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1 Introduction

Experiments in high energy physics have established the
Standard Model as a very good effective theory for ele-
mentary particle physics up to the TeV scale. Consequently,
the discovery of new physics will require excellent quanti-
tative control over Standard Model (SM) predictions includ-
ing QCD effects [1]. In particular, for the strong coupling,
ag(mz), as one of the fundamental Standard Model param-
eters, a sub percent uncertainty will be required, which is
significantly less than the current error for the PDG (non-
lattice) average o (mz) = 0.1176(11) [2].

At present, the most accurate results for o are obtained
from lattice QCD, as illustrated by the FLAG 2019 average
as(mz) = 0.1182(8) [3], which was recently updated to
0.1184(8) for FLAG 2021 [4]. While lattice QCD does not
require any model assumptions on hadronization, the deter-
mination of o (mz) requires the solution of a multiscale or
“window” problem (for an introduction cf. [5,6]). Therefore,
most lattice studies attempt to extract the coupling at rela-
tively low energy scales where perturbative truncation effects
are hard to control. In particular, there is now some evidence
that error estimates obtained within perturbation theory can
be rather misleading unless large energy scales are reached
non-perturbatively [7,8]. As a result many lattice determina-
tions of oy are now limited by systematic errors. cf. [4,5].

A solution to this multiscale problem has been known for
30 years in the form of the recursive step-scaling method [9].
The method has since been applied to the running of the cou-
pling in QCD with Ny = 0[10-13], Nf = 2 [14,15], Nf =3
[16,17] and Ny = 4 [18,19] quark flavours (for a review
cf. [20]), and in various candidate models of physics beyond
the Standard Model (for reviews, cf. [21,22]). Its most recent
application in QCD has allowed the ALPHA collaboration to
non-perturbatively trace the scale evolution of the coupling
in 3-flavour QCD between 0.2 and 128 GeV [16]. The cor-
responding result obtained for os(mz) = 0.11852(84) in 5-
flavour QCD defines a benchmark against which to measure
progress. Knowing the scale dependence of the coupling is a
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pre-requisite for the step-scaling solution of other renormal-
ization problems. This is illustrated by a recent step-scaling
study of the running quark mass in 3-flavour QCD [23,24]
which will provide essential input for this paper.

Current lattice QCD simulations include the light up,
down and strange quarks (Nf = 2 + 1), and sometimes also
the much heavier charm quark as active degrees of freedom
(Nt = 24-1+1). The Appelquist—-Carazzone decoupling the-
orem [25] ensures that the effects of heavy sea quarks on low
energy observables can be absorbed in parameter renormal-
izations up to effects that are power suppressed in the heavy
quark masses [26]. In Ref. [27] the perturbative treatment of
decoupling, known to 4-loops in the MS scheme [28-33],
was shown to provide an excellent quantitative description
of decoupling, even at scales as low as the charm quark mass.
Hence, perturbative matching of the Ny = 3 coupling across
the charm and bottom quark thresholds yields a reliable esti-
mate of the Ny = 5 coupling «;(mz) in terms of the 3-
flavour A-parameter.! The corresponding error is small and
will remain sub-dominant for the foreseeable future.

The high accuracy of perturbative decoupling means that
the inclusion of the charm quark is not required for a lattice
determination of «(m z). There is much more to gain from
focusing on a reliable and precise determination of A%.
The currently best lattice result by the ALPHA collaboration,
341(12) MeV, has an error of 3.5% [16]. For comparison,
the recent high precision study in the pure gauge theory [10]
quotes A%W = 0.6227(98) i.e. an error of 1.6%. Given
that the error due the physical scale setting is subdominant, it
is thus conceivable that a substantial error reduction for A%
can still be achieved by pushing the 3-flavour step-scaling
method to higher precision. While such a project would be
very interesting, we emphasize that it is just as important to
corroborate results with a different method.

The decoupling project, introduced in [34] and reviewed
in [6], aims to deliver on both counts. It uses decoupling as
a tool to connect Ny = 3 QCD to Ny = 0 QCD, and thus
leverage the higher precision that can be achieved with step-
scaling methods in the Ny = 0 theory [10,11]. This connec-
tion is achieved by varying the RGI mass M of a fictitious
triplet of mass-degenerate quarks compared to a hadronic
scale ptgec & 800 MeV. We call this low energy scale the
decoupling scale. Reaching values for M of up to O(10) GeV
and using perturbative 4-loop decoupling then establishes a
relation for A%) /ILdec between both theories, with correc-

tions that are either perturbative in the MS-coupling at the
scale of the heavy quark mass, M, or power suppressed in
1/M. Obviously, the heavy quark mass defines another scale
and thus creates a potentially difficult multi-scale problem.
To alleviate this problem, the choice of 11gec SOmewhat above

1 One also needs to input values for the charm, bottom and Z-boson
masses, taken e.g. from [2]; corresponding uncertainties are negligible.
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Aqcp is convenient, since the matching to a hadronic scale
can be safely performed in a separate computation. The use
of a finite volume renormalization scheme for the coupling
at scale pgec = 1/L then reduces the decoupling project to
a problem involving two physical scales, jtgec and M, where
the challenge remains to reach large z = M/ tgec > 1 while
keeping the lattice spacing small enough so that M <« 1/a.
In this paper we discuss the details of the decoupling strat-
egy and the numerical simulations we performed. When
combined with earlier scale setting results [35] and pre-
cision Ny = 0 studies [10,11], the very accurate result,
A% = 336(12) MeV, is obtained with uncertainties still
dominated by statistical errors. Relying on the usual pertur-
bative matching to 5-flavour QCD this translates to our result
ag(mz) = 0.11823(84).

The paper is organized as follows. In Sect. 2 we give a step
by step overview of the decoupling strategy, in a language
aimed also at non-lattice experts. Section 3 proposes a closer
look at the continuum and decoupling limits. In particular,
the leading corrections are derived in order to guide the anal-
ysis of the numerical data. Section 4 starts with the chosen
set-up of non-perturbatively O(a) improved lattice QCD with
Wilson quarks, continues with a summary of the simulations
with massive quarks and then presents the continuum and
heavy mass extrapolations of the data which lead to the A-
parameter. In Sect. 5 we obtain the corresponding result for
o5 (m z) and we conclude with an outlook (Sect. 6). A number
of appendices have been included. Appendix A explains how
we estimated heavy mass effects of order 1/M originating
from the space-time boundaries. Appendix B summarizes
the required Ny = O results, obtained either by dedicated
N¢ = 0 simulations or taken from the literature. Appendix C
contains details about Ny = 3 simulations, both with massive
and massless quarks. The latter are required to ensure O(a)
improvement of the renormalized quark masses. Appendix D
discusses the derivation and numerical implementation of
formulas (4.2) and (4.6), which allow us to perform shifts
to the data and correct for small mistunings to the relevant
lines of constant physics. The ingredients for quark mass
renormalization and O(a) improvement, as well as some con-
sistency checks, are then given in Appendix E. The impact
of errors in the quark mass determination is discussed in
Appendix F. Finally, Appendix G explains how bare param-
eters were chosen on the larger lattices to ensure constant
physical conditions.

2 The decoupling strategy

The decoupling strategy has been introduced and explained in
Ref. [34]. We assume the reader to be familiar with this refer-
ence and try to keep the overlap minimal. Some aspects of the
chosen strategy may not seem obvious at first sight, as they

are conditioned by previous projects of the ALPHA collab-
oration [10,11,16,23,35,36]. Besides the lattice action, this
concerns the choice of boundary conditions and renormal-
ized couplings. Further technical issues arise from the neces-
sity of O(a) improvement and the need to control boundary
effects both at O(a) and in the heavy mass expansion. We will
address these points in the following sections. Here we use a
continuum language to discuss how the decoupling strategy
is set up in principle.

2.1 Renormalization group invariant parameters

To set the stage we consider continuum QCD with Ny mass-
degenerate quarks. The theory only has two bare parameters,
the coupling and the quark mass. If these are renormalized in
a mass-independent scheme s, their scale dependence gives
rise to the definition of the S-function

085 (1) _ . &—0 3 _2

afnu = B3~ =&Y badl" .1
n>0

and the quark mass anomalous dimension,

dlInmg(u) L &—0 _

— = (@) N @) deg? (2.2)

dlnp

n>0
The renormalization scheme dependence begins with b, and
d1, and the universal first coefficients are, for 3 colours,

2 -2
bo= (113Nt ) x (4m)~2,

38 —4 -2
b= (102 = 5N ) x @4m)™* do =8 x (4m) 2.
2.3)

Given a non-perturbative definition of the running parame-
ters in a scheme s and thus non-perturbative results for the
RG functions B and t;, one may define the renormalization
group invariant (RGI) parameters,

As = H’(ps(gS(ﬂ)), (2.4)
_ Y L >
0, (Z5) = (bog?) b1/ by e=1/Chog)
8s | | ,
1
xexp{— [ d L
P / * |:,3v (x)  box3 b(z)x :|
0
_d
I = 2b,
M = ms(n) [2bog§(u)] 0
8s (1) d
cexp ] / [m(x) - _o] W s
0 Bs(x) box

where the RGI quark mass M is scheme independent, while
Ay depends on the renormalization scheme s, the standard
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reference being the MS scheme of dimensional regulariza-
tion.” The running coupling, the quark mass, and the RGI
parameters are defined for QCD with a fixed flavour number
Nt. We occasionally indicate this dependence by a super-
script; when omitted we refer to QCD with non zero Ny
implying Ny = 3 in our numerical work. Note that the ratio
Ag/ is, for large enough p, in one-to-one correspondence
with the coupling gf(u) in scheme s. Hence, the running
parameters in scheme s at large u can be traded for Ag/u
and the scheme independent RGI quark mass M.

2.2 Decoupling relations

So far we have assumed that the coupling and quark mass
are renormalized in a mass-independent scheme. In practice,
this is achieved by imposing the renormalization condition
at vanishing quark mass [37]. A renormalized coupling at
finite quark mass defines a function g (u, M) such that, for
M < p,itcoincides with the coupling in a massless scheme,
8s(, 0) = gy(1), whereas, for M > p its scale dependence
is well described by an effective theory with the Ny heavy
quarks removed. In the absence of other light quarks, this sim-
ply is the pure gauge theory or “quenched (Nf = 0) QCD”.
We can thus write

g, M) = 3O (n) + 0>/ M?),

where on the r.h.s. the scale u in units of the pure gauge the-
ory A-parameter has an implicit M-dependence. The mass-
dependent coupling is thus seen to interpolate the couplings
in QCD with Ny and zero flavours. This in turn implies a
relation between the respective mass independent couplings.
In perturbation theory and in the MS scheme the ensuing
relations have been computed up to 4-loop order [28-33]:

2.6)

2
(29w = Clag )z ma) @7

where the scale choice u = m, = n_am(m*) eliminates the
1-loop coefficient in

Cx)y=1+ czx4 + C3x6 + C4x8 4+, 2.8)
and, for Ny = 3, one obtains [33]
cr =2.940776 x 1074, ¢35 = 4.435355 x 107,
c4 = 5.713208 x 107°. (2.9)

Beyond perturbation theory, the limit of infinite M/un
requires the extrapolation of numerical data and one would
like to understand how it is approached. To this end, the
language of effective field theory is most helpful, cf. [27].
Assuming that the heavy quark limit is described by a
local effective theory, one obtains a systematic expansion

2 The scheme dependence is however exactly computable from the per-
turbative 1-loop relation between the respective couplings.
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in inverse powers of the quark mass M. In particular, with all
fermions decoupled simultaneously the effective theory takes
the form of the pure gauge theory where the inverse mass cor-
rections are proportional to insertions of higher dimensional
local gluonic operators. One naturally wonders whether all
powers of 1/M may appear in this expansion. In the absence
of space-time boundaries, and for gluonic observables defin-
ing the running couplings, the locality of the effective decou-
pling theory, Euclidean O(4) symmetry and gauge invariance
rule out any odd-dimensional terms so that the expansion is
effectively in 1/M?.

The situation changes if space-time is a manifold with
boundaries, as this allows for additional local boundary terms
at order 1/M in the effective Lagrangian. This is relevant in
our case, where we use the standard Schrodinger functional
set-up on a space-time hyper-cylinder of 4-volume L3 x T,
with Dirichlet boundary conditions imposed on some of the
fermionic and gauge field components at Euclidean times
xo = 0and xo = T [38,39]. In order to minimize the impact
of such boundary contributions, we chose a geometry such as
to have large distances from the boundary to the observable
defining the coupling in the mass-dependent scheme. Using
the decoupling effective field theory, with a single local term
at the boundaries xo = 0 and xg = T, we are able to compute
the 1/M contributions to the coupling. They are given in
terms of a 1-loop matching coefficient (see Appendix A.1)
and a non-perturbative matrix element. The latter is evaluated
by simulations in the decoupled theory with Ny = 0 and
extrapolated to the continuum (see Appendix A.2). We can
thus confirm that the boundary effects are negligible for 7 =
2L.

2.3 Master formula and strategy breakdown

Following Ref. [34], the decoupling strategy can be cast in
the form

0) 0) -
Awis A : 0 (& (1aec, M)) )
— = X im - . (2.10)
Hdec A§ M/ pgec—> 00 P ( M / MS )
Mdec Mdec

Note that the desired ratio Agg//tdec on the Lh.s.in Ny =3
QCD also appears on the r.h.s. in the argument of the function
P,i.e.the equation is implicit. In order to solve it one needs to
be able to both evaluate the pure gauge theory function 90‘50)
and the function P. The latter corresponds to Py y; in the
notation of [27], where it was shown that non-perturbatively
P has an ambiguity of order (A/M)?, which arises once
the reference to a specific matching condition is removed. A
major result of [27] is the observation that the perturbative
evaluation of P using the MS-scheme is numerically very
accurate already for quark masses in the charm region. With
the heavy quark mass setting the scale for the MS-coupling,
the accuracy further improves towards the decoupling limit.
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In practice, Eq. (2.10) will be used for a range of finite but
reasonably large values M/ qec. When using a perturbative
approximation for P in the MS scheme, deviations from the
limit are expected to be on one hand proportional to 1/M?
and on the other hand logarithmic corrections of O (ot;‘Ts(M ).
This assumes that linear terms in 1/M are either completely
absent by symmetry or that they can be controlled or sub-
tracted explicitly.

While decoupling can be studied in the infinite volume
regime [27], for a lattice QCD approach it is advantageous
to separate the determination of the hadronic scales from the
study of decoupling, by using a finite volume renormaliza-
tion scheme [34]. We use the GF scheme with SF boundary
conditions, first introduced in [40], with details given in [35].
In a continuum language it is given by

gép(ﬂ) = N_l

=T/2,c=/81/L
2 (G (1. )Gy (. 1)1 8 o) |0~ /7 =Y
x D

(60,0)

k=1 n=1/L,T=L, M=0

@2.11)

where G, (¢, x) denotes the field tensor for the gauge field
at flow time ¢, and \V is a known normalization factor which
ensures géF(,u) = g(% + O(g(‘)‘), with go the bare coupling.
The projection onto the topological charge Q = 0 sector
is part of the scheme definition and merely introduced in
order to avoid technical difficulties with the numerical simu-
lation algorithms. The remaining parameter c fixes the ratio
between the scales set by the flow time and the finite volume.

We may now break down the decoupling strategy into
several steps:

1. Decoupling scale pigec: Given the coupling in the massless
fundamental theory, we fiX ptgec by setting

225 (ldec) = 3.949. 2.12)

From previous work [16,35] one finds pgec = 789(15)
MeV, which is a typical QCD scale. Equation (2.12)
defines a so-called line of constant physics (LCP); fol-
lowing it towards the continuum, lattice spacing a — 0,
means that the limit is approached at fixed pdec/ Ay
Evaluating the LCP for a given lattice size L/a =
1/(agec) defines a corresponding value for the bare cou-
pling, g(z) = 6/pB, and vice versa. We have implicitly
assumed here that M vanishes. With Wilson fermions
this requires a further tuning condition on the bare mass
parameter. Details are discussed in Sect. 4.1.

2. Definition of z = M/ugec: A further set of constant
physics conditions is obtained by fixing the RGI quark
mass in units of pgec. Choosing a set of values in the
range € [2, 12], one needs to work out, for given lattice

spacing (as obtained from Eq. (2.12)) the corresponding
bare mass parameters amg. The details of this procedure
will be discussed in Sect. 4.2.

