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We continue the study of weakly interacting massive particles (WIMP) started in [1], focusing
on a single complex electroweak n-plet with non-zero hypercharge added to the Standard Model.
The minimal splitting between the Dark Matter and its electroweak neutral partner required to
circumvent direct detection constraints allows only multiplets with hypercharge smaller or equal to
1. We compute for the first time all the calculable WIMP masses up to the largest multiplet allowed
by perturbative unitarity. For the minimal allowed splitting, most of these multiplets can be fully
probed at future large-exposure direct detection experiments, with the notable exception of the
doublet with hypercharge 1/2. We show how a future muon collider can fully explore the parameter
space of the complex doublet combining missing mass, displaced track and long-lived track searches.
In the same spirit, we study how a future muon collider can probe the parameter space of complex
WIMPs in regions where the direct detection cross section drops below the neutrino floor. Finally,
we comment on how precision observables can provide additional constraints on complex WIMPs.

I. INTRODUCTION

Despite the intense experimental activity in the past
50 years, the possibility that Dark Matter (DM) is a
new weakly interacting massive particle (WIMP) re-
mains open today. Within this framework, the most
minimal and predictive possibility is that the DM is
the lightest neutral component of a single electroweak
(EW) multiplet. In this simplified setup, the exper-
imentally viable DM candidates can be fully clas-
sified and their thermal masses predicted once the
relic abundance from freeze-out is required to match
the observed DM density today ΩDMh

2 = 0.11933 ±
0.00091 [2].

Experimentally, direct detection (DD) experiments
robustly excluded the possibility that DM has tree-
level Z-mediated interactions with the nuclei. This
experimental milestone left only two possible scenar-
ios for EW WIMPs wide open: i) WIMPs with zero
hypercharge (Y = 0), interacting with nucleons only
trough loop-induced interactions, ii) inelastic WIMPs
with non-zero hypercharge (Y 6= 0), where the elastic
scattering between DM and the nucleons is forbid-
den kinematically. These two possibilites have been
historically incarnated by the Wino and the Higgsino
DM scenarios in the Minimal Supersymmetric Stan-
dard Model, but a full classification of the viable EW
WIMPs from an effective field theory standpoint is
still lacking.

Attempting to fill up this gap in the literature, we
studied EW WIMPs with Y = 0 which are naturally
embedded in real EW representations in Ref. [1]. Here
we focus instead on inelastic WIMPs which are em-
bedded in complex EW representations with Y 6= 0.1

1 Complex EW representations include also multiplets with
Y = 0. Some of these were discussed in Ref. [3], their

Similarly to our previous study, our goal here is to
precisely determine and fully classify all the calculable
freeze-out predictions for complex inelastic WIMPs,
including Sommerfeld enhancement (SE) and Bound
State Formation (BSF). The final purpose is to use
these predictions to establish if and how the future
experimental program will be able to test all the vi-
able WIMP scenarios. In particular, we will show how
future large exposure direct detection experiments to-
gether with a future high energy muon collider will
probe complementary portions of the complex WIMP
parameter space being potentially able to fully test
the theoretically allowed WIMP scenarios.

Our results are summarized in Table I, whose logic
can be explained as follows. Once the DM mass is
fixed from the freeze-out predictions, the phenomenol-
ogy of complex WIMPs depends essentially on two
parameters: i) the “inelastic” splitting between the-
next-to lightest neutral component and the DM; ii)
the “charged” splitting between the charged com-
ponents and the DM. In our setup these splittings
are generated by its (non-renormalizable) interactions
with the SM Higgs (generated by uspecified UV dy-
namics).

The inelastic splitting δm0 is bounded from be-
low by DD constraints [6, 7] and BBN constraints on
the decay of the next to lightest neutral component.
Interestingly, this requrement alone selects a limited
number of complex WIMPs: i) scalar and fermionic
WIMPs with Y = 1/2 and even n up to the uni-
tarity bound of the freeze-out annihilation cross sec-
tion [4]; ii) scalar and fermionic WIMPs with Y = 1
and n = 3, 5. At the same time, the inelastic split-
ting is bounded from above by DD constraints on

phenomenology is similar to the one discussed in Ref. [1].
For completeness we give the full predictions for the ther-
mal masses up to the limit of perturbative unitarity in Ap-
pendix II.
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DM spin nY MDM (TeV) ΛLandau/MDM (σv)J=0
tot /(σv)J=0

max δm0 [MeV] Λmax
UV /MDM δmQM [MeV]

Dirac fermion

21/2 1.08± 0.02 > MPl - 0.22 - 2× 104 107 4.8 - 104

31 2.85± 0.14 > MPl - 0.22 - 40 60 312 - 1.6 ×104

41/2 4.8± 0.3 'MPl 0.001 0.21 - 3× 104 5× 106 20 - 1.9 ×104

51 9.9± 0.7 3× 106 0.003 0.21 - 3 25 103 − 2× 103

61/2 31.8± 5.2 2× 104 0.01 0.5 - 2× 104 4× 105 100 - 2 × 104

81/2 82± 8 15 0.05 0.84 - 104 105 440 - 104

101/2 158± 12 3 0.16 1.2 - 8 × 103 6 ×104 1.1 × 103 - 9 × 103

121/2 253± 20 2 0.45 1.6 - 6 × 103 4 ×104 2.3 × 103 - 7 × 103

Complex scalar

21/2 0.58± 0.01 > MPl - 4.9 - 1.4 × 104 - 4.2 - 7 × 103

31 2.1± 0.1 > MPl - 3.7 - 500 120 75 - 1.3 ×104

41/2 4.98± 0.25 > MPl 0.001 4.9 - 3 × 104 - 17 - 2 ×104

51 11.5± 0.8 > MPl 0.004 3.7 - 10 20 650 - 3 ×103

61/2 32.7± 5.3 ' 6× 1013 0.01 4.9 - 8×104 - 50 - 5 × 104

81/2 84± 8 2× 104 0.05 4.9 - 6 ×104 - 150 - 6 × 104

101/2 162± 13 20 0.16 4.9 - 4× 104 - 430 - 4 × 104

121/2 263± 22 4 0.4 4.9 - 3× 104 - 103 - 3× 104

TABLE I. Thermal masses of complex WIMPs with Y 6= 0, obtained including Sommerfeld enhancement and BSF.
The upper bound on n for even multiplets comes from the perturbative unitarity bound, as can be seen from the
(σv)J=0

tot /(σv)J=0
max , where (σv)J=0

max is the maximal allowed annihilation cross section [4]. The loss of perturbativity is also
signaled by the Landau pole ΛLandau progressively approaching the DM mass. The upper bound on odd n with Y = 1
comes from the perturbativity of the higher dimensional operators generating δm0 . For multiplets with n > 5 the
largest UV cutoff Λmax

UV required to generate the minimal viable splitting is smaller than 10MDM. For each candidate we
provide the allowed range for the mass splittings. The lower limit on δm0 comes from strongest bound between direct
detection and BBN as shown in Fig. 1. The upper bound from the most stringent condition between DD constraint from
PandaX-4T [5] and the perturbativity of the coupling of O0 in Eq. 1. Similarly, the lower limit on δmQM comes from
the BBN bound on the charged state decay rate, while the upper limit from the strongest limit between DD and the
perturbativity of the coupling of O+ in Eq. 1.

