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The existence of scalar fields can be probed by observations of stochastic gravitational waves.
Scalar fields mediate attractive forces, usually stronger than gravity, on the length scales shorter
than their Compton wavelengths, which can be non-negligible in the early Universe, when the
horizon size is small. These attractive forces exhibit an instability similar to the gravitational
instability, only stronger. They can, therefore, lead to the growth of structures in some species. We
identify a gravitational waves signature of such processes and show that it can be detected by future
gravitational waves experiments.

Most of the elementary particles discovered in the
past century have Compton wavelengths that are much
smaller than the size of the atom, and, therefore, they
cannot mediate any long-range forces between atoms.
However, in the early Universe with the total energy
density ρ, any force mediated by particles with masses
smaller than ρ1/2/MPl, where MPl is the reduced Planck
mass, acts as a long-range force on the scales of the Hub-
ble horizon at that time. Of particular interest are the
forces that mediate attractive interactions between par-
ticles, such as the Yukawa forces. The Yukawa inter-
actions are always attractive, and, unless the coupling
is unusually small, such forces are much stronger than
gravity. This has a profound effect on the dynamics of
any particles participating in such interactions. The at-
tractive nature of the force implies an instability similar
to gravitational instability, and the growth of structures
in the distribution of density of some particle species is
possible even in the radiation dominated Universe [1–
6]. This growth of isocurvature overdensities can lead
to bound states [7–9] or, accompanied by the radiative
cooling caused by the same Yukawa interaction, can lead
to the formation of primordial black holes (PBHs) [4, 6].

We will explore a generic observable manifestation of
the structure formation due to the presence of the at-
tractive forces in the early Universe, namely, stochastic
gravitational waves (GWs). We will show that such an
event in the early Universe during either a radiation dom-
inated (RD) era or an intermediate matter dominated
(IMD) era can produce a signal detectable by the future
GW detectors. The possibility of an IMD era has been
considered, in particular, in connection with the forma-
tion of PBHs [10–13].

While previous work has demonstrated that gravita-

tional forces alone can generate GWs [14–16], here we
will explore the effects of a force significantly stronger
than gravity.

The formation of dark matter overdensities due to a
long-range scalar force has been examined in many dif-
ferent contexts [1, 2, 4, 5]. As in Ref. [4], we consider a
heavy fermion ψ interacting with a scalar field χ:

L ⊃ 1
2m

2
χχ

2 − yχψ̄ψ + · · · . (1)

We will assume that the scalar is either massless or very
light, mχ � m2

ψ/MPl, where MPl ≈ 2 × 1018 GeV. Fur-
ther, we assume that the fermions ψ are either stable or
have a total decay width Γ � m2

ψ/MPl which ensures
there is a cosmological epoch where the ψ particles can
become nonrelativistic, decoupled from equilibrium, and
interact via long-range force mediated by the χ field. In
particular, we require that the annihilation cross section
Γψψ→χχ � H.

During a RD era, gravity alone only allows for logarith-
mic growth of density perturbations whereas in an IMD
era, gravitational forces cause δ(x, t) = δρ/ρ̄ to grow lin-
early with scale factor [17], i.e., δ ∝ a. In either case,
the presence of a long-range “fifth force” stronger than
gravity causes the fluctuations to grow at a much faster
rate. We note that the scalar force does not couple to
the mass density, but to the number density of ψ. The
strength of this force can be characterized by its relative
strength with gravity, ξ ≡ yMPl/mψ � 1. This causes
fluctuations ∆(x, t) = ∆nψ/n̄ψ to grow more rapidly so
long as the ψ is decoupled from radiation so that pressure
can be neglected.

