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Abstract

The mode stability of the Kerr black hole in four dimensions was demonstrated
by Whiting in 1989, by separating the Teukolsky equation that describes gravitational
perturbations and then transforming the radial and angular equations in such a way
that the problem can be reformulated as a wave equation in an auxiliary spacetime in
which the proof of stability is greatly simplified, owing to the absence of an ergore-
gion. As a preliminary step towards extending these ideas to higher-dimensional black
holes, we study the mode stability of the massless scalar wave equation in the five-
dimensional black hole solutions of Einstein gravity and supergravity. We show how
the wave equation can again be mapped into one in an auxiliary spacetime in which
there is no ergoregion, allowing us to give a proof of the mode stability of the solutions

of the scalar wave equation.
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A Global Structure of the Myers-Perry Black Hole

1 Introduction

Establishing results on the stability of black hole solutions has been a major activity in the
general relativity community for many years. This is especially subtle, and also important,
in the case of stationary rotating black holes. Many different approaches have been followed,
but one of the most fruitful has involved finding an integral transformation that maps
the difficult analysis in the original variables into a considerably simpler analysis in the
transformed variables. The idea was first developed in [I], where it was employed to establish
the mode stability of the Kerr black hole [I]. The technique has been developed further
in recent years, and found application in studies such as the global stability of black holes
(see, for example, [2L[3]), the stability of extremal black holes [4], and mode stability on the
real frequency axis [5[0].

Establishing the mode stability of the Kerr black hole involved studying the properties
of the mode functions in the separation of variables for the Teukolsky equation, which pro-

vides a gauge-invariant description of the perturbations around the Kerr background. In [I]



the generalised Teukolsky equation with a spin parameter s was studied, with s = £2 cor-
responding to the actual case of interest in which the equation describes the gravitational
perturbations themselves. The case s = 0 corresponds to the massless scalar wave equa-
tion (the massless Klein-Gordon equation), while the s = £1 case governs gauge-invariant
components of the Maxwell field.

The techniques for analysing the Teukolsky equation for spin s that were developed in [I]
were broadly similar for all s, and in fact the essential features associated with the stability
of the solutions could already be seen in the s = 0 case. This is a useful observation because
if one looks at more complicated situations than black holes in pure Einstein gravity, such
as black holes in Einstein-Maxwell theory or in supergravity, the analogue of the Teukolsky
analysis has not been implemented. In the absence of a gauge-invariant treatment of the
perturbations of the black holes in these more complicated situations, one can at least study
the analogue of s = 0 Teukolsky equation, that is, the massless scalar wave equation in the
black hole background. One may hope that this can provide a “proxy” for the full analysis,
and that establishing stability results for the solutions of the massless wave equation may be
indicative of what one might find in a more elaborate and complete perturbative analysis.
This approach was adopted in [7], where the techniques of [I] were applied to the study
of the mode stability for solutions of the massless scalar wave equation in the background
of a class of four-dimensional supergravity black holes carrying four independent electric
charges [89].

In this paper, we extend some of the four-dimensional techniques for mode-stability
analysis that were developed in [I] to the case of five dimensions. Even in the pure Einstein
case, the analogue of the four-dimensional Teukolsky analysis is unknown. The stumbling
block is that the four-dimensional analysis depended heavily upon the use of the Newman-
Penrose formalism, and no particularly useful extension of this to five or higher dimensions
has been constructedd Thus for now, our approach will mirror the one that can be followed
for more complicated theories in four dimensions, namely, we shall focus attention on estab-
lishing stability results for solutions of the five-dimensional massless scalar wave equation.
This already allows us to develop a rather non-trivial generalisation of the techniques that
were employed in four dimensions, and it reveals ways in which the integral transformation
that allows us to establish mode-stability results is substantially different from the one in
four dimensions.

We shall describe in the subsequent sections how one can establish mode stability results

"However, see [10].



for solutions of the massless wave equation in the background of the five-dimensional Myers-
Perry rotating black hole [I], and also in the background of general 3-charge rotating black
holes in the five-dimensional STU supergravity theory [12].

