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Coupling Impedance

The purpose of this section is to show how the transverse coupling impe-
dance Z can be at least roughly estimated once one has some idea of where

the wall currents are and what the field lines look like.

Longitudinal

The beam sees a uniform longitudinal electric field set up by the return
currents or image currents flowing in the vacuum chamber walls. For example,

for resistive walls,

2TR
Zy = 27b surf ’ (45)
where 27TR = machine circumference, b = vacuum chamber radius, and 3{surf is

the surface impedance in ohms per square. In other words, Z 1is the total

surface resistance of a strip of length 27R and width 27b.

Transverse

The beam oscillates from side to side, which drives a differential wall
current Iw that flows in opposite directions on either side of the vacuum
chamber. This in turn requires a longitudinal electric field Ez that varies
in strength across the aperture, and a transverse magnet field Bx as shown
in Fig. 5. Energy extracted from the beam by the longitudinal electric field
drives the wall currents, which set up the dipole magnetic field, which de-
flects the beam. The wall currents can be found by equating the power lost
per unit length by the beam due to the Ez field,

EoA

IE'J dx dy = - E%Q-Jy %%% dx dy = - I (46)

to the power flow into the walls, -ZIWEO, namely

R S}
I,=-5%1. (47)
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This current is related to the electric field at the wall E; by the wall im
pedance Z,. Assume that Iw is concentrated in a strip of width of about Y,
the pipe circumference on either side of the beam, as shown in Fig. 5. Then

the effective impedance is 4Z, and

V=4I Z = 2TRE, ,
™

or

(48)

This gives the correct result for a round pipe, which has a cos 6 current

distribution. The deflecting magnetic field is (from Fig. 5)

B = - 20 2,1 pJut : (49)

wb? 27R

and when this is inserted into the definition of Z,,

2R
S [E + VXB]L ds
z, =3 s (ohms/metre), (50)
RIA




one finds

z, === (51)

where ¢ is the speed of light (3 x 10% m/sec) and B = v/c. This convenient

relation between Z (w) and Z,(w) is strictly valid for a round pipe with sur-

face impedance jisurf and for frequencies sufficiently below cut-off that the

fields have the simple form shown in Fig. 5.

On the other hand, for perfectly
conducting walls (J{S

=0 Z, 1s capacitive
urf )s Z, P ’

ZL = _j BZQ_ l_ - l;. R (52)
82Y2 aZ b2

where Zy = 377 ohms, a = beam radius, and b = pipe radius. The additional

contribution due to wall resistivity can be found from (45) and (51) with

Rogpe = (1 * j)% (thick-wall) , (53)

where p is the resistivity (ohm-m) and § is the skin depth.

At sufficiently
low frequencies, § > wall thickness %, and we should use

Roupt = % (thin-wall) (54)

provided the impedance of any alternate current paths outside the vacuum cham-
ber islsufficiently high that all currents flow through the walls. Since
§ «w b, Z, has the form shown in Fig. 6.
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Fig. 6 Real part of resistive-wall impedance



A simple case where Eq. (51) does not work is shown in Fig. 7, namely a
high impedance interruption in the vacuum chamber, for example a ceramic tube
with a resistive coating. The longitudinal impedance Z, is increased, but
not the transverse since the differential currents can avoid the high impe-
dance region as shown. The transverse impedance is increased only at very
high frequencies where the wavelength becomes comparable to the interruption
length or pipe circumference, or in other words, where the added inductance
due to the more circuitous path begins to contribute. Roughly speaking,

this occurs around the pipe cut-off frequency, typically between 1 and 2 GHz.
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Fig. 7 Interruption in vacuum chamber

Figure 8 shows an actual measurement of the resistive part of the impe-
dance for the PS over a frequency range up to 2 GHz. An effective Z,/n com-
puted from Eq. (51) is plotted instead of the less familiar Z, . The measure-
ment techniques) uses the beam and will be described later. The actual im-—
pedance is much larger than the resistive-wall value, which is not too
surprising considering the large number of interruptions in the vacuum chamber
for PU electrodes, septum tanks, ferrite kicker magnets, bellows, vacuum

manifolds, etc.
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In short, any structure that supports a longitudinal electric field that
varies across the aperture, or equivalently allows wall current loops that

produce a dipole magnetic field, will increase Z,.

