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ARTICLE INFO ABSTRACT

Article history: We propose two possible eikonal operators encoding the effects of classical radiation as coherent states
Received 13 January 2023 of gravitons and show how to compute from them different classical observables. In the first proposal,
Received in revised form 16 June 2023 only genuinely propagating gravitons are included, while, in the second, zero-frequency modes are added
:\C/Zielggel(ej iglijr?:e3§312;2023 in order to recover the effects of a static gravitational field. We first calculate the radiated energy-
Editor: N. Lambert momentum and the change in each particle’s momentum, or impulse, to 3PM order finding agreement
with the literature. We then calculate the angular momentum of the gravitational field after the collision.
In order to do so, we adapt the method of reverse unitarity to the presence of derivatives in the
operators describing the angular momentum and reproduce the result of [1] obtained by resumming
the small-velocity expansion. As a new application, we derive also the variation in each particle’s angular
momentum up to 3PM: calculating separately field and particle contributions allows us to check the
balance laws explicitly. We also show how the eikonal operator encodes the linear-response formula of

Bini-Damour by deriving the linear radiation-reaction contribution to the transverse impulse at 4PM.
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Classical gravitational interactions are mediated by the exchange of a large number of very soft quanta, and the eikonal exponentiation
makes this intuitive notion precise, resumming the contributions due to infinitely many graviton exchanges into a rapidly oscillating phase
[2-6]. On the other hand, the final state of a collision event also includes gravitational waves, which can be described by a superposition
of graviton states [7-9]. In this letter, we establish a link between these two phenomena by means of an eikonal operator, describing how
the colliding objects evolve due to the mutual interaction, emit classical radiation and how this backreacts on their trajectories [3,7-13]. In
the Post-Minkowskian (PM) approach, this is achieved at leading order by combining the 2 — 2 and 2 — 3 amplitudes into an exponential
operator that dictates the collision’s final state.

This is sufficient to calculate all classical observables up to 3PM i.e. O(G3) order [14-24,1,25,26]. Taking expectation values of the
appropriate operators [27] in the final state obtained from the eikonal operator, we derive to 3PM precision the changes in each particle’s
momentum (the impulse) [21], which include both the transverse and the longitudinal components with respect to the initial directions
of motion, the linear [19] and angular momentum [1] of the gravitational radiation field and, as a novel application, the changes in each
particle’s angular momentum. In this way, we can explicitly check the corresponding balance laws to the same order.

More in detail, we will actually present two, in principle distinct, eikonal operators: one obtained by an operator dressing of the
(connected) T-matrix, based on the standard version of Weinberg’s soft-graviton theorem [28-30,13], and one obtained by dressing the
whole S-matrix, S =1+ iT, including the forward part [12]. We show that the linear momenta of the gravitational field and the particles
are the same in both formulations although certain terms emerge from different ingredients of the respective operators as in the case
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of the impulse, and our results agree with [19,21]. The difference between the two approaches emerges in the results for the angular
momenta.

At the technical level, the main contribution to the radiative quantities we study can be written in terms of “cut” two-loop integrals
that we calculate by using the technique of reverse unitarity [31-33,19,21] and the method of differential equations [17,20,21]. When
applying this approach to the angular momentum, whose expression contains derivatives with respect to the momenta, one encounters a
new feature: the possibility for the derivatives to act on the delta functions enforcing the on-shell conditions. We show that the approach
mentioned above can be implemented in a non-ambiguous way and that the final results always depend only on on-shell data.

In addition to conservative and radiative effects, the second formulation of the eikonal operator allows us to access also “static”
contributions, e.g. to the angular momentum losses, which are sensitive to the prescription adopted to approach the w = 0 singularity of
the graviton spectrum [12]. These static contributions depend on the Bondi supertranslation frame one adopts [34], and employing the
Feynman —i0 prescription [12] corresponds to adopting the Bondi frame where the linear-response formula of Bini and Damour [35,36]
holds. In this frame, our result for the total angular momentum loss, complete of radiative and static terms, agrees with [37] to 2PM order
and with [1] to 3PM order. Conversely, the result obtained by means of the first version of the eikonal operator (the one without static
modes) yields the result one would obtain in the “canonical” Bondi frame, where the early-time shear vanishes identically and such static
effects are absent (see [34,38,39] for further details on this point and for supertranslation-invariant notions of the angular momentum
loss).

We also show that the eikonal operator can naturally account for the linear radiation reaction (RR) contribution to the impulses as
derived in a classical GR approach in [35,36]. This linear-response formula was used recently in [1] to obtain the transverse component of
the impulse at O(G*) and we show that the same result follows from the eikonal operator that includes the static contributions.

The paper is organized as follows. In Section 2 we propose our formulation of the eikonal operator, including either only radiative
modes (Subsection 2.1) or both radiative and static modes (Subsection 2.2). Section 3 is then devoted to the explicit calculations of
classical observables from the eikonal operator up to 3PM order: the total radiated momentum, the impulse for each particle, the total
angular momentum of the gravitational field and the change in each particle’s angular momentum. In Section 4 we illustrate how the
4PM radiation-reaction part [1] of the transverse impulse also follows from the formalism, and comment on possible future applications
aimed to obtain other contributions at the same order.

