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EFFECTS OF SPACE CHARGE IN BUNCHED ELECTRON BEAMS:
APPLICATIONS TO THE CLIC TEST FACILITY
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Abstract

The evolution of electron bunches depends on the particle energy, the charge dis-
tribution, and the size of the bunches. The interaction with the vacuum chamber,
also important, is, however, neglected in this study because it deals with the sit-
uation where space-charge effect is dominant. Although there are a number of
multiparticle tracking codes, analytical approximations are useful to predict the
essential results. Ellipsoidal bunches with different distribution functions, but
with identical initial r.m.s. dimensions, are considered. It turns out that evolu-
tion of r.m.s. dimensions is quasi-independent of the detailed distribution, and,
therefore, the uniform distribution is a good approximation to study the effect
of the energy and geometric form factor.

It 1s possible to separate partially the effects of energy and bunch geometry,
which allow one to find scaling laws by using approximations of the forces valid
in each interval of variation of the parameters.

In some cases, the equations for the transverse and the longitudinal envelope
motion can be resolved analytically. The case of the continuous beam is found as
a particular solution. In other cases, the motions are coupled and a step-by-step
integration has to be used for a numerical solution. The results are compared
with those obtained by the transform of the matrix of the second moments of
the beam.

These considerations are applied to the case of the CLIC Test Facility, where
a train of bunches of some nC and some ps length, delivered by a 3-GHz RF
gun, and accelerated to more than 40 MeV, is used for exciting a 30-GHz CLIC
structure.



1 INTRODUCTION

The defocusing effect of space charge is a major difficulty for the creation and the trans-
port of short bunches with high charge. We use as example the CLIC Test Facility [1].
There, the energy of bunches of electrons of some nC charge and some ps length, produced
by a 3-GHz RF gun at about 3 MeV/c, is raised to 40 MeV in a 3-GHz accelerating cav-
ity and is then partially absorbed when the bunches excite a travelling-wave structure at
30-GHz, source of high-frequency power. The highest possible charge and a bunch length
small compared to the wave length at 30 GHz (1cm) are required. These parameters are
strongly influenced by the transverse dimensions, the bunch energy at the gun exit, the
energy gain in the acceleration section, and the geometry of the line. "

For fixing the parameters and defining the line, it is useful to derive simple analytical for-
mulae for the dynamics from approximations, before performing calculations with more
accuracy. The basic hypothesis of the uniform distribution of the charge in an ellipsoidal
bunch is justified by the quasi independence of the envelope from the type of the distri-
bution, provided that the initial r.m.s. dimensions are the same in all distributions [2].
Further simplification is obtained from supposing rotational symmetry and from keeping
only the most significant part of the expressions of the self force, valid in limited intervals
of variation of the energy and of the bunch geometry.

With these approximations, it is possible to formulate the scaling laws for the variation of
the self force, hence of the dynamics, with the geometry of the bunch and with the energy,
because their effects can be partially separated. In this case also, and supposing that the
beam is laminar, the equation of the envelope can be solved analytically for bunches which
are very long (the limiting case is the continuous beam), or very short in their rest frame.
These solutions, illustrated by examples, are compared for verification with those given
by using TRANSPORT (3] complemented by a subroutine which takes into account the
space-charge forces. The use of the beam matrix is justified for a uniform distribution.
Examples are given for the configuration for the CTF experiment.

2 FORCE DUE TO THE SPACE CHARGE

The force applied on an electron of a bunch is evaluated in free space. The distribution of
the charge is supposed to be constant on the surface of similar ellipsoids. To simplify the
writing, we take the example of the ellipsoidal bunch with rotational symmetry, which
has an axis in the direction of propagation. The components for the force are calculated
in the rest system of the bunch, where the fields are electrostatic. The components in
the laboratory frame are derived from those in the rest system, and introduced in the
equation for the dynamics.

