spectrum which we

write in a concise form as

128 ¢ 1
Yk,nX=k<2€—%> <1+j(1—2k+nx)> , k;:OVL—XJ . (213)

We want to interpret the 1/.J correction of this formula in light of the magnon picture
advocated in the previous section. Accordingly, let us write the total number of magnons as
nx = 2k 4+ ny where 2k is the number of massive magnons and ng is the number of massless
magnons. Let us focus on the leading correction in 1/J and write it as

2k
Yenx = 2k ng €g + 2k €1 + ( 9 ) €, (214)

1
J
with

€ = €1 = 8¢g° — 96g", € = —128¢% . (2.15)

This formula makes it clear that at order 1/.J, magnons interact at most pairwise. The
contribution ¢ arises from the pairwise interaction between massless and massive magnons
whereas €5 has its origin in the pairwise interaction of massive magnons. Finally, the €; term
corresponds to the correction to the mass of the magnons. At order 1/J%, we find terms that
scale with k® which can be interpreted as arising from a three-body interaction. This is the
main piece of data of this section and in what follows we will justify both qualitatively and

quantitatively the leading and subleading terms of the 1/J expansion of the formula (2.13).

2.2 SU(3) sector: parity projection

We next consider the so-called SU(3) sector involving all three complex scalars X,Y, Z.
This sector is closed under the action of the dilatation operator at one-loop, but at higher
orders they generally mix with operators that contain fermions. The full one-loop dilatation

operator involving all SO(6) scalar fields is known from [63], and when restricted to the three
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complex scalars it reads

Dy = — (g‘Qf—M> (TrXY)X. Y]+ T [X, Z)[X, Z) s+ Te (Y, Z)[Y, Z):) . (2.16)

82

As in the previous SU(2) sector, using the relations (2.2) together with
Tt XYZ=-Tr XZY, (2.17)

one can express all gauge-invariant operators in terms of the basic letters

a:=TrZ7 b:=TrZX ¢:=TrXX

(2.18)
0:=TrZY e:=TrYY §f:=TrXY g:=TrXYZ.
As before, the states we will be considering are of the form
L S L RN,
la™ 2 bec e fighe) (2.19)

and the leading J contribution is extracted from the two last terms of (2.16) by acting with
Z on the background fields.

Leading order. At leading order in the large J expansion, we find that the energies of
states are always given by integer multiples of 8¢ as was the case with the SU(2) sector
(2.8). However, it turns out that the detailed spectrum and the degeneracy show a rather
intricate pattern and depend on whether the charge J is even or odd. See Table 1 for the
full spectrum for states with a small total number of X and Y scalars (which we denote by

N). For instance, the spectrum of states with N = 2 is

N=2 EvenJ: {0,0,0,16¢°% 1647 164°},

(2.20)
Odd J: {164°},
while, for states with N = 3, we have
N =3  Even J: 164°%,16¢°} ,
{169°, 169"} (2.21)

Odd J:  {0,0,0,0,16¢% 16¢°, 16¢°, 16¢°, 16¢*, 16¢°} ,

Although the spectrum and the degeneracy look rather complicated, we find that there

is a simple rule that reproduces the spectrum from the magnon picture that we discussed in
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[ N [ J eigenstate 0% ] [ N [ J eigenstate 0%
laz~1po) 0 laz ~26%0) 0
\a%—la% 0 |a%—2ba3> 0
o | even \aZ 1p2) 0 \az ~2p292) 0
a2 '60) — [aZf) | 1692 + 1627 \az ~2p4) 0
jate)—Jat 162 | 1692 + 109 a2 ~%0%) 0
aZc) —[az 102) | 16¢% + 162 laZ ~162f) — |a% ~2b30) 3292 4 324
odd \aJer a) 1692 + ﬁ +|a%’1bca> |aJ/2cf> ,
even Iaéilb@ 1692 + 25— even ‘aé 1bbe) |a2 “*he?) 3292+3279
laz 1o g) 169 +489 +|uT102> la”/2ef) .
07z b02) 0 1|arlb2 )= 2a? "%6202) + |a7 ~'bof) | 3292 + 32
27209 0 ! +4la? 7 0?) — fla %) — gla’/2p2) .
a7 620 0 \a2 02) 1|a7_204)—%|a‘]/2e2> 32¢2 + j"
3 » B \‘a b3>> o |a2 1b2) 11|Cl 2[14);21|a‘]/2c2) 3292+ izz
IuT P—laz 602> 16¢2 + 328 \“i_lb@ |“§_15’2f> 169 2+48J
a2 0e) — |u 7 03) | 1642 +32g |a2 boe) — a2 7 0%f) 169 +Tg2
a2z co) — |u T 620) | 169 +32g |“§_1°2> |a7_2[’°3> 16 2+ST
la 271hf> |a = h2 ?) 1642 +32g ‘az 1[,2) |Cl2 253D> 169 +7
0T be) — [a”T b2%) | 1692 +329 la2 "bof) — |a2 ~?b%02) 162 +489
0700 — 10 5) | 1607 4+ B9 % ~o%e) — o ~26%0?) 162 + 454"
|a*_102 ) — \a7_2b4) 16g2 + 480~
|a2 c02>7\a2 Lp2e) 1692+872
|a%* @2) — \a%*lrﬁ ) 16g2 + 182°
\affth ) — \az ~2pd) 1692 + 4857
\a%_lbbﬂ 1|a5_1b2 e) — %|a§_1cb2> 3292 + &)Tg
+%/‘_Q1J/2 >7 1|aJ/2f2> .
a2 fo) - I bog) 829% + -
a7z 02g) — |a 7 eg) 3292+6479
odd la g2 > |a z cg) 32gz+64§2
|a' z bag) 1692 + 64"
|a%02 ) 1692 + 64;
la”7" b2 g) 162 + 840

Table 1: This table contains the spectrum of states of the dilatation operator at one-loop
in the large charge 't Hooft coupling and up to the first 1/.J correction in a sector involving
two complex scalars. Note in particular that the spectrum depends on the parity of J.

the previous subsection:

1. Both X and Y magnons come with three different types; “massless”, + and — types

discussed in the previous subsection.
2. U(1) gauge invariance: The total numbers of 4+ and — excitations are equal.

3. Parity: Consider the “parity” transformation which multiply —1 both to magnons
and background Z fields, and swaps + and — magnons. Under this transformation,
the states need to be even. This is equivalent to saying that combinations of magnons

need to be even (odd) under the parity if J is even (odd).
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Postponing the explanation of the origin of these rules to Section 3, let us see below how
these rules reproduce the spectrum given in (2.20). For N = 2, the sets of magnons that

satisfy the second condition above are

[@Y0Y),  1@1dh) . Idad2), oldr), léiez), léser), |édéy). (2.22)

Here ¢; (¢2) denotes the X (Y) scalar and the superscripts 0 and =+ signify the particle
types. We next impose the parity condition and find, for even J,
1

[@Y01),  16105) . |dadh). ot or), 7

(lo¥ o) +1oer)) . lo3da)  (2.23)

The first three states have zero energy while the last three states have the energy 16¢2,
reproducing the spectrum (2.20) at leading large J. For odd J, the only state that survives

the parity projection is
1

V2

which has the energy 16¢? in agreement with (2.20). Performing a similar analysis for N = 3,

(I6767) — I3 1)) (2.24)

one can also reproduce the spectrum (2.21).

Subleading order. At order 1/.J, the magnons begin to interact similarly to the picture
suggested by the previous results. By an explicit diagonalization of the dilatation operator,
we find that the anomalous dimensions in this sector depend on whether N + J is even or
odd. We have generated data for a large set of states involving several magnons and observed

that it can be accommodated by the following expression

2k
VeNn|, = 2kngeo + 2k e + ( N ) € +2n(2k —2n+1) €3 (2.25)
7
with ng = N — 2k and
k
nzO,...,L§J for N+ J even,
I (2.26)
nz{iJ—l—l, Lk for N+ J odd
and as before k =1,..., L%J counts the number of pairs of “massive” magnons. In the ab-

sence of massive magnons the corresponding anomalous dimension vanishes, i.e. Y=o n=0n=0 =

0. The three first terms in this expression coincide with the result for the SU(2) sector found
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before (see equation (2.14)) with the values of €y ;2 being given in (2.15) restricted to one-
loop. In addition, we now have an extra term e3 when n > 0 which should arise from the
interactions between different scalars. Its value is given at leading order in the large charge
't Hooft coupling by

€3 = 8g°. (2.27)

These eigenvalues also come with some degeneracy. However the detailed pattern shown in
Table 1 is rather complicated. We postpone their interpretation from the magnon picture
to Section 4, where we verify that both the degeneracy and the energies €;; 23 can be fully
explained from interactions among different magnons and determine the values of some of
the “energies” €123 as an exact function of the large charge 't Hooft coupling. (See sections
3.1.3 and 4.2.)

2.3 SL(2) sector: bound states

Finally, let us discuss the analysis of the weak coupling data for the SL(2) sector, which
consists of gauge invariant operators made out of complex scalars Z and light-cone derivatives
acting on them. As we will see below, the analysis in this sector reveals yet another feature of
the spectrum, i.e. the existence of a new infinitely family of magnons, labelled by a positive
integer. Owing to the similarity with magnon bound states in the planar A/ = 4 spin chain,
we often refer to them “bound states” in this section. This time we restrict the analysis to
the one-loop and we will focus on the leading large J anomalous dimension. The elementary

fields in this sector will be denoted by the notation
Zy =DV 7 (2.28)

where D7 is the n-th covariant derivative along a light-cone direction. The full non-planar
dilatation operator at one-loop can be obtained for example from the dilation operator in
the psu(1,1]2) sector worked out in [66] by projecting out the fermions and one of the two

scalars. The outcome is given by

oo

m+k+1,Z ] [Zn_l_k,Zn] . (2.29)

T 82
m,n=0 k=0

Note that the derivative of the first commutator also acts on the field of the second

14This dilatation operator is in fact equivalent to the non-planar uplift of the Hamiltonian found in [67].

23



commutator. In order to study large charge operators in this sector, we consider the letters

out of which we construct any operator
a:=Tr ZZ b =Tr Z,, Z,,... with n=(ny,ng,...). (2.30)

Similarly to the previous scalar sector, for a given total spin S = ), n; we find a finite
number of letters, as a single trace can be factorized into multiple traces of smaller length

whenever there is a repeated sequence of fields in b,,. We consider states of the form
J=Y 4
a2 ] bu) (2.31)
i

where /¢; is the length of the tuple n;. As before, in the large charge 't Hooft limit, the
leading contribution arises when Z acts on the background. We now analyze a couple of

examples of low spin. For simplicity, below we assume that .JJ to be even.

Spin two. The simplest example corresponds to spin S = 2 operators of arbitrary twist
7 (1 = A = S5), for which there are only three independent letters we can use to construct

gauge invariant operators

b, bay, beg- (2.32)
The leading order result in the large J expansion for the action of the dilatation operator
on the large charge states is given by
AT J_ J_
Dyla2™ b)) = 16¢° <|C‘2 Yoa) — oz [’%0,1)>) +0(1/J)
AT J_ J_
Dilaz7 b)) = —8¢° <|a2 Ybayy) — [az7? b%o,1)>> +0(1/J) (2.33)

0.

AT
Dy a27? b%o,1)>

This gives two eigenstates with v = 0 and only one non-zero eigenvalue with v = 162

Spin three. At spin three, we encounter a larger number of states made out of the following

letters
bo, bay, bogz, baz, bog- (2.34)

The action on the states is simple to compute and we obtain two eigenstates with non-zero

anomalous dimensions given by v = 12¢? and v = 16¢°.

24



General spin. For general spin S, it is simple but tedious to find the eigenstates using the
dilatation operator (2.29). By explicitly constructing them for several values of the spin, one
finds that the spectrum and the degeneracy can be reproduced by combinations of magnons

which are now labelled by a positive integer n

PR AN (n € Zs1), (2.35)
and carry the following spin S and the anomalous dimension ~:

zg : S=n, v=0,

_ 8¢
-

(2.36)
X S=n, 7y

To select physical states, we impose the same conditions as in the SU(3) sector; namely we
require the total numbers of + and — particles to be equal and impose the parity condition.

For instance, for spin S = 2, we have three states
20200, [28), | e (2.37)

The first two states have v = 0 while the last state has v = 16¢> being consistent with what

we saw in the analysis above. Similarly, for spin S = 4 we have the following states'® with

Nnon-zero -y
v=8¢": |zmaz)),
= 320 e+l E)
3 V2
S g, AEEIAAmA) (2.38)
V2 ’
v=16¢": |22 2"), |8,
v=32¢": | aa ).

As shown above, the eigenvalue v = 16¢% has double degeneracy. In comparison with the
previous scalar sectors, we find a larger number of non-trivial anomalous dimensions for a
given spin. For example, with nxy = 4 we have found only two non-trivial values whereas

here there are five distinct dimensions for S = 4.

15Note that here we assumed J to be even when performing the parity projection.
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The energy of these magnons given by (2.36) coincides with the expansion of

2

8
/n2+1692:n+i+-~. (2.39)
n

(Again the leading term corresponds to the tree-level conformal dimension.) Later, we will
discover that these distinct magnons sit in higher representations of the symmetry group

and can be regarded as bound states of the fundamental ones.

2.4 Superconformal index and partition function at large charge

We now analyze the superconformal index and the partition function of free N' = 4 SYM
with the SU(2) gauge group and show that the results in the large charge sector agree with
the index and the partition function of free magnons subject to the constraints discussed

above. This consolidates the magnon interpretation advocated in the previous subsections.

Toy model. To understand the mechanism in a simple setup, let us first consider the
partition function in the SU(2) sector, namely operators made out of X and Z. Following

the standard recipe (see e.g. [68-70]), we find that the partition function is given by

— fxz(al, ¢ n
Zsu) (a1, 42) :/dUeXp ZMXMU(U )| (2.40)
n=1 n
dx _ = fx.z(q}. q3) _
— 1 — 2 1 — 2 s 1542 1 2n 2n
P im0 = e | SRR
with fx 7 being the single-letter index
fxz(q, ) =a +q. (2.41)

Here dU is the Haar measure of SU(2), ¢; and ¢, are the fugacities for Z and X respectively,
and Xaqj is the SU(2) character for the adjoint representation. On the second line of (2.40), we
replaced the integral over SU(2) with the integral over the Cartan element U = diag(z, 1/z).

To project onto the large charge sector, we perform the contour integral around the origin

dga
Z(q2) = j{mZSU(z)(Qh q2) , (2.42)
1
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and set J > 1. To evaluate this integral, we use the integral expression for Zsy)(qi, ¢2)
(the second line of (2.40)) and exchange the order of the x-integral and the ¢;-integral. This

leads to

Zia) = -a—a) § e [Z %fx,z(Q?,qg)(1+x2"+x2")]

—o 4mix iqy
dz 1 1.7272J +x4+2J 1
o \(5 ) \((1 Ry T q2x2>>, '
— Ty (z) —Tx (2,02)

(2.43)

The first factor Z; is the contribution from Z scalars while the second factor Zx is the
contribution from X scalars.

In the limit J > 1, the term z**?/ in Z, can be neglected as long as we perform the

integral in the region |z| < 1. We thus have

1 dx 1 de x=27%/
Zysi(q2) = —j{ Ix(x,q2) — —]{ Ix(z,q2)- (2.44)

2 [ _, 2mix 2 f o 2miz 1+~

To evaluate the second term, we deform the contour to infinity. The contribution from

2-2J

the contour at infinity vanishes due to x~ and we are left with'¢ the contributions from

residues at x = +i. Using Zx (z,q2) = Zx(1/z, q2), we then arrive at the following expression:

T _1\/
Ziosl) = 5 (f o Te(o ) + S Tli). (2.49)

One can check explicitly that this expression correctly reproduces the counting of operators
in the large charge sector.

We now show that the expression (2.45) can be interpreted as a partition function of free
magnons subject to the parity and the U(1) gauge constraints. In this SU(2) sector, we have
three types of magnons X% XT and X~. To impose the U(1) gauge invariance discussed
above, we assign the gauge charge!” +2 to X+, —2 to X~ and 0 to X°. In addition each

magnon carries a fugacity go. Thus the partition function of free magnons without parity

67+ (x,q2) has other poles as shown in (2.43). However, if we first expand Zx as a power series in g,
each term in the expansion only contains poles at x = 0 or x = co. Thus, for the purpose of determining the
partition function as a power series in gz, we do not need to take into account the contribution from poles
in Ix.

17 Assignment of the charges +2 is purely a convention that we chose to make the comparison with (2.45)
easier. As long as we assign the opposite charges to X*, the result will be the same.
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constraint reads

Zolw) = §_gexp [Z%(Hf"w?")] — ST (40

—0 2 2
_o 2mix ~ o 2mix

This coincides (up to a factor of 1/2) with the first term in (2.45). So the remaining task
is to take into account the parity constraint. We follow the approaches developed in [71-73]

and write a parity-projected partition function as

1

Z((b) -5

> (Zola) + (-1 Za () (2.47)

where Z,(q) is the parity-weighted partition function defined by a trace over the Hilbert
space with the parity operator o inserted (see e.g. section 3.3 of [73]). When J is even
(odd), this projects to parity even (odd) magnon states. The actions of the U(1) gauge

transformation u and o on the basis of single magnons (i.e. X° XT and X ™) are given by
u=| 0 22 0 , o= o 0 -—-11]. (2.48)

Then, applying the general formula (see (3.13) of [73]), we obtain

n

Zy(qo) = ]{ Qifx exp [Z %tr((JU)”)] = f 57 OXP [Z %2 (14 2(— )]

n=1
dx , (2.49)
= 7T
\% Qi X(Za q2)
= IX (7’7 CIQ) .

We can then verify that the parity-projected magnon partition function (2.47) coincides
precisely with the large charge sector of the partition function (2.45):

Z(q2) = Zrs1(q2) - (2.50)

Generalization. The argument above can be readily generalized to the full partition func-
tion of free N' = 4 SYM. The building block for writing the full partition function is a single-

letter partition function fnge, Which in general depends on several different fugacities. To
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take the large charge limit, we separate out the contribution from the Z scalar as follows

fsingle(QOa q1,42, - - ) =4qo + frest(qlv q2, - - ) ’ (251)

where the first term on RHS is the contribution from the Z scalar while f..; denotes the
contributions from the rest of the single letters.

Before proceeding, let us make a cautionary remark here. When writing (2.51), we made
an assumption that f. does not depend on the fugacity go. This is not true in a standard
convention since the letters D*Z, which are part of f, are charged under the same U(1)g
symmetry as Z. To get (2.51), we need to introduce an extra fugacity qo, which only counts
the number of Z fields (excluding D*Z). This is in fact more suitable for analyzing small
fluctuations around the large charge half-BPS operators since fixing the U(1) charge does
not guarantee that the state is a small deformation of the half-BPS state.

Using (2.51), we express the full partition function as

B dx (1—2%)(1—272) .
Ao, = é:ﬂ dmiz (1 —qo)(1 — qo/2?)(1 — Cong)IreSt( ) (2:52)

where 7, is the contribution from all the letters except Z:

n

Irest('ra qi, . - ) = exp [Z frest(QI 9 q2, .. ) (1 4 xQn + m2n)] ) (253>
n=1
We then perform the projection to the large charge sector by

dgo
Zi(q,...) = f WZ(QOJM .-2)
0

dv (1 =272 4 g4+2J (2.54)
= 5 .. \5— Tres yYly v v)
f;o iz (2 2(1 + 22) > (e ase-)
Following the argument above, we obtain the partition function for J > 1,
1 dx (-1)7 .
Z L) == ——Trest (T, q1, - - Lrest (1, q1, - - .) . 2.55
il =5 (f o o))+ G Tl @59
On the other hand, the free magnon partition function is given by
~ 1/~ J5
Za, ) =5 (Zoar, )+ (-1 Zo(a)) | (2.56)
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with p
~ ua
Z cel) = —Ires ) st )
)= § ST

. 0o . (2.57)
Za(ql, )= 7{ d exp [Z Mtr ((ew)™)| = Zrest (1, q2) -

2mix n

We thus conclude that the partition function in the large charge sector is in precise agreement
with the partition function of magnons subject to the gauge and the parity constraints. For
a special choice of fugacities, the partition function preserves a fraction of supersymmetries
and can be identified with the superconformal index [69,70]. Therefore the argument above
also establishes the agreement between the superconformal index in the large charge sector
and the BPS particle index of free magnons subject to the constraints.