2. Two proposals for the Eikonal operator
We focus on the gravitational scattering of two scalar particles with masses m; and my in the PM approximation. All momenta are

conventionally regarded as outgoing, so that —p; and —p, are the classical momenta of the incoming particles, with p% + m% =0,
p% +m% = 0. The initial configuration of the collision is described by a state with no radiation. Following [27], and introducing the

shorthand notation fpf = f (‘;)T‘;;') 27'(6'(pl(-’)8(pi2 + miz) for i =1, 2 (and similarly for p34), we thus indicate the in-state as
= [ [ ercpneapaet e —p —pa.0). 21)
—P1—p2

The wavepackets ®;(—p;) are peaked around the classical incoming momenta (which, with a slight abuse of notation, we indicate as
—pi), while b =bq — by is the impact parameter and is orthogonal to p; . Being associated to the distance between the tangents to the
asymptotes to the trajectories of particles in the far past, b is the physical impact parameter for the incoming state, directly related to the
total angular momentum of the process. The ket label “0” emphasizes that there are no gravitons in the initial state. The basic principle
of the eikonal approach is that it is possible to describe the final state, after a gravitational scattering at large b, by an exponential that
includes all classical effects.

In the elastic case, the final state contains just two scalar particles, like the initial one, and can be written as [9] (see in particular
Eq. (4.7) of that reference)

. . dP Q . - L g ) .
Sell¥) = / / e brpa=ibps / QD¢1(p4—Q)<I>z(p3+Q) / dPxe'®1=P279Q(1 4 2iA (0, be)) €277 | p3, p4, 0) .

(2m)
P3 P4
(2.2)

Here o = —% = —f:fl'—n‘;‘z‘ and 24 is the classical eikonal while A is a quantum remainder, see [20] and references therein. In terms of
the Fourier transform of the 2 — 2 amplitude M to impact parameter space, FT [M] = M,

~ _ dPq 2 2y ibe-q 2

M(o,be) = W2ﬂ8(2p1 “q—q)2m8(2p2-q+qT)e” I M(o,q%), (2.3)
it satisfies

1+ 2iM(0, be) = (1+2iA(0, b)) e :be) (2.4)

We will neglect A since it will not play an important role in this work. In Eq. (2.2), the impact parameter b, is defined as the projection
of % orthogonal to ps — Q/2 and p3 + Q/2, so it implicitly depends on Q and, as discussed in detail in [9], this yields the expected
relation between the impact parameter b defining the initial angular momentum and the eikonal impact parameter b, see (3.29). Up to
O(G?), one has 28 ~ 28y + 281 + 28,. The 1PM (280) and 2PM (28;) orders are real, so that eZi%+2i1 i 3 phase [40,41]. Explicitly:

26mimaT(—€) 9% — 505 3w G2mymy(my +my) 502 — 1
260 = ’ 26, = , (2.5)
(7Tbe)_e o2 -1 4be |
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where we kept D =4 — 2¢€ in 2§g to regulate the Coulomb IR divergence. Instead, the 3PM order 28, develops a (positive) IR divergent
imaginary part showing that the elastic process is exponentially suppressed as inelastic channels open up. In order to recover unitarity
we thus need to consider radiation in the final state.

Building on several approaches [8,10,11,9,12,13], we write the final state as

. . dD dD
Sy = [ [etrpen (Zn%; (2,3:23 1(pa— Q1) 2(p3 — Q2)

p3 P4 (2.6)
o /de1 /dez ¢i(b1=3)-Q 1 +i(ba—%2)- Q2 2B(x1.30) o 0y

The momenta Q; thus enter the relation between initial and final states, p; + ps = Q1 and p; + p3 = Q3. The operator 25 lives in the
Fock space of the physical gravitons and, as we shall see, it contains two main ingredients. The first is the (real) c-number eikonal phase
derived from the elastic 2 — 2 amplitude (2.4). The second is an inelastic part describing radiation that involves amplitudes with graviton
emissions and the creation/annihilation operators a;(k), a?(k), with i the polarization index, obeying canonical commutation relations

20 (K08 (k)[a; k), aJ]r.(k’)] = (2m)P5P) (k —K')3;;. As anticipated, we shall detail two somewhat different proposals for 23. Both involve the
Fourier transform of the connected on-shell 2 — 3 amplitude A" in the classical limit (see [42-44] for the tree-level result),'

AR (1, %2, k) = / an )D S 82p1- 41— 48 2p2 - q2 — g5)e™ IR AR (g, gy, k), (2.7)
where q; + g2 + k = 0. The following transformation property under translations:

n M 12 AUV —ia-k juv
Xip > X, +an, AT e TRANT, (2.8)

will be useful in the calculation of the angular momenta in Sect. 3.1.
2.1. Eikonal operator without static modes

A first approach is to define the eikonal operator in (2.6) by including a coherent superposition of graviton states [9],

N DA - . = P
ez,’g(xl’xZ) _ ((;T[?D /dDjze—iQ(;‘—Xl"er)eZias(be)el-[k[Aj(xl‘Xz’k)az(k)-i_‘Aj(xl‘Xz’k)aj(k)]7 (2.9)

where the polarization index j is summed over and fk f (2;1)0 260 (k%)8(k?). Note that neglecting radiation, i.e. setting A to zero in the
eikonal operator (2.9), Eq. (2.6) reduces to the elastic final state (2.2).