In Fourier space, the growth of these perturbations is
described by the system of coupled equations [1, 5, 18–
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20],

δ̈k + 2Hδ̇k −
3
2H

2(Ωradδk + Ωψ∆k) = 0 (2)

∆̈k + 2H∆̇k −
3
2H

2 [Ωradδk + Ωψ(1 + ξ2)∆k

]
= 0, (3)

where Ωrad = ρrad/(ρrad + ρψ) and Ωm = ρψ/(ρrad +
ρψ) are the radiation and matter components respectively
such that Ωrad + Ωm = 1 and H is the Hubble parameter
H ≡ ȧ/a. Assuming that radiation and the ψ particles
are the only relevant energy components, then the time
dependence of the energy fractions are

Ωrad = 1
1 + (t/teq)s , Ωψ = 1

1 + (teq/t)s
(4)

where teq is the matter-radiation equality time when the
ψ component comes to dominate and s is defined as the
power a ∝ ts such that s = 1/2 for radiation domination
and s = 2/3 for matter domination. We can examine the
solution of Eq. (3) in the limit that ξ � 1 in either era

∆k ∝ ap, p =


√

6(1 + ξ2) RD

1
4

(√
1 + 24(1 + ξ2)− 1

)
MD

(5)

where p can be much larger than 1. This growth con-
tinues until the density contrast ∆k enters the nonlinear
regime when ∆k ' 1.

Our discussion of the evolution of the overdensities and
their subsequent collapse will closely follow the work of
Dalianis and Kouvaris [14]. Rather than utilizing the
formalism of induced GWs from a decaying gravitational
potential with time, Ref. [14] applies an alternative an-
alytic approach based on the Zel’dovich approximation
for the nonlinear evolution of density perturbations [21].

As described by Zel’dovich, deviations from spheri-
cal symmetry of a halo of pressureless, self-gravitating
gas will cause instability, leading to flattening in one
particular direction. These objects, often referred to
as Zel’dovich pancakes, may lead to the formation of
black holes if the final configuration satisfies hoop con-
jectures [22, 23]. If not, the system will continue to
collapse and go through phase crossings and oscillations
which lead to a virialized halo. We will be applying the
Zel’dovich approximation instead to a system of pressure-
less gas interacting via a Yukawa interaction. Function-
ally, a Yukawa interaction is identical to gravity, with
both being having 1/r potentials. Thus, we expect the
Zel’dovich approximation to hold similarly in our sce-
nario.

In the absence of an asymmetry in the ψ component,
this leads to the destruction of the halo itself through ψ̄ψ
annihilation. This process halts the further emission of
GWs and, in the case of an IMD era, reestablishes the
radiation era. Our approach, similar to Refs. [14, 24] will
only focus on the nonlinear collapse process within the

Zel’dovich approximation, and the gravitational signal
which may exist due to the relaxation process will be left
for future work.

Within the Zel’dovich formalism the coordinate of a
particle is written as

ri = a(t)qi + b(t)pi(qi) (6)

where a(t) is the usual scale factor encoding the expan-
sion of the Universe, qi is the comoving coordinate, b(t) is
the growing mode describing the instability of the over-
density, and pi are deviation vectors that depend on the
initial perturbation.

To study the motion of a group of particles around qi,
a deformation or strain tensor Dik is defined as

Dik = ∂ri
∂qk

= a(t)δik + b(t) ∂pi
∂qk

= diag(a− αb, a− βb, a− γb)
(7)

where we have chosen a basis so that ∂pi/∂qk is diagonal,

∂pi
∂qk

= −diag(α, β, γ). (8)

The mass contained within the Lagrangian volume is

Mψ =
∫
ρψ d

3r = ρ̄ψa
3
∫
d3q (9)

where the difference between the two right-most expres-
sions is the Jacobian determinant, i.e.,

ρψ(a− αb)(a− βb)(a− γb) = ρ̄ψa
3. (10)

We will also assume that the initial deviations are small,
so that the perturbations are nearly spherical. Specif-
ically, when a perturbation of size q and wave number
k = q−1 enters the horizon at tq,

a(tq)q = H−1(tq) (11)

we assume that αb(tq)/a(tq)� 1, βb(tq)/a(tq)� 1, and
γb(tq)/a(tq) � 1 so that we can ensure that the entire
ellipsoid is within the Hubble volume. To leading order,
the density contrast is given by [14, 24]

δL ≡
(
ρψ − ρ̄ψ
ρ̄ψ

)
L

= (α+ β + γ) b
a
. (12)

Note that for b > 0, we have δL > 0 if and only if α+β+
γ > 0. As discussed previously, perturbations at most
grow linearly with scale factor. The presence of a long-
range scalar force enhances this growth and so, the key
assumption of this work is that δL ∝ ap, p ≥ 1. Crucially,
the p = 1, s = 2/3 should reproduce precisely the work
of Ref. [14], which we shall demonstrate later.