2 DMassless Scalar Wave Equation in Five-Dimensional Black

Hole Background

2.1 Five-dimensional Myers-Perry black hole

The natural generalisation of the four-dimensional rotating Kerr [13] black hole to higher
spacetime dimensions is provided by the Myers-Perry black hole solutions [I1I]. These
vacuum solutions of the D-dimensional Einstein equations are characterised by their mass
M and by [(D — 1)/2] independent angular momenta, reflecting the fact that independent
rotations can occur in each orthogonal spatial 2-plane. In this paper we shall be concerned

specifically with the example of the five-dimensional rotating black hole. Its metric is given

by [T]

A 2
ds® = 2z (dt — asin® 6 dp — bcos? 0 dip)? + %dr2 + p? db?

. 2 2
+SH;2 : ladt — (r* + a®) do]” + Cosz ’ [bdt — (% + b%) dy]?

1
2 g labdi = b(r* + @) sin® 8d — a(r® + %) cos® B dy]* (2.1)

where

(7“2 —|—a2)(7"2 —|—b2)
r2

A= —2M, p? = 1%+ a* cos® 0 4 b? sin? 4. (2.2)
Here a and b are the two independent rotation parameters, with ¢ and v being the two
associated azimuthal angles (each with period 27). The latitude coordinate § ranges over

0§9§%7T.

2.2 Massless scalar wave equation

Our focus will be the investigation of solutions of the massless scalar wave equation W = 0
in the Myers-Perry background, with the goal of establishing that modes with time de-
pendence e~ '“! that are ingoing on the future horizon and outgoing at future null infinity

cannot have a frequency w with a positive imaginary part. In other words, we seek to show



that there cannot exist spatially regular modes that would give rise to instabilities growing
exponentially in time.

One can define new radial and latitude coordinates & and y by writing
F=r?, y =cos’0. (2.3)

Using these, we have
FP+a’y+b*(1-y)

V=9 = 1 ; (2.4)
and defining the quantity G* = \/—g g"”, we have
oo @AMV MPE (Pl o e, qw_ oME+P)
B 4 D 4 ’ - T - 2D ’
bM (% + a®
G" = —%, G" =3+ (a® +V? - 2M)7 +a®?, G =GP =G"=0,
G22:y(1_y), G23:G24:0,
G33 _ (6% — a®)7 + b2 (b* — a® — 2M) N 1 G34:_abM
4D 41 —vy)’ 2D’
2o)i+a®(a®-v*—-2M) 1
gu =l - 2.5
where
D = (% +ad*) (7 +b*) — 2M 3. (2.6)

It can be shown [I4] that the massless scalar wave equation (W = 0, which may be written
as 0,(G" 0,¥) = 0, is separable.

We can obtain the separated & and y equations in Schrodinger form by WritingH

U = emiwtHmeHnY pogy g(y) (2.7)
and then defining
- X(z Y
R@) =2 ) = 2 (28)
VD y(1-y)

This gives the separated equations

Xl/ o Yl/ o

2 iy, -Z2-0 L S A— 2.

X—I—U o) 0 Y+Uy+y(1—y) 0 (2.9)

It is convenient now to make a further change of the radial variable. Defining e, and

2For the separated form of the equations before casting them in the Schrodinger form, see [T4]. There
the separation was already performed for the 5d STU black holes [12].



e_ by
2M — (a+b)> =2Me%,  2M — (a—b)? = 2Mée>, (2.10)
a further coordinate transformation from # to x, given by
i=2Meie_x+iM(ep —e)?, (2.11)
implies that D, defined in eqn (2.]), becomes
D=4M*é & z(z —1). (2.12)

The outer horizon r = r is located at = 1, and the inner horizon » = r_ at x = 0. The
region where r goes to infinity corresponds to x goes to infinity.