Eq. (2.9) includes the region of small k, say k° < w*, where Weinberg's soft theorem [29] for .A*Y applies. In this region, the last two
factors in (2.9) reduce to the small-frequency eikonal operator discussed in [13]: letting [k‘”* = ka(a)* — k9,

. w*[ i) * ] . a)*[ out ;T outsk ] ’(U*[ in T ins ]
wia.—w.aj wrra.—wsT T ag wa.—w.raj
Ser = 62155€fk I B A :eZIBSefk T A e]k T S , (210)

where wj(k) =¢% (k) >, V87 G pEpY/pn -k, and similarly for w?“t/m but restricting n to final/initial states. Eq. (2.10) shows that intro-
ducing the operator Ss ;. is equivalent to performing soft dressings [45-48] of the initial and final states.

After exponentiation, the initial and the final momenta in the scattering process differ by classical corrections weighted by G, rather
than by quantum correction weighted by fi. Thus we need to spell out the dependence of the objects in (2.9) on the external momenta.
The choice of [9] was to identify all momenta with those of the final states, while here we take a “democratic” prescription. For instance
the phase 285(be) is defined from the eikonal phase Re2§ [20] (see (2.4) above) by

1
285(be) = 5 [Re25(c12. be) +Re 28(034. be)]. (2.11)

51]1 rﬁi and outgoing o34 = 5131 rﬁ; momenta reproduces the classical Coulomb divergences

due to the hard external particles [29], and is relevant only to O(G*), i.e. 285(be) = Re258(0, be) + O(G*), so we will need it in explicit
calculations only in Section 4.
Similarly, we take .A*" to depend on p; and p»,

The symmetrization between incoming o1 =

.1 Q1 .1 Q2
= — — = -, = — — = -, 2]2
p1=5(Ps—p=ps— p2=5(p3—p2)=p3— (2.12)
rather than on p; and p;. As we will see this is again relevant for radiation-reaction effects at O(G#).> Notice that we do not include the

imaginary part of 285, since it is automatically generated by the operatorial part after normal ordering [13].> This shows that the damping

! In analogy with our treatment of the elastic amplitude, A" contains, in principle, conservative loop corrections but no absorptive ones due to inelastic on shell
intermediate states.

2 Both the phase and the operator part of (2.6) will be treated differently in the alternative formulation that reproduces the static contributions to the angular momenta [37,
1,12].

3 This is another slight difference with the approach [9] where the imaginary part is written explicitly. When evaluated at the classical stationary point (see (2.13)) the
two approaches are equivalent, but in order to calculate classical observables that involve derivatives it is important to start from (2.9) and impose (2.13) only at the end.
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of the elastic amplitude (which diverges in the € — 0 limit) is due to the emission of soft-gravitons [13]. As we will see, this formulation
of the final state yields consistent radiative observables up to 3PM.

It is instructive to rewrite Eq. (2.6) after the change of variables x; =243, x20=4—-3, Q1 =Q — % Qx=-Q — % Then P represents
the total momentum lost by the particles to the gravitational field. In fact, A only depends on A via an overall e~*** and therefore P is
equal to the sum of the momenta of the emitted gravitons P =", kn, as one can see by expanding the last exponential in (2.9) to a
generic order (@)™ and then carrying out the integral over A.

Since 2i$ in Eq. (2.9) is manifestly Hermitian, the eikonal operator (2.6) would be trivially unitary were it not for the various integra-
tions present in it, in particular the above-mentioned one that enforces energy-momentum conservation. However, we expect unitarity to
hold only up to corrections that are higher order either in the fi-expansion or, less pretentiously, in the PM (loop) expansion. For instance,
one can use this approach to check unitarity at the classical level,® i.e. (¥|STS|y¥) = (¥|¥). To this end, we use (2.6) to write explicitly the
L.h.s. of the above equation, and estimate the integrals by solving the stationary phase conditions. We find that the integrated variables in
S|¥) must be equal to those in (y|ST and that, for i =1, 2,

(—)

8285(be) /

xi —bi), = A*(x1, %2, k Ax1, x2, k 2.13a
(xi —bi)p 50, (]2)Q1 (x1,%2,k), ( )

o _ E
Qip=(-D"Q, —i/A*(xl,Xz,k)a—MA(xl,Xz,k) (2.13b)

X

- 02685(b ~ 0255(b

Xy = (X1 —Xz)u-i-y ; u=&» (2.13¢)

aQn XM
<>

with 2fdg= fdg — gd f. For convenience, here and in the following we suppress contractions between five-point amplitudes (unless

written otherwise), letting

AA = Ay AW — —— AL ALY, (214)
D-2
(and similarly for FA¥ below). The saddle-point equations for the elastic case (2.2) can be obtained from (2.13) by formally setting A to
zero.