Under this assumption, Eq. (12) implies that b ∝ ap+1

and therefore grows faster than the scale factor. The
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perturbation will collapse along at least one of the three
axes. Without loss of generality we assume that

α > 0, −∞ < γ ≤ β ≤ α <∞, α+ β + γ > 0. (13)

Additionally, we can determine the timescale tq utilizing
Eqs. (9) and (11) to give

tq = 2sGMψ

(
1 + Ωrad(tq)

Ωψ(tq)

)
(14)

where ΩX = ρX/ρcrit. The horizon entry timescale is
only one of three important events in our scenario. After
entering the horizon, the perturbation grows until reach-
ing some maximum size at tmax. The overdensity sub-
sequently collapses, at tcol, due to the dominant scalar
force. In this work, we will only examine the effects of
scalar-induced collapse, though scalar cooling might dra-
matically decrease the time needed for the halo to col-
lapse [4, 25].

The derivation of tmax and tcol follows a similar
methodology as in Ref. [14] the details of which have
been included in the Supplemental Material. We find
that

tmax =
(

α+ β + γ

(p+ 1)αδL(tq)

)1/ps
tq (15)

and

tcol = (p+ 1)1/pstmax. (16)

The deviations α, β, γ are determined by the
Doroshkevich probability function as given by [26],

FD(α, β, γ, σ3) = − 27
8
√

5πσ6
3

(α− β)(β − γ)(γ − α)

× exp
[
− 3

5σ2
3

(
(α2 + β2 + γ2)− 1

2(αβ + βγ + γα)
)]
(17)

where α ≥ β ≥ γ. The probability function is normalized
to 1,∫ ∞

−∞
dα

∫ α

−∞
dβ

∫ β

−∞
dγ FD(α, β, γ, σ3) = 1. (18)

We will denote the standard deviation of δL(tq) as σ,
given explicitly as

σ2 = 〈δ2
L(tq)〉 = 〈(α+ β + γ)2〉

(
b

a

)∣∣∣∣
t=tq

= 5σ2
3 . (19)

For this expression, we fixed the normalization such that
b(t)/a(t) = [a(t)/a(tq)]p. In addition to our restrictions
Eq. (13) we will also require that the maximum expansion

time tmax is larger than the time of entry tq. This defines
a subspace S,

0 < α <∞

−α2 [1− (p+ 1)σ] < β < α

−β − α[1− (p+ 1)σ] < γ < β

(20)

over which we will limit our calculations.
The stochastic GW background is traditionally char-

acterized by the normalized energy density,

ΩGW(t, f) ≡ 1
ρcrit

dρGW

d ln f . (21)

Following a framework similar to Ref. [14], the present
day GW energy density fraction reads as

ΩGW(t0, f0) = 1
ρcrit(t0)

4πG
5c5

∫
S
d3α

N∑
n=1

1
1 + zn

×
∑
ij

|
.̃..
Qnij [2πf0(1 + zn)]|2

× [2πf0(1 + zn)]
(

4π
3 q3

)−1

×FD(α, σ)Θ[tCO − tcol(α)].

(22)

where the sum is over partitioned time intervals from
the initial time to the final time of emission and

.̃..
Qij is

the Fourier transform of the third time derivative of the
quadrupole moment. For notational simplicity, we have
introduced the vector α = (α, β, γ). The Heaviside func-
tion enforces the condition that collapse occurs before
some “cut-off time.” In the context of a RD era, this time
could correspond to the lifetime of the constituent ψ par-
ticles where in the IMD era tCO is simply the time when
radiation domination is reestablished.

In Eq. (22), we have assumed that the mass dis-
tribution of overdensities is monochromatic for simplic-
ity. The precise nature of the mass distribution resulting
from long-range forces has yet to be determined, though
it could possibly follow the Press-Schechter distribution
which follows from gravitational forces [4, 27].