2.1 Potentials for Space-Unlimited and -Limited Distributions

Consider an unlimited elliptical distribution n(u) of r.m.s. size ag in the radial direction
and bg in the longitudinal direction: u = r2?/a% + 22/b% . A simple example would be the
Gaussian: n(u) = exp(—u/2). The potential of the electrostatic field can be written as [4]

b= _eaRbR/ g(U
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where:

a2R+s+b%+s

dg
a—s- = n(U)

2
v(s) = ((‘12}1 + s) (b?; + s))
Verifying that the potential satisfies Poisson’s equation is easy when noting that:
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The radial electric field component, taken as example is:

E, =

2
—=d
2¢ r/o v(s) s

By n(U), r and z appear in the integral, thus the field is not linear. However, the envelope
motion is very similar to the envelope motion of an equivalent uniform distribution with
the same initial r.m.s. size [2].

Consider a bunch of charges uniformly distributed in an ellipsoid of half axis ag and
br. The potential can be written as [5]:
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The distribution n is constant in the ellipsoid.
For a point external to the ellipsoid, £ is given by:
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For a point situated in the ellipsoid, £ is null. Both potentials satisfy Poisson’s equation
and the fields are continuous at the limit of the distribution. The components of the field
are, for a point in the ellipsoid:

-1/2

Erz—%af{ bRnr/Ooo (a%-ks)_l ((a§{+s)'2 (b?z-i»s)) ds

-1/2

Ez:éfe; ah bRnr/Ooo (bf;-{—s)—l ((af;-i—s)2 (bfz—}-s)) ds . (1)

They vary linearly with the corresponding coordinate. For a three-dimensional ellipsoidal
bunch, elliptic integrals should be used. With the assumed rotational symmetry, integra-
tion gives:

E, = £ oy IR
€o
€ R
Ez = 9—60 nz IZ (2)

with:



for z <1,
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2.2 Forces in the Rest Frame and in the Laboratory Frame

In the rest frame, the fields are purely electrostatic. With the expressions of the fields
given in Eq. (1) for the uniform distribution, the components at a point (rg, zg) within
the ellipsoid in the rest frame are:

R
er___BeQ I .
8 1 e ak br
Je IR
jrelee L (1)

8 m e ak br

All geometric lengths are given in the rest frame. The components r and z of the position
in the laboratory frame are: r = rg, z = zg/~v; and the radial size and longitudinal half
axis of the ellipsoid: a = agr, b = br/vy. The components of the force in the laboratory
frame are given by the Lorentz transform of the forces: f, = v 'fR; f, = fR With all

the lengths measured in the laboratory frame, the components are:

f = Je@ I(z)
" 8me atby?
3eQ I,(2)
fz“87reoa2b ‘ (5)
Q is the charge, invariant in the transformation, and I, and I, are functions of v through:
z=af(y ).

3 MOTION IN THE LABORATORY FRAME

In order to find approximate envelope equations for the space-charge dominated motion
of a bunch along a short longitudinal path, as in transfer lines or linacs, the following
pairs of variables are used:

r, dr/ds, z, Ap/p .

The trajectory of a particle is referenced to the trajectory of the central particle of the
bunch: r and z are the transverse and the longitudinal distances from the central particle;
s, v and p are the length of the path, the speed and the momentum for the particle at
the centre of the bunch; gp is the difference in momentum, with the components:

dr

Ap, = —
p m7UdS
A
Apz:m’yvl
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Figure 1: Space charge integrals I,,/,, as a function of = = a/(vb)

Applying Newton’s law to the particle and to the particle at the centre, we have by
difference:

d - -
—Ap=f. 6
v—Ap=f (6)
By projection:
d? dy d 1
ar = - v &y ar +—
ds? 2 -1 dsds myv?
d A dy A 1
p e i L .. (7)
ds p ¥2—-1ds p  myv?