Let us make two comments before concluding this section. First the relation between
the index at large charge and the index of free BPS magnons discussed here is reminiscent
of the relation between the superconformal index and the BPS particle index found in [74,
75]. It would be interesting to explore a potential connection. Second, another interesting
future direction is to generalize the analysis here to higher-rank gauge groups and to less
supersymmetric states (see Section 6 for further comments). In higher-rank gauge theories,
there is a ‘moduli’ of large charge operators; namely there exist multiple of operators with
the same R-charge. It would be interesting to see if the index at large charge exhibits the

wall crossing phenomena as we change the moduli parameters.

3 Symmetry and Operator Spectrum at Leading Large J

As we saw in the previous section, the spectrum in the large charge 't Hooft limit can be
interpreted as a system of “magnons” obeying certain dispersion relations whose interaction
is mediated by a coupling that scales as ~ 1/J. In this section, we show that the underlying
symmetry of this system is a centrally-extended psu(2|2)? symmetry and explain how to use
this symmetry to fully determine the dispersion relation at finite \;. We also perform explicit
semiclassical analysis around the large charge state and verify the results of the symmetry

analysis.

3.1 Symmetry and its central extension in the large charge 't Hooft limit

Understanding the symmetry is of utmost importance in various branches of theoretical

physics. In relativistic QFT, particles and their interactions are classified by the representa-
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tion theory of the Poincaré group, which is a symmetry preserved by the Minkowski vacuum.
In the (standard) large charge limit of CFT, a convenient way to construct the large-charge
EFT is to use the coset construction of Callan-Coleman-Wess-Zumino based on the symme-
try preserved and/or spontaneously-broken by the large charge state. Below we will discuss
the symmetry of the large charge 't Hooft limit of AV = 4 SYM with emphasis on the central

extension.

3.1.1 Residual superconformal symmetry at large charge

The large charge half-BPS states can be created by inserting (Tr ZZ)”/? at the origin of R*
and (Tr ZZ)7/? at infinity. By the state-operator correspondence, this configuration maps
to a half-BPS large charge state on R, x S®. The bosonic symmetries preserved by both of
these operators are the so(4) R-symmetry that rotates the four real scalars, which are not
in Z or Z, and the s0(4) Lorentz (Euclidean rotation) symmetry around the origin. The

generators of these symmetries in the chiral and anti-chiral spinor representations of so0(4)

w 50(4) R-symmetry: R%, Rai) (a,b,a, b=1, 2), (3.1)
s0(4) Lorentz symmetry: L%, LdB (o, B, &, B=1, 2).
In addition, since these operators satisfy the BPS condition A = |J|, they are invariant
under the combination given by ) )
C= # , (3.2)

where D is the dilatation operator around the origin and J generates the U(1)g symmetry
under which Z and Z have charge J = 1 and J = —1 respectively (and X,Y are uncharged).

The configuration is invariant also under half of the supercharges which we denote as,
Qlla ) Saa ) Qdd ) de . (33)

where the chiral supercharges come from restricting the N' = 4 generators (Q4,8%) to
A = 3,4, and the antichiral supercharges from the AN/ = 4 generators (QA@,SAd) with
A=1,2.

The full symmetry of the setup is given by the following half-BPS subalgebra of the
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N = 4 superconformal algebra,'®
(psu(2|2) x psu(2]2)) x R, (3.4)

with the last abelian factor being a central extension generated by C' in (3.2). The two
psu(2|2) factors are generated by chiral (undotted) and anti-chiral (dotted) elements in (3.1)
and (3.3) respectively.

Explicitly, the nontrivial part of the (anti-)commutation relations for the chiral psu(2|2)

reads . )

[R%, G°] = =0, G* + 55{,”(}5, [R%,G.] = 0G, — §5§Gc,

(L%, G| = 5}6’ — 555 T, L%, G = —05Gs + 555 s

[D — j,Q“a] = [ZA? — j,Saa] =0
{S%, Q") = 62L5 + 65 R, + 885 (D — J) /2.

The (anti-)commutation relations for the anti-chiral psu(2|2) are identical. Here G¢ and G,
represent any generators with a R-symmetry index while G7 and G, represent any generators
with a Lorentz index.

For later convenience, let us also write down the commutators between fermionic charges

and the U(1)z symmetry J,

A

. 1 1
[J7 anc] = +§Qaa7 [J7 Saa] = _ésaa- (36)

3.1.2 The maximal central extension and its representations

The symmetry (3.4) provides certain constraints on the dynamics of excitations. However,
the constraints obtained in this way are not strong enough. Namely it does not determine the
dependence on the coupling constant ;. This parallels the fact that the Poincaré symmetry
in flat space only allows us to express the S-matrix in terms of Mandelstam variables and is
ignorant about its dependence on the coupling constant. Nonetheless, as we will see below,

the large charge half-BPS states are in fact invariant under a further central extension of

18The bosonic subalgebra of psu(2|2) x psu(2[2) is

su(2)g X 5u(2)g X 5u(2)q X 5u(2)4 -

R—symmetry Lorentz

where the undotted algebras belong to the first psu(2|2) while the dotted ones belong to the second psu(2|2).
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(3.4), namely the universal (mazimal) central extension [76],"
(psu(2]2) x psu(2/2)) x R? (3.7)
which will allow us to determine the full dependence on \; at large J.

Central extension. The universal central extension (3.7) of psu(2|2) x psu(2]2) was dis-
cussed first in the study of the spin-chain description of single-trace operators at large N [45].
The key insight there was to include field-dependent gauge transformations as part of the
symmetry. Since the (non-abelian) gauge transformation depends on the gauge coupling
gym, this enabled non-perturbative determination of the dispersion relation of “magnons”
(i.e. excitations on the spin chain) and the matrix structure of magnon S-matrices. Below,
we argue that the same symmetry is present in the large charge 't Hooft limit? and explain
how it constrains the spectrum around the large charge state.

To understand the origin of the symmetry, we recall that the superconformal transfor-
mations of the fields in the N’ = 4 SYM can be written compactly in the following way using
the 10d SYM notation (see [78,79]),%!

1 1
5AM = €FM\I/, NS 5 MNFMN6 + EF#ICI)IV%, (38)

where ¢ is a conformal Killing spinor (written as a 10d chiral spinor) that parametrize the 32
supercharges and I'y; denotes the 10d gamma matrices in the chiral basis. The 10d indices
M, N split into 4d spacetime indices u, v and R-symmetry indices I, J. Correspondingly the
4d gauge fields and scalars are packaged together in Ay, = (A4,, ®;) and Fyn = [Dy, Dy]
with D = d 4+ A. The three complex adjoint scalars X, Y, Z introduced previously are each
made of the two out of the six real scalars ®; (see (A.2)).

From (3.8), one can show that the consecutive action of two (different) supercharges on

a fermion leads to a term of the schematic form

2 ~ [D, 0], (3.9)

The Lie superalgebra psu(2|2) admits a maximal three-dimensional central extension known as the
universal central extension in [76] (see also [45]). The fully centrally extended algebra is the contraction of
the Lie superalgebra D(2,1;A) as A — 0 (which can be thought of a deformation of osp(4/|2) at A = 1).

20For the origin of the centrally extended symmetry in the large N limit, see e.g. the review [77].

2lHere the convention for the SYM action is such that 921 appears as an overall factor in the action.

To obtain the supersymmetry transformation rules for the canonically normalized fields, we rescale Ay; —
gymApy and ¥ — gy V.
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which represents a field-dependent gauge transformation and therefore carries information
on the interaction term of the Lagrangian. Working out this relation more explicitly for the

supercharges (3.3) belonging to psu(2|2) x psu(2|2), we obtain the following central extension,

{Q2, Q030 = {Q2, Q)Y = ee®?[2, 7], (3.10)

with Z = v/2Z. In what follows, we denote the action of this field-dependent gauge trans-
formation by*? P-e = [Z, .

Since P is a gauge transformation, it acts trivially on gauge-invariant states. However, in
the presence of large charge states, the SYM scalar fields acquire nontrivial profiles, whose
presence breaks the gauge invariance. As a result, “magnons” around large charge states
are nontrivially charged?® with respect to P. As we see later in Section 3.2, the scalar
expectation value induced by the large charge state on R, x S? is given by

gym VI eigo 0 )

(2) = V224 = ( o (3.11)

0 _gvmvJ ol
2w

where €’ is a (time-dependent) phase which does not affect the spectrum. Thus the upper
and lower off-diagonal components of the SYM fields have charges fgyyv/Je'? /m under P

respectively while the diagonal components are uncharged?*:

M= ( mi m+0 ) , (3.12)

m —m

P-m* = £2ge"* m* P-m’=0. (3.13)

Now, on R, x S3, the supersymmetry generators ()’s and the superconformal generators
S’s are related by Hermitian conjugation, which implies that the anti-commutator of the

superconformal generators also get centrally extended in the following way:
{52, ShYU = {88, S50 = ebenp[ 271, 0. (3.14)

The transformation above involves an inverse of the field Z, which might seem unusual at

first sight. However, such a transformation is possible once we include quantum corrections.

22The action of the supercharges on a scalar field is also given by the same equation (3.10).
230f course, physical observables are always gauge invariant and are given in terms of gauge-invariant
combinations of these excitations as we will see below.

24Recall the definition of g as in g = v/As/(47) = gymVJ/(47).
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In fact, this relation was originally found in planar A/ = 4 SYM through the two-loop
analysis of superconformal generators [80]. Here we do not have such a direct field-theoretical
derivation; instead we simply assume its presence, motivated by the closure of the algebra.
In what follows, we denote this action by K - e = [Z71 e]. The action of K on fundamental
fields can be deduced from the Hermiticity of the algebra. Namely by taking a Hermitian

conjugate of (3.13), we obtain
K -m* = £2ge ¥m* K-m’=0. (3.15)

Together with the superconformal subalgebra (3.4) discussed earlier, these generators con-
stitute the maximally-centrally-extended psu(2]2)? symmetry (3.7), which has the following
new nontrivial anti-commutation relations for fermionic generators in the chiral psu(2]2)

factor as compared to (3.5),
{Qaaa Qbﬁ} = Eabeaﬁpa {Saaa Sﬁb} = EabeaﬁKa (316)
and similarly for the anti-chiral psu(2|2) factor.

Representations and short multiplets. As is the case with the Poincaré symmetry in
relativistic QF'T, excitations around the large charge state are classified by the representa-
tions of the symmetry group. In the present case, the relevant symmetry is the maximally-
centrally-extended psu(2|2)?. In flat space, the central extension of supersymmetry allows
for the BPS representations, which are short representations of the extended super-Poincaré

algebra. Two important features of such representations are®

1. In order for a particle to be in a short representation, it needs to satisfy a special
relation between mass and charge, namely the BPS condition M = |Z|. This allows

one to determine the mass of the particle purely from its quantized charge.

2. The dynamics of BPS particles is severely constrained. For instance, the only way
in which a particle stops being BPS is through a multiplet recombination process, in
which several short representations combine into a long (generic) representation. This
property allows us to define a variety of BPS indices, which are invariant under the

continuous deformation of the theory such as a coupling constant.

25See lecture notes from G.W. Moore on BPS states and wall-crossing in 4d A/ = 2 QFTs available at
here.
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As we see in this section and the next, these properties have natural counterparts for the
maximally-centrally-extended psu(2|2)? symmetry.

The short representations of the maximally-centrally-extended psu(2|2) are classified and
explained in [46]. They are labelled by two integers m and n and the three central charges
satisfy the BPS condition C? — PK = (n + m + 1)?/4. Among them, the ones that play an
important role in N’ =4 SYM are

m,n) = (m,0) : symmetric representations,
(m,n) = (m,0) (3.17)
(m,n) =(0,n) : anti-symmetric representations.

The most special case (m, n) = (0,0), or more precisely (0, 0)® (0, 0) since we have two copies
of psu(2]2), corresponds to inserting fundamental fields (or letters) of NV =4 SYM into the
large charge state. To make manifest the product-algebra structure, we often express them
as

XA = AxA (3.18)

where x and y are the fundamental representations of the left and the right psu(2|2),
The explicit relation between X’ A4 and fundamental fields of N = 4 SYM is given by

ot =X, Pl =Y, ©'=Y, o' =-X,

. : ‘ . (3.20)
VY* = D7, Y*p*  pY® : fermion .

Here D% is a covariant derivative in the spinorial notation. Note also that here we are
using an “operator notation” rather than a “state notation” to label the excitations; namely
the “excitation X” means an insertion of the letter X into the large charge operator, and
corresponds to exciting an s-wave of X on S3. Similarly, the “excitation D“*Z” means an
insertion of D**Z into the large charge operator, which corresponds to exciting Z with a
unit angular momentum on S3.

In the planar limit, the other representations show up as the bound states?® of the N' = 4
SYM spin chain. In the current context, we need to know how the excitations around

the large charge “vacuum” decompose into the irreps of the maximally-centrally-extended

26The symmetric bound states correspond to bound states in the spin chain while the antisymmetric
bound states correspond to bound states in the so-called mirror channel. For more explanation, see e.g. the
review [81].
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psu(2[2)?. There are several ways to see this; either by decomposing the partition function
computed in Section 2.4 or by expanding the Lagrangian around the large charge vacuum
as we will do in Section 3.2. The result of such analyses is that the excitations decompose
into anti-symmetric representations with a unit multiplicity:
(excitations at large charge) : (0,n) ® (0, n) (3.21)
n=0
The states with n = 0 correspond to fundamental letters discussed above, while states n > 1
correspond to excitations with higher angular momenta on S3, such as the insertion of D*X
to the large charge operator. All these representations are BPS representations and satisfy
the BPS condition
(D—J)?—4PK =(n+1)*, neN. (3.22)

Constraining the dynamics. We are now in a position to use the symmetry and the
BPS condition to constrain the dynamics of excitations. Let us first discuss the (0,0) rep-
resentation corresponding to fundamental fields. The action of bosonic generators on the

(0,0) follows directly from the superconformal subalgebra (3.4),

1

R% we) s = 6¢|on) s — §5z?|90c>J,
1

L% hy) s = 05 [g) s — §5g|¢7>m

Jn)s = (J N %) iy (3.23)

j|90a>J - ‘]|90a>J

Here the subscript in |e) ; indicates the background U(1) g charge coming from the BPS large
charge operator. For the action of the fermionic generators, we write down the most general

ansatz consistent with the bosonic symmetry,

Q%lpe) s = adg [ta) s,
Q%lty)s =D Eabeaw|<ﬂb>J+1 )
S%lpe) s = Ceae€™ [y) 1,
Sl ;= ddS|pa) s

(3.24)
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Since the central charges commute with other generators, their actions are the same for all

the states in a given multiplet. We denote them as,

D-Dx)s=hx)s.  P)s=pIX)s1,  Kx)s=kx)s1, (3.25)

where h, p, k are in principle non-trivial functions of the large charge 't Hooft coupling \;.
To determine their A\; dependence, we first impose the (anti-)commutation relations of the

generators to relate them. The result of this straightforward exercise (see e.g. [45]) is,*’

h =ad + bc, p = ab, k =cd,

(ad —bc)* =1 (320)

Inverting the above relations, we can then express h in terms of p and k as follows,

h=./1+4pk. (3.27)

We now use the fact that the central charges P and K are field-dependent gauge transforma-
tions and their actions are given by (3.13) and (3.15). This fixes the energy of the excitations
to be

ho = 1, hi =\ 1+ 1692, (328)

where the subscripts 0 and + signify the diagonal and off-diagonal components of the su(2)
matrix (see (3.12)). This shows that the energy of the diagonal components is protected while
the energy of the off-diagonal components depend nontrivially on the coupling constant. In
what follows, we often add superscripts to excitations to distinguish the diagonal and off-
diagonal components e.g. x* and .

Performing a similar analysis for the other representations following [46], we find their

energies to be

(0,n—1)®(0,n—1): hy=n, hy=+/n%2+16¢>. (3.29)

Here again, the subscripts are for distinguishing the diagonal and off-diagonal components
of the adjoint fields. As mentioned in the introduction, (3.28) and (3.29) take the same
form as the magnon dispersion relation. This is simply because both are consequences of

the representations of the maximally-centrally-extended psu(2[2)2.

2TThe relation on the second line is the BPS condition. See [45] for more details.
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3.1.3 Gauge invariant operators and comparison with data

So far we have focused on the spectrum of individual excitations around the large charge
vacuum. To discuss the spectrum of operators, we need to make sure that the resulting
state is gauge-invariant, since each excitation itself is not, as is clear from the fact that it
transforms nontrivially under the action of the central charges P and K, which are field-
dependent gauge transformations.

To build gauge-invariant operators, we have to add particles in such a way that the total

central charges P and K vanish:
PlW); = K|¥); =0. (3.30)

This is the condition imposed also for the spectrum in the planer limit (in which case it is
called the zero-momentum condition see e.g. [45]). Roughly speaking, this condition comes
from the diagonal U(1) gauge invariance which is unbroken in the presence of the large charge
semiclassical state. This is however not sufficient for the invariance under the full SU(2)
gauge group. One way to achieve this is to impose the invariance under the transformation

generated by o9, which acts on a field in the adjoint representation as

oaxos = —x" (=PB-x), (3.31)

where x? is the transposition of the SU(2) matrix y. The advantage of using this trans-
formation is that its action on the excitations around the large-charge vacuum is simple; it
simply multiplies (—1) to all the excitations and the background charges Z, and swaps the
excitations ™ with x~. This is precisely the “parity” transformation discussed in Section 2.2.

As a result, the rules for constructing gauge-invariant operators can be summarized as

follows:

1. The total U(1) charge has to be zero which implies that the number of upper triangular

modes xT and lower triangular modes y~ needs to match.

2. For even J, the state has to be symmetric under the parity transformation of all the

fields, x* — —xT and \° — —x".

3. For odd J, the state has to be anti-symmetric under the parity transformation.

28Combined with the diagonal U(1) gauge transformation mentioned above, the op-transformation (which
implements the Zs Weyl group reflection) generates any SU(2) transformation and it is therefore enough to
impose these two conditions.

39



sector | # of excitations J state E
2 even |Lf)§z(1)>>‘] \/272
19100 2¢/1 + 16g
5 odd 696909) s 3
SU@) |67 307 ) s 1+2y/17 1642
69606090) 4
4 even |67 896907 ) 2+ 2y/1+ 1692
|61 61 b1 61 ) 4,/1+ 162
19999) s 2
5 o jﬁ(wwg s+ lofer)s) 217 1642
odd J5 (197 62)s —16361)4) 21+ 1697
wen | 77 |¢+¢°¢2>J—|¢1 ¢1¢2>J§ 1+2/1+ 1692
5 (1676565 — |97 6897 ) s 1+2y/1+ 16g%
|60 6099) 1 3
|#06969) s 3
3 odd | va (0700930 +107 6001 142015 1697
5 (16765050 + 167 6893 ) s 1+2/1+ 1642
|67 61 ¢9) 142,/ + 1697
9995 ¢3)a 1+42/T+ 1667
|90 6369) s 4
|69696969) s 4
|60696569) 4
SU@) |¢90003 d3 ). 2+ 2,/1F 1692
¢33 3 ) 2+ 2¢/1 + 1692
6967 61 69) 24 2,/1+ 1692
oven |67 &7 6969) s 24 2/1+ 16g2
5 (l61 6905 09)s + 161 #907 69)s) | 2+2¢/1+ 1697
5 (107006805 )y + 61 #9683 )5 ) | 2+2V/1+ 16¢°
I (1670969050 + 161 696963 )s) | 2+2v/1+16g7
J5 (176703 6205 + 1oy éro5ed)s) | 4T+ 1647
|61 &7 &3 b3 ) 4/T+ 1642
4 s (lef of o1 63 )a + 16767 0¥ 63)s) | 4V/T+ 1697
5 (16163 03 65) 0 + 167 630363 )s) | 4v/1+16¢°
5 (161 6905 09)s — 161 #9075 69)s) | 2+2/1+ 1697
5 (167 690065 )s — 61 690063 )s) | 2+2¢/1+ 1697
5 (107696905 )5 — 61 636905 )s) | 2+2V/1+ 169
odd | 5 (l¢f éi ¢5 0500 — 167 67 63 6d)s) | 4v/1+ 169
L (16601 07)s — 167 ér 0T 6%)s) | av/T+ 166
5 (1070365 65)0 — 1916565 65)s) | 4V/1+ 1692

Table 2: This table presents the spectrum of eigenstates for the dilatation operator, show-
casing the dependence on the large charge 't Hooft coupling at leading order in the large
charge expansion. The analysis focuses on the sector involving up to two complex scalars.
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Using these rules, we recover the spectrum of some simple operators studied in the
previous section. For example, let us consider the simplest states in the SU(2) sector with
two excitations. By the rules above, J needs to be even and the only states one can construct

are the following with the corresponding energies
|0¢%) ; with E =2, |of¢;); with E =21+ 16g2. (3.32)

We display in Table 2, a list of some states up to four excitations in the SU(2) and SU(3)
scalar sectors. We recover the spectrum of the last section by expanding the results of this
section for small \; (equivalently small g).