In terms of the variable x, we can now write the radial equation in the form

X_”+/£+A k—A %—ﬁz %—72

= 2.1
X PR +(3:—1)2 0, (2.13)
finding
K = iMEJ,_E_wz,
8= i [ZMw—(cH—b)(m—l—n)_2Mw—(a—b)(m—n)}
 4/2M €t e ’
i 2Mw — (a+b)(m+n) 2Mw — (a —b)(m —n)
_ n , 2.14
7 4\/2M[ et o } (2.14)
1 3 2Mw — (a+b)(m+n)]*  [2Mw — (a —b)(m —n))?
A = L VI O B LA '
oty MY slam e 16MeZ * 16MeéZ

In the angular direction, the equation for Y in (Z9) is of the form

Y" h4+A R-A 12 132
i + + + =0, 2.15
Y y y—1 y? (y—1)? (2:15)
with
/%——1((12—1)2)w2 B—ﬁ L
-8 : 9 7T
. 1 2 2 2 _ p2)2
A:§+a—(m In)-i-(a - Jo” (2.16)



2.3 Transforming the radial equation

We start with the radial equation given by eqn (213]), with the constants given in ([2.14]).
Next, introduce a new function f(x), related to X (z) by

X(z) =227 9P (z —1)2727 f(2), (2.17)

where € = € = 1. The function f therefore satisfies

[2(x — 1) 0% + (bx + ¢) Oy + dx + €] f(x) =0, (2.18)
with
522(1—615—62’}/), C:—1+261,8,
d =2k, e:%—m—elﬁ—627+2616257—/&. (2.19)

Next, we make an integral transform to a new radial variable h(z), by defining

o
h(z) = e"0% /7 1 H7 / €22 f (1) dx (2.20)
1

Now, multiplying eqn (ZI8) by e?*?* and integrating gives, after integration by parts,

o
0:B+/ [4a% z(x — 1) 22+ 26 (4z —br —2 — )z +dx +2 — b+ €] f(x)dx, (2.21)

1

where B is the boundary term

B= [625‘“:17@ — 1) 0 f — 0,(e2%% 2 z(x — 1)) f + €23 (bz + ¢) f](l)o . (2.22)

Note that eqn (2:2]]) can be written as

0:B+/ F(@)0. (2377 dy (2.23)
1
where
2 52 ~ 2 d ~ ~
O0,==z 8Z—I—<4z—2ozz —bz—l—%> 0,+2—20cz—4az—b+e. (2.24)

It can then be seen that provided the boundary term B vanishes, a question to which we



shall return later, then h(z) defined in eqn ([Z.20) satisfies O, (e‘s‘z e V/% 717 h(z)) =0,
and thus

S+ ?) h(z) =0, (2.25)
where the constants are chosen so that

K’:_Elﬁ_‘_E?/}/) /N\Zi—ﬁz—Wz—A,
=€ 8+ e, V=——. (2.26)

The constant & is arbitrary at this stage (it really just sets the scale of the new radial

variable z that is introduced in eqn ([2:20)). We shall find it convenient to define it to be

ivMe_w

o (2.27)

a =

2.4 Behaviour of unstable modes

If they existed, unstable modes would be solutions than were purely outgoing at .# and
purely ingoing at the horizon H, that is, asymptotically, they would have support only at
4+ and HT. We are interested in establishing the non-existence of unstable modes arising
from frequencies in the upper half of the complex w-plane, that is for w = wqy + iwq, with

w1 > 0, since these would grow exponentially in the future. Thus, near .# ", we must have:
U~ exp —iw(t — ry), as {t,r«} — 00, (2.28)

and, near H*, we must have:
U~ exp —iw(t + ry), as {—t,r.} - —00. (2.29)

From the definition of the 7, coordinate in eqn ([AJ), it can be seen that in terms of the

radial coordinate z introduced in eqn (2I7]), we shall have asymptotically

Near .7 : re = /2Mey € x? + O(x_l/Q) , (2.30)
VM (e +e.)