As in Ref. [14], we will assume that all of the GWs are
emitted in a single interval, i.e., N = 1. Partitioning the
interval was motivated by the fact that GWs emitted in
different subintervals will be redshifted different amounts
as they propagate. For simplicity, we assume that the
GWs are emitted instantaneously at tcol. In view of the
fact that tcol = (p + 1)1/pstmax, with p ≥ 1, we see that
this approximation not only is reasonable, but becomes
better as p increases. In this approximation the final
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expression for ΩGW(t0, f0) is

ΩGW(t0, f0) = 2πf0

ρcrit(t0)

(
4π
3 q3

)−1 4πG
5c5

×
∫
S
d3α

∑
ij

|
.̃..
Qij{2πf0[1 + zcol(α)]}|2

× {2πf0[1 + zcol(α)]}FD(α, σ)Θ[tCO − tcol(α)].

(23)

Here, the redshift zcol is related to the collision timescale
through

1 + zcol = 1 + zCO

tscol

(
3s2

8πGρCO

)s/2
(24)

where zCO is the redshift at TCO and ρCO = π2g?T
4
CO/30.

We may also use these quantities to express the q, the co-
moving radius of the perturbation at the time of horizon
entry, tq [14],

q−1(M,TCO) =
(

3M(1 + zCO)3

4πρCO

)−1/3

' 1.2× 1010 Mpc−1
(

TCO

1010 GeV

) 1
3
(
M

M�

)− 1
3

(25)

where zCO was determined using conservation of entropy.
Our selection of TCO will be informed by the Heaviside
function in Eq. (23). In particular,

TCO .
0.2 GeV(

1 + Ωrad(tq)
Ωψ(tq)

)1/2

(
Mψ

M�

)−1/2 ( g∗
106.75

)−1/4
×

×
(

ασ

α+ β + γ

)1/(2ps)
.

(26)

In the RD case, Ωrad � Ωψ greatly restricts possible
values of TCO.

Fundamental to Eq. (23) is the mass quadruple mo-
ment. We have included a full derivation of Qij in the
Supplemental Material. For simplicity, we will simply
present the Fourier transform:

.̃..
Qii(ω) = 1

2π

∫ t2

t1

...
Qii(t)e−iωt dt

= 2M
30π(p+ 1)s

t
2(1−s)
q

t2psmax
[Apsvi(α) tpsmax I1(t1, t2, ω)

−Bpswi(α) I2(t1, t2, ω)] (27)

where

I1(t1, t2, ω) =
∫ t2

t1

t(p+2)s−3e−iωt dt,

I2(t1, t2, ω) =
∫ t2

t1

t2(p+1)s−3e−iωt dt.

(28)

and the expressions for the constants Aps, Bps and
the vectors v(α) and w(α) are defined alongside their
derivation in the Supplemental Material. The square of
Eq. (27) with (t1, t2) → (tmax, tcol), and ω → 2πf0(1 +
zcol), completes our derivation of ΩGW(t0, f0).

Estimating ΩGW(t0, f0) requires numerical integration
over (α, β, γ) subject to the restrictions specified in
Eq. (20). To begin, Fig. 1 illustrates the enhanced am-
plitude resulting from varying values of p in an IMD
era. The enhancement of the peak signal Ωpeak

GW ≡
ΩGW(t0, fpeak) is quite dramatic, even for modest val-
ues of p > 1, with p = 1 being consistent with the result
obtained in Ref. [14]. We note that the sizable enhance-
ment may conflict with indirect bounds derived for the
integrated quantity, ΩGW ≡

∫
ΩGW(f) d ln f [28–30].

10−5 10−4 10−3 10−2 10−1 100
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Ω
G

W
(t

0
,f

0
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LISA

DECIGO

BBO

IMDp = 1

p = 2

p = 3

FIG. 1. The GW signal for varying p in an intermediate mat-
ter dominated era. Here, we take TCO = 104 GeV, σ = 10−1.
Additionally, we assume a monochromatic mass function such
that all the overdensities have mass Mψ = 10−12 M�. Sensi-
tivity curves for LISA [31], DECIGO [32, 33], and BBO [34]
are shown.

