
CERN-TH-2023-084

Dark Sectors with Mass Thresholds Face Cosmological Datasets

Itamar J. Allali,1, ∗ Fabrizio Rompineve,2, 3, 4, † and Mark P. Hertzberg1, ‡

1Institute of Cosmology, Department of Physics and Astronomy, Tufts University, Medford, MA 02155, USA
2CERN, Theoretical Physics Department, 1211 Geneva 23, Switzerland
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Interacting dark sectors may undergo changes in the number of their relativistic species during the
early universe, due to a mass threshold m (similar to changes in the Standard Model bath), and
in doing so affect the cosmic history. When such changes occur close to recombination, i.e., for
m ∼ (0.1 − 10) eV, the stringent bound on the effective number of neutrino species, Neff, can be
relaxed and the value of the Hubble expansion rate H0 inferred from cosmic microwave background
(CMB) observations raised. We search for such sectors (with and without mass thresholds) in the
latest cosmological datasets, including the full-shape (FS) of BOSS DR12 galaxy power spectrum.
We perform a detailed analysis, accounting for the choice of prior boundaries and additionally
exploring the possible effects of dark sector interactions with (a fraction of) the dark matter. We
find ∆Neff ≤ 0.55 (0.46) at 95% C.L. with (without) a mass threshold. While a significantly larger
Hubble rate is achieved in this scenario, H0 = 69.01+0.66

−1.1 , the overall fit to CMB+FS data does
not provide a compelling advantage over the ΛCDM model. Furthermore, we find that dark matter
interactions with the dark sector do not significantly improve the (matter fluctuations) S8 tension
with respect to the ΛCDM model. Our work provides model-independent constraints on (decoupled)
dark sectors with mass thresholds around the eV scale.

I. INTRODUCTION

Observations of primordial abundances and of the cosmic microwave background (CMB) reveal that the early
Universe at eV . T . MeV is dominated by a hot bath of photons and three neutrinos, while yet to be discovered
beyond the Standard Model relativistic species, or dark radiation (DR), can only contribute a small fraction. More
precisely, the current bound from CMB observations, commonly expressed in terms of the effective number of neutrino
species ∆Neff ≡ ρDR/ρν,1, where ρν,1 is the energy density of a single neutrino species, is ∆Neff ≤ 0.28 [1] (95% C.L.,
Planck 2018 + baryon acoustic oscillations, at the epoch of recombination). CMB and Large Scale Structure (LSS)
observations also similarly constrain scenarios where the would-be DR has a mass around and above the eV scale, as
in this case it behaves as “hot” dark matter (DM) and suppresses structure formation (see e.g. [2–4]). While these
are powerful constraints, they apply only to the simplest dark sectors, made either of massless (i.e. m� eV) or light
but massive (m & eV) relics. On the other hand, the only particle physics sector that we have detected, the Standard
Model (SM), features both light and heavy degrees of freedom that interact with each other. It is thus important
to assess whether a light dark sector that more closely resembles the SM (albeit with very different mass scales) can
evade the constraints above.

Interestingly, any model that succeeds in alleviating the ∆Neff constraint may simultaneously prove promising to
address the & 5σ tension between inferrals [1, 5, 6] and local measurements [7–9] (see however [10, 11] for alternative
takes) of the Hubble expansion rate H0 (barring underestimated systematics in any of the two types of measurements).
The addition of dark radiation is indeed arguably the simplest extension of the ΛCDM model that can result in a
larger value of H0 [1] (see also [12]). However, the aforementioned constraint on ∆Neff implies that the so-called
“Hubble tension” remains at ' 4σ level in this seven-parameter cosmological model. The situation improves when
the dark radiation is non-free streaming, as occurs in the presence of sizable self-interactions, because the phase shift
of the CMB high-` and BAO peaks (see e.g. [13]) is absent in this case. The constraint is then relaxed to ∆Neff ≤ 0.46
at 95% C.L., and the Hubble tension further reduced to around 3.5σ (see Appendix C and [14, 15]), although the fit
to CMB+BAO data only is not improved with respect to ΛCDM.

In this work, we aim to test simple interacting dark sector models with mass thresholds m ∼ (0.1 − 10) eV and
relic light species against cosmological datasets, and to assess their impact on cosmological tensions (for previous
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work related to the Hubble tension see [16–18], and [19, 20] for different scenarios featuring interactions with SM
neutrinos). As equilibrium is maintained by interactions in the dark sector, entropy is transferred from species with
mass scale m to the remaining light degrees of freedom. As a consequence, the temperature Td of the dark sector

temporarily scales slower than that of neutrinos, i.e. Td ∝ g−1/3
∗,s a−1, g∗,s being the (temperature dependent) number

of relativistic degrees of freedom in entropy in the dark sector, and therefore ∆Neff increases rapidly around the mass
threshold. This is completely analogous to the familiar case of photons around the electron mass scale.

Since the mass threshold of interest is close to the temperature of recombination, the high-` and low-` CMB
modes can be affected differently [16]; in particular, while both modes experience the usual background effect of dark
radiation, the high-` modes “see” a smaller value of ∆Neff, corresponding to the early (pre-threshold) abundance,
than the low-` modes (for an analysis of such models comparing constraints from different ends of the multipole
spectrum, see [21]). A specific phase shift is then induced mostly of the high-` peaks, which in practice allows for a
larger (post-threshold, but still pre-recombination) value of ∆Neff and may thus lead to a more decisive alleviation
of the H0 tension. Importantly, below the mass threshold, the abundance of massive particles is rapidly depleted via
annihilations, and therefore the usual hot dark matter bound from CMB and LSS is evaded.

From a particle physics perspective, these models can be straightforwardly implemented by assuming some particles
in the dark sector to have a small mass m (this is also technically natural if the particles are fermions as in [18]), or
alternatively by considering a phase transition analogous to the electroweak or the QCD ones (in the latter case again
avoiding naturalness issues in the dark sector). This offers a key advantage over other popular scenarios to raise H0,
such as early dark energy [22, 23] (EDE); the crucial ingredient of EDE is a fluid which decays faster than radiation
and which does not have an obviously natural particle physics realization. On the other hand, those latter models
have been thoroughly tested against cosmological datasets, and in particular the effects of prior choices as well as
the constraining role of the full shape of the BOSS DR12 [24–27] galaxy power spectrum extracted by means of the
effective field theory of LSS [28–30] have been highlighted [15, 31–38].

The main aim of this work is thus to fill this gap, by presenting a careful analysis of light dark sectors with mass
thresholds, also referred to as stepped dark radiation (SDR), including the aid of the latest cosmological datasets.
Specifically, we present a Bayesian analysis, which accounts for effects of prior choices on dark sector parameters
and includes galaxy clustering data. Our analysis applies model-independently to any interacting dark sector with a
mass threshold around the eV scale, that is decoupled from the SM at the epochs probed by CMB observations. For
comparison, we also provide results for the case without a mass threshold.

Beyond the simple SDR model described above, we also analyze extensions that include interactions between dark
matter and dark radiation [17, 18]. These are motivated by an additional, albeit much milder, discrepancy between
CMB and late Universe measurements of cosmological parameters; this concerns the amplitude of matter fluctuations
at late times, conventionally quantified by the parameter S8 ≡ σ8

√
Ωm/0.3, where σ8 is the amplitude of the matter

power spectrum at redshift z = 0 averaged over 8 Mpc/h scales (h ≡ H0/(100 km/s/Mpc)) and Ωm is the total matter
relic abundance. Recent galaxy clustering [39] and shear surveys, among them most importantly KiDS-1000 [40, 41]
and the Dark Energy Survey (DES) [42–44], currently prefer a smaller value of S8 than what is inferred by Planck
CMB observations assuming the ΛCDM model, with the discrepancy around 3σ. Models that add energy density
around recombination to address the H0 tension typically cause a shift of S8 to larger values to keep the goodness
of the fit to CMB data, and therefore exacerbate this so-called “S8 tension.” For EDE-like models, simple extensions
have already been proposed and tested with LSS data [45], which allow simultaneous alleviation of both tensions.
Here we provide a similar analysis for the extended stepped dark radiation models of [17, 18].

Our work is the first one to test SDR models (and simple interacting DR models without mass thresholds) with
LSS data. Previous work [21] has investigated the effects of priors in these models on the Hubble tension and derived
constraints using big bang nucleosynthesis (BBN) observations. In our work, we discuss different prior choices (to
avoid possibly important volume effects) and assume that the dark radiation is produced after BBN, since this does
not require new ingredients at the scales probed by the CMB, and can be accommodated with model building (for
instance by the post-BBN decay of a massive particle, see e.g. [46]). Furthermore, the extended SDR models that we
consider differ importantly from that constrained in [21], in that we include a rapid turn-off of DM-DR interactions
below the mass threshold, as predicted by particle physics implementations of these scenarios [17, 18]. Refs. [16, 17]
presented results under restrictive prior choices, and keeping some dark sector parameters fixed in their cosmological
analyses. In contrast and in order to at least partially account for “look-elsewhere” effects, we allow for all parameters
to vary, with more conservative prior choices. Finally, [18] proposed a particle physics extension of the SDR model that
features a stronger turn-off of the DM-DR interaction rate than in [17], without however testing it against cosmological
datasets. In our work, we test both proposals [17, 18], and we also allow for the interacting DM fraction to vary. We
also include terms in the SDR perturbation equations that were missed by [15–17] and provide clarifications.

This paper is organized as follows: In Section II, we describe the SDR models of interest and present the perturbation
equations used in this work; In Section III, we outline the datasets, discuss methods for assessing cosmological tensions
and present the results of our Bayesian analyses. Finally, in Section IV, we provide the overall conclusions of our
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Figure 1. Left: dark sector fluid equation of state parameter and sound speed of perturbations as a function of redshift. The
black dashed line shows the resulting behavior of the dark radiation abundance (see right vertical axis for its values). Right: the
fractional change in multipole coefficients C` of the TT power spectrum in the self-interacting radiation models with (solid curve)
and without (dotted curve) a mass threshold, and in the free-streaming radiation model (dot-dashed curve), all with respect
to the ΛCDM model. ∆N IR

eff = 0.28 has been used for the three dark radiation models, for which cosmological parameters
have been fixed to the best-fit values of the stepped DR model obtained with Planck18+BAO+Pantheon (in particular,
H0 = 69.34 km/s/Mpc), while best-fit parameters for the ΛCDM model have been used for comparison (H0 = 67.9 km/s/Mpc),
see Table XI for details.

work.

II. DARK SECTOR MODEL

The properties of an interacting dark sector that undergoes a change in its number of relativistic degrees of freedom
(referred to as the stepped dark radiation, or SDR, model) can be described in terms of an effective fluid model with
redshift-dependent equation of state parameter w and sound speed of perturbations c2s:

w(z) ≡ p(z)

ρ(z)
, c2s(z) ≡

dp(z)/dz

dρ(z)/dz
, (1)

where z is the redshift. Much before the epoch zt at which the change in number of degrees of freedom occurs,
the fluid behaves simply as radiation, i.e. w = c2s = 1/3. As the Universe approaches zt, w and c2s temporarily
decrease since a non-negligible fraction of the energy density in the fluid is initially made of massive species (which
are pressureless and thus have w = 0). Since those species remain in thermal equilibrium with the remaining light
degrees of freedom, their abundance is rapidly depleted and the sector is again described by a simple radiation fluid.
The redshift dependence of w and c2s can then be simply determined starting from (1), see [16] and Appendix A for
details. Fundamentally, these features are due to the existence of a mass scale m, such that once T ' m a certain
number of states becomes nonrelativistic.

It is customary to parameterize the energy density of relativistic species in terms of ∆Neff. We are interested in
a dark sector that decouples from neutrinos at sufficiently early times before recombination (if it has ever been in
thermal contact at all). Therefore, the change in g∗ in the light sector induces a time-dependence in ∆Neff: indeed
approximate entropy conservation in the dark sector implies that its temperature decreases temporarily more slowly
than the temperature of neutrinos with cosmic expansion, i.e. Td ∼ (gd∗,s)

−1/3a−1, where a is the scale factor, whereas

Tν ∼ a−1. Notice that gd∗,s(g
d
∗) is the temperature-dependent number of relativistic degrees of freedom in entropy

(energy) in the dark sector, defined via the entropy density sd = (2π2/45)gd∗,s(Td)T
3
d (or via the energy density).