A similar analysis can be performed also for the SL(2) sector once we include the higher
representations ({0,n)). As expected, the results are in perfect agreement with the pertur-

bative analysis in the previous section.

3.1.4 Relation to Poincaré supersymmetry

Before ending this subsection, let us comment on the relation to the Poincaré supersymmetry.
So far we have been discussing the large charge 't Hooft limit, in which the double-scaled
coupling \; is fixed. If we instead take the standard large charge limit in which the coupling
gym is fixed, the dynamics is described by the effective action on the Coulomb branch
[18-22,24-27]. Therefore in this latter limit, we expect that the relevant symmetry is the
centrally-extended Poincaré supersymmetry.

To see the relation between the two explicitly, we carefully take the limit of anti-commutation

relations of the maximally-centrally-extended psu(2]2):

(D —J)
2 (3.33)
a b __ab P Sa Sﬁ _ a,BK

{Q a @ B}—E €apl™, { a b}—EabE .

{89, Q) = SLL5 + (5gRba + (52(52{

In the standard large charge limit, the eigenvalues of D —J, Pand K all go to infinity as

o v/J. Therefore, it is more natural to rescale the generators in the following way:

_ D—J _
Q% = JV4Q,, S%, = JY*Q%, T‘]:ﬁPO, P=VJZ, K=+JZ. (3.34)
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After this redefinition, the anti-commutators become

{Qaa ) Qbﬂ} = 5a7b5a7BP0 )

_ _ _ (3.35)
{Qaa ) Qbﬁ} = eabeaﬁz ) {Qad ) Qbﬁ} = Eabedﬁz )

which can be identified with the anti-commutation relations® for the centrally-extended
Poincaré supersymmetry. In addition, the BPS condition for the maximally-centrally-extended
psu(2]2)? (3.22) becomes

A~

(D—J)?—4PK = (n+1)? — Py=]Z|, (3.36)

which coincides with the BPS condition of the extended Poincaré supersymmetry. Note that
the representation index n disappears from the BPS condition upon taking the large charge
limit. This is a reflection of the fact that the entire tower of (0,n) ® (0,n)’s combine into a
BPS single-particle representation on the Coulomb branch. We will see this more explicitly

in Section 5.4.

3.2 Recovering the leading large J spectrum from semiclassics

In this section, we will recover the previous results from a simple semiclassical analysis. In
particular, we will derive the relation (3.28).

It proves useful to study the theory on the Euclidean cylinder S3 x R, by a Weyl rescaling
of R*. We profit from the state/operator map, and consider the insertion of large charged
states created by the action on the vacuum of Tr Z7 and its conjugate at 7 = —oo and
T = 400 respectively. As we have explained, these states break a particular R-symmetry
subgroup U(1)gr C SO(6)r and are protected by supersymmetry so that A = |J|. The full
superconformal subalgebra preserved by this setup is (3.4). The longitudinal direction of the
cylinder provides an additional isometry corresponding to time translations and the energies
of the states are equal to the conformal dimensions of the operators in flat space. Therefore
the combination H — .J (where H is the time-translation generator) is preserved by these
states, a situation that finds parallel in a superfluid state carrying a finite homogeneous
charge density on the 3-sphere, namely p ~ J/L? [4], with the crucial difference that the

energy density in this case is vanishing by supersymmetry. The SYM path integral is now

29Here we only have Py on the right hand side of the anti-commutator of Q and Q. We can see the
other components of translation generators by rescaling L®3 and L ; so that the three of the six generators
survive in the limit. This is a standard Inonu-Wigner contraction of s0(4) ~ su(2) x su(2) to iso(3).
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performed with the boundary conditions set by these states and in particular the trajectories
reflect the same symmetry breaking pattern discussed in the previous section. In the large
charge limit, one expects a particular semiclassical trajectory to dominate the path integral.
To see it explicitly, we notice that performing the path integral with insertions is equivalent

to compute the partition function with the effective action

Seft = gQL U drdQss Lar—q — % log (Tr Z°) (1 = —o0, ) — % log (Tr Z%) (1 = 400, 92)]

o (3.37)
where we bring the insertions into the original action, thus modifying it, and we have used
the metric on the cylinder as ds* = dr? + L*dQ2,. We see that the whole effective action

is of order g% > 1 when )\ is fixed, which justifies a semiclassical approach. The effect

Y™ B
of the insertions is to source a nontrivial profile for the fields Z and Z determined by the
saddle point. In order to find the saddle, it is convenient to expand these fields in terms of

spherical harmonics on S3,%°

2(t,9) = 20 LS VL), (3.39)

2
2T ”

where we have introduced a collective index k = (k, ) which comprises the spin k£ and
polarization I and the sum in k entails a double sum running over £ = 1,...,00 and [ =
1,...,(k+1)% Since we are focusing for now on operators that preserve the full isometries
of S*, we consider only the lowest spherical harmonic (or s-wave) z(t) and later we will
add higher spherical modes which correspond to excited states from operator insertions with
derivatives. At leading order in the large J limit, only the quadratic part of the action is

relevant and when restricted to the s-wave, it reads

Secalar = 22—L?’ /dT {Tr (?z’ + 2) — ﬁ (log (Tr 22) d(r —7) + log (Tr 22) o(r — 7-2))
Ivym L? 2L° ’
(3.40)
with the limit 71 — —o0 and 75 — 400. The second quadratic term inside the trace arises
from the conformal masses due to the curvature of the sphere. As in the previous section, we

partially fix the gauge by considering diagonal fields, z = diag(zo, —2¢) and z = diag(Zo, —Z)-

39The spherical harmonics are normalized by

1
ﬁ d3x\/§ Ytsléalaryvsg;lar = 6km ’ (338)
with g,, being the metric on a 3-sphere with radius L and obey VQYSIC‘alar = - k(];rz) Ysléalar.
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We then have the stationary equations

1 Ayl

20 — ﬁéo + EZ—O(;(T —13) =0,
(3.41)
. 1 Al
0~ 7240 + E‘_(S(T -7)=0,
which are solved by?!
20 = ke LIl , Zo= Re LIl , (3.42)

with the constraint Kk = ;‘ﬁ ezIm=m2| The fact that only the product k& is fixed reflects the
invariance of the action under the rescaling z — az, z — a~'z. In Appendix B, we derive
the stationary solutions zg, 7y directly in the flat space R* which are related to the above by

a Weyl transformation (see around (B.4)).

Scalar excitations. We now consider excited states obtained by inserting other scalars
on the background created by Tr Z7. In the discussion that follows, we will add a single
additional scalar field X, but there is no obstacle to adding more. Technically, the steps
are analogous to the Higgs mechanism in which the field X acquires a mass term from the
interactions with the nontrivial background Z. The interaction between these two fields in
the original N' = 4 SYM comes from the scalar commutator terms of the Lagrangian. We
can write the scalar field X and its conjugate as a matrix as in (3.12), expand each mode in

spherical harmonics as in (3.39)

X(t,Q) =

j% D 2wt Yoar(2) (3.43)

Restricted to the lowest spherical mode, the quadratic part in X of the action becomes

213 . . . 2 1
Squad = —— /dT [2 i’ +rtat + i + 52%° + — (1+16¢%) (272t + :z—x—)]
Iym L L
(3.44)
We identify two type of modes with distinct masses. We have massless or diagonal modes z°
and its conjugate which do not get perturbative corrections to their mass given by (mg)? =
1/L?. In addition, we also have massive or off-diagonal modes x* and their conjugate whose

mass is given by (m+)? = (14 16¢%)/L?. Translating into conformal dimensions, we see that

31Tn deriving the solution, we use that a%sign(ac) = 24(x).
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each massless and massive mode contributes

Ap=1, AL=+/1+16¢2, (3.45)

to the total dimension of the operator at leading order in 1/.J. This is consistent with the

findings of the previous section, see (3.28).

Spinning excitations. In order to study operators with spin we keep higher spherical
modes of the complex scalar in (3.43). The modes with index k correspond to states trans-
forming in the representation (k/2,k/2) of s0(4) = su(2) x su(2) and in flat space, they

amount to operators obtained by adding derivatives, which we can schematically write as
Oy ~Tr (DFX)Z7 . (3.46)

The corresponding polarization is specified by the index I in (3.39) that can take (k + 1)?
values. In order to write down the action for the higher spherical modes, we decompose
them into diagonal modes denoted by x{ and off-diagonal ones denoted by xi, and in terms

of these, the quadratic part of the action reads

203 00 s -
Squad = o > / dr {2 BV B d By a2 (mog) 2 Teay + (my )23 e + (mo ) Ty |
YM
(3.47)

where the masses are given by

(k+ 1)

(k +1)* 4 164
T '

L2

(mox)® = (mep)? = (3.48)

These masses translate into the conformal dimensions of operators made out of the corre-
sponding modes by (1.9). To draw a comparison with the leading order spectrum found in
Section 2.3, we start by recalling that the excited states in that sector are formed by adding
light-cone derivatives to the vacuum fields Z, as shown in (2.28). Adding a derivative to a
vacuum field Z is a simple excitation, similar to adding a complex scalar X, and carries the
same value of the central charge C, see (3.2). Thus simply by adding more derivatives, we
can conclude that

Cl...(D"*Z).. ), 1 =C|...D*X...), (3.49)
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state A—J weak coupling

|1 21 21 21 )-a 4 % /1 + 164 4432¢% + ...
|7 25 )2 2 % /2% +16¢° 44842+ ...
Zazy)oe | VIH16g7 + (/B 11607 | 4+ B0 4
02021 2 ) g—a 24 24/1 + 1642 4+ 169>+ ...
|57 2 )3 2+2y/1+16¢ 44+16¢> + ...

Depz)ss |14 /141667 + /22 + 1697 | 4+ 1292 + ..

Table 3: Eigenstates and respective spectrum for spin 4 states. Note that each excitation is
labelled by the pair k = (k, ) but since we are projecting the derivative into a light-cone
direction we keep the polarisation index I fixed for all excitations and omit it here. The
symmetrized and anti-symmetrized combinations showing up above reflect that we keep only
parity even states as explained before for the case of pure scalar states.

We can then decompose the field D*Z into its diagonal part which we denote by z and

off-diagonal sz and they contribute to the anomalous dimension with

Ao=Fk, As=+k2+16¢2, (3.50)

respectively, in agreement with (3.29). The comparison with the perturbative results now
follows in a straightforward manner. We add excitations such that the resulting states are
neutral under the U(1) gauge charge which requires the off-diagonal modes zljf to be added

in pairs each one carrying an energy (3.50) and at leading order, the correction in energy is

Alfloop — 892

—_— 3.51
+ L ) ( )

precisely matching (2.38). The degeneracy observed in that section follows from the distinct
ways of adding modes at the cost same energy cost. For example, let us consider the spin
4 states. We can obtain states by adding modes up to spin k& = 4 while keeping the state

neutral, see Table 3. The data obtained here is in line with the perturbative analysis of
Section 2.3.

4 Operator Spectrum at Order 1/J

The coupling constant of the effective theory around the non-trivial vacuum generated by
the large charge operator scales with 1/J. The reason is obvious: with a canonically nor-

malized effective Lagrangian, the interacting terms are of order 1/v/J (Yukawa terms and
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gauge interactions) or 1/.J (purely scalar terms and gauge interactions). This produces an
expansion in 1/J for the anomalous dimensions which is a nontrivial function of \; at each
order. In this section, we will be interested in determining the first subleading term in the
expansion in 1/J (which we may call the one-loop correction) exactly in the large charge
't Hooft coupling. We start by evoking again the maximally-centrally-extended symmetry
(3.7) and study how it constrains the dilatation operator and afterwards we complement the

analysis by some perturbative computations from semiclassics.

4.1 Constraints from centrally-extended symmetry

It is natural to expect that the maximally-centrally-extended symmetry (3.7) which fully
constrained the one-magnon energies (up to the coupling constant redefinition) is also pow-
erful in determining how they interact. In fact, such symmetry was put to good use in the
large N limit of A/ = 4 SYM in that it fixed the two-magnon dynamics in the spin chain. For
example, in [80] the symmetry completely constrained the one-loop spin-chain Hamiltonian
of a large compact subsector that included su(2|2) (even without using the central extension)
and in [45] the two-magnon scattering matrix for asymptotically large spin chains was also
completely determined up to a global phase.

In our current problem, we aim to fix the dilatation operator using the same type of
arguments. The superconformal generators (3.3) and (3.2) receive corrections of order 1/.J,
and demanding closure of the algebra (3.5) at this order should constrain them. In this
section, we focus on a single copy of psu(2|2) C psu(2]2)?. However, extending the results
to the entire algebra should pose no difficulty.

In order to reduce the space of parameters that the generators can depend on and there-
fore make the computations easier, we take advantage of the following simple considerations.
Since the bosonic subalgebra of psu(2|2) does not get deformed at loop level, it is convenient
to write down the generators in a manifest su(2), x su(2), invariant way. Moreover, their
form should also be compatible with the interacting part of the Lagrangian of the effective
theory. The interactions involve either three fields at order 1/+/.J (in the case of the Yukawa
and gauge interactions) or four fields at order 1/J (for the pure scalar terms and gauge

interactions) from which we expect a generator G to have an expansion of the form

[e.o]

ZJLG k/2(g?) - (4.1)

k=0
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At each order k, the perturbative correction Gr /2 can have at most k + 2 external legs. This
means that up to order 1/J each generator can be built out of at most four external “legs”.
In a basis of states for which the classical dimensions are preserved by the interactions, this
implies that we can have at most pairwise interactions. This is of course consistent with the
magnon picture found previously in the weak coupling analysis of Section 2.

With these constraints it is straightforward to write the most general ansatz for the gen-
erators at one-loop. We begin with the dilatation operator D. Clearly at order 1/ V/J there
is no possible term we can write compatible with su(2), x su(2), symmetry and preserving
the classical dimension. The lowest perturbative correction is therefore at order 1/J and we
have for one-particle,

Dy ™)y = Ay o),
Dy [ = By |[y™)

where the coefficients A; = A,,,(¢?) and B; = B,,,(¢?) are generic functions of the large

AJ
1672

On a two-particle state, the transitions should preserve the U(1) gauge charge (besides

(4.2)

charge 't Hooft coupling ¢ = but we will omit this dependence to simplify the notation.

the global J charge) and together with the requirement that the classical dimension is not
modified by the interaction this forces the gauge indices to be at most permuted. We can

then write

Dy |60 ¢72)
Dy |gpbr?) g
Dy g?)

(A1 4+ Ay + Cr12) |05 3% ) s+ D2 |00, ) s + Ejaz €ap 60‘5’1?&”11??2)‘171
(A1 + By + Fja9) |00 0n) 5+ Gaz |0n 200 s

(By + By + Hya) [0 052) s + Liaz V0205 ) g + Jraz €as €100 05'2) s11 -
(4.3)

where again we have used a shorthand notation for the two-particle coefficients, for example

Cri2 = Crmims, (g2). Our analysis at one-loop has revealed that the anomalous dimensions
of multi-magnon states depended on J in a discrete way. As seen in formula (2.25), the
dimensions of the operators for a given number of magnons vary for different parities of J.
To account for this difference, we have added an extra index J to the two-body interaction

coefficients and a generic coefficient X 7,4 satisfies a parity condition

22 = Yya212 (4.4)

for any J. It is important to note that condition (4.4) is an assumption based on lower loop
perturbative data. It would be important to further verify its validity through a more robust

perturbative analysis and to gain a deeper understanding of its origin.
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Let us consider the superconformal generators ¢, and S%,. Once again there is no term

one can write at order 1/ v/ J?2 and we have for the one-particle loop correction

“al0}") = CropvE )

aaw Y =D e €a5|¢b )41 (4.5)
§%103") = Dy eare™ 15" ) -

S%luf) = Crog1ei).s,

where C' and D are in principle independent coefficients from C' and D and not necessarily

their complex conjugates. The action involving a pair of magnons can be written as

Yo ldy 00 )y = 0y (K2 |97 00" ) s + Lz |67 ¥5%) )

+ 0 (M2 oy i) s + (M1 + Ly — Kja2) |6y 0a™) )
+ e €N (Nypa |02 0 ) g + (Mg — K21 — Nyo1) |05 00) 1)
+ C1 0y |90 ) g + Ca bg |y 02 g

Yol g ) s = 6y (OJ,12 [V ) g + Prae W;W@/);;m)J)
+ €ap e (QJ,12|¢?1¢;”2>J+1 + RJ,12|¢1T2 ¢?1>J+1) (4.6)
+ CL 0} [0 52 s + Da eap €0y 97%) 11

“o UET2) s = €eag (Sua2 |0y ) g1 + Tra |0y 200 ) )
+ €%eqn (U2 6205 ) a1 — (Sua2 + T + Usan) 165 952) s41)
+ Eabeﬂv (Viaz oy va?) s + (Viar — Sy — Ugaz) |63 00 ) 141)
+ D1 €Peapldy 072) s11 — Do €Pean [0] 205 ) i1 -

The coefficients K512 to V12 are unknown functions of the 't Hooft coupling. In this ansatz,
we have implemented the su(2), x su(2), invariance which justifies certain odd looking
combinations of the unknown coefficients. The last line in the RHS of each equation arises

from the one-particle loop correction. We can write down a similar expression for the action

32Note that even though in the original A/ = 4 SYM we have terms of order gy for these generators, for
example Q[v)) ~ gym|Zp), such O(gym) transitions involve Z fields which are enhanced by a factor of v/.J
in the large charge limit.
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of S, on a two-particle state,

S |y or) s = eae™ (812 G025 ) o1 + Traal O 05?) 1)
+ Eaceaﬁ (UJ,m |¢T1¢EZQ>J—1 + (-31,12 + TJ,21 + UJ,Ql) |¢?2¢?1>J—1)
+ €pe™” (VJ,12 |¢Zn2¢g”>J—1 + (gJ,Zl —Ujz — VJ,21) |¢?1¢?2>J—1)
S @y 5*) s = 05 (OJ,12 |7 7Y s + Prio ’¢T2¢T1>J)
+ € eqp (Qu2|Vy V5?) -1 + Rypa 025 ) s-1)
+ C105 |0y 0% 5 + Do €7 eqp |l 05?) 11
S Y5 yl?) ;s = o5 (K12 [Ga V) s + EJ,12|¢Zn2WYm>J)
+ 03 (M2 |Ga 25 ) g — (Mo + K12+ L) |¢T1¢ZZQ>J)
+ 657€a5 (NJ,12 |pn g™y + (MJ,m + NJ,21 + KJ,21) |¢T2¢?1>J)
+ G105 ) s — CadS a2 ) g

(4.7)

A further constraint arises from the requirement that the theory is exactly symmetric under
charge conjugation, as discussed in the previous section. The action of charge conjugation

on a two-particle state is defined as

SB|XT1X72M>J = (_1)J|X1_mlx2_m2>J7 X1,2 - ¢a7¢0¢7 (48)

and we require [}, G—’k] = (0. This reduces the number of unknowns by relating coefficients
with opposite U(1) gauge charges.

The algebraic relations impose strong constraints on the coefficients of the one-loop di-
latation operator. For the one-particle energies, it reduces to a single independent coefficient

function A_(g?) due to the following conditions
Ag=0, A, =A_, B,=A4, with m=0+. (4.9)

For two-particle states involving at least one massless particle, we also obtain a single unfixed

coefficient function

D1|X?X3>J :07 X1,2 :¢a7¢aa

N (4.10)
D, ‘X? X§t>J = (A— + FJ,+0) |X(1) X§H>J7 X1,2 = Das Vo

where the coefficient F;o(¢g?) remains as the only unknown leftover. On a pair of massive
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particles, we obtain instead

Dy|ogdf)s = QA+ Fi_y) |65 7 ) s + Gus |67 6 s

Dy o) s = QA+ Fr_y) g vd)s + Guy [WTv5)s

Dy I6EUT)s = (A + Fy_) [6508) + G 6708 A
Dy [x X2>J:< +FJ,-—> XTI X5 ) s

where the coefficient F j—— is given in terms of the unknowns defined in the ansatz (4.3) by
the combination
Ey _ =F__+Gj__. (4.12)

Our analysis of algebraic constraints revealed that the transition between a pair of scalars
and fermions, governed by the coefficients E;12 and J; 12, vanishes. This can be attributed
to the assumption made in condition (4.4). While our findings are consistent with the data
in Section 2, it is important to note that this particular type of transition has not been
probed by our perturbative analysis and further higher loop calculations are necessary to

confirm the validity of this result.