Given the complexity of ΩGW(t0, f0), we can deter-
mine an approximate parametrization of Ωpeak

GW and fpeak
after computing the full signal for various combinations
of parameters. We select a parametrization of the form,

Ωpeak
GW ≈ Ωpeak

GW,0 σ
δA/p

(p
3

)αA ( TCO

104 GeV

)βA
×

×
(

M

10−12 M�

)γA (Ωrad(tq)/Ωψ(tq)
100

)εA (29)

and

fpeak ≈ fpeak,0

(p
3

)αf ( TCO

104 GeV

)βf
×
(

M

10−12 M�

)γf (Ωrad(tq)/Ωψ(tq)
100

)εf (30)
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p = 1
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FIG. 2. The GW signal across a broad range of frequencies with varying p, during a radiation dominated era. In all cases
σ = 10−1 and Ωrad/Ωψ = 100. Again, we assume a monochromatic mass distribution. The masses and cut-off temperatures
are (left) 10−2 M� and 10−2 GeV, (center) 10−12 M� and 104 GeV, (right) 10−21 M� and 109 GeV, respectively. Sensitivity
curves for PTA observations [35–38], SKA [39, 40] LIGO [41], ET [42], LISA [31], DECIGO [32, 33], and BBO [34] are shown.

where the coefficients for each formula are presented in
Tables I and II, respectively.

Ωpeak
GW,0 αA βA γA δA εA

MD 1.4 × 10−7 5 4/3 2/3 1 0
RD 4.4 × 10−9 7 1 1/2 p/5 −1/2

TABLE I. Coefficients for parametrization of Ωpeak
GW .

fpeak,0 [Hz] αf βf γf εf

MD 1.1 × 10−2 5/6 1/3 −1/3 0
RD 2.0 × 10−3 2/5 0 −1/2 −1/2

TABLE II. Coefficients for parametrization of peak frequency
fpeak.

In either era, the peak frequency at emission corre-
sponds roughly to f emit

peak ∼ 1/tmax. For a RD era, illus-
trated in Fig. 2, there is a notable suppression in am-
plitude compared with the IMD case. We also note in
this new context that δ ∝ ap, p ≥ 1 always exceeds the
logarithmic growth enabled by gravity only during a ra-
diation era.

The uniqueness of the long-range scalar forces in this
scenario can be deduced in many ways. If the evolution
of the Universe is known to have been RD from reheating
until big bang nucleosynthesis, the presence of a signal of
the type featured in Fig. 2 can only be the result of the
presence of an additional long-range scalar force. With-
out knowledge of the precise evolution of the Universe,
we note that the infrared oscillations for the RD are sup-
pressed as compared with the IMD case. The damping
of these oscillations only occurs for variations in p which

helps reduce the degeneracy within our set of parameters.
The GW spectrum calculated scales as

ΩGW(t0, f0) ∝
{
f0 for f0 � 1
f−1

0 for f0 � 1
(31)

as also demonstrated in Ref. [14]; however, there is reason
to potentially doubt this scaling far from the peak ampli-
tude. By examining a finite time interval, [tmax, tcol], we
essentially are windowing the quadrupole moment with a
step function. The net result leads to a Fourier transform
proportional to a constant in the IR, and scaling as 1/ω2

in the UV regardless of the functional form of Qij(t).
Furthermore, this result is inconsistent with the expecta-
tion that the GW amplitude should scale as ω3 for small
frequencies during emission during a RD era [43]. While
the solution near the peak is reliable, in future, it would
be advantageous to investigate scaling behavior through
alternative methods including numerical simulations and
cosmological perturbation theory.

In this work, we investigated the gravitational waves
produced from the evolution of nonspherical density per-
turbations in the presence of a long-range scalar force.
We consider the scenario where heavy, nonrelativistic
fermions interact via an attractive Yukawa interaction.
This force, which can be significantly stronger than grav-
ity, causes structure to form rapidly. The subsequent col-
lapse of these aspherical overdensities, which could lead
to PBHs, has a nonvanishing quadrupole moment allow-
ing for the emission of GWs. This signal, which fits inside
the sensitivity curves of many future GW observatories,
can be significantly stronger than the gravity-only sce-
nario and would be distinguishable from other signals
which occur during a RD era [44–47]. If the halos form
but do not collapse into black holes (due to long cooling
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timescales), the resulting density perturbations can help
seed structure formation in a matter dominated era. For
the parameters we discuss, the effect would be limited to
extremely small length scales, but some generalizations
of our mechanism can have implications for large-scale
structure formation.
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Supplemental Material

Derivation of time scales

We begin by first deriving tmax. First, recall the ex-
pression for the density contrast to linear order in the
deviations {α, β, γ},

δL ≡
(
ρψ − ρ̄ψ
ρ̄ψ

)
L

= (α+ β + γ) b
a
. (32)

We will utilize the continuity of α, β and γ so that we
can locally take the coordinates qi to be [14, 24]

r1 = (a− αb)q1

r2 = (a− βb)q2

r3 = (a− γb)q3.