Therefore, ∆Neff ∝ gd∗(Td)(Td/Tν)4 ∝ gd∗(Td)(g
d
∗,s(Td))

−4/3 increases as the dark sector undergoes a decrease in its

number of relativistic species. Away from zt, g
d
∗ and gd∗,s are constant and equal in our case, since the dark sector

species are all in thermal equilibrium, and thus one can define the relative change (we often drop the script d in what
follows and take all quantities to refer always to the dark sector, unless otherwise noted)

rg ≡
gUV
∗ − gIR

∗
gIR
∗

=

(
∆N IR

eff

∆NUV
eff

)3

− 1, (2)
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where we use superscript IR and UV for quantities evaluated at z � zt and z � zt respectively. Away from zt, the
dark sector temperature Td is related to the temperature of the SM bath by

T IR,UV
d ∼ 0.5

(
2

gIR,UV
∗

) 1
4

(
∆N IR,UV

eff

0.3

) 1
4

TSM. (3)

For the values of ∆N IR
eff , g∗ of interest, the dark sector is only slightly colder than the SM bath. Furthermore, the

dark sector temperature today is related to the fundamental mass scale and the redshift zt by m = T 0
d (1 + zt), or in

terms of model parameters it is given by

m ' 1.2 eV

(
1 + zt
104

)(
∆N IR

eff

0.3

)1/4(
2

gIR
∗

)1/4

(4)

The redshift dependence of ∆Neff around zt can be determined by computing the evolution of ρ (which we review
in Appendix A) and is shown in Fig. 1, together with w and c2s for example values of ∆N IR

eff and rg. Overall, the
effective fluid of the SDR model is thus characterized by three independent parameters, which can be chosen to be
∆N IR

eff , rg and zt.
As usual, the inclusion of fluid perturbations is crucial for cosmological analyses. We will assume that the dark

sector bath is sufficiently strongly interacting that it effectively behaves as an ideal relativistic fluid rather than as
free-streaming radiation (see e.g. [14]). In such case, the perturbation equations read (in synchronous gauge) [47]:

δ̇ = −(1 + w)(θ +
ḣ

2
)− 3H(c2s − w)δ (5)

θ̇ = −H(1− 3w)θ − ẇ

1 + w
θ +

c2s
1 + w

k2δ − k2σ (6)

where δ ≡ δρ/ρ̄, θ = ikjvj are the density and velocity perturbations, respectively (kj is the wave mode and vj is the
fluid velocity); overdots indicate conformal time derivatives; h is the trace of the scalar metric perturbation; H ≡ ȧ/a
is the Hubble parameter in conformal time; and σ is the shear perturbation of the fluid. One can readily confirm that
in the limit of a perfect radiation fluid these equations take on the familiar form for radiation.

Taking the dark radiation fluid to be shearless, we can see that in addition to the changing values of w and c2s,
there are “new” terms in the perturbation equations for δsdr and θsdr which vanish for pure radiation. First, the term
proportional to (c2s−w) does not vanish near the step since the shifts of w and c2s are not lockstep, see Fig. 1. Second,
the term proportional to (1 − 3w) does not vanish for all times. Finally, the term proportional to ẇ is nontrivial
during the step when w evolves.

The impact of the dark sector model considered so far on CMB anisotropies is shown on the right side of Fig. 1
(solid blue curve). We plot the fractional change in the Cl’s for best-fit values of dark sector parameters (reported in
Tab. III, for the baseline dataset, see also Table XI), with respect to the ΛCDM model (with its own best-fit values
of cosmological parameters). For comparison, we show also the simple (without mass threshold) free-streaming and
self-interacting dark radiation models, both with ∆Neff = ∆N IR

eff and with the same values of cosmological parameters
as for the dark sector model. One can appreciate that the change with respect to ΛCDM is significantly smaller for
the dark sector model than for free-streaming radiation at high-`. With respect to the simple self-interacting dark
radiation model, the difference is O(2− 3%) for ` & 500.

A. Interactions with dark matter

In addition to the model described so far, we will also be interested in extensions that allow for interactions between
the dark radiation sector and (a fraction of) the dark matter. Such extended models are observationally motivated by
the S8 tension (see also [48, 49]), since the growth of matter fluctuations is suppressed in the presence of interactions
with other components. In these scenarios, the background evolution of the dark radiation (SDR) and interacting
dark matter (IDM) fluids remains as above, while the perturbation equations of the two fluids, again in synchronous
gauge, are modified as follows (see also Appendix A4 of [18]):

θ̇sdr = −H(1− 3w)θsdr −
ẇ

1 + w
θsdr +

δP/δρ

1 + w
k2δsdr − aΓ

ρidm

ρsdr(1 + w)
(θsdr − θidm) (7)

θ̇idm = −Hθidm + aΓ(θsdr − θidm), (8)
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Figure 2. Dark matter-dark radiation interaction rates considered in this work, according to the models of [17], referred to as
weakly interacting dark matter, or WIDM (dashed curve), and [18], referred to as strongly interacting dark matter, or SIDM
(solid curve).

where Γ is the (thermally averaged) dark matter-dark radiation momentum-transfer rate. In general, only a fraction
fDM ≡ ρidm/ρDM,tot|z�zrec of the total dark matter may have been interacting with the dark radiation at early times,
where ρDM,tot = ρidm + ρcdm and ρcdm is the standard noninteracting cold dark matter component (with the same
velocity perturbation equation as (8), except for the absence of the interaction term proportional to Γ).

Several possible types of dark matter-dark radiation interactions can be envisioned [50] (see also [49, 51, 52] for
cosmological studies), leading to different redshift dependence of the corresponding interaction rates. However, the
models of interest for this work share a peculiar behavior: the rate Γ rapidly decreases after a certain redshift relatively
close to zt. Therefore, no matter how big the interaction rate, the dark matter is entirely noninteracting shortly after
this redshift. Such a behavior is due to the fact that dark matter-dark radiation interactions involve particles that
become heavy around zt (thereby causing the change in the number of relativistic species). We focus here on two
well-motivated scenarios, recently considered in [17] and [18]. In both cases, Γ ∼ α2T 2/midm at z � zt, where midm

is the mass of the interacting dark matter component, taken to be much heavier than keV so that the component is
certainly cold at recombination, and α is the coupling strength. The difference between the two scenarios is in the
strength of the interactions and their decrease after the redshift zt. In particular, the DM-DR interactions can be:

• Mediated by particles that become heavy around zt [17]: in this case the most important interaction is
scattering of the interacting dark matter component with the dark radiation species that remain light at zt. A
simple reference model has the interacting dark matter component being a fermion χ, and the dark radiation
made of a complex scalar field φ (with mass mφ which becomes relevant at zt) and a fermion ψ (effectively
massless at zt). Both χ and ψ are coupled to φ via Yukawa terms. At z � zt, i.e. Td � mφ, scatterings
χψ → χψ mediated by φ in the t-channel give rise to Γ ∼ α2T 2

d /mχ. At z . zt, i.e. Td . mφ, the (four-fermion)
scattering rate decreases more rapidly as:

Γz.zt ∼ α2 T
2
d

mχ

(
Td
mφ

)4

. (9)

Below, we will mostly consider this scenario in the regime of weak interaction rates between the DM and the
SDR, and we thus denote it as weakly interacting dark matter (WIDM) (here weak refers to small interacting
rates, not to the electroweak scale).

• Mediated by particles that remain light at zt [18] (see also [53]): in this case the scattering process of
interest involves particles that become heavy as external states. A simple reference model has the interacting
dark matter component being a scalar χ charged under a dark U(1) gauge sector, whose photon A is the light
component of the dark radiation sector. The latter also features charged fermions ψ, with typical mass mψ.
At Td � mψ, ψ-χ scatterings mediated by A again lead to Γ ∼ αT 2

d /mχ. At z . zt, the rate is however
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exponentially (Boltzmann) suppressed, because the ψ population is non-relativistic. The rate is then

Γz.zt ∼ α2 T
2
d

mχ
e
−
mψ
Td . (10)

Below, we will mostly consider this scenario in the regime of large interaction rates between the DM and the
SDR, and we thus denote it as strongly interacting dark matter (SIDM).

In what follows, we encode the strength of interactions using the following parametrization for the momentum transfer
rate:

Γ = Γ0

(
1 + zt
x

)2

[1 + bh1(x)]h2(x), (11)

where x ≡ m/Td and h1,2 are functions such that (1 + bh1(x))h2(x)→ 1 at early times before zt, i.e. as x→ 0. The
WIDM model of [17] corresponds to setting b = h1(x) = 0 and h2(x) ∼ x−4 at x� 1. The interactions thus introduce
only one extra parameter Γ0 (beyond fDM). On the other hand, the SIDM model of [18] has h1(x) ∼ x, h2(x) ∼ x2e−x

at x � 1, and thus introduces an additional parameter b with respect to the previous model (see Appendix B
for more details on the temperature dependence of Γ). We plot the rates for the two scenarios of [17] and [18] in
Fig. 2. Fundamentally, the parameter Γ0 contains the combination α2m2/midm, where α is the coupling strength of
the interaction and midm is the mass of the interacting dark matter species. One can think of Γ0 as the would-be
momentum transfer rate today in the case of no mass threshold (since this corresponds to x ∝ m→ 0); with the mass
threshold, the interaction rate goes quickly to zero after zt. In the SIDM scenario, the additional parameter b is given

by 1/ log[π/(gψ∗ α
3)], where gψ∗ corresponds to the degrees of freedom in the SDR component that becomes massive

at zt (the fermion ψ described above for SIDM); this term arises from the regularization of infrared divergences in
scatterings involving massless gauge bosons.

We can determine the efficiency of interactions by comparing the momentum transfer rate Γ to the Hubble parameter
H. At early times, (1 + zt)/x ∝ a (see also Appendix A), and since (1 + bh1(x))h2(x)→ 1, both Γ and H go as a−2.
Therefore, their ratio is roughly a constant in the early universe:

Γ

H
∼ Γ0

10−6 Mpc−1

(
∆N IR

eff

0.3

)1/2(
2

gIR
∗

)1/2

(12)

where we have properly related the temperatures of the visible and dark sectors, and obtained a relationship that
depends only loosely on ∆N IR

eff and gIR
∗ . Therefore Γ0 also determines whether the DM and DR are tightly coupled

at early times, which occurs for Γ0 & 10−6 Mpc−1.
The effects of dark matter-dark radiation interactions on the matter power spectrum in the WIDM and SIDM

scenarios are shown in Fig. 3. We have considered two example cases of interaction strength: in the left panel, we
show results for Γ0 ' 10−6 Mpc−1 ' 10−36 eV � H0, corresponding to a would-be interaction rate that is slower
than the Hubble rate today. Even at early times, this interaction rate is not very efficient according to (12). In such
case, large values of fDM are allowed, since the suppression effect is otherwise small. In the right panel, we show the
suppression for a much larger rate Γ0 ' 103 Mpc−1 ' 10−27 eV, such that dark matter-dark radiation interactions
are efficient at early times all the way until zt. Small fractions of interacting dark matter are then enough to provide
a strong suppression of the power spectrum. Notice that the WIDM and SIDM models give similar results for small
values of the interaction rate, as expected since in this case neither is very efficient. This is different for the case of
large interaction rates, where the decay of the rate with redshift becomes important. One can indeed appreciate that
the SIDM model leads to a sharper (in k) suppression than the WIDM model. Based on these results, we expect the
SIDM and WIDM models to perform similarly (their background behavior is the same) for small Γ0, and to possibly
differ significantly only for large Γ0 [as determined by (12)].

With the addition of interactions, the dark sector models of interest for this work introduce a total of five or six
parameters beyond ΛCDM depending on whether the WIDM or SIDM model for interactions is adopted. In the next
section, we shall first consider a dark sector model without dark matter interactions, whose impact we assess only at
a second stage.

Before moving on to the presentation of our results, an important comment is in order. Beyond the CMB and
LSS spectra, it is well known that additional relativistic degrees of freedom affect big bang nucleosynthesis (BBN) as
well. In the models of interest, BBN would then lead to a constraint on ∆NUV

eff ≤ 0.39 (95% C.L., BBN+Yp+D) [54]
(see also [1] for discussion on uncertainties). However, the dark sector might be populated after BBN, so that the
constraint above would not apply. For instance, one may consider a massive particle that decays into a light dark
sector after BBN, while contributing a negligible fraction of the energy density at the epoch of BBN (see also [55] for a
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Figure 3. Suppression of the matter power spectrum in models considered in this work, compared to the ΛCDM model. Left:
Γ0 = 10−6 Mpc−1. Right: Γ0 = 103 Mpc−1. For both plots, we have taken ∆N IR

eff = 0.3, rg = 1.75 and log10 zt = 3.8. Solid
(dashed) curves refer to the WIDM (SIDM) model, while the interacting DM fraction increases from the top curve to the
bottom curve.

post-BBN dark sector model involving dark sector-neutrino interactions, or [56] for another scenario with relativistic
degrees of freedom generated after BBN). Therefore, in order not to exclude such possibilities, we will not be imposing
a BBN constraint on ∆NUV

eff in our work (see instead [21] for a different perspective). Therefore, an additional layer
of detail needs to be included in any viable particle physics model.

III. DATASETS AND RESULTS

We implemented the dark sector fluid above in the Boltzmann solver CLASS [57, 58]. We review the details of
the numerical implementation in Appendix A (see also Appendix A of [16]). For perturbations, we implemented (5)
and (6) with σ = 0. We consider first a model with only the stepped dark radiation (SDR), which is characterized
by nine parameters in total: six from the ΛCDM model, plus three from the dark radiation fluid. Then, we will
consider the addition of interactions between the SDR and a fraction of the dark matter. In the weakly interacting
dark matter (WIDM) scenario, there are two additional free parameters, for a total of eleven parameters. Meanwhile
in the strongly interacting dark matter (SIDM) scenario, there are, in principle, three additional parameters, but for
the sake of comparison we will fix one parameter (b, whose value anyway varies only logarithmically with fundamental
parameters) such that this model also has eleven free parameters. We also fix the neutrino sector according to the
standard choice of one massive (with mass mν = 0.06 eV) and two massless species.