Representation theory. We want to understand these results from the point of view of
the representation theory of the centrally extended psu(2|2). The dilatation operator we just
constructed is one generator of the extended algebra and corresponds to one of its central
charges that was previously called C. We have expanded each generator in the parameter
1/J which serves as a “quantum” parameter in this context. The first quantum correction
to the dilatation operator that we have denoted by D is in fact invariant under the tree
level algebra, that is

Dy — J,Go] =0, (4.13)

for any tree level generator Gy of psu(2|2). Hence Dy — J is an invariant operator under the
(tree) psu(2|2) algebra acting on a tensor product of two fundamental multiplets. On general
grounds, we expect the number of degrees of freedom of such operator to be in one-to-one
correspondence to the number of irreducible components in the tensor product.

We recall that each fundamental multiplet is characterised by the triplet of central charges
C = (C,P,K) obeying the shortening condition, see the discussion in Section 3.1.2. As

before, we denote the fundamental representation by (0, 0),, where we included the subindex
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m = =+, 0 that stands for the U(1) charge. We therefore have three distinct cases
<O’ 0>+ ® <0’ O>+ ) <0v O>+ &® <07 0>— ) <O7 0>+ ® <O’ 0>0 (414)

with all other possibilities related to these by parity.
In the first case (0,0), ® (0,0), we have that the resulting central charge of the tensor
product is = (2C4,2P,,2K ) and it obeys again a shortening condition

C?=1. (4.15)

This means that there are in principle two eight-dimensional short representations in the
decomposition of the tensor product. The states in these two representations can be con-

structed explicitly as follows. Let us denote the fundamental representation as

XA = ( ZZ ) : (4.16)

where for the moment we have omitted the gauge charge index and A is a super-index that
runs over the bosonic and fermionic components A = (a,«). The first eight-dimensional

irrep is built by symmetrising the super-indices in the following way

lsym)y = |[xaxs)s + (=) xpxa)s (4.17)

with | @ | denoting the corresponding grading. The second is obtained instead by anti-

symmetrising the super-indices as

lasym) ; := [xaxs)s — (—=1)"1Pxpxa)s. (4.18)

Since the particles are commuting or anti-commuting depending on the component, this
second representation is trivial. Therefore, there is only one non-trivial irreducible compo-
nent in the decomposition of the tensor product of (0,0); ® (0,0), and therefore we expect
only one degree of freedom. This degree of freedom corresponds precisely to the coefficient
function F' g

We now consider the sector of states obtained from the tensor product (0,0); ® (0,0)_.

In this case, the total central charge,
C_;/:(O++C_7P++P_,K++K_>:(2C+70,0), (419)
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does not fulfill the shortening condition, resulting in a unique, sixteen-dimensional long
multiplet. However, as previously noted, when dealing with massive particles of opposite
charges, we can construct two distinct sets of states with different quantum numbers under
charge conjugation, depending on the parity of J. As a result, we expect to find two distinct
copies in the tensor product (0, 0),®(0,0)_. This is why we anticipate two degrees of freedom
in this tensor product, which explains the presence of the two undetermined coefficient
functions F;_4 and Gj_+.
We observe that the tensor product (0,0); ® (0,0)y results in states with total central
charge
C" = (Cy +Cy, Py + Py, K, + Ko) = (Cy + Co, P K, (4.20)

which again does not obey a shortening condition and results in a single long multiplet. In
this case, there is only a single degree of freedom corresponding to the unfixed function F; .

We have finally narrowed down the problem to five unknown coefficients
{A_F;_, Gy, Fyio0, Fy__}. (4.21)

These coefficients can be determined through a one-loop computation in the effective field
theory. In the following discussion, we will perform a partial analysis and determine some

of them.

4.2 Constraints from semiclassics at one-loop

We now turn to the computation of some coefficients of the previous section and compare
them with the perturbative data from the first section.

The effective action which we will use is obtained by expanding the N' = 4 SYM La-
grangian around the classical profile Z, of the elementary complex scalars Z and Z sourced

by the large charge operators,

0
0 —z4

0 g
7= Zu+ 07, Zu= (Zd ) , (4.22)

where 67 denotes the fluctuation around the saddle point and similarly for Z. In Section 3.2,
we analyzed the leading semiclassics on the cylinder R, x S3. Here we find it convenient to
work directly on the flat space R*. The diagonal entry 2% is a nontrivial function of the large

charge 't Hooft coupling and fixed by the saddle point equation. This computation is given
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Figure 5: The figure displays the complete set of diagrams involving external scalars. The
single (double) line represents the propagation of massless (massive) scalar modes and the sin-
gle (double) coiled line denotes the massless (massive) gluon propagator. The blob amounts
to the sum of all self-energy diagrams.

in the Appendix B and the answer is

ip _ A
€ ‘xl $2| N 50 ([E) _

_ e~z — x| [Ny
2wz —x2 V27

) 4.23
27|z — xq)? 2 (4.23)
where z, 5 are the location of the operator insertions and ¢ is an undetermined phase which
reflects a symmetry of the saddle point equation and it will not play any role in what follows.

We aim to study the one-loop correction to the two-point function of large charge opera-
tors with impurities. This calculation poses significant challenges compared to the analogous

computation in the original N' = 4 SYM. Firstly, we must contend with massive fields whose

mass has a non-trivial kinematic dependence given by

lz1 — C1’72|2

- w2z — a)?r — af? A (4.24)
This makes even the computation of propagators more complicated. Secondly, there are
additional vertices that couple massive and massless particles induced by the background
field, for example, new cubic couplings for scalars and additional scalar-gluon interactions.
Thirdly, the mass terms are not diagonal in the flavor indices and there is a quadratic term
coupling scalars and gauge fields. To make the computations feasible, we need to bring
the quadratic part of the action into a canonical diagonal form. These are three important
differences that make the one-loop computation significantly more challenging.

We have determined the scalar massive propagator in the Appendix B, and fermion
and gauge field propagators are computable by similar methods. We also strongly benefit
from the symmetry analysis of the previous section, which reduces the number of graphs

to be analyzed. For example, processes with external fermions are completely determined

33They are related to (3.42) by a Weyl transformation.
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in terms of processes having only scalars as external fields. We display in Figure 5, all the
diagrams involved with external scalars. For our purposes, we will only determine a few of
those diagrams. The third point is the most technically involved and will be left for future

analysis.

From diagrams to coefficients. In order to read off the undetermined coefficient func-
tions of the previous section, we have to extract the logarithm divergence of each of the
Feynman diagrams above. In this paper, we will restrict ourselves to the diagrams with four
external massive legs, namely the ones represented in IV and V in Figure 5. Those will be
enough to fix three out of the five unknowns of the previous section namely F;_,, G;_+
and F j——. The constant A_ is fixed from the self-energy diagram I and the interaction
of a massive and massless particle mediated by Fj .o is determined by the remaining dia-
grams. These diagrams involve exchange of intermediate massive virtual particles which are
technically harder to deal with.

The diagrams IV and V are simple to compute from the effective action and we display

the result here while leaving the details in the Appendix C:

xt YT x~ yt+
o V! 4 4 o oy 1 4 4
G = = -2 —— (2m)* |21 — 22| " X122 Gy = =2 —— (2m)* |21 — 22" X1122
Jo1+24 1424

zt y* at Y-
ot y*

GF .= =360 L omV g — o4 limas—ar Oy - Oy Hi 3 -

3 +=7 1+%J( )H 2| rsr1 O - Usfl12,34
T

xt y*

The double line corresponds to the massive scalar propagator and the coiled line represents
the propagator of the massless mode of the gluon field. The functions X934 and Hja 34 are
standard integrals with four external legs defined in the Appendix C and the repeated label
in X means taking a colliding limit of the respective points.

The coefficient functions are obtained by combining the above integrals as follows

_ 129
Fj_y = (G +G5) hog =T 167 ~ —12¢° +192¢" + ...
Gy = (Go) ] ——8—92~—82+1284+ (4.25)
J—+ = \&2) i, = 1+ 1697 g g .
. 20¢°
Fj—=(Gi+GY) |, = Triee = 20g° — 320¢" + . ..
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where we are extracting the coefficient of the logarithmic divergence of the respective integral

(and also factorizing out the tree-level respective contribution).

Comparison with data. We can partially fix the coefficients of the dilatation operator

obtained in (4.11) by using the perturbative data summarized in Table 1. The result is

Fj_+2A_ ~24¢g* + ...
Fiio ~ —8¢° + ... (4.26)
Fj__ —2A_~—16¢>+ ...

which is fully consistent with the effective field theory computation (4.25).

5 Higher-point Functions with Large Charges

In this section, we will analyze correlation functions involving two large charge operators
(referred to as “heavy”) and additional operators with small charges. In these examples, the
n + 2 correlation function of two operators O of large U(1)g charge J and n small charge
operators ; with m = 1,2,...,n are obtained in the large charge 't Hooft limit as the

n-point function of O;,, computed with the effective action (3.37),

(04(0)0;, (1) . .. O3, () O4(00)) = (J|Oy, (1) ... Oy (@) T) =0, (1) ... Oy () et

(5.1)
where the heavy state |J) is defined in radial quantization as O,(0)|0). We will focus on
two specific examples: the first is the three-point function of the Konishi operator with two
heavy half-BPS operators, while the second is the four-point function of two light half-BPS
operators and two heavy half-BPS operators.

Before delving into the computation, let us summarize some basic facts about the half-
BPS superconformal primaries in N =4 SYM in order to set the notation. The single-trace
half-BPS superconformal primary operator of A = J € Z>, is defined in terms of the adjoint
scalars ®; by

Sy(z,Y) =tr(Y'd;)’ (5.2)

where Y/ is a null s0(6)» polarization vector. The stress tensor multiplet is generated by the
primary operator S,. As discussed in Section 2, when the gauge group is SU(2), S~ can be
expressed as products of Sy using the trace relation. Therefore, below we use the following

basis of half-BPS operators from the multi-trace operators, which will play the role of the
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large charge heavy operators in (5.1) at large J,
O;(x,Y) = Ny (Sa(x, )2, (5.3)
where N is a normalization needed to make the two-point function unit-normalized.

5.1 Resummed ladder integrals and worldline instantons

Before discussing the correlation functions, let us study the propagator of a massive particle

around the large charge background which will play a key role in the discussions below.

Massive propagator. The propagator of a massive particle can be computed by expand-
ing the N' = 4 SYM Lagrangian around the large charge semiclassical solution. As shown
in [9] and reviewed in Appendix B, the result can be expressed as a sum of conformal ladder

integrals

2
g _
Glar,2) = 87r2|Y$1\f2 2 =),

. (5.4)
t(z,2) =Y (—4¢°)" (1 —2)(1 - 2)F¥(z,2).
k
Here F'*) is a k-loop conformal ladder integral (see (1.6))
k
B 1 (=1)"(2k —r)! _ . . _
(k) _ r _
F (’27 Z) P ; k'(k o T)!T! (log(ZZ)) (ngk,r(Z') Lle*T’(z)) ) (55)
and z and Z are the conformal cross ratios®*
2 .2 2 .9
cz= B (1)1 z) = 2T (5.6)
T3y T13La4

and x3 4 are positions of insertions of large charge operators. The vertical lines in the figure
of (1.6) correspond to background scalar fields produced by the large charge operators while
the horizontal line corresponds a probe scalar propagating in the presence of the large charge
background. This is precisely the resummation of ladder integrals discussed by Broadhurst
and Davydychev [47] but direct physical applications were missing. It is worth emphasizing
that the large charge 't Hooft limit provides a physical setup for this quantity.

A similar but different resummation of the conformal ladder integral shows up in the

34Note that here we adopted a non-standard definition of the cross ratios. The main reason is to simplify
the expressions appearing in the heavy-light OPE.
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integrability approach to the four-point function [49] in the planar limit. Taking inspiration

from it, one can rewrite (5.4) into the following integrability-like representation,

_ (1 — Z 1 — Z / SiH(CLgO) —2iuc
Uz 2) = Z 27 2 + & ® 4 442 sin(yp) c ’ (5:7)

where € = \/2/z and e™? = y/2Z. An alternative representation of the massive propagator

was found in [47] by using the integral representation for the conformal ladder integrals:

t(z,2) =

(1-2)(1-2) /OO dtsmht Jo (4gVt? — ) (5.8)

2/ zZ

(cos ¢ — cosh )’

Amusingly, the expression resembles the one that appear in the octagon form factor [82-91]
(see e.g. (1.31) of [84]), which computes the correlation function of four large charge operators

in the planar limit.

Strong coupling expansion and worldline instantons. At strong coupling A; > 1,
we will find below exponentially small corrections of order O(e*#m) to the propagator,
which can be interpreted as coming from worldline instantons from the virtual propagation
of massive W-bosons.

In order to see this explicitly, we first perform the integral in (5.7)

e~oV/a+16g2 sin(ago)
Va2 +16¢2 sin(p)

As we will see later, this can be interpreted as a conformal block expansion in the heavy-

e 7) = L= 1 =2 Z (5.9)

light channel. In order to obtain a strong coupling expansion, we now convert this into the
conformal Regge representation [92]. First we split a sin(ay) into two terms (ae™?—ae ™) /2i

and convert the sum over a into an integral using

ipu
;aems&. — % du%.7 _ Zae apug | % dul — e?mu , (510)

where C, (C_) is a contour that encircles positive (negative) integers on the real axis. As a

result, we obtain

t(2,7) = (5.11)

z—Z

0=0-9) [y oo/
e — U - .
. ue 1 — e2miu /ug + 16g2
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We then deform the contour so that it encircles the branch cuts [4gi, i00] and [—4gi, —ico].

Each contour can be decomposed as
Cy = *[ico — €,4gi — €] UCT U +[4gi + €, i00 + €] (5.12)

where CF are infinitesimal semicircles of radius € centered on +4gi which connect the two
semi-infinite lines. As € — 0 the contribution of the two semicircles vanishes and we can

combine the remaining four semi-infinite line integrals composing C; UC_ into a single integral

Kz 7) = (1—-2)(1-2) /i‘x’ i 2iusin(u(m — ¢)) cosh(o/u? + 164?)
7 Z=z agi sin Tu Vu? + 16g2
_ (1 — Z)(l B 5) (—228 ) oodx i (6—4gz(27rn+ga) + e—4gx(27r(n+1)—gp)) COSh<4gUV 1— xZ)
z—Z v V1—2? ’
1 n=0
(5.13)

where in the second line we have changed variables with u = 4gix, and rewritten the inte-

grand as a series expansion around the strong coupling regime (assuming 0 < Re(yp) < 27).
Performing the integral, we arrive at the following expression for the massive propagator,

t(z,2) = d-2)0=7) i W(p+2mn) + W(2r — ¢+ 27n), (5.14)

zZZ =0

where W (x) is given in terms of the modified Bessel function as below,

_ Agr K, (4gV2? + 0?)
sin(z)va? + 02

W(z) (5.15)
To our knowledge, the expression (5.14) has never been written down in the literature, and it
makes manifest the structure of the propagator at strong coupling: each term in the sum in
(5.14) can be interpreted as the contributions from the worldline instantons® (see [10,27,93]
for other setups in which the worldline instantons show up in the large charge expansion).
The integer n counts how many times the worldline wraps the great circle of S* while the
two terms in the summand correspond to different orientations of the worldlines.

The explicit expansion at strong coupling can be obtained straightforwardly by expanding

35Tt should be possible to reproduce the expression (5.15) by directly performing the worldline path integral,
but we leave it for future investigations.
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the Bessel functions,

t(z,2) 2" \/3rg (1-2)01-32)

Z2—Z
X Z (2mn + 90 1/ (9n(n 4 1) — ) e~ 9V HRR0HD ) (5.16)
(2nn -+ 9))*'* (@ +@rn+1) -2t )

which manifests the existence of an infinite series of non-perturbative corrections. The
exponential suppression of the resummed ladder integral at strong coupling was pointed
out already by Broadhurst and Davydychev [47], but the analysis here provides a physical
interpretation of such suppression in terms of the worldline instantons in the large charge
background. These worldline instantons come from the virtual propagation of massive W-
bosons of the SYM in the large charge background. Indeed, working on the cylinder R, x S3,
the mass of the W-boson is

_ 4 (5.17)

which follows from (4.24) after the Weyl transformation (see also [23,27]). In the conformal
frame where the large charge states are inserted at 7 = +00, and one of the light operator
at 7 = 0 and the north pole on the S?, then the other light operator is located at 7 = o
and at azimuth angle ¢ on the S3. There is an integer family of geodesics in the form

of helices that join the two light operator insertions (see Figure 4). The length of such a

geodesic of winding number n in units of the radius L of the S? is either \/02 + (271 + )2

or /o2 + (2m(n+ 1) — ¢)? depending on its orientation. Putting together with (5.17), this

precisely explain the exponentially suppressed worldline instanton contributions in (5.16).
The resummation of other classes of diagrams in N’ =4 SYM (the double pentaladders
and integrals arising from the negative amplituhedron geometry) were discussed recently
[94,95] and a similar exponential suppression was found at strong coupling. It would be
interesting to see if these integrals compute some physical observables in the large charge

limit.
5.2 Three-point function of Konishi and two large charge operators

We consider here the three-point function involving the Konishi operator O%,

An? An?
Tt (9,0;) = 3L2 (2098 + 207 ®7) | (5.18)

39vm (%Y

of -
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and two large charge operators of the form (5.3). Here we put the superscript b since the
operator is bare (i.e. subject to multiplicative renormalization). In the large charge limit,

the massless fields evaluated on the classical background produce the tree level structure

constant Ob O O ) &0 a2
ree 8
e N N (A1)
(0(23)0,(24)) 39ym J 2T 3137y
where the classical solution®® is given by
(@) = ~ Arles — 2] (o) e TV (5.20)
Ihe 27/2Y34 |z — 232 o —a4)?) :

where 6 is a ‘moduli’ of the solutions that we need to integrate over (see e.g. [4,96,97]).

The massive fields on the other hand are responsible for the non-trivial dependence on the
't Hooft coupling. At leading order in J, the non-trivial part of the structure constant arises
from the massive propagator connecting the two massive fields in the limit of coincident
points. The expression of the massive propagator is given in (5.4) and we will consider the
case k > 1, as k = 0 corresponds to a self-contraction of the Konishi operator. We take
the OPE limit of the propagator, where the fields at the positions x; and x5 are brought
infinitesimally close to each other with |z12| = €. This is analogous to a perturbative point-
splitting regularization for the three-point function (see [98]). We can implement this limit
in the cross-ratios by

z—=1-6, z—=1-4 (5.21)

where §% = ;j mf;‘ . From the expression of the conformal ladder integrals (5.5) we obtain in

13+14
this limit

FO =2 _2]og4,
Vrl(k+ 1) '

Let us first consider the cases with & > 2 which remain finite as we consider (5.21). Using

the integral representation for the (-function, one can resum the ladders into

dgw — J1(8gw)

sinh?(w)

ek =Y (—4g°) FW(z,2) = 2g/ dw (5.23)
k=2 0

36The semiclassical configuration for Y3 = %(1,2’,0, 0,0,0) and Y, = %(1, —i,0,0,0,0) is written down

in the Appendix B. Performing the R-symmetry transformation, one can find the analog for general Y3 4.
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We then obtain

6¢
(0,05)  3atu? (1 ~logd) + _K) (524
1314

J

In order to extract the structure constant, we need the Konishi operator normalization
given by the corresponding two-point function. At the order we are working, we will only
need the one-loop result because higher loop corrections will only be relevant for higher
terms in the 1/J expansion. It has been observed for example in [99], that the one-loop
two-point function of the Konishi operator for any gauge group SU(N.) does not receive
non-planar corrections. Using this observation and putting together the explicit results for
the relevant diagrams listed in the Appendix B of [98], we compute the two-point function

in point-splitting regularization

G () e

Thus, the renormalized three-point function reads

00 ;0 Ja? 244> 2 Cx — 4g*
020,00 _ Joss (| 297, T oG~ 497) (5.26)
(050;) 3327y J L1324 J
From this, we can read off the one-loop anomalous dimension Ax = 2 + ¢%,;A; + --- and

the large charge expansion of the structure constant Cx = JC}?) + Cg) + C}?)/J +--,

4892 3 (0)
A — == — s C =
! G 27 K

1

1 W g 4 4 /oo dw4gw — J1(8gw)
3’ K 0

sinh?(w)

(5.27)

The anomalous dimension agrees with the result in the literature [99] while the structure
constant C is a genuinely new prediction, which we will study in more detail below. See

Figure 3 for a plot of this function.