Higgs-mediated nuclear recoils. This leaves a finite
window for the inelastic splitting of every multiplet
which we report in Table I. This window will be fur-
ther probed by large exposure DD experiments such
as LZ [8], Xenon-nT [9], and ultimately by DAR-
WIN/G3 [10, 11].

The natural value of the charged splitting δmQ is
fixed by the radiative EW contributions [12–14] but
(non-renormalizable) interactions with the SM Higgs
can induce large deviation from this value. In particu-
lar, for all the n-plets with non-maximal hypercharge,
these interactions are required to make the DM stable.

The allowed range of the two splittings above con-
trols the hierarchy of the states within the EW mul-
tiplet. In this parameter space one can map out the
expected signals in a future hypothetical muon col-
lider [15]. Depending on the lifetime of the charged
states we can have different signatures at colliders:
i) long lived charged tracks; ii) disappearing tracks
(DT); iii) missing energy accompanied by an EW
bosons. While the first two searches rely on the macro-
scopic decay length of the charged states, the last is
directly related to the DM pair production recoiling
against one (or more) EW boson. In general, a fu-
ture muon collider could complement the large expo-
sure DD experiments in probing complex WIMPs in
regions of the parameter space where the DD drops
below the neutrino floor of xenon experiments [16].

The doublet with Y = 1/2 (21/2) and the triplet
with Y = 1 (31) stand out as the only two com-
plex candidates for which the lightest component of
the multiplet is guaranteed to be electrically neutral,
which is a necessary requirement for DM. It is well
known that the 21/2 DD cross section lies well below

the neutrino floor because of an accidental cancella-
tion between the different contribution to the elastic
cross section with the nuclei [17]. We find that a muon
collider of

√
s = 3 TeV would only be able to exclude

the fermionic EW doublet with a large luminosity
from around L = 5 ab−1 to L = 50 ab−1, depend-
ing on the assumed systematics, by a combination of
charged tracks, disappearing, tracks and missing mass
searches. Somewhat less high luminosity may suffice
at a

√
s = 6 TeV collider, which can exclude the 21/2

with 4 ab−1 and make a discovery with a more de-
manding 20 ab−1.2

The DD cross section of the 31 can only be probed
with large exposure Xenon experiment like DARWIN,
while a muon collider of

√
s = 10 TeV would be able to

make a discovery at the thermal mass for the fermionic
31 using a luminosity around 10 ab−1, that is consid-
ered as a benchmark for currently discussed project for
this type of collider [20, 21]. This is clearly a major
theoretical motivation for a high energy muon collider
which could be in the unique position of testing the
few WIMP scenarios whose DD cross section lies well
below (or in proximity) of the neutrino floor.

This paper is organized as follows: in Sec. II we
summarize the main features of EW WIMP paradigm

2 Note that our results on the DT differs from the ones in
Ref. [18]. This discrepancy can be ascribed to their overes-
timation of the efficiency for DTs with short lifetimes. We
thank the authors for correspondence on this. We believe
that our projections on the mono-γ are stronger than the
ones derived on Ref. [19] because of our optimization of the
kinematical cuts.
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focusing on fermionic DM and relegating many details
to Appendix A 1 and analogous formulas for scalar
DM to Appendix A 2. This section provides a full ex-
planation on the results of Table I while the more tech-
nical aspects of the freeze-out computation are given
in Appendix B. In Sec. III we show how large expo-
sure DD experiments can probe most of the complex
WIMPs with the minimal inelastic and charged split-
tings. In Sec. IV we study the full parameter space of
the complex WIMPs, in the charged vs neutral split-
ting plane. We take as examples the doublet and 4-
plet with Y = 1/2 and the triplet and 5-plet with
Y = 1. In Sec. V we summarize the indirect probes of
complex WIMPs in electroweak observables and the
electron dipole moment (EDM). In Appendix C we
discuss the freeze-out prediction for complex WIMPs
with Y = 0 and in Appendix D we illustrate the col-
lider reach for all the WIMPs.

II. WHICH COMPLEX WIMP?

We recall here the logic of our WIMP classification
as described in [1] (see also [3, 22–25] for previous work
on the subject). Requiring the neutral DM component
to be embedded in a representation of the EW group
imposes that Q = T3 + Y , where T3 = diag

(
n+1

2 − i
)

with i = 1, . . . , n, and Y is the hypercharge. At
this level, we can distinguish two classes of WIMPs:
i) real EW representations with Y = 0 and odd n;
ii) complex EW representations with arbitrary n and
Y = ±

(
n+1

2 − i
)

for i = 1, . . . , n. Within class ii),
we can further distinguish two subclasses of complex
WIMPs: a) complex representations Y = 0 and odd
n; b) complex representation with Y 6= 0 with even n
(odd n) for half-integer Y (integer Y ). The first sub-
class is a straightforward generalization of the models
analyzed in [1] where the stability of the DM is guar-
anteed by an unbroken dark fermion number which
can be gauged as was first done in Ref. [3]. For com-
pleteness, we give the freeze-out prediction of these
scenarios in Appendix C.

In this paper we focus on complex WIMPs with Y 6=
0 whose phenomenology differs substantially from the
one with Y = 0. We focus here on the fermionic
case and leave the discussion about the scalar WIMPs
to the Appendix A 2. The minimal Lagrangian for a
fermionic complex WIMP with Y 6= 0 is:

LD = χ
(
i /D −Mχ

)
χ+

y0

Λ4Y−1
UV

O0 +
y+

ΛUV
O+ + h.c. ,

O0 =
1

2(4Y )!

(
χ(T a)2Y χc

) [
(Hc†)

σa

2
H

]2Y

, (1)

O+ = −χT aχH†σ
a

2
H ,

where T a is a SU(2)L generator in the DM representa-
tion. The main difference with respect to real WIMPs
is that the renormalizable Lagrangian is no longer suf-
ficient to make the DM model viable. In Eq. 1 we write
only the minimal amount of UV operators required to
make the DM model viable. As we discuss in Ap-
pendix A 1 these operators are also unique and pos-
sibly accompanied by their axial counterparts. These

are obtained from the ones in Eq. 1 by adding a γ5

inside the DM bilinear. We now illustrate the phys-
ical consequence of O0 and O+ in turn in Sec. II A
and Sec II B and derive the implication for complex
WIMPs in Sec. II C. We comment on DM stability in
Sec. II D.

