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Determination of Collins-Soper kernel from cross-sections ratios
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We present a novel method of extraction of the Collins-Soper kernel directly from the comparison of
differential cross-sections measured at different energies. Using this method, we analyze the pseudo-
data generated by the CASCADE event generator and extract the Collins-Soper kernel predicted
by the parton-branching model in the wide range of transverse distances. The procedure can be
applied, with minor modifications, to the real measured data for Drell-Yan and SIDIS processes.

Introduction. The primary goal of the modern
Quantum-Chromo Dynamics (QCD) is to understand the
inner structure of the nucleon and the forces that bind
its constituents together. The confinement mechanism
prevents any direct exploration of the hadron’s insides,
and thus one should employ indirect approaches. The
main of these approaches is the analysis of the differential
cross-sections of particle scattering. The major tool for
interpreting scattering cross-sections is the factorization
theorems [1], which are formulated in terms of universal
parton distributions, each of which highlights a specific
aspect of parton’s dynamics. Among a variety of parton
distributions the special role is played by the Collins-
Soper (CS) kernel [2], which emerges from the factoriza-
tion theorems for the transverse-momentum-differential
cross-sections [3-5].

Despite being a part of the factorization theorem, the
CS kernel is conceptually different from other distribu-
tions. First and foremost, the CS kernel is not a char-
acteristic of a hadron. It provides us with information
about the long-range forces acting on quarks that are
imposed solely by the non-trivial structure of the QCD
vacuum [6]. In that sense, the CS kernel is the most fun-
damental distribution in the modern framework of factor-
ization theorems, and for that reason, the determination
of the CS kernel has been performed in many works.

At present, there are two approaches to the determi-
nation of the CS kernel. The most traditional one is the
extraction of the CS kernel from the experimental data
for TMD cross-sections. The latest extractions are based
on the global fits of Drell-Yan and Semi-Inclusive Deep-
Inelastic scattering processes [7-11]. Another approach
uses the QCD lattice simulations. It has been suggested
recently in refs.[12-14], and the results of the first simula-
tions are already available [15-18]. However, so far, the
different extractions do not demonstrate a good agree-
ment (see the comparison in ref.[6], and also in fig.3),
which is due to the large systematic uncertainties. The
phenomenological extractions are biased by the fitting
ansatz, while the lattice extractions are contaminated by
large power corrections. In this letter, we suggest a direct
way of extracting the CS kernel from the scattering data.
The method inherits the main idea of lattice computa-

tions, namely, to form the proper ratios of observables.
In this work, we consider cross-section ratios.

To demonstrate the method’s power, we use pseudo
data generated by the CASCADE event generator [19].
Predictions from CASCADE rely on the Parton Branch-
ing (PB) method [20, 21] for the evolution of transverse
momentum dependent (TMD) parton densities [22] and
provide an excellent description of Drell-Yan transverse
momentum spectrum measurements in a wide range of
Drell-Yan mass and center-of-mass energies [23-27]. This
makes the PB-TMD simulations by CASCADE a solid
ground for applying the procedure proposed hereby.

Method. The method is founded on the leading
power transverse momentum dependent (TMD) factor-
ization theorem [3, 4]. For the concreteness, we consider
the Drell-Yan pair production process hy + ho — v*(—
£Y07) + X. Other processes, for which the TMD factor-
ization is formulated, can be analyzed in an analogous
way. The TMD factorization theorem for the unpolar-
ized Drell-Yan process reads [1, 3-5]
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where @, y and gp are the invariant mass, rapidity and
transverse momentum of the virtual photon, pug ~ @
is the factorization scale, s is the invariant mass of the
initial state, e, are the electric charges of quarks, aem is
the fine-structure constant and Jy is the Bessel function
of the first kind. The variables x; and x5 are longitudinal
momentum fractions
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The hard coefficient function Cy is entirely perturbative
and known up to next-to-next-to-next-to-leading order
(N3LO) [28]. The functions f are non-perturbative un-
polarized TMD distributions.

The CS kernel is hidden in the @)-dependence of TMD
distributions that is described by a pair of evolution equa-
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Here, v is the TMD anomalous dimension which is per-
turbative and known up N3LO [28], and D is the non-
perturbative CS kernel [32]. Thus, to extract the CS
kernel one must explore the (Q-dependence of the cross-
section.

The essential complication of any phenomenological
analysis with the TMD factorization is that all non-
perturbative functions are defined in the position space.
We perform the inverse Hankel transform of the cross-
section

° do
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0

@iz Y
The formula (1) is valid at small-gr/Q, and the correc-
tions to it are estimated as ~ 1% at ¢r = 0.1Q [10].
Consequently, ¥ is accurately (up to 1%) described in
the terms of TMD distributions for b > (0.1Q) 1.