Weak- and strong-coupling expansions. Let us study the weak and strong coupling

expansions of C’S). The weak coupling expansion follows directly from (5.22) and is given

by
= —8¢% + Z Qf/:Fl p f J)r ) (=162 . (5.28)
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The series has a finite radius of convergence
A < 7. (5.29)

This parallels the fact that observables in the planar limit has a finite radius of convergence
as a function of the 't Hooft coupling. A physical interpretation of the radius of convergence
will be presented in Section 5.5.2.

On the other hand, the strong coupling expansion can be derived by taking the limit,

2,Z — 1 —6, of (5.14) and subtracting the contributions from F(!. As a result, we obtain

oW = % {QVE +log ( As )} 2y (Kg(zn\/A—J) + Kg(2n\/)\_J)) . (5.30)

472 2
n=1
The Bessel functions on the RHS are exponentially suppressed for large A ;, and they capture
the worldline instanton contributions. The structure of the result resembles the ones for the
extremal correlator in N' = 2 SCFT [23,26,27]. In that case, the coefficient of log A ; is given

by the a-anomaly [23]. Here it is instead given by the anomalous dimension of the Konishi

operator as we will show in Section 5.4.1

5.3 Heavy-heavy-light-light four-point functions

Four-point functions of BPS primaries O; contain a wealth of information including the
non-BPS operator spectrum that appear in the OPE channels and their corresponding OPE
coefficients. In this subsection, we focus on the HHLL four-point function (O,0,0,;0,) in
the large charge 't Hooft limit.

5.3.1 Four-point functions at large charge

The HHLL four-point function (00,0 ;0;) is a nontrivial function of the conformal cross

ratios and a polynomial in the R-symmetry polarization [100],

(Oa(21,Y1)Ox(x2, Y2) O (3, Y3) Oy (24, Yy)) =
Yi3Ya1Y14YasYs 2 [Fi(z, 2)

— ~— + Fy(2,2) + aaF3(z, 2)
R R Ny Sl e Vo (5.31)
(1-a)(-a) . . 2y _ ~2t6(z2)
F. E: 11— 1- _—
P9 (e 5y 4 a2 + (- 201 - pPEE D]
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Figure 6: The figure represents the diagrammatics of the four-point correlation function for
the leading term in the large charge expansion. The light operators are depicted as black
circles, while connections to crossed circles indicate the evaluation of fields on the classical
solution. The red and blue crossed circles serve to differentiate between the two terms of
the classical solution (see (5.20)). The last row corresponds to Fyg and we distinguish the
massless (Fg(q)) and massive propagators (Fss)) by single and double lines respectively.

where the conformal cross ratios are given by (5.6) and a and & are the R-symmetry cross

ratios
Y14Yo3 . YV

, l—a)(l—a)= , 5.32
Yi3Ya4 ( ) ) Yi3Ya4 (5:52)
with V; =Y, - Y;. As we see below, the scaling of F}’s in the large charge 't Hooft limit is

oo =

non-uniform,

Fioz~0(J?), Fis ~0(J), Fs~0O(1). (5.33)

In what follows, we compute the leading term®” for each Fj in the large charge 't Hooft limit

by evaluating the diagrams depicted in Figure 6.

Computation of Fi 3. At the leading order in the large charge 't Hooft limit, the four-

point function is given by expectation value of the light operators in the classical background,

©00.0) o) (5, 0, san

Plugging the expression (5.20) into Os,

0, % (gng) (V- @), (5.35)

37Since the dependence on the R-symmetry polarization is different, one can easily distinguish the sub-
leading corrections to Fj 23 from the leading contributions to Fg although both can be of order 1.
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and integrating over #, we find

df J? ok Y13)2(Yoy)?  4Yi3Y14Yo3Yo Y14)%(Yo3)?
/2_<02>d<02>d _J :p342 [( 132l (424) n 213 214 223 224 n ( 141 (423) } ' (5.36)
™ 6 (YE’A) Ti13L24 L13T14L23L24 L14T23
Comparing this expression with (5.31) using (0;0;) = (Y3 - Y3)7 /22], we find
F J? z Y
—i+F2+aaF3:—<Z—Z_+4+ﬁ). (5.37)
oy 6 \aa zZ

Computation of Fjy 5. At the next order, the four-point function receives a correction from
a diagram in which a massless particle is exchanged between the Oy’s and the remaining scalar
in each light operator is replaced with the semiclassical VEV (see Figure 6). Computing this

diagram, we find

<02(92OJ0J> Og) £$§4Y12 {Y13Yz4 i Y14Y23] (5 38)
(0;0;) 3 55%2}34 f%355%4 x%ﬂ%z& ' '
This leads to
(1—a)(1l—a) _ _ _ J aay zZ2(1 —a)(1 —a)
F, F; =—(14+ — ) 5.39
ad (Fi(2,2) + aaks(z, 2)) 3 ( + zé) aa(l —2)(1—-2) ( )

Computation of Fys. Finally at the next-to-next order, the four-point function receives
a contribution from a diagram that includes exchanges of two massless or massive particles
between the 0;’s.3® This diagram produces the following result

<OQOQOJOJ> 0(J%) }/122

(0,0,) T 32, (1+21(2,2)°) , (5.40)

where the first term arises from the massless exchange and the second from the massive

propagator (see also Figure 6). From this result, we read off the answer for Fg,

(1—a)(1 - a)>2 22 142(2,2)° (5.41)

1= =ar = (G

ad 3
5.3.2 Heavy-light OPE at large charge

We will now show that the result of the four-point function (5.31) and in particular the non-

trivial piece (5.41) given in terms of ladder integrals naturally manifests the OPE structure.

*Recall that in the particle picture, Oy = 2 (8;2 ) VIV (3909 + o7 d7).

Ivm
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General OPE structure. Let us begin by discussing the general structure of the OPE of
two superconformal half-BPS primaries in the [0, p, 0] representation of su(4)g in the large
charge limit. We will be studying the heavy-light OPE channel (s-channel) of the four-point
function for which we take the limit z, Z — 0. Each term in (5.31) admits an OPE expansion

in terms of the standard four-dimensional conformal blocks that we can write as

Fi(z,2) =) cas0Gas(z 7)., (5.42)

A,S

where ca g denotes the product of the two three-point couplings between the two external

operators O, and O; together with the exchanged primary Oa g

CAS = |C(9J(92 OA,SP’ (543>

while the function G is given by G = (zZ)‘éGQAT;’%J with G’QA}]’%J being the conformal
block for a primary operator of spin S and dimension A given in [101].

As first noted in [102], the large charge limit suppresses the contribution to the OPE
from the conformal descendants and what remains is the exchange of the primary operator
of the conformal multiplet. Indeed, in the limit J — oo the function Ga g simplifies to

Jooo _o(a—gy SIN(S +1)p

Gas(z,2) " ="e o (5.44)

where we have used the parametrization of the cross-ratios in terms of the o, ¢ defined as

€% =./z/z and e = /27 and C’éo) denotes a Gegenbauer polynomial,
in(S+ 1)y
o _ sin( Ly 5.45
Plaosg) = T (5.45)

It is useful to describe the primary operators exchanged in the OPE from the magnon

picture. The external operators are described in terms of the following magnon states,

OJ<—)|O>J,

2 [ 8r? I oK (1200 baoyy_ 2 87’ 0,.0 + .-
Ox(Y) AW YIVE (|079% )0 + @7 Pk )o) = AW (lz32T)o + 2727 )o)
YM YM
(5.46)

where we have used the normalization as in (5.35). The subindices in the magnons reinforce
that these are in the fundamental representation. For each R-symmetry structure in (5.31),

we find a different set of states appearing in the OPE as we now describe.
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OPE expansion of F} 3. The contribution to F} o3 arises from the part of Oy in (5.46)
where both elementary fields are aligned with the vacuum polarizations. Therefore, the

exchanged state is also a vacuum state at leading order in J. We can summarise the large
charge OPE by

00, @[0)2= €D 10)ss20- (5.47)

n=-—1,0,1
The three states in the right hand side have dimensions A = J + 2, J, J — 2 and no spin and
each of them give rise to Fj 23 respectively. Combining (5.42) and (5.44) with S = 0 we get

c
Fy = (22) ¢r420, Fy =cyp, Fy = %- (5.48)

This matches the structure in (5.37) and the comparison determines the structure constants

2 2 2

Cj+2,0 = %, Cjo = %, Cj-2,0 = % . (5.49)
OPE expansion of F,;. From the R-symmetry structure of Fj5, it follows that the
polarization of one of the elementary fields in O, is aligned with the vacuum while the
other field is exchanged and contracted with the remaining short state. Therefore, we find
two states in the OPE each one with an excitation carrying arbitrary spin and differing
by their R-charges. This excitation is identified with a massless magnon in a bound-state
representation whose energy does not receive corrections at leading order in the large charge

limit. The OPE structure in terms of magnon states is then given by

0)s @29 =P D l2%4s)s4n (5.50)

S=0n=-1,1

The dimensions of these operators are A = J + S 4+ 2,.J + S in one-to-one correspondence

with Fj and Fj respectively. From the OPE expansion of these four-point function, we have

= _.ssin(S+1
Fy = ZZZ Crs+2,s (22)2 sin(5 + g

S=0

o
Fy = Z crts,s (22)
S=0

sin ¢
(5.51)
s sin(S + 1)

sin

In order to see this structure from the explicit formulas (5.39), we make use of the integrability-

like representation of the massless propagator which can be obtained by setting ¢ = 0 in
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(B.15), leading to the following identity after performing the integral in wu,

=5 el sinap. (5.52)

l—z l—z sin
( @

a=1

The index a labels the bound-state representation and it relates to the spin by a = S + 1.
By plugging this identity in (5.39), we immediately recover the structure (5.51) and by

comparison we obtain that

, (5.53)

wl

Cj+S8+2,8 = &

3 ’ Cj+S8,8 =

and they are independent of the spin at this order.

OPE expansion of F;. In Fy we find that the light operators are fully contracted. The
exchanged operators contain two excitations which may be massless or massive depending
on which term of O, we consider, see (5.46), and they carry arbitrary spin. Hence, the OPE

can be summarized by

|O>J ® |ZL‘€1I‘€2 0 - @@ @ |xa+n xS—i—Q a+n>J7 (554>

S=0 n=0 a=1

where xfl and x denote magnons in the p-th and ¢-th bound-state representation and n
counts the number of pairs of contracted derivatives acting on both fields. The spin of the
state appearing on the right hand side is S. The description above is schematic and in order
to obtain the correct physical states one should properly symmetrize/anti-symmetrize the
U(1) indices of the two excitations depending on the parity of J (to construct gauge-invariant
operators) as described in earlier sections, thus the upper limit in the sum.

Our aim now is to rewrite the result (5.41) in the form (5.42) and read off the relevant
three-point coefficients along the way. Let us start with the massless exchange that corre-
sponds to the first term in (5.41). The operators with ¢; = 5 = 0 in (5.54) do not carry
anomalous dimension at this order in the large charge limit and their dimensions are given
by A = J+ S+ 2n + 2. We can now proceed by using the relation (5.52) in (5.41), and

rewrite the result using the identity
b—1

sin ay sin by = sin ¢ Z sinfa+b—1—2n)p (5.55)
n=0
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to obtain

oo b—1
3 b—1—-2
Fmassless — ZZ E E 6*0' a+b 2) Sll’l(CL + Sln n) 5 (556)
a,b=1 n=0 ¥

where FPassless denotes the first term of Fy in (5.41). To make the tower of operators of (5.54)
more evident we simply redefine the labels according to a =a+nand b=5+2—a+n,
where it becomes clear that a — 1 counts the total number of derivatives acting on a field

with n of them being contracted to the other field. This equation turns into

o0

J oo
Z)" 2 J+ 542042 sm(S + 1)y

Fmassless _ S 2 1 _— 557
S (s ey oL 557
S=0 n=0

from where we read off the structure constant
S4+2n+1

Cj+S+2n+2,8 = 3 (5.58)

We proceed with the massive exchange given by the second term in (5.41) and make use of

the integrability-like representation (5.7) to obtain

F6massive _ Z Cab \/a2+16g2+\/b2+16g )Sin(a.golsin(b@) ’ (559)
ab 1 St (SO)
with ;

Va2 +16g2/b% + 16¢2
The OPE structure becomes manifest once we use again the formula (5.55) to rewrite (5.59)

as

[5£1]
massiv — Asans sin(S + 1
e 2SN e e g

S
S=0n=0 a=1

N

where we have redefined the indices a and b as before a =a+n and and b=5S+2 —a+n,

and

Ajans=J+/(a+n)2+16¢%+ /(S +n+2—a)? + 1642 (5.62)

are the dimensions of the exchanged operator. Finally, we read off the structure constant

CA,S,
4(a+n)(S+n+2—a)

3v/(a+n)2 +16¢%\/(S+n+2—a)? + 162

CAS = (5.63)
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5.4 Relation to the Coulomb branch

It is known that the large charge limit of SCF'Ts is described by the effective action on the
Coulomb branch, see e.g. [18,19]. From the point of view of the large charge 't Hooft limit
discussed in this paper, the standard large charge limit corresponds to the strong coupling
limit, in which \; = ¢2,,J/2 is sent to infinity. In this subsection we explain how the physics
on the Coulomb branch is reproduced from the large charge 't Hooft limit at strong coupling.

For this purpose, we use the following formula relating correlation functions at large

charge and correlation functions on the Coulomb branch (see [103] for more details and the

derivation):
&B3i O,(ri,Y) O (—rn, Y)HO@) do
lim n < _ . J7 A > _ / _ H O](ij) (564)
r,J—00 272 <OJ(T’7%Y) OJ(_TWY» 2m j
@: fixed ’ R

Here the LHS is the correlation function with two large charge operators inserted at antipo-
dal positions (with respect to the origin) while the RHS is the correlation function on the

Coulomb branch where the scalar acquires the expectation value

(@) — ( vr(6) 0 ) | o) - Yoty

0 —uv(0) ™2y 9)

VAL

Tr

with |v| = In what follows, we call this limit the macroscopic limit following the
terminology in [102].

Note that the formula (5.64) was derived for the standard large charge limit (i.e. fixed
gym and large J). Strictly speaking, this is not exactly the same® as the strong coupling
limit of the large charge 't Hooft limit, which corresponds to first taking J — oo with fixed
Ay and then sending A; — oo. Nevertheless, below we see that many of the features of the
physics on the Coulomb branch can be reproduced from the large charge 't Hooft limit at

strong coupling.

39Tn other words, there could potentially be an order-of-limits issue.

70



5.4.1 Three-point function

Applying the general formula (5.64) to the three-point function of scalar primary O, we

lim  Cjj0 (%)AO Z/d‘g(O(O))ww)’ (5.66)

r,J—00 2
—VAJ: fixed
wr

obtain the relation

where C 0 is the structure constant of two BPS large charge operators O; and a general

scalar primary O. The conformal symmetry fixes the dependence on |v| on the RHS to be

2r

[ 54000 = 1ol [ 5 lco(®), (567

where cp(0) is O(1) quantity independent of |v|. Combining the two equations, we then

obtain the prediction for the behavior of the three-point function at large charge

Cyo 2 (”_J) - [ 2e00). (5.68)

2T 21

This in particular implies that the structure constant C ;0 must scale as oc J20/2 at large
J. To compare this with the strong coupling limit of the result in Section 5.2, we expand

Ap and cp () in powers of gy,

do 1
Ap =Ny + goy Ay + - -- —co(0) = ——— (cog+ G2pe1 + - - - ,
o 0 T gym~A1 ) /27‘(‘60( ) (gvar) 20 (CO IymC ) ) (5.69)

where we have used the fact that the tree-level one-point function of scalar primary on the

Coulomb branch scales as 1/g5%; (see [103]). We can then rewrite (5.68) in terms of A; and

J as A
o (T2 2\ VA
Crio = <—/> [Co + 2 (COAl log (—J) + C1> + - } (5.70)
21 J 21

This is consistent with the structure of the result in Section 5.2 and in particular explains
the origin of the term proportional to log A; that we found in (5.30) for the Konishi operator.
Indeed, by comparing the two expressions, we can read off ¢o; and Ag; for Konishi

operator as follows,

3 8?2
A0:27 A1 = —5 COZ%, C1 :4/7}3 (571)

The results for the scaling dimensions A are in perfect agreement with the direct pertur-
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bative computation [99] (see also (5.27)), thereby providing evidence for the formula (5.66).

5.4.2 Four-point function: dilaton exchange and form factor expansion

Let us next consider the limit of the four-point function (5.31). The general formula (5.64)
relates the four-point function at large charge to the two-point function on the Coulomb
branch. At long distance, the two-point function on the Coulomb branch can be expanded

as a sum over intermediate states:

(2|04 |m) (7| Os[$2).

|21 — o

(O1(21)O2(22))y = (O1),(O3) + ° +/dm2p(m2)Gm(|x1 —x9|). (5.72)
Here the first term (the disconnected term) corresponds to the vacuum intermediate state
while the second and the third terms are contributions from a dilaton exchange and massive

particle exchanges respectively. G,, is a massive propagator given by the Bessel function,

m
42y

Gm(7)

Ki(mz). (5.73)

In what follows, we explain how each term in (5.72) can be reproduced from the HHLL four-

point function studied in Section 5.3 in the large charge 't Hooft limit at strong coupling.

Disconnected term. Let us first analyze the limit of Fj53. Using (5.36), we find that
the LHS of the general formula (5.64) gives

2.J2 (3/13)2(5/24)2 + 4Y13Y14Y53Y094 + (Y14)2(Y23)2

Fio3 — 5.74
1,2,3 3T4 (}/34)2 ( )
On the other hand, evaluating the disconnected term on the Coulomb branch with
/)\ 10 Y. —1i6 Y,
or(g) = Y22 () 4 T (), (5.75)

- 27r VYay ’

and averaging over 0, we obtain (5.74) precisely. Therefore we conclude that the four-point
function at large charge correctly reproduces the disconnected term in the Coulomb branch.

Let us analyze this also using the heavy-light OPE (see Section 5.3.2). In the kinematics
in (5.64), the intermediate operator with dimension A and spin S in the heavy-light OPE
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contributes to the four-point function as

<0202(9JOJ> o 24 2 _ ¥sin(5—|— 1)90
<OJOJ> - T4 % ’CJOQ‘ (ZZ) SinQO (576)

with €*? = /z/z. In the macroscopic limit r — oo, the cross ratios can be approximated as

2x19€"¥ 2x10e7

FR il (5.77)

r T

z=1

with

B

(5.78)

COSP=M-—.
]

As discussed in Section 5.3.2, there are only a finite number of intermediate operators with
A — J = O(1) contributing to F}23. Then we can simply replace z and z with the limiting

value, 1:

g%g%%gﬁOgQE:(Mifﬂ>(S+1» (5.79)

Furthermore, the results in Section 5.3.2 shows that the intermediate operators are all scalars

and the structure constant C' 5, asymptotes to C 2 in the large J limit:

Cron _,q. (5.80)

CJJ27 OJ@Q X J7 C
JJ2

Together with the results for the three-point function at large charge (5.66), these properties
guarantee that the large charge limit of the four-point function reproduces the disconnected

contribution to the two-point function in the Coulomb branch.