In the absence of external fields, v is constant. Substituting the components of the
force, we have:

d?r JeQ I,(z)
— = T (8)
ds? 8we me? a2 b f? 43

ds p  8meme® a®bf?y

4 SCALING LAWS FOR THE FORCES AND THEIR EFFECTS

According to Egs. (5), the force is proportional to the charge density Q/(4 7/3 «?b) in
the bunch. The component f, is a function of 42 and of a/(vb), by I,; the component
fz, a function of a/(vyb) by I,. The effects of v and of the form factor a/b cannot be
separated. However, when considering each of the different intervals of z = a/(vb), there
is an approximation for I, and for I, which separates the effect of v from the effect of
a/b. This approximation is necessarily of the form:

I=Fk 2.

The values of k and n in each interval are determined by comparing I = k =" with the
exact variation of I, and I, with z, as represented in Fig. 1. Thus, Fig. 2 gives n and k for
I, as a continuous function of z. In Table 1, the same result is obtained from comparing
I =k z™ with the approximations of I, and I, in three regions: £ — 0, x — oo, z ~ 1.
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Figure 2: Approximation of the space charge Integral I, by I, = kz~": Values of n and of k as

functions of z = a/(7b)

TABLE 1: Space-charge integral asymptotic values and intermediate approximation.

z =af(7b) 0 1 00
IR 1-015x1022z2 1-04z (2 )"
k, k, k, 7!
IR 0.3 x 102 22 08z  2(1-7 (22)7")
k, z* k, x k,
4.1 Forces

The components of the force in Eq. (5) are proportional to the charge density and to
the simple functions of y and a/b introduced with the approximations on the space-charge

integrals. The substitution gives:
— Low energy: v < a/b

3eQ 7br

fr:87reoa2b2a'y

3e@ Tyb
2% o5(1_ 11
f 87r60a2b2<1 2a)z (11)

—  Medium energy: v ~ a/b

3e@ a\ r ,
=—"  (1-04—) — 12
J 87T60(l,2b( 0471)) y? (12)

e 0.8a z

fz Q -

:87'(60&21) b
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Figure 3: Transverse force, multiplied by v?, scaled in MeV m~? | per unit radial distance r to
bunch centre, for a bunch of 1 nC in 1 m®. The aspect ratio a/b is the parameter on the curves

—  High energy: v > a/b
JeQ r

fr:87rcoazb? (14)
. 3eQ 2<a)2 z
f: = 8me a?b 0.3 10 b/ ~? (15)

4.2 Acceleration

The beam dynamics equations are derived by substituting the components of the
force in the expressions (7) giving d®r/ds? and d/ds(Ap/p). For constant energy, we
have:

d?r 1 1
ds? ~ mc? B2y fr (16)
d Ap 1 1
- - f . 17
& - md i f: (17)
By derivation of 43, one obtains the classical formula:
Ap , dz
— _— 1

so that, at constant energy, the expression of d*z/ds? is:

d*z 1 dAp (19)
ds2 42 ds p

4.3 Scaling Laws

—  The scaling laws for the variation with v of the components of the force, and of the
acceleration are summarized in Table 2.
The components of the force calculated in the laboratory frame are represented in
graphs. The results are given for a charge of 1 nC distributed in 1 m3.
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Figure 4: Transverse force, same as Fig. 3, but with a logarithmic scale for ¥ on the horizontal
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Figure 5: Longitudinal force, multiplied by v, scaled in MeV m~2 , per unit longitudinal distance
z to bunch centre, for a bunch of 1 nC in 1 m®. The aspect ratio a/b is the parameter on the

curves
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Figure 6: Longitudinal force, same as Fig. 5, but with a logarithmic scale for yvF,/z on the
vertical axis

— Radial force
v? f/r in MeV m™2, functions of 4 and a/b (Fig. 3)
the same functions, but with a logarithmic scale for v for readability (Fig. 4)
—  Longitudinal force
v f:/z in MeV m~? functions of v and a/b (Fig. 5)
the same functions, but with a logarithmic scale for the functions (Fig. 6)
The corresponding values of acceleration d®?r/ds® and d/ds(Ap/p) are obtained
by division by mc? 52 4.

TABLE 2: Scaling with v of the force, acceleration and dispersion derivative.

