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AbstractAmongst the four different types of emittance measure­ment devices used in the CERN PS Complex, two mea­sure the betatron amplitude distribution (Beamscope, flip targets) while the other two (SEM-grids, fast wire scan­ner) are recording the projected beam density. This pa­per briefly describes the measurement systems and con­centrates on the mathematical methods applied to elimi­nate noise and measurement errors, to transform between the phase plane and its projection and to unfold the con­tribution from an assumed momentum spread in order to obtain the net betatron component. As the emittances are often quoted as derived from one standard width of the projected beam density, the goal is to provide compara­ble figures of this definition regardless of the measurement instrument and method.
I. IntroductionThe four emittance measurement devices used in the CERN PS Complex belong to two fundamentally differ­ent classesi. Devices of destructive type recording betatron ampli­tude distributions (Beamscope, flip targets).ii. Devices measuring the projected density (SEM-grids, fast wire scanner). They are (nearly) non-destructive and sometimes referred to as “profile detectors”.Both classes have their “natural” definition of emittance resulting from the measured entities : Class (i) easily yields an emittance confining a given fraction (e.g. 95%) of all particles having betatron amplitudes less or equal to that limit; class (ii) suggests straightforward evaluation of the variance of the profile and an emittance expressed by this quantity.Flip targets being almost extinct today, most instru­ments belong to class (ii), in particular in the client ma­chines of the PS. There remains the Beamscope [1, 2] de­vice of the PS Booster, the machine where the initial emit­tances of the hadron beams are “made” according to the physics involved in the multi-turn injection process. To en­able the PS to monitor emittance conservation and identify possible blow-ups during transfers and acceleration, a reli­able conversion between the two emittance definitions has to be provided - for practical reasons even “on-line”.
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Theoretically the rotationally symmetric distributions of phase space (betatron) amplitude and its projected den­sity are related by the well-known Abel transform [3], and computer codes for its numerical evaluation exist for many years [4]. However, its straightforward use in the horizon­tal dimension is difficult and unreliable for two reasons: (i) Beamscope encounters instrumental problems due to reactions of the rf system (cf. below) and (ii) the Abel transform is strictly speaking no longer meaningful in pres­ence of momentum spread and finite lattice dispersion. For these reasons a conversion scheme has been chosen based on fitting the widely used “binomial” distribution [5, 6] to the measured data with subsequent analytical computation of all information wanted from the fitted function.SEM-grids are the most widely used instruments for transverse emittance measurements in the PS. A new stan­dard method using SEM-grids to measure emittances at the entrance of the PS and in the transport lines of the PS Complex has been put into operation in the frame­work of the rejuvenation of the PS control system [7]. The method involves a wide range of statistical tools to analyze the SEM-grid measurements and reliably derive the trans­verse beam dimensions. The numerical treatment of SEM- grid measurements first eliminates faulty wires. Then, it smooths the beam profile using a choice of curve fitting functions to reduce the noise effect on wire signals, and carries out a treatment of the beam tails to establish the base line. In order that a general beam quality diagnostic may be undertaken, none of the profile measurements will be automatically discarded. It is left to the user to keep or discard the proposed results. In the presence of lat­tice dispersion the momentum width of the beam is folded with the betatron width, and the emittance obtained from the measured profile may no longer be meaningful. It may then be needed to unfold the momentum component from that of the beam profile in order to restore the betatron beam width.
IL The measurement systems