Dilaton exchange. We next discuss Fy5 and show that they give rise to the dilaton
exchange on the Coulomb branch. Again using the general formula, we find that the large

charge limit of F} 5 gives

2J EYIP)}/M + Y14Ya3

. 3r2 5.81
45 —7 32 xf2 Yas ( )
Comparing this with the expansion (5.72), we find that
2JY15 YisYas + YiaY
o(Q]O1|m) (7] O2[82), = 3r212 13 24};L 1453
871y [ db - (5.82)
Y /_ (v(8) - ¥1)(0(6) - Y2),
3gYM 2
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where, in the second equality, we used the relation between the Coulomb branch VEV and
the charge (5.65). This can be further rewritten in terms of the expectation value of O; 5 on
the Coulomb branch,

1 1672
(O12)0 = N (v-Yi2)?, (5.83)
Y™
in the following way,
Sy, o (M8 B RVRY) (00,0, -
3 (v(0) - Y1)(v(0) - Y2) = 20 ; (5.84)
where f, = 87/gym and 1%}1’2) is given by
o (v-Y;)0yr — Y (v Oy)
RY = f(v ' U]) : (5.85)

As will be explained in more detail in [103], the RHS of (5.84) is precisely of the form
predicted by the supersymmetric dilaton Ward identity, and f, corresponds to the dilaton
decay constant.’ Thus, the large charge limit correctly reproduces the physics on the
Coulomb branch.

Let us interpret the result from the OPE point of view. Substituting the expression for

the cross ratio in the macroscopic limit (5.77) into

1 = _gSin(S+1)p
1-2)(1-2) _;6 ’ singp (5.86)

we find that the dilaton exchange contribution 1/|z15]? come from a tower of primary op-
erators with increasing spin whose conformal dimension is proportional to the spin A ~ S.
Note that apart from the S = 0 contribution in the sum, all the operators exchanged in this
channel are in a long multiplet, and there is a priori no reason why their conformal dimen-
sions are integer-spaced. Nevertheless, this property is crucial for reproducing the dilaton
exchange as we saw above and we can think of it as a highly nontrivial constraint on the
CFT data at large charge for theories with a spontaneously broken conformal symmetry. We

will discuss this more in Section 5.4.3 below.

Exchange of massive particles. Finally we analyze Fg and discuss how it reproduces

the form factor expansion; namely the expansion in terms of exchanges of massive particles.

40See [104] for a derivation of the dilaton Ward identity in non-supersymmetric theories.
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For this purpose, it is enough to verify that the massive magnon propagator t(z, zZ) becomes
the massive propagator in flat space G,,2(x) upon taking the limit (since a product of two
massive or massless propagators in flat space can be written in terms of the form factor
expansion).

This can be checked rather easily using the strong coupling expansion of ¢(z, z) (5.14).

In the macroscopic limit » — 0o, o and ¢ can be approximated by

1 2 2 i

5.87
r 22 r ( )

Substituting this into (5.14), we find that only the first term with n = 0 survives in the

limit. As a result, the contribution from a massive propagator is given by

2 8 2
G(x1,22) = gY—Mt(Z, Z) = = gYM gK1(89|£E12|/7") = MGm=2|v|(|$12|)> (5.88)

82| z12|? 82| x| T 2
where, in the second equality, we used the relation |v| = A;/(7r) = 4g/r and G,,(x)
is a massive propagator in flat space (5.73). The result agrees precisely with the massive
propagator on the Coulomb branch with (¢) = diag(v, —v).
Again, let us interpret this result from the heavy-light OPE. For this purpose, let us

consider the following OPE sum,

1 (1-2) 1 —Z)
S(a) = 5.89
(O{) |ZL’12|2 Z /—a2 + a2 b) SlIl ( )
which corresponds to the contribution from a Regge trajectory of operators with
S+1
A(S) =T =(S+1)? +a%g? -1, CA(S),S = (5.90)

\/(S+ 1)2 + a?g? .

To accurately evaluate this sum at strong coupling, we approximate the sum by an integral

as follows
Sy iz 90 (=)A= [ ae VT sinfay)
o) T~

x : )
|712]? VzZ 0 V1422 sin(y)

This integral can be performed analytically, and taking the macroscopic limit, we obtain

(5.91)

1 29«

|z12]? 7

S(«) o — K1 (2ag|xis|/r) = 47T2Gm_7(|{£12|) , (5.92)

which coincides with a propagator for a particle with mass m = <. There are two lessons
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that we can learn from this analysis:

1. Operators in the Regge trajectory (5.90) together reconstruct a single massive propa-

gator.

2. If we truncate the sum over spin (i.e. the sum over a), we will not be able to reproduce
the correct massive propagator. This implies that the asymptotic behavior of the Regge
trajectory (5.90) is important for reproducing the physics on the Coulomb branch.

5.4.3 Coulomb branch from conformal blocks: summary and conjectures

We now summarize the lessons we learned in the analyses above and propose conjectures on
how the physics on the moduli space is reproduced from the large charge limit of CF'Ts with
vacuum moduli.

To keep the discussion general, below we consider a macroscopic limit of general CFT's
with A(J) ~ J discussed in section 5.2 of [102]. The macroscopic limit in [102] is defined by

the following limit of the correlation functions:

G(2, %) = <OH(0> (H Ok(zkazk)> On(l)OL(OO)> )

o) = i 85746 (1= 1= )
H H

(5.93)

Here Oy is the heavy (i.e. large charge) operator with Ay o J and z;’s are coordinates on
the two-dimensional plane. For the four-point function, z can be identified with the cross
ratio we used in (5.6). The exponent § was left arbitrary in [102], but in all the known
examples including N' = 4 SYM, it satisfies*!

f=——. (5.94)

with d being the dimension of the spacetime. Applying this to the three-point function and
requiring it to be finite, one can show that the three-point function at large charge should
scale as

J—o0

CHHO X A?{AO. (595)

41Tt is likely that 8 = 1/(d — 2) is a universal relation since it follows from the requirement that the
macroscopic limit of the three-point function with a current ((’)HJN(’);I> is finite.
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In what follows, we discuss constraints on the four-point functions for d = 4. Before pro-
ceeding, let us emphasize that the results presented below should not be taken as rigorous
proofs, rather they should be taken as well-motivated conjectures based on our analysis for
N =4 SYM. We leave it for future to provide rigorous proofs using the conformal bootstrap

(assuming the existence of the macroscopic limit).

Disconnected term. As we saw in Section 5.3.2, the disconnected contribution to the
two-point function on the vacuum moduli arises from finitely many low-lying operators in
the heavy-light OPE. More concretely, we conjecture that the existence of the disconnected

term implies the following sum rule for finitely many heavy operators H’ in the OPE sum,

1
1=Ilm ——— Cuwo,Camo,(Sur+1). 5.96
Josen CHHOl CHH(92 N _Ago(l/(]) HH'O“YHH (92( H ) ( )

Here Sy is the spin of the operator H’.

Dilaton exchange. As we saw in the analysis of ' =4 SYM, the sum

> o(a— sma<p
T oo
a=1

reproduces the spacetime dependence of massless dilaton exchange. Then the dilaton Ward
identity*? [104] in the vacuum moduli implies the existence of an asymptotically linear Regge
trajectory H'(S),

ap o _ Bo

AH’(S) 1f<§5 AH+S, lim

. 5.98
J—00 Cruoo fr (5.98)

Here f is the dilaton decay constant and the factor Ag in the second equality comes from
(1—2)(1—2) =ww/AY.

Massive exchanges. Let us finally discuss the exchange of massive states in the form
factor expansion of the two-point function in the vacuum moduli. Generalizing the analysis

for N' = 4 SYM (5.89), we conclude that the existence of a massive state with mass m

42Here we are not imposing supersymmetry and therefore considering the non-supersymmetric dilaton
Ward identity discussed in [104].
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implies the existence of a Regge trajectory satisfying

Cun S
Aprsy ~ A +1/5% + WQA?{B : lim A%L(S)O ~ C . (5.99)
J—o0 CHHO /52 + mQA?{ﬂ

Here we conjecture that the relation holds for S ~ O(Af{), and the constant ¢ is related to

D=

the form factor in the vacuum moduli.

5.5 Matrix model for integrated correlators

We now study the HHLL correlation functions in the SYM with general gauge group SU(NV)
in the large charge 't Hooft limit using the supersymmetric localization [79]. We will provide
a strong consistency check of our results in the previous sections for the case of SU(2) SYM
as well as hints for the generalization of our large charge analysis to higher ranks.

The supersymmetric localization is a powerful non-perturbative technique which is appli-
cable when the relevant observable preserves certain supercharges [79]. However for generic
50(6) g polarizations and local BPS operators of definite spacetime positions, the four- and
higher-point functions do not preserve any residual supersymmetry. This can be remedied
by choosing special kinematic variables and /or integrating over the kinematic variables with
an appropriate measure. An example of the former is the extremal correlator for Coulomb
branch chiral primaries in general 4d ' = 2 SCFTs [28], which in the N' =4 SYM amounts
to a (n+1)-point correlator (Sy, (#1,Y) ... Sy, (@0, Y)Ss s, (00,Y)) with aligned s0(6)z po-
larization Y = (1,4,0,0,0,0). In general 4d N' = 2 SCFTs, the extremal correlators preserve
half of the Poincaré supercharges and are independent of the positions x; of the operators,
but can depend nontrivially on the conformal manifold (marginal couplings). Nonetheless,
such dependence on the complexified coupling 7 is forbidden in the N' = 4 SYM due to
the enhanced symmetry and thus N/ = 4 extremal correlators are rather trivial. The other
possibility amounts to certain integrated correlators for the BPS operators which turn out
to be much richer. Previous works on these integrated correlators in the SYM can be found
in [105-108] for SU(N) gauge group in the large N limit, later at finite N in [109-114], with
generalization to other classical gauge groups in [115], and more recently in [112-116] and
especially [54,55] which will be relevant for our discussion below. In particular, a detailed
study of the integrated correlators of the SU(N) SYM in the large charge limit using the
harmonic analysis on SL(2,Z) and the recursion equations in both N and the charge J was

performed in [54,55]. In what follows, we develop a complementary approach which recasts
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” matrix model of size

the integrated correlators in the large charge limit into an “emergen
J/2. Similar matrix models (whose sizes are proportional to the charge) showed up pre-
viously in the study of correlation functions on the supersymmetric Wilson loop in planar
N = 4 SYM [33-35,37,38], and the extremal correlators in rank-1 A" = 2 SCFTs [23].%3
Here we present the results applicable to general SU(V) gauge groups. As we will see below,
the matrix model approach is particularly useful for analyzing the large charge 't Hooft limit
and allows us to efficiently compute the correlator in this limit. Furthermore, in the case of
SU(2) SYM, we will explicitly confirm the un-integrated large charge correlators derived in

Section 5.3.

5.5.1 SU(2) gauge theory

We first focus on N/ = 4 SYM with the SU(2) gauge group and study the four-point function
(020,0,;0 ;) where O, is the primary in the stress tensor multiplet and O is its multi-trace

cousin (see (5.3)).

Definition. Let us first write down the general form of the four-point function that solves
the N' = 4 superconformal Ward identity [100, 117],

YJ*Q
<02($1, Yl)oz(mz, YZ)OJ<1'37 Yz)OJ(M, YZL)) = # [TLfree(Ua v, Y;j) + T],loop(U> % Y;j)]
12734
(5.100)
where T ree coincides with the free N' =4 SYM answer and 700p 1S given by
T],loop(Ua‘/a}/ij) - @(U,‘/,Y”)T](U, V) ) (5101)

with U = % and V = % The function ©(U, V,Y;;) is fixed by superconformal symme-
try [100, 11173].2Therefore tffé 2nontrivial information in the four-point function is completely
captured by a single function 7;(U, V). The four-point functions of the descendant opera-
tors satisfies similar relations and are determined by the same function 7;(U, V') [117] (see
also [105]).

The integrated four-point function introduced in [105] is a linear combination of the four-

point functions (5.100) of the BPS primaries and their descendants integrated over S%. In

43The result was subsequently generalized to superconformal QCD with higher-rank gauge groups in [36]
under the assumption that certain mixings among operators are absent. Although the results were tested
against the first few orders in perturbation theory, it is not fully understood why such mixings are absent.
By contrast, such mixings are known to be absent in A/ = 4 SYM thanks to the structure of the tt*-equation
and this is why we succeeded in deriving the results for SU(N) gauge theories.
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particular, it can be thought of as the four-point function of two types of integrated operator
insertions on S* both involving O and its descendants. Such integrated insertions probe
infinitesimal deformations of the SYM on S* while preserve an A/ = 2 subalgebra. In the

N = 2 language, the first type of integrated insertion amounts to an F-term deformation

which is the exactly marginal deformation of the complex coupling 7 = ;2” + % (and 7),
YM
while the second type is a mass deformation with real mass parameter m.** The integrated

correlator takes the following simplified form [107],

2 o0 ™ 3 .2
Gy(7) z—%/o dr/o dop TS&#T](U,V) (5.102)

U=1+r2—2r cos ¢,V =r2
where we emphasize T;(U, V') depends nontrivially on the complexified gauge coupling 7.
Relation to localization. By supersymmetric localization, the S* partition function of

the SU(2) SYM with N' = 2 preserving mass deformation is equivalent to the following
integral [79],

Z(r,m) = / da (202)e= ™ 7 a4, 7| Zans (s 0, 7P (5.103)

with
H(2a)*

H(m)H(2a +m)H(2a —m)

(5.104)

Zl—loop(m7 a, T) -

Here the function H(z) captures the one-loop determinants of the fields and is defined in

terms of the Barnes G-function by

H(z) = e 187 Q1 + i) G(1 —iz) . (5.105)

82

The function Z,s(m,a, ) depends nonperturbatively on gyy via e 9% and contains the

instanton contributions (the anti-instanton contributions are captured by Zi,st(m, a, 7)) [118,
119]. For m = 0, this becomes the familiar Gaussian Hermitian matrix model [79,120]. One

important property of Zijo0p and Zi,g is that they are even functions of m and satisfy
OmZ1100p,—g = OmZinst |y = 0- (5.106)

Since the integrated insertions are naturally associated to derivatives of the N = 2

4“4The two deformations involve different R-symmetry components of Oy and different supersymmetry
descendant operators.
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preserving parameters 7,7 and m in the SYM action on S*, we expect that the integrated

four-point function can be computed from

J 7
202 02 Z(1,m)
Z(r,m)

(5.107)

m=0

for even non-negative integers J, J'. Importantly here we do not restrict J = J'. The reason
is to take into account operator mixing on S*, which arises owing to curvature and mass

deformation (see e.g. [28]),

J

2
OJ = f] + Z uJ,J—QKOf]_QK . (5108)

K=1

Here O is the natural basis of operators on S* that are generated by the action of 877% or
07"

2/% and corresponds to an insertion a’ in the integral (5.103). On the other hand, O; is

the basis of operators on R* whose two-point functions are orthogonal, (O, Oy) o & g

Thus using a polynomial
J
3
QJ(CL) = CLJ + Z 'U/J’J72KCLJ72K . (5109)
K=1
we can compute GG; by the following matrix integrals

o _ Oa ([ dim) Qs(2)Qy(a))
’ J di(m) Qs(a)Q.s(a)

(5.110)

m=0

where the denominator gives the two-point function of O,’s and is needed to make O;

unit-normalized. The mass-deformed measure dfi(m) is given by
di(m) = da (2a2)6_4ﬂmm221_100p(m, a, 7| Zinst (M, a, 7) % (5.111)

Thanks to the orthogonality of the two-point functions (in the absence of mass deformation),

() ;’s satisfy the condition,

2

/dﬂ Q(a)Qr(a) x by, du = di(0) = da (2a*)e ™7 (5.112)

which uniquely fixes the coefficients u; ;_ox as functions of 7 and 7. Applying the Gram-
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Schmidt procedure following [28,33], we can write down @ explicitly as follows:

Ty I, - I,
) I, Ip - Iy
N : N : , 5.113
QJ(CL) D, : : : ( )
Zio Z; -+ 1oy
1 a2 . a2J
Dy = det (Iz(jwc—z))lgj,kg% , 1, = /du al . (5.114)

Two important identities that follow from the Gram-Schmidt procedure is the expression for

the normalization of the two-point function,

Do
Dy

/duQJ(a)QJ/(a) = (SJJ/ s (5.115)

and an “emergent” matrix-model representation for D [23,33],

J

br= (J/12)! /000 U (dz; xif4ﬂlm7xi),n($i — ;)% (5.116)

1<j

dp

As shown above, the factor in the middle is the measure du written in terms of the variable

x = a’.

Matrix model for integrated correlators. We now derive the matrix model represen-
tation for the integrated correlator (5.110) following the approach in [37]. We first consider

orthogonal polynomials under the mass-deformed measure df(m),

/ dii(m) O.5(a)0p(a) = Dl;)’“ S Qi) =a’ + Y s’ (5.117)
J K=1

where 4 g now depends both on 7 and m, and D admits a matrix-model type representation

J
- 1 oo 2
D, = —/ dai/Tie” VE) e dmimra T — )2,
T2 H( 1 i) (5.118)

1<j

F(a) =1og Z100p(m, a, T) + 10g | Zinst (M, a, 2.
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Taking the second derivative of (5.117) with respect to m and setting m = 0, we obtain the
term that gives G; (5.110) and two additional terms:

= (5.119)
2 / dp <8mQJ(a))2

However, since Zjjo0p and Zing are even functions of m (see (5.106)), the second term in

2 [ dntm) Qo))
o ([ dnom @000

2| d )92 0 ;(a
e [ dn @220

m=0 m=0

(5.119) vanishes. Furthermore, since 02,Q(a) is a polynomial of degree less than .J, the last
term also vanishes owing to the orthogonality (5.115). We thus obtain®® the following simple

expression for G :

(5.120)

3 (faamQs@ Q)| (a;DJ+2_a;DJ>

T JamQ@@@ |\ Due Di )|,

Using (5.118), we arrive at the formula that expresses the integrated correlator as an expec-

tation value of a “single-trace operator” in the matrix model

Gy = (tr[f (M)]) )1 = (0 [f (M)]), , (5.121)

where the function f(a) is given by

flz)= RF V)|, _, = 0% (108 Ziaeop(m, vV, ) + 108 | Zinse(m, vV, T)?) | _,,  (5.122)

m=0

and (e); is the expectation value in the Wishart-Laguerre matrix model of size J/2,

oo '%_1 d$z l.i6747r1m'r:]c¢ o T — T 2 k%—l T
(a7 (), = Lo L Mgl =" 3m Jo) gy)
Jo  TI1 (dwiy/mietmtmra:) [Lic; (@i — ;)

The formula (5.121) is valid at finite 7 and J, but it simplifies in the large charge 't Hooft
limit as the limit coincides with the standard 't Hooft limit of this matrix model. In this

case, the (anti)instanton contributions are non-perturbatively suppressed in J and we can

45In the second equality, we used the fact that the localization integrand is an even function of m, (5.106).
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set | Zinst| = 1. Then, using the following integral formula®® given in (A.12) of [121],

log H(x) /°° dw 1 — 2w?z? — cos(2wz) (5.124)
og H(z) = — :
& 0w 2 sinh?(w) ’

we can rewrite (5.122) with

B > sin?(2y/zw)
flz) = 8/0 dw—sinhQ(w) : (5.125)

To the leading large J limit, the matrix model is solved by the distribution [23],

1 /4—y

=/ —= 0,4
27T y ) y€[7]7

po(y) (5.126)

where y is related to the eigenvalue z by x =

Asy
in the large J limit by

% Consequently, (5.121) can be evaluated

6= [ dumtiuon, + 01 (724

s (5.127)

Starting from the expression (5.125) for f(a) and integrating over x first, using

4 . 2w/

. Asy 1 ! ( T )
d C I AT I W 5.128
/0 Y poly) sin ( 472 w) 2 2uvA; ( )

we obtain

oo [ (-4 (222))

™

(5.129)
It is straightforward to obtain the weak coupling (small A;) expansion from (5.129) by

expanding the Bessel function and performing the integral. The result reads

o

—1)"122720(2p 4 1)1¢(2n + 1
Gy = Zl( ) Wgn?n; J@n 1), (5.130)

This agrees®” with the results obtained in recent papers [54] and [55], which used different

46This can be derived by using the following two formulae:

1 H( )_i(_l)nC(Q _|_1) 2n+2 C(Q +1)_22?1/Ood ﬂ
og L (x —n:1 1 n z ) n “Ten+2) J, wsinhQ(w)'

4TThere is a difference of an overall factor of 4 as compared to the result in [54] owing to the difference in
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methods.*® Tt is easy to see that the weak coupling expansion has a finite radius of conver-
gence |\;| < 2. This coincides with the radius of convergence for the structure constant of

the Konishi operator (5.29). We will discuss their common physical origin in Section 5.5.2.

Comparison with the direct large charge computation. The result (5.130) can also
be reproduced by a direct integration of the four-point function at large charge, which we
computed in Section 5.3.