Near H: Ty =
2\/5 €4 €

log(z — 1) + O(z — 1). (2.31)

From the radial equation (2.13]), it can be seen that near the horizon = 1, the solutions



will have the form

X(z)=(z - 1)z FP (2 —1), (2.32)

where the functions Fil) (x—1) are analytic around xz = 1, with Fil) (0) a non-zero constant.

As noted above, an unstable mode would have w dependence of the form e'“™ near H, and
hence from (23] and (2I4) it would correspond to the minus-sign choice in eqn ([2.32)).

Thus for an unstable mode X,,,, we must have the near-horizon behaviour
Near H:  Xum(z)=(z—1)2"7FY@-1). (2.33)

In the asymptotic region near x = oo, it can be seen from the radial equation (2I3])

that the asymptotic form of the solutions will be

1 . 1
X(z) = z1 2 V2 VT p(o0) (—) , 2.34
® (% (2.34)
with the functions Fj(fo) <ﬁ> being asymptotic series with Fj(fo)(O) a non-zero constant.
Now, as we saw, an unstable mode would correspond to a having an w dependence of the
form €l“™* near infinity, and so from (Z30) and (214 it would correspond to the plus-sign
choice in eqn ([2.34]). Thus, for an unstable mode X, (x), we must have the asymptotic

behaviour
Near . : Xum(z) = o e2imﬁF§_°°)<i> . (2.35)

Before going on, we point out that infinitely many modes with these analytic properties
do exist with wq, the imaginary part of w, being < 0. These modes decay exponentially in
time, have been extensively studied [I5], and are known as the quasi-normal modes which,
taken together, uniquely characterise a black hole spacetime to which they correspond.

We turn now to the behaviour of the transformed radial function h(z), defined by eqn
@20). In particular, we shall be concerned with the behaviour in the coordinate range
0<z <.

Near z = 0, it can be seen from eqn (2.25]) that the leading-order behaviour of the

solutions will be

h(z) = e*7/7 137 GS_LO) (2), (2.36)



where Gi))(z) are analytic functions with Gio)(O) being non-zero constants. It is evident

from (Z20) that at z = 0 the integrand for an unstable mode is just an analytic function
of x, and so the leading-order behaviour of h(z) near z = 0 will be given by the pre-factor

functions e”/# 2117, In other words, the unstable mode corresponds to the plus-sign choice

in eqn (2:30]):

Near z=0: P (2) = €717 2147 GSS) (2), (2.37)

As a check, we see from eqns (ZI4]), (Z26]) and (Z27)) that

i\/M€+w

B A (2.38)

U=

whose real part is negative when w has a positive imaginary part, thus implying that Ay, (z)
in eqn (237) is finite, and goes to zero, as z goes to zero. (This justifies the sign choice in
the definition of & in eqn (2.27]).)

It can be seen from eqn (Z25]) that near z = oo, the function h(z) has the behaviour

h(z) = e*d2 75 G G) : (2.39)

where the functions Gioo)(%) are asymptotic in z~! with Gioo)(O) being non-vanishing
constants. In the expression (2.20)) the leading behaviour of h(z) near z = oo is governed by
the behaviour of f(x) near = 1. Using the previously-determined behaviour of X (x), and

hence f(z), for an unstable mode we see that the integrand in eqn ([2:20]) has the behaviour

/ 0% f (1) dx = ezdz/ e?a@=Dz (5 _ q)le2=1)y (1 + O(x — 1))da;. (2.40)
1

1

Substituting v = —2&(xz — 1)z, we then have:

/ 207 f () dx o 207z~ (l=e2) / e Uyl (1 +0 <E> )dv. (2.41)
1 0 z

Combining with the pre-factor we then see, provided

e =—1, (2.42)

10



that:

h(z) o et it1=e)v (1 4L O <%> >

~ e TR (2.43)
Thus for an unstable mode, the plus-sign choice in eqn (2:39)]) is selected:

Near z=o00: hum(z) = €32 27 GS_OO) (%) . (2.44)

As a check, we note that if w has a positive imaginary part, &, given in eqn (2.27]), will have
a negative real part, and so hy.,(z) will be finite as z goes to infinity. (This motivated the
sign choice in the definition of & in eqn (227]).)