We witness here the key idea of the eikonal approach, that the classical values of Q; and x; can be determined by stationary-phase
conditions. Using (2.6) and (2.13), one can calculate expectation values of classical observables O by evaluating (¢|STOSW), thus following
the strategy laid out in Refs. [27,49], at the stationary point. For the impulse, the operator insertion simply multiplies the integrand by
a factor of the momentum (see (3.1) below). Considering the angular momenta of both the gravitational field and the scalar particles,
instead, it also involves derivatives. For instance, the mechanical angular momentum of particle 1 before (after) the scattering is obtained
by inserting —ipl[aﬁ (—ip4[aalﬂj). Here and below, all formulas for particle 2 can be obtained by interchanging 1 <> 2 and 3 < 4 in

p A

those for particle 1.
2.2. Eikonal operator including static modes

So far, we worked by exponentiating the 2 — 3 amplitude as in (2.9), which includes Weinberg’s limit of soft (but non vanishing)
graviton momenta. We now discuss how to also take into account additional effects associated to static or “zero-frequency” modes [12],
which will be instrumental in including the angular momentum of the non-dynamical gravitational field [37,1,12]. This formulation also
provides a natural separation between conservative and non-conservative contributions treating all RR effects on the same footing.

Let us first isolate in (2.9) the contribution of the infinitesimally soft gravitons, k% < @*. The scale w* is useful only in the intermediate
steps to define the integrals of Section 3.2 and we will take w* — 0 at the end. We perform a soft dressing not only of the connected
amplitudes (T-matrix elements), but of the full S-matrix including the disconnected part [12]. This amounts to incorporating also diagrams
where the graviton is emitted by a “straight line” and thus carries zero energy, and requires us to introduce the —i0 prescription in the
soft factors:

*UV v pn pn
fiky =& WFuwk),  F* (k)=; " (2.15)

out/in

and similarly for f but restricting n to final/initial states. We then define

. dbQ o 28-(b
p216(x1.%2) _ /deeHQ(x—x1+x2)e1285( e)
@m)P
ka(w* kO [foutT fout*aj] ka(w* kO [fln fm* ] (2‘16)

eifk e(kO_w*)[Aj(m,xz,k)a}(k)+fij(xl,xz,k)aj(k)] '

4 We checked that all rapidly oscillating phases cancel at the stationary point, but not that the overall coefficient is one up to ki corrections. It would be interesting to
come back to this point.
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In contrast to (2.10), combining the two exponentials due to the dressings of initial and final states in the second line of (2.16) [47,46,10,48]
now produces a phase,

‘@*[ cout T _ routs r@*[ ein T _ pinx * T ex .
e’k [fj taj_fj ‘ aj]efk [f_, aj_fj aj] ~ efk [fjaj_fj aj]e—ZIBRR ’ (217)
where
1 <
2057 = = / (et fin) = £ R 0) (2:18)

k

This extra phase crucially depends on the Feynman prescription, i.e. on the fact that the dressings now include, unconventionally, static
modes, as is clear from the observation that, were it not for the —i0 prescription, f'»'“/OUt would be real (for real polarizations) and (2.18)
would vanish identically. The integral appearing there on the right-hand side can be calculated using the techniques discussed in [12] and
the resulting phase turns out to subtract the radiation-reaction part of the 3PM eikonal and leads us to define a “conservative” phase 2§
via

285(be) — 28(be) = 28" (be) ~ 1G Q2 Z(0) + O(GY), (2.19)

with Z(o) and Qpym as in Table 2 and Eq. (3.26) below. Eq. (2.16) then reads:

2i8(x1,%2) d”Q Dy, —i0 (k—x1+x2) ,i28(be)
e o) = d”xe 1120 gle0 0
(2m)P

« ol G(w*—ko)[ Fiaj 00t~ ff ka j(k)]ei I O(ko—w*)[ﬁ 1%, )] )+ A% (1 x2 Kya j(k)]

(2.20)

In (2.20), the initial momenta p; in FA*V should be written in terms of the final momenta ps 4 and of the Q;. Note that the phase
25 still involves a “democratic” dependence between the incoming and the outgoing momenta via (2.11), (2.19), so that Eq. (2.20) again
reproduces the classical Coulomb divergences due to the hard external particles [29].

The saddle-point conditions are then analogous to (2.13) except for an extra contribution that arises from the static modes in the
second line of (2.20),

<> <>

328(b d . C .
= b =0~ [0 k) F 0= o -1 [ 00 = ) XG0 = Ao, (221a)
Qi Q] 9Q;
k k
Qip=(1D"1Q, —i/A*(thz,k)—MA(X],Xz,k) , (2.21b)
/ 0x;

_ 925 (be) = 028(be)

X=X — X))+ W ) L (2.21¢)

where in the second equation we took directly the limit w* — 0 since there are no static contributions. We suppressed index contractions
as in (2.14).