We perform Bayesian searches using the Markov Chain Monte Carlo (MCMC) sampler MontePython1 [59, 60]. All
our searches have Gelman-Rubin parameter R−1 < 0.02 (most of them < 0.01), except for some results on the SIDM
model, see below. To analyze and plot the posterior distributions of parameters, we make use of GetDist2 [61].

We use the following datasets to test the dark sector model described in the previous section:

• Baseline dataset: P18+BAO+Pantheon. Planck 2018 high-` and low-` TT, TE, EE and lensing data [62];
BAO measurements from 6dFGS at z = 0.106 [63], SDSS MGS at z = 0.15 [64] (BAO smallz), and CMASS and
LOWZ galaxy samples of BOSS DR12 at z = 0.38, 0.51, and 0.61 [65]; Pantheon Supernovae data sample [66].
This is our baseline dataset.

1 https://github.com/brinckmann/montepython public
2 https://getdist.readthedocs.io

https://github.com/brinckmann/montepython_public
https://getdist.readthedocs.io
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• +FS: the baseline dataset with the addition of the full-shape of the power spectrum of galaxies in the
BOSS/SDDS sample, extracted by means of the EFTofLSS [31, 32, 67]. We use the publicly released PyBird3 [68]
code as a combined likelihood with BAO data from the same sample. We use the latest version of the likelihood,
which accounts for a correction to the normalization of BOSS window functions, see [38].4

• +S8: any of the two datasets above with the addition of two measurements of the S8 parameter from cosmic
shear analyses of KiDS-1000, S8 = 0.759+0.024

−0.021 [40] and DES-Y3, S8 = 0.772+0.018
−0.017 [42]. For computation of

tension measures, we use the combined value of S8 = 0.767± 0.014, see below.

• +Mb: any of the datasets above with the addition of the latest measurement of the intrinsic SNIa magnitude
Mb = −19.253± 0.027 from the SH0ES collaboration [8].

For cosmic shear, we use the measurements of S8 rather than the full likelihood, because the latter requires
an algorithm to compute nonlinearities, which is currently only available for the ΛCDM model. For the SH0ES
measurement, we use Mb rather than the Hubble constant H0 as we are combining with the Pantheon sample,
see [70–72], and correspondingly we assess tensions using Mb.

A. Criteria to assess tensions

We assess the impact of the dark sector on cosmological tensions by means of several criteria. First, we compare the
minimum χ2 of the stepped dark radiation (SDR) model under consideration for a given dataset with the minimum χ2

of the ΛCDM model with the same dataset, ∆χ2 ≡ χ2
sdr−χ2

ΛCDM. Obviously, if ∆χ2 > 0, then the dark sector model
is disfavored compared to ΛCDM. Even when ∆χ2 < 0, the evidence for the dark sector model is not necessarily
relevant, because of the additional parameters.

Additionally, we determine the tension between the posteriors PMC for Mb (or S8) in a given model and its
measurement, also represented by a distribution Pm, by integrating the cross-correlation of the two distributions
(i.e. the probability of parameter differences between the distributions), as described in [73]. This method is useful
when posteriors are non-Gaussian, as is often the case in models that modify cosmology around recombination. More
specifically, when the posterior Pm is Gaussian (a good approximation for the SH0ES measurement of Mb and for the
S8 measurements by cosmic shear surveys), the probability of a difference between the two distributions is given by

∆ =

∫ ∞
−∞
PMC(θ1)

1

2

(
1± erf

(
θ1 − µm√

2σm

))
dθ1 (13)

where θ1 represents the parameter of interest. We have taken Pm to be a Gaussian with mean µm and variance σ2
m.

The + sign (− sign) then corresponds to µm < µMC (µm > µMC) [73], where µMC is the mean of the posterior from
our search. A tension between the two distributions as a multiple IT of standard deviations of a pure Gaussian is
determined by solving

∆ =

∫ IT

−∞

1√
2π
e−

1
2x

2

dx. (14)

We will refer to this measure of the tension as the “integrated tension” (IT). This computation improves on the more
commonly used “Gaussian tension” (GT) defined by

GT =
|µm − µMC|√
σ2
m + σ2

MC

, (15)

since in general PMC is non-Gaussian. A simple intuition for the IT measure can be understood as follows: if the
measurement were infinitely precise like a delta function Pm(θ1) = δ(θ1−θ0), one wishes to determine the probability
of the accuracy of this measurement θ0 given the distribution PMC. Then, the value “IT σ” simply denotes the
placement of θ0 in the distribution PMC as a multiple of standard deviations away from the mean.

We compute both the IT and GT measures for Mb and S8 for different datasets. In the case of S8, we will use a
combined value of the two priors from KiDS-100 and DES-Y3 (as indicated in our dataset above). This combined

3 https://github.com/pierrexyz/pybird
4 Using CLASS-PT [69] rather than PyBird has been shown to lead to milder constraints from LSS, see e.g. [38].

https://github.com/pierrexyz/pybird
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Parameter Baseline Baseline + FS

H0 [km/s/Mpc] 67.66 (67.9)+0.41
−0.41 67.82 (67.99)+0.39

−0.39

S8 0.825 (0.823)+0.010
−0.010 0.8202 (0.8217)+0.0099

−0.0099

Mb −19.419 (−19.413)+0.012
−0.011 −19.414 (−19.411)+0.011

−0.011

Q
Mb
DMAP 5.73σ 5.52σ

Mb GT 5.63σ 5.52σ

Mb IT 5.63σ 5.52σ

QS8
DMAP 3.46σ 3.01σ

S8 GT 3.24σ 3.02σ

S8 IT 3.23σ 3.0σ

Table I. Measures of tension are given for the ΛCDM model, including QDMAP, Gaussian tension (GT), and integrated tension
(IT) for both Mb and S8. Mean (best-fit) ±1σ are also given for H0, S8, and Mb.

value comes from approximating each of the two S8 measurements as a Gaussian with mean µi and variance σ2
i , and

taking the product (joint probability) of those distributions. This gives a new Gaussian probability distribution with
mean µ = (µ1σ

2
2 + µ2σ

2
1)/(µ2

1 + µ2
2) and variance σ2 = σ2

1σ
2
2/(σ

2
1 + σ2

2). We use the positive error for each of the S8

measures, since their means lie below the MCMC inferences. We therefore use S8 = 0.767 as the mean value and
0.014 as the upper 1σ error bar, for computing the tension. On the other hand, we use both S8 measurements in
our MCMC analysis, see above. For GTs, in the case of asymmetric error bars obtained from the posteriors of our
MCMC, we use the upper (lower) 1σ error bar for Mb (S8) to compute the tension, as in [15]. We notice that in [17],
the 1σ error bar for computing GT is obtained by taking half of the 2σ range in the posterior instead. This latter
method consistently gives a smaller GT than in our work or in [15].

In addition to the criteria above, we also report the values of: the difference of the maximum a posteriori QMb

DMAP =√
χ2

w/Mb
− χ2

w/o Mb
[74] (see also [15]) between the minimum χ2’s obtained by fitting the same model to a dataset

with and without the measurement of Mb (or QS8

DMAP for S8); the Akaike Information Criterion [75] (see also [76])

∆AICMb ≡ ∆χ2 + 2 × (# of added free param.s) for a dataset which includes the measurement of Mb (or ∆AICS8

for S8). With these criteria, we report tensions in the ΛCDM model in Table I. One can see that with the latest
measurements of Mb from SH0ES, the tension with ΛCDM firmly exceeds 5σ.

In the following subsections, we present results of our searches for dark sectors with mass thresholds and also report
updated results for the simpler scenario of interacting dark radiation without a mass threshold. To highlight difference
with previous work, we analyze in steps the effects of: different prior choices, fixing some parameters of the model,
and the inclusion of galaxy-clustering data. Our reference prior choices are indicated in the last column of Table III
and in Table V.

B. Dark radiation

We first focus on the pure stepped dark radiation (SDR) model, setting to zero the interactions with the dark
matter. Before giving the final result of our search, we discuss the implications of certain prior choices, as well as of
the inclusion of datasets beyond our baseline.

Narrow vs broad priors on log10 zt

We start by considering the effects of prior choices on the redshift zt, which we sample logarithmically. We consider
two choices: first, we set log10 zt ∈ [4.0, 4.6] as in [16, 17]; second, we set slightly broader priors log10 zt ∈ [3.0, 5.0].5 In
terms of the particle physics parameter, i.e. the mass threshold, we see from (4) that our choice roughly corresponds
to scanning mass thresholds 0.1 eV . m . 10 eV for ∆N IR

eff ∼ 0.1, whereas the choice of [16, 17] restricts the search
to the very narrow range eV . m . 4 eV. In the absence of a particle physics model that predicts such a specific
mass range, we find it more fair to adopt wider priors.

5 Much wider prior boundaries have been considered in [21], log10 zt ∈ [0.0, 10.0], which may however lead to strong volume effects.
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Parameter log10 zt ∈ [4.0, 4.6] log10 zt ∈ [3.0, 5.0]

∆N IR
eff < 0.597 (0.551) < 0.59 (0.551)

log10 zt Unconstrained (4.3) Unconstrained (4.3)

H0 [km/s/Mpc] 69.30 (70.68)+0.86
−1.3 69.11 (70.68)+0.80

−1.3

S8 0.829 (0.837)+0.011
−0.011 0.827 (0.837)+0.011

−0.011

Mb −19.369 (−19.325)+0.025
−0.038 −19.374 (−19.325)+0.024

−0.037

∆χ2 −0.41 −0.41

Q
Mb
DMAP 2.55σ 2.55σ

Mb GT 3.12σ 3.38σ

Mb IT 2.56σ 2.7σ

∆AICMb −22.67 −22.67

66 70 74

H0 [km/s/Mpc]

0.2

0.6

1.0

∆
N

IR eff

3.5

4.0

4.5

lo
g 1

0
z t

3.5 4.0 4.5

log10 zt

0.5 1.0

∆N IR
eff

log10 zt ∈ [4.0, 4.6]

log10 zt ∈ [3.0, 5.0]

Figure 4. Left: mean (best-fit) ±1σ error of dark sector parameters obtained by fitting the two-parameter SDR model (i.e. with
rg fixed) to the baseline dataset P18+BAO+Pantheon, comparing two choices of prior on log10 zt. Upper bounds are presented
at 95% C.L., and parameters without constraints at 95% C.L. within their prior boundaries are marked as unconstrained.
Tension measures are reported with respect to the SH0ES measurement of Mb. Right: one- and two-dimensional posterior
distributions for dark sector parameters and H0. The posterior of H0 inferred by SH0ES is shown by shaded vertical regions
(1 and 2σ ranges).

We fix the step size parameter rg = 1.14 in this analysis, motivated by a dark sector composed of one complex
scalar and a Weyl fermion, as in [16]. We use only our baseline dataset in this comparison.

Results are reported in Fig. 4, together with plots of posterior distributions. The following observations can be
made. First, widening the priors does not affect the bestfit values of parameters, therefore bestfit-based tension
measures (i.e. those based on minimum χ2) are similarly not altered. On the other hand, the GT is affected by the
choice of priors (only a minor effect), since the Mb posterior is now shifted to smaller values. For both choice of priors
the GT is above 3σ, slightly more so with the wider prior.

We also report a very minor improvement in χ2 compared to ΛCDM, i.e. ∆χ2 ' −0.4 with two extra free
parameters. Our results in the left column of the table are overall in slight disagreement with those of [16], obtained
with the same choices. In particular, we find a slightly larger ∆χ2 (by one unit), i.e. less improvement of the fit
compared to ΛCDM than in [16, 17]. We also find a larger GT tension, due both to the new SH0ES measurement
(with respect to [16]) and the different prescription used to compute the GT (with respect to [17]).

From now on, we fix our priors as log10 zt ∈ [3.0, 5.0], to (at least partially) account for the “look elsewhere” effect
related to the choice of very narrow priors.

Step size fixed vs free to vary

We now study the implications of leaving the step size rg free to vary in our search. The motivation to do so
is twofold: First, we currently do not have any compelling theory prediction for rg, as there is not a specific mass
spectrum for the dark sector which is better-motivated than any other one (for instance, there may be more than
one complex scalar field and/or fermion in the models of [16, 18]). Second, to perform a fair comparison with other
models for the H0 tension, such as in particular early dark energy (where the three parameters fEDE, zc and θi are
kept free to vary). We thus vary rg ∈ [0, 5], where the choice of the upper prior is somewhat arbitrary.