A. Inelastic splitting

The non-renormalizable operator O0 is required to
remove the sizeable coupling to the Z boson of the
neutral component χN of the EW multiplet

LZ =
ieY

sin θW cos θW
χN /ZχN . (2)

This coupling would lead to an elastic cross section
with nuclei already excluded by many orders of mag-
nitude by present DD experiments [26]. After the
EWSB, O0 induces a mixing between χN and χcN .

Replacing the Higgs with its VEV, (Hc†)σ
a

2 H is non-
zero only if we pick σa = σ+, so that the new (pseudo
Dirac) mass term in the Lagrangian reads

Lm = MχχNχN +
δm0

4
[χNχ

c
N + χcNχN ] ,

δm0 = 4y0cnY 0ΛUV

(
v√

2ΛUV

)4Y

.

(3)

cnY Q = 1
2Y +1(4Y )!

∏Y−1−|Q|
j=−Y−|Q|

√
1
2

(
n+1

2 + j
) (

n−1
2 − j

)
contains the normalization of O0 and the matrix
elements of the generators. The mass eigenstates
are Majorana fermions, χ0 and χDM, with masses
M0 = Mχ + δm0/2 and MDM = Mχ − δm0/2, whose
coupling to the Z boson is

LZ =
ieY

sin θW cos θW
χ0 /ZχDM . (4)

The Z-mediated scattering of DM onto nucleons is no
longer elastic and the process is kinematically forbid-
den if the kinetic energy of the DM-nucleus system
in the center-of-mass frame is smaller than the mass
splitting

1

2
µv2

rel < δm0 , µ =
MDMmN

MDM +mN
, (5)

where mN is the mass of the nucleus, µ is the reduced
mass and vrel is DM-nucleus relative velocity. In par-
ticular, given the upper bound on the relative velocity
vrel < vE +vesc, where vE = 240 km/sec is the Earth’s
velocity and vesc = 600 km/sec is the assumed escape
velocity of DM in the Milky Way, the largest testable
mass splitting is δmmax

0 = 1/2µ(vE + vesc)2 which for
xenon nuclei gives δmmax

0 ' 450 keV. The splitting for
a given recoil energy is

δm0(ER) =
√

2mNER(vE + vesc)− ER
mN

µ
, (6)
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FIG. 1. Summary of the lower bounds on the neutral mass splitting. The dark green shaded region is excluded by
tree-level Z-exchange in Xenon1T [27] for both scalar and fermionic DM. The dashed green line shows what Xenon1T
could probe by analyzing high recoil energy data. The blue and red lines are the BBN bounds on the splitting for
fermionic and scalar DM respectively.

which explain why the maximal constrained splitting
experimentally is δmmax,exp

0 ' 240 keV as shown in
Fig. 1, given that Xenon1T [27] analyzed data only
for ER < 40 keV. Extending the range of Xenon1T
to higher recoil energies would be enough to probe
splitting up to δmmax

0 as already noticed in Ref. [6, 7].
In principle, larger mass splittings can be reached

using heavier recoil targets than xenon such as io-
dine in PICO-60 [28], tungsten in CRESST-II [29],
CaWO4 [30], PbWO4 [31], 180Ta [32], Hf [33] and
Os [34]. However, these experiments currently do not
have enough exposure to probe EW cross-sections.

A complementary bound on δm0 comes from re-
quiring that the decay χ0 → χDM+SM happens well
before BBN. The leading decay channels are χ0 →
χDMγ, χ0 → χDMν̄ν and χ0 → χDMēe with decay
widths

Γγ =

(
1 +

1

2
log

(
m2
W

M2
DM

))2
Y 2α2

2αem

π2

δm3
0

M2
DM

, (7)

Γν̄ν ' 6Γēe =
G2
F δm

5
0Y

2

5π3
. (8)

The first process is induced by a dipole operator
generated at 1-loop for fermionic DM as computed in
[35]. The three body decays are instead induced at
tree-level by the EW interactions both for fermionic
and scalar DM. For fermionic DM, the dipole induce
decay dominates the width in the mass range of inter-
est. In order for these processes not to spoil BBN, we
have to impose the following condition on the decay
rate of χ0:

Γχ0
≡ Γν̄ν + Γēe + Γγ > τ−1

BBN , (9)

where τ−1
BBN = 6.58 × 10−25 GeV. The lower bounds

on the neutral mass splitting for fermions are shown
in Fig. 1 together with those for scalars computed in
Appendix A 2. The main difference between scalars
and fermions is that the former are typically more
long lived due to the suppression of χ0 → χDMγ. As
a consequence the BBN bouns are stronger for scalar
WIMPs.

B. Charged splitting

The operator O+ in Eq. 1 is necessary to make the
DM the lightest state in the EW multiplet for all the
n-plets where the hypercharge is not maximal. In-
deed, EW interactions induce at 1-loop mass split-
tings between the charged and the neutral components
of the EW multiplet which in the limit mW � Mχ

are [12–14]

∆MEW
Q = δg

(
Q2 +

2Y Q

cos θW

)
, (10)

where δg = (167 ± 4) MeV and Q = T3 + Y . This
implies that negatively charged states with Q = −Y
are pushed to be lighter than the neutral ones by EW
interactions. Notable exceptions are odd-n multiplets
with Y = 0 and all the multiplets with maximal hyper-
charge |Ymax| = (n − 1)/2 where negatively charged
states are not present. For these multiplets, having
y+ = 0 would be the minimal and phenomenologically
viable choice.

Including the contribution ofO+, the final splittings
δmQ = MQ−MDM between the DM and the charged
components read
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FIG. 2. Mass splittings of 31 (left) and 41/2 (right) as a function of δm2+. In the 31 case, no mixing between the charged
components of the multiplet can occur and δm+ is a monotonic function of δm2+. In the 41/2 case, instead, because of

the mixing induced by O0, the positively charged mass eigenstate χ+ is always heavier than χ−. The splitting between
χ+ and χ− has a minimum of order δm0, which was taken 50 MeV in this plot for display purposes.

δmQ =
δm0

2
+ δgQ

2 + sgn(Q)

√(
2Y δg

cos θW
− y+v2

4ΛUV

)2

Q2 +
δm2

0

4

c2nY Q
c2nY 0

, (11)

where sgn(Q) in Eq. 11 accounts for the presence
of opposite charge states that are not related by
charge conjugation, as implied by to the non-zero hy-
percharge of our WIMPs. The second term inside
the square root comes from the mixing between the
charged gauge eigenstates χQ and χc−Q induced by

O0. This obviosuly vanishes for Q > (n− 1)/2− Y .

The different charged-neutral mass splittings can
all be written in terms of two independent split-
tings, which we choose to be δm0 and δmQM

, where
QM ≡ Y + (n − 1)/2 is the largest electric charge in
the multiplet. Since cnY QM

= 0, δmQM
is a mono-

tonic function of y+ and Eq. 11 can be inverted. In
Fig. 2 we show as an example the mass splittings of
31 and 41/2 as a function of δm2+. In the former case,
no mixing occur within the components of the multi-
plet and δm+ is a monotonic function of δm2+. For
the 41/2, instead, the mixing induced by O0 between
the components with Q = ±1 makes the positively
charged mass eigenstate χ+ heavier than χ−.