A. BeamscopeBeamscope (BEtatron AMplitude Scraping by Closed Orbit PErturbation) is a device developed more than a decade ago at the CERN PS Booster [1, 2] and consists basically of a three simultaneously pulsed dipoles exciting a fast-rising local orbit bump which drives the beam into a precision scraper where it is lost within a few ms; the dipole shunt signals, the beam current and its derivative 



are recorded by transient digitizers. After a fair amount of processing using resident databases (e.g. for the magne­tization curves of 24 dipoles) and a lattice code, applying corrections for eddy currents in the vacuum pipe etc., the bump amplitude at the scraper location is computed. The beam radius is simply the difference between the bump amplitudes at 95% circulating and at zero current. The latter is best found from the betatron amplitude distribu­tion, which is computed from the recorded beam current derivative. This works very well in the vertical plane but turned out to be unreliable in the radial one [8] because of (i) the dependence of the beam centre (or closed orbit) on particle momentum and (ii) due to the reaction of the rf beam control system to the change in circumference due to the orbit bump, entailing the effect that the beam radii and amplitude distributions are not exactly the same for inward and outward directed bump. While for simple evaluation of the 95% emittance this problem can be circumvented by taking the average of the two results (in which case one need not know the exact beam centre), the Abel transform of these data sometimes generates erroneous results.
B. Flip-TargetsBeside their limited accuracy (individual position errors up to 1 mm have been reported) their operation in a su­percycle environment is considered to be too tedious and the eight flip targets of the Booster have been withdrawn from the rings. Those of the PS are no longer used for emittance measurements for the same reason.

ile and may breaks if overheated accidentally.
E. Emittance measurement definitionWhen measured with SEM-grids or fast wire scan­ners the transverse emittance may be quoted in terms of the beam half-dimension wx obtained from the projected transverse phase space density distribution onto the plane of the profile. A useful measure of the beam half-dimension is twice the r.m.s. value σx of the profile distribution. This definition appears as the most appropriate to characterize the density of the bulk of the beam. In the presence of dis­persion the betatron beam half-width wxp taken as twice the betatron r.m.s. beam width σxff is to be used instead of the overall beam half-size wx to derive the “2a-emittance”

wx
ε- = ~^ C. D. * * * * (1)

C. SEM-gridsA SEM-grid (Secondary Emission Monitor) consists of an array of ribbons or wires placed in the beam path. Profile shapes are obtained by measuring the secondary electron current from each wire due to the impact of the particles. Beam profiles are then sampled by the array of evenly separated ribbons or wires. SEM-grids can only be used to measure single passage beams (in transport lines or in rings provided the beam crosses the grids only once). The measurement is practically non-destructive. The reso­lution is quite satisfactory because SEM-grids feature wire step sizes from 3.5 mm down to 0.35 mm (even less by rotating the whole array of wires), adequate for minimum transverse beam size of, say 3 mm, for the LHC.
D. Fast wire scannerThe fast wire scanners of the PS consist of a single wiremoving at a speed of up to 20 m/s across the beam. A scin­tillator and a photomultiplier detect the secondary parti­cles produced in the interaction of the beam with the wire.The signal is sampled against the wire position and yields the beam profile, at intervals more dense than those ob­tained by SEM-grid (say 100 samples against a maximum of 40 for the SEM-grids) [9, 10]. Fast wire scanners are used to measure circulating beams only. The measurement is nearly non-destructive, the effect of multiple Coulomb scattering on the beam being small. The wire itself is frag­

where βx is the beta-function at the monitor location. In transfer lines, the emittance of the beam may be obtai from beam profiles measured at three different SEM-g with known transfer matrices between the detectors [7rThe betatron r.m.s. beam width may be obtained by subtracting the contribution d of the momentum dispersion1 from the beam profile using the quadratic for­mula ⅛=<⅛-⅛<⅛ (2)in which Dx is the dispersion function in the plane of the profile and σd, is the r.m.s. momentum dispersion.
III. Signal processing and method 

APPLIED
A. Beamscope

Abel transform The projected density p(x) of a ro­tationally symmetric phase space density distribution P(r) onto the coordinate axis x, with r= y∕x2+β2x,2i can be found simply to be
where is the upper limit of the amplitude. Eq. 3 is a case of the Abel transform,(ʧɪ* (4)