Energy Low Medium High
v <L afb y~alb 7> afb
Radial force 1/4 /7", 1<n<?2 1/4%
Longit. force constant /™, 0<m<?2 1/+?
dirjdst (8 1) 1<n<2 148
d(4p/p)/ds 1/(vF%)  1/(y™*B%), 0 <m <2 1/(v°B%)
d*z/ds? /(8%  1/(y™*%B%), 0<m <2 1/(+*6%)

5 COMPARISON WITH DC BEAMS

The force and the acceleration for d.c. beams can be derived from those established for
bunch beams by letting the bunch length tend to infinity. As 4 > a/b, we are then in the
high-energy case. The relation between the volume density p of the charge, the current /
and the speed v of the electrons is: I = w a? p v. Expressing the charge @ as a function of
the current I in Eq. (14) and Eq. (15) gives the expressions known for continuous beams:

elr
fr_

2me atvy?’

(20)



The equation of motion, at constant energy is [6],[7]:

d’r e Ir
ds? 27 e me® a2y383 (21)

6, ENVELOPE MOTION IN DRIFT SPACE

In a laminar flow, the trajectory of the particle at the edge of the bunch defines the bunch
envelope. The envelope equations are given by setting r = a and z = b in Egs. (16), (17)

and (19) where f, and f, are substituted according to their approximated expressions in
section 4.1.

6.1 Low Energy: v < a/b

With f, and f, given by Egs. (10) and (11), the envelope equations are:

d? e 1
d'r _3e@Q (22)
ds? 16 g mc? 2 32 r?
d? 3 1
dz__3e@ (1—”2). (23)
ds? 47 e mc? 3 (22 27

Since the equation for the radial motion does not contain z, one can use the following
reduced variables:

1/
3eQ 1) 2 s (24)

8 mctre) v fro’

R=L_ , and Sz(

To

The solution of Eq. (22) is then:

1/2
dR . (dR dR\’ 1
15 = sign (Eg)o ((Eg) +1- E) . (25)

0

For a negative value of (dR/dS),, the motion begins with a decreasing radius R(S) and
with increasing dR/dS due to the force. The derivative of R passes by 0 for R = R,,:

o= (14 (2)) o

and then reaches the positive value — (dR/dS), for which R is again equal to Ry =1 in
Eq. (25). The envelope is therefore symmetric with the position S, for which the minimum
R, for R is found. Integrating Eq. (25) gives the longitudinal azimuth S as a function of
the radius R:

S = S, + sign (@L(T(R) —T(Ro = 1))

dS
where
R3/? (1/R.n — I/R)l/z +1/RY? 9R 1
T _ m 10 m m (1 Rm _1/R /2 ' 97

For R = R,,, we have S,, = Sp + T(1), function of R,,. This function has a maximum:

Sy~ 0.835 for Ry ~ 0.612; or (dR/dS)y,, ~ —0.796 .

9
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Figure 7: Envelopes for transverse motion for a bunch with vy = 6 (low energy). ¢ = 10 mm,
b = 0.166 mm, @ = 12.6 nC, a/(by) = 10, for three values of the initial angle dr/ds. The
intermediate value of dr/ds corresponds to the maximum length for transmitting the charge
with r < a. The analytical approximation (dotted line) is compared with the calculations by
matrices (continuous line)

For a given value of @), the value of Sy substituted in Eq. (24) gives a maximum range
s = 2 sp for which r < rg, while for a given value of s, it gives a maximum Qs for the
charge which can be transmitted along 2 s without loss (r < rg).

_8mc260 T

B gt o) (28)

Since, in reduced coordinates:

Qm

(dR/dS)y py Sm = —0.66
in the original coordinates:
(dr/ds)g py = —0.66 ro/spm-

When the conditions for a maximum Sps are fulfilled, the tangent to the envelope at the
initial point crosses the axis at a distance 1.33 sps. If the initial angle is provided by a
focusing device, the focal length required for the optimum solution is f = 1.33 sp,.