In Sec. IV we will explore the parameter space
spanned by δm0 and δmQM

, fixing the thermal DM
mass of every EW multiplet as shown in Table I. Cru-
cially, the operators inducing the splitting in Eq. 1
also generate new higgs-exchange contributions to the
spin-independent scattering cross-section of DM on
nucleons. Therefore, the current best upper limit
on the DM elestic cross section onto nucleons set by
PandaX-4T [5] translates into upper bounds on the
neutral and charged splittings as reported in Table I.

Charged-neutral splittings smaller than the EW one
in Eq. 10 require a certain amount of fine-tuning be-
tween UV operators and the EW contribution. To
quantify this we define the Fine Tuning (F.T.)

F.T. ≡ max
I

[
d log δmQ

d log δmI

]
, (12)

where the index I runs over the three contributions
in the definition of δmQ in Eq. 11. Large values of
F.T. imply a significant amount of cancellation be-
tween two or more parameters.

C. Viable complex WIMPs

The EFT approach used to write Eq. 1 is mean-
ingful only if the UV physics generating O+ and O0

is sufficiently decoupled from DM. When ΛUV ap-
proaches the DM mass the cosmological evolution of
the DM multiplet cannot be studied in isolation, since
the heavy degrees of freedom populates the thermal
bath at T 'MDM and are likely to modify our freeze-
out predictions. To avoid these difficulties we restrict
ourselves to ΛUV ≥ 10MDM.

This condition, together with the required inelastic
splittings in Fig. 1, can be used to select the viable
complex WIMPs. Starting from Eq. 3 and imposing
δm0 > δmmin

0 , we derive the viable window for ΛUV:

10MDM < ΛUV ≤
(

4y0cnY 0v
4Y

22Y δmmin
0

) 1
4Y−1

. (13)

We are now interested in estimating for which mul-
tiplets the viable window shrinks to zero. Setting
y0 = (4π)4Y in Eq. 13 that is the largest value allowed
by Naive Dimensional Analysis (NDA) we derive the
values of n and Y having a non zero cutoff window
in Eq. 13. These are for both scalar and fermionic
WIMPs n1/2 multiplets with n ≤ 12 together with
the 31 and the 51 mupltiplets.

This result can be understood as follows. The up-
per bounds on n for Y = 1/2 multiplets come from the
perturbative unitarity of the annihilation cross sec-
tion as discussed in Appendix B 2. The maximal cut-
off required to obtain the phenomenologically viable
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splittings is of order ∼ 107 TeV as shown in the fifth
column of Table I. This is many orders of magnitude
larger than the DM masses allowed by freeze-out so
that Eq. 13 results in a wide range of allowed ΛUV.

For Y = 1 multiplets the maximal required cutoff
is of order ∼ 102 TeV so that the n-dependence of the
allowed window in Eq. 13 becomes relevant. Given
that the DM mass grows with n as MDM ∼ n5/2 and
the required cutoff stay approximately constant, we
expect the allowed window to shrink to zero for large
n. Numerically we find that the last allowed multiplet
has n = 5.

We refer to Appendix A 2 for a similar argument for
scalar WIMPs. These have a slightly different para-
metric which however results in the same viable EW
multiplets of the fermionic case.

D. DM stability

The Lagrangian in Eq. 1 preserves the DM num-
ber and as a consequence the DM is automatically

stable. Gauge invariant interactions beyond those of
Eq. 1 can however induce fast DM decay. Here we
discuss whether the effect of these operators can be
small enough to allow the DM to be accidentally sta-
ble. Throughout this discussion we not only require
the DM lifetime to be long enough to circumvent cos-
mological bounds [37, 38] (τDM & 1019 sec) but also to
satisfy the stronger astrophysical bounds on decaying
DM [39–41] (τDM & 1028 sec).

For 21/2 and 31 we can write renormalizable inter-
actions χcHeR and χLcH that break the DM number
and lead to a fast DM decay. These EW multiplets re-
quire a DM number symmetry, for example a discrete
Z2-symmetry acting only on the DM field to provide
a viable DM candidate.

For even multiplets with Y = 1/2 and n > 2, we
can write the following series of higher dimensional
operators inducing DM decay

Leven =
C1

Λn−3
UV

Lcχ(H†H)
n−2
2 +

C2

Λn−3
UV

LcχWµνW
µν(H†H)

n−6
2 +

C3

Λn−3
UV

Lcχ(WµνW
µν)

n−2
4

+
C4

Λn−3
UV

LcσµνχWµν(H†H)
n−4
2 +

C5

Λ2
UV

χχcLcχ ,

(14)

where the Higgs bosons are appropriately contracted
to make every term an SU(2) singlet. For 41/2, the
leading contribution to DM decay comes from the op-
erators with coefficients C1 and C4, while for n ≥ 6
this is given by the operator with coefficient C5 by
closing the χ loop and attaching (n− 2)/2 Wµν oper-
ators, in a similar fashion to real candidates [1]. In all
cases, we need at least ΛUV > 1010MDM for O(1) Wil-
son coefficients to preserve DM stability. This lower
bound is incompatible with the upper bound on the
UV physics scale required to generate the inelastic
splitting δm0. This result implies that the DM sta-
bility depends upon the properties of the UV physics
generating the neutral splitting in Eq. 3.

For the 51 WIMP the lowest dimensional operators
inducing DM decay are

L5 =
C1

Λ2
UV

(χLcH)(H†H) +
C2

Λ2
UV

(χσµνLcH)Wµν .

(15)
These require ΛUV > 1010MDM to ensure DM acci-
dental stability which is again incompatible with the
upper bound of ΛUV < 20MDM needed to generate
the inelastic splitting.

As a result, none of the complex WIMPs with
Y 6= 0 can be accidentally stable in the sense of Min-
imal Dark Matter [22]. Specific UV completions of
the physics generating the inelastic splitting in Eq. 3
might allow for DM accidental stability. This ques-
tion goes beyond the scope of this study. Conversely,
complex WIMPs with Y = 0 can be accidentally sta-
ble thanks to the gauging of the unbroken U(1) flavor

symmetry in the DM sector [3]. The freeze-out pre-
dictions for these millicharged WIMPs are given in
Appendix C.

III. MINIMAL SPLITTING

In this section we discuss the DD signal of Com-
plex WIMPs in the minimal splitting scenario, that is
when the mass splittings are chosen to be the small-
est possible allowed by the requirements of the previ-
ous section. For fermions, we set δm0 = 220 keV for
n1/2 WIMPs with n ≤ 4 as well as for the allowed n1

WIMPs. For n1/2 WIMPs with n > 4 the BBN bound
in Fig. 1 gives the minimal δm0. For scalars instead,
we set δm0 = 4.9 MeV for n1/2 and δm0 = 3.7 MeV
for n1 WIMPs, both coming from BBN.