It is now straightforward to check, using the asymptotic properties of the radial func-
tions for unstable modes established in this section, that the boundary term given in eqn
[222) will vanish for any unstable mode. Thus we have established that there is a one-to-
one mapping between exponentially unstable modes in the original untransformed radial
function X (z) and exponentially unstable modes in the radial function h(z) obtained by
means of the integral transform (220). The final steps in the proof of the mode stability
will be presented in the next section; this will entail establishing for the transformed radial

equation that there cannot exist any exponentially unstable modes.

3 Modes in the Transformed Spacetime

3.1 Combining angular and transformed radial equations

The constant o that was introduced in the original process of separating variables is present
in the transformed radial equation (2.23]) through the quantity A (see eqns (2.14)) and (2.20]))
and in the angular equation (2I8) through the quantity A (see eqn (2I8)). It follows
therefore that if we form the combination

22

y(1—y)
e 02 h(z) + =—=02Y (y) (3.1)

Y(y)

and make use of eqns (225 and (ZI5) then we shall obtain an equation in which all

the o dependence has cancelled. This equation can in fact be interpreted as the result of

11



performing a separation of variables in which we write
U(t,2,y,6,0) = h(2) Y (y) e el el (32)

We postpone writing the full ‘unseparated” equation for now, and just focus on the terms
proportional to w?. (That is, the —d;; terms in the full five-dimensional wave equation.)

Together with the terms involving the radial and angular derivatives these are

2 M w? N €2 M 2% w? N [—er(e- —ep) —ea (e + e )] M w?

202 +y(l—y)o; +

8z° 8 de_z
[e1(e- —e) —ex (e~ + e )] M zw?
+ + i, + +%Mw2—%(a2—b2) (1—2y)w2+rest, (3.3)
Since
_ (a +b)? B (a—b)?
er =1/1 S e_ =1/1 T (3.4)

(see equs (210)), and we always assume a and b are non-negative, it follows that e_ > €.
Consequently, all the w? terms in eqn (3.3 will be non-negative, provided that we choose

the sign of €5 to be
eg = —1. (3.5)

Note that the necessity for this choice of sign was already seen in the previous section, in
eqn (242]). The choice of sign for €; is undetermined by these considerations. We shall, for

definiteness, make the choice
e =—1 (3.6)
For the remaining w? terms, namely with coefficient
M — §(a® = 0*)(1 - 29), (3.7)

we note that the range of the angular coordinate is 0 <y <1, and so -1 <1—2y < 1. We

also have that

(a+0b)?<2M, (3.8)

12



(see eqn ([B4), and so we have a? —b* = (a+b)(a—b) < (a+b)? < 2M. Thus the remaining
terms ([B.7) contributing to w? terms in ([B.3) are always positive.

In summary, we have seen that the overall coefficient of w? in eqn ([B.3) is always posi-
tive, implying that in the transformed metric g,, obtained by the process of unseparating
variables, % is always timelike outside the horizon.

We now present the complete result for the combination of the radial and angular

equations. With e€; = eo = —1 as discussed above we obtain
9 a2 B o (la+d) (a—b)z _(la+bd) (a—Db)z
{Z % 4yl =)0, ( = 1 )m” ( 1z 4 >"“
2 2 2
e M e Mz M Mz 4 12 a2 9
+< = ot T AM =@ ) 2) ) w
m? n? 1
_ T = W =0. 3.9
41-y) 4y  4dy(l- y)} (3.9)