(33)

By definition, tmax is the time that satisfies

ṙ1(tmax) = 0 (34)

which implies ḃ(tmax)/ȧ(tmax) = 1/α and therefore,

b(tmax)
a(tmax) = 1

(p+ 1)α. (35)

Combining (12) evaluated at tq and (35), we find that

tmax =
(

α+ β + γ

(p+ 1)αδL(tq)

)1/ps
tq. (36)

Next, we focus our attention on tcol. Collapse takes place
when r1(tcol) = 0. This naturally implies b(tcol)/a(tcol) =
1/α. Using this result in combination with (35) implies

tcol = (p+ 1)1/pstmax. (37)

Derivation of the quadrupole moment

We can express Qij in terms of the moment of inertia,

Qij(t) = −Iij(t) + 1
3δijTrI(t). (38)

In the reference frame of the principle axes, the moment
of inertia is

Iij = M

5

r2
2 + r2

3 0 0
0 r2

1 + r2
3 0

0 0 r2
1 + r2

2

 . (39)

Using (33) and (35) we find,

r1(t) = 1
s
t1−sq ts

(
1− 1

(p+ 1)

(
t

tmax

)ps)
,

r2(t) = 1
s
t1−sq ts

(
1− β

(p+ 1)α

(
t

tmax

)ps)
,

r3(t) = 1
s
t1−sq ts

(
1− γ

(p+ 1)α

(
t

tmax

)ps)
.

(40)

Combining (38) - (40) we obtain

...
Qii(t) = 2M

15(p+ 1)s
t
2(1−s)
q

t2psmax
t(p+2)s−3

× [Apsvi(α)tpsmax − Bpswi(α)tps] .

(41)

The constants Aps and Bps utilized in (27) are

Aps = (p+ 2)(s(p+ 2)− 2)(s(p+ 2)− 1)

Bps = 2(ps+ s− 1)(2s(p+ 1)− 1).
(42)

we note that for p = 1 and s = 2/3, Aps = 0, thus
simplifying much of the expressions above. The vector
expressions v(α) and w(α) are defined as,

v(α) =
〈
−2 + β

α
+ γ

α
, 1− 2β

α
+ γ

α
, 1 + β

α
− 2γ

α

〉
,

w(α) =
〈
−2 +

(
β

α

)2
+
(γ
α

)2
, 1− 2

(
β

α

)2
+
(γ
α

)2
, 1 +

(
β

α

)2
− 2

(γ
α

)2
.

〉 (43)

The Fourier transform of the above quadrupole moment is given as,

.̃..
Qii(ω) = 1

2π

∫ t2

t1

...
Qii(t)e−iωt dt (44)

= 2M
30π(p+ 1)s

t
2(1−s)
q

t2psmax
[Apsvi(α) tpsmax I1(t1, t2, ω)− Bpswi(α) I2(t1, t2, ω)] (45)
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where

I1(t1, t2, ω) =
∫ t2

t1

t(p+2)s−3e−iωt dt,

I2(t1, t2, ω) =
∫ t2

t1

t2(p+1)s−3e−iωt dt.

(46)

Lastly, we may also rewrite the integral expressions (28) in terms of the the generalized exponential integral

En(x) =
∫ ∞

1

e−xt

tn
dt. (47)

Using this definition integrals (28) read,

I1(t1, t2, ω) = 1
t
2−(p+2)s
1

[
E3−(p+2)s(iωt1)−

(
t1
t2

)2−(p+2)s
E3−(p+2)s(iωt2)

]

I2(t1, t2, ω) = 1
t
2−2(p+1)s
1

[
E3−2(p+1)s(iωt1)−

(
t1
t2

)2−2(p+1)s
E3−2(p+1)s(iωt2)

]
.