3. 3PM observables in the two-body problem

We denote by P* the energy-momentum of the gravitational field after the scattering and by Q{* the impulse for each particle, with
balance law P% + Q{" + Qg‘ = 0. We separate each observable into its radiative and non-radiative contributions. Radiative quantities arise
from the part of the eikonal operator involving A*”, are due to graviton emissions with @ > w* and will be denoted by bold symbols. For
instance the only contribution to the momentum carried by the field is of this type, P* = P“. The impulse of each particle contains also
a non-radiative part, denoted with a subscript (n), so that Q¥ = Q¢ + Q{’(‘n). Following a similar notation we denote by J*f the angular

momentum of the gravitational field after the scattering and by AL?'S the variation of angular momentum for each particle, whose balance

law reads J*f + AL‘;‘ﬂ + ALg‘ﬂ =0. In the following, we will show how all such quantities can be calculated from the eikonal operator to
(O(G?) precision, providing in particular novel expressions for AL?‘ﬂ.

As anticipated, our two proposals (2.9) and (2.20) for the eikonal operator lead to the same expressions for radiative quantities, while
they differ in the way the non-radiative parts are treated. In the first one, such non-radiative contributions arise from the phase 25 (2.11).

So, for the impulse, from (2.13) we have Q@) = %}g"?) as in [20]. In the second one, one makes a finer distinction between conservative
terms, which arise from the phase 2§ and will be denoted with a subscript (c), and static terms, which arise from F v and will be denoted
by calligraphic symbols. For instance, from (2.21), Qi) = Q1() + @1 with Q) = 32‘;(;"’) as in (3.25) and Q1 as in (3.21). We will see
that the final expression for Q1) up to 3PM order is the same in the two approaches.

5
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When using (2.9), one finds that J# is purely radiative, J*# = J*#. When using (2.20), instead, it involves additional static-mode
contributions, J*# = J*f 4+ 7%f We will see that the latter expression for J*# reproduces the results of [37,1,12] for the gravitational
angular momentum loss up to 3PM. This reflects the fact, emphasized in [34], that a standard S-matrix approach necessarily leads to the
canonical Bondi frame, hence to (2.9), and thus misses the static-mode contributions captured by (2.20). Indeed, as discussed in [34,12],
the difference between the two results for J%#, i.e. the static contribution 7%#, can be seen as the effect of a BMS supertranslation (see
[50] and references therein). The result J*# = J®# is the one obtained in the canonical Bondi frame, in which the initial Bondi shear
vanishes, while the result J¢# = Jf 4 7%F is the one obtained in the “intrinsic” Bondi frame defined in [34], where the linear response
formula of Bini and Damour [35,37] should apply. Similarly, using (2.20), we will have both radiative, static and conservative contributions
to the angular momentum changes, AL”’ﬂ ALaﬂ + AL+ AL‘I)‘(f).

3.1. Radiative contributions
We first discuss the radiative contributions to the linear and angular momenta at O(G3). Our strategy, based on reverse unitarity [31-
33,19,21], is to rewrite the formulae obtained from the eikonal operator in terms of integrals involving a three-particle cut in momentum

space.” The resulting integrals reduce to suitable cuts of two-loop integrals, which one can calculate in the soft region with differential
equations [20,21]. The energy-momentum P% [19,21] is given by

- / Ak A (31)

We also consider, as a novel application of the reverse-unitarity method, [9]

=Im / —A* (3.2)
The main step consists in rewriting each of these observables O in the form
p1 == = | = Y
! (hT \\\ ! Tq _\(\]]
0= Fl"/d(LlPS)fo : j{ = ! (3.3)
‘\\ l /I \\ l ’I
D2 H\\»//H = \\‘//*)

where each diagram represents A*Y with the appropriate routing and d(LIPS) stands for the Lorentz-invariant phase space measure in
the soft region,

dPk
@m)P
Note that g% is the integrated variable in the Fourier transform FT[---] defined by (2.3). The “measuring function” fo corresponding

to (3.1) reads fpe =k [19,21]. To obtain (3.2), the appropriate function can be obtained by observing that, when the derivative acts
on A in (2.7), one gets a factor iq{, while, when it acts on its complex conjugate, one gets —i(q® — q¥), so that fQ? =qf — %q"‘. The

expression f Q¢ = —k* —qf + %q"‘ can be obtained in an analogous way. In order to write the result in a compact form, we introduce the
px 2

2776 (K%)5 (k?) (d 527 8(2p1 - q1)278(2p2 - (@1 +K)) . (34)

four-velocities uf‘ for i =1, 2, with uf mo Up = —1, 0 = —uq - uy and the variables [21]
Iz Iz Iz Iz
ﬁu_auz — U ﬁ“:au] ) (3.55)
1 o2-1 ° 2 o2—-1 ~
which obey 1I; - uj = —§;;. In agreement with [19,21], we obtain
Gmim3
Ko o~
pY ~ —p @y +u5)e (3.6)
with £ as in Table 1 and #; as in (3.5). We also recover from (3.2) the longitudinal part of the RR impulse [21],
G"'mzm2 . G3m m2
QY ~ — —1 2%, QY b3 — 1 2%e. (3.7)