In this minimal setup, 21/2 and 31 stand out as the
only two multiplets where the DM is automatically
the lightest state, with a splitting with the Q = 1
state given by the pure EW splitting in Eq. 10 that
is 354 MeV for 21/2 and 542 MeV for 31. For all
the other WIMPs a UV generated splitting is needed
to make the DM lighter than the negatively charged
states. We fix this splitting to the smallest possible
value that gives the DM as the lightest state. As can
be seen from Eq. 11 this requires a UV splitting which
is of the order of the EW one. We want now to study
the phenomenology in direct detection in Sec. III A
and at a future muon collider in Sec. III B.
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FIG. 3. Expected SI cross-sections for different complex WIMPs for minimal splitting as defined in Sec. III. The blue
dots correspond to Dirac WIMPs and the red dots to complex scalar WIMPs. The vertical error bands correspond to
the propagation of LQCD uncertainties on the elastic cross-section (Eq. 18), while the horizontal error band comes from
the uncertainty in the theory determination of the WIMP freeze out mass in Table I. The light green shaded region
is excluded by the present experimental contraints from XENON-1T [36] and PandaX-4T [5], the green dashed lines
shows the expected 95% CL reach of LZ/Xenon-nT [8, 9] and DARWIN [10, 11].

A. Direct Detection prospects

The spin independent scattering cross-section σSI

of DM on nuclei receives two contributions: i) from
purely EW loop diagrams ii) from Higgs mediated
tree-level diagrams generated by bothO0 andO+. For
minimal splitting Higgs mediated scattering is sub-
dominant and σSI can be computed by considering
only EW loop diagrams.

Following [17, 42], the Lagrangian describing the

spin-independent (SI) DM interactions with quarks
and gluons is

L SI
eff = fqmqχ̄χq̄q+

gq
MDM

χ̄i∂µγνχOqµν+fGχ̄χGµνG
µν ,

(16)
where Oqµν ≡ i

2 q̄
(
Dµγν +Dνγµ − 1

2gµν /D
)
q is the

quark twist-2 operator. The Wilson coefficients are
given by [17]

fEW
q ' − πα2

2

16m2
hmW

[
n2 − 1−

(
1.03 + 22(aV,2q − aA,2q )

)
Y 2
]
,

gEW
q ' πα2

2

24m3
W

[
n2 − 1−

(
4− 18.2(aV,2q + aA,2q )

)
Y 2
]
,

fEW
G ' αsα

2
2

192m2
hmW

 ∑
q=c,b,t

κq + 2.6

 (n2 − 1)−

1.03
∑
q=c,b,t

κq − 7.5

Y 2

 ,
(17)

where mh is the mass of the Higgs and κc =
1.32, κb = 1.19, κt = 1. Furthermore we have de-
fined aVq = T3q/2 − Qqs2

w, aAq = −T3q/2 with cw, sw
being the cosine and the sine of the Weinberg angle,
respectively. The terms proportional to Y correspond
to the exchange of Z bosons inside the EW loops.

After the IR matching of these interactions at the
nucleon scale [42], we can express σSI per nucleon (for
MDM � mN ) as

σSI '
4

π
m4
N |kEW

N |2, (18)

where mN is the mass of the nucleon and

kEW
N =

∑
q=u,d,s

fEW
q fTq+

3

4
(q(2)+q̄(2))gEW

q − 8π

9αs
fTGf

EW
G ,

where the nucleon form factors are defined as
fTq = 〈N |mq q̄q|N〉/mN , fTG = 1 −

∑
q=u,d,s fTq,

and 〈N(p)|Oqµν |N(p)〉 = (pµpν − 1
4m

2
Ngµν)(q(2) +

q̄(2))/mN , and q(2), q̄(2) are the second moments of
the parton distribution functions for a quark or an-
tiquark inside the nucleon [17]. The values of these
form factors are taken from the results of direct com-
putation on the lattice, as reported by the FLAG Col-
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laboration [43] in the case of Nf = 2+1+1 dynamical
quarks [44, 45].3

The direct detection reach on the different com-
plex multiplets for minimal splitting is summarized
in Fig. 3. As can be seen by the figure, most of the
WIMPs can be probed for minimal splitting by fu-
ture large exposure direct detection experiments like
DARWIN with the notable exception of the 21/2 and
51 that we discuss below.

Combining Eq. 17 with Eq. 18 the parametric ex-
pression for σSI is

σSI ≈ 10−49 cm2(n2 − 1− ξ Y 2)2, (19)

where ξ = 16.6 ± 1.3 with the error coming from the
lattice determination of the nucleon form factors. This
formula makes evident that large cancellations with
respect to the natural size of the elastic cross section
can take place when Y '

√
(n2 − 1)/ξ. In particu-

lar, for n = 2 the exact cancellation takes place at
Y ' 0.44± 0.02, which almost matches the exact hy-
percharge of the doublet leading to the large uncer-
tainty in Fig. 3. Similarly, the cancellation happens
at Y ' 1.2 for n = 5, which explains why in this
case the signal entirely lies below the neutrino floor,
while it is within DARWIN reach for their real or mil-
licharged counterparts as shown in Ref. [1] and Fig. 7
respectively.

Spin dependent (SD) interactions of DM with the
nuclei are also induced by EW loops and can lead to a
larger cross section compared to the SI one [17]. Un-
fortunately, the predicted SD cross section for all the
complex WIMPs lies always well below the neutrino
floor and it will be impossible to test even at future
direct detection experiments.

B. 21/2 and 31 at muon colliders

Conversely to the case of real WIMPs studied in
Ref. [1], large exposure experiments like DARWIN will
not be able to entirely close the window of Complex
WIMP candidates. This further motivates us to study
the expected reach on these DM candidates at a high
energy lepton collider such as a muon collider running
well beyond TeV center of mass energy.

In this Section we fix the luminosity as a function
of the center of mass energy as [46]

L = 10 ab−1 ·
( √

s

10 TeV

)2

, (20)

and we concentrate on machines running at
√
s =

3, 6, 10 TeV [20, 21]. In Appendix D we provide re-
sults for higher center of mass energies, as well as ex-
haustive summary tables and plots for all the dark

3 Notice that since Y 6= 0, the up and down quarks can give
different contributions to the SI cross section Eq. 18. The
ETM Collaboration [44] has computed the form factors in
the case of degenerate light quarks so we take fTu = fTd,
ignoring possible differences between these two form factors.

matter candidates at center of mass energies up to
30 TeV, including estimates for scenarios in which the
luminosity is a free parameter not fixed by Eq. 20.