(48)

Derivation of GW Spectrum

Here we estimate the GW signal produced in the epoch
of interest due to the collapse of a density perturbation
with wavelength q that enters the horizon at time tq.
This derivation follows Ref. [14] closely.

At the time of entry tq, the Hubble volume is given
by Vq = (4/3)πq3. The current comoving volume is
Vcom(t0) = (4/3)πH−3(t0). The number of volumes of
size Vq is H−3/q3. The differential number of sources
with deformation parameters (α, α+dα), (β, β+dβ) and
(γ, γ + dγ) is

dN = Vcom(t)
4
3πq

3 FD(α, β, γ, σ) dα dβ dγ. (49)

The power emitted in the form of GWs from each Hub-
ble patch that encloses a perturbation with a quadrupole
tensor Qij is

dEe
dt

= G

5c5
∑
ij

...
Qij(t)

...
Qji(t). (50)

Let us define an interval between ti and tf which encapsu-

lates the time interval where GW are emitted. Consider
we separate the interval [ti, tf ] into N intervals of size δt.
For each interval, we expand the quadrupole in Fourier
series,

Qij(t) =
∞∑

n=−∞
Q̃Nij (nω0)e−inω0t (51)

where ω0 = 2π/δt and t ∈ [tN , tN + δt]. The Q̃ compo-
nents are

Q̃Nij (nω0) = ω0

2π

∫ tN+δt

tN

Qij(t)e−inω0t dt. (52)

We can take the continuum limit for ω, we transform the
last two equations to

Qij =
∫
Q̃Nij e

iωt dω,

Q̃Nij (ω) = 1
2π

∫ tN+δt

tN

Qij(t)e−iωt dt
(53)

The emitted energy ENe in the bin [tNi , tNi + δt] is

ENe = 2G
5c5

∫ tN+δt

tN

∑
ij

∑
nm

(inω)3(−imω)3 × Q̃Nij (nω)Q̃∗Nij (mω)e−i(n−m)ωt dt

= 2G
5c5

∑
ij

∑
n

(nω)6Q̃Nij (nω)Q̃∗Nij (nω)δt

(54)
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The factor of 2 is due to the restriction to positive n and m since the negative factors contribute equally. In the
continuum limit,

dENe = 4πG
5c5 ω

6
∑
ij

∣∣Q̃Nij ∣∣2 dω (55)

so that,

dENe
d lnω = 4πG

5c5 ω
7
∑
ij

∣∣Q̃Nij (ω)
∣∣2 (56)

within the time bin [tN , tN + δt]. The differential energy is then given by,

dEGW(α) =
∑
N

1
1 + zN

4πG
5c5 ω

7
∑
ij

∣∣Q̃Nij (ω)
∣∣2 Vcom(t0)

4
3πq

3 FD(α, σ) d3α d lnω (57)

where we have defined α = (α, β, γ) for simplicity. Here, the energies emitted in each time interval is redshifted
individually. Furthermore, the number of sources is approximately given by

Ntot '
∫
Vcom(t0)

4
3πq

3 Θ(trh − tcol(α))FD(α, σ) d3α. (58)

The differential energy per observed logarithmic frequency interval and deformation configuration is

dρGW(t0, f0)
d3α d ln f0

=
∑
N

1
1 + zN

4πG
5c5

∑
ij

∣∣Q̃Nij (2πf0(1 + zN ))
∣∣2

× (2πf0(1 + zN ))7 Θ (trh − tcol(α))
(

4π
3 q3

)−1
FD(α, σ3)

(59)

In terms of the usual density parameter,

ΩGW(t, f) ≡ 1
ρcrit

dρGW

d ln f . (60)

The present time value is then

ΩGW(t0, f0) = 1
ρcrit,0

∫
S
d3α

∑
N

1
1 + zN

4πG
5c5

∑
ij

∣∣Q̃Nij (2πf0(1 + zN ))
∣∣2

× (2πf0(1 + zN ))7 Θ (trh − tcol(α))
(

4π
3 q3

)−1
FD(α, σ3). (61)

This is the key result of Ref. [14]. Making use of the fact that
.̃..
Qij(ω) ∼ ω3Q̃ij (62)

we recover the result as presented in the main text.
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