Jx ytz — x2in which the function g(x) is given and f(t) is to be deter­mined. Its unique inverse transform
2d_ p tg(Qτr dx Jx √/2 — χ2exists if g(x) is differentiable on (0, x¿). As a consequence, the phase space distribution P(r) can be computed for­mally from the projected density, with p,(x) = dp∕dx

ɪ δ = (p—po )/po >s tɪɪe relative momentum deviation of a particle 
with momentum p from the reference value po∙



As its numerical evaluation has to deal with a derivative, the usual complications associated with numerical differen­tiation arise. This is not the case for the forward transform, and P. KrempFs code for the numerical Abel transform [4] has been included into the Beamscope processing software without major modifications or problems, to obtained the projected density p(x).

Ivanov fit This method [11, 12] is based on the fitting of a binomial distributionP(α) = ^(l-α2Γ-1 (7)

B. SEM-gridsThe accuracy of the emittance figures depends on how well the transverse beam profile, from which the beam di­mensions have to be derived, is known.

of phase space amplitudes a = √u2+ v2, where u and υ are the coordinates x and x' normalized to limiting amplitude 
xl, (u = x/xl, v = βχX,∕xl)∙ ɪts integral Ia describes the normalized beam current as a function of the normalized position u of a scraping targetJα(tι) = 2π / aP(a)da

Jo= 2m Γ a(l - a2)m~1da = 1 - (1 - u2)m (8)
JoTo fit this expression to the measured beam current samples Id(x), it is evaluated at a number na of equidis­tant arguments x(i), with nɑ ~ 3 —► 10n<j. Measured data ʃd(i) are also evaluated at these points by three-point La­grange interpolation. Differences /¿(t) —∕β(i) are summed separately to sums S+(k,j) and S_(k,j) according to the sign of the difference; j = 2m and k are iteration parame­ters, where k represents the variation of the limiting am­plitude XL(k) = x'E — (k — l)dx, dx denoting the step be­tween arguments z(z) and x™ the initial amplitude limit equal to the data maximum. The procedure starts with 

j = k = 1 and consists in finding the value jfix of j for which the sums over positive and negative differences are equal: 
S+(k, jfix) = |S_(fc, Jfix)∣∙ Then these sums 5+(⅛,jfix) are computed for increasing k,s, until a minimum is found at fcfix. Both jfix and fcfix are interpolated values and in gen­eral not integers. The final fitted function is then given by Eq. 7 with m = jfix∕2 and xl = x™ — (kf,x — l)dx and the r.m.s. width of the projected density is found by the simple expression σ = xl/∖∕tl(rn + 1).The principal attraction of this technique is - beside the obvious desirability of an analytical description by a handy class of functions - that it does not require precise knowl­edge of the beam centre. In this respect it matches well the problematic of Beamscope measurements in the radial plane. In the practical implementation the measured data set /d(x) is already the average over two measurements, one with inward and one with outward bump amplitude.

SEM-grid wire output signals υ,∙ are approximations of the unknown beam profile distribution. Erroneous wire output signal due to faulty wire or to bad gain of the am­plifier signal would cause gross errors in the evaluation of the beam size. Hence, it is advisable to discard as “out­liers” any unrealistic data which are too far away from the rest of the sample. To this end, it is assumed that the second derivative v" of any erroneous wire signal v,∙θ sig­nificantly differs from the other quantities v" so that the “doubtful” signal v,∙0 may be eliminated performing sta­tistical tests on the data v". This method is iteratively applied until no more data points are eliminated.Moreover, random errors of the wire signals could strongly influence the value of the beam size derived by direct analysis of the measured beam profile. When no hy­pothesis is made on the shape that the data are to fit, flex­ible approximation of beam profile data by means of spline functions may be successfully used. Assume that approx­imate values υ,∙ of the beam profile distribution v(ar) are known at the wire locations x1. A cubic spline approxima­tion of v(s) consists of polynomials of degree three pieced together so that their values and those of their first two derivatives match at the points xl
3v(x) = ∑αin(x,∙-x)j (B. 9)
J=OThe expressions for the coefficients of the spline func­tion may be found elsewhere [7]. Spline approximations yield in some sense the best fitting of the beam profiles because they provide smooth approximating curves which have minimal oscillatory behaviour.Often physical considerations suggest that the beam pro­file should be of Gaussian shape. A more readily accept­able model may therefore be obtained by fitting a Gaussian to the measured beam profile rather than a spline function 