. Determination of gg)}lT(udec): The value of a renormal-

ized coupling in the Ny = O theory, at a known scale
Idec 18 obtained by evaluating the same coupling in the
fundamental theory at a heavy mass M and assuming
decoupling. The main problem with a mass dependent GF-
coupling are boundary 1/M terms, which render decou-
pling slower than necessary. In order to minimize these
effects we use a variant of the coupling with 7' = 2L,

g2, M) = g3p(1) 2.13)

T—2L,M—zj

Compared to the GF coupling (2.11) this doubles the dis-
tance of the magnetic energy density to the boundaries,
thereby reducing the coefficient of the 1/M boundary
contribution substantially. Calling this scheme GFT, the
main computational effort was required for the evaluation
of gém(udec, M), at the lattice spacings and bare quark
masses which follow from the chosen lines of constant
physics.

. Determination of gg)F)(MdeC): Obtaining this input value

for the precisely known (pﬁm (with the scheme s = GF) in
Eq. (2.10) requires the establishment of a non-perturbative
relation between the GF and the GFT schemes in the Ny =
0 theory at scale pgec. This is achieved by evaluating the
GF coupling along a LCP defined by a fixed value of the
GFT coupling, and continuum extrapolating.

. Determination of A%/udm: The recent step-scaling

study of the GF coupling in [10] allows us to evalu-
ate gog)lz (gg’g (dec)) = Ag)% /tdec Which completes the
numerator in the square brackets of Eq. (2.10). The con-
version to the MS A-parameter then simply requires the
one-loop matching between the GF and MS-couplings in
the pure gauge theory [41].

. The function P gives the ratios of A-parameters between

the fundamental and effective theories and can be reliably
evaluated in massless continuum perturbation theory

)
P = i (8 C(84))/ Py (84) (2.14)

with C(g) known to 4-loop order, cf. Eq. (2.9) and the
notation g, = gygs(m,). In particular, the quark mass M
only enters to set the scale. For given z = M/tgec, the
Lh.s. and the function P in Eq. (2.10) only depend on
A5/ Mdec and with gog)lg known it remains to numerically
solve for Agjg/Mdec- Thisis to be repeated for all available
z-values and the result for Aggg//tdec is then obtained by
extrapolation to the decoupling limit.

@ Springer
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Concluding this overview, we see that, besides the evaluation
of the GFT coupling in a mass-dependent scheme, the main
ingredients are precision results in the pure gauge theory for
the running GF coupling and the matching between GF and
GFT schemes. Together with available 5-loop perturbative
results for the function P, this allows us to infer the Ny = 3
A-parameter in units of ugec and thus in MeV, given the
relation of (tgec to a hadronic scale from [35].

3 The continuum and decoupling limits: a closer look

In this section we discuss the approach to the continuum and
decoupling limits in some more detail, in order to provide the
theoretical underpinning for the analysis of the lattice data.
While the limits are conceptually independent, in practice
they are best dealt with together, in terms of effective contin-
uum field theories. The methods of Refs. [42—46] allow us in
principle to go beyond power law behaviour and use renor-
malization group improved perturbation theory to obtain the
correct leading asymptotics. This holds true for both limits,
with the small parameter being either the lattice spacing or
the inverse quark mass. While the information for the bulk
effects is still incomplete, the discussion serves to motivate
the fit ansidtze which will be used in the data analysis, cf.
Sect. 4. For the boundary 1/m effects we are able to estimate
the full contribution in Sect. 3.3 without a fit to the data. We
will focus on the bulk effects first and address the influence
of the boundaries in the Euclidean time direction in the end.

3.1 Symanzik’s effective theory for lattice QCD

Following Symanzik [47-50], the approach of a connected
lattice correlation function to the continuum limit can be
described in terms of an effective continuum theory, with
action

Seit = So +aSi +a*Sr+--- . (3.1

Here, S is the continuum action and Sy are space-time inte-
grals over linear combinations of local composite fields of
mass dimension 4 4+ k, k = 1, 2, ..., which respect all the
symmetries of the lattice action. We will omit S; in the fol-
lowing, assuming a non-perturbatively O(a) improved lattice
set-up. Residual effects due to S; are dealt with separately
(cf. Sects. 3.3 and 4, and Appendix E).

Local fields O defining the observables are represented
by corresponding effective fields and expanded similarly,

Octt = Og + a0y +a*0y + - - . (3.2)

Gluonic gradient flow observables Oyt can be formulated in
terms of a local 4 + 1 dimensional field theory [51,52] with
the flow time ¢ as the extra coordinate. This allows us to work
entirely in terms of local observables O and improve them

@ Springer

to O(a?), such that O; and O; vanish in the effective field
description. We also assume that the O(a?) effects originating
from the 4 + 1 dimensional bulk action are removed by an
appropriate O(a”) modification of the flow equation [52].
The Symanzik expansion for such observables then takes the
form

<ng>lat = <0gf)cont - az(ogfs2)cont +e (3.3)

in terms of connected correlation functions. Although $>
contains an integral over space-time, no contact terms are
generated for gradient flow observables Oygt, as they are sep-
arated from S by the finite flow time 7. For the lattice set-
up with non-perturbatively O(a) improved, mass degenerate
Wilson quarks, S5 is given as a linear combination of 18 local
dimension-6 operators,

18

S2 = /d4x Zwiol‘(x),

i=1

(3.4)

integrated over space-time. This constitutes an operator basis
after the use of the equations of motion, the elimination of
total derivative terms and the use of relations among 4-quark
operators due to Fierz transformations. In the absence of gra-
dient flow observables, the equations of motion simplify and
allow for the elimination of 2 operators [45].

Note that Eq. (3.3) makes the power dependence on the
lattice spacing explicit. An additional a-dependence arises
through the coefficients w; of the operators in S, as these
can be understood as functions of a renormalized coupling
at the cutoff scale, u = 1/a. Close to the continuum limit
asymptotic freedom implies that their leading asymptotic
behaviour is exactly computable. This was first used by
Balog, Niedermayer and Weisz [53,54] in their analysis of
the 2-dimensional O(n) o-model. The technique has recently
been extended and applied to gauge theories in various lat-
tice regularisations, including lattice QCD with quarks of
both the Wilson and Ginsparg—Wilson type [42-46]. Techni-
cally, one needs to compute, to 1-loop order, the anomalous
dimension matrix for the set of mass dimension 6 operators
entering S». The operator basis mixes under renormalization,
Or; = Z}-gzl Z;;jOj, and, following our conventions from
Sect. 2, we define the corresponding anomalous dimension
matrix

18 d
9 =2 (i) (2,

k=1

==& [0y + )82 + 0eh)]. (3.5)
A change of basis, B; = > ; VijOj, may then be performed
in order to diagonalize the one-loop anomalous dimension
matrix, yoo, and determine its eigenvectors and eigenvalues.
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Denoting the transformed anomalous dimension matrix by
By, Oyl = _g?

B B

(Vo )ij =30ijY0.is

renormalization group invariant (RGI) operators can be
defined through?

(V<>B+J/fgg2+~~),

(3.6)

BRA! 7B =8,/ 2bo).

3.7

= lim_ [os(0)] 7 B,

At finite u there are corrections of O(«) stemming from the
two- and higher loop anomalous dimensions. Note also the
Nt-dependence of ﬁiB , due to the normalization by 2by.

In terms of the eigenbasis of operators, {8;}, the cutoff
effects take the form

(Ogthtac = (Ogt)eomt — a> Y by (e (1/) lerggs(1/a) 177

i

/d4x<0ng,RGI(x)>c0nt +..., (3.8)
where the coefficient functions
18
bi) =Y ;@ (V=) a"b", (3.9)
j=1 n>0

are given as a linear combination of the w;, Eq. (3.4), and
are thus perturbatively comyutable For tree-level O(a?)
improved lattice actions, b 0, and the higher coeffi-
cients can be successively ehmmated by perturbative O(a?)
improvement of the lattice action. For lattice QCD with O(a)
improved Wilson quarks, one then expects that the leading
cutoff effects in the bulk are of the form

18

(Ogt)iar = (Ogr)eom — &> Y Ailaygs(1/a)]"
i=1

x {1+ O(agg(1/a))} + O@?),
A :bi(n}-)/dztx <0nglRGI(x)> ’

cont

(3.10)
@3.11)

where the neglected powers in « include both the expan-
sion of b; (o) and terms containing the (non-diagonal) higher
order anomalous dimensions. The constants A; contain the
insertions of the scale-independent RGI operators and I =
)7,-6 +nlI. depends on the degree of perturbative O(a>) improve-
ment of the lattice action. For example, a tree-level (com-
pletely) improved action leads to n} > 1 and in general we

have b; = bia"i (1 + O(a)).

3 The absolute normalization of the RGI operator conventionally
includes a constant (but N¢-dependent) factor [87rb0]*)7 which we omit
for the sake of readability and because the normalization of BRCT will
be irrelevant in the following.

For Ny = 3 lattice QCD, with O(a) improved Wilson
quarks, Husung et al. [44-46] found that the spectrum for
the 1-loop anomalous dimensions is bounded from below by
I >-1 /9, for the basis of 16 operators needed for observ-
ables not involving the gradient flow. There are then 6 opera-
tors found with 1-loop anomalous dimensions —1/9 < f P <
8/9. The remaining operators describe cutoff effects accom-
panied by powers of « equal or higher than other neglected
terms and may therefore be discarded. Explicit expressions
for the eigen-operators of the 1-loop anomalous dimension
matrix are, in general, rather complicated and will not be
required here. For the case of gradient flow observables this
result is not complete, as there are two further dimension 6
operators which must be included to obtain the full matrices
V and yoo [45]. They have so far only been computed in the
pure gauge theory [45].

In view of the heavy mass expansion, there is a very inter-
esting block structure in yOO , for the subset of operators in
S> which come with a positive power of the quark mass.
For Ny = 3 with non-degenerate quarks there are eleven
operators [44—46], which reduce to just three for degenerate
quarks, namely

1
Om1=— Zmztr(FMF,w),
g() L,V

[
3= ZMXV:mWIUWFWw.

O =m* Yy,
(3.12)

Note that this subset will remain the same for gradient flow
observables, as the additional operators do not come with
mass factors. Moreover, the tridiagonal block structure of yOO
means that their anomalous dimensions will not be affected
by enlarging the basis and their renormalization can be con-
sistently carried out ignoring the remainder of the basis [44—
46]. Thisis fortunate, as it means that the structure of the lead-
ing a®m? lattice effects can be inferred with current knowl-
edge. We denote the corresponding basis of eigen-operators
for the 1-loop anomalous dimension matrix by {B, i }i=12.3,
and their 1-loop anomalous dimensions are then given by
[44-46],

pE =19, pB,=14/27, pB =8)9.

Furthermore, from [44-46] one infers that, for our lattice
action (cf. Appendlx C), wehave by, ; = bm i +O(a) so that
Fm, = y i fori = 1, 2, 3. We note that one only needs to

retain the first two operators as the difference ym 3 ym =1

translates to a relative factor of @, i.e. B, 3 contributes at the
same order as other neglected contributions.

(3.13)

3.2 The decoupling expansion

The Symanzik expansion renders the a-dependence explicit,
both for the powers of a and the leading logarithmic terms

@ Springer
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given as fractional powers of ayg(1/a). The connected cor-
relation functions which appear in this expansion are thus
defined in the continuum limit, with respect to the contin-
uum QCD action. In a second step, we now determine how
the continuum correlation functions, {Ogf)cont, {OgfS2)cont.
behave as the quark mass m is taken large. The effective
decoupling theory bears formal similarities with Symanzik’s
effective theory, in particular it renders both the powers in
1/m and the logarithmic corrections explicit. The effective
decoupling action can be expanded,

1 1
Sace = So.dec + —St.dec + —5 52, dec + o(/m?), (3.14)
with
L[ 1
S0,dec = _E d"xDy(x), Dy= g_ztr(Fp.vFuv), (3.15)
0

3 dec = f d*x (dlle(x) +d25D2(x)). (3.16)
Due to the simultaneous decoupling of all quarks the leading
term, Sp dec, 1S given by the pure gauge action. Sk gec are
given space-time integrals of gauge invariant local operators
of mass dimension 4 + k, polynomial in the gauge field and
its derivatives. Gauge and O (4) symmetries do not allow for
odd values of &, so that the first order term must vanish. The
dimension-6 pure gauge operators in Eq. (3.16) take the form,

1
Dl = —2 Z tr (D/,LFMVDPFPU) )
80 UV, 0

1 23
Dy=— Y tw(DuFpDuFp)— =D,
80 WV, p

(3.17)

where we have directly chosen the eigenbasis of the one-
loop anomalous dimension matrix, with eigenvalues )701) 2=
—1,0,7/11, respectively. The coefficients ds |, are matching
coefficients between QCD with Ny = 3 heavy quarks and the
N¢ = 0 effective theory and can be perturbatively expanded
in oy, taken at the decoupling scale. In perturbation theory,
this scale is most naturally defined as the running quark mass
— (u) at its own scale,

(3.18)

My = m* (my) ,

which also defines the (inverse) expansion parameter of the
effective decoupling theory.

Besides the effective action, observables O have an effec-
tive large mass description, too. For the case of linear com-
binations of the fields B;, O = Y_; ¢; B;, it starts with a term
of O(m?). We thus expect the form

Olgec =m Z

k>0

02k dec> (3.19)

where the fields Ok gec are linear combinations of gauge
invariant local composite fields, polynomial in the gauge field

@ Springer

and its derivatives, of mass dimension dp + 2(k — 1), where
do is the dimension of the observable. For gradient flow
observables Ogr we will assume that the effective observable
description reduces to the term with k = 1.

We will now look at the combined Symanzik and decou-
pling expansion in a and 1/m and discuss in turn the cor-
rection terms of order O(1/m?), O(a?>m?) and O(a?). We
emphasize that the decoupling expansion is applied to the
Symanzik effective theory. Hence, the combined expansion
is valid for
g <m<Kl/a, (3.20)

for all scales ¢ present in the observable considered. In our
application these are g € {1/+/81, Aqcpl

3.2.1 Corrections of O(1/m?)

To order 1/m? in the heavy mass expansion, we formally

have,
1
<ng>cont = (ng)dec - W(ngsldec)dec +e (3.21)
which evaluates to
~D
<0gf>cont = ng dec — st[a%(m*)]yi
« [ a0 D et B22)

where we have converted to the RGI operators in the Ny = 0
theory. Without performing an explicit matching calculation,
the leading order, ll.S, in dis = ciisalis + O(otliSH), i=1,2,1s
not known and we will have to use assumptions for ll.s. Also
converting to the RGI quark mass, M,

Ym =4/9 (Nf =3),
(3.23)

m, = [87boaggg (ma)1" M,

then leads to the asymptotic large mass behaviour in the con-
tinuum limit of the form

<0gf>cont = (ng>dec
2
1 S_ s oD
— 73 O Dilogs(m)) 7 72
i=1
(3.24)

where we have used that the couplings of the Ny = 3 and
0 theory coincide at the decoupling scale, i.e. agg (M) =

(3) (m*) (O) (m*) up to terms of O(e?), which are
neglected here. The constants D; parametrize the matrix ele-
ments in the decoupled theory and the exponents of « are
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further specified as

. . 5-8/9 (=1,
liS_ZVm+ViD={1 /

3.25
I5—25/99 (i =2). ©2)

Assuming, e.g. [} = l; = 1 (at least one fermion loop has
to be present in QCD), then fixes a possible ansatz for the
heavy mass extrapolation of continuum extrapolated data for
the gradient flow observable, with leading correction terms
o [oggg (M1 /M? and o [oygg(m)1"P /M2, for i =
1, 2, respectively.

3.2.2 Corrections ofO(azmz) and O(az)

We now turn to the large mass expansion of (ngBlRGI)COm
which appears at O(a?) in the Symanzik expansion. We first
transform the RGI operators to the relevant scale © = m,,
by applying Eq. (3.7)

BRGI

W Bima) [+ O(@(m))],  (3.26)

[engs(ma)]
and inserting into the Symanzik expansion coefficient,

18

(OgtS2)cont = Zbi (%\/Ts(l/a)) Rg
i=1

S /d4x <0ngi (M4 X))cont> (3.27)

where we have neglected terms of relative O(«) and intro-
duced the notation,

alL(1/a)

s (3.28)
(3) (m*)

o

In this appr0x1mat10n, we expect that less than half of the
18 operators contribute terms that are parametrically lead-
ing in «. However, a precise statement can only be made
once the full one-loop anomalous dimension matrix and the
coefficients b; are known.