5 A priori, each observable is given by the exact expectation value of the corresponding self-adjoint operator in the final state. Equivalently, it can be obtained by integrating
over phase space the relevant exact inclusive cross section weighted by an observable-specific factor [51,27]. For our coherent-state eikonal operators, the @ (G?) calculation
simplifies to the three-particle phase space integrals described in the text, in spite of the fact that the production of an indefinite number of gravitons is implicitly taken into
account. This is how observables end up having a classical limit.
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Table 1
Functions entering the radiative terms.
& o+1 o arccosho
—=fi+ f2log + f3
7T 2 2/02 -1
C oo o+1 o arccosho
T[—gl 82 log 5 g32 o
= 2100° — 55205 +3390* — 91203 + 314852 — 33360 + 1151
1= 48(02 —1)3/2
f 3504 + 6003 — 15002 + 760 — 5
2=
8vo2 -1
(202 —3) (3504 — 3002 +11)
8(c2 —1)*?
_ 10507 —4110° +2400° + 5370* — 6830 + 11102 4 3860 — 237
&1= 24(c% — 1)
_ 350° —900* — 7003 + 1602 + 1550 — 62
&= 402 -1)
(202 —3) (350° — 600* — 7003 + 7202 + 190 — 12)

83=—

4(02 —1)°

Since we are working at leading order (3PM) we used p4 >~ —p1 and p3 >~ —p;. We observe that (3.6) and (3.7) obey the balance law
P*+ QY+ Q9 =0.

In the framework based on (2.9), the transverse part of the RR impulse, together with the conservative potential part, arises from
the first term in (2.13b). As shown in [52] this can be related by analyticity to the zero-frequency limit of the graviton spectrum. In the
alternative formulation based on (2.20), instead, the transverse part of the RR impulse will arise from the static contribution Qf‘ (3.21),
while the conservative impulse is given by the derivative of 2§ as in (3.25) below.

The angular momentum carried away by gravitational waves in a 2 — 2 collision J*# was calculated to 3PM order in [1] by resumming
its small-velocity series. This was made possible by the assumption, checked a posteriori, that the resummed result be expressible using
the same analytic functions appearing in the 3PM radiated energy-momentum P% [19,21]. Here we obtain again the result of [1] for J*#,
using reverse unitarity. The formula for the radiated angular momenta in terms of A" is [1,12] Joup= ]ff;; + ]fxs;, with

IA - -

70 _ () _: Iz

l]aﬂ—/IC[amA*, laﬂ_l/ZA[aAEJ/L (3.8)
k k

Similarly, inserting the appropriate differential operator —ip4[« ﬁ in the eikonal operator as mentioned above, we derive the new formula
Py

AL:.’”6 =1Im ]?ﬁ +bl[°‘ Qfl, where we define

A -
Jiop = / Pila 57 A*. (3.9)
I i

K
These expressions start at O(G3) and so, at our level of precision, we can use (2.13a) and identify x;j with b;. Then it is convenient to use
a translation to set b =0 and, to leading PM order, Eq. (2.7) reduces to

dPqq

Gy 23PN 2pa - (—a1 — k) A" @1~ —k.b). (3.10)

AV (b, k) =

The advantage of (3.10) is that the phase factor and the first §-function are k-independent. At the end of the calculation we can perform
a translation (2.8) to another frame by using J*# — J*f +al® P#1 [1] and we similarly obtain AL?"3 — AL?ﬁ +al Qf].G

A key step analogous to (3.3) in the calculation of angular momenta, starting from (3.8), (3.9), seems more involved due to the presence
of derivatives, which act in particular on the § functions in (3.10). The presence of &’ distributions may even seem to spoil the on-shell
nature of the integration. We resolve this difficulty as follows, focusing for simplicity on a frame where b, = 0. Although A"V entering
(3.10) can be always modified by terms that vanish on-shell, we can choose a specific form for it and let the derivatives act both on
A"V and on the § functions. Then, the resulting terms separately depend on the choice made at the beginning, but the final result
is independent of it. Proceeding in this way, and using the convenient distribution identity & (x)é(x — y) = & (x)8(y) + §(x)8’(y) as an
intermediate step, we find the following expressions suitable for the application of reverse unitarity:

6 This holds even if a* = p1b’f + ,ozb‘; and p1 2 depend on p1, py, because P - by =0.
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Pl == — = . =
// qif \\ ’/ Tla —\t\h
(0) | = | e
Jop =FT / Kie ﬁ] d(LIPS) .\ i }
\\ l /, \\ l ’I
P2 —=— a = |=—~— - =
_ _ (3.11)
p1 = - = - = (&= - —
, // aiff \\ ’// -
— Uy FT — / d(LIPS)kg, : j{ = }
aql\Z ‘\ l I ‘\ l I
P2 —~— d = |=—~— - =

where the derivative in the first line can act both on A*" and on d(LIPS), and the derivative in the second line is with respect to the
component g2 of g/ defined by ¢"* =q ﬂﬁ‘ +q)2 ﬂg + q’j, where g, - uj = 0. Indeed, while the Fourier transform (2.3) is eventually
evaluated setting g1 = q2 =0, the derivative, arising from a &', picks up the linear dependence on g in the integrand. For ] © , Which
involves no derivative, one can apply (3.3) with fo =1 and with the same index contractions as its b-space expression (3.8). Fmally,