(IO)
where the parameters αo, ɑi and α2 are to be determined.The general approach for deriving least squares esti­mates for Gaussian curves is to minimize the sum of squared residuals by successive improvements to initial guesses α0o, aɪɑ and a2o.In addition to the random wire signal errors, possible systematic instrumental errors could shift the base line, which will render the beam size calculations meaningless. One procedure for the search of the base line that has proven efficient is described in [7]. No automatic elimina­tion of the base line will be performed. It is left to the user to decide, on observation of the displayed beam pro­file, whether the elimination has to be carried out or not.
C. Fast wire scannersThe data processing consist first of calculating the real wire position data (from laboratory calibrations), then of 



evaluating the r.m.s. beam size. To this end, it is assumedthat the transverse particle density is a near-Gaussian dis­tribution with possible bias in the tails due to instrumentalerrors. Thus, the excessive influence of profile tails may bediscarded by subtracting systematically a 7.4% offset fromthe profile data. This procedure is justified in [13] andsketched hereinafter.Given a Gaussian distribution with r.m.s. value σ anda bias expressed as a fraction v of the peak distributionvalue, a new r.m.s. value σv may be calculated from thedistribution obtained by ignoring the part of the Gaussianbelow the bias-line. Computations yield≤ ɪ ɪ_______________M-lni/)372 _______σ2 3 (√π erf(√ — In p) — 2∣∕χ/— In ɪ/)For v = 0.074 one computes the ratio σv∣σ — 0.85,which gives a r.m.s. value 15% smaller than the true r.m.s.value for negligible bias. Thus, the beam dimensions usedfor emittance calculations must be corrected by a factor
σ∣σv = 1.18.

IV. Unfolding of the momentum
COMPONENT IN THE PROFILEWhen measuring transverse emittances, the momentumwidth of the beam is folded with the betatron width sothat the emittance derived from the measured profile maybe meaningless when momentum spread and dispersion arelarge. Eq. 2 is always correct although not always mean­ingful, in particular when the momentum distribution isknown to be far from a bell-shape distribution. A treat­ment must then be performed to unfold the momentumwidth from the measured profile so as to extract the beta­tron part of the beam profile [14]. At present this is onlyimplemented in the processing of the SEM-grids. The sam­pled data fi of the beam profile may be writtennΛ = ∑⅛->¾ f=H9 (12)J=Owhere gi and ∕ι, are the betatron and momentum widthdistributions, and H is a band matrix whose element ∕ι, inevery diagonal are identical.Difficulties may occur when solving Eq. 12 because un­folding is an “ill-posed” problem, i.e. even the smallestnoise in the measured signals may cause very large errorsin the unfolded data g. Hunt’s regularization method hasbeen retained to unfold the beam profile. It is based onthe idea that the discrepancy of the calculated values Hgfrom the given noisy data f may be stabilized by meansof a “smoothing” function C chosen here as being the tri­diagonal matrix of the second derivative operator. Thesolution takes the form
g = (H, H + aC'C)^' H,f (13)which is dependent on the positive constant a. The choiceof a implies iterative applications of Eq. 13 until the resid­

ual error (f-Hg)t(J-Hg) is of the same order as the noise
(∆f)t∆f on the raw data.The relative momentum distribution of the beam is sup­posed to be a known unperturbed function. A good modelfor the longitudinal phase-space density is the binomial dis­tribution which, once integrated over the phase excursionyields the momentum width distribution