Modes of Oscillation

Zero chromaticity

-8/,

so all particles have the same betatron frequency Q. The bunch can oscillate
up and down as a rigid unit, the so-called rigid-bunch mode (m = 0). The

signal on a position monitor has the form
foo 2TkQ
A-signal « po(t)er kQ = ___//’—_\\;___ x e’

th . .
on the k revolution, or summed over many revolutions,

4 -S/IGNAL = t

e —— ————

BUNCH LENGTH T,

For the m = 1 mode, the front of the bunch moves up while the back moves

down, with the centre stationary,

] ' aq
A-signal « pl(t:)eJZTTkQ : _/\/_ X e 12mA

or summed over several revolutions

4 - S/IGNAL = ¢

In the synchrotron phase space of Fig., 9, the particles are arranged
around the synchrotron orbit so that their transverse dipole moment p is up
near the front of the bunch and down near the back, as shown. After half a
betatron oscillation, the signs are reversed. On a slower time-scale, the
oscillating dipoles are carried around the synchrotron orbit, but note that
the net dipole moment near the bunch centre € = 0 is always zero owing to
cancellation between +Ap/p and -Ap/p particles. If ¢ is the synchrotron

phase along an orbit, the mode patterns are described by eJm¢.



For the third mode, m = 2

A

and there are two nodes,

A-signal « pg(t)eJZTer = ¢

and so on.

The plus and minus signs in the previous drawings need not refer to the
dipole moment, but can also describe the transverse quadrupolar or sextupolar
distortions of the group of particles at that point on the synchrotron orbit.
The mode patterns would appear the same provided the pick-up monitor was sensi-
tive to quadrupolar or higher "throbbing beam" type signals. More simply,
the plus and minus signs could describe an excess or deficiency of charge,
and then the modes are the usual longitudinal modes of instability, m = 1 for
centre-of-mass oscillations, m = 2 for the longitudinal quadrupole mode, and

so on, as described in the lectures on longitudinal instabilities.

The main thing to note about these modes is that they are standing-wave
patterns, with any two parts of the bunch moving either in-phase or 180° out-
of-phase. As a consequence, the wake field laid down by the head of the bunch
cannot drive the tail on the same revolution, since a 90° out-of-phase compon-
ent is required for instability. Thus a wake that decays within one revolu-
tion does not cause instability. However, if the wake lasts more than one
revolution, there can be instability if the bunch arrives back with the cor-

rect 90° out-of-phase oscillation. This depends on whether the Q-value is



above or below a % integer, and on the sign of the wake field. For resistive-

wall wakes, single-bunch instability occurs for Q-values above a % integer.

If many bunches are present, coupled motion of the different bunches is
possible with one bunch driving the next, and so on. For M bunches, M
coupled-bunch modes are possible, with a phase shift of 27n/M between bunches

for coupled-bunch mode n, as shown in Fig. 10. Now, about half the modes are

unstable for any choice of Q-value.

AMPLITUDE
/”--—’.“\
Yy 7 -
S -~
\‘___._/’
AMPLITUDE
7N r . r . N
-\ L L\ L - L \‘ > n=4
\ 4 “\ / \ / \ Vs
\*/ -’ Neo’ No”
2MR
2
3 !
4 45° \pip . .
1 Phase shift between adjacent bunches for the
different coupled-bunch modes
7
5 \\46

Fig. 10 Coupled-bunch modes for eight bunches

Non—-zero chromaticity

With finite chromaticity, the betatron frequency Q varies around a syn-
chrotron orbit. Assume the chromaticity & is positive, and that we are below
transition energy so that the particles move clockwise around the synchrotron
orbit as shown in the following diagram. A particle at the front of the bunch
has the same betatron frequency as the synchronous particle, and we assume it
has the same phase also. As the particle moves back along the synchrotron orbit,
its phase gradually slips behind that of the synchronous particle (AQ < 0) until
it reaches the back of the bunch. Then as it moves forward again (AQ > 0),
its phase advances and returns to the starting value when the particle regains

the front of the bunch. The phase along the bunch is indicated schematically
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in Fig. 11 by the length of the arrows (down for phase lag) rather than the

plus or minus signs of the previous drawings.

If we now place particles around the orbit and arrange their betatron
phase initially to be as indicated in Fig. 11, the pattern remains stationary,
and the given phase relationship along the bunch is preserved in time. For
example, as a particle leaves the back of the bunch, another always arrives
with the correct accumulated phase shift to replace it. Thus the front and
back of the bunch oscillate with a phase difference, which reduces to rigid-

bunch oscillation only in the limit of zero chromaticity.