Figure 7 represents the envelopes for the transverse motion according to the pre-
ceding approximations. The bunch is short: the aspect ratio is 60 in the laboratory frame
and 10 in the rest frame of the bunch for v = 6. To test the accuracy of the analytical
solution, the envelopes are compared with those derived from the matrix formalism.

Once the envelope is known for the transverse motion, the solution for the longitu-
dinal motion follows because of the similarity between Eqs. (22) and (23). The motion for
z may be deduced from the motion for r by:

z—z+3 % _—4_(1-—7‘ +4(
- ds/, mv\ds/, 7r7rr0)'
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6.2 Medium Energy: v ~ a/b

The equations for the motion are approximately

d2

r_ 3e@Q 1 (29)
ds? 8w e me? rzq3 (2
d® 3 0.8

z e @ (30)

ds?  8meme? rzat 2
The transverse and the longitudinal motion are coupled. A step-by-step numerical inte-
gration should be used to solve the system of differential equations.

6.3 High Energy: v > a/b

The envelope equations are obtained from Egs. (16), (17) with the approximations (14),(15)
for the space-charge integrals at high energy:

2

dr__3ed 1 (31)
ds? 87w e me? rzydF?

d?z _ 102 e Q 1

ds?  8meme2 2245 B2 (32)

Equation (32) for the longitudinal motion is similar to Eq. (22) for the radial motion
for the low-energy case: the solution and the discussion are similar. However, the ratio
between the constant factors in the r.h.s. of Eqs. (32) and (22) is approximately ~ 4/>.

For high v and long bunch length, the change in dz/ds may be neglected when
considering the radial motion. If the initial value for dz/ds is small, the variation of z
can be neglected in Eq. (31). With z = b constant, the Eq. (31) for radial motion is the
equation usually discussed for space-charge effects in d.c. beams.

We follow a beam which is convergent at the initial position, and for which the
energy and initial sizes are such that (r/bv), < 1. The radial size goes to a minimum,
then increases because of the action of the space charge.

We have to repeat a formalism similar to the one used for low energy, because the
expressions are different. Changing for reduced variables,

r 3e@ 1 vz
_r _ (2 1 33
R m— and S (47reomc2'yb) B 1o (33)
we obtain:
#r_ 1
dS? 2R
with the solution
(dR/dS) = sign(dR/dS), (log R + (dR/dS)2)"* . (34)

Integrating over R' = dR/dS, we get:

S = exp(—-R{f/?) /RI: exp(+R’2/2) dR' . (35)

Let S, be the value of S obtained from Eq. (35), between the points at which R’ = R;
(origin) and the points at which R’ = 0 (minimum radius of the envelope). The integration

11



gives a result identical to S,,, if the limits are R’ = 0 and R’ = — Ry,. Therefore the envelope
is symmetric with the position S,, for which the minimum R,, of R is found.
Let R{ vary. There is a maximum Sy for S, found for dS,, /dRg = 0, i.e. for:

‘ R(’,/R(; exp (—RQ/Q) dR' + exp (R62/2) =0.

The solution Ry 5, is: Ry pp ~ —0.92;

Sa is given by Eq. (35) for Ry = Ry 5 and R' =0: S, ~ 1.08.

The maximum range for which R < Ry is: § =2 Sy ~ 2.16. For dR/dS = 0, Eq. (34)
gives: R,, ~exp—R.? and, for Ry p, = —0.92 (maximum range Sp), Rm takes the value
RM : RM = TM/TO ~ 0.43.

For a given value of @, the value of Sy substituted in Eq. (33), gives a maximum range
s = 2 sy for which r < rg, while for a given value of s, it gives a maximum @y for the
charge which can be transmitted along 2 s without loss (r < rg).

4 ™ mc? e

Om = ——5—

To

b S22 (227 (36)
s
Since, in reduced coordinates:

(dR/dS), 5, Sm=-1.0,

in the original coordinates:

(dr/ds)y ps = —To/SMm -
When the conditions for a maximum Sy, are fulfilled, the tangent to the envelope at the
initial point crosses the axis at a distance s)s. If the initial angle is provided by a focusing
device, the focal length should be f = spy.