With these preliminaries we use the effective decoupling
description for the operators 5;,

[Bilgee = m*d5yDo + dP, Dy +d55Dr +O(1/m?)  (3.29)

with matching coefficients dB] Inserting the expansion of
both the decoupling action (3.14) and these fields we obtain,

<0gf8' (M5 X))cont = M d,',()(ogf’DO(x))dec

ozds/

Y{OgfDo(x)D; (y))dec

2
+ Y dP (0D () e (3.30)
j=1

up to terms of order 1/m?. In the next step we pass back to
RGI operators, now in the decoupled, Ny = 0 theory. With

the anomalous dimension of Dy given by p° = —1 [45],
and after conversion to the RGI quark mass with y,, = 4/9,
we find

(OgtB; (M X))cont = M>d o (m )12 (0 DF (1)) dec

2
—14+9P
—df Y dflerggg(m)1
j=1

x / d*y (0D () DR (1)) gec

+ 2 leygs m )1 (0w DS (e

+O(1/m3), (3.31)
where we have used once again that the couplings coincide at
the decoupling scale, i.e. agg(my) = a(g) (my) = oz(o) (my),
up to terms of O(?), which are neghglble in this context
Inserting this expansion 1nto Eq (3.27) one notices that each

term is weighted by b; x Ry a - The matching coefficients d;- B

for the observable and @ for the action have expansions in
o, but their leading orders are not known. However, as we
are interested in the leading M 2 behaviour, we focus on the
massive operators B, ;, for i = 1,2 (cf. Sect. 3.1). Both
operators contain the gluonic component O, 1 [44—46], so
that one expects the expansion of their matching coefficients
to start at tree level, i.e. d(ljl 0o = t?fo + O(w). Combining
this with the Symanzik expansion we obtain the form of the
leading a” M? lattice effects,

a2<0ng2>c0r1t = azMzDOEm 1&F0[am(l/a)]_l/9

b 2dB
x 1+MR17/27+0(01)

b 1d10
(3.32)

where Dy denotes the matrix element of DgGI. Note that
aggs (m,) accidentally cancels out in the leading term.

Proceeding to the subleading a?-effects, there are two
types of contributions in Eq. (3.31). The first arises from
the cancellation of the m? leading term with the sublead-
ing 1/m? contribution from the effective decoupling action
82.dec, Eq. (3.16). Counting powers of «, we expect that
only the massive operators 53,, ; have a tree level matching
coefficient to Dy, rendering all non-massive operators neg-
ligible. For the matching coefficients in S gec We assume
dlsy2 =d lsgzoc, so that we obtain the form of the first sublead-
ing a’-effect,

a2<0gf52>com = a*M>-terms

r 5 l; QL?
—¢1217m_1dll_so[otNTS(l/a)]*l/9 1+ A20R17/27
m, ]dl 0

b
x (A Dot + legs (m)1"/ 115 Doz ) + - (3.33)
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Here, we have used )711?2 = 0,7/11 and Dy; denotes the
matrix elements of D(I)QGIDZRGI, for i = 1,2. The leading
term is proportional to a? x ozNTS(l/a)_l/9 and a5 (M)
thus cancels yet again.

For the second subleading a?-term, the main question is
which operators B; match to D; > with a non-zero tree-level
coefficient dlB] = d?l + O(w). This is certainly the case for
those operators in S, which contain the gluonic dimension-
6 operators of the same form as Dj . Including only such
operators 3; in S> we then expect

aZ(ngSz)Com = a®>M?- terms + (a2M2)/M2- terms
+a® Z Bi R};[ (dAFlDl
i

o) MAEDs) 4o (3.34)

where D; denotes the matrix element of DZRGI, i =1,2.
The possible powers I'; could be obtained from a complete
basis of operators for gradient flow observables. Until this
becomes available we assume that the a%-effects in Eq. (3.34)
are subleading, i.e. >0 = —1/9, with I corresponding
to the massive operator B,y 1.

3.3 Boundary effects

So far we have not considered the effect of boundaries, where
chiral symmetry can be broken by the boundary conditions.
This is the case for standard SF [39], open [55], and open-SF
[56] boundary conditions. Locality means that these effects
can be discussed separately. In particular, boundary O(a¥)
and O(1/mF) effects can be respectively described in the
Symanzik and decoupling effective theory, in terms of local
gauge-invariant fields of dimension 3 + k localized at the
boundaries [57]. In fact, the counterterm fields that appear
at O(a) in the Symanzik expansion and at O(1/m) in the
large-mass expansion are the same. A complete set of fields
can be found in Ref. [58], where a detailed discussion of the
O(a) contributions to the Symanzik effective action in the
presence of SF boundary conditions is presented. Below we
shall focus on the decoupling expansion in the presence of SF
boundary conditions. For a discussion on the boundary O(a)
effects affecting the observables of interest, instead, we refer
the reader to Refs. [10,35]. In these references, a detailed
analysis for the case of the GF-couplings in the Ny = 0
and 3 theory is presented. Here we note that for the case
of the GFT-couplings, due to the larger separation between
the flow energy density defining the couplings and the SF
boundaries (cf. Eq. (2.13)), these effects are expected to be
significantly smaller than the estimates obtained in Refs. [10,
35]. In practice, this renders these effects irrelevant in the
context of the analysis presented in Sect. 4.4 and we neglect
them.

@ Springer

As in the previous subsections, we are interested in the
situation where the resulting effective theory for large quark
masses is the pure gauge theory, i.e. all quarks simultaneously
decouple. In this case, we have (cf. Eq. (3.14)),

1 1
Sdec = S0.dec + ESl,dec + Wsldec + O(l/mS), (3.35)

where

2
St = 3 [ dx 0[O0 ) + 0T x)]. 336
i=1

with
e
O1p =—— ) tw(FoxFok),
0 k=1
L3
Oz)b =—— Z tr(Fy Fyp). (3.37)
80 k=1

The SF boundary conditions commonly considered in appli-
cations are defined in terms of spatially constant Abelian
fields [12,38]. These include in particular the case of van-
ishing boundary conditions for the gauge field. For this class
of fields, the only operator that contributes to the effective
action is O p, since Fy;(x) =0 atxp =0, T.# Thus, in this
situation, we can take,

Stse = [ @xon[00(0. ) + On(T. 0] (3:38)
where we simplified the notation by setting wp = w1, and
Op = Oy p.

The knowledge of the matching coefficient wp between
QCD with Nt heavy quarks and the pure gauge theory, would
allow us to compute the O(1/m) corrections to any observ-
able stemming from the effective action. In the case of gra-
dient flow quantities, Ogt, these are the only O(1/m) effects.
As a result, we have that,

1
(Ogt)eon = (O = — -1 / x (04[O0 (0. x)

+Ou(T, X)) 4o + O /m3). (3.39)

dec

Comparing Egs. (3.39) and (3.22), the attentive reader might
have noticed the absence of a factor [a%(m*)]ﬁ’, with 7y the
anomalous dimension of the relevant boundary field. This can
be understood by noticing that for xo = 0, T', Oy coincides
with the Hamiltonian density operator of the pure gauge the-

ory,

3 3
1 1
H = ——Z[Z tr(Fo For) = 5 > tr(Flekl)] (3.40)

k=1 k=1

4 In the case of open boundary conditions Fpi(x) = 0atxg =0, T, and
only the operator Oy, is relevant. For open-SF boundary conditions,
instead, Oy p, contributes at xo = 0, while Oy, at xo = T, if spatially
constant Abelian boundary fields are considered.



Eur. Phys. J. C (2022) 82:1092

Page 11 of 38 1092

As is well-known, in continuum regularizations where the
Euclidean space-time symmetries are preserved, the latter is
protected against renormalization and its insertion in corre-
lation functions is xp-independent. The result in Eq. (3.39)
is thus expected to be valid to all orders in the perturbative
expansion. On the lattice, where the continuum space-time
symmetries are reduced to the symmetries of the hypercube,
Oy, still has vanishing anomalous dimension, but it requires
a scale-independent multiplicative renormalization [59].

Since the matching coefficient wy is independent of the
specific correlator considered, we may impose the validity
of Eq. (3.39) for some convenient observable (neglecting
o(1/ m?) terms) in order to determine wy, (up to O(1/m)
ambiguities). It can then be used to compute the corre-
sponding O(1/m) corrections to any other quantity of inter-
est. While in principle Eq. (3.39) could be imposed non-
perturbatively, in practice this is expected to be very chal-
lenging, since the 1/m contributions have to be separated
numerically from other powers. For large enough masses m,,
however, we may rely on a perturbative determination of wy,
since agg(my) is then small. A convenient observable that
can be used to determine wy, is the finite-volume SF cou-
pling, §§F(/L) [12,38,60]. Although it is not a gradient flow
quantity, it receives 1/m corrections only from terms in the
action. This is so because it is defined through the variation
of the (logarithm of the) partition function with respect to the
boundary conditions for the gauge fields, and not by the cor-
relation function of some field. Thus, Eq. (3.39) still holds
in this form. Solving this equation in perturbation theory,
where on the Lh.s. the coupling is computed in N¢-flavour
QCD with Nt heavy quarks, while on the r.h.s. the correlators
are computed in the pure gauge theory, we can extract

€] 2 2

wp(ay) = Wy Ok + Wy, o +--e, = am(m*), (3.41)

by studying the limit m, — oo. We refer the interested reader
to Appendix A.1 for the details. Here we simply quote the
result,

oy = —0.0541(5)Ny. (3.42)

A couple of remarks are in order at this point. While the
strategy based on Eq. (3.39) is a general way to compute
(and therefore eliminate) the O(1/m) effects due to the SF
boundary conditions, other strategies are in principle pos-
sible. For an even number of flavours Ng, considering a
twisted mass jyy rather than a standard mass for the heavy
quarks, would imply having leading O(1/ ,utzw) corrections to
observables [61]. Entirely equivalent in the continuum is the
choice of having a standard mass for the quarks, but with chi-
rally rotated SF boundary conditions [62]. Regular periodic
boundary conditions are in principle possible for any value
of Nf with leading corrections of O(1/ mz), however, per-
turbation theory becomes unduly complicated [63]. In QCD

with Ny = 3 flavours 1/m effects could also be avoided by
choosing twisted-periodic boundary conditions [64].

4 3-flavour QCD: set-up, simulations and results

We simulate three flavors of non-perturbatively Of(a)
-improved Wilson fermions with the tree-level Symanzik
O(a?)-improved gauge action [65]. The same discretization
was employed in our previous work [35]. The parameter 8 =
6/ g(% in the gauge action and a parameter k = 1/(2amg + 8)
in the mass-degenerate fermion action need to be fixed for
each lattice size, L/a = 1/(apgec) and for each physical
heavy quark mass M. Our line of constant physics (LCP)
is identified in terms of the value of the massless coupling
gép(,u,dec) = 3.949 and the values of z = M L. Our error
analysis takes all (auto-)correlations into account using the
publicly available implementations of the I'-method [66,67]
and a second independent analysis. A preliminary analysis
of our results was presented in [68].

4.1 Line of constant physics at M =0

The first four columns of Table 1 show results of simulations
tuned such that the PCAC mass vanishes and géF ~ 3.949.
In order to precisely tune to our LCP, we apply a small shift,

) )
5 2 3.949 — gGp _ 0gGr
80.L.cP = &0,sim T s =

, S ~
8g(2)

, 4.1
L/a

where gg’sim are the simulated bare couplings (cf. second
column of Table 1) and the slope

_ 986k dlog(a) _  98gr
9 log(a) La dg? dlog(L)

L/a
L 3) =
><dlog(a) . gGFﬁélg(gGF)
— =
dgp goﬁé3)(go)

All quantities here are defined at vanishing quark mass, but
we note that the shift in « to maintain the m = 0 condition
at Brcp is negligible. We also convert the uncertainty in géF
into an uncertainty in the LCP §-value using the slope S. The
last column of Table 1 lists the resulting values of Brcp =
6/ g%yLCP. Note that the decoupling scale ftgec 1S implicitly

4.2)

defined by our LCP, i.e. géF(udec) = 3.949. Our estimates

used for the three-flavor renormalized (ﬂgF)) and bare (/353) )
beta-functions are described in Appendix D.

4.2 Massive simulations

With the value of the massless coupling fixed by our LCP,
we proceed to simulate massive quarks with (again) homoge-
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Table 1 Massless line of constant physics. The simulations described
in the first four columns are taken from [36]. They are used to fix Brcp
such that the renormalized massless coupling géF () = 3.949. The last

row (L/a = 48) is obtained indirectly from our knowledge of the non-
perturbative running of the coupling, while the previous one (L /a = 40)
is an interpolation of the other data, see Appendix G for more details

L/a B K 7. BLcp

12 43030 0.1359947(18) 3.9461(41) 4.3019(16)
16 4.4662 0.1355985(9) 3.9475(61) 4.4656(23)
20 4.6017 0.1352848(2) 3.9493(63) 4.6018(24)
24 47165 0.1350181(20) 3.9492(64) 4.7166(25)
32 4.9000 0.1345991(8) 3.949(11) 4.9000(42)
40 - - - 5.0497(41)
48 - - - 5.1741(54)

neous SF boundary conditions but with 7" = 2L and various
z.

Namely, for a given L /a, the massive simulations have to
be performed at fixed lattice spacing (defined in a massless
scheme and with O(a) improvement [58]) and for a set of
renormalized quark masses, common to all L/a. Therefore,
for each L/a we fix the simulation parameters B, k for a
prescribed value of z = M/ugec = M L. This last quantity
is given by

L M

Z—_—Z g2’a“ 1+b go)am amg,
a ”l(ﬂdec) ( )[ ( ) ]

where the running factor M /m(jtgec) = 1.474(11) (with
m(dec) defined in the SF scheme) can be determined from
results available in the literature [23] (see Appendix E). The
renormalization constant Z, (gg, aflgec) and improvement
coefficient by, (go), instead, are determined in Appendix E.
Once z is fixed, Eq. (4.3) is just a quadratic equation in am.
For our O(a)-improved Wilson fermions fixed lattice spacing
corresponds to fixed improved bare coupling gé. The simu-
lation parameter 8 of the massive simulation is thus obtained
from

_ 6(1 +bgamgq)
& ’

B 4.4)

where the values of g% = 6/PLcp are taken from Table 1,
since at zero mass the improved and unimproved couplings
coincide. For by as well as for all other improvement coef-
ficients that are known only perturbatively, we use 1-loop
values and treat the difference between tree-level and 1-loop
asuncertainties, see below and Appendix E. The largest effect
arises from by.

The other simulation parameter, «, is obtained from the
critical mass, amc(gg). Since Table 1 provides the values of
ke = 1/(2am(gg) + 8) we perform a small shift

~2

. 9
ame(gd) = amc(83) + (5’3 - go) ;‘;2 (am.), (4.5)
0
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where the needed derivative can be obtained either from the
literature [35], or from the simulations used to extract Zy,, by
(see Appendix E). Both determinations of the derivative agree
at the percent level. We thus obtain B, ¥ needed to simulate
at fixed values of z. The uncertainty in z, propagated from
our determinations of Z,, by, k, are propagated into an error
in the coupling according to the discussion in Appendix F.
The error in z contributes to a small part to the uncertainty
of &pr-

Our simulations were performed when only an incomplete
data-set for the determination of the LCP was available. This
can be observed by comparing our simulation parameters at
z = 0 in Table 12 with the final values of the LCP available
in Table 1. We correct for this small mismatch by a linear
shift in g% using

dlog(a)
dg?

dlog(@)  08%pr
~2 -
Lja dgg dlog(L)

—2
I8GFT
dlog(a)

)
98GFT
383

z,L/a z,L/a

_ ) — M
1— *
_ 8crrhgrr @G — 07 (8 »[1 + R, + Ral. (4.6)

2085 @0)

Here, the numerator uses decoupling and thus the pure gauge
theory B-function of the GFT coupling appears together with
the factor (1—nM(g,)) ~ b /b’ = 9/11[27]. The denom-
inator is the Ny = 3 bare B-function at z = 0. The terms
R;, R, are corrections for O(1/ z2) and O(a?) terms, respec-
tively. The derivation of this equation as well as its numerical
approximation are explained in Appendix D. In all cases the
resulting shifts in géFT are small. In general they are well
below our statistical uncertainties; only at L/a = 40 the
shifts amount to more than one standard deviation.

4.3 Choice of ¢

Within the same simulation, the massive coupling géFT
(Wtdec; M) can be obtained at different values of ¢ =
decv/ 8%, which defines the given gradient flow scheme (cf.
Egs. (2.11),(2.13)). For better clarity, in the following dis-
cussion we shall thus employ the notation géFT’ o (Udec, M).
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Fig. 1 Global continuum fit of our data for c =0.3 (,g_fz2 = g§'3 (z) in the
plots) and two values of the mass cuts. Left and right plots represent the
same data as a function of (aM)? and (a / L)? respectively. Note that

Typically, in finite size scaling studies (in massless renormal-
ization schemes), the choice of ¢ represents a compromise
between scaling violations (larger at small values of ¢) and
statistical uncertainties (larger at large values of ¢), with ¢ in
the range 0.3-0.5 representing a good choice [40]. Here, how-
ever, we do not intend to use the massive coupling to compute
a step-scaling function, but rather as an observable to which
decoupling can be applied. Its value is the same as in the pure
gauge theory up to power corrections in the inverse heavy-
quark mass. In particular, the leading corrections are expected
to be of O(ufnax/Mz), where [Lmax 1s the largest mass scale
present. For géFT, o We have: pmax = 1 /\/g = [dec/c. This
implies that at a fixed scale [tgec, a scheme with larger c is
expected to have smaller corrections to the infinite mass limit.
In addition, contrary to standard finite-size scaling studies,
in the present context we do not expect a larger value of ¢
to reduce the discretization errors in our data. Discretization
errors are in fact dominated by O((aM )2) terms.