The main idea of the method is to compare X’s mea-
sured at different @’s (@1 and Q2), such that the TMD
distributions f exactly cancel in the ratio. To perform
the cancellation we adjust the values of s such that the
variables z1 o are identical. We compute
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where s1/s2 = Q3/Q%. The function Z is entirely per-

turbative
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The function A is resulted from the evolution of TMD
distribution to the same scale by equations (3),

A= Q)= [ (w(u,od: D, u)df) ()

where P is a path connecting points (ug,, Q%) and
(1q,,Q3) in the (u,¢)-plane [31]. Thus, the only non-
perturbative content in the formula (5) is the CS kernel.

To invert the formula (5) we use the rectangular con-
tour for the integration path in eqn. (7) and find
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with I'cysp being the cusp anomalous dimension. The last
term in eqn.(9) evolves CS kernel to the scale g, which
is used to compare different extractions. Apart of the
ratio X1 /39 all terms in equation (8) are perturbative,
and nowadays know up to N3LO. Therefore, the formula
(8) can be used to extract CS kernel directly from the
data without any further approximation.

Practically, the experimental measurements for dif-
ferential cross-sections are presented by a collection of
points in bins of (Q, y, gr). Therefore, the transformation
(4) cannot be computed analytically but by the discrete
Hankel transform. Herewith, one should find a balance
between the statistical precision of d¥ (which usually de-
creases at low-¢r) and the range of b (larger b requires
lower gr). Alternatively, the experimental curve can be
fit by an analytical form, and the transformation (4) is
performed analytically. This path, however, introduces
uncertainty due to the curve parameterization.

The integration over gr leaves intact the dependence
on @ and y, which can be used to increase the statistical
precision. We introduce
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where 6@ and dy are sizes of the bin. These function can
be also used in the ratio ¥; /s with the only restriction
that 6Q < Q. In this case, the effects of variation of @
within the bin could be neglected. There is no limitation
for 0y, except that dy is the same for 31 and .

The equation (8) is valid for any kind of initial hadrons.
This property can be used to cross-validate the extrac-
tion. The values of @) should be large enough to neglect
the QCD power and target-mass corrections ) > Aqcp,
and small enough to neglect the contribution of the Z-
boson intermediate state ) < Myz. It provides a very
large window of available energies. The corrections for
the Z-boson can be included in eqn.(8) by modifying ex-
pression for Z eqn.(6).

Init.state|| @ [GeV]| /s [GeV]|dy
12 655.2
16 873.6

pp 20 1092. |4
24 1310.
12 88.7

bp 16 182 |2
2 241.0

bp 16 3214 |3
2 1781,

pp 16 2375, |0
2 655.2

PP 16 873.6 |4
20 1092.

TABLE I. Parameters of the generated events. For each case

6Q =5%- Q.



Extraction of the CS kernel using CASCADE.
To test the proposed approach, we study the pseudo-data
generated with the CASCADE event generator [19]. The
parameters for the evolution of TMD parton densities
[22] were determined solely from inclusive HERA deep
inelastic scattering measurements. The predictions pro-
vided by CASCADE describe the Drell-Yan transverse
momentum spectrum for both low-energy measurements
from the PHENIX, NUSEA, R209, E605 experiments
[23, 24], as well as high-energy data from the LHC exper-
iments CMS, and ATLAS [25-27]. Importantly, the PB
algorithm does not explicitly employ the TMD factor-
ization theorem. In particular, there are no parameters
specially dedicated to the CS kernel, and thus the CS ker-
nel emerges via the interplay of the parameters control-
ling the PB-TMD evolution in the CASCADE generator.
Therefore, our determination of the CS kernel is also an
ultimate test of compatibility between the PB and the
factorization approaches.

We have generated several sets of pseudo-data. These
sets include a variety of combinations for parameters,
namely, different @, dy, and hadron types. The CS ker-
nel is independent of these parameters and thus, a priory
all combinations should result in the same value. Their
kinematic setups are shown in table I.

The inverse Hankel transform has been performed us-
ing the algorithm [33]. The algorithm expects that the
input function vanishes beyond the presented domain. It
is a good approximation since the cross-section for the
Drell-Yan process drops rapidly at large-gp. For the con-
sidered cases, the relative numerical uncertainty due to
the truncation is 107°—107% and can be safely neglected.

The effective range and accuracy of the discrete Hankel
transform depend on the density and range of the input
cross-section. So, to obtain a stable curve at the large-b,
one needs a large number of points at small-g7. In partic-
ular, we collect events into narrow gp-bins with the size
0.05GeV, which allows us to reach b ~ 4 — 5GeV~!. At
larger values of b, the inverse function is sensitive to the
finite-bin effects and becomes unstable. The examples
of the cross-section in momentum and position spaces
are shown in fig.1. We employ the bootstrap method to
estimate the propagation of statistical uncertainty from
the momentum to the position space. During the re-
sampling, we also vary the central value of ¢r within a
bin, which allows us to estimate the uncertainty due to
finite bin size at large-b.