Pl e = = I
) "/ aif // Ta —\t\h
Joup =F1"/u2[a—ﬂ] d(LIPS) : A !
8”2 \\ l ! ‘\ l !
P2 —~— - = |=—~= d =
) ) (3.12)
pl R — - = - — | &= - = - e d
a I,/ qlT \\\ ’I/ Tq _\(\]‘1
+ Uz FT —— /d(UPS)(th +k)g : :j{ = 1
g2 N |
P2 —<= - = | =~ - =

for the integral entering (3.9) for i = 2.
Although we discussed the above steps for b, =0, we present the final results in a frame where by + by = 0, related to the previous

one by a translation by —b/2, where particle-interchange symmetry is manifest. Defining £+ and F in terms of the functions &, C given
in Table 1[19,21,1] via CVo?2 —1=-&; +0&_and F =&, — 1€ =—E_ + 1€, we find

G3m3m3 . .
Jr =t f(bl“uf] - bl“u*j]) . (3.13)
After a translation with a* = Z(EEZ +EE1 )b“ Eq. (3.13) reproduces Eq. (15) of Ref. [1] except for the static (zero-frequency) modes. We shall

see below how those terms can be recovered in the present formalism. Moreover, we obtain the new result

G3m2m? [ epplenfl
ALY~ 212 T T gplegh)] 3.14
1 b3 o—1 2 2 (3.14)

(AL is obtained by 1 <> 2 and b® <> —b®). The radiative quantities obey the balance law J*# + ALY? + ALY =o.
We conclude by calculating the integral needed to evaluate the second line of (2.21a). To this end, let us define the radiative contribu-

tion to x; — b;,

(—)

8y = —i f A (x1, %2, k) — Q A(X1, x2,k). (3.15)
i

Noting that 8Q1A =— 3p1A we see that the integrals needed to evaluate Q - 8x; are the same as those entering the calculation of AL; ’3

and we obtain for §x; — 8xy = 8x

~ my +my G3Qmymy

- 6X ~ E 3.16

Q o @ (3.16)
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Table 2
Functions and coefficients entering the static terms. n, = +1 (7, = —1) if the nth state is outgoing (incoming).
Pn - Pm arccosh oy
Onm = — s nm= " r/——— >
nm MnMm oy, \/Unzm—_]
OnmAnm — 1 2 _1
cm =26 (0~ §) 2L 200 |, gy 2 T
Opm — 1 Ofm =1
17_ 8—50%2 o202 —3)arccosho 2G =c14+C3 — 2024,
2 3(c2-1) (02 —1)3/2

3.2. Static contributions

The angular momentum of the time-independent field was calculated to 2PM order in [37] and to 3PM order in [1,12]. In the present
approach it is natural to start from the formulation in (2.20) for the eikonal operator to derive the static contribution to the angular
momentum of the gravitational field. By following [12] one obtains

. aF
k

For the purposes of this work we use the 2PM approximation to describe the gravitational collision and at this order we have Q1 ~
—Q2>~Q ~ Q. In terms of the coefficients ¢, defined in Table 2, for a 2 — 2 collision the result of (3.17) reads (see [12, Eq. (3.30)] for
a more detailed discussion)

T =— Z Z Cnmpn pm . (3.18)

n=1,2m=3,4

To this order 012 =0 ~ 034, 013 2094 >0 — o141+ 033 >1+ =

2mQ17mz 2 2m3’ 2m2

Expanding Eq. (3.18) to its leading (O(G2) order using Q =~ QH:M as in (3.26) reproduces the 2PM angular momentum loss [37].
Summing the radiative contribution J®# (3.13) and the 3PM expansion of the static contribution J7%# (3.18), using Q =~ Q1pm + Q2pm as
n (3.26), reproduces the full 3PM result of [1].

A similar technique allows one to calculate the portion of the RR impulse that is now due to zero-frequency modes. The first step is to

evaluate the integral in the first line of (2.21a). To this end, let us isolate its contribution to x — b,

(—) <>

Axuz—i/G(a) — kO F* (k)(
k

F(l 3.19
T aQZ)(c) (319)

To the order under consideration, using the on-shell conditions and the same integrals involved in the evaluation of 7%#, one obtains

Ax, ~QuG. (3.20)

This term contributes to the relation between b, and b allowing one to obtain the impulse as a function of the impact parameter, via the
second saddle point condition (2.21c). To leading order, where Ggrgr =~ 2I((r) this produces the contribution

bO[
A =—256 Q&M Z(0) +O(GY (3.21)

and thus provides the 3PM RR corrections to the deflection angle [37], so that (3.7) and (3.21) reproduce the full RR impulse to 3PM order
[21]. This enters the balance law in a trivial way, since Q1 = — Q5.