Figure 8 represents the envelopes for the transverse motion for a bunch with an as-
pect ratio of 0.83 in the laboratory frame, and, for v = 7.5, a corresponding aspect ratio
of 0.11 in the rest frame. To test the accuracy of the analytical solution, these envelopes
are compared with those obtained from the matrix formalism.

The solutions for the radial motion in the case a/(by) < 1 are the same as the solutions
for the cylindrical continuous beam. For a discussion about a two-dimensional continuous
cylindrical beam, we refer to Pierce [6] and to Baconnier and Pisent [7].

7 ENVELOPE MOTION IN ACCELERATING STRUCTURES

The external accelerating force is identical for all the electrons of the bunch. Supposing
an axial electric field F, it modifies the axial momentum by:

diB1) _ ek

ds  me* g’

The differential equation for the radial motion is given in Eq.(7):

d?r _ vy dy dr 1
ds? 42 —1 ds ds  mc?y 52

fi .

For the example, we take the high energy approximation v > a/b. According to
Eq. (14)
_3eq@ r

T 8me a? byt

fr

12
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Figure 8: Envelopes for transverse motion for a bunch with v = 7.5 (high energy). « = 2
mm, b = 2.4 mm, @ = 4.2 nC, a/(by) = 0.1, for three values of the initial angle dr/ds. The
intermediate value of dr/ds corresponds to the maximum length for transmitting the charge
with 7 < a. The analytical approximation (dotted line) is compared with the calculations by
matrices (continuous line)

If the particle is at the edge of the bunch, r = a, z = b. The envelope equation is the
same equation as for a drift, but we now have a term proportional to dr/ds:

d?r el dr Je@ 1

ds2=_mc2ﬂ27£ 8meme? rzyd B2

The variation of z is neglected as in the case without acceleration. It is possible to
find reduced variables when the electric field E is independent of s. The new variable is ~v:

dy eE
ds  mc?’
The new function R is defined by:

_¢E ( 3eQ )‘1/2T

mc? \87me merh
With these variables, the equation of the envelope is:

| 1 d*R 4 dR 11
)T &HE T s TR

When 7 is high, the r.h.s. term of the equation tends to 0. In this case, a simple integration

gives the result known for the travelling-wave accelerator for a particle in phase with the

maximum field (no space-charge force):

2 2 1/2
_mc 2 1/2 Y+ (1)
R—Ry=—% (12 -1)"" (dR/ds), log ST
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Figure 9: Envelopes for transverse motion in an accelerating structure, for v = 6; a = 7.2
mm, b = 4 mm, ¢ = 9.4 nC, longitudinal electric field 10 MV/m, from s = 0 onward. The
envelopes are plotted for three values of the initial angle. The approximate solution (dotted
line) is compared with the calculations by matrices (continuous lines)

The envelope for the motion with space charge is obtained by numerical integration.
On Fig. 9 the envelopes are represented for an aspect ratio of the bunch which is 1.8 at
the entrance of a 10 MV /m accelerating section. Accuracy is tested by comparing with
the envelopes obtained from the matrix formalism. Very similar results, not represented,
are obtained by integrating the complete differential system, with the same approximated
value for the radial force, but an axial force different from zero.

8 MATRIX SOLUTION

Generally, the size of the bunch varies in all directions and the differential equation
for one projected motion depends also on the size of the bunch in the other projections.
Results obtained with the simple approximations of the preceding sections should be
compared with those obtained by tracking the individual particles in parallel. But if the
external forces are linear with the coordinates, and the internal forces also, as for the
uniform distribution, the collective motion of the bunch can then be obtained from the
transform of the matrix of the second moments of the distribution.

If the distribution is not uniform, the calculation made with the uniform distribution
with the same r.m.s. values gives a good approximation for the envelopes. Several programs
[8-13] have been developed, using the results established by Sacherer [2] and Lapostolle
[14], [15] for linear forces.