Using the replacements
w—>1 0, m — —i 0y, n— —i 0y (3.10)

we can read off the components g*” of an inverse metric in a transformed spacetime, such

that eqn (B3] can be written as

1

~ v I/\P 7\1,: ’ '11
POt gy V=0 (3.11)

with

~2Z 2 ~yy Nd)d) 1 ~1l}1l} 1

gF =z, 7 =yl—-vy), g ZM’ g :@,

4o (atb) (a-bz 4,  (a+tb) (a—b)2

J < T 7 et

2 2 2
~tt__6+M e Mz % B s 12 o
= <8z2 t =gttt 1M gl - )0 2y)). (3.12)

We may find a suitable conformal factor Q2 and a redefined wave function ® such that

the D’Alembertian of ® in a rescaled metric g, = Q2 §,,, gives rise to eqn (BII). We define

1
(I)(t7 Z Y, ¢771Z)) = m‘y(t7 ZY, @,T[)), (313)

13



and, noting from ([B.12]) that we have

8v/2 05
V—§= 8V 7 (3.14)
VM (1+ 2)2
it can be seen that if we choose ) so that
3 (1+ z)2 v M
QP= (3.15)
8v/2

then the transformed equation (BIT)) is equivalent to the following equation for ® in the

g metric:
ou(v/—g3" 0,®) =0. (3.16)
This can be derived from the Lagrangian
L=—-1\/-G3" 0,20,®. (3.17)
From the resulting energy-momentum tensor
Ty = 0, ® 0,)® — 1§, 77 0,® 0, (3.18)

we may construct a conserved current J*# = —KYT#,,, where K = % is the time-translation

Killing vector. This gives rise to a conserved energy
£ :/\/—QJO d'z, (3.19)
with

JO = =" 9,00y + 357 0,90,

= 1" 1007 + 157710, @2 + 36¥Y |0, @7 + 3697 [0, @[> + 1%V |9, @*.  (3.20)

The integrand in the energy integral (8.19]) is therefore given by

_ 1
500 = S (PO + 22 0.0 +y(1 - 1) 0,0

1 2 1 2
=y 10680 + 71060 I (3.21)

14



where

M EM2 M Mz
P=gm t—g tg Ty tiM @ -1 -2). (3.22)

The four-dimensional integration in eqn (B.I9]) is over the coordinates of the 3-sphere
(with the ranges 0 <y <1, 0 < ¢ < 27w, 0 < < 27), and over the transformed radial
variable z. This ranges over 0 < z < 0o, and as we discussed in section 2.4 the transformed
radial function h(z) for any putative unstable mode goes rapidly to zero at z = 0 (see eqn
231)), and it goes rapidly to zero at z = oo (see eqn (Z44])), ensuring the convergence of
the integrals of all the terms in eqn ([B.19).

From eqns [B4) we have |a? — b?| < 2M, and since y lies in the interval 0 < y < 1,
it follows that the quantity P satisfies P > 0. Since every term in the energy integral
(BI9) is integrable for any putative unstable mode, and each contribution is non-negative,
it follows in particular that the integral of the %g P|0;®|? term is bounded from above by
the conserved energy £. Thus ® cannot grow exponentially in time, and therefore there

cannot in fact exist any exponentially unstable modes.

4 3-Charge Five-Dimensional STU Supergravity Black Holes

The 3-charge rotating black-hole solution in five-dimensional STU supergravity was obtained
in [I2], by using a solution-generating procedure. A convenient form of the solution was
given in [I6]. With minor change of notation, to achieve consistency with our present

conventions, the metric is given by
ds?® = (H HyH3)"? (% + §) d§? (4.1)
where
ds? = —®(dt + A)? + ds? (4.2)
with
dz?  di? U(d Z >2 Xy .,

+7d0’ .

15



The various functions above are given byH

X =@F+a)@+b")-2ME, Y =—(a"-7" -7,

G=GE+9)(E+5-2M), U=§X—-iY, Z=ab(X+Y),
2M T+ y 2M
A= 01622(x+y) [(a2—|—b2_g)da—abdx]—%S;S?’(abda—ﬂdx),
G 2M s?
d=— . O Hi=1+2"""L j=1,2,3. 4.4
(Z+9) HiHyHy T+ (44

Here s; = sinhd; and ¢; = coshd;, where §; are the boost parameters that correspond
to turning on the three electric charges. When §; = 0, the metric reduces to the five-
dimensional Myers-Perry black hole.