The total phase shift between head and tail is usually denoted by Y.
It can be computed as follows. The betatron frequency depends on the momen-

tum deviation

AQ = £ Q , (55)

°lg

which in turn is related to the deviation in revolution times,

<
1]
S

AT
T— ’ (56)

where T is the revolution period, n = l/y§ - 1/y?, and gamma transition Yo

is usually about Yp = QH' We can specify the location of the particle within

L

Fig. 11 Betatron phase around a synchro-
tron orbit



the bunch by giving its time delay T from the head of the bunch. This time

delay changes by the amount AT per revolution, or

The accumulated betatron phase shift is

2n/AQ dk

X:
_2mE, fdt
=T 7 Q Ik dk (57)
=%QU~)0T’

where wg = 27/T. Thus the phase varies linearly along the bunch and attains

its maximum value at the tail where T = bunch length TL.

In terms of the bunching factor B = bunch length/bunch separation and

the number of bunches M,

2l . (58)

X = 1

3 femy

This is plotted as a function of energy or Yy in Fig. 12 for the 'natural"
machine chromaticity & = -1. 1In general, X can be several radians, and ap-

proaches infinity at transition energy.

Fig. 12 Head-tail phase shift ¥ versus energy
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The same linear phase-shift along the bunch occurs for the higher modes
m # 0, but the amplitude of oscillation is given by the standing-wave pattern

pm(t). The PU signal has the form (Fig. 13)

A-signal « pm(t)er€t+J2ﬂkQ , (59)

where

w 0

X - &
T an

¢

gives the frequency (radians/sec) of the wiggles along the bunch (fE = wE

in Hz). The number of nodes still determine the head-tail mode number m.

/27

k=0

k=4

k=0to5

mode m=0 mz=1 mz=2 m=0 m=1 m=2 m=0 m=1 m=2
a)X=0radian b)X =5radians ¢)X.=9radians

Fig. 13 A-signal of a single bunch on separate revolutions, and
with six revolutions superimposed. Vertical axis is dif-
ference signal from position monitor, horizontal axis is
time, and Q = 4.833.

)

6 .
Figure 14 shows some head-tail modes observed in the PS Booster ’ for differ-

ent values of Y.

Frequency domain

The Fourier transform of the signals (59) gives the frequency components.

The standing-wave patterns pm(t) can be taken to be sinusoidal,

cos (m+l)m £ m=0, 2, 4, .
p (£) = - (60)
sin (m+1)™ £ m=1, 3, 5, .
T
L
The Fourier transform is ﬁm(w), and for the "power spectrum" hm(w) = |ﬁm(w)|2,
we find TE 1t cos Ty

hm(w) = (m+1)?2 (61)

o7 [yz _ (m+1)2]2 ’



Fig. 14 A single bunch seen on about 20 consecu-
tive revolutions. Vertical axis: APU

signal. Horizontal axis: time (50 nsec

div.).

a-b-c~d: with wide-band PU (bandwidth =
~ 150 MHz)

e : with normal PU (bandwidth =~ 40 MHz,
and baseline restitution circuit
acting).

where y = wTL/W and the plus sign occurs for m even, the minus sign for m odd.
The different spectra are drawn in Fig. 15 for both positive and negative fre-

quency components. The spectrum for mode zero falls off at about f = l/TL, as

one would expect. The higher modes are sine waves with a duration of T

so the spectra have widths of about 1/7

seconds
L

L Hz and are centred on the frequency of

the sine wave, namely (m+1)/21‘L for mode m. This mode has m nodes, and there-

fore m + 1 half wavelengths or (m+1)/2 full wavelengths in a time of T

seconds.
L

The spectrum is symmetric because pm(t) is a standing wave, i.e.

) it
cos wt = %(ert + e J )



Fig. 15 Frequency spectrum for modes O to 3 with ¥ = 0

.. .. . jw.t .
For finite chromaticity, the travelling-wave component eJ 5 1s also present
y g P P s

and the spectrum is shifted,

)

h =h (w=-w
m m

g

toward positive or negative frequencies depending on the sign of w,.. This 1is

g

easy to see with a spectrum analyser.

).

The actual spectrum is a line spectrum within the envelope hm(w -w

g

For a single bunch, the frequencies
wp=(p+Q)wo, @< p <@, (62)

occur where p 1s any integer positive or negative. Tor M equally spaced
bunches, only every Mth line occurs. For coupled-bunch mode n, the frequencies
are

wy = (p + Quwo » p=n+ kM, (63)

where k is any integer positive or negative, and the mode number n is positive
or zero. A typical spectrum for a machine with five long bunches (PS Booster)
and Q = 4.2 is shown in Fig. 16 for the different possible coupled-bunch

modes n. The envelope is drawn for head-tail mode m = 0 and is shifted to-
wards positive frequences (fg = 2fy). For shorter bunches, the spectrum would

extend much further in frequency.