We have performed the analysis for ¢ = +/81/L =
0.30, 0.33, 0.36, 0.39, 0.42. In general, we will focus the dis-
cussion on the cases ¢ = 0.30 and ¢ = 0.36, although the
conclusions are similar for other values (see Table 2). The
case ¢ = 0.3 represents the most precise dataset. It is there-

\w

5.0t 5 oz —1.972
& e z=40
){i . o 2 =6.0
4.8f s o 2=80 |a
o2 =10.0
. /rl/i/!/i 02 =120 |g
= 4.6t /Li/‘/i/i

ez =1.972
o 2=40
e z=06.0
o z=8.0
ez =100 (&
ez =120

43000 0,001 0.002 0.003 0.002 0,005 0.006
(a/L)?
(b) (aM)? < 0.25.

|

437000 0001 0.002 0.003 0.001 0.005 0.006
(a/L)?
(d) (aM)? < 0.16.

the assumed 100% uncertainty of by is not included in the error bars of
the points. However, it is propagated into the uncertainties of the global
fit shown by the shaded areas

fore an ideal choice to explore different mass cuts and study
the systematics involved in the continuum extrapolations. On
the other hand, ¢ = 0.36 is an intermediate value from which
we will extract our central results.

4.4 Continuum extrapolations

We turn to the continuum extrapolations of the massive cou-
plings géFT o(Mdecs M, apigec) for different z = M/ ugec and
c. In Sect. 3 we gave a detailed description of the scal-
ing violations in the framework of the Symanzik effective
theory. In particular, we showed the absence of corrections
~a*M Udec- Still, continuum extrapolations are difficult due
to the complicated functional form, Eq. (3.34), of the 0(@a?)
corrections. Even when the leading anomalous dimensions
are known (see Sect. 3.2.2) there are higher order corrections
ina andina(1/a). Hence, in practice, the extrapolations have
to be approached from an empirical point of view. The effect
of the different logarithmic corrections can be explored by
varying the values of their exponents, see below. Our values
for apgec are very small, but having large masses we expect
to have significant cutoff effects of O((aM )2). Different cuts

@ Springer
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Fig. 2 Continuum extrapolations for ¢ = 0.36. Details as in Fig. 1

in aM will thus be used to test the different assumptions
regarding logarithmic corrections and higher order terms.

Given these considerations, we opt for two approaches to
obtain the continuum coupling §C2 (zi, 0)= géFT’C (Mdec, M, 0)
from the values g?g (zi,a) = géFT’C(MdeC, M, ajigec) at non-
zero lattice spacing.’

Extrapolations at fixed z: The measured values of
gg(z,-, a) for each value of z; = M;/[igec are extrapolated
with the ansatz

22z a) = Ci(0) + pi(©) lags (@ DI @paee)®.  @7)

where C;(c), pi(c) are independent fit parameters for each
value z; (with the continuum limits being gg (zi, 0) = Ci(c)),
andwe use [ € [—1,1].

Global extrapolations: The measurements of the cou-
pling for all z;, ajqec at a fixed ¢ are combined in a single fit
using the ansatz

22(zi a) = Ci(0) + pr(©leggs (@ D1 (@ptaee)

+pa(O)legg (@ D1 (@M. (4.8)

> Note that in the following we shall often use the more compact nota-
tion gg(z) for the massive coupling. Whether we are referring to the
coupling at finite @ or in the continuum should be clear from the con-
text.
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(d) (aM)? < 0.16.

In this case the fit parameters are the continuum values C; and
the two parameters pp 2, while we consider [e [—1,1],and
I el[-1 /9, 1]. This simple form is the result of expanding
the a>-terms of the Symanzik effective theory in 1/M and
dropping O(1/M 2y corrections (see Sect. 3.2.2). We there-
fore need to check which values of z are large enough to be
included in the global fit.

Due to the shifts to the proper LCP, the data are slightly
correlated across different values of z. We performed uncor-
related fits, but judged the quality of the fits from the value of
X2 computed from the known covariance matrix [69], which
however was in all cases very close to the naive number of
d.o.f. Using data with (aM )2 > 0.35 leads to biased results
and fits with bad x2. Therefore we use only two mass cuts
(aM)2 < 0.25, 0.16 in the following analysis.

Figures 1 and 2 show the different extrapolations for ¢ =
0.30 and ¢ = 0.36, respectively. We make the following
observations concerning the fits.

e Discretization effects proportional to (ajtgec)? are very
small. For the case ¢ = 0.30 the fit coefficient p; in the
global analysis is very small, well compatible with zero.
For ¢ # 0.3, these scaling violations are slightly larger,
but still all our lattices are large enough to be included
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in the fit. This justifies that we will only discuss cuts in
aM.

e The data at ¢ = 0.3 shows a very different behavior in
(aM)? for our smallest value of the mass z = 1.972
(see Fig. 1). This suggests that z > 2 is needed for the
large mass expansion to be reliable. For ¢ = 0.36 (see
Fig. 2) the behavior in (aM)? even for z = 1.972 looks
well compatible with the behavior at z > 4. Since the
effective decoupling scale is smaller in this case, the data
atc = 0.361s closer to the large mass limit. In any case, to
be on the safe side, we only include in the global analysis
z > 4 for all values of ¢, while the data with z = 1.972
is always fitted with an independent slope.

The extrapolations at fixed values of z and the global anal-
ysis always lead to compatible results. Also the uncertainties
of the continuum limits are very similar except for the case
z = 12, where the error in the extrapolation at fixed z (that
only uses two points) is twice as large as the result from the
global analysis. Given that our global formula is theoretically
sound, particularly so at large values of z, we have no rea-
son to suspect that the results of the global analysis are not
accurate for z = 12. Figures 1 and 2 shows the results of the
global analysis with two cuts (aM)2 < 0.16, 0.25. Results
are compatible, with the extrapolations using only data with
(aM)? < 0.16 resulting in slightly larger uncertainties.

We shall now discuss the logarithmic corrections to scal-
ing. We have tried several values of [ e [—1, 1], [ e
[—1/9, 1]in the continuum extrapolations. We see deviations
much smaller than our uncertainties. Our analysis shows that
the logarithmic corrections have little influence in our case.’
This can be understood from the fact that in our finite vol-
ume setup we reach very small lattice spacings, i.e. in the
range a € [0.006, 0.015] fm. At the high scales 1/a defined
by these lattice spacings, the coupling runs very slowly, ren-
dering the effect of the logarithmic corrections very small.
This feature should be considered a virtue of our strategy.

These considerations lead us to quote as final values for
the continuum extrapolation the results of the global fit with
aM < 04 and I' = IV = 0. This particular analysis has
larger or similar uncertainties than other choices, and pro-
vides an excellent description of our data for z > 4. Table 2
shows the data entering the analysis together with the final
results of the extrapolations. Thanks to the use of large lat-
tices, the continuum extrapolations are under reasonable con-
trol. The deviation of our finest lattice spacing data from the
continuum values is at most two standard deviations. Obvi-
ously this “gap” grows with increasing z. Given the impor-

6 The statement rests on the simplified model that we use for the fits. We
have chosen a single term with exponent I' in Eq. (3.32) and a single
combined term with exponent I" in the combination of Egs. (3.33) and

(3.34).

tance of large z for the extrapolation of Ay to z — 00, it
would be worthwhile to close the gap further by simulating
even larger values of L /a when an improved overall precision
is desired.

4.5 Large mass extrapolations and the determination of
3
Asis

4.5.1 Estimates of the three flavor A-parameter

Once the values of the massive coupling géFT, o(Mdec, M) are
known in the continuum, decoupling tells us that the values
of these couplings are the same as in the pure gauge theory,
up to heavy mass corrections. In order to make use of this
together with the results of Ref. [10], we first need to match
our coupling to the GF coupling definition of Ref. [10]. The
difference is our choice of T = 2L as well as of c-values in
the massive coupling géw’c(ﬂdec, M) (cf. Sect. 4.3), com-
pared to the choice T = L and ¢ = 0.3 made in the pure
gauge theory [10]. The two different schemes can be matched
non-perturbatively in the pure gauge theory. There, the cou-
plings gg)F)(u) (with T = L and ¢ = 0.3) and gg)g“(u)
(with T = 2L and arbitrary c) are related by ’
2500 = xe (8 w) 4.9)
The functions x. for the relevant values of ¢ = 0.30, 0.33,
0.36, 0.39, 0.42, are precisely determined as described in
Appendix B.1.

We define gg)}i (dec) as the values of the pure gauge cou-
pling (T = L, ¢ = 0.3) that correspond to the values of
the massive coupling extrapolated to the continuum, i.e. (cf.
Table 2)

—(0 -3
880 (aee) = e (850, c(ptaces M) - (4.10)

)

Pure gauge theory results for the function ¢gg

(see Appendix B.2) then yield values for

AD A0

0),-(0
M _ IZI)? (Pé}lg (gé}lz(/idec))- 4.11)
Mdec AGF

Since z = M/ [4dec 18 @ known input, the non-linear equation
(cf. Eq. (2.10))

©)
A=
PP (z/p) =5

Mdec

4.12)

allows us to determine p = A%’eff /Mdec = A%/ Mdec +
0O(1/z), see Table 3. With pgec = 789(15) MeV obtained in
Nr = 3 QCD [35], we convert these ratios to the effective
three flavor A-parameter, again equal to A% up to O(1/M)
corrections. Results are also listed in Table 3.

@ Springer
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Table 2 Values of the massive
coupling gg (z) and its
continuum extrapolated values.
The results quoted for the
continuum extrapolations
correspond to a global fit of the
data with z > 4 and

(aM)?* < 0.16 and fixing

[' = [ = 0. At finite lattice
spacings, the uncertainty in by is
omitted, but the continuum
values include it. We also give
just the bg-uncertainty with
100% correlation across all data

@ Springer

2 Ljia B aM 82(2)
c=0.3 c=0.33 c=0.36 c=0.39 c=0.42
1.97 12 43177  0.1643  4.331(16)  4.679(20)  5.112(26)  5.655(34)  6.337(44)
1.97 16 44770  0.1232  4.307(21)  4.666(26)  5.107(32)  5.656(40)  6.343(50)
1.97 20 4.6102 0.0986  4.275(23) 4.639(30)  5.087(39)  5.643(51)  6.337(67)
1.97 24 47235  0.0822  4.266(23) 4.631(30) 5.078(39)  5.634(51)  6.327(68)
1.97 32 4.9051 0.0616  4.278(34)  4.641(43)  5.084(53)  5.632(67)  6.314(87)
1.97 00 - 0.0 4.253(38)  4.624(46)  5.076(56)  5.634(69)  6.327(86)
4.00 12 43337 03333 4.479(12)  4.854(16)  5.316(20)  5.889(25)  6.602(33)
4.00 16 44886  0.2500  4.431(17) 4.811(22)  5.276(29) 5.849(36)  6.559(47)
4.00 20 4.6192  0.2000 4.447(19) 4.846(24)  5.333(31)  5.934(41)  6.681(54)
4.00 24 47308  0.1667  4.434(20)  4.834(25) 5.321(33) 5.921(43)  6.663(57)
4.00 32 49104  0.1250  4.414(29) 4.816(37)  5.304(47)  5.906(59)  6.651(76)
4.00 00 - 0.0 4.415(49)  4.822(59) 5.316(70)  5.923(85)  6.68(10)
b, uncertainty: (45) (53) (62) (74) 9
6.00 12 43508  0.5000  4.636(14)  5.038(17)  5.529(23) 6.134(30)  6.881(39)
6.00 16 45008 03750  4.590(18)  5.001(23)  5.500(31)  6.113(40)  6.870(53)
6.00 20 4.6286  0.3000  4.546(18)  4.955(22) 5.451(29) 6.061(37)  6.814(48)
6.00 24 47383  0.2500  4.544(18)  4.961(23) 5.464(29) 6.081(37) 6.841(48)
6.00 32 49159  0.1875  4.517(23)  4.932(28) 5.433(36) 6.046(45)  6.803(62)
6.00 40 5.0624  0.1500  4.521(25) 4.948(33) 5.467(42)  6.104(55)  6.896(72)
6.00 00 - 0.0 4.490(50)  4.906(58)  5.408(69)  6.021(82)  6.779(100)
by uncertainty: (44) (52) (60) (71) (85)
8.00 12 43694  0.6667  4.781(12)  5.215(15)  5.743(19)  6.393(23)  7.197(29)
8.00 16 45139  0.5000  4.749(16)  5.197(22)  5.743(28)  6.414(37)  7.246(48)
8.00 20 4.6384 04000  4.708(19)  5.156(25)  5.699(33)  6.366(44)  7.191(59)
8.00 24 47462 03333  4.685(21)  5.128(28)  5.662(38)  6.315(59)  7.119(83)
8.00 32 49215 0.2500  4.620(22)  5.053(27)  5.574(33)  6.210(41)  6.992(53)
8.00 40 5.0669  0.2000 4.617(25)  5.055(31)  5.584(40)  6.227(52)  7.023(68)
8.00 48 5.1880  0.2000  4.582(31)  5.012(38)  5.528(48)  6.156(59)  6.926(74)
8.00 00 - 0.0 4.578(54)  5.011(64)  5.530(76)  6.161(90)  6.94(11)
bg uncertainty: (45) (53) (61) (73) )
10.00 24 47545  0.5000  4.827(19) 5.307(24)  5.887(32)  6.601(42)  7.480(55)
10.00 32 49274 03750  4.794(23) 5.273(30)  5.852(39) 6.564(52)  7.443(68)
10.00 40 5.0710  0.3000  4.755(27)  5.224(35)  5.789(46)  6.472(59)  7.312(79)
10.00 48 5.1916  0.3000  4.698(32)  5.157(40)  5.710(50)  6.389(63)  7.228(83)
10.00 oo - 0.0 4.696(63)  5.157(76)  5.713(90)  6.39(11) 7.23(14)
bg uncertainty: (52) 61) (72) ) (10)
12.00 20 4.6596  0.6000  4.973(19) 5.475(25) 6.079(32)  6.823(42)  7.739(55)
12.00 24 47630  0.5000  4.932(18)  5.432(23)  6.036(30)  6.778(38)  7.694(49)
12.00 32 49335 03750  4.881(25) 5.372(32) 5.965(42)  6.690(55)  7.584(71)
12.00 40 5.0760  0.3000  4.825(26)  5.304(32) 5.880(41)  6.576(52)  7.437(66)
12.00 48 5.1953  0.3000  4.852(35)  5.355(45) 5.963(59) 6.711(76)  7.64(10)
12.00 oo - 0.0 4.762(70)  5.235(84)  5.80(10) 6.50(12) 7.35(15)
by uncertainty: (54) (64) (74) () (11)
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Table 3 The massive couplings, gg(z), together with the associated
pure gauge coupling, [g(GOF) (tdec)]?, after a non-perturbative matching
to the scheme with 7' = L, ¢ = 0.3. The coupling [gg)}l (tdec)]? is used

0 ®
to obtain p = Am,eff/ Hdec and Am.eff’

corrections in 1/M. We show results for two representative values of
c=0.3,036

which is A% up to power

z c=03 c=0.36

2@ [ZGh (e p S it 2@ [Zop(ae)®  p it
1.972 4.253(38) 3.962(33) 0.547(14) 432(14) 5.076(56) 3.935(36) 0.540(14) 426(14)
4 4.415(49) 4.101(42) 0.496(13) 391(13) 5.316(70) 4.084(44) 0.492(14) 388(13)
6 4.490(50) 4.165(43) 0.465(12) 367(12) 5.408(69) 4.140(42) 0.460(12) 363(12)
8 4.578(54) 4.241(46) 0.450(12) 355(12) 5.530(76) 4.215(46) 0.445(12) 351(12)
10 4.696(63) 4.341(54) 0.446(13) 352(12) 5.713(90) 4.325(54) 0.443(13) 349(12)
12 4.762(70) 4.397(59) 0.438(13) 345(12) 5.80(10) 4.379(60) 0.434(13) 343(12)

4.5.2 M — oo extrapolation

According to the discussion in Sect. 3 we expect the esti-

3 3) -
mates of AWS,eff of Table 3 to approach ANTs with power
k

corrections of the form z7%, accompanied by logarithmic
corrections. The function P is approximated by high order
perturbation theory. Since the used masses m, are large, the
associated O(al‘\‘Ts(m*)) uncertainties can be neglected. Lin-

ear terms of O(z~!) are a consequence of our boundary con-
ditions. The choice T = 2L suppresses their effects to a
level below our statistical precision, as we were able to show
by an explicit computation (cf. Appendix A.2). We there-
fore assume leading 1/z> corrections, with logarithmic cor-
rections as discussed in Sect. 3.2.1. In practice we fit the
parameters A, B in

B A
AL = A+ Sa(m)]™, (4.13)
Z

MS,eff —

to the data, in order to obtain A% = A. Since the leading

exponent ) is presently not known, we vary it in a reason-
able range I, € [0, 1] (cf. Sect. 3.2.1).