The first step is to note the following relation between the HHLL four-point function
t(z,Z) in (5.8) and the un-integrated four-point function 7;(U, V') in (5.102),

THU V) =— (42,2~ 1) . (5.131)

The prefactor 1/2z comes from ©(U, V,Y;;) (see [105]) and the overall numerical factor 4 is to
account for the correct normalization. The subtraction —1 is needed to remove the tree-level
contribution. We next use the crossing symmetry under z,zZ — 1/z,1/Z and restrict the

range of integration of r to [0, 1]:

4 1 T r381n2<p
G === [ ar [ o E )

(5.132)
U=1+r2—2r cos p,V=r2
We then express t(z, z) as a sum over magnons (5.9) and perform the integral explicitly. The

result reads
Gy=4 ;O l — a—2 (5.133)

It is then straightforward to check that the weak-coupling expansion of (5.133) is in precise

agreement with the result from the matrix model (5.130).

A trick to evaluate the integral at strong coupling. To obtain the strong coupling
(large A\ ;) expansion, we evaluate the remaining w integral by contour deformation. A similar
trick gives a proof of the conjectured formula (4.21) in [23].
We first rewrite the integral as a contour integral over « just above the real line defined
by
v = [—00,—€] UC U e, 0], (5.134)

the normalization of operators. See e.g. (3.29) in [54].
48Note that the definitions of the large charge 't Hooft coupling in [54,55] are slightly different: )\}54"55] =
2
gomd -

85



where C, is an infinitesimal semicircle of radius € centered at the origin in the upper half-

plane. Using the relation between the Bessel function Jy(x) and the Hankel function Hél) (x),
HV(z) = HY (—2) = 2J0(2) (5.135)
we have
2/00 dw——s—Jo (2“’\”_‘]) - (/ dw + /Oo dw> S <M) . (5.136)
. sinh” w s oo . sinh” w s

Furthermore, the Hankel function HO(I)(.%') has a branch point at = 0 and behaves at small

x as
0
HY(z) =1+ ?Z (logg + ’YE) + O(x). (5.137)
Consequently
°° w w D [ 2wV Ay Ay
2 [ d —+/d Hy ( = 2(1+7g) +log—2 . (5.138
/6 v sinh?*(w)  Je, Ysinh?w  ° s (1+9m) +log 472 ( )

Putting together (5.136) and (5.138), we obtain

)\] / w (1)
Gj=2log— +4(1+ -2 [ dw———H,
! 8 42 (1+7s) . wsinhQ(w) 0

(Qw\/A_") . (5.139)

™

Deforming the contour upwards, one picks up residues at w = nmi for positive integer n. From

the relation between Hankel function on the positive imaginary axis and Bessel functions,

. 2
H{ (i) = —orIG(@), (5.140)

and the recurrent relations for Bessel functions, we thus obtain the following explicit expres-

sion for the integrated four-point function

A o
Gy = 2log 5 +4(1+75) +8 <2n\/AJK1(2n\/AJ) . K0(2m/AJ)) . (5.141)
n=1

Here again, the Bessel functions on the RHS are exponentially suppressed for large \; and
correspond to the worldline instanton contributions to the integrated correlator, as is ex-

pected from the form of the un-integrated four-point function t(z, z) given in (5.14).
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Using the following Mellin integral expression for the Bessel functions K;(2y) with ¢t > 0,

Ki(2y) = L/jm dsy~T (S H) r (3 — t) , (5.142)

87 J i 2 2

where € > t and y = ny/\;/2, we can equivalently write (5.141) in the following way,

0t +ioco . 2
Gy = 2log 2L 4 4(1 4+ ) + / 85 35905 — 1)¢(s)T <f> . (5.143)

42 0t —ico 270 2
Note that the weak coupling expansion (5.130) immediately follows from (5.143) by deform-
ing the contour to the left and picking up the residues.

5.5.2 Radius of convergence and massless magnon point

One interesting outcome of our analysis is that both the three-point function of the Konishi
operator and the integrated four-point function have the same (finite) radius of convergence
|A;| = 72 and they become singular at A\; = —72. Precisely at this point, the mass of the

lightest massive magnon,
A
V1+16¢2 = /1+ 22, (5.144)
T

vanishes. It is therefore natural to conjecture that the physical origin of the singularity is a
tachyonic instability induced by this magnon.

A few comments are in order. First, this relation between singularity and the emergence
of massless particles is reminiscent of the structure of the Coulomb branch moduli space in
N = 2 supersymmetric gauge theories, which also exhibits singularity when BPS particles
become massless [122,123]. In fact, using the dictionary between the large R-charge and the
Coulomb branch moduli (5.65), one can map the massless magnon point at large charge to
the massless W-boson point.

Second, in perturbation around a trivial vacuum (¢). = 0, the theory becomes unstable
as soon as the coupling ¢g%,; becomes negative and the perturbation series has a zero radius
of convergence. What we found implies that the large charge 't Hooft vacuum is more stable
than the trivial vacuum owing to the background R-charges that delays the onset of the
instability. One interesting question for the future is to take other quantum numbers (in
particular the Lorentz spin) to be large and study the stability.

Third, the radius of convergence is finite also in the standard large N, 't Hooft limit. This

often allows one to take the double-scaled large-N limit in which one zooms in the singularity.
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The limit corresponds to the continuum limit of Feynman graphs and the critical behavior
near the singularity is governed by (gravitationally dressed) conformal field theory [124-126].

2

It would be interesting to take a similar double-scaled limit around \; = —7* and study

it from the point of view of Feynman diagrams. Another interesting question is to find an

effective (conformal) field theory?® governing the critical behavior around \; = —72.

5.5.3 Generalization to SU(N) gauge theories

We now generalize the result to NV = 4 SYM with the SU(N) gauge group. In N' = 2
SCFTs with higher-rank gauge groups, there are multiple chiral operators with the identical
R-charge, and in general they all mix with each other when the theory is placed on S*. This
makes the Gram-Schmidt procedure and the derivation of the large-charge matrix model
significantly more complicated. However, in A" = 4 SYM, it was shown in [28] that operators
organize into a set of “towers” and the mixing occurs only within each tower. This is a special
property of N'=4 SYM. See Section 3.2.1 of [28] for more details.

To define the towers of operators, we consider the set of operators made out of single-
trace operators of length greater than 2, i.e. Hiv:?) (S;)™ and order them such that their
charges are non-decreasing; B, with J, < J,1. We then construct an orthogonal basis (’)(()")

by the following recursive procedure,

ow, (5.145)

@(()")EBn— Z <

with
o = (8,)F O | (5.146)

For the first few n, (’jén) takes the following form:

O =1, O =8, O =8 - 9N (5,2 (5.147)

((82)%)
Unlike the Gram-Schmidt procedure we used for the SU(2) gauge theory, the operators
(5(()”) 's only contain B,,’s with the same charge. Consequently, there is still a residual mixing
among operators with different charges. A special property of N' = 4 SYM is that the

residual mixing occurs only among operators in the same tower, {@én), @§”), -+ }. Within

49 A natural guess is a theory that contains both the Goldstone boson around the large charge vacuum and
the magnon that becomes massless at the singularity.
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each tower, there is only a single operator with a given R-charge and therefore the mixing

can be resolved in the same way as in the SU(2) theory;
~ k ~
O =0 + > ul_ O . (5.148)
K=1

General formula. The S?* partition function of the mass-deformed SU(N) SYM is [79)],

Ztrm) = 57 | (H d) (H@—ajf) S(tx(@))e > 2, (m, 0,7) | i (s @, 7)
- - (5.149)

with a = diag(ay,...,ay) and

1 H(CLZ — aj)
Zitoop(m, @, 7) = oS 11 Ha —a; +m) (5.150)
i#j v

The operators (’5,2”) and (9,&") correspond to the following insertions in the localization integral
x k

O = @) (r(a)' . O — P@Q (@) . (5)

where ¢ (a) is an insertion corresponding to the operator (’j[()"), whose form can be deduced

from its structure (5.147), and Q,gn)(x) is a polynomial of degree k defined by
k
V() = D) et (5.152)

We then follow [36] and separate the integral into the integral along the “radial” coordinate

z = tr(a®) and the integral of “angular” coordinates [qy_, dQ with the traceless constraint,

/(ﬁd%) (H(ai—aﬁ) 5(tr(a)) :/Ooodm”i‘?’ /SN_IdQJ(Q), (5.153)

1<j

5ONote that the normalization of z is slightly different from the one we used in the SU(2) gauge theory. In
terms of the eigenvalue a for the SU(2) gauge theory, = here is given by 2a? while x in the previous analysis
was given by a?.
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where J(€2) is a Jacobian for the change of coordinates. For later convenience we define the

constant Cy = [ dQ J() and the normalized angular integration

(@) =g [ i), (5.154)

which produces a function of the radial variable z = tr(a?). By construction, the angular
integration is closely related to the full matrix integral for the hermitian Gaussian matrix

MM N ; aZ <] 1 Vi Y .

where A is a normalization factor such that (1)gym = 1. For example if f is homogeneous
of degree A [36],

(f(a)) = F(TliA)Ot(a»GMM? (5.156)

which will be useful for us later.

The polynomials Q,(c") are orthogonal to each other under the radial measure du(™

. . D(") N2_3 2
/ QP @R (@) = —Fouw s A = dwa”E (g @)
k

), (5.157)

where D,in) admits a ‘matrix model’ representation

Dl — % OOO (H dﬂ<"><xi)> TG —,)° (5.158)

1<j

To derive a matrix model for the integrated correlators, we consider the mass-deformed

2_
measure dji™ = dra" 3 e 2mmTe( (g(")(a))2 e” (@) where F = 10g Z1.100p + 108 | Zins:|?. Fol-
lowing the derivation for the SU(2) gauge theory, we arrive at the following representation

for the integrated correlator of the operators (’),(f)

G = ([0 )., ~ (1 [ 0], (5.150)
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where (@)}, is the expectation value in the following matrix model of size k:

Jo T (du(")( 23)) Ty = 25)* 000 S (ay)

tr [ (M)]), = , 5.160
rlF aoh, T T (e () T — 1, 100
and the function £ (x) is defined by the angular integral
™ (a))’ 52
f(n)(l') _ ( (g (a )) m F2(a)| » ’ (5.161)

(g™ (a))")

As in the case of the SU(2) theory, the formula (5.159) is valid at finite 7, N and J.

Result for maximal-trace operators. The matrix integral (5.160) takes a particularly
simple form for O,io)’s, which are often called the “maximal-trace” operators. In this case
g9 (a) = 1 and the radial measure (5.157) coincides with the measure for the Wishart-

Laguerre (WL) matrix model
2_
dp© = dp a2 e 2T (5.162)

Note that, even for n = 0, the observable f(™(z) takes a rather complicated form since it is
defined by an angular integral (5.161).
We use the integral representation of log H(x) (5.124) and obtain

8731.7:(61)‘7”:0 = /000 dw%, I(a) = SZsirP(ai —a;). (5.163)

The first step is to evaluate the angular integral of Z(wa), which we can write by expanding

in w as,

- ixsw%b(s, N). (5.164)

We will come back to the explicit form of b(s, N) shortly. Let us proceed by performing
the remaining rank & WL matrix integral and the w integral in (5.163). The latter is
straightforward with the following identity

0o w25+1
/ dw— — — 2T (25 4+ 2)¢(25 +1). (5.165)
0 sinh?(w)

The WL matrix integral with measure (5.162) is different from the N = 2 case considered

91



in the previous section. However, to the leading order in the large k limit, the eigenvalue
distribution is NV independent (see e.g. [23] Appendix A) and given by (5.126). The relation
between the y variable in (5.126) and the WL eigenvalue z is x = % here, where a fac-
tor 2 originates from the different normalization conventions for general N as explained in

footnote 50. From the integral identity

/O dypo(y)y® = (S!)Q‘ 7 (5.166)

together with (5.165), we then obtain the following formula for the integrated correlator of

(0)
J/20

the maximal trace operators with charge J, O

Gflo/)z — Z 2_S7T_1_25(28 + 1)C(2$ + 1)F (5 + 5) b(s, N))\f, (5.167)
s=1

We now come back to the explicit form of b(s, N). As a consequence of (5.156), the

coefficients b(s, V) are related to those from the Gaussian matrix model integral,

(Z(wa))cmm = Z 2°w*b(s, N), b(s,N)=2°b(s, N)I‘(N(?_—f_qt)s) . (5.168)

The integral (Z(wa))gum has been studied previously (see for example [112,127]) and it
determines completely the integrated correlator of the stress energy tensor multiplet in the
SU(N) SYM [109-111]. In particular, the coefficient b(s, N') admits a meromorphic extension
to complex s, captures the spectral decomposition of the SL(2,7Z) invariant correlator into
non-holomorphic Eisenstein series and obey a three-term recursion relation in N. Here we
see that via (5.168), the same quantity completely determines the integrated correlator of
large charge maximal-trace operators.

By now there are several equivalent expressions for (Z(wa))gum which can be derived
by standard resolvent methods. Here we use the following expression which can be deduced

from formulae in Appendix A [112],
t
Kt) = et LY (1) + N / dt'e? (L§;11<t')LN,1<t'> - L§;12<t')LN<t')) N2, (5.169)
0
where L\ (t) are the generalized Laguerre polynomials and (Z(wa))eun = —2K(2w?). The

constant is fixed by K(0) = 0.
The Mellin transform of KC(t) easily follows from the orthogonality of the Laguerre poly-
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nomials and integration by part as in [112],%!

/Oo dt ;S(;;K(t) — N(N = 1)(1—25)3sF5(2 - N,1—s,52,3:1). (5.170)

On the other hand, the coefficients b(s, N ) in (5.168) are picked out by the residue at origin,

b(s,N) = —Z%it_s_lK(t). (5.171)

271

Nonetheless, by considering a contour deformation in (5.170) with the new contour ~ that
comes in from oo just below the positive real axis, circles the origin by a small semicircle C’

and goes back to the infty just above the positive real axis,
v = [—ie + oo, —ie] U CL U i€, ie + o0 , (5.172)
it is easy to obtain the following relation

~ _2677”'3 00 tfsfl
5. ) = 7 /0 K ), (5.173)

and consequently from (5.170),

- —2(—1)*(1 + 2s)
s N) = —1611)

N(N —1)3F5(2—N,14s,—5;2,3; 1). (5.174)

We thus arrive at the final formula by combining (5.168) and (5.174),

2 (—=1)%((2s + 1)N)? AP
Gy = —2N(N - 1)2( ) (((8!8)3+ W25+ 1) (167‘;)
5=t () (5.175)
X3F2(2—N,—S,S+1;2,3;1)W12—i_8),

which reduces to (5.130) for N = 2 and agrees with the result in the recent paper [54] derived
from recursion relations in both N and J [113] (up to a factor of 4 as noted in Footnote 47).
The radius of convergence in (5.175) is N independent and coincide with (5.29).

We expect the matrix model approach described here to be useful to study more general

1 This is related to the function c¢(s, N) in [112] by an overall factor of $s(s — 1)(1 — 2s). The function
¢(s,N) determines the integrated correlator of the stress tensor multiplet in [105] completely as shown
in [109-111].
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large charge integrated correlators that involve operators O,(C") that are not of the maximal
trace type (i.e. n # 0). It would also be interesting to analyze the non-planar contributions
in the large charge limit, as well as other scaling limits such as the large N-large J limit®?

J oc N2 discussed in [54]. We leave the more extensive analysis to future work.

6 Conclusions and future directions

The results of this paper highlight the large charge 't Hooft limit as a new and intriguing
solvable corner of N = 4 SYM that shares striking similarities with the conventional large N,
limit. Through the analysis of the spectrum and correlation functions, we demonstrated the
validity of this claim. However, we emphasize that our analysis only scratched the surface

of this interesting limit, and there are countless exciting directions for future exploration.

6.1 Direct generalization of the results in this paper

Index and partition function at large charge. In Section 2.4, we showed using the
contour deformation tricks that the superconformal index and the partition function simplify
in the large charge limit and can be rewritten as a sum over magnons. The analysis was
done only for the SU(2) gauge group and for the large charge limit of 1/2 BPS operators. It
would be interesting to generalize it to higher-rank gauge groups and to less supersymmetric
states. If a similar rewriting exists for 1/16 BPS states, it could be relevant for the microstate
counting of supersymmetric black holes, about which significant progress has been made
recently [128-130].

Constraints on CFT data from dilaton Ward identity. In Section 5.4.3, we conjec-
tured the implication of the dilaton Ward identity on the CFT data. However the argument
presented there was rather heuristic and it is important to make them rigorous and prove
them from the conformal bootstrap. This will be the first step towards understanding nec-

essary and sufficient conditions for CFTs to have the vacuum moduli.

Integrated correlator at large charge. In Section 5.5, we derived an emergent matrix
model description for the integrated correlator both for the SU(2) gauge group and general
SU(N) gauge groups. However, for the SU(V) gauge groups, we only analyzed the simplest

2_
521 the limit J o N? with fixed 7, 2" 2 in (5.162) becomes dominant and the integral (5.160) can be
approximated by a matrix model with a logarithmic potential.
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class of large charge operators (i.e. the maximal trace operators) and it would be interesting
to perform explicit computations for other large charge operators. In addition, we expect
that the matrix-model reformulation to be useful for other limits such as the combined large
N-large J limit (J oc N?) discussed in [54].

Massless magnon point, double-scaling limit, and EFT. One interesting outcome
of our analyses is that various quantities in the large charge 't Hooft limit become singular
at \; = —72. As discussed in Section 5.5, this singularity signals a tachyonic instability of
the lightest magnon. It would be interesting to see if one can define a “double-scaling limit”
near this instability, much like the double-scaling limit of matrix integrals studied in the
past [124-126]. Based on the analogy with the matrix integrals, we expect that this limit is
dominated by “dense” Feynman diagrams at large charge. It would be interesting to identify
diagrams that dominate in the limit and come up with a “continuum” description. A related

question is to understand the effective (conformal) field theory describing such a limit.

Exact worldline instanton. In (5.14), we derived an exact strong coupling expansion of
the resummed conformal ladder integral and interpreted it as a sum over worldline instantons.
It would be interesting to derive this expression from the first-quantized worldline formalism,

generalizing the analysis in [10].

6.2 Other important future directions

Less supersymmetric states. In this paper, we analyzed the fluctuations around the
1/2 BPS large charge states. One interesting future direction is to generalize the analysis
to less supersymmetric states, most notably to the 1/16 BPS states, which are dual to
supersymmetric black holes in the large N, limit. Concrete questions in this direction are to
perform the semiclassical analysis around the 1/16 BPS solutions analyzed in [131,132] and
to understand the residual (centrally-extended) symmetry around the background.

In addition, in a recent paper [133], the authors analyzed operators in generic (nonsuper-
symmetric) CFTs that have both large spin and large charge, and identified a new phase
called the “giant vortex” phase. The 1/16 BPS states are interesting also in this regard since
they can carry nonzero Lorentz spin unlike the 1/2 BPS states discussed in this paper, and

might provide a supersymmetric analog of the giant vortex phase.
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Higher-rank gauge groups. Most of the analyses performed in this paper are for the
SU(2) gauge group and a natural next step is to generalize it to higher-rank gauge groups. In
higher-rank theories, there are multiple 1/2 BPS operators with a given R-charge, and corre-
spondingly, there are different semiclassical backgrounds depending on how one distributes

the charge among the Cartan directions (see below for SU(3));

0
11

(D)o ~ 09, N 09, + 83 =0. (6.1)
o

Even in these cases, the centrally-extended psu(2]|2)? still governs the spectrum but the
values of the central charges for the magnons depend on how one distributes the charges
(i.e. ¢ — ?j). In particular, we expect that the charge distribution along the Cartan to
become continuous in the large N, limit and the magnons can take an arbitrary continuous
value of the central charge. This would be a potential way to relate the analysis in this paper

to the centrally-extended symmetry in the planar limit [45,46].

Three-point functions. In Section 5.2, we computed the structure constant of the Kon-
ishi operator and two large charge operators. A possible generalization would be to extend
the analysis to other non-BPS operators. Even more interesting would be to consider the
structure constants of three heavy non-BPS operators which are obtained by small defor-
mation of large charge 1/2 BPS operators.”® In the planar limit, it was shown in [48] that
the (non-extremal) three-point function of 1/2 BPS operators preserves a single copy of the
centrally-extended psu(2]2) and one can use it to constrain the structure constants of non-
BPS operators. The same symmetry should survive also in the large charge 't Hooft limit,

and it would be interesting to understand the constraints thereof.