We focus on the collider reach for the complex dou-
blet (21/2) and the complex triplet (31), that are the
lightest WIMPs and have the greater chance to be dis-
coverable at

√
s ≤ 10 TeV. Theoretically, these can-

didates are the most minimal complex WIMPs since
they have maximal hypercharge and the neutral com-
ponent is automatically the lightest one at the renor-
malizable level. The only required higher dimensional
operator is O0 which generates the inelastic splitting
in Eq. 3. The sensitivity of high energy muon collid-
ers to heavier multiplets will be discussed in detail in
Appendix D.

The expected signatures at future colliders depend
very much on the lifetime of the charged states in the
EW multiplet. These might decay back to the neutral
DM either promptly or with a macroscopic lifetime on
detector scales.

In the prompt case, the decay of the charged state
will give rise to soft radiation which would be impos-
sible to disentangle from the SM background and the
DM signal will be characterized only by a large miss-
ing energy recoiling against EW radiation. This can
be further resolved from the SM background at lep-
ton colliders thanks to the knowledge of the center
of mass energy by looking for features in the missing
mass (MIM) distribution. We systematically studied
the different kinds of EW radiation in Ref. [1]. We
perform a similar study here (details are given in Ap-
pendix D), finding that the MIM reach is dominated
by the mono-W and the mono-γ channels. Despite
the non-zero hypercharge enhancing the coupling to
the Z, the mono-Z channel has a lower reach, simi-
larly to what was found in Ref. [1].

We estimate the reach of MIM searches from cut-
and-count experiments using the following estimate
for the statistical significance

significance =
S√

B + S + ε2sys(B + S)2
, (21)

where εsys parametrizes the expected systematic un-
certainties on the measurement.

In the long-lived case, depending on the decay
length of the charged state it might be beneficial to
look at disappearing or “stub” tracks (DT) as stud-
ied in Ref. [18], or at long-lived charged tracks that
could be distinguished from the SM backgrounds by
their energy losses in the material and by the mea-
surement of their time of flight (see for example anal-
ogous searches performed by ATLAS and CMS at the
LHC [47, 48]).

Here we focus on the expected reach from DTs and
MIM searches which are relevant for the 21/2 and 31,
fixing the splitting of the Q = 1 state with respect
to the neutral one to be the one generated purely by
EW corrections. In this minimal case the rest-frame
lifetime of the charged state decaying back to the DM
is cτ+ ≈ 6.6 mm for the 21/2 and cτ+ ≈ 0.77 mm for
the 31.
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FIG. 4. Top two rows: Collider reach for the 21/2 of mass Mχ = 1.1 TeV and
√
s = 3 TeV (left) and

√
s = 6 TeV

(right). Upper row: Combined reach for MIM (mono-γ+mono-W ) as a function of the luminosity L for different value
of the expected systematic uncertainties parametrized by εsys: 1% (purple), 0.1% (cyan), 0 (green). The red lines
show the benchmark luminosity following Eq. 20. Lower row: Reach of DT for varying lifetime of the charged track.
The red vertical line shows the benchmark lifetime for EW splitting. The blue and orange curves correspond to the
reach with 1 and 2 disappearing tracks. Fine-Tuning values computed on δm+ following Eq. 12 are displayed as color
code from green (no fine-tuning) to red (higher fine-tuning). Bottom two rows: same as for the top rows, but for the
case of the 31 of mass Mχ = 2.85 TeV and

√
s = 6 TeV (left) and

√
s = 10 TeV (right).

Our results for the combination of the MIM searches
and the DT tracks search are given in Fig. 4 for fixed
thermal mass of the 21/2, and similarly for the 31. We
provide details on the estimate of the MIM reach, as

well as for the DT signature, in App. D, also giving
results as a function of the mass Mχ of the candidate.

As can be seen from Fig. 4, the MIM search at
√
s =

3 TeV with the benchmark luminosity L = 1 ab−1 is
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not sensitive to the 21/2. A
√
s = 6 TeV collider

with benchmark luminosity L = 4 ab−1, instead, is
able to probe the doublet WIMP at 2σ C.L. In gen-
eral the mono-W and mono-γ channels give compara-
ble mass reach for the benchmark luminosity adopted
here, full detail is given in Tab. III. The sensitivity of
each channel has a specific behavior as a function of
the luminosity and for different assumed systematics.
The overall combination as function of the total lumi-
nosity for fixed thermal mass is shown in Fig. 4. We
remark that the reach deviates from a pure rescaling
by
√
L because the selections, hence the result, have

been optimized as a function of L when dealing with
εsys 6= 0.

In Fig. 4 we also display results for the DT search as
a function of the lifetime of the charge +1 state, that
is in a 1-to-1 relation with the mass splitting δm+.
We see that a collider of

√
s = 6 TeV can probe the

21/2 for charge-neutral splitting generated purely by

EW interactions. A collider of
√
s = 3 TeV can probe

a large portion of the allowed lifetimes for the charged
tracks corresponding to non-zero UV contributions in
Eq. 11.

In Fig. 4 we show similar results for the 31 at its
thermal mass, which entails interesting results at 6
and 10 TeV center of mass energy machines. For the
10 TeV collider we find that MIM searches are effective
probes of this WIMP candidate and can establish a
bound at 95% CL with a small luminosity or give a
discovery with the nominal luminosity. Mono-W and
mono-γ perform similarly well and their combination
is worth being done. The DT search cannot probe the
EW splitting for the 31, however it can cover a large
portion of allowed lifetimes in the non-minimal case
in which UV physics is contributing to the charged-
neutral splitting.

Finally, it is important to notice that with an O(1)
fine tuning of the UV contribution to the charged neu-
tral splitting against the irreducible EW contribution
the charged tracks could be extremely long-lived on
detector scale for both the 21/2 and 31. This obser-
vation motivates a detailed detector simulation of a
muon collider environment to reliably estimate the ex-
pected reach in this channel. We will provide some
estimates for the signal yield in Fig. 5 in the next
section.

IV. NON-MINIMAL SPLITTINGS

Exploiting the freedom to change the spectrum
given by the UV operators in Eq. 1 one can have sig-
nificant changes in the phenomenology described in
Sec. III. We dedicate this section to explore the phe-
nomenological consequences of releasing the minimal
splitting assumption.

A. Direct detection

The Higgs portal operators in Eq. 1 generate upon
EWSB a linear coupling of the DM to the Higgs boson
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FIG. 5. Signal yield of the charged tracks for the 21/2,
31, 41/2, 51. The plot holds for all

√
s in the tens of TeV

range, assuming the luminosity scales as Eq. 20. The cuts
applied on the produced charged χ’s are pT > 200 GeV,
|ηχ| < 2.

of the form

LD,h = − λDv

2ΛUV
χ2

DMh . (22)

This coupling mediates tree-level SI scattering pro-
cesses of DM onto nuclei, therefore it can be con-
strained by direct detection experiments. As the
mass splitting δm0 has to be sufficiently large to sup-
press the scattering mediated by the Z boson, we
find that the allowed parameter space for the non-
renormalizable couplings is compact.