The first issue that we have to deal with is what values
of z are included in this extrapolation. Part of the difficulty
here is that the estimates of AL coming from different val-
ues of ¢, z are very correlated. Correlations are due to many
sources: by, the running in the pure gauge theory, the scale
[dec, all enter in the same way for all ¢, z. There are also less
obvious correlations. E.g. the global fit performed to obtain
the continuum limit has common parameters p1, p, describ-
ing the cutoff effects. All of these correlations are precisely
known — they do not involve difficult-to-estimate correlation
matrices from Monte Carlo chains.

We therefore performed correlated fits to Eq. (4.13). Visu-
ally they all look very good; an example is displayed in Fig. 3.
The xz-values are found above the numbers of d.o.f., but the
quality of fit, Q, reported in Table 4, is generally good enough.
Only fits including z = 4 and the smallest values of c are sta-

tistically discouraged. As a precaution against higher order
corrections (i.e. O(z3), etc.) we exclude the z = 4 data also
for the larger values of ¢ and use ¢ = 0.36, z > 6 as our cen-
tral result. Note that the Q-value is relatively small for the
z > 8 fits since they only contain one degree of freedom. The
fact that Q becomes better including more data is supporting
our choice of the z > 6 fits.

As a check of this analysis we also performed uncorre-
lated fits, computed their Q-value from the known covariance
matrix [69] and found entirely consistent results.

We now proceed to investigate the effect of the logarith-
mic corrections. Fits with ', = 1 yield only about 3 MeV
higher values for A when the z = 4 data is excluded. Further
excluding also z = 6 reduces these shifts to only 1-2 MeV.
We take the result with z > 6 and ¢ = 0.36 as our final result,
and add 3 MeV as our estimate of the systematic effect due
to the logarithmic corrections or higher orders in 1/M in the
M — oo extrapolation, see Fig. 3.

Taking all these points into account, we quote as our final
result

ASL =336(10)(6), (3)r,, MeV = 336(12) MeV.  (4.14)

Here the first error is statistical, the second is due to by
and the third results from the estimated uncertainty in the z-
extrapolation. The combined error covers all central results
that we obtained by varying the cuts in z, (aM)?, and the
different I, except for two cases. These extreme cases have
small ¢ < 0.33 and include z = 4 data, where corrections
to decoupling are expected to be the largest. They yield Q-
values below 2%.

We further note that there is a significant correlation of
the above statistical error with the one of the previous work

[16],
3 _
ASL =341(12) MeV, (4.15)

using step scaling in the three-flavor theory up to high energy.
The common piece is exactly the scale pgec = 789(15) MeV.
The off-diagonal element of the covariance matrix of the two
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Fig. 3 Values for A%,eff from
Table 3 (¢ = 0.36) and their
extrapolation M — oo using
Eq. (4.13) with T, = 0 4251
. 400 -
=
B
=3
t
(o]
~lu7 375 |
slz
<
350 |-
325 | | | | | |
0.00 0.05 0.10 0.15 0.20 0.25
(luclec/-]w)2
Table 4 Estimates of A% off (see Table 3) are extrapolated to M — oo according to Eq. (4.13) with I, = 0. We also quote the Q—value of the
fit ’
z>4 226 z>8
¢ AL Q%] ¢ AL Q%] ¢ AL Q%]
0.30 349(11) 2 0.30 340(12) 11 0.30 338(13) 4
0.33 345(11) 8 0.33 338(12) 13 0.33 338(13) 4
0.36 342(11) 16 0.36 336(12) 16 0.36 338(13) 6
0.39 339(11) 21 0.39 335(12) 16 0.39 338(13) 7
0.42 336(11) 23 0.42 333(12) 15 0.42 337(13) 7

determinations is

Cov((4.14), (4.15)) = 41 Me V2, (4.16)

compared to the diagonal ones of 144 MeV?, which at present
happen to be about the same for each of the individual
determinations. As a quantitative measurement of the com-
patibility of the two different determinations we note that
their difference is not significant at all: A(4.15)-A(4.14) =
5(14) MeV.

5 Result for o (mz)

Our result for A% (Eq. (4.14)) can be translated, after run-
ning across the charm and bottom quark thresholds, into
a value of the four and five flavor A-parameter. Using the
FLAG values [4] (based on [70-73]) m. . = 1275(5) MeV,
mp,» = 4171(20) MeV for the charm and bottom quark mass

@ Springer

thresholds,” we obtain the following values for the four and
five flavor A-parameters

4
A% = 294(10)(6)p, (31, (0.7)34,pT(1)34,NP MeV

= 294(12) MeV, 5.1
A% = 211.3(8.1)(5.0)p, 24, (0.7)3 5 p7(0.8)35 Np MeV
= 211.3(9.8) MeV. 5.2)

where the first error is statistical, the second is due to bg,
and the third represents the uncertainty associated with the
logarithmic corrections in the limit M — oo (see Sect. 4.5).
The last two errors come instead from crossing the charm and
bottom thresholds: first a perturbative error (determined by
taking the difference in the decoupling relations and RG func-
tions between the last two known orders [28-33,74-79]), and
second an estimate of 0.3% in AL). for the non-perturbative
corrections in the decoupling of the charm [27].

7 The uncertainties in the quark and Z-boson masses are negligible in
all quoted results.



Eur. Phys. J. C (2022) 82:1092

Page 19 of 38 1092

Using the experimental value mz = 91187.6(2.1) MeV
for the Z boson pole mass [2] we get

as(mz) = 0.11823(69)(42)p, (20)1,, (6)3—5,p1(7)3—5 NP
= 0.11823(84). (5.3)

Figure 4 shows a comparison of our results with other lattice
computations [16,17,70,80-84] that enter the FLAG aver-
age [4]. Our result shows a good agreement with the FLAG
average, our previous determination of the strong coupling
[16], and the other lattice works that enter in the FLAG aver-
age. It is important to point out that the result of this work
is largely independent from our previous determination [16].
Only the value of pgec = 789(15) MeV is shared between
both determinations of the strong coupling (see Sect. 4.5.2).
This amounts to 28% of the squared error.

6 Conclusions and outlook

The determination of the strong coupling on the lattice faces
particular challenges compared with low energy hadronic
quantities. One has to connect a low energy scale with the
perturbative high energy regime of QCD. Due to the slow
running of the coupling, perturbative scales are very large
and these two regimes cannot be comfortably simulated on a
single lattice. This “window problem” which is due to the fact
that only alimited range of scales can be simulated on a single
lattice is the reason why most lattice determinations of the
strong coupling have uncertainties dominated by the trunca-
tion errors of the perturbative series: they apply perturbation
theory at in-between energy scales (see [5] for areview). One
exception is the step scaling method [9], which was designed
to cover a large scale difference non-perturbatively. In prac-
tice, however, the method is quite demanding, and a reduc-
tion of the current uncertainty in the strong coupling using
this technique is possible but requires large computational
resources.

An alternative strategy based on the decoupling of heavy
quarks built on [27,85] was formulated in Ref. [34]. In short,
one connects the theory with physical quark masses to the
one where up, down and strange quark have masses far above
the low energy QCD scales. Decoupling of the heavy quarks
relates the theory to the pure gauge theory and we can use
the knowledge of a pure gauge intermediate energy scale,
Hdee ~ 800 MeV, in units of the A% parameter. Thus
the non-perturbative running between ftgec and perturbative
scales is taken from the pure gauge theory where it is much
more tractable from the numerical point of view. The con-
nection of pgec ~ 800 MeV to the physical scales fr, fk
requires only one or two step-scaling steps with light quarks;
we could here take it from previous work [16].

In this paper we have worked out practical and theoretical
aspects in detail and in particular demonstrated how system-
atic effects of various kinds can be controlled by numerical
extrapolations and/or explicit computations. This is far from
trivial, since a very good precision is required in all steps to
reach the desired accuracy of the strong coupling. For prac-
tical reasons intermediate scales of the theory are always
defined by values of associated renormalized couplings and
those are defined in the Schrodinger functional. We then need
to control corrections to the continuum limit and the decou-
pling limit of order @ and 1/M besides the ones of order a>
and 1/M? present also when space-time has no boundaries.
We showed how the decoupling effective theory can be used
to remove the 1/M corrections, again by non-perturbative
information in the pure gauge theory, and how Symanzik and
decoupling effective theories, applied in that order, restrict
the form of a combined continuum and 1/M? extrapolation
of the couplings in the massive theory. Together with the high
accuracy [27] of perturbation theory [33,74-79] in the rela-
tion P = A%)/A%), which we use for Ny = 3, Ny = 0,
this is a key to the precision reached in the result.

Building on these important theoretical steps, we have
shown that precise results can be obtained using the decou-
pling strategy: our result, ax(Mz) = 0.11823(84), is among
the most precise determinations existing so far. The error
is still statistically dominated, with negligible perturbative
uncertainties. This also opens the way to further reduce
the current uncertainty in the strong coupling with moder-
ate additional effort. The main sources of uncertainty are
first the single step-scaling step in QCD, second the missing
knowledge of the improvement parameter by, a parameter
that affects the continuum extrapolations of our massive cou-
plings, and third the pure gauge theory non-perturbative run-
ning at high energies. The first and third source of uncertainty
are statistical in nature and can be substantially improved
at a modest cost with existing techniques. Lastly, a non-
perturbative determination of b; would completely eliminate
the second largest source of uncertainty on our result.

Finally it is worth mentioning that the good agreement
between the result of this work, and the previous determina-
tion by the ALPHA collaboration [16] (using the step-scaling
method in three flavor QCD), represents a highly non-trivial
cross-check of the methods.

We expect that the use of heavy quarks as a tool for non-
perturbative renormalization will have more applications in
the future. For example, the determination of the strong cou-
pling directly in large volume is possible, in principle [34].
The idea can straightforwardly be applied to the determi-
nation of quark masses. Other renormalization problems,
such as the determination of RGI 4-fermion operators may
be tractable, but there remains work to be done in contin-
uum perturbation theory: the high accuracy available for the
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This work T
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Fig. 4 Our result compared with other lattice computations [16,17,70,81-84] that enter in the FLAG average [4] (acronyms taken from the FLAG

report [4])

perturbative decoupling of the QCD parameters [33,74-79]
needs to be extended also to such operators.
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Appendix A: Boundary O(1/m) contributions
A.1 Perturbative determination of wy at leading order

In Sect. 3.3, we anticipated how relations analogous to
Eq. (3.39) may be used as matching conditions to determine
the coefficient wy, appearing in the effective action, Eq. (3.35).
As also mentioned there, a convenient quantity to consider
for this application is the Schrodinger functional coupling,
g%F () [12,38,60]. We refer the reader to these references for
a detailed definition of this coupling. For the present discus-
sion, we recall that géF(,u) is related, up to a normalization
constant k, to the expectation value of the n-derivative of
the action, where the parameter 1 enters the definition of the
spatially constant Abelian boundary fields defining the SF.
In formulas (cf. Ref. [60]),

k / /
=), §=—,
8sp(1, 2) dn

w=_L""

z=m(p)/u,
(A.1)

where L is the spatial extent of the finite volume, and (-)
indicates the expectation value in QCD with Ny flavours of
quarks with (renormalized) mass 77 (1) and given SF bound-
ary conditions. A specific choice of scheme for the quark
masses is not necessary for the following discussion.

Given these definitions, in the large quark mass limit, an
analogous relation to Eq. (3.39) holds for §’, as there are no
O(1/m) corrections besides those coming from the effective
action. More precisely,

1
<S/> = <S/>dec - wa(a*)L<S,Sl,dec>dec

+0((m,L)72), (A.2)

where we indicated with (-) gec the (connected) SF correlation
functions in the effective, pure Yang—Mills theory. In order
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to determine the lowest order coefficient in the expansion

a, = g2/(4m)
(A.3)

wp(ay) = a)é]) oy + a)l()z) o, + O(oz3)
= a@) (m.),

we first need the lowest order perturbative results

(8 )dec = [ + 31 2ok (W1 + Oz >}

EEAMIE
(A.4)

2k

_L<S/Sl,dec>dec = T
(85 (W12

[ +erlggk (1 + Oz 14>]

(A5)

where g g (,u = 1/L) is the coupling of the pure gauge the-

ory in the MS-scheme. These results can be easily inferred
from the pure Yang-Mills computations of Refs. [86,87].%
The constants y; and c; are determined through a next-to-
leading order calculation, but their actual value is not rele-
vant at the order we are interested in. Secondly, we need the
expansion

no_ k =N g2 _(Np) 4
(§") = —[g%)(ﬂ)]z [1 + fi (Z)[gM—sf (w1 + ()([é.’MSf 1 )],
(A.6)

in QCD with Ny quark flavours. In particular, we are inter-
ested in the limit of large quark masses, z — oo, for which
(cf. Ref. [60]),

——5Nilog(@) + f11 - +0GE),

f1@) =y — (A7)

1
1272
where y; is the pure Yang-Mills result introduced earlier.
As we shall see shortly, the matching coefficient a)t()l) only
depends on fi;, while the first two terms in the above
equation are reabsorbed into the relation between the MS-
couplings of the fundamental and effective theory. The two
couplings need in fact to be matched. At the order in the per-
turbative expansion we are interested in, we may consider
the relation (see e.g. Ref. [32]),

1 _ 1
(280 ()12

FEAMIE
x [1 +h@Ege W+ 0([g;fg>]4)]

hi1(2) = —

1
= Ny log(z). (A.8)

We can now combine the results of Eqs. (A.2)-(A.8). Notic-
ing that: [30- () = [290 0I? + 02401 = g2 +

8 In fact, the result in Eq. (A.4) is trivial, while that of Eq. (A.5) can be
deduced from, e.g. eq. (6.23) of Ref. [42].

O(g Yand m(u) = m*(l + O(g )), neglecting higher-order
terms in 1/Z and g2, we arrive at the sought after relation

oV =27 1.

The value of f1; can be inferred from the 1-loop calculation
of the massive SF coupling of Ref. [60]. More precisely,
eqs. (3.17)-(3.18) of this reference give fi1 = q1/(4m). For
definiteness, we take the result gy = —0.10822, obtained
for & = 7 /5, as this coupling definition shows significantly
smaller O(1/z2) corrections than the definition with & = 0.
We can in fact use the difference between the results for
0 = 0, 7/5 as an estimate of the systematic uncertainties
involved in the extraction of ¢1. In conclusion, we find:

(A.9)

o)) = —0.0541(5) Ny (A.10)

A.2 Estimates of the O(1/m) boundary effects

A.2.1 Definitions

Given wy at leading order in perturbation theory, we can
now employ Eq. (3.39) to get an estimate of the O(1/M)
corrections to the massive GFT-coupling gSﬁT o (Udec, M),
defined in the SF with temporal extent T = 2L, and evaluated
at the renormalization scale tgec = 1/Ldec. (As usual, M is
the RGI mass of the degenerate heavy quarks in the Ny = 3
theory and ¢ = +/8¢/L, with ¢ the flow time at which the
coupling is measured.) To this end, we define,
Ac(z) = 2= M/Ldec,
(A.11)

-3 ()
[ o (Hdee: M) = [8517 c (ae) .

where we implicitly assume that the A-parameters in the two
theories have been properly matched. Applying Eq. (3.39) to
the case at hand we have,

—oo  wpla
Ac(z) S b(z » (m ) hmO Lgec
4 *

(12 Emag (1, T/2)5(Q)Sl dec)dec N
(8(0))dec

where, we recall, o, = g; 2 /(4m) with g, = 8nis(my) and
m, = mys(my), and we take the connected part of the (ratio
of) correlation functions. In the above equation we use the
short hand notation (cf. Eq. (2.13))

x N1

0(z72),

(A.12)

[25pr.c 0T
5 ~
_ ./\/‘71 (t Emag(t: T/2)3(Q)>dec’ = 1/L,
(8(Q)>dec
T =2L, c¢=+38/L, (A.13)

for the definition of the GFT-coupling in the pure-gauge the-
ory. The field Emag (2, xo) represents our chosen discretiza-
tion for the magnetic component of the energy density at pos-
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itive flow time. For the latter, we consider the Zeuthen flow
for the discretization of the flow equations [52], while for the
observable we take the specific combination of plaquette and
clover discretizations of the flow energy density proposed
in Ref. [52], which is O(a2)-improved. The quantity S(Q)
is instead a discretization of the continuum §-function that
projects to the topological Q = 0 sector. It is zero whenever
|@| > 0.5 and one otherwise, with Q the topological charge
computed with the clover discretization of the field strength
tensor built from gauge fields flowed at time /8¢ = cL using
the Zeuthen flow (cf. e.g. Ref. [35]). In order to evaluate the
correlation function in Eq. (A.12) on the lattice, we also need
a viable discretization for S gec. We choose,

SlR,dec = a3 Z [O]f(os x) 4+ O]f(T - a,x)],

Of (x0, x) = Z1(80) Op (x0, x), (A.14)
where
2 3
a* Oy (x0, x) = = > " Retr[1 — Up (0. x)].
go k=1
x0=0,T — (A.15)

with Uy, (x) being the plaquette at x in the u, v-direction.
As discussed in Sect. 3.3, on the lattice, the boundary field
Oy, requires a finite renormalization. In the following, we
consider the 1-loop approximation [88]

Zu(g0) = 1 —0.13194 g% + O(g}). (A.16)

which can be readily inferred from the renormalization of
the energy density in the pure-gauge theory obtained in this
reference.