The comparison with the previous results (rg fixed as in [16, 17]) and posterior distributions are given in Fig. 5.
The following differences can be appreciated. First, the goodness-of-the-fit is slightly improved, as expected from the
addition of one extra parameter, while the best-fit value of rg is twice as large as the previously fixed value. Second,
all tension measures are now affected: in particular, the GT is now well above 3σ (and the integrated tension is at
3σ), while the QDMAP also approaches 3σ.
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Parameter rg fixed rg free

∆N IR
eff < 0.59 (0.551) < 0.546 (0.289)

log10 zt Unconstrained (4.3) Unconstrained (4.29)

rg — Unconstrained (4.0)

H0 [km/s/Mpc] 69.11 (70.68)+0.80
−1.3 68.89 (69.34)+0.71

−1.1

S8 0.827 (0.837)+0.011
−0.011 0.827 (0.834)+0.011

−0.011

Mb −19.374 (−19.325)+0.024
−0.037 −19.381 (−19.369)+0.021

−0.032

∆χ2 −0.41 −1.4

Q
Mb
DMAP 2.55σ 2.74σ

Mb GT 3.38σ 3.74σ

Mb IT 2.7σ 3.03σ

∆AICMb −22.67 −20.67

66 70 74

H0 [km/s/Mpc]

0.2

0.6

1.0

∆
N

IR eff

1

2

3

4

r g

1 2 3 4

rg

0.5 1.0

∆N IR
eff

rg fixed

rg free

Figure 5. Left: mean (best-fit) ±1σ error of dark sector parameters obtained by fitting the two- or three-parameter SDR model
(i.e. with rg fixed or free to vary) to the baseline dataset P18+BAO+Pantheon. Upper bounds are presented at 95% C.L.,
and parameters without constraints at 95% C.L. within their prior boundaries are marked as unconstrained. Tension measures
are reported with respect to the SH0ES measurement of Mb. Right: one- and two-dimensional posterior distributions for dark
sector parameters and H0. The posterior of H0 inferred by SH0ES is shown by shaded vertical regions (1 and 2σ ranges).

Comparison to self-interacting dark radiation without mass threshold

Before moving to the next step of our analysis, let us compare the SDR model to the self-interacting dark radiation
(SIDR) model without a mass threshold, using only our baseline dataset, see Table II. SDR (i) refers to fixing the
parameter rg and using the narrower prior log10 zt ∈ [4.0, 4.6] as in [16, 17]. SDR (ii) refers to the strategy which we
emphasize in this paper, namely leaving rg free to vary and using the wider prior log10 zt ∈ [3.0, 5.0].

One can see that for both strategies of analyzing SDR, the bound on ∆Neff is significantly relaxed compared to
SIDR. Additionally, for the implementation (i), the SDR model shows a relevant reduction in all tension measures
with respect to the SH0ES measurement of Mb.

However, in the analysis we highlight in this work, SDR (ii), one must make a more nuanced comparison. On the
one hand, the Hubble tension (with respect to Mb) is no longer reduced compared to SIDR for specifically the tension
measures which compare between the posterior distributions fit to the baseline dataset (GT and IT). On the other
hand, when comparing the goodness-of-fit measures of tension (namely those that depend on χ2), SIDR performs
worse. While the ∆χ2 for SIDR is only marginally worse than for SDR, the QDMAP tension measure, which compares
the goodness-of-fit with and without the inclusion of the SH0ES measurement, shows a significantly larger tension for
SIDR. The ∆AIC measure which compares the goodness-of-fit when including the SH0ES measurement relative to
ΛCDM, also shows a slightly worse tension for SIDR. The best-fit value of H0 for the SIDR model is also significantly
smaller than in the stepped scenario.

Overall, this comparison shows that the SDR model consistently alleviates the constraint on ∆Neff compared to
the SIDR model, while the impact on the H0 tension is only slightly better in the SDR model than for SIDR, when
sampling the parameter space more broadly.

Adding full-shape data

Finally, we consider the addition of BOSS data on the full-shape (FS) of the power spectrum of galaxies, which has
been shown to impact other proposals to address the Hubble tension (see e.g. [33–35] and the recent reassessment [38]
for the EDE scenario).

Results are reported in Table III and Fig. 6. Overall, we observe the effects of FS on SDR models with our prior
choices to be very mild. In particular, both the constraint on ∆N IR

eff and the ∆χ2 are not significantly affected,
although the best-fit values of Mb and H0 are indeed significantly smaller than their values without FS data. The
∆AIC is slightly increased, signaling that FS data, while not imposing strong constraints, also do not prefer values of
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Parameter SIDR SDR (i) SDR (ii)

∆N IR
eff < 0.456 (95% CL) < 0.597 (0.551) < 0.546 (0.289)

H0 [km/s/Mpc] 68.95 (68.38)+0.73
−1.2 69.30 (70.68)+0.86

−1.3 68.89 (69.34)+0.71
−1.1

S8 0.823 (0.818)+0.011
−0.011 0.829 (0.837)+0.011

−0.011 0.827 (0.834)+0.011
−0.011

Mb −19.380 (−19.397)+0.022
−0.034 −19.369 (−19.325)+0.025

−0.038 −19.381 (−19.369)+0.021
−0.032

∆χ2 −0.22 −0.41 −1.4

Q
Mb
DMAP 3.48σ 2.55σ 2.74σ

Mb GT 3.66σ 3.12σ 3.74σ

Mb IT 2.95σ 2.56σ 3.03σ

∆AICMb −18.88 −22.67 −20.67

Table II. Mean (best-fit) ±1σ error of H0, S8, and Mb are given along with a 95% C.L. upper bound on ∆Neff for the SIDR
model obtained by fitting to the baseline dataset P18+BAO+Pantheon. For comparison, the SDR model is shown with: (i) rg
fixed and log10 zt ∈ [4.0, 4.6] and (ii) rg free and log10 zt ∈ [3.0, 5.0]. Tension measures are reported with respect to the SH0ES
measurement of Mb.

Parameter Baseline Baseline + FS Baseline + FS +Mb Priors

∆N IR
eff < 0.546 (0.289) < 0.55 (0.08) 0.69 (0.63)+0.14

−0.23 [0,∞)

log10 zt Unconstrained (4.29) Unconstrained (4.97) Unconstrained (4.22) [3,5]

rg Unconstrained (4.0) Unconstrained (2.34) Unconstrained (1.14) [0,5]

H0 [km/s/Mpc] 68.89 (69.34)+0.71
−1.1 69.01 (68.37)+0.66

−1.1 71.71 (72.17)+0.83
−0.80 —

S8 0.827 (0.834)+0.011
−0.011 0.821 (0.824)+0.010

−0.010 0.816 (0.82)+0.010
−0.012 —

Mb −19.381 (−19.369)+0.021
−0.032 −19.378 (−19.4)+0.019

−0.032 −19.300 (−19.285)+0.024
−0.024 —

∆χ2 −1.4 −1.62 −24.69 —

Q
Mb
DMAP 2.74σ 2.72σ — —

Mb GT 3.74σ 3.77σ 1.29σ —

Mb IT 3.03σ 2.94σ 1.29σ —

∆AICMb −20.67 −18.68 — —

Table III. Mean (best-fit) ±1σ error of dark sector parameters obtained by fitting the three-parameter SDR model to three
datasets: the baseline dataset P18+BAO+Pantheon, the baseline + FS, and the baseline + FS + Mb. Upper bounds
are presented at 95% C.L., and parameters without constraints at 95% C.L. within their prior boundaries are marked as
unconstrained. Tension measures are reported with respect to the SH0ES measurement of Mb. Priors for the SDR parameters
are given in the last column.

H0 as large as those required to fully alleviate the H0 tension. In fact, when adding a prior on Mb from the SH0ES
measurement, we find a residual 1.3σ tension.

We find that the FS likelihood constrains SDR models similarly to EDE models (see Table III of [38]), although
the EDE model has ∆χ2 ' −5 with the same number of parameters as the SDR model.

We show also in Fig. 7 the posterior distribution for the mass scale m of the threshold compared to ∆N IR
eff , obtained

as a derived parameter by means of (4). One can see that with increasing ∆N IR
eff , the value of m allowed by data at

95% confidence decreases. On the other hand, as ∆N IR
eff → 0, one can see from (4) that m→ 0 as well, and thus the

data no longer constrain m in this limit, which can be seen by the fact that the 2-dimensional posterior continues to
rise at small ∆N IR

eff . One should only trust the one-dimensional posterior for m for sufficiently large ∆N IR
eff , keeping

in mind that no such upper-bound on m is possible with ∆N IR
eff = 0.

We conclude that dark radiation models with mass thresholds around the epoch of recombination lead to a significant
relaxation of the constraint on ∆Neff, obviously in particular with respect to the free-streaming case, but also with
respect to the self-interacting (SIDR) model without a mass threshold. A comparison of the SDR and SIDR models
including the FS dataset is given in Table IV, where one can see the relaxation of the bound on ∆Neff is still present,
but the improvement of the H0 tension is largely gone, while the χ2 is only minimally improved considering that the
SDR model has two extra parameters compared to the SIDR model.

While in the SDR model the Hubble tension is alleviated from & 5 to ∼ 3σ, the minimal improvement in χ2 over
ΛCDM despite three additional parameters, as well as the significant residual tension, suggest that these models
struggle to provide a convincing framework to address the discrepancy in the determinations of H0. Unsurprisingly,
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Figure 6. One- and two-dimensional posterior distributions for selected parameters fit to three different datasets: the baseline
dataset P18+BAO+Pantheon, the baseline + FS, and the baseline +FS+Mb. The light green (lighter green) vertical bars show
the 1-σ (2-σ) bounds of the SH0ES measurement of H0, and the light pink (lighter pink) horizontal bars show the 1-σ (2-σ)
bounds of the combined S8 measurement from KiDS-1000 and DES-Y3. For more posteriors, see Appendix C.
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Figure 7. One- and two-dimensional posterior distributions for m and ∆N IR
eff fit to three different datasets: the baseline dataset

P18+BAO+Pantheon, the baseline + FS, and the baseline +FS+Mb. The constraint on m becomes more limiting for larger
N IR

eff , while for N IR
eff → 0, one should no longer trust this constraint since m→ 0 as well, see (4).
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Parameter SIDR SDR

∆N IR
eff < 0.457 (0.157) < 0.55 (0.08)

H0 [km/s/Mpc] 69.13 (69.11)+0.73
−1.1 69.01 (68.37)+0.66

−1.1

S8 0.819 (0.809)+0.010
−0.010 0.821 (0.824)+0.010

−0.010

Mb −19.375 (−19.376)+0.022
−0.034 −19.379 (−19.402)+0.020

−0.032

∆χ2 −0.23 −1.62

Mb GT 3.53σ 3.77σ

Mb IT 2.83σ 2.94σ

Table IV. Mean (best-fit) ±1σ error of dark sector parameters obtained by fitting the SIDR and SDR models to the baseline
+ FS dataset. Upper bounds are presented at 95% C.L., and parameters without constraints at 95% C.L. within their prior
boundaries are marked as unconstrained. Tension measures are reported with respect to the SH0ES measurement of Mb. Priors
for the SDR parameters are given in the last column.

Parameter Priors

WIDM SIDM

∆N IR
eff [0.01,∞) [0.01,∞)

log10 Γ0 [−9,−5] [−2, 6]

fDM [0.1, 1] -

log10 fDM - [−4, 0]

Table V. Choices of priors for dark matter-dark radiation interaction models, WIDM and SIDM. The priors on rg and log10 zt
are the same as given in Table III.

the inclusion of SH0ES measurement of Mb leads to a much more significant improvement over the ΛCDM model,
with ∆AIC ' −19. However, we stress that caution should be used when interpreting this result, as it is obtained
combining datasets that are in significant ∼ 3σ tension among them.

Finally, let us comment on the S8 tension in this model, before we consider interactions with the dark matter. We
notice a minor impact of the SDR model on S8, as compared to ΛCDM, S8 = 0.827±0.011 for P18+BAO+Pantheon,
S8 = 0.821± 0.01 with the addition of FS, although the best-fit values are somewhat larger than for ΛCDM. Indeed,
when including S8 measurements to the baseline dataset with SH0ES, we do find a significant increase in ∆AICMb

(as usual compared to ΛCDM with the same dataset) of approximately six units (see Table XVII in Appendix C),
signaling that S8 measurements do indeed penalize the SDR model more than ΛCDM. The interested reader can find
further results in Appendix C.

C. Interactions with dark matter

We now include dark radiation-dark matter interactions, modeled as described in Sec. II. Our results are the first
reported in the literature for the SIDM model. For the WIDM model, we perform a more comprehensive analysis
than in [17], including different prior choices and the BOSS FS dataset discussed above.

Given that the addition of interactions is strongly motivated by the S8 tension, it is especially important to
understand the prior dependency of the S8 posteriors in these models. To this aim, we consider a logarithmic prior
on the interaction strength parameter Γ0, rather than the linear prior adopted in [17]. This choice turns out to have
an important impact on S8, as we outline below. As can be appreciated in Fig. 3, the SIDM and WIDM models give
similar suppressions of the matter power spectrum for small values of Γ0. Therefore, we restrict our analysis of the
SIDM model only to large values of the interaction strength originally considered in [18], while we analyze the WIDM
model only for small values of Γ0, as proposed by [17]. Additionally, we let the interacting dark matter fraction fDM

free to vary. We use different prior choices for this parameter in the two models, due to different region of interest
(small fDM for the SIDM model, large fDM for the WIDM model). Overall, both models are thus characterized by five
parameters in addition to the standard six ΛCDM parameters.6 We summarize our prior choices for the two models
in Table V. In this section we also report tension measures with respect to S8.