Finally, we derive the following formula for the change in angular momentum of each particle due to the interaction with the static
field, valid up to O(G?),

ALS? :Im/F* (p4
k

Under a translation (2.8), Aﬁj.xﬁ — Aﬁf‘ﬂ +al le. Defining for m=1,2, 3, 4,

277m]f[nf) = Z Cnm pgapg Z dnm pgxpg ) (3.23)
Nn=—"m =

9 ]
e —57 T Qile —; F+b5aQ’13 ) (3.22)
4 9Q;

n#m
we find the following result for (3.22),

ap apf [a ~B]
ALY = 9P 4 9P 4 ple gt (3.24)
These static contributions obey the balance law 7*f + ALY + AL =0

9
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3.3. Conservative effects

We conclude with a discussion of changes in the observables due to purely conservative effects, based on (2.20). The conservative
impulse is obtained from the second equation in (2.21¢) and reads

b¥ - 928(be)
- = 3.25
Q“ Q= b’ Q obe (3.25)
For instance, using (2.5), one finds
4Gmimy o%—1 37 G2mymy(my +my) 502 —1
= , = . 3.26
Q1pm b, o Qarm ab? = (3.26)

Note that the Coulombic divergence in 25y does not affect Q1pm. In the present setup, contrary to [20], the transverse RR impulse at 3PM
comes from (3.21) and not from the contribution of 25, to (3.25), due to its definition (2.19).
For the changes AL‘;‘(’f_), we find

ALE = (b1 — A p)'* QP + [p%"‘pé” +(p1+p2) Qm] S (3.27)
with

~ 325(s, b
my(mio + my) 0 be. S— (S, be) ‘ (3.28)

A=
a(p1-p2)

2mimi(02 — 1)

+ AL —0 holds in any reference frame and follows from the relation

ap
The balance law AL 20 =

10
bl =b* — Az p + As1 ph . (3.29)

Due to this relation, which implies b = b, cos (2) with © the deflection angle in the center-of-mass frame [9], b can be interpreted as an

“average” or “time symmetric” impact parameter for the collision, to be contrasted with the physical impact parameter b for the incoming
particles. Unlike Q, however, S is sensitive to the cutoff by in the subtraction of the Coulombic divergence.” This reflects the infinite
Shapiro time-delay for scattering events in D =4 and makes the second term in (3.27) ambiguous. Yet, going to a frame where, 1n1t1ally,
the center—of-mass is at rest —p¢{ = (Eq, D, —p§ = (E2, — —p’) and sits in the origin in the transverse plane (C.0.M. frame) by = El+Ez b%,
ba E]+E

a notoriously ill defined
quantity [53,54]. The variation of each particle’s spatial angular momentum, AL

aLl’

i(c

b*, we obtain that this ambiguity only appears in the variation of each particle’s mass-dipole, ALI( o

ic) is instead perfectly well defined and in fact vanishes:

y = =0, as expected for the conservative process as seen from the C.0.M. frame.
4. Outlook

In this letter we showed how the eikonal operator [9,12,13] can be used to derive explicit expressions for the 3PM classical observ-
ables in the gravitational scattering of two massive scalars. Of course it is also interesting to extend this approach to the 4PM order.
In Section 3.2 we saw that, in the formulation of the eikonal operator presented in Section 2.2, the 3PM RR corrections (3.21) natu-
rally follow from 2PM data, exactly as in the purely classical linear response formula [35,37]. It is not difficult to see that a similar
pattern holds also at the next order: the 3PM data we obtained can be used to find the 4PM linear response contribution to the trans-
verse impulse [1] in (2.21b). As a first step, we have to express the result in (2.21c) in terms of the initial data and, for instance, use
034 =012 — Tmz [(p1 +p2)-P+5 PZ] to rewrite 28y(034, be). This yields a new O(G*) term involving the derivative of the 1PM eikonal

phase times the ©(G?) radiated energy reproducing exactly a first term in the linear response formula of [35]. Then, when the radiative
O(G?) part (3.16) in the relation between b, and b is taken into account in (2.21c), one gets a new linear response contribution.® By
combining these two contributions with that from the static modes, which follows from (3.20), we get the (9(G*) radiation-reaction part
of the impulse along the direction b¥

< M~ [5 d 20° -1 @o’-Do . 20°-1, Qo%-13n(50” 1) 3_1] G*m2m3(my +my) ’ 41)

QRR ~ a i _
1 do /o2 -1 (02_1)% o2-1 o2 -1 4 b4

where the first and second lines contain the radiative and the static parts respectively. In order to compare with [36,1], we should
consider the projection of the impulse along b# instead of b%. Then we need to “undo” the approximation done in (3.7) and use (2.12),
which implies that the spatial part of Q; is along p; — p4 [36]. Thus, at leading order, the results in (3.7) are orthogonal to b, but have
a non-trivial projection along b. This yields a new O(G*) to the RR impulse along b*: sin OS | Q |. By adding this new term to (4.1), we
reproduce Eq. (19) of [1], which was recently confirmed [55] and extended both in the PN [56] and the PM approach [55].

It would be interesting to compare our results with those obtained in [57] by using the KMOC approach [27] and also with Post-
Newtonian data for the mechanical angular momenta. Testing the present formalism beyond what we have discussed so far, e.g. including
the 4PM longitudinal impulses and calculating the NLO corrections to the waveforms, will also shed light on whether the operator

7 An asymmetric choice of cutoff when subtracting this divergence would lead to an @(G) scoot term as in Refs. [53,54].
8 This mechanism was discussed in [9] but focusing just on the conservative contributions.
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exponent 28 needs non-linear terms in the creation/annihilation operators. For instance, we expect that terms of the type afa, involving
the 2 — 2 Compton-like amplitude [40], are needed.’
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