In practice, we can evaluate the correlator in Eq. (A.12)
by exploiting the identity (note the appearance of the bare
boundary action)

(12 Emag (1, T/2)5(Q)S1 dec) dec

—LN! R
(8(Q))dec
d 2
L [gGFT C(M)] (A17)
a dct

Thus, the connected correlator of interest can be computed
by varying the boundary O(a) improvement coefficient ¢ in
simulations (cf. Appendix C). Given the result in Eq. (A.12),
and defining

, (A.18)

L d[gé‘?T,C(u)]Z}
8

Pe(8) = [ llm Zy(80)— )
Ct

we have that the leading-order (LO) estimate for the relative
O(1/M) corrections to the GFT-coupling can be written as,

A 1 ﬁ(ﬂ)( g%) »
=@+ \m N\ )@

82 1o
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1

z
where we introduced the shorthand notation: g.(z) =
-3
g((}}zT,c(Mder M).

A.2.2 Simulation results

In order to estimate the relevant c¢-derivatives in Eq.
(A.17), we simulated lattices with L/a = 10, 12, 16 using
the Wilson-plaquette gauge action, and varied ¢; around its
two-loop value ¢} [87],i.e. ¢ = cf+Acy. For L/a = 10, 12,
we considered variations Ac; = {0.075,0.1, 0.15, 0.2},
while for L/a = 16 we took Ac; = {0.1,0.15,0.2, 0.3}.
For L/a = 10, 12 and L/a = 16 we simulated 3 and 4 val-
ues of B, respectively, in order to cover the relevant range of
values for [gg)lzT C]2; this for two schemes ¢ = 0.3, 0.42. In
Table 5 we collect the results for

L dIgGhr (0P L Alggpr

; dCt o 2ACt

[—( )

Alggir. ) = Z6rr. WP,
(A.20)

’

Aci—0 a

-0
[ZGir (P s —

obtained as linear extrapolations in (Ac)? using all avail-
able Acy. The sum, x2,, of the x2’s of all fits is good, i.e.
Xtot /d.o.f.ior & 1, with d.o.f .o the total number of degrees
of freedom considering all fits. At the level of individual fits,
these have a x2 up to & 7 for two degrees of freedom.

In Table 7 we report the results for the c(-derivatives of the
Nt = 0 coupling interpolated at the values of the coupling of
interest. The latter are specified by the results in the Ny = 3-
theory (cf. Table 2):

22 30(z = 6) = 4.490(50), 23 4(z = 4) = 6.68(10).

(A.21)

For the interpolations we considered the following functional
form,

0
L d[g(GIzT c]2

3
=2 alg
a

k=1

-(0) 2k
GFT c ’

(A.22)
where the value of ¢; is fixed to its tree-level result (cf.
Table 6).

Once the results for the different L/a were interpolated
to a fixed value of the coupling and properly renormalized
with the 1-loop value of Zy, Eq. (A.16), we performed an
extrapolation to a/L — 0, assuming leading O(a) effects.
The results are reported in Table 8, while Fig. 5 illustrates
the corresponding extrapolations. The results for p.(g) for
¢ = 0.42 tend to be larger (in module) than those for ¢ =
0.30. This is expected, as the footprint of the flow energy
density defining the GFT-coupling extends closer to the SF
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Table 5 Results for the Ac; — 0 extrapolations, Eq. (A.20), for dif-
ferent values of L/a, ¢, and couplings [gg)gt C]z. The results refer to
the magnetic coupling discretized using the Zeuthen flow and O(a?)-

improved plaquette + clover definition of the flow energy density [52].
We considered linear extrapolations in (Ac)? using all available Acg
values

c L/a B [gg)lgT,c]z % d[g((z(i)%?C]z
0.3 10 6.2556 4.8513(22) —0.46(14)
10 6.3400 4.4462(19) —0.45(12)
10 6.4200 4.1359(17) —0.43(11)
0.3 12 6.4200 4.6805(20) —0.45(15)
12 6.4630 4.4895(19) —0.54(15)
12 6.5619 4.1094(17) —0.28(13)
0.3 16 6.6669 4.7627(14) —0.42(09)
16 6.6920 4.6515(19) ~0.55(12)
16 6.7140 4.5641(19) ~0.52(12)
16 6.7859 4.2942(12) —0.25(08)
0.42 10 6.2556 7.5116(61) —2.91(38)
10 6.3400 6.6790(52) ~2.35(32)
10 6.4200 6.0807(44) —1.98(28)
0.42 12 6.4200 7.1857(57) —2.36(43)
12 6.4630 6.7975(52) —2.42(40)
12 6.5619 6.0584(44) —1.68(34)
0.42 16 6.6669 7.1159(39) —2.21(25)
16 6.6920 6.8934(51) —2.29(33)
16 6.7140 6.7275(50) —2.19(32)
16 6.7859 6.2173(32) —1.52(21)

Table 6 Results for the ¢(-derivative of the GFT-coupling at tree-level
in lattice perturbation theory. The results refer to the magnetic cou-
pling discretized using the Zeuthen flow and O(a?)-improved plaque-
tte + clover definition of the flow energy density [52]

50)

c L/a é%d[g?ﬂ'c]z x 10%
0.3 10 —2.6042383805

12 —2.4106092056

16 —2.2186159754
0.42 10 —12.918755710

12 —12.000133367

16 —11.123348145

where to compute g, we used

M Mdec
—A%:3) =z —A%:% , (A.24)
MS MS
with ftgec = 789 MeV and A%=3) — 341 MeV. For the
O(1/M) counterterm p. we take the result (cf. Table 8),

103083 30(z = 6)) = —0.21. (A.25)

Putting the numbers together we obtain for the LO estimate,
Eq. (A.19),

Ap3(z =6)

~5x 1074, (A.26)

boundaries for ¢ = 0.42, therefore increasing the sensitivity
to the O(1/M) counterterms.

A.2.3 O(1/m) corrections: LO estimates

We first estimate A (z) corresponding to the coupling at 7 =
6 and ¢ = 0.3 (cf. Eq. (A.21)). In this case we have,

225(z=6) =4.490(50), g>~3, M/m,~15, (A23)

5’8.30(1 =0)l0
This is about a factor 20 smaller than the error on the cou-

pling.
As a second case, we estimate A.(z) forz = 4 and ¢ =
0.42. In this case we have,

Rpz=4) =6.6810), g>~35 M/m,~14.
(A.27)

For the O(1/M) counterterm p. we take the result (cf.
Table 8)

P042(Z4n(z =4) = —1.14. (A28)
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Table 7 Results of the interpolations Eq. (A.22) using the values in
Table 5 and the target couplings Eq. (A.21). (Note that we did not
propagate the error on [gGFT L] to the ¢¢-derivatives.) All fits have good

or acceptable x2. The values of B have been obtained by a quadratic

interpolation of the results for [gg)gr J7 2 from Table 5 as a function of

-2
8o

dlz 5(0) Jz

c L/a g (86 e
0.3 10 6.3299(4) 4.490 —0.45(7)
12 6.4629(5) 4.490 —0.44(9)
16 6.7324(4) 4.490 —0.37(5)

0.42 10 6.3399(6) 6.68 —2.35(19)

12 6.4771(7) 6.68 —2.14(23)

16 6.7196(6) 6.68 —1.94(13)

Table 8 Results for p. at finite lattice spacing (cf. Eq. (A.18)) obtained be obtained in this case by taking po42 = —1.71, which cor-

using the values for the c¢-derivatives of the GFT-coupling in Table 7 and
the 1-loop approximation for Zy, Eq. (A.16). The resultsofa L/a — oo
extrapolation linear in a/L are also given

0
c [gé}lzT c]2 L/a e
0.3 4.490 10 —0.39(6)
12 —0.39(8)
16 —0.33(4)
0 —0.21(16)
0.42 6.68 10 —2.06(17)
12 —1.88(20)
16 —1.71(11)
0 —1.14(41)
0
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, },,,,,,;,,,,,,,,,‘,, e
0.5 | % i
—1r ]
=030 —e—
=042 —o—
—2.5 b : ‘ ‘ ‘ ‘

0 0.02 0.04 0.06 0.08 0.1

a/L

Fig. 5 Illustrative continuum limit extrapolations for the p. results of
Table 8

Putting the numbers together we obtain for the LO estimate,
Eq. (A.19),
Aoar(z=4)

= ~3x 1073,
8040 =4% o

(A.29)

which is about a factor 5-6 smaller than the statistical error
on the coupling. A slightly more conservative estimate may

@ Springer

responds to the result at the smallest lattice spacing we sim-
ulated, i.e. L/a = 16. In this case, the systematic O(1/M)
effects are about 3—4 times smaller than the error on the
coupling. The smallest value of z entering the analysis of
Sect. 4.5.2 is z = 6. Considering that these effects decrease
linearly with increasing z and that the results for ¢ = 0.42
offer an upper-bound for values of ¢ < 0.42, it appears to
be safe to assume that O(1/M) effects can be neglected alto-
gether.

Appendix B: Summary of pure-gauge results
B.1 Matching GF and GFT schemes at the decoupling scale

As explained in Sect. 2.1, we need the continuum relation

50)

800 = xe (85 0) (B.1)

for p around figec, i.e. ggo}lT, c gGFT <(Mdec, M) is in the
range of Tables 2 and 3. On a finite lattice, Eq. (B.1) is
obtained by computing both couplings at the same L/a =
1/(na) and B and the relation contains discretization errors
of order (a/L)?. Results of our simulations for L/a =
12,...,48 and B € [6.2,7.6] are reported in Table 9. We
parameterize the data by

1 1 )2 )2
- = P (35D + (7)) 05, 1zs.
[Boprc? (BT ( )

(B.2)

where P,fp (g%, Q,‘;q (g?) are polynomials of degree n, and
ng, respectively. The sought-after continuum relation (B.1)
is then implicitly given in terms of

np
P (¢ =) pig*
k=0

(B.3)
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Fig. 6 Fit to match the schemes gg)}l and gg)gryc forc =0.3

through,

2

-1 2 _ 8

(B.4)
where Xc_l is the inverse of the function y.. For all values
of ¢ = 0.3-0.42, taking n, = n, = 2 already yields good
fits. As an illustrative example, we give here the results for
P3 for the case ¢ = 0.3, where we find (py = p2'3)

po = —1.6168053320710727 x 1072, (B.5)
p1 = —1.6086523109487365 x 1074, (B.6)
P2 = —3.0358986840266259 x 1077, B.7)

with covariance

cov(pi. pj)

292499121 x 1074
= | —1.29098204 x 10~* 5.73202489 x 10~5
141308163 x 1075

—1.29098204 x 10~% 1.41308163 x 107
—6.27896098 x 1070 | . (B.8)
—6.27896098 x 1070 6.91910100 x 10~/

Figure 6 demonstrates that the discretization errors are small
and our largest lattice results are in agreement with the con-
tinuum band. Note that, the error of P2°, computable in terms
of (B.8) for the case of ¢ = 0.3, is negligible in the final
A%/ Idec determination for all values of ¢ considered.

B.2 High-energy running

In this Appendix we collect the main ingredients for the deter-
mination of

AL AO

0),-(0
M — WS 0GR (@GR (Haec)) (B.9)
Mdec AGr

where we recall that it will be used with gg’g(udec) =
2@y o (taee, M)), cf. Table 2. Following [10,11], we

rewrite Eq. (B.9) as

©) ©0)
A—" A—— . 4
n _(0 T
MS _ _MS o 2 where [gp(1swi) > = —, (B.10)
Mdec Mswi Mdec 5

and insert [10]°

AL
—MS — 0.2658(36).
Mswi

(B.11)

With given gg)F)(udeC), the ratio of scales [tswi//tdec Can be
obtained through the relation

=(0)
swi 8cr (Hswi) dg
In = | O
Hdec gé;lg(ﬂdec) ﬂGF(g)

where ,3((% is the non-perturbative B-function for gg);(u).

In the region of couplings, gg)}g € [2,11], a convenient

parametrization for the needed S-function is given by

(B.12)

©) g

Bor(8) = ——3 _— (B.13)

D k=0 Pk8

with coefficients

po = 14.93613381, p; = —1.03947429,

p2 = 0.18007512, p3 = —0.01437036, (B.14)

and covariance

cov(pj, pj) =
524660327 x 10~1  —3.26120586 x 107! 6.03484522 x 10~2  —3.33454413 x 103
—3.26120586 x 1071 207627940 x 10~1  —3.91082685 x 1072 2.19046893 x 103
6.03484522 x 1072 —3.91082685 x 1072 7.47684098 x 10™3  —4.23948184 x 10~4
—3.33454413 1073 219046893 x 1073 —4.23948184 x 10~4 2.42072883 x 10~

(B.15)

InRef. [10] a similar representation of a pure gauge theory -
function is given which applies to the coupling defined by the
electric components of the flow energy density instead of our
choice Eq. (2.11). For completeness, we collect in Table 10
the values for A%/ Idec Obtained by combining the results
for the massive couplings in Table 2, the matching relation,
Eq. (B.2), and the high-energy running, Eqs. (B.11)—(B.12).