The coordinates o and y are related to the standard azimuthal angular coordinates ¢

and 1) (each with period 27) by

_ap—by _bp—ay

Sw—w XS (4:3)

as can be seen from eqn (15) in [I6] after turning off the gauge coupling constant g. The

standard radial and angular coordinates r and 6 are related to Z and g by

, 7 = a? cos® 0 + b* sin® 0. (4.6)

3
Il
<3

Thus Z here is the same as Z in eqn (2.6]) of the uncharged case. The coordinate g is related

to our coordinate y = cos? § by
7= (a® —b*)y + 2. (4.7)

Proceeding as in the earlier uncharged case, we may separate variables and write the
radial equation in the same form as eqn (ZI3]), and the angular equation in the same form
as eqn (ZTIH). Only the expressions for the various k, A, § and 7 coefficients will change
when the charges are turned on.

The coefficients k, A, 5 and « in the potential for the radial equation, generalising those

3There was one typo in [I6]: a missing factor of (Z +¢) in the first of the two terms in the expression for
the 1-form A. This is corrected here.
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in (2.I4]) for Myers-Perry, are now given by

K = %M@re_wz,
i [Q(HC +I)Mw — (a+b)(m+n)  2(I. —Ty)Mw — (a — b)(m — n)]
42M €t € '
_ i [2(HC+HS)Mw—(a+b)(m+n) +2(HC—HS)J\4w—(a—b)(m—n)
T e

1 1
A=oc+ 3 ZM(3 + 287 + 255 4 253)w? + %(a2 — b?)w?

n [2(II. + I, )Mw — (a + b)(m + n)]? n [2(II, — II,)Mw — (a — b)(m — n)]?
16M €% 16Me* '

8)

€4 €_

Crucial properties that held previously in the uncharged case continue to hold here. In

particular, since
.4+ 1, >, — 1, > 1, (4.9)

together with the usual inequalities e, < e_ < 1, it follows that when w has a positive
imaginary part, the real parts of 5 and ~ will be negative.

For the angular equation, the hatted quantities &, A, B and 4 are given by

A 1 2 2 2 A_n A_m

Kk = 8(0’ b)w7 /8_27 7—2

X 1 2 2 2 19y, 2

A:§+o——(m In)+(a Sb Jw , (4.10)

unchanged from the results (Z.16]) for the uncharged black holes.

Following the same steps as we did previously for the uncharged Myers-Perry black hole,
we find that after implementing the same integral transformation of the radial equation as
before, we again arrive at an “unseparated” equation of the form (B.9]), with the only
difference being in the coefficient of w?:

{z28§—|—y(1 —y)@j — ((a;b) + (a —4b)z) mw — ((a;b) _ e _4b)z>nw

2 2 2
EM M2 (L+I)M (L -I)Mz )
L3425 s
<822 t—g T 22 + 2 +aM@+ 22,:8’)
—l(a2—b2)(1—2y))w2—m72—n—z—i—#}\II—O (4.11)
8 41—-y) 4y 4dy(l—y) ' '

This correspondingly implies that the components of the tilded inverse metric g*” are un-
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changed except for §'', which becomes

2 2 2

w (M E M2 (L+)M (L. -I)M=z )

g ——( oz T g T 5 + 5 +ZM(3+2§Z- s7)
L2 - )1 - 2y)). (4.12)

Calculating the determinant, we now find that instead of eqn ([BI4]) we have

_ 8\/5 ed1+02+d3 ()5
A / _g fr— M

[(e51+52 + GJSZ)(€52+53 + e z)(e‘s1 +o3 4 02 2)

(1 + efr+oats z)] , (4.13)

[NIES

Following the remaining steps of the previous discussion for the uncharged case, we find
that the conserved energy is given by integrating /—¢ J° as in equation (3:2I)), with the
function P now given not by eqn ([322]) but instead

P 2 M N €2 M 2? N (. + I,) M N (T, — TI)M 2
T 822 8 2z 2

—1(a® = b%)(1 —2y). (4.14)

+IMB 4+ 2s)

The same arguments that established that P was non-negative in the uncharged case show
that P > 0 here also, and hence again there cannot exist any unstable exponentially-growing

modes.