Large spin 't Hooft limit. Yet another direction is to see if there exists an analog of the
large charge 't Hooft limit for the Lorentz spin S. Since the anomalous dimension of large
spin operators scales as g2y, log S at weak coupling, one candidate limit is to send S to infinity
keeping g%, log S fixed. To understand the physics of this limit, it is useful to employ the

coordinate transformation used in [135] and map a large spin operator to a state in AdSz x S*.

53The paper [134] analyzed the correlation function of three large charge operators using the semi-classics.
It might be possible to perform a similar analysis for N' = 4 SYM. However for the non-extremal three-point
function, it seems difficult to even find a semiclassical saddle point at large charge. (The configuration
discussed in [134] corresponds to the extremal correlator in N/ = 4 SYM.)
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As discussed in Section 2.2 of [135], the large spin operator corresponds to a fluxtube state in

1,°* and one can study it by

this geometry even at finite IV, as long as the coupling gy is smal
(Kaluza-Klein) reducing N/ = 4 SYM to an effective two-dimensional Yang-Mills with higher
derivative corrections. It would be interesting to compute the anomalous dimensions in this
limit using the perturbative dilatation operator and compare them against the effective 2d
YM description.

Relatedly, there have been interesting works [136,137] which identified a double-scaled
lightlike limit of correlation functions at large .., where the 't Hooft coupling \ is sent to zero
with the “cusp times” t7 = Aogx} | ;logz7,,, held fixed. Physically this limit is controlled
by operators with large spin and is similar to the large spin limit discussed above. To make
a more concrete connection, it would be interesting to study a similar double-scaling limit
(with A replaced with g%,,) for the correlation functions in the SU(2) theory.

In addition, the results in [137] are given by determinants of Bessel functions, which also
show up in the analysis of the large N, 2d YM. One interesting question is if the correlation

functions studied in [137] can be mapped to some observables® in the effective 2d YM.

Combining large N and large J and black holes. For the application to (standard)
holography, it is important to study the combined large N-large J limits. One difficulty
in this case is that the semiclassical analysis cannot be easily justified. To understand this
point, let us recall the basics of the standard 't Hooft limit. The action of N' = 4 SYM is
proportional to N/A, which is infinitely large in the 't Hooft limit,

S ~ %/d‘ler [-]. (6.2)

One might therefore think that the limit can be studied using the saddle point approximation.
As is well-known, this conclusion is incorrect for the following reason: if we approximate the
path integral by its saddle point, the saddle point action scales like

N N?
Ssaddle ~ X Tr [ . .]|sadd1e ~ T . (63)

54This is because the probability of the fluxtube to break is exponentially suppressed e~/ 9% in the limit.
55The correlation function in the light-like limit is known to be related to a null polygonal Wilson loop [138].
In the planar limit, the null polygonal Wilson loop at finite A can be studied using the so-called Pentagon
decomposition [139], in which the basic building block is the pentagon form factor which can be interpreted
as a form factor of a branch-point twist operator [140] on the two-dimensional worldsheet. It is therefore
tempting to conjecture that the relevant observable in this limit is a branch-point twist operator in 2d YM.
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However, since there are ~ N? dynamical degrees of freedom, the one-loop correction to the

saddle point contribution also scales like
Si0op ~ N?. (6.4)

Thus, unless we take A to be small, the saddle-point approximation cannot be justified.
One potential way to overcome this difficulty is to combine it with the large J limit.
For instance, when the saddle point configuration scales like®® gynv/J/N®, (6.3) will be

enhanced to

N? g/
A N2 )

while the scaling for Syjo0p remains the same. By taking the ratio gym VI /N ~ \/AJ/N/N®

to be large, we can then suppress the 1-loop correction parametrically. Of course the estimate

Ssaddle ~ (65)

we gave here is rather crude and it is important to perform detailed analysis for concrete
cases.

It would be interesting to study double-scaling limits also on the gravity side. When
the ’t Hooft coupling A is infinite, the bulk is described by supergravity. As we decrease A,
it receives higher derivative corrections proportional to some powers of 1/A. On the other
hand, the effects of these higher derivative corrections are suppressed for a black hole of a
very large size. Since the size of the black hole with a large quantum number J is controlled
roughly by the parameter J/N?, the effective strength of higher derivative corrections is

parametrized by % with some positive exponent 5. This offers the possibility to study the

N2
ABJ

supergravity as discussed above, while we can try to reach this limit from the weak coupling
by first taking the double-scaling limit in which A — 0 with A = A\?J /N? fixed and then

limit < 1 both at weak and strong couplings. At strong coupling, it is described by

later taking the limit A= oo, much like what we did in this paper for the strong coupling
limit of A;. Note that there is no guarantee that different ways of taking the limits give the

same answer and more detailed analysis is certainly necessary.

N =2 SCFT. Much of our analysis can be generalized to study large charge operators
and their correlation functions in the double-scaling limit for general N = 2 SCFTs with a
conformal manifold such as the superconformal QCD (SQCD) described by N = 2 SU(N)

56The scaling with respect to gyy and J is fixed by the fact that the Noether charge is quadratic in fields
and proportional to g%,,; namely J ~ g21 Tr[@?l]. The exponent « depends on how the charge is distributed
YM

among different components of the SU(N) adjoint field. For instance, if the semiclassical configuration only
has a single non-vanishing diagonal entry, we expect o = 0 while if it is distributed equally among N diagonal
entries, we expect a = 1.
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SYM coupled to 2N fundamental hypermultiplets. Previous works on large charge limits of
these N = 2 theories have focused on the two-point function of BPS operators [23, 26, 27]
which contain information about the extremal correlator sector of the SCFT [28] and are
nontrivial due to the reduced supersymmetry. In particular, at strong coupling A; > 1, these
two-point functions exhibit an infinite tower of worldline instanton contributions similar to
what we have seen here for more general observables in the A/ = 4 SYM. Nonetheless, it
would be much more interesting to extend the N' = 2 large charge analysis to non-BPS
operators and also higher-point functions by exploiting our methods here.

Indeed, one copy of the maximally-centrally-extended psu(2|2) symmetry that played an
important role in our “bootstrap” analysis of the non-BPS large charge operator spectrum
survives in general N' = 2 theories. In this case, the superconformal R-symmetry is u(1)z X
su(2)g and the relevant large charge operators are Coulomb branch chiral primary operators
O; that carry charge J > 0 under the u(l)g and are singlet under su(2)g. The BPS
condition reads A = J and thus as before, the operator inserted at origin is preserved by
the superconformal generator C' = % Together with the rotation symmetry so(4) and
the su(2) g symmetry, the full superconformal subalgebra preserved by the operator insertion
0,;(0) is

su(2) x psu(2)2) x R, (6.6)

compared to (3.4) for the N/ = 4 case (see around (3.3)). In the large charge 't Hooft limit,
we expect this symmetry to be further centrally extended, which includes a maximally-
centrally-extended psu(2]|2) x R? factor, that would govern the physics of excitations on
the large charge state created by O;(0). It would be interesting to carry out this analysis
explicitly, for example in the case of the N'= 2 SU(2) SQCD, to learn about the non-BPS
large charge operators.

Another potentially intriguing direction is to develop a better understanding of the large
charge EFT in the large charge 't Hooft limit which shares many similarities with the con-
ventional Coulomb branch EFT, as we have commented on in the main text, in general
N = 2 theories. It is well-known that the latter EFT has an elegant low energy descrip-
tion in terms of the Seiberg-Witten curve and the complex geometric data therein, largely
thanks to the A/ = 2 Poincaré supersymmetry [122,123]. It is thus tantalizing to speculate a
version of the Seiberg-Witten curve for the large charge EFT that follows from the centrally

extended psu(2]2) symmetry.’” In particular, it would be interesting to extract the correla-

57See Section 3.1.4 for comments on the relation between the centrally extended psu(2|2) symmetry pre-
served in the large charge EFT and the Poincaré supersymmetry that govern the Coulomb branch EFT.
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tion functions of large charge Coulomb branch operators from such an EFT. We leave this

investigation to future work.
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A Action & conventions

In this appendix, we establish our conventions for the flat space action, which will be used

for perturbative computations. We begin with the A/ =4 SYM action which we write as

2 1 1 1
Sn—asyM = —— d*xTr <_ZF’“/FW — QDHCI)ID“CI)I + Z[CDI’ D[Py, Dy] + fermions) ,
(A1)

%Y

where we omit the fermionic part of the action since we will not use it explicitly.

We express the six real scalar fields in terms of complex scalar fields in the usual manner,

Z+Z 7 -7 X+ X X-X Y+Y Y —-Y

o, =22 = By — R - R - . D = .
N TR T2 NG TR NG
(A2)

Note that each of the complex scalar fields takes values on the Lie algebra of the gauge group

SU(2), with the generators of the Lie algebra taken to be Hermitian in our conventions. This
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allows us to represent the fields explicitly as follows

0+ =0
o LA NN A
Yy~ -y gyt -y

Similarly, the gluons, fermions, and ghost fields can be decomposed in the same way
0 + 0 + 0 -
Au = au au ) 77/} = 1/} ¢ ) QZ) = ,llb 77&7 ) (A4)
a, —a Y =0 Pt =P
0 0
c=(“ ), e=(° ). (A.5)
c - ct &

Among these fields, Z and Z acquire a classical profile in the large charge background

0 0 _ 20
ch = “ y ch = “ ’ (A6>

cl

around which we expand the action. In order to perform perturbative computations, we first
gauge fix the action by adding to it the gauge fixing term

2 1 _ _
ng - 5 d45L’ <——TI‘ (aﬂA“ + Z[Z7 ch] + Z[Z, ch])2> (A?)
Iym 2
and the corresponding ghost term
2 _ _ _
Sgh = 92_ d4l‘ Tr (E (8“Duc - [[Ca Z]a ch] - [[67 Z}; ch] - [[C, ch]7 ch} - [[Ca ch]a ch])) )
YM

(A.8)

where ¢, ¢ are the ghost fields. The resulting effective action can be split as follows
SN=4 SYM + ng + Sgh = Skin + Sm,b + Scubic + Squartic + fermions ) (A9>

where from now on we will omit completely the discussion about the fermionic part. The
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kinetic terms piece Sy, is given by

2
Swn= = [ drlaD@) sap@y vz 3 awety 3 woel
gYM de{z,y,z,c} de{z,y,z,c} )
p==
where O = 9,0". The bosonic mass part of the action Sy, reads
16 4 1,02( 4+, s+t
Smpbp = ——5— dx[\zcl\ <au(a M+ Z |DP| )+ 'z (2 a,—z"a )+ Oz (7 a,—z"a )}
Jym de{z,y,z}
p==
(A.11)
We note that the classical profile of 23 and z¥ induces a mixing term between the gauge

fields and the scalars z*, z*.

We now proceed with the cubic part of the action, which due to its length can be sub-split

into several parts according to the field content
Scubic = Scubic,g + Scubic,s + Scubic,g,s + Scubic,s,gh . <A12)
Each one of these parts read as

Seubic,g = 2i/d4x2i[(a;aﬁ—a;aﬂ)@”(a“ﬁ—l—(ajaﬁ—a:ag)ﬁ”(a“)_—k(a: —a,a 0¥ (a”)" }

9vym
(A.13)
9 _ _
Scubic,s - 2—/d4$4[ Z ((I)OE((:]I((I)_Z + (I)+Z_> + (I)Ozgl(q)_z_ + CI)+2+) 2’202 (’(I)+|2 + |(I) ‘ ))
gYM <I>6{$,y}
— (7P +21P) 22 + 22727220 + hee.|
(A.14)

where h.c. means adding the conjugate of all terms of the Lagrangian where unbarred fields

become barred and vice-versa. The remaining cubic terms read
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2 Iz

4
Scubic,gs = o /d495 [—Q(G_)“ao(fzgl +2729) — 2(@*)"@2(2_231 +zt29)
Y™

—4(a Yat (2028 + 2°20) + Z <i8“<1>‘((i>_a2 — ®% )

"
de{z,y,z}
+ z'auq>+(<i>0a; - <i>+a2) + iauq>0(<i>+a: —®7a,) + hc)] ,
2
Secubics,gh = —5— / d'z |2°2 (2c ¢ +2¢tct) + 220 (26 ¢ + 267 cT)
Iym
— 2z (227 +227e") O =20 (2¢T 7 + 26 2T 0
(A.15)

Finally, we display explicitly the quartic part of the action which we write as

(A.16)

Squartic = Oquartic,g + Squartic,g,s + Squartic,s
where

1
Squarticg = E d*z [4(@0)“(a0)” (a:a; + a;aj) —2a, (a®)” (a;((ﬁ)“ + Qag(ao)“)
—4dag (a)ay(a”)” +ay (a)" (a7)" a, +a (a7)af (@®)"] |

% v B
(A.17)
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4a;(a0)“ (@10 + &~ @%) + 2a, (a”)" (@7@7)

2
Squartic,g,s = o5 Z /d4ZL‘

IIM gy,

+ 4a:;(a0)“ (@0 + °0T) + 2a; (a+)” (- 9H)

—9(a; (a*) + 2a2(a)) (D& + BFEY) — 8 (a”)" (q>Oq>0)] ,

9 o _ _ _ _
Squartics = —— [ d'z > [ —ATT TP + 4T Q0T — 8T TGP

Jym e {ay.z)
Ve{z,y,z}

+40tdT Y0 — Ut YT PP — PP O — IOt YTt

— Ut UTD™ + 40 dTUOP0 + 4Pt DU Pt

(A.18)

B Large charge background and scalar propagators

In this section, we aim to find the propagators for the scalar fields in the effective action. We
consider a two point function of local operators with a very large charge, which we denote

as

Oy(x) = (*(x))", Oy(z) = (2"(x))”. (B.1)

In the limit when J — oo, the insertion of such operators in the path integral source a
non-trivial profile for 2% and z° which can be obtained as a saddle point of the two-point

function given by

(01(21)0 (x2)) ~ e as J =00, gym — 0 with \; = g2y, J/2 fixed, (B.2)

where the corresponding effective action is given by

2002+ 2 (log() a — 4) +log(=") 6(z — 1))
(B.3)

o = Seft with Seg = =—— [ d*x

- 0 50
20,2029, 29 AJ
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In this expression, 2, zJ are the solutions of the saddle point equations that follow from the

action Seg. The explicit solutions for 2% (z) and z%(x) are given by

i¢ _ —i¢ _
0 e lxy — x| Ay 0 e ey — x| [Ny
_ ) S et R R B.4
ch(‘T) 27T|JI—[E1|2 92 ) ch(ﬂf) 27T|.T—l’2|2 2 ( )
From (A.11), we find that the scalars 2*, z* and y* have masses given by
2 02 |21 — my°
m*(x) = 8|zg]° = AJ. (B.5)

w2|x — x1|?|z — xo)?

The quadratic part of the action for each of these scalars, which we generically denote by &,
is then given by

2 _
Squad,q) = o5 d4l’ (@D(D — mQ(x)|<I>|2) . (B6)
Iym

The scalar propagator is obtained by solving the equation

(=0, +m*(2)) G(z,y) = W@ —y)  with G(x,y) = QL@(ZE)@@)% (B.7)

Ivym

The solution to this equation has already been worked out in [9]. One considers an expansion

in powers the 't Hooft coupling A;
k=0

The leading order term satisfies the massless propagator equation

1 1
“Dego =30 -y) = w=Enn

whereas the remaining terms obey

—O, G511 +mPgr =0, (B.10)

where we have omitted the arguments for simplicity. It is simple to obtain iteratively the

perturbative solution at any order k

gz, y) = (=1)F (H /d4zn m2(2n>gﬁ('zmzn+l)> g0(2, 21) , (B.11)
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where we defined 2.1 = y. More explicitly, this is equivalent to

(21 — m)°

(k) 2,z .
T — xl)g(y _ 1,2)2 F ( ) ) (B 12)

gr(,y) = (—4¢%)" A (

where F'®)(z, Z) stems from a ladder type integral and can be pictorially represented by:

T1

ﬂ.Qk

—2)(1 = 2)FW®(z,z
= 2P~z AT ATE)

T O oY =

X2

Here the integration points are represented by the black dots while the white dots are unin-

tegrated external points. The conformal cross-ratios z, zZ are given by

2(x — x9)?

2

(y — 1)
(. —21)%(y — 22)

2z

(1-2)(1-2) = (21 = 22 (2 —y) (B.13)

(. —21)%(y — 72)?

With the explicit form of the ladder integrals [141,142], it was found in [47] the resumed

expression giving the two-point function (B.8)

= Z)2 =52 sinh(t — 1log 22) Jy (\/;\r—; t(t —log 22))

2
142z 1
- ;)L(1 — + 2, /—(1 S cosh (t — ;5 log zz))

(B.14)

where J, denotes the Bessel function. The ladder integrals can be represented in an alter-

(B(2)B(y)) = — TN /

Am?lz — y[?

native form that is more useful for analyzing the strong coupling behavior of correlation
functions [47,49,94]. It is given by

—2iuo

(D(a)D(y)) = gYM ZZ prt=2=2) /_ o 2aSin(W))€n+1 (B.15)

Q2 _ 22 _ 2
87%( — z—Z oo 2T (u2+aI

where €% = /z/z and e7° = /2Z. Since this type of integrals are common in integra-
bility approaches to correlation functions [49], we will refer to it as the integrability-like
representation of the ladder integral.

Of particular importance are the following limits of this formula. When 6% := |z —z;|* —
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0 we obtain [9]

(B )(y) = 27 ! (e ) T )
x == .
VEY I |zy — y|2/1+ 1692 \ |71 — 22|71 — Y|
and when |y — x5 — 0
_ 2 1 5|x1 B q:\ )\/1+1692—1
P(z)P(x B.17
B = e (o (B.17)

C Perturbative computation

In this appendix, we set up the perturbative computation of one-loop diagrams from the
effective action derived in the Appendix A around the background field determined in Ap-
pendix B. We will be computing the diagrams listed below:

s yE - yt o+ yt
= X Gy = X Gy = M .
at y= zt Y- at y*
The double line corresponds to the massive scalar propagator and the coiled line represents

the propagator of the massless mode of the gluon field.

Diagram G;. After factoring out the tree level contribution and using the part of the

action denoted by Squartic,s in (A.18), we obtain the following one-loop result:

324> 1

Gy = S —
! J 1+ 16¢2

w2 (2m)" a1 — w2l X122, (C.1)

which is independent of the sign of y. We consider the simultaneous point-splitting a% =

) + e and zf = 2 + € with e* — 0 of the integral X934 given by

d*z 1
Xigsa = / (2m) ;- (C.2)

*lor = 2Plwy — 2P|z — 2Pas — 22

The result is given by [98]

. 1 € 1
X1122 = zll_)ll'%l X1234 = @ (1 — log <m)) X (27‘(‘)4|x1 — g[j'2|4. (CS)

T4—T2
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We conclude that the logarithmic divergence of such a diagram is

1 4¢° 1

2~ (4¢®> —64¢* +...). 4
J1+ 1642 7 (4" — 64"+ (C4)

Gl‘log -

Diagram G,. The diagram G, is similar to G; except with a different combinatorial factor.

We get
64g> 1

Gy = —_—
7] 1+16¢2

w2 (2m)* |21 — 22| X122 - (C.5)
This gives the following logarithmic divergence:

Gs|, = R N (—8¢% +128¢" +...) (C.6)
2{1og T1+1642 7 ) .
Diagram G5. The gluon exchange diagram is derived from the part of the action denoted

by Squartic,gs i (A.18) and produces the following result

644> 1

+ __
O = T 1602

(2m)°|21 — ao|* %g%l Os - OsH1234 (C.7)

T4—T2

with the two-fold integral His 34 given by

d*zd*w 1
Higz4 = / (C.8)

(2m)10 [w1 — 2P|y — 2Pw — 2Ples — w]zs — w]*

We use the result for its derivatives that can be found for example in [98] and reads

1 ¢ L
lim Oy - OyHigs = —— (2 —1 ISR ‘ 9
zzoa, 02T OAH1234 = Te ( o (|I1 —$2|2)> - (27)tfary — ! o

T4—T2
When extracting the logarithmic divergence we now obtain

1 16¢° 1
I~ = (169> — 2569 +...) . (C.10)

+
=4+
G5l J1+16g2 ~ ~J

This concludes the perturbative one-loop computation.
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