Appendix C: Simulations

We use a variant of the open-source (GPL v2) package open-
QCD version 1.6 [89,90] in plain C with MPI paralleliza-
tion. This software has been successfully used in various

9 When comparing with the results of Ref. [10] note that gy =
0.3 1ref, of that reference. The difference comes from the different rela-
tion between p and L used in Ref. [10], where u = 1/\/§ =1/(0.3L)
as opposed to u = 1/L adopted in the current paper.
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Table 9 Data used for the matching of the 7 = L and T = 2L schemes

L/a p [2Gr )’ [8Grr 030" [8Grr.035)” [3Grr.036)” [8Grr.039)” [8Ger.0.40)”
12 6.2556 5.1104(49) 5.6616(89) 6.329(12) 7.141(16) 8.144(22) 9.393(30)
12 6.2643 5.0690(50) 5.5995(84) 6.251(11) 7.042(15) 8.018(20) 9.232(27)
12 6.2654 5.0489(49) 5.5876(90) 6.232(12) 7.013(16) 7.977(21) 9.175(29)
12 6.3451 4.6316(71) 5.0759(72) 5.6147(94) 6.264(12) 7.060(16) 8.043(21)
12 6.3509 4.6164(43) 5.0329(72) 5.5618(93) 6.199(12) 6.980(16) 7.942(20)
12 6.3560 4.5905(68) 5.0078(69) 5.5318(90) 6.163(12) 6.936(16) 7.889(21)
12 6.3642 4.5554(44) 4.9594(69) 5.4718(88) 6.088(11) 6.842(15) 7.771(20)
12 6.3894 4.4339(44) 4.8288(65) 5.3162(86) 5.901(11) 6.613(15) 7.490(20)
12 6.4133 4.3543(40) 4.7133(63) 5.1798(82) 5.739(10) 6.421(13) 7.258(17)
12 6.4200 4.3136(40) 4.6821(68) 5.1419(87) 5.694(11) 6.366(14) 7.192(18)
12 6.4630 4.1590(38) 4.4928(63) 4.9196(78) 5.4311(99) 6.053(13) 6.816(16)
12 6.5619 3.8287(34) 4.1143(55) 4.4749(69) 4.9051(88) 5.426(11) 6.063(14)
16 6.4200 5.3833(70) 6.0206(99) 6.781(13) 7.710(19) 8.864(26) 10.313(35)
16 6.4740 5.0535(67) 5.5929(85) 6.247(11) 7.040(15) 8.018(20) 9.233(27)
16 6.4741 5.0594(49) 5.5766(89) 6.230(12) 7.023(16) 7.999(21) 9.214(28)
16 6.5619 4.6165(56) 5.0554(71) 5.5943(94) 6.242(12) 7.034(16) 8.009(21)
16 6.6669 4.2007(56) 4.5412(61) 4.9771(78) 5.498(10) 6.131(13) 6.908(17)
16 6.7859 3.8249(45) 4.0969(56) 4.4595(76) 4.8915(97) 5.415(12) 6.054(16)
16 6.8000 3.7825(44) 4.0449(56) 4.3998(70) 4.8238(88) 5.338(11) 5.968(14)
20 6.6669 4.9431(61) 5.4190(86) 6.037(11) 6.785(15) 7.705(19) 8.846(26)
20 6.7859 4.4082(54) 4.7887(68) 5.2779(89) 5.865(11) 6.581(15) 7.462(19)
20 6.8000 4.3553(53) 4.7153(64) 5.1890(83) 5.757(11) 6.449(14) 7.299(18)
20 6.8637 4.1219(48) 4.4531(60) 4.8781(77) 5.3855(99) 6.001(13) 6.756(16)
20 6.9595 3.8245(44) 4.0977(54) 4.4637(69) 4.9001(87) 5.429(11) 6.076(14)
24 6.7859 5.0578(61) 5.5530(79) 6.206(10) 6.999(14) 7.978(19) 9.196(25)
24 6.8637 4.6776(56) 5.1006(66) 5.6520(86) 6.316(11) 7.130(15) 8.135(19)
24 6.9595 4.2884(52) 4.6378(61) 5.0988(79) 5.651(10) 6.324(13) 7.150(17)
24 7.1146 3.7942(53) 4.0599(50) 4.4194(63) 4.8479(80) 5.367(10) 6.002(13)
32 6.9595 5.345(14) 5.926(11) 6.666(14) 7.570(19) 8.694(26) 10.103(35)
32 7.1146 4.5866(93) 4.9887(70) 5.5195(91) 6.158(12) 6.937(16) 7.898(20)
32 7.2000 4.2584(90) 4.5933(63) 5.0480(82) 5.592(10) 6.255(13) 7.069(17)
48 7.6000 4.0120(74) 4.3161(61) 4.7213(79) 5.205(10) 5.792(13) 6.512(17)
Table 10 Results for A%/ Idec corresponding to different values of g&ZT’ < (Idec, M) of Table 2
4 A%/Mdec

¢ =0.30 c=0.33 c=0.36 c=0.39 c=0.42
1.972 0.685(13) 0.681(13) 0.678(14) 0.677(14) 0.678(14)
4 0.723(15) 0.720(15) 0.719(16) 0.718(16) 0.719(16)
6 0.740(16) 0.736(16) 0.734(16) 0.732(16) 0.731(16)
8 0.760(18) 0.756(18) 0.753(17) 0.750(17) 0.748(17)
10 0.787(20) 0.785(20) 0.783(19) 0.781(19) 0.780(19)
12 0.802(21) 0.799(21) 0.797(21) 0.794(21) 0.793(21)
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large-scale projects. The simulations are performed on lat-

tices of size L x (5) . We impose Schrodinger Functional
a a

(SF) boundary conditions on the gauge and fermion fields
[38,39], i.e., Dirichlet boundary conditions in Euclidean time
at xo = 0, T, and periodic (up to a phase ¢’® for fermionic
fields, with & = 0.5) boundary conditions with period L
in the three spatial directions. We use one-loop boundary
improvement coefficients ¢, and ¢, [35,91]. Our lattice setup
uses non-perturbatively O(a)-improved Wilson fermions and
the tree-level Symanzik O(a?)-improved gauge action [65];
we refer the reader to Ref. [35] for more details. The bare
(linearly divergent) quark mass is denoted by mq and the
pure gauge action has a prefactor § = 6/ g%. The ensem-
ble generation proceeds according to a variant of the Hybrid
Monte-Carlo (HMC) algorithm [92]. The classical equations
of motion are solved numerically for trajectories of length
T = 2 in all simulations, leading to Metropolis proposals.
In order to reduce the computational cost and obtain a high
acceptance rate, we split the action and corresponding forces
as follows. For the u/d quark doublet we use an even—odd pre-
conditioned [93] Dirac operator and Hasenbusch’s mass fac-
torization [94] with twisted masses [95] of increasing values
o < p1 ... roughly set at equal distances on a logarithmic
scale as suggested in Ref. [96]. The strange quark is simu-
lated with the rational hybrid Monte-Carlo (RHMC) algo-
rithm [97,98], decomposing the fermion determinant into a
reweighting factor and a Zolotarev optimal rational approx-
imation of (D¥D)~'/2 [99] in the spectral range [ry, rp] of
D' D with a number of poles N,. The algorithmic simula-
tion parameters are summarized in Table 11. The measure-
ments (gradient flow observables, correlation functions and
reweighting factors) are done during ensemble generation.

C.1 Nf = 3 renormalization runs

For the determination of massive simulation parameters
detailed in Appendix E we perform massless renormalization
runs along the line of constant physics defined in Eq. (2.12),
ie., EéF (Lgec) = 3.949 and m = 0, corresponding to a scale
Hdec = 789(15) MeV or fixed physical volume with Lgec =
0.250(5) fm [16,35]. We generate a large set of new ensem-
bles around Lmpcac = 0 for L/a = 12, 16, 20, 24, 32,40
and 48, where we measure reweighting factors and the fol-
lowing observables, as well as the covariance between them:

e the gradient flow coupling géF defined in Eq. (2.11),
using the magnetic components of the energy density

(8(Q) Emag(t, T/2))

-2 —1.2
(Ly=N""t -
sar 60

(C.1)
8t=cL

Table 11 Parameters of the algorithm: We give the forces with their
integration levels, the integrators for the different levels and number of
steps (nstep) per trajectory resp. outer level, the solvers for the various
levels and their residue, the twisted-mass parameters aj;, the number
of poles N}, and the ranges [r, 1] used in the RHMC. For the force and
solver name abbreviations we refer the interested reader to the openQCD
documentation [89]

Ensemble Massless Massive

Force 0, level Gauge, 0 Gauge, 0

Force 1, level TM1-EO-SDET, 1 TMI1-EO-SDET, 1
Force 2, level TM2-EO, 1 TM2-EO, 1

Force 3, level TM2-EO, 1 TM2-EO, 2

Force 4, level RAT-SDET, 1 TM2-EO, 1

Force 5, level - RAT, 2

Level 0, nstep OMF4, 1 OMF4, 1

Level 1, nstep OMF4, 8-10 OMF4, 1

Level 2, nstep - OMF2, 6

Solver 0, res CGNE 10~12 CGNE 10~

Solver 1, res DFL_SAP_GCR 107! DFL_SAP_GCR 107!
Solver 2, res MSCG 10~ 12 MSCG 10~

Solver 3, res - CGNE 10710

Solver 4, res - DFL_SAP_GCR 10710
Solver 5, res - MSCG 10~10

ag 0.0 0.0

apy 0.1 0.1

apun 1.5 1.0

Np, [ra, 7p] 10-12, [0.01-0.1, 7.0] 8-9, [0.1, 6.0]

The quantity $ (Q) is zero whenever |Q| > 0.5 and one
otherwise, and Q is the topological charge computed with
the clover discretization of the field strength tensor built
from gauge fields at flow time V8 =cL. At L = Lgec,
the volume is small enough for non-zero topological sec-
tors to be highly suppressed. In practice, we do not see
any configuration with Q different from zero and the
projection onto the Q = 0 sector has no effect in our
simulations.

e the current quark mass mpcac, defined through the par-
tially conserved axial current (PCAC) relation [100], in
its O(a)-improved definition

T3 + 80) fa (x0) + caaddo fo(x0)
2 fp(xo0)

. (C2)

xo=T/2

2
mpcac(gy, mo) =

with an axial current improvement coefficient ¢4 from
[101] and SF correlation functions fa and fp that are
given by the correlation between a pseudo-scalar bound-
ary operator and a local iso-vector axial current or pseu-
doscalar density, projected to zero spatial momentum at
time xg and Q = 0 (see above).
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Table 12 Results for Lmpcac, §éF and Zp from massless renormalization runs and their integrated autocorrelation times tjn in units of measure-
ments (every five trajectories, i.e., 10 MDUs)

L/a B K Nrep Nins Lmpcac Tint B4r Tint Zp Tint
12 4.3020 0.1324810 3 5400 1.3164(9) 0.89 4.167(8) 1.1 0.6400(8 1.6
0.13364602 3 3014 0.8825(10) 0.84 4.080(11) 1.3 0.6190(9) 1.5
0.13481160 3 3000 0.4486(11) 0.87 4.031(11) 1.4 0.5990(10) 1.6
0.13540205 5 3748 0.2260(8) 0.64 3.982(9) 1.3 0.5890(10) 1.5
0.13575881 5 4159 0.0890(8) 0.66 3.970(8) 1.1 0.5816(10) 1.6
0.1359977 6 2637 —0.0016(11) 0.65 3.950(14) 1.4 0.5770(16) 1.8
0.13623743 5 2215 —0.0915(11) 0.50 3.919(11) 1.0 0.5724(21) 2.7
0.13659861 5 1865 —0.2289(15) 0.71 3.911(13) 1.3 0.5645(21) 2.1
0.13720485 5 1613 —0.4710(16) 0.67 3.878(15) 1.0 0.5504(30) 2.0
16 4.4662 0.13222210 6 2176 1.6815(9) 0.74 4.179(17) 2.3 0.6231(15) 34
0.13333741 6 6235 1.1316(6) 0.79 4.082(9) 1.8 0.6055(8) 2.5
0.13445845 6 5401 0.5768(6) 0.67 4.017(10) 2.1 0.5887(9) 2.8
0.13503421 9 5006 0.2898(6) 0.68 3.981(10) 2.0 0.5784(11) 2.8
0.13536894 6 5115 0.1213(6) 0.73 3.933(10) 2.3 0.5734(11) 2.6
0.13582883 6 4871 —0.1115(7) 0.79 3.936(10) 2.0 0.5622(13) 2.9
0.13617580 6 4752 —0.2898(7) 0.72 3.908(9) 1.6 0.5545(13) 2.2
20 4.5997 0.13309781 12 1715 1.3609(9) 0.75 4.142(27) 5 0.5947(20) 5
0.13418441 12 1296 0.6924(11) 0.88 4.035(33) 4 0.5821(20) 3
0.13473439 12 1798 0.3483(9) 0.68 3.976(29) 6 0.5731(25) 6
0.13506654 10 1385 0.1422(9) 0.60 3.983(30) 5 0.5646(46) 11
0.13506654 10 1370 0.1402(10) 0.69 3.958(21) 3 0.5680(21) 3
0.13551198 10 1193 —0.1387(12) 0.88 3.963(29) 4 0.5542(34) 4
0.13551198 10 1271 —0.1375(12) 0.84 3.969(23) 3 0.5597(29) 3
0.13584798 10 1004 —0.3545(14) 0.96 3.918(21) 2.4 0.5499(31) 3
24 47141 0.13289106 11 2662 1.5854(6) 0.66 4.174(25) 5 0.5863(13) 4
0.13394806 11 2805 0.8048(6) 0.75 4.058(21) 5 0.5755(17) 7
0.13448288 11 2907 0.4066(6) 0.64 3.989(22) 5 0.5638(23) 8
0.13480584 10 2564 0.1642(8) 0.90 4.007(23) 4 0.5619(25) 8
0.13523886 10 1996 —0.1628(8) 0.75 3.959(29) 6 0.5507(27) 5
0.13556545 10 1906 —0.4101(10) 0.96 3.998(28) 6 0.5455(42) 9
32 4.9000 0.13256312 20 2709 2.0170(5) 0.69 4.150(24) 6 0.5714(20) 9
0.13357336 10 2045 1.0261(6) 0.70 4.075(44) 11 0.5663(28) 12
0.13357336 10 660 1.0261(11) 0.82 4.128(69) 10 0.5687(40) 8
0.13408427 10 2084 0.5197(6) 0.77 3.970(39) 10 0.5604(25) 11
0.13408427 10 603 0.5208(26) 0.51 4.063(80) 12 0.5665(29) 5
0.13439270 16 2666 0.2120(5) 0.66 3.948(29) 10 0.5685(27) 12
0.13439270 10 909 0.2141(10) 0.87 3.930(31) 4 0.5517(28) 6
0.13480615 16 1044 —0.2016(8) 0.70 3.920(42) 9 0.5382(57) 9
0.13511791 10 610 —0.5188(12) 0.76 3.917(64) 10 0.5337(88) 10
40 5.0671 0.132280 4 1255 2.4246(6) 0.65 4.134(42) 11 0.5600(59) 33
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Table 12 continued

L/a B K Nrep Nins Lmpcac Tint 24k Tint Zp Tint
0.133250 4 860 1.2345(7) 0.68 4.069(62) 16 0.5585(28) 7
0.133740 4 746 0.6297(7) 0.53 3.938(60) 11 0.5664(57) 20
0.134036 4 800 0.2618(8) 0.67 3.955(44) 6 0.5511(37) 7
0.134234 4 845 0.0146(9) 0.81 3.852(87) 23 0.5544(80) 15
0.134433 4 738 —0.2360(9) 0.78 3.979(43) 6 0.5330(10) 17
0.134732 4 981 —0.6150(9) 0.91 3.899(42) 8 0.5449(97) 19
0.135233 4 564 —1.2538(12) 0.60 3.804(47) 6 0.5423(169) 12

48 5.1739 0.13211537 3 569 2.8273(10) 0.65 4.221(60) 8 0.5525(64) 16
0.13306215 3 562 1.4350(11) 0.65 4.066(61) 6 0.5472(61) 14
0.13354065 3 596 0.7253(12) 0.82 3.983(70) 11 0.5274(62) 15
0.13382941 3 610 0.2946(12) 0.82 4.391(136) 17 0.5365(10) 16
0.13402261 3 616 0.0017(11) 0.74 4.147(140) 16 0.5543(71) 13
0.13421637 3 575 —0.2863(10) 0.43 3.819(74) 7 0.5320(13) 15
0.13450805 3 579 —0.7291(18) 1.07 3.965(63) 6 0.5564(95) 7
0.13499703 2 200 —1.4751(25) 1.43 3.911(65) 6 0.5830(272) 8

e the pseudoscalar renormalisation constant Zp in the SF-
scheme [102], defined through the renormalization con-
dition

Je(L/2) _ fp(L/2)

Zp(u =1/L) m B m tree-level ’

(C.3)

where f] is the “boundary-to-boundary” correlator, again
projected to Q = 0.

A precise definition of all SF correlation functions can
be found for instance in [102].

The renormalization runs are summarized in Table 12 (See
also Fig. 7) together with all measured observables and their
integrated autocorrelation times iy in units of measurements
(every five trajectories, i.e., 10 MDUs).

C.2 Nf = 3 massive

We simulate massive quarks with M =~ 1.6,3.2,4.7,6.3,
7.9,9.5 GeV, corresponding to z = LM = 1.972,4,6, 8,
10,12on T x L3 and lattices with L/a =12,16,20, 24,32,
40,48 and T = 2L. The determination of simulation param-
eters for a given z value is discussed in the next section. The
results for the GFT couplings using the Zeuthen flow were
given in Table 2. When approaching small lattice spacings,
the HMC algorithm is known to suffer from critical slowing
down. Since we have chosen the trajectory length constant
in all our runs, our flow measurements exhibit the expected
Langevin scaling Tjp; a~2, which however is still manage-
able on our finest lattice. The lattice size Lgec is small enough

0.016

Lia=12 —+—
L/a=16 —%—
0.014 F 72250 ]

L/a=24

~ 0012} L/a=32 8
= L/a=40 —e—

j\ 0.01 } L/a=48 —&— i
=

<N
¥ 0.008 | T .
E JH A ﬂ

& 0.006 ’l: ﬂ i .

0.004 <})

0.002

1.972 4 6 8 10 12
z=LM

Fig. 7 Integrated autocorrelation times iy (gém) of the gradient flow
coupling in units of measurements (every five trajectories, i.e., 10
MDUs) scaled with a2/L? vs. the dimensionless quantity z = LM
of our massive simulations. The points are slightly shifted from actual
z values for better visibility

for non-zero topological sectors to be highly suppressed. For
our error analysis we use the I"-method [66].