5 Discussion

It has become apparent that many of the equations governing massless fields on black hole
spacetimes are of Heun type (in cases where the cosmological constant is non-zero), or one
of its many confluent variants, such as for non-extreme Kerr [I], or the extreme case [4].
The differential equations we find for massless scalar fields in the five-dimensional Myers-
Perry black hole spacetime (see (ZI3]) and (2I5])) are of yet another confluent Heun type.
That observation has allowed us to extend to this (and the related STU) case the analysis
originally applied to massless fields of all spin in the Kerr spacetime [1]. Before our present
work, that analysis had also been extended: i) by using a different integration contour, to
rule out unstable modes on the real axis for the Kerr spacetime [6], ii) by considering a
modified integral transform, to deal with the extreme (|la| = M) Kerr black hole [4], and

iii), by looking carefully at more complicated examples, to establish the absence of unstable
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modes for massless scalar fields in STU spacetimes and all more specialized sub-cases [7].
Remarkably, the integral transform we have used here is, effectively, an inverse of that
developed for the extreme Kerr spacetime [4]. In this context, it is also worth noting that
quite different techniques, stemming from Seiberg-Witten theory (see, for example [17]),
and based on the spectral properties of the operators involved, have been used to discuss
both Kerr quasi-normal modes [I8] and Kerr-de Sitter stability [I9]. The relevance of such

an approach to the spacetimes we consider here is yet to be determined.

6 Conclusion

We have shown that a massless scalar field has no exponentially unstable modes in the five-
dimensional Myers-Perry black hole spacetime. We have also shown that the same is true in
the five-dimensional supergravity-motivated STU spacetimes and, previously [7], that this
holds, too, for the four-dimensional STU spacetimes. Together, these encompass a number
of other special cases which arise from restricting the parameters in these more general
examples. Although these results may serve as suggestive for the behaviour for fields of
higher spin — in particular, Maxwell fields and gravitational perturbations — it would be
useful to have some more direct indication, perhaps by writing down (at least) the analogue
of the Teukolsky equation in these more general cases. That task currently remains for

future work.
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A Global Structure of the Myers-Perry Black Hole

Defining a coordinate r* by the relation

2+ a?)(r? + b2 dr

we may introduce retarded coordinates (u, ¢_,_), where

a (7’2 + b2) dr

du = dt —dr,, dp_ =d¢p — A , dy_ = dyp — TA (A.2)
In terms of these, the metric (2.1 then becomes
ds® = —du®—2dr (du—asin® 6 d_ —bcos? 0 dip_)+ p* db? (A.3)

2M
+p—2 (du—asin® 0 dp_—bcos® O dip_)*+(r?+a?) sin® 0 dg? + (r* +b?) cos? 0 dy? .

This form of the metric is regular in the neighbourhood of future null infinity.

We may also introduce advanced coordinates (v, ¢4, 14) by

a(r?+b%)dr b(r?+ a?)dr

dv = dt + dr,, doy = do + N , diy = dip + TA , (A4)
with respect to which the metric (2I]) becomes
ds® = —dv*+2dr (dv—asin® 6 de, —bcos® 0 dipL )+ p? db* (A.5)

2M
+p—2 (dv—asin® @ dp, —bcos? 0 dipy )+ (r* +a?) sin? 0 dg> + (r* +b%) cos® 6 dy? .

It can be seen from this form of the metric that it is regular as one crosses the future

horizon.
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