Using the sets listed in table I, we compose twelve ra-
tios X1/%9. Each ratio provides an independent value
of CS kernel (8). The collection of resulting curves at
1 = 2GeV is shown in fig.2(top). Apparently all curves
are in a perfect agreement for b > 0.4GeV ~!. It manifests
that the CASCADE event generator supports the TMD
factorization theorem. Note that three extractions are
made with proton-antiproton collision, and they are in-
distinguishable from the proton-proton cases. It confirms
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FIG. 1. Example of pseudo-data in the momentum (top plot)
and position (bottom plot) spaces. The statistical uncertainty
is shown by the width of the line. The shown cases correspond
to pp-scattering integrated in |y| < 4.

the universality of the CS kernel.

For an extra test of the universality, we have simu-
lated the pseudo-data (pp collisions at @ = 12 and 16
GeV, oy = 4) using different collinear PDFs. Namely,
the CT18 [34], MSHT20 [35] and NNPDF3.1 [36]. The
comparison of these cases is shown in fig.2(top). These
curves are also in the perfect agreement, which shows
that the TMD evolution within CASCADE is indepen-
dent of the DGLAP evolution. For a demonstration of
a possible misbehavior, we show (in the gray-dashed line
in fig.2(bottom)) the CS kernel extracted from the ratio
with different collinear PDFs (CASCADE at @ = 12GeV
to CT18 at @ = 16GeV), where the parton distributions
do not cancel exactly.

All extractions are made using 1o = @, and N3LO per-
turbative accuracy for functions Z and Ag. The pertur-
bative expansion is very stable, which we test by varying
the scale g € [Q/2,2Q)]. The size of the scale variation
band is constant in . The maximum variation among all
extractions is (—0.0016,4+0.0008) in the absolute value,
which is smaller than the statistical uncertainty.

The final curve for the CS kernel predicted by the
CASCADE event generator is obtained by combining all
twelve extractions. The comparison with other extrac-



FIG. 2. Comparison of CS kernels extracted from differ-
ent combinations of the pseudo-data. The top plot shows all
possible (twelve) combinations of pseudo-data with different
kinematics, listed in the table I. The bottom plot show ex-
tractions made with different input collinear PDFs. The solid
lines are the central values. The shaded areas are the statis-
tical uncertainty. The oscillations at b ~ 4 — 6GeV ! are due
to the finite bin size in the gr-space. The gray dashed line in
the lower plot shows the effect of incomplete cancellation of
parton’s momentum if PDFs in the comparing cross-section
are different (here, CT18 vs. CASCADE).

tions of CS kernel is shown in fig.3. The CASCADE
extraction lightly disagrees with the perturbative curve
(b < 1GeV™1), but in agreement with the SV19 [10] and
Pavial7 [7] for 1 < b < 3GeV 1.

The fit of the large-b part by a polynomial gives

D(b, 1) ~ [(0.069 = 0.031)GeV] x b, (11)

with a negligible quadratic part. We conclude that the
CASCADE suggests a linear asymptotic, which was also
used in the SV19 series of fits [9, 10, 37], and supported
by theoretical estimations [14, 38]

Conclusions. We have presented the method of di-
rect extraction of the CS kernel from the data, using the
proper combination of cross-sections with different kine-
matics. For explicitness, we considered the case of the
Drell-Yan process, but the method can be easily gener-
alized to other processes such as SIDIS, semi-inclusive
annihilation, Z/W-boson production, and their polarized
versions.

0.8
0.6}
0.4f
0.2f /
-0.2 // b(GeV )
— CASCADE e SVZES
— SV19 + ETMC/PKU
-=-= MAP22 SV7Z
Pavial9 v LPC20
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FIG. 3. Comparison of the CS kernels obtained in different
approaches. CASCADE curve is obtained in this work. The
curves SV19, MAP22, Pavial9 and Pavial7 are obtained from
the fits of Drell-Yan and SIDIS data in refs. [39], [10], [11],
and [7], correspondingly. Dots represent the computations of
CS kernel on the lattice, with SVZES, ETMC/PKU, SVZ,
LPC20 and LPC22 corresponding to refs.[16], [40], [17], [41],
and [42].

The method is tested using the pseudo-data gener-
ated by the CASCADE event generator, and the corre-
sponding CS kernel is extracted. Amazingly, all expected
properties of the CS kernel (such as universality) are ob-
served in the CASCADE generator. This non-trivially
supports both the TMD factorization and the PB ap-
proaches and solves an old-stated problem of comparison
between non-perturbative distributions extracted within
these approaches [43, 44].

The procedure can be applied to the real experimental
data without modifications. In this case, the uncertain-
ties of extraction will be dominated by the statistical un-
certainties of measurements since many systematic uncer-
tainties cancel in the ratio. Thus the method is feasible
for modern and future experiments, such JLab [45, 46],
LHC [47], and EIC [48, 49]. They can be applied to al-
ready collected data after a rebinning. Importantly, the
procedure is model-independent and provides access to
the CS kernel based on the first principles.
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