6 For the SIDM model, we fix the parameter b ≡ 1/ log[π/(gψα
3)] to a well-motivated value, b ' 0.04, which is obtained for α = 10−4

and for minimal fermion content gψ = 7/2, as in [18]. We notice that b depends only logarithmically on fundamental parameters, and
thus would anyway not change dramatically as the parameter space is explored.
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Parameter WIDM SIDM

∆N IR
eff < 0.531 (0.092) < 0.519 (0.268)

log10 zt Unconstrained (4.18) Unconstrained (4.38)

rg Unconstrained (4.87) Unconstrained (4.39)

log10 Γ0 < −6.156 (−8.231) < 4.259 (3.723)

log10 fDM Unconstrained (−0.806) < −2.031 (−3.903)

H0 [km/s/Mpc] 68.97 (68.37)+0.65
−1.1 68.96 (69.45)+0.67

−1.1

S8 0.818 (0.826)+0.011
−0.011 0.820 (0.828)+0.011

−0.011

Mb −19.379 (−19.396)+0.019
−0.031 −19.380 (−19.364)+0.020

−0.032

∆χ2 −0.63 −1.04

QS8
DMAP 2.75σ 2.55σ

S8 GT 2.82σ 2.89σ

S8 IT 2.63σ 2.65σ

∆AICS8 7.9 6.43
66 70 74

H0 [km/s/Mpc]

0.76

0.80

0.84

S
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Figure 8. Left: mean (best-fit) ±1σ error of WIDM and SIDM parameters obtained by fitting to the baseline + FS dataset.
Upper bounds are presented at 95% C.L., and parameters without constraints at 95% C.L. within their prior boundaries are
marked as unconstrained. Tension measures are reported with respect to the combined S8 measurement from KiDS-1000 and
DES-Y3. Right: one- and two-dimensional posterior distributions are given for H0 and S8 obtained by fitting to the baseline +
FS dataset for each model: ΛCDM, SDR, WIDM, and SIDM. The light green (lighter green) vertical bars show the 1-σ (2-σ)
bounds of the SH0ES measurement of H0, and the light pink (lighter pink) horizontal bars show the 1-σ (2-σ) bounds of the
combined S8 measurement.

Baseline dataset plus full-shape

We start by searching for the WIDM and SIDM models in our baseline + FS dataset (Planck18+BAO+Pantheon
+FS). Results are reported in the left panel of Fig. 8. Posteriors for H0 and S8 are plotted in the right panel of Fig. 8,
together with their posteriors obtained in the pure ΛCDM model as well as in the previously considered dark sector
scenario without dark matter-dark radiation interactions.

The first and most important consideration concerns the S8 parameter. As can be appreciated in the one-dimensional
posterior shown in Fig. 8, there is little-to-no significant difference among any of the models. Not surprisingly, the
S8 tension is only mildly lowered in the SIDM and WIDM models as compared to the ΛCDM model and the SDR
model (e.g. the IT reported for ΛCDM is 3.0σ, while for WIDM and SIDM, it is 2.63σ and 2.65σ, respectively).
This conclusion differs significantly from the claim in [17], whose S8 posteriors are shifted toward significantly smaller
values (with the corresponding tension below 2σ). We have checked that this discrepancy is due to our choice of a
logarithmic prior on the interaction strength, rather than to the addition of the FS dataset with respect to [17], see
also Appendix C for further details. In this respect, we further notice that the best-fit value for the linearly sampled
Γ0 in [17] is almost two orders of magnitude smaller (Γ0 = 5 · 10−9 km/s/Mpc) than the mean value of the posterior
distribution (Γ0 = 2.95 · 10−7 km/s/Mpc), thereby questioning the use of a linear prior and justifying our choice.
Moreover, we are able to place 95 % C.L. upper limits on the interaction strength parameter Γ0 in both models,
with the prior choices on fDM reported in Table V (for the WIDM model, a smaller lower prior boundary causes
convergence problems).

While no MCMC results were reported for the SIDM model by the authors of [18], we do not find compelling support
for their claim that the model can simultaneously address the H0 and S8 tensions. In addition to the considerations
on the S8 posterior above, we indeed find that all measures of tensions with the weak lensing measurements of S8

remain & 2.5 σ. Moreover, the Akaike information criterion (computed with respect to ΛCDM model, including the
S8 priors) is positive, signaling that the ΛCDM model is actually preferred over both the SIDM and WIDM models
once S8 measurements are included. Furthermore, we find that the value of the interacting dark matter fraction
suggested in [18], i.e. fDM ' 1− 5 % is actually in tension with our 95 % C.L. bound reported in Fig. 8.

Finally, the Hubble tension remains alleviated in both models, at the same level of the SDR model without
interactions, and the relaxation of the bounds on ∆Neff also remain qualitatively similar.
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WIDM SIDM

Parameter Basline + FS + S8 Baseline + FS + S8 + Mb Basline + FS + S8 Baseline + FS + S8 + Mb

∆N IR
eff < 0.616 (0.177) 0.71 (0.65)+0.18

−0.25 < 0.718 (0.011) 0.72 (0.59)+0.19
−0.26

log10 zt Unconstrained (4.53) < 4.432 (4.12) Unconstrained (3.45) < 4.555 (3.74)

rg Unconstrained (0.19) Unconstrained (0.53) Unconstrained (4.29) < 4.098 (0.27)

log10 Γ0 Unconstrained (−6.288) < −5.837 (−5.746) < 4.167 (2.379) < 3.983 (−0.853)

log10 fDM Unconstrained (−0.139) Unconstrained (−0.824) < −1.496 (−1.348) < −2.017 (−3.616)

H0 [km/s/Mpc] 69.35 (68.79)+0.75
−1.2 71.94 (72.13)+0.86

−0.75 69.42 (67.73)+0.70
−1.2 72.24 (72.48)+0.93

−0.89

S8 0.795 (0.793)+0.013
−0.0097 0.793 (0.782)+0.011

−0.0089 0.800 (0.773)+0.011
−0.0084 0.7974 (0.7901)+0.0096

−0.0093

Mb −19.369 (−19.384)+0.022
−0.035 −19.294 (−19.283)+0.025

−0.022 −19.368 (−19.417)+0.020
−0.037 −19.286 (−19.279)+0.027

−0.025

∆χ2 −2.1 −20.57 −3.57 −18.08

S8 GT 1.62σ 1.51σ 1.94σ 1.75σ

S8 IT 1.48σ 1.43σ 1.76σ 1.69σ

Table VI. Mean (best-fit) ±1σ error of WIDM and SIDM parameters obtained by fitting to two datasets: the baseline + FS +
S8 and baseline + FS + S8 +Mb. Upper bounds are presented at 95% C.L., and parameters without constraints at 95% C.L.
within their prior boundaries are marked as unconstrained. Tension measures are reported with respect to the combined S8

measurement from KiDS-1000 and DES-Y3.

Adding S8 and Mb priors

For completeness, we report results including priors on the S8 and Mb parameters in Table VI. Our MCMC chains
for the SIDM model with these priors have somewhat larger Gelman-Rubin parameter R− 1 < 0.06 than in previous
runs. Figures 9 and 10 show the posterior distributions for selected model parameters as well as H0 and S8 for the
WIDM and SIDM models, respectively. The inclusion of the S8 prior unsurprisingly demonstrates an alleviation of the
S8 tension with respect to ΛCDM, although with significant residual tensions & 1.6σ (for a detailed comparison, see
Appendix C, in particular Tables XXI and XXIII). Moreover, the improvement in χ2 is very small given the number
of additional parameters, which implies the above mentioned positive large ∆AIC. Furthermore, with the inclusion of
both the S8 and Mb priors, one can see that although the Hubble tension is significantly reduced, the S8 tension is
found to be the same for SIDM and WIDM as in ΛCDM (see Appendix C for more results, in particular Table XXIII).
We therefore find that the inclusion of the dark matter interactions on top of the SDR component is not favored by
the data.

IV. CONCLUSIONS

Interacting dark sectors with mass thresholds are an interesting BSM possibility, the cosmological evolution of
which can resemble that of the SM bath. When their mass scale is O(0.1 − 10) eV, the heavy degrees of freedom
transfer entropy to the remaining light particles around and slightly before the epoch of recombination. The resulting
step-like increase in the dark radiation abundance compared to that of neutrinos allows for larger values of ∆Neff and,
as a consequence, for larger values of H0 than in other dark radiation models.

In this work, we have carefully assessed the constraint on ∆Neff in this stepped dark radiation (SDR) model, as
well as the possibility to alleviate the H0 tension, by means of a combination of CMB, BAO, LSS, and Pantheon
supernovae datasets. With respect to previous work [16, 17], we have allowed for wider prior boundaries on the
redshift and the size of the step-like feature (but made a more restrictive choice than [21], to avoid volume effects),
reflecting the lack of a well-motivated narrow theoretical prediction for those parameters, and included full-shape
information on the BOSS DR12 galaxy clustering power spectrum. Firstly, we found ∆Neff ≤ 0.55 at 95% C.L. with
our prior choices and using the full Planck18 likelihood combined with BAO and Pantheon data, significantly relaxing
the bound ∆Neff ≤ 0.46 at 95% C.L. for the interacting dark radiation scenario without a mass threshold. While the
model succeeds in raising the Hubble constant, we assessed the tension with the SH0ES measurement to be around
the 3σ level, independently of which prescription is used to compute it among several proposed in the literature.

Overall, our results are more limiting than those presented in [16, 17], where the model is claimed to perform
significantly better than the simpler self-interacting dark radiation (SIDR) scenario without a mass threshold. In
contrast, our analysis suggests that the value of the Hubble constant remains in tension with SH0ES in both the SDR
and SIDR models at similar levels. These differences are to be attributed to: the tight prior ranges used in [16, 17], as
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Figure 9. One- and two-dimensional posterior distributions are given for selected model parameters, as well as H0 and S8,
obtained by fitting the WIDM model to four datasets: the baseline, baseline + FS, baseline + FS + S8, and baseline + FS
+ S8 + Mb. The light green (lighter green) vertical bars show the 1-σ (2-σ) bounds of the SH0ES measurement of H0, and
the light pink (lighter pink) horizontal bars show the 1-σ (2-σ) bounds of the combined S8 measurement from KiDS-1000 and
DES-Y3.

well as the choice to keep the step size fixed in their MCMC analysis. The discrepancies found in this work are similar
to those reported for Early Dark Energy (EDE) models (see e.g. [37]), when fixing certain parameters or choosing
narrow prior ranges.

Adding LSS data does not significantly affect the constraint on ∆Neff nor the tension with SH0ES. Nonetheless, the
improvement in the fit with respect to the ΛCDM model is minimal both with and without LSS data, ∆χ2 ' −1.5
with three extra parameters. This is similar to the result presented in [16, 17], which is however obtained with only
two free parameters. Additionally, let us compare with one of the most investigated competitor models to address the
H0 tension, EDE, for which Ref. [38] reports (see Table VIII of [38]) ∆χ2 ' −4.7 and QDMAP ' −2.1 with the same
number of extra parameters and the same dataset including FS data. The EDE model thus performs significantly
better than the SDR model, although it importantly does not have a simple particle physics realization.

We also investigated two extensions of the SDR model [17, 18] that include interactions with dark matter to suppress
matter fluctuations at late times and alleviate the S8 tension. The two models differ in the way that interactions
are turned-off below the mass threshold, due to different types of microphysical interactions (designed to capture
either weak or strong interactions). In practice, these extensions add two more extra parameters: the strength of the
interaction and the fraction of the dark matter that is interacting. We keep both parameters free to vary (in contrast
with [17], where the DM fraction is fixed to one). We use logarithmic priors to sample the interaction strength
and find the S8 tension to remain close to the 3σ level, with only a minor improvement compared to the ΛCDM
model. Our result differs significantly from that of [17] for the weakly interacting model, which claims a reduction
of the tension to 1.7 σ. This should be attributed mostly to the choice of prior on the interaction strength, which is
sampled linearly in [17]. Our choice instead captures more fairly the “look elsewhere” effect. Considering also the five
additional parameters, we find that the ΛCDM model is significantly preferred over the extended SDR sector, even
when adding a prior on S8 from cosmic shear measurements. Concerning the model with strong interactions proposed
in [18], while the authors did not test their model against data, we find no evidence that this model can convincingly
alleviate the S8 tension. In fact, we obtain an upper bound on the interacting DM fraction of less than 1% at 95%
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Figure 10. One- and two-dimensional posterior distributions are given for selected model parameters, as well as H0 and S8,
obtained by fitting the SIDM model to four datasets: the baseline, baseline + FS, baseline + FS + S8, and baseline + FS
+ S8 + Mb. The light green (lighter green) vertical bars show the 1-σ (2-σ) bounds of the SH0ES measurement of H0, and
the light pink (lighter pink) horizontal bars show the 1-σ (2-σ) bounds of the combined S8 measurement from KiDS-1000 and
DES-Y3.

C.L. for large momentum transfer rates Γ0 ≥ 10−2 Mpc−1, thereby constraining the range (1− 5)% suggested in [18].
Furthermore, all of this is under the assumption that the extra relativistic species arise after BBN; if this were not
the case, the constraints would be even stronger.