Following Ref. [49] we can integrate out the Higgs
boson and write the couplings of the DM to the SM

L SI
eff,h =

λD
2m2

hΛUV
χ2
(
mq q̄q −

αs
4π
GaµνG

aµν
)
, (23)

so that the matrix elements fq and fG required to
compute σSI are simply given by

fq = fEW
q +

λD
2m2

hΛUV
, fG = fEW

G − αs
8π

λD
2m2

hΛUV
,

where fEW
q and fEW

G come from EW loops and are
given in Eq. 17. We can rewrite the coupling λD solely
in terms of mass splitting as

λD
ΛUV

= −2Y

v2
(δµQM

+ nδµ0) , (24)

where

δµQM
≡

2δmQM
− δm0 − 2∆MEW

QM

2QM
, δµ0 ≡

δm0

n
(25)

and ∆MEW
QM

is the gauge induced mass splitting in
Eq. 10.

Replacing Eq. 24 into Eq. 18 allows us to translate
the upper bound on σSI into an upper bound on δm0

and δmQM
.
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FIG. 6. Direct Detection and collider signatures in the plane δm0 vs. δmQM from the 21/2 (upper left), 31 (upper right)
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at small δm0 and on Higgs-exchange elastic scattering at large splittings. Gray hatched regions are excluded by BBN
constraints on the longest lived unstable particle in the multiplet. Red dashed lines delimit the range of perturbative
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n-plet is not the neutral one. Dashed green lines show prospects from future high exposure xenon experiments: LZ,
DARWIN and DARWIN/G3 (arrows pointing to the direction of the expected probed region). In the gray shaded region
the DD signal falls below the neutrino floor of xenon experiments [11, 16]. The vertical Xenon1T-high energy line show
the ultime reach of xenon experiments on inelastic DM (see Fig. 1). Xenon Blue and black dashed lines corresponds
to different expected lengths of charged tracks. Accordingly, different hues of brown distinguish regions where different
signatures at future colliders are expected. The dashed gray line shows the EW value of δmQM . Purple dashed lines
show the contours of the fine-tuning among the different mass splittings as defined in Eq. 12. Mass splittings above the
F.T.=1 line are not fine tuned.

B. Collider searches

The splittings δm0, δmQM
determine the lifetime of

the charged components of the EW multiplet, which
are pivotal to understand the viable collider signa-
tures. In what follows we take as reference the detec-
tor geometry proposed in [18] and we classify the pa-

rameter space (δm0, δmQM
) in various regions accord-

ing to the lifetime τLCP of the Longest Lived Charged
Particle (LCP) of a given multiplet.

For cτLCP > 1 m the LCP gives long charged tracks
(CT) with an average length roughly corresponding to
the middle layer of the outer tracker. The SM back-
ground processes for this “long” track with anomalous
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properties strongly depends on the properties of the
detector, therefore its study is outside the scope of
this work. We limit ourselves to estimate the number
of expected signal events of charged χ pair production
at a muon collider, as shown in Fig. 5. We highlight
that this results approximately hold for generic

√
s

in the domain of tens of TeV, as long as Eq. 20 for
the luminosity holds. In Fig. 5 we show the βγ of
the produced charged particle, which plays a crucial
role to disentangle these special tracks from the SM
background.

Our estimates for the LCP signature is based on the
counting the number of LCP produced. For the LCP
we require pT > 200 GeV, |ηχ| < 2, inspired by LHC
searches [48]. For the 21/2 and 31 we include in our
counting all charged particles production, assuming
that χ2+ promptly decay to the long lived χ+. For the
41/2 and 51, which have more complicated spectra, we
stick to the minimal splitting scenario for the estimate
of the charged tracks yield, which corresponds to the
minimal y+ necessary to lift χ− above χDM. In this
spectrum configuration χ− is the most natural and
only candidate to make long charged tracks, therefore
we only consider this contribution in our result.4

For 1 m > cτLCP > 0.33 cm the lightest charged
WIMP gives a disappearing track signal. This search
has been introduced in Sec. III and it is further de-
scribed in Appendix D, in particular in Fig. 8 where
the reach in the plane mass-lifetime is displayed for
judiciously chosen center of mass energies for every
WIMP up to the 51.

For cτLCP < 0.33 cm the lightest charged WIMP
decays promptly on collider scales and gives missing
energy signatures such as the mono-W and mono-γ
discussed in Sec. III. The choice for the threshold value
to consider the signal as prompt corresponds to cτ/2
of the charged track for the 21/2 WIMP in the minimal
splitting scenario, which is a known benchmark where
DT reconstruction starts to become challenging. Full
details on MIM searches are given in Appendix D and
in particular in Fig. 9.

C. Parameter space for complex WIMPs

In the rest of this section, we examine in greater
detail the parameter space spanned by δm0 and δmQM

specifically looking at each of the lightest multiplets
of Tab. II up to the 51 WIMP. This will allow us to
discuss the salient phenomenological features of the
complex WIMPs.

1. The Dirac 21/2 and 31

The 21/2 and 31 are special WIMPs because they
are the only multiplets with maximal hypercharge

4 We neglect any possible contribution coming from χ+ decay-
ing into χ−,c, since in the region where mixing is relevant,
the charged particles lifetimes are too short and are in the
“stub tracks region”, as shown in Fig. 6.

compatible with our assumptions. In particular, for
21/2 requiring δm0,+ > 0 automatically implies the
neutral WIMP candidate is the lightest one. Per-
turbativity requires δm0 < 40 MeV for the n = 31

WIMP, because of the strong suppression of the 7 di-
mensional operator generating the neutral splitting.
The narrower range of δm0 for the 31 with respect to
21/2 was expected from the higher dimensionality of
O0 for Y = 1 as compared to Y = 1/2.

In Fig. 6 we show the constraints on the Dirac
21/2 and 31 in the parameter space spanned by δm0

and δmQM
coming from present DD experiments like

Xenon1T and PANDAX-4T, as well as prospect from
future high exposure Xenon experiments, i.e. LZ,
XENONnT, DARWIN and DARWIN/G3. As we can
see from Eq. 24, these bounds depend solely on the
combination

δµ ≡ 2δmQM
+ (2QM − 1)δm0 . (26)

In particular we find

σSI ≈ 10−48cm2


(

0.3− δµ

1 GeV

)2

, [21/2](
0.2 +

δµ

1 GeV

)2

, [31]

. (27)

In the region of low mass splitting for both 21/2

and 31 the direct detection cross section lies below
the neutrino floor. For 21/2, Eq. 27 shows that large
cancellations between EW loops and tree-level Higgs
exchange occur around δµ ' 300 MeV, while for 31

the minimum σSI is obtained for δµ = 0 and falls be-
low the neutrino floor. To produce a direct detection
cross section above the neutrino floor for the 21/2 (31)
we need δµ > 1.6 GeV (δµ > 2.0 GeV). PANDAX-4T
already excludes mass splitting δµ < 20 GeV (δµ < 30
GeV) for the 21/2 (31).