Appendix D: Mistuning corrections

To correct the mistuning of the LCP, the slope

=2 = Q)=
5 = 8gGF _ gGFﬂGF(gGF) I O(az) D.1)
= ] = 3 , .
3gO L/a gOIB(() )(gO)
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is required. To compute it, the non-perturbative Sgg-function
of the gradient flow coupling at §ép = 3.949 and the non-
perturbative bare Bp-function at the bare couplings of our
LCP are needed. The first has been determined to high pre-
cision in [35] and is given by

BE)(V/3.949) =

The bare By-function can be estimated by parameterizing the
L/a > 20 data in the first two columns of Table 1 according
to

L 1
In{ — ) = const. + —— -
a 2k3g;

the By function in this short range of couplings is then given
by

—0.471 £ 0.004. (D.2)

(D.3)

B ~ —kzgd, with k3 = 0.054. (D.4)

With this slope the fBrcp values in the last column of
Table 1 are determined. From these then the desired sim-
ulation parameters for the massive runs follow, as described
in Sect. 4.2.

In practice, the massive runs were performed at slightly
different parameters, and need to be corrected as well. The
relevant slope here is given by the dependence of the massive

coupling on the bare one
. -1
_dgg
d In(a) '
a

The last factor is again related to the bare So-function,
and the same parameterization as above can be used. The
first factor, however, has never been determined but can be
approximated based on decoupling. Matching of the three-
flavor and the pure gauge theories means, that A© (M) =
A® P(M/A®). For physical couplings in the continuum
limit we then have

_ agGFT
9 In(L) oL

38 98GFT

(D.5)
Bgo

z,L/a

—_3)

[Eorr (L, D1 = [gorr (D) + 0. (D.6)
The N; = 0 coupling and A® are related
B (L) = F(LA©D) (D.7)
_ 3)
—F (LA P (m)) (D.8)
= [g5 (L, D + 0z 7). (D.9)

The exact form of the function F will not be needed, but it
is essentially the inverted relation Eq. (2.4) together with a
scheme change of the A parameter. Taking the L-derivative
of the second line and then using decoupling to express every-
thing in terms of Ny = 0 quantities results in

_3)
a[gGFT] 70 80 GO M )
=-2g IBGFT GFT)( >+O(Z )s
9L
(D.10)

@ Springer

with p¥ = M 381 . = 2/11 + O(a(m.)), where the
O(a(my)) corrections are very small [27] and can safely be
dropped.

The shifts are applied to couplings at finite z and finite a.
The leading corrections to the z — 00, a — 0 limit are built
into the extrapolation formulae Eqs. (4.8) and (4.13), which

is why p1, p2 and B are known in

a2
—3 3
G = F (LAgff)P ( W)) +(p1+ pzzz)Lz,
LAetf

(D.11)
B
A=A 4 =

- (D.12)

The L-derivative of the coupling at finite z and a has then
corrections R, and R, of the form

3
LZen _ o

9L ~ 228G o @air) (1 - ’IM) [14 R, + Ra],
(D.13)
which to leading order are given by
R~ 24188 P ko, (D.14)
2~ _(O)—z(m +mh D15

) —=0) ’
—28arrhorr@arr) (1 —n™)
Finally, ko parameterizes the ﬂGFT -function in the relevant
range of couplings

Bovr Barr) ~ —ko ZorT- (D.16)

Its value is 0.079 and 0.076 for ¢ = 0.3 and ¢ = 0.36,
respectively.

Appendix E: Mass renormalization

To compute the strong coupling from decoupling relations,
simulations at constant renormalized mass are necessary.
This appendix describes how a given value of the RGI quark
mass in GeV translates into a hopping parameter at a given
B value.

In a first step the RGI mass M is translated into a renor-
malized mass 72 ({tgec) in the SF scheme

m(uo/2) M (fdec)
X X — )
M m(po/2)

Here M/m(1up/2) = 1.7505(89) has been determined in
[23] for a scale 110 defined by g3 (120) = 2.0120, which
corresponds to EéF(,uo/Z) = 2.6723(64). For the (short)

m(pdec) = M (E.D)
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running of the mass

8(uo/2)

T(x) J
B(x)

m(dec) _
m(po/2)

, (E.2)
8(dec)

a parametrization of the non-perturbatively determined [23]

t/B data is used

T(ger) _ 1

B(Ecr)  Zor

with fo = 1.28493, f1 = —0.292465, f» = 0.0606401, f3
= —0.00291921. The parameters are correlated, namely

(f0+flgGF+fZgGF+ngGF) (E.3)

cov(fi. fj)
233798 x 1072 —1.47011 x 1072 2.81966 x 1073 —1.66404 x 10~4
| —1.47011 x 1072 9.54563 x 1073 —1.87752 x 107> 1.12962 x 10~*
2.81966 x 1073 —1.87752 x 1073 3.78680 x 104 —2.32927 x 10~
—1.66404 x 1074 1.12962 x 1074 —2.32927 x 107 1.46553 x 10~°©
(E.4)
This allows to obtain
M
—— = 1.474(11). (E.5)
m(dec)

This renormalized mass can then be related to either the bare
subtracted quark mass mq(g(%, my) = mo — mcrit(gé) or to
the bare PCAC mass mpcac (g%, mop).

ZA(Z5)
ZP(g() s fdec)

x [14 (ba(ed) — be(gd)amq (g3, mo) |

m(fhdec) = MPCAC (g(%s mo)
(E.6)

= mq (g3, m0) Zim (83, amdee) [ 1+ bim(g)ama(sd, mo)] .
(E.7)

valid only up to cutoff effects of O(a?) with the improved
bare coupling [58]

2 =g (1 + bg(gg)amq> . (E.8)
The second relation is more useful, since it connects m
directly to the simulation parameter k: amgq =
amcm(g%) = 2K 2K On the other hand, the renormal-
ization factors in the ﬁrst relation are easier to compute,
or already known. The missing piece is then the relation
between mpcac and mgq,

amgy —

mpcac (g, mo)
Zp(22, a Zm(82.a
_ P(g() Mdec) ~r;l(go Hdec) mq(g%’mo)
ZA(go)

=2}

X | 14 [bm(gd) + br(gd) — ba(gd) amq(gd, mo) |, (E.9)

=b(gd)

with renormalization factor Z( §(2)) and improvement coeffi-
cient Ia(g%), which can both be obtained non-perturbatively
from our close-to-massless simulations. More precisely,
since these runs vary mg around mj; While keeplng go con-
stant (instead of gp), what we have access to are 7 and bt
in

mpcac(gg, mo) = Z(g(z))mq(g%, mo)

/ 2
x <b<g0> + gobg<g0) - )) amg(gg, mo) | .
Z(g())

=51 (5)

(E.10)

First, we perform a simultaneous linear fit to the data
in Table 12 at fixed L/a

Lmpcac = ¢o 4+ ¢1Lmg + ¢2(Lmg)? (E.11)
Zp = ¢3 + calmg + cs(Lmg)? (E.12)
Zor = ¢6 + c7Lmo + cs(Lmo)*. (E.13)

Then amyit, 7, bt Zp, gép and d géF/d amy at zero quark
mass, as well as their covariances are obtained from the
fit parameters c;. The results of these fits can be found in
Table 13.

To read off Z’ / Z to compute b from b, and to obtain
the value am it (g(z)) from data at slightly shifted gg, we carry
out another linear fit of the results in Table 13

(E.14)
(E.15)

ameic = do + di g + dagg + d3 g8
Z = dy + dsgg + dsgj.-

The result is shown in Fig. 8, asymptotic PT behavior is not
built into these fits.

The axial current renormalization Za was computed very
precisely based on universal relations between correlators
in a chirally rotated Schrodinger Functional [103]. The cal-
culation was carried out at the 8 values at which also the
large volume CLS simulations are carried out. These are
coarser lattices, than the ones needed here, which means that
an extrapolation of the data is necessary. A fit, with restric-
tion to 1-loop perturbation theory for go — 0, as proposed
by the authors is

Za =1—10.090488g3 + c1g4 + ca85 + 388, (E.16)

with ¢; = 0.127163, ¢ = —0.178785, ¢c3 = 0.051814 and

1072

0.29841165 —0.36050066 0.10868891
—0.36050066 0.43567202 —0.13140137 | . (E.17)
0.10868891 —0.13140137 0.03964605

COV(C,’,C]') =

The right column of Table 13 lists the extrapolated renormal-
ization factors at the necessary g values, see also Fig. 9.
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Table 13 Results for am.j, 7 , bt and Z p from fits and extrapolations of Z 4

L/a B AMrit Z et Zp Za
12 4.3020 —0.323417(38) 1.1707(31) —0.408(26) 0.57708(82) 0.8322(26)
16 4.4662 —0.312928(23) 1.1613(22) —0.486(29) 0.56759(82) 0.8432(34)
20 4.5997 —0.304289(24) 1.1492(28) —0.461(39) 0.5628(15) 0.8515(41)
24 47141 —0.296941(14) 1.1455(12) —0.497(18) 0.5554(17) 0.8582(47)
32 4.9000 —0.285427(12) 1.1374(13) —0.608(45) 0.5446(35) 0.8681(55)
40 5.0671 —0.275473(11) 1.1259(12) —0.490(19) 0.5459(42) 0.8762(62)
48 5.1739 —0.2693605(82) 1.1233(10) —0.517(17) 0.5427(49) 0.8810(66)
-0.285 , , , 119 , , ,
029 | ]
118 | ]
0295 | ]
147 | ]
03 | ]
o
£ -0.305 | 1 N6 | ]
(]
031 | ]
115 | % ]
-0.315 | ]
114 | 1
032 | ]
-0.325 : : : 113 s ‘ ‘
12 1.25 13 135 14 12 1.25 13 1.35 14
92 9

Fig. 8 Critical mass and Z as a function of gé

With known Za, Zp and 7 , the Z, in the relation between
the bare and the renormalized mass is determined non-
perturbatively. The only missing pieces are the improvement
coefficients ba, bp and bg, for which we take their 1 loop
approximations [60,104,105]

ba = 1+0.0881(13) x Cr g3, (E.18)

bp = 1+0.0889(14) x Cr g3, (E.19)
1

bm = = = 0.0576(11) x C 6, (E.20)

by = 0+ 0.012000(2) x N g3. (E21)

The perturbative result for by, will not be used, except for
testing PT, by, is instead obtained as by, = bh— bp + ba.

If go denotes the bare coupling of the LCP defined by
m =0, §éF = 3.949, then the massive simulations need to
be carried out at a slightly different bare coupling, in order
to keep go and hence the volume constant. If we denote this
slightly shifted coupling by g(z), we find that the bare parame-

@ Springer

ters of the massive simulation, g% and m, have to be chosen
such that

88 = & (1 - be@amq (g mo)) (E.22)

Li(aee) = Ling (g, m0) Zm (@) [ 1+ bm (@)amq (g8, mo)
(E.23)
hold. Note that b, (g%)amq = by(gy)amq + O(a?) was used

to derive these expressions. These equations can be explicitly
solved for the simulation parameters in three steps

1 4bn Lm
amg=— £ |1+ ————-1], (E.24)
2bm L/a Zn
86 = &5/ (1 + bgamy) (E.25)
amgy = amq + amcrit(g(z)). (E.26)

The uncertainties in all quantities entering these equations
are known,'? which means that we know the precision of

10 We treat the difference between tree-level and 1-loop values as uncer-
tainties of the improvement coefficients, that are known only perturba-
tively.
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Fig. 9 Extrapolations of Za
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Fig. 10 Overview of our massive simulationsfor M = 1.6...9.5GeV,
T = 2L, showing the dimensionless RGI mass z, Eq. (E.27) which
agrees well with the input z-values prescribed in terms of the bare mass
mq

the massive simulation parameters, and conversely we con-
trol the precision that we can expect to reach for z. How an
error on z propagates into the determination of A is discussed
below, but first, let us consider a cross-check of demonstrat-
ing that z is fixed correctly. Once the massive simulations
have been carried out, we measure the PCAC masses!! and
compute

3 = Limpeac M A(g())
= PCAC — =~ <
m(w) Zp(gg. ap)

=z+ 0(d?).

[1+ (ba — bp)amq]
(E.27)

The results are shown in Fig. 10. The precision is satisfactory,
and the O(a?) effects are reasonably small.

11" For the evaluation of the PCAC mass on the massive ensembles we
use the improved derivative defined in [106].

Appendix F: Propagating the error of z

One would like to estimate which precision is necessary
in fixing M in order to achieve a certain precision in
géFT (w, M) and then in A® obtained from A© .

The most relevant place where an uncertainty in M matters
is the P function (to be precise Py 3 in the notation of [27]),
which relates the A parameters as

0 _ 3 3
Ay = P(M/Am) A (E.1)
One can simply use this noting that
0)
©) _ MS _ B M
Moy Az A% = MaMP(M/AQ) —Agsh (F2)
and insert the known perturbation theory for M = 4 pomP.

The function n™ is known to 4 loops and the ﬁrst two per-
turbative terms are (cf. [27])

6 1926
M — 2 DY
" T ettt

where g, = ng(m*) and m. M (m*) = m,. This is enough
to estimate the required precmon in the tuning of M.

Another place where M mistunings need to be accounted
for, is the continuum extrapolation of the massive coupling.
To propagate the M uncertainty onto g2, its derivative with
respect to the mass must be known.

For this we are going to use the fundamental formula
Eq. (2.10)

(F.3)

0)
Ai
3 0), - 5
A%_Mdecxwép)(gcp)x w X 1/P(M/A() (F4)
AGF

where géF is the massive coupling in the GF scheme in Eq.
(2.11). (Note that it depends on z through the relation Eq.
(4.10)).

8GF  dy
‘PGF (gGF) = exp / OV R constant. (E.5)
B (X)
Now we can take the logarithm
8GF  dy
3 3

log ACL = — / poE 108(P (ttdecz/ Ao

+z independent terms . (F.6)

Taking a derivative with respect to z gives

08GF
2o = ~BGi(aar)i: log P ED
and finally
932 M _ _
a_ZGF =1 x (—2gGF,3((~?}3(gGF)), (F8)

where we have used 3, log P = nM/z.
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Fig. 11 a The derivative 3. log P = n™ /z. b The full derivative of the coupling Eq. (F.8)

Figures 11 show the results. The derivative is not that
small, especially at z = 4 (z = 2 is irrelevant).

Numerically we find with excellent approximation that
z0;log P = 0.19 (F.9)

so that we will use for the error propagation the formula

1 982 0.38 _
S = — = B8 (@ar), (F.10)
8cgr 9% Z8GF
so that
_ _ _ 6z
53&r = 0.383GF PGy (gGF)7- (F.11)

Finally, note that the massive coupling géFT is different from
gép (because of T = 2L, the mass effects and possibly
the different values of ¢). The relation between couplings
is known non-perturbatively in the region of interest for the
N¢ = 0 case

1 1 _
—— — = = f(&acr), (F.12)
8GFT  8GF

see Eq. (B.2). Neglecting 1/z2 terms, we have that

1
-2
88GFT = (T

_ _ _ _ 6z
— f'(gap) géFT0-388GF,3g)1~2 (gGF) —.
8GF 2

(F.13)

In practice f'(ggr) ~ 0, and the whole uncertainty 8 géFT
is well below the statistical uncertainty of géFT. The uncer-
tainty §z contributes less than a 0.2% to the final error squared
in A%.

Appendix G: Line of constant physics for L /a = 40, 48

For L/a > 32 we do not have direct simulations to fix our
line of constant physics géF(,udec, atdec) = 3.949. For the

@ Springer

Table 14 Simulations with L/a = 24 used to interpolate the value
gap = 2.9951

B 8&r 1/8% — B/6
5.543070 2.5043(76) —0.5245(12)
5.242465 2.8963(87) —0.5285(10)
4938726 3.403(11) —0.52930(95)
4.634654 4.180(14) —0.53319(81)
4.331660 5.380(25) —0.53609(85)
4.128217 6.785(36) —0.54065(78)

case aptgec = 1/48, we first determine the inverse lattice step
scaling function from the data available in the literature [35],
in particular for the fit used in [35] for the S-function. The

result of such determination is
2_1(3.95, aflgec = 1/24) = 2.9951(62). (G.1)

Now we determine the value of 8 for apgec = 1/24 such
that the coupling equals 2.9951. This can be determined by
interpolating the data of Table 14 using as fit ansatze

1/8&r — B/6 = P3(B),

where P3(x) is a third degree polynomial. The result of this
procedure is

(G.2)

B =5.1742(58) (L/a =48), (G.3)

s.t. the coupling for L /a = 48 would be exactly 3.95. Note
that this value has to be slightly corrected to the true LCP
8&r(Hdec) = 3.949 (see Table 1).

Finally, the values of Table 1 with L/a < 32, together
with this last determination can be used to interpolate the
value of B s.t. géF = 3.949 for L/a = 40. We choose as fit
function

log(L/a) = P4(p), (G4
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where P4(x) is a fourth degree polynomial. The resulting
value is

B = 5.0497(41)

(L/a = 40). (G.5)
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