We can now recognize the different head-tail modes in either time or

frequency domain.
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Growth Rates

First consider a coasting beam. The equation of motion for a single
particle

2 2. _ _.eB Z.1
X + Q wox = -] §;; 7R

X (64)

follows immediately from the definition (50) of Z_ . The RHS of (64) causes
the frequency shift

_ . eB 21 .
b 2Qwg Ymg 27R (coasting beam) (65)

U+ (1-7)v
and growth-rate

1. -Im Aw ,
T
. juwt *) . ;
where the time dependence e has been assumed ~. The impedance Z, 1is evalu-
ated at the frequency w = (p + Qw, + Aw for the mode with |p| wavelengths
around the machine circumference 27R. Here 8 = v/c and I is the d.c. current.
Equation (65) can also be written as

S I
Aw i Eole) z1, (66)

-1 ()

. . t . . .o
*) To compare with papers using e 1w , replace j with -i in all formulae.



where Eg/e = 0.938 x 10° V for protons (0.511 x 10° vV for electrons),

c = 3 x 10° m/sec, Z, in ohms/m and I in amperes.

Note that the reactive part of Z,(w) produces a real frequency shift Aw
while the resistive part Re Z,(w) causes instability for negative resistance
and damping for positive resistance. Negative resistance occurs for negative
frequencies [see Eq. (Sl)j, and therefore only coasting-beam modes with

P < —Q can be unstable.

For the bunched beam, the growth-rate involves a sum over the bunch
spectrum. In fact, the power spectrum hm(w) = |5m(w)|2 enters because
Zi(w)ﬁm(w) gives the deflecting field, which must be integrated over the

bunch to get the total force, so
bw_ =) Z, (W [B, (w)]? .

The final result can be written as

o - 1 . 8 Ip 2 Zl(w)hm(w—wg)

m m 2Qw0 Ymg L ’ (67)

y B (w-wg)

where the summations are over the mode spectra (62) for a single bunch, or
(63) for M bunches. This expression i1s very similar to the coasting-beam
formula (65) except that I/27R is replaced by the current in one bunch I, =
= I/M divided by the bunch length L (metres). The factor (l+m)_1 in front

indicates that the higher modes are more difficult to drive.

Equation (67) is the general result. In the limit of short-range wakes
or broadband Z, (w), it reduces to the classic head-tail effect, while in the
opposite limit of long-range or narrowband Z 6 (w), it reduces to the multiturn

or coupled-bunch type of instability.

Figure 17 shows an example with broadband Z,(w). The spectrum is drawn
for head-tail mode m = O with positive phase-shift ¥, so we are above transi-
tion with £ > O or below transition with £ < 0. The phase shift y = 3 x 27 ra-
dians corresponds to three oscillations along the bunch. The resistive part
of Z (w) is drawn in for a resistive-wall type impedance. Clearly mode m = 0
is stable in this case. In fact, as long as the discrete nature of the spec-
trum can be ignored, mode m = 0 is stable for ¥ positive and unstable for ¥
negative for any type of impedance. However, if the spectrum overlaps the
narrowband region of Z_(w) near zero frequency, an individual spectrum line

can dominate, especially one very near zero frequency.



stable

unstable = il

For Fig. 17, Z (w) is sufficiently smooth that it can be removed from
the summation in Eq. (67), and we find
eB Z (w)I

=i g
bwo = 2007 Ymy 27RE (68)

which is just the coasting-beam result (65) for the frequency w, with a

&
bunching factor included (B = ML/27R, I = MI,). 1If wg can be varied, by

changing the chromaticity for example, the impedance Re Z (w,) can be deduced

g

by measuring the growth-rate, Im Awg. This is how the impedance Fig. 8 of
6 .

the PS was measured ). For the PS, the spectrum hg(w) has a width of

v 2100 MHz and fE can be varied from zero to v 2 GHz by working on a mag-

netic flat-top near transition energy. Fortunately, only mode m = 0 grows,

so the measurements are easy to interpret.

In the opposite limit of a narrowband impedance, where only a single

frequency wn contributes to the summation in Eq. (67),

1 j eR 1IZ_ _,
= f— T s
Awm 1+m 2Qwo Ymg 27R Fm(X “n L) (69)
where the form factor
1 hm(wg)

Fl =2 ——
m BZh(w)
m
is plotted in Fig. 18. This is again the coasting-beam result (65), but
-1
reduced by the factors F; and (1 + m) . Figure 19 shows an example. For

independent bunch motion, multiply (69) by 1/M.