Despite their arguably not-so decisive impact on cosmological tensions, dark sectors with mass thresholds (0.1 −
10) eV are an interesting particle physics scenario, which can be significantly probed with current datasets and
certainly more so with upcoming CMB and LSS surveys [77–79]. In this respect, it may be interesting to improve the
modeling of the mass threshold transition, which currently relies on an effective fluid description that may not fully
capture the implications of a transient significant fraction of massive particles in the dark sector bath for CMB and
LSS perturbations. For now, our work provides up-to-date constraints on interacting dark radiation scenarios, that
should prove useful for model-builders as well as cosmologists.
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Appendix A: Time Evolution of Dark Radiation with Thresholds

We describe below the time-evolution of the background quantities for the stepped dark radiation fluid. For further
details, see [16, 17].
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rg ≡
gUV
∗ − gIR

∗
gIR
∗

(A3)

where x is the ratio of the mass scale to the dark sector temperature x ≡ m/Td. Approximating the distribution
functions of species in the dark sector by their Maxwell-Boltzmann distributions, as in [16], the functions ρ̂(x) and
p̂(x) are given by

ρ̂(x) ≡ x2

2
K2(x) +

x3

6
K1(x) (A4)

p̂(x) ≡ x2

2
K2(x) (A5)

where Kn(x) is the nth-order Bessel function of the second kind. The parameter rg determines the effective size of
the step, relating the effective number of neutrino species at early times ∆NUV

eff and late times ∆N IR
eff

∆N IR
eff

∆NUV
eff

= (1 + rg)
1/3 (A6)

The step occurs at a redshift zt = 1/at − 1, where the scale factor of the transition is defined to be at ≡ Td0/m
with Td0 the dark sector temperature today. This definition gives the following relation between the dark sector
temperature and the phenomenological parameters rg and at(xat

a

)3

= 1 +
rg
4

(3ρ̂(x) + p̂(x)) (A7)

Based on this relation, the scale factor dependence of all parameters can be determined through x(a). Far away from
the step, there is a simple relationship for x(a); at z � zt, xat = (1 + rg)

1/3a, while at z � zt, xat = a. With these
relations, the full background evolution of the dark radiation fluid is determined by the three parameters ∆N IR

eff , zt
(or at), and rg.

The perturbation equations (5) and (6) can be computed in terms of the equation of state w and sound speed c2s

w(x) =
1

3
− rg

3

ρ̂(x)− p̂(x)

1 + rgp̂(x)
(A8)

c2s(x) =
1

3
− rg

36

x2p̂(x)

1 + rg(
3
4 ρ̂(x) + ( 1

4 + x2

12 )p̂(x))
(A9)

Appendix B: Momentum Transfer Between Dark Matter and Dark Radiation

We parameterize the momentum transfer rate between dark matter and stepped dark radiation as in (11), repeated
below.

Γ = Γ0

(
1 + zt
x

)2

[1 + bh1(x)]h2(x) (B1)

For the WIDM model, the time evolution of the momentum transfer rate is given by [17]

h1(x) = 0 (B2) h2(x) = (1− 0.05x1/2 + 0.131x)−4 (B3)

For the SIDM model, the time evolution is given by [18]

h1(x) = ln

(
K2(x)

2(xK0(x) +K1(x))2

)
(B4) h2(x) =

e−x

2
(2 + x(2 + x)) (B5)

In this case, since h1(x) 6= 0, there is an extra free parameter b. In terms of the fundamental parameters of the
model in [18], this extra parameter is given by

b ≡
[
ln

(
π

gψ∗ α3

)]−1

(B6)
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Parameter log10 zt ∈ [4.0, 4.6] log10 zt ∈ [3.0, 5.0]

100ωb 2.253 (2.257)+0.015
−0.017 2.251 (2.257)+0.015

−0.016

ωcdm 0.1240 (0.1289)+0.0023
−0.0036 0.1234 (0.1289)+0.0020

−0.0035

ln 1010As 3.050 (3.049)+0.013
−0.015 3.048 (3.049)+0.014

−0.014

ns 0.9715 (0.9773)+0.0046
−0.0055 0.9691 (0.9773)+0.0042

−0.0056

τreio 0.0574 (0.0573)+0.0067
−0.0076 0.0575 (0.0573)+0.0068

−0.0075

∆N IR
eff < 0.597 (0.551) < 0.59 (0.551)

log10 zt Unconstrained (4.3) Unconstrained (4.3)

H0 [km/s/Mpc] 69.30 (70.68)+0.86
−1.3 69.11 (70.68)+0.80

−1.3

S8 0.829 (0.837)+0.011
−0.011 0.827 (0.837)+0.011

−0.011

Mb −19.369 (−19.325)+0.025
−0.038 −19.374 (−19.325)+0.024

−0.037

∆χ2 −0.41 −0.41

Q
Mb
DMAP 2.55σ 2.55σ

Mb GT 3.12σ 3.38σ

Mb IT 2.56σ 2.7σ

S8 GT 3.41σ 3.32σ

S8 IT 3.43σ 3.31σ

∆AICMb −22.67 −22.67

Table VII. Mean (best-fit) ±1σ error of all free parameters, and S8 and Mb, obtained by fitting the two-parameter SDR
model (i.e. with rg fixed) to the baseline dataset P18+BAO+Pantheon, comparing two choices of prior on log10 zt. Upper
bounds are presented at 95% C.L., and parameters without constraints at 95% C.L. within their prior boundaries are marked
as unconstrained. Tension measures are reported with respect to the SH0ES measurement of Mb and with respect to the
combined S8 measurement from KiDS-1000 and DES-Y3.

where gψ∗ corresponds to the degrees of freedom in the SDR component that becomes massive at zt (the fermion ψ in
the reference model of [18]) and α is the coupling strength of the interaction. This parameter is only logarithmically
dependent on these fundamental parameters, and thus its value does not vary much. In this work, we have kept this

parameter fixed (for the sake of comparing to WIDM), using the values suggested in [18]: α = 10−4 and gψ∗ = 4× 7/8
such that b ≈ 0.04.

Appendix C: Detailed MCMC Results

We present below plots and tables containing the details of our analysis. This includes posterior distribution plots
and tables reflecting statistics for a larger set of (ΛCDM and model-specific) parameters, as well as tables of χ2 values
for each dataset derived from several different fits of each model. For all our runs, we used a jumping factor of 2.0
and produced more than eight chains. We used the BBN table BBN 2017 marcucci.dat to relate YHe to ωb and
Neff = 3.046 at BBN. As mentioned in the main text, we did not include the contribution of self-interacting radiation
at BBN, accounting for the possibility that it may be produced after BBN.

SDR narrow vs broad priors

In Table VII, we show the complete set of free parameters for the SDR model (with the step size fixed as done in
[16]), comparing two fits to the baseline data set with different choices of the prior on log10 zt. The wider choice of
the prior log10 zt ∈ [3.0, 5.0] can be thought of as a more conservative choice, and since the MCMC analysis does not
obtain reliable constraints on the value log10 zt, we use this wider prior for the rest of our analysis.

Except for a mild fluctuation in the tensions (i.e. a slight increase in the Mb GT and IT, along with a slight decrease
in the S8 GT and IT), the widening of the prior does not strongly affect the inferred statistics. For instance, the
conclusion that the presence of the step in ∆Neff relaxes the constraint on ∆Neff remains unchanged. In addition, the
Markov chains generated with the wider prior to not obtain a better fit to the data, and thus the χ2 (and therefore
∆2
χ and ∆AIC) do not change.
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Parameter rg fixed rg free

100ωb 2.251 (2.257)+0.015
−0.016 2.248 (2.244)+0.015

−0.017

ωcdm 0.1234 (0.1289)+0.0020
−0.0035 0.1227 (0.1234)+0.0018

−0.0030

ln 1010As 3.048 (3.049)+0.014
−0.014 3.050 (3.066)+0.014

−0.015

ns 0.9691 (0.9773)+0.0042
−0.0056 0.9695 (0.9772)+0.0042

−0.0063

τreio 0.0575 (0.0573)+0.0068
−0.0075 0.0575 (0.0616)+0.0067

−0.0076

∆N IR
eff < 0.59 (0.551) < 0.546 (0.289)

log10 zt Unconstrained (4.3) Unconstrained (4.29)

rg — Unconstrained (4.0)

H0 [km/s/Mpc] 69.11 (70.68)+0.80
−1.3 68.89 (69.34)+0.71

−1.1

S8 0.827 (0.837)+0.011
−0.011 0.827 (0.834)+0.011

−0.011

Mb −19.374 (−19.325)+0.024
−0.037 −19.381 (−19.369)+0.021

−0.032

∆χ2 −0.41 −1.4

Q
Mb
DMAP 2.55σ 2.74σ

Mb GT 3.38σ 3.74σ

Mb IT 2.7σ 3.03σ

S8 GT 3.32σ 3.27σ

S8 IT 3.31σ 3.28σ

∆AICMb −22.67 −20.67

Table VIII. Mean (best-fit) ±1σ error of all free parameters, and S8 and Mb, obtained by fitting the two- or three-parameter
SDR model (i.e. with rg fixed or free to vary) to the baseline dataset P18+BAO+Pantheon. Upper bounds are presented at
95% C.L., and parameters without constraints at 95% C.L. within their prior boundaries are marked as unconstrained. Tension
measures are reported with respect to the SH0ES measurement of Mb and with respect to the combined S8 measurement from
KiDS-1000 and DES-Y3.

SDR step size fixed vs free

In Table VIII, we show the complete set of free parameters for the SDR model, comparing the cases of having the
step size as a fixed or free parameter. The specific choice of the step size reflects a specified particle physics model.
However, many such particle physics models may be able to produce the phenomenology of the dark radiation fluid
with a step, and therefore one can think of the step size as a free parameter.

This choice allows the MCMC to find a set of parameters which fit the data better than when the step size is fixed,
which is reflected in the improvement in the ∆χ2. On the other hand, when fitting to the dataset baseline + Mb,
the same set of best-ft parameters is found in both the step-size-fixed and -free cases. Thus, the ∆AIC is worsened
(i.e. made more positive) with the step size free because of the addition of a new free parameter. However, since the
∆AIC is already quite negative, this is not significant evidence against the model. Overall, the addition of a new free
parameter, the step size, leads to a better fit to data.

On the other hand, the tension with Mb is increased when the step size is made free (i.e. QMb

DMAP, Mb GT, and Mb

IT are all increased), but not significantly beyond the ∼ 3σ level overall.

SDR compared to SIDR

In Table IX, we show the complete set of free parameters for the SIDR model and compare to two implementations
of the SDR model: SDR (i) refers to fixing the parameter rg and using the narrower prior log10 zt ∈ [4.0, 4.6] as done
in [16], and SDR (ii) refers to leaving rg free to vary and using the wider prior log10 zt ∈ [3.0, 5.0]. We see here that
the ability of the SDR model to improve upon SIDR with regard to the H0 tension is absent in the implementation
(ii) compared to implementation (i) where this improvement is successful.

In Table X, we show a comparison of SIDR and SDR (ii) fit with the baseline + FS dataset, showing similar results
to the baseline dataset.

We note here also that SIDR shows a mildly smaller tension with S8 compared to SDR (both (i) and (ii)). Meanwhile,
the WIDM model reduces the tension marginally lower than SIDR [see Table XI].
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Parameter SIDR SDR (i) SDR (ii)

100ωb 2.255 (2.252)+0.017
−0.017 2.253 (2.257)+0.015

−0.017 2.248 (2.244)+0.015
−0.017

ωcdm 0.1226 (0.12)+0.0018
−0.0030 0.1240 (0.1289)+0.0023

−0.0036 0.1227 (0.1234)+0.0018
−0.0030

ln 1010As 3.046 (3.048)+0.014
−0.015 3.050 (3.049)+0.013

−0.015 3.050 (3.066)+0.014
−0.015

ns 0.9667 (0.9678)+0.0038
−0.0037 0.9715 (0.9773)+0.0046

−0.0055 0.9695 (0.9772)+0.0042
−0.0063

τreio 0.0578 (0.0588)+0.0066
−0.0077 0.0574 (0.0573)+0.0067

−0.0076 0.0575 (0.0616)+0.0067
−0.0076

∆N IR
eff < 0.456 (0.072) < 0.597 (0.551) < 0.546 (0.289)

log10 zt — Unconstrained (4.3) Unconstrained (4.29)

rg — — Unconstrained (4.0)

H0 [km/s/Mpc] 68.95 (68.38)+0.73
−1.2 69.30 (70.68)+0.86

−1.3 68.89 (69.34)+0.71
−1.1

S8 0.823 (0.818)+0.011
−0.011 0.829 (0.837)+0.011

−0.011 0.827 (0.834)+0.011
−0.011

Mb −19.380 (−19.397)+0.022
−0.034 −19.369 (−19.325)+0.025

−0.038 −19.381 (−19.369)+0.021
−0.032

∆χ2 −0.22 −0.41 −1.4

Q
Mb
DMAP 3.48σ 2.55σ 2.74σ

Mb GT 3.66σ 3.12σ 3.74σ

Mb IT 2.95σ 2.56σ 3.03σ

S8 GT 3.14σ 3.41σ 3.27σ

S8 IT 3.15σ 3.43σ 3.28σ

∆AICMb −18.88 −22.67 −20.67

Table IX. Mean (best-fit) ±1σ error of all free parameters, and S8 and Mb, obtained by fitting the SIDR model to the baseline
dataset P18+BAO+Pantheon. For comparison, the SDR model is shown with: (i) rg fixed and log10 zt ∈ [4.0, 4.6] and (ii) rg
free and log10 zt ∈ [3.0, 5.0]. Upper bounds are presented at 95% C.L., and parameters without constraints at 95% C.L. within
their prior boundaries are marked as unconstrained. Tension measures are reported with respect to the SH0ES measurement
of Mb and with respect to the combined S8 measurement from KiDS-1000 and DES-Y3.