By evaluating the effects of the space charge resulting from each step ds in s in the
thin-lens approximation and applying them only at the end of the interval ds, the self-force
effect is separated from the effect of the other forces. In this case, the implementation of
an existing program, TRANSPORT (3], is possible with a single routine which, for each
element, sets the matrix for the action of the charge. However, the elements of the beam
line should be short or partitioned for the sake of precision. In the case of an ellipsoidal
bunch which has one axis in the direction of motion, the product of the two matrices

14



Figure 10: Transverse envelope for a CTF scheme with a 3.9-MeV RF gun at 1.2 m in front
of the accelerating section LAS of the CTF. The slanted line is the limitation due to the iris of
the section, whose aperture depends on s. The positions of the RF gun, solenoid and section are
sketched on top

accounting for the transverse motion with space charge along a drift ds is:

(F,/(ﬂv) dlS/(mC"’ﬁ) (1)> ((1’ dls)

where F, is the component of the radial force due to the space charge, divided by the
radius. In the sub-matrix relative to the longitudinal motion, the element ds, figuring in
the drift matrix is replaced by ds/v%, and F, by F,, the longitudinal component of the
force, divided by the longitudinal distance to the bunch centre. The formalism is three-
dimensional allowing its use for elements without the rotational symmetry. In Figs. 7,
8, 9 the envelopes calculated from the analytical approximations are compared with the
envelopes resulting from the matrix formalism, and the agreement between the two is
good when theory predicts that the approximation is accurate.

8.1 Application to the Layout for CTF

Many elements of hardware and schemes imagined for the CERN Linear Collider [16] can
be tested in the CLIC Test Facility (CTF). In CTF, it is expected that a 3-GHZ RF gun
with a photocathode, associated with a pulsed synchrolaser will deliver charges higher
than 6 nC in bunches shorter than 20 ps. The space-charge effect in RF guns has been
studied by Kim [17]. Trains of these bunches will be used for loading a 30-GHZ transfer
structure installed in the CTF [1],[18]. The dimensions of the bunches and the value of the
energy correspond to a value of the parameter a/(vb) of the order of 1 or lower, for which
the bunch lengthening due to the space charge is still acceptable for the application. On
the contrary, the radial divergence due to the charge should be compensated by transverse
focusing between the end of the gun and the end of the accelerating section, where the
energy is raised at 40 MeV.
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Figure 10 gives a preliminary solution for the optics for CTF: The initial energy
is 3.9 MeV, the charge of 5.5 nC is distributed in an elliptical bunch. The initial length
is 8.8 mm and the radius 6.4 mm. The maximum divergence is 63 mrad. For a uniform
distribution of the charge, the r.m.s. values are obtained by dividing by v/5 [2]. The
envelope is represented from the exit of the RF gun, at s = 0, to the end of the 4.5 m,
10 MV /m, accelerating section. The beam is highly divergent at the gun exit: it is focused
by a short solenoid into the iris of the accelerating section placed at a distance of about
0.8 m from the exit of the RF gun. The limitation due to the iris varies linearly with z,
from 12.5 mm to 9 mm. The last iris is at the limit of the envelope. The section could be
translated by 0.4 m towards the gun in order to have more clearance for the beam at the
last iris, but the distance of 1.2 m in front of the section is necessary for the illumination
of the photocathode of the gun by an off-axis mirror. The other envelope, diverging, is
the one the focusing calculated for zero charge would give.

9 CONCLUSION

The scaling laws for the variation of the space-charge force with v and with the aspect
ratio a/b of the bunch have been derived from the approximations for the space-charge
integrals. In the asymptotic domains of the variable a/(y b), the approximations give
analytical solutions for the dynamics. Elsewhere, the approximations result in coupled
transverse and longitudinal motions: a numerical solution has to be used. The solution
well-known for the continuous beam represents a particular application of the solution for
v > afb.

The envelopes obtained by the approximations have been compared with those
resulting from the matrix solution. Though exact for the uniform distribution, the matrix
solution does not give as much insight as the analytical investigation. Application of these
methods has been made for the CLIC Test Facility.
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