A less obvious case is the resistive-wall impedance shown in Fig. 20,
but here also only a single line contributes to the long-range part of the

wake, namely the line w, = (n + Q)uwy nearest the origin, in the narrowband
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Fig. 20 The frequencies wy = (n + Q)wp drawn for mode
m = 0 and Q just below an integer
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region of Z . This contribution is destabilizing for Q-values just below an
integer n, and stabilizing above. In the limit £ = 0 and for the thick-wall
impedance (53), the multiturn effect (69) reduces to the usual Courant and
Sessler rigid-bunch formu1a7). However, & 1s rarely zero, and often the fre-
quency |n - Q{fo is sufficiently small that the thin-wall impedance (54) ap-
plies with consequently larger growth-rates. This occurs for the PS Boosters).
In this case, head-tail modes 1 and 2 are driven by the long-range part of

the resistive-wall wake (see Fig. 21). The photos in Fig. 14 show how the in-
stability can be shifted from mode to mode by varying the chromaticity, and
Fig. 22 shows the strong dependence of growth-rate on Q-value for Q-values
just below an integer. The results agree with the thin-wall impedance expec-

ted for low frequencies [n - Q[fo.

Now consider only the near-field part of Z (w). This is equivalent to
replacing the discrete line spectrum by a continuous spectrum. As an example,

the growth-rates of modes 0 and 2 for a resistive-wall impedance are sketched

i _ wETL
2T T 2T

Fig. 21 Frequency spectrum for modes 0, 1, and
2 drawn for x = 27

T(msec)

62290

) - i

10 s 0 25 40 S0 60 70 80 90 100
[fnlz In-Qlfprg, in KHZ

Fig. 22 e-folding time versus Q on 70 MeV
flat top normalized to I = 100 mA
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in Fig. 23. As pointed out above, mode O is stable for positive ¥, but it

can be seen that mode 2 is unstable for small positive X, and the reason is
evident from Fig. 23a. For x sufficiently large, both modes have the same
stability character as the coasting beam. The exact result for the thick-wall
impedance (53) and sinusoidal modes is shown in Fig. 24, and the growth-rate

is found from

_ efI
Amm 1+m 2Qwo Ymgy 27R

x L/F— }ZL(wo)}Fm(x) + Z*(wn)Fé(X_wnTL)] . (70)

MB

On the other hand, for more realistic-type impedances such as that
measured in the PS (Fig. 8), the higher—order head-tail modes may be stable
for y positive. From Fig. 25 it can be seen that in this case the broad
positive part of the spectrum contributes more than the narrow region of nega-

tive frequencies near the origin.
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Fig. 25

Stabilization

A sufficient spread in bunch frequencies prevents the coupled-bunch type
of instability. A& rule-of-thumb criterion for decoupled motion is that the
r.m.s. spread in bunch frequencies should exceed the growth-rate. The spread
may arise from a difference in bunch populations via the coherent Laslette

Q-shift.
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Octupoles cure either single-bunch or coupled-bunch instability if they
produce enough frequency spread within a bunch to prevent its coherent motion,
that is provided the spread in betatron frequencies exceeds the frequency
shift Aw ,

m
| full-spread at half-height of Qu,| > IAwn{ . (71)

Sextupoles or changes in machine chromaticity change the phase-shift ¥,
but do not contribute to Landau damping. For the long-range resistive-wall
instability observed in the PS Booster, increasing ¥ shifts the instability
to higher-order modes which have slower growth-rates. The opposite occurs
for the PS or electron storage rings, namely the growth-rate increases as Y

is made more negative.

An electronic feedback system can also be used (Fig. 26). Its action on
the beam can be described in terms of an effective impedance Z , which depends
on the distance between pick-up and deflector, and the electronic gain and
time delays. The effect on a given mode can be seen from Eq. (65) for

coasting beams or Eq. (67) for bunched beams.

E[ECTRONICS

| S |
— —— BFAM
PICH-UP DECLECTOR
d:0 3 =8,
Fig. 26

lHistorical note

The original work on transverse bunched-beam instability was done by
7 . . . .
Courant and Sessler ), who treated a rigid bunch driven by resistive-wall

)

wake fields. A few years later, Pellegrinis) and Sands pointed out the

very important effect of finite chromaticity, which results in non-rigid

bunch oscillation. Most of the material for this lecture was drawn from

Ref. 10, which combined and extended the two previous theories. At the pre-
sent time, the theory appears to be in reasonably good shape in the sense that

given any transverse coupling impedance, its effect on the beam can be quickly

computed. What are missing are measurements and calculations of Z (w).
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