Parameter SIDR SDR

100ωb 2.258 (2.266)+0.015
−0.018 2.251 (2.247)+0.015

−0.016

ωcdm 0.1223 (0.1212)+0.0018
−0.0030 0.1220 (0.1202)+0.0016

−0.0028

ln 1010As 3.045 (3.035)+0.015
−0.014 3.048 (3.057)+0.014

−0.015

ns 0.9673 (0.968)+0.0038
−0.0037 0.9691 (0.9696)+0.0039

−0.0053

τreio 0.0578 (0.0534)+0.0068
−0.0075 0.0576 (0.0617)+0.0071

−0.0071

∆N IR
eff < 0.457 (0.157) < 0.55 (0.08)

log10 zt — Unconstrained (4.97)

rg — Unconstrained (2.34)

H0 [km/s/Mpc] 69.13 (69.11)+0.73
−1.1 69.01 (68.37)+0.66

−1.1

S8 0.819 (0.809)+0.010
−0.010 0.821 (0.824)+0.010

−0.010

Mb −19.375 (−19.376)+0.022
−0.034 −19.379 (−19.402)+0.020

−0.032

∆χ2 −0.23 −1.62

Mb GT 3.53σ 3.77σ

Mb IT 2.83σ 2.94σ

S8 GT 2.9σ 3.01σ

S8 IT 2.92σ 3.01σ

Table X. Mean (best-fit) ±1σ error of all free parameters, and S8 and Mb, obtained by fitting the SIDR model to the baseline +
FS dataset. For comparison, the SDR model is shown with (ii) rg free and log10 zt ∈ [3.0, 5.0]. Upper bounds are presented at
95% C.L., and parameters without constraints at 95% C.L. within their prior boundaries are marked as unconstrained. Tension
measures are reported with respect to the SH0ES measurement of Mb and with respect to the combined S8 measurement from
KiDS-1000 and DES-Y3.
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Figure 11. One- and two-dimensional posterior distributions for selected parameters fit to three different datasets: the baseline
dataset P18+BAO+Pantheon, the baseline + FS, and the baseline +FS+Mb. The light green (lighter green) vertical bars show
the 1-σ (2-σ) bounds of the SH0ES measurement of H0, and the light pink (lighter pink) horizontal bars show the 1-σ (2-σ)
bounds of the combined S8 measurement from KiDS-1000 and DES-Y3.

Detailed posteriors

In Fig. 11, we present posterior distributions for several model parameters in the SDR model. We compare the
posteriors obtained by fitting to three datasets: baseline, baseline + FS, and baseline + FS + Mb. These posteriors
demonstrate clearly the capacity for the SDR model to relax the constraints on ∆Neff as well as its ability to broaden
the posterior distribution of H0 and thus alleviate the Hubble tension.

It can also be seen in the posterior distributions for rg and log10 zt that the data do not clearly prefer any value
(or even range of values) of these parameters.

In Fig.s 12 and 13, we show the posterior distributions for several model parameters for the WIDM and SIDM
models, respectively.
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Figure 12. One- and two-dimensional posterior distributions are given for selected model parameters, as well as H0 and S8,
obtained by fitting the WIDM model to four datasets: the baseline, baseline + FS, baseline + FS + S8, and baseline + FS
+ S8 + Mb. The light green (lighter green) vertical bars show the 1-σ (2-σ) bounds of the SH0ES measurement of H0, and
the light pink (lighter pink) horizontal bars show the 1-σ (2-σ) bounds of the combined S8 measurement from KiDS-1000 and
DES-Y3.

Model comparison

In Fig. 14, we plot posterior distributions of selected parameters for fits to the baseline + FS datset of each model
discussed in this work: ΛCDM, SDR, WIDM, and SIDM. A key feature of this plot is that the inferred statistics for
each parameter remain largely unchanged by the inclusion of dark matter interactions (i.e. the posteriors for WIDM
and SIDM closely resemble the posteriors for SDR). This is especially significant when considering S8, since this in
turn indicates that the S8 tension is not lessened by the addition of dark matter interactions.

Tables XI- XXIV show the detailed statistics of parameters derived from the MCMC analyses performed in this
work. Table XI shows means, best fits, and errors reflecting fitting to the baseline dataset; Table XIII shows the same
for the dataset baseline + FS; Table XV shows baseline + FS + Mb; Table XVII shows baseline + S8; Table XIX
shows baseline + S8 +Mb; Table XXI shows baseline + FS + S8; and Table XXIII shows baseline + FS +S8 + Mb.
The χ2 values are given for each fit in Table XII, Table XIV, Table XVI, Table XVIII, Table XX, Table XXII, and
Table XXIV, respectively.
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Figure 13. One- and two-dimensional posterior distributions are given for selected model parameters, as well as H0 and S8,
obtained by fitting the SIDM model to four datasets: the baseline, baseline + FS, baseline + FS + S8, and baseline + FS
+ S8 + Mb. The light green (lighter green) vertical bars show the 1-σ (2-σ) bounds of the SH0ES measurement of H0, and
the light pink (lighter pink) horizontal bars show the 1-σ (2-σ) bounds of the combined S8 measurement from KiDS-1000 and
DES-Y3.
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Figure 14. One- and two-dimensional posterior distributions are given for selected parameters obtained by fitting to the baseline
+ FS dataset for each model: ΛCDM, SDR, WIDM, and SIDM. The light green (lighter green) vertical bars show the 1-σ (2-σ)
bounds of the SH0ES measurement of H0, and the light pink (lighter pink) horizontal bars show the 1-σ (2-σ) bounds of the
combined S8 measurement from KiDS-1000 and DES-Y3.
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Parameter ΛCDM SDR WIDM SIDM

100ωb 2.240 (2.243)+0.013
−0.013 2.248 (2.244)+0.015

−0.017 2.251 (2.245)+0.015
−0.016 2.249 (2.257)+0.016

−0.018

ωcdm 0.11930 (0.11902)+0.00091
−0.00091 0.1227 (0.1234)+0.0018

−0.0030 0.1227 (0.1231)+0.0017
−0.0030 0.1230 (0.1216)+0.0017

−0.0030

ln 1010As 3.049 (3.054)+0.014
−0.014 3.050 (3.066)+0.014

−0.015 3.051 (3.06)+0.014
−0.015 3.051 (3.055)+0.014

−0.016

ns 0.9658 (0.9683)+0.0037
−0.0037 0.9695 (0.9772)+0.0042

−0.0063 0.9707 (0.9743)+0.0043
−0.0063 0.9708 (0.9722)+0.0045

−0.0066

τreio 0.0574 (0.0596)+0.0071
−0.0072 0.0575 (0.0616)+0.0067

−0.0076 0.0578 (0.0591)+0.0069
−0.0076 0.0575 (0.0568)+0.0070

−0.0077

∆N IR
eff — < 0.546 (0.289) < 0.546 (0.179) < 0.511 (0.105)

log10 zt — Unconstrained (4.29) Unconstrained (4.42) Unconstrained (4.58)

rg — Unconstrained (4.0) Unconstrained (3.74) Unconstrained (1.74)

log10 Γ0 — — < −6.156 (−6.324) < 4.404 (1.416)

log10 fDM — — Unconstrained (−0.354) < −2.015 (−2.551)

H0 [km/s/Mpc] 67.66 (67.9)+0.41
−0.41 68.89 (69.34)+0.71

−1.1 68.84 (68.4)+0.67
−1.1 68.85 (68.37)+0.65

−1.1

S8 0.825 (0.823)+0.010
−0.010 0.827 (0.834)+0.011

−0.011 0.825 (0.832)+0.012
−0.012 0.827 (0.83)+0.011

−0.011

Mb −19.419 (−19.413)+0.012
−0.011 −19.381 (−19.369)+0.021

−0.032 −19.382 (−19.392)+0.020
−0.032 −19.382 (−19.395)+0.019

−0.032

∆χ2 — −1.4 −1.83 0.08

Q
Mb
DMAP 5.73σ 2.74σ 2.9σ 2.68σ

QS8
DMAP 3.46σ — 2.93σ 3.52σ

Mb GT 5.63σ 3.74σ 3.86σ 3.91σ

Mb IT 5.63σ 3.03σ 3.1σ 2.88σ

S8 GT 3.24σ 3.27σ 3.08σ 3.3σ

S8 IT 3.23σ 3.28σ 2.9σ 3.24σ

∆AICMb — −20.67 −16.21 −15.51

∆AICS8 — — 4.78 10.56

Table XI. Mean (best-fit) ±1σ error of all free parameters, and S8 and Mb, obtained by fitting ΛCDM, SDR, WIDM, and SIDM
to the baseline dataset P18+BAO+Pantheon. Upper bounds are presented at 95% C.L., and parameters without constraints
at 95% C.L. within their prior boundaries are marked as unconstrained. Tension measures are reported with respect to the
SH0ES measurement of Mb and with respect to the combined S8 measurement from KiDS-1000 and DES-Y3.

Dataset ΛCDM SDR WIDM SIDM

Planck highl TTTEEE 2350.41 2350.47 2349.25 2352.79

Planck lowl EE 398.07 397.96 397.19 396.47

Planck lowl TT 23.07 21.92 22.24 22.29

Planck lensing 8.66 9.09 9.05 8.84

Pantheon 1025.93 1025.73 1026.31 1025.93

bao boss dr12 4.3 3.44 4.67 4.17

bao smallz 2014 1.25 1.67 1.14 1.28

χ2
total 3811.69 3810.29 3809.86 3811.77

Table XII. The χ2 value for each likelihood in the baseline dataset is given for each model, along with the total χ2.
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Parameter ΛCDM SDR WIDM SIDM

100ωb 2.243 (2.248)+0.013
−0.013 2.251 (2.247)+0.015

−0.016 2.254 (2.258)+0.015
−0.017 2.251 (2.249)+0.015

−0.018

ωcdm 0.11893 (0.11861)+0.00086
−0.00087 0.1220 (0.1202)+0.0016

−0.0028 0.1221 (0.1205)+0.0016
−0.0028 0.1221 (0.1228)+0.0016

−0.0027

ln 1010As 3.048 (3.061)+0.014
−0.014 3.048 (3.057)+0.014

−0.015 3.050 (3.057)+0.014
−0.015 3.048 (3.06)+0.014

−0.015

ns 0.9664 (0.9679)+0.0036
−0.0036 0.9691 (0.9696)+0.0039

−0.0053 0.9706 (0.969)+0.0040
−0.0057 0.9700 (0.9808)+0.0045

−0.0055

τreio 0.0574 (0.0621)+0.0068
−0.0075 0.0576 (0.0617)+0.0071

−0.0071 0.0579 (0.0594)+0.0069
−0.0078 0.0576 (0.0617)+0.0071

−0.0071

∆N IR
eff — < 0.55 (0.08) < 0.531 (0.092) < 0.544 (0.268)

log10 zt — Unconstrained (4.97) Unconstrained (4.18) Unconstrained (4.38)

rg — Unconstrained (2.34) Unconstrained (4.87) Unconstrained (4.39)

log10 Γ0 — — < −6.156 (−8.231) < 4.286 (3.723)

log10 fDM — — Unconstrained (−0.806) < −2.022 (−3.903)

H0 [km/s/Mpc] 67.82 (67.99)+0.39
−0.39 69.01 (68.37)+0.66

−1.1 68.97 (68.37)+0.65
−1.1 68.96 (69.45)+0.67

−1.1

S8 0.8202 (0.8217)+0.0099
−0.0099 0.821 (0.824)+0.010

−0.010 0.818 (0.826)+0.011
−0.011 0.820 (0.828)+0.011

−0.011

Mb −19.414 (−19.411)+0.011
−0.011 −19.379 (−19.402)+0.020

−0.032 −19.379 (−19.396)+0.019
−0.031 −19.380 (−19.364)+0.020

−0.032

∆χ2 — −1.62 −0.63 −1.04

Q
Mb
DMAP 5.52σ 2.72σ — —

QS8
DMAP 3.01σ — 2.75σ 2.55σ

Mb GT 5.52σ 3.77σ 3.81σ 3.8σ

Mb IT 5.52σ 2.94σ 2.99σ 2.92σ

S8 GT 3.02σ 3.01σ 2.82σ 2.89σ

S8 IT 3.0σ 3.01σ 2.63σ 2.65σ

∆AICMb — −18.69 — —

∆AICS8 — — 7.9 6.43

Table XIII. Mean (best-fit) ±1σ error of all free parameters, and S8 and Mb, obtained by fitting ΛCDM, SDR, WIDM, and
SIDM to the baseline + FS dataset. Upper bounds are presented at 95% C.L., and parameters without constraints at 95%
C.L. within their prior boundaries are marked as unconstrained. Tension measures are reported with respect to the SH0ES
measurement of Mb and with respect to the combined S8 measurement from KiDS-1000 and DES-Y3.