⅛w= ⅛+Λα-"ar* (14)√7rΓ(m+ 2)where u = Dx6∕xl and xl = χ∕2(m-∣-l)Dirσ⅞ is a limitingamplitude.The unfolding process has been applied to radial beamprofiles measured by a SEM-grid device placed in the PSinjection region (the grid is made of 32 wires spaced by

Figure 1: Measured beam
profile: σx = 6.52 mm

Figure 2: Unfolded beam
profile: σlff = 6.25 mm

Figures 1-2 show the acquired and the unfolded beamprofiles considering a parabolic momentum density (bino­mial distribution with m = 3/2). The r.m.s. momentumspread of the beam was σd =0.75 × 10-3. The best value
a = 0.69 has been determined assuming a noise on wu∣data of 3% of the peak signal (30 mV on a 1 V peak   nal).The r.m.s. values of the measured and unfolded pro­files have been evaluated to be σx = 6.52 mm and στ. =6.25 mm, respectively. Eq. 2 yields with Dx = 2.31 m

σxfi = √6.522 - (2.31 x 0.75)2 = 6.29 mmin satisfactory agreement with the result of 6.25 mm fromunfolding. Eq. 2 is thus sufficiently accurate when eitherthe signal-to-noise ratio of the measured data is high or themomentum width of the beam is small compared to thebetatron width. However, when the signal-to-noise ratiois low and/or the momentum width is not small comparedto the betatron width, the unfolding method, described inthis paper, needs to be applied.
V. Results and conclusionFor comparison of the instruments, numerous transverseemittance measurements have recently been carried out at



different beam intensities, with the PSB Beamscope; the SEM-grids at the PS entrance, and with the PS Fast wire scanner respectively [15]. Tables 1-2 show some emittance measurement results for these three devices.

Table 1: Comparison of horizontal emittances measurements 
between Beamscope, SEM-grids and Fast wire scanner at 1 GeV 
kinetic energy.

SFT2 Normalized32σ-emittances [τμm]
Beam 

intensity
Beamscope 

(PSB)
SEM-grids 

(PS)
Wire scanner 

(PS)
5.20 × 1012 10.3 12.1 11.4
1.08 × 1013 16.3 21.0 23.8
1.33 × IO13 24.9 25.3 28.5
1.60 × 1013 21.0 29.5 31.1
1.88 * 1013 26.9 36.7 36.1

Table 2: Comparison of vertical emittances measurements be­
tween Beamscope, SEM-grids and Fast wire scanner at 1 GeV 
kinetic energy.

SFT Normalized 2σ-emittances [ιμm]
Beam 

intensity
Beamscope 

(PSB)
SEM-grids 

(PS)
Wire scanner 

(PS)
5.20 × 1012 10.7 7.8 7.0
1.08 × 1013 17.2 14.3 14.5
1.33 X 1013 22.4 17.5 18.4
1.60 X 1013 25.8 19.9 21.9
1.88 X 1013 28.2 22.6 26.4

Horizontal emittance figures given by the Beamscope are systematically smaller than those delivered by the SEM- grids and the Fast wire scanner, while vertical emittance given by the Beamscope are always larger than those mea­sured by the SEM-grids and the wire scanner [8]. On the other hand, emittance figures given by the SEM-grids and the Fast wire scanner almost agree.The systematically smaller horizontal Beamscope emit­tance results are believed to be due to an instrument fault which is not entirely explained by the reaction of the rf sys­tem to the orbit change [8] in the presence of beam loss. The vertical Beamscope measurements, however, appear flawless and the discrepancies, if due to this measurement, should rather be ascribed to errors in the numerical Abel transform. Although the latter was tested with analyti­cally generated (binomial) distributions, its sensitivity to perturbing noise remains to be verified.
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2SFT is the proton beam delivered to the SPS by “continuous 
transfer” for fixed-target physics.

3The normalized emittance is £* = ß~y£x-