Dataset ΛCDM SDR WIDM SIDM

Planck highl TTTEEE 2354.04 2352.28 2355.64 2353.02

Planck lowl EE 398.21 398.04 397.2 397.8

Planck lowl TT 23.1 22.64 21.78 21.31

Planck lensing 8.67 8.79 9.66 9.41

eft boss cmass bao 85.17 85.05 83.93 84.5

eft boss lowz bao 67.88 67.94 68.01 69.75

Pantheon 1025.84 1026.55 1025.75 1025.71

bao smallz 2014 1.48 1.49 1.82 1.85

χ2
total 3964.4 3962.78 3963.77 3963.35

Table XIV. The χ2 value for each likelihood in the baseline + FS dataset is given for each model, along with the total χ2.
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Parameter ΛCDM SDR

100ωb 2.259 (2.256)+0.013
−0.014 2.276 (2.287)+0.017

−0.018

ωcdm 0.11744 (0.118)+0.00085
−0.00085 0.1281 (0.1277)+0.0025

−0.0029

ln 1010As 3.053 (3.038)+0.014
−0.016 3.049 (3.069)+0.015

−0.016

ns 0.9702 (0.9672)+0.0037
−0.0037 0.9736 (0.982)+0.0049

−0.0077

τreio 0.0610 (0.0554)+0.0068
−0.0080 0.0603 (0.0668)+0.0070

−0.0082

∆N IR
eff — 0.69 (0.63)+0.14

−0.23

log10 zt — Unconstrained (4.22)

rg — Unconstrained (1.14)

H0 [km/s/Mpc] 68.57 (68.27)+0.39
−0.39 71.71 (72.17)+0.83

−0.80

S8 0.8049 (0.805)+0.0099
−0.0099 0.816 (0.82)+0.010

−0.012

Mb −19.395 (−19.399)+0.011
−0.011 −19.300 (−19.285)+0.024

−0.024

∆χ2 — −24.69

QS8
DMAP 1.84σ —

Mb GT 4.87σ 1.29σ

Mb IT 4.57σ 1.29σ

S8 GT 2.16σ 2.54σ

S8 IT 2.15σ 2.68σ

Table XV. Mean (best-fit) ±1σ error of all free parameters, and S8 and Mb, obtained by fitting ΛCDM and SDR to the baseline
+ FS + Mb dataset. Upper bounds are presented at 95% C.L., and parameters without constraints at 95% C.L. within their
prior boundaries are marked as unconstrained. Tension measures are reported with respect to the SH0ES measurement of Mb

and with respect to the combined S8 measurement from KiDS-1000 and DES-Y3.

Dataset ΛCDM SDR

Planck highl TTTEEE 2360.69 2354.32

Planck lowl EE 397.24 399.78

Planck lowl TT 22.45 21.32

Planck lensing 9.97 9.33

eft boss cmass bao 83.11 84.03

eft boss lowz bao 69.38 70.78

Pantheon 1025.66 1026.03

bao smallz 2014 2.54 3.15

shoesMB 23.83 1.44

χ2
total 3994.88 3970.19

Table XVI. The χ2 value for each likelihood in the baseline + FS + Mb dataset is given for each model, along with the total
χ2.
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Parameter SDR

100ωb 2.259 (2.261)+0.014
−0.016

ωcdm 0.1212 (0.1214)+0.0017
−0.0030

ln 1010As 3.038 (3.046)+0.014
−0.014

ns 0.9704 (0.9725)+0.0037
−0.0048

τreio 0.0547 (0.0584)+0.0070
−0.0070

∆N IR
eff < 0.621 (0.316)

log10 zt Unconstrained (3.61)

rg Unconstrained (8.95)

H0 [km/s/Mpc] 69.54 (69.89)+0.69
−1.1

S8 0.8052 (0.8039)+0.0085
−0.0085

Mb −19.365 (−19.356)+0.020
−0.033

∆χ2 −0.97

Q
Mb
DMAP 2.74σ

Mb GT 3.3σ

Mb IT 2.65σ

S8 GT 2.27σ

S8 IT 2.27σ

∆AICMb −14.48

Table XVII. Mean (best-fit) ±1σ error of all free parameters, and S8 and Mb, obtained by fitting SDR to the baseline +
S8 dataset. Upper bounds are presented at 95% C.L., and parameters without constraints at 95% C.L. within their prior
boundaries are marked as unconstrained. Tension measures are reported with respect to the SH0ES measurement of Mb and
with respect to the combined S8 measurement from KiDS-1000 and DES-Y3.

Dataset SDR

Planck highl TTTEEE 2354.88

Planck lowl EE 396.78

Planck lowl TT 22.12

Planck lensing 10.36

Pantheon 1025.76

bao boss dr12 3.68

bao smallz 2014 2.44

S8DESY3 3.15

S8kids 3.51

χ2
total 3822.66

Table XVIII. The χ2 value for each likelihood in the baseline + S8 dataset is given for each model, along with the total χ2.



34

Parameter ΛCDM SDR

100ωb 2.265 (2.267)+0.013
−0.013 2.282 (2.283)+0.016

−0.016

ωcdm 0.11667 (0.11666)+0.00078
−0.00078 0.1270 (0.1283)+0.0025

−0.0027

ln 1010As 3.049 (3.052)+0.014
−0.016 3.037 (3.045)+0.014

−0.015

ns 0.9721 (0.9732)+0.0037
−0.0037 0.9727 (0.9786)+0.0037

−0.0058

τreio 0.0598 (0.0629)+0.0071
−0.0082 0.0569 (0.0572)+0.0068

−0.0076

∆N IR
eff — 0.72 (0.64)+0.18

−0.26

log10 zt — < 4.423 (4.13)

rg — Unconstrained (9.45)

H0 [km/s/Mpc] 68.92 (68.95)+0.36
−0.36 72.00 (72.18)+0.81

−0.80

S8 0.7946 (0.7961)+0.0083
−0.0081 0.8009 (0.8118)+0.0086

−0.0088

Mb −19.386 (−19.384)+0.010
−0.010 −19.293 (−19.288)+0.023

−0.023

∆χ2 — −20.48

Mb GT 4.59σ 1.11σ

Mb IT 4.55σ 1.11σ

S8 GT 1.65σ 1.99σ

S8 IT 1.65σ 2.0σ

Table XIX. Mean (best-fit) ±1σ error of all free parameters, and S8 and Mb, obtained by fitting ΛCDM and SDR to the
baseline + S8 +Mb dataset. Upper bounds are presented at 95% C.L., and parameters without constraints at 95% C.L. within
their prior boundaries are marked as unconstrained. Tension measures are reported with respect to the SH0ES measurement
of Mb and with respect to the combined S8 measurement from KiDS-1000 and DES-Y3.

Dataset ΛCDM SDR

Planck highl TTTEEE 2359.97 2357.05

Planck lowl EE 398.09 396.43

Planck lowl TT 22.21 21.32

Planck lensing 10.5 10.42

Pantheon 1025.75 1025.84

bao boss dr12 3.9 4.64

bao smallz 2014 2.61 3.05

S8DESY3 1.8 4.9

S8kids 2.4 4.85

shoesMB 23.44 1.7

χ2
total 3850.68 3830.2

Table XX. The χ2 value for each likelihood in the baseline + S8 +Mb dataset is given for each model, along with the total χ2.
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Parameter ΛCDM WIDM SIDM

100ωb 2.252 (2.245)+0.013
−0.013 2.261 (2.268)+0.017

−0.016 2.260 (2.231)+0.017
−0.016

ωcdm 0.11768 (0.11765)+0.00076
−0.00076 0.1214 (0.1227)+0.0017

−0.0032 0.1209 (0.1192)+0.0013
−0.0031

ln 1010As 3.040 (3.04)+0.014
−0.014 3.044 (3.038)+0.015

−0.015 3.041 (3.072)+0.015
−0.016

ns 0.9688 (0.9699)+0.0036
−0.0036 0.9723 (0.9676)+0.0038

−0.0050 0.9710 (0.9673)+0.0038
−0.0047

τreio 0.0548 (0.0537)+0.0067
−0.0072 0.0561 (0.0548)+0.0071

−0.0072 0.0556 (0.0705)+0.0073
−0.0074

∆N IR
eff — < 0.616 (0.177) < 0.718 (0.011)

log10 zt — Unconstrained (4.53) Unconstrained (3.45)

rg — Unconstrained (0.19) Unconstrained (4.29)

log10 Γ0 — Unconstrained (−6.288) < 4.167 (2.379)

log10 fDM — Unconstrained (−0.139) < −1.496 (−1.348)

H0 [km/s/Mpc] 68.38 (68.37)+0.35
−0.35 69.35 (68.79)+0.75

−1.2 69.42 (67.73)+0.70
−1.2

S8 0.8029 (0.8034)+0.0083
−0.0082 0.795 (0.793)+0.013

−0.0097 0.800 (0.773)+0.011
−0.0084

Mb −19.3999 (−19.3999)+0.0099
−0.010 −19.369 (−19.384)+0.022

−0.035 −19.368 (−19.417)+0.020
−0.037

∆χ2 — −2.1 −3.57

Q
Mb
DMAP 4.98σ 2.53σ 3.21σ

Mb GT 5.11σ 3.36σ 3.4σ

Mb IT 4.98σ 2.62σ 2.43σ

S8 GT 2.15σ 1.62σ 1.94σ

S8 IT 2.15σ 1.48σ 1.76σ

∆AICMb — −10.52 −8.08

Table XXI. Mean (best-fit) ±1σ error of all free parameters, and S8 and Mb, obtained by fitting ΛCDM, WIDM, and SIDM
to the baseline + FS + S8 dataset. Upper bounds are presented at 95% C.L., and parameters without constraints at 95%
C.L. within their prior boundaries are marked as unconstrained. Tension measures are reported with respect to the SH0ES
measurement of Mb and with respect to the combined S8 measurement from KiDS-1000 and DES-Y3.

Dataset ΛCDM WIDM SIDM

Planck highl TTTEEE 2356.99 2358.37 2352.09

Planck lowl EE 397.54 396.07 402.57

Planck lowl TT 22.03 22.96 23.42

Planck lensing 10.42 9.97 9.94

eft boss cmass bao 84.14 85.06 88.1

eft boss lowz bao 67.99 68.35 66.22

Pantheon 1025.9 1025.83 1025.88

bao smallz 2014 2.18 1.33 1.28

S8DESY3 2.93 1.38 0.01

S8kids 3.33 2.02 0.36

χ2
total 3973.45 3971.35 3969.88

Table XXII. The χ2 value for each likelihood in the baseline + FS + S8 dataset is given for each model, along with the total
χ2.
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Parameter ΛCDM WIDM SIDM

100ωb 2.267 (2.274)+0.013
−0.013 2.285 (2.296)+0.017

−0.016 2.286 (2.3)+0.019
−0.019

ωcdm 0.11659 (0.1169)+0.00074
−0.00074 0.1276 (0.1291)+0.0029

−0.0033 0.1277 (0.1262)+0.0031
−0.0031

ln 1010As 3.047 (3.06)+0.014
−0.015 3.042 (3.04)+0.014

−0.016 3.035 (3.033)+0.017
−0.016

ns 0.9725 (0.973)+0.0036
−0.0035 0.9750 (0.9785)+0.0040

−0.0062 0.9743 (0.9734)+0.0044
−0.0069

τreio 0.0596 (0.0635)+0.0070
−0.0078 0.0580 (0.0556)+0.0069

−0.0074 0.0563 (0.0568)+0.0083
−0.0082

∆N IR
eff — 0.71 (0.65)+0.18

−0.25 0.72 (0.59)+0.19
−0.26

log10 zt — < 4.432 (4.12) < 4.555 (3.74)

rg — Unconstrained (0.53) < 4.098 (0.27)

log10 Γ0 — < −5.837 (−5.746) < 3.983 (−0.853)

log10 fDM — Unconstrained (−0.824) < −2.017 (−3.616)

H0 [km/s/Mpc] 68.97 (68.96)+0.34
−0.34 71.94 (72.13)+0.86

−0.75 72.24 (72.48)+0.93
−0.89

S8 0.7930 (0.8003)+0.0079
−0.0079 0.793 (0.782)+0.011

−0.0089 0.7974 (0.7901)+0.0096
−0.0093

Mb −19.3844 (−19.3832)+0.0099
−0.0098 −19.294 (−19.283)+0.025

−0.022 −19.286 (−19.279)+0.027
−0.025

∆χ2 — −20.57 −18.08

Mb GT 4.57σ 1.11σ 0.85σ

Mb IT 4.54σ 1.14σ 0.85σ

S8 GT 1.57σ 1.51σ 1.75σ

S8 IT 1.56σ 1.43σ 1.69σ

Table XXIII. Mean (best-fit) ±1σ error of all free parameters, and S8 and Mb, obtained by fitting ΛCDM, WIDM, and SIDM
to the baseline + FS + S8 +Mb dataset. Upper bounds are presented at 95% C.L., and parameters without constraints at 95%
C.L. within their prior boundaries are marked as unconstrained. Tension measures are reported with respect to the SH0ES
measurement of Mb and with respect to the combined S8 measurement from KiDS-1000 and DES-Y3.

Dataset ΛCDM WIDM SIDM

Planck highl TTTEEE 2359.11 2364.24 2363.08

Planck lowl EE 398.34 396.12 396.75

Planck lowl TT 22.36 21.4 21.68

Planck lensing 9.62 11.91 12.43

eft boss cmass bao 84.57 83.93 82.94

eft boss lowz bao 67.31 68.13 69.23

Pantheon 1025.71 1026.81 1025.81

bao smallz 2014 2.55 2.72 3.21

S8DESY3 2.46 0.3 1.42

S8kids 2.96 0.9 2.06

shoesMB 23.26 1.24 1.58

χ2
total 3998.27 3977.7 3980.19

Table XXIV. The χ2 value for each likelihood in the baseline + FS + S8 +Mb dataset is given for each model, along with the
total χ2.
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