All in all, DD still leaves a large portion of param-
eter space unconstrained between the neutrino floor
and the PANDAX-4T constraints. Remarkably, this
region corresponds to mass splittings that do not re-
quire tuned adjustments of the three contributions to
δm0 and δm+. The region of large splittings down to
δµ ∼ 1 GeV can be covered by large exposure Xenon
experiments while the large portion of the parameter
space lying below the neutrino floor should be taken
as a major motivation for a future muon collider.

For 21/2 WIMP the neutrino floor region can be
fully probed only via a combination of charged tracks,
DT and MIM searches. The different search strate-
gies become relevant depending on the δm+ value, as
shown in Fig. 6. For the 31 WIMP stub and charged
tracks can exclude the entire neutrino floor region,
while MIM and DT searches can be complementary
to large exposure DD experiments to probe the rest
of the parameter space.

While the plot in Fig. 6 show the possible regions in
which DT can be reconstructed efficiently, they do not
show if the reach is large enough to guarantee exclu-
sion (or discovery) of the WIMP candidate. For these
two WIMP candidates a detailed discussion was given
in Sec. III B. The general message is that for

√
s suf-

ficiently larger than twice the thermal DM mass DT
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searches will be powerful enough to probe the param-
eter space.

2. The Dirac 41/2 and 51

Being the first multiplet with non-maximal hyper-
charge, the constraints coming from DM stability
shape the allowed parameter space of the 41/2. In par-
ticular, we must require δm− to be positive. This con-
straint excludes the light blue shaded region in Fig. 6
bottom left.

The region where the direct detection cross section
lies below the neutrino floor is reduced to a tiny band
for 4 GeV < δµ < 15 GeV. This region can be probed
by direct searches at a future high energy muon col-
lider with

√
s > 10 TeV because of the thermal mass

of the 41/2 lies around 4.8 TeV. In particular, stub and
charged tracks searches could cover almost the entire
neutrino floor region, except for a small portion acces-
sible only to MIM searches. The rest of the viable pa-
rameter space for the 41/2 can be in principle probed
by large exposure direct detection experiments.

We show the parameter space of the 51 WIMP in
Fig. 6 bottom right. The dominant constraint comes
from the perturbativity of the operator generating the
neutral splitting, which requires δm0 < 3 MeV. As
a consequence, testing larger splittings for inelastic
DM at Xenon1T can already probe large portions of
the allowed parameter space of the 51. DM stability
requires 1 GeV . δm3+ . 2 GeV. The parameter
space can be fully excluded by charged and stub track
searches if a muon collider of

√
s > 20 TeV will be

constructed. Besides, all the allowed mass splittings
except a small window 1.8 GeV . δm3+ . 2.0 GeV
can be probed by DARWIN/G3.

V. INDIRECT PROBES OF COMPLEX
WIMPS

In this section we briefly comment on indirect
probes of complex WIMPs, focusing in particular on

the distinctive imprints of their Higgs interactions on
precision electroweak observables (Sec. V A) and on
the electron dipole moment (Sec. V B).

A. Electroweak precision observables

The addition of new EW multiplets to the SM leads
to deviations in EW observables which could be tested
with LEP data, at the LHC and at future colliders [50,
51]. Since the presence of new EW multiplets affects
mainly gauge bosons self energies, their indirect effects
can be encoded in the oblique parameters [52, 53].
Here we briefly summarize the main features of these
contributions following the notation of Ref. [53]. The
most relevant oblique parameters can be related to the
SM gauge boson vacuum polarizations

Ŷ =
g2
Ym

2
W

2
Π′′BB(0) , Ŵ =

g2
2m

2
W

2
Π′′33(0) ,

Ŝ = Π′3B(0) , T̂ =
Π33(0)−ΠWW (0)

m2
W

,

(28)

where Πij appear in the kinetic terms of the EFT
describing the SM vectors interactions at energies
smaller than the DM mass

Loblique = −1

2
V µi ΠijVj,µ . (29)

In particular, all the EW multiplets (both real and

complex) give a universal contribution to the Ŵ , Ŷ as
previously found in [22]

Ŵ =
αem

180π

m2
Z

M2
DM

κn(n2 − 1) ' 8κ× 10−7

(
1 TeV

MDM

)2(n
2

)3

, (30)

Ŷ =
αem

15π

m2
Z

M2
DM

κnY 2' 5κ× 10−7

(
Y

1/2

)2(
1 TeV

MDM

)2 (n
2

)
, (31)

where κ = 1, 1/2, 1/8, 1/16 for Dirac fermions, real
fermions, complex scalars and real scalars respec-
tively. In the numerical estimates we normalized the
expected contributions to the fermionic 21/2. The
rough expectations for heavier WIMPs can be ob-
tained from the equations above by remembering that
MDM ∼ n5/2. The contribution to Ŵ scale like as
∼ 1/n2 while the one to Ŷ as ∼ 1/n4.

Ŵ and Ŷ induce effects in SM observables that grow

with energy so that LHC searches have already ame-
liorated the sensitivity on these operators compared
to LEP. In particular Ŵ has been recently bounded
by CMS [54] and Ŷ is also set to be tested with a
similar precision [55]. Even if the current precision
is not sufficient to probe the WIMP thermal masses,
further improvements are expected in a future high
energy muon collider. This could provide interesting
indirect tests of EW WIMPs [51, 56, 57]. The size
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of the expected WIMP contributions in Eq. 30 and
Eq. 31 the results of Ref. [57] indicates that a muon
collider of

√
s = 30 TeV would be needed to observed

these deviations.
As extensively discussed in this paper, complex

WIMPs require contact interactions with the SM
Higgs to be phenomenologically viable. These in-

teractions give an additional contributions to the Ŝ
parameter. Moreover, the mass splittings inside the
EW multiplet induced by O0 and O+ break the custo-
dial symmetry in the Higgs sector. As a consequence,
complex WIMPs give irreducible contributions also to
the T̂ parameter. The explicit formulas for fermionic
WIMPs are

ŜF = − αemY n
3

9πs2WMDM
δµQM

' 1.2× 10−5
(n

2

)3
(

1 TeV

MDM

)(
δµQM

10 GeV

)
, (32)

T̂F = − αem

18πs2
2W

n3
δµ2

QM
+ δµ2

0

m2
Z

' 1.6× 10−5
(n

2

)3 δµ2
QM

+ δµ2
0

100 GeV2 , (33)

where s2
2W = sin2 2θW ' 0.83 while δµQM

and δµ0

are defined in Eq. 25. The corresponding formulas for
scalar WIMPs are easily obtained from the fermionic
ones by replacing ŜS = 1

4 ŜF and T̂S = −T̂F . Our

result for T̂S is consistent with the result in Ref. [58],
first computed in [59].

Both Ŝ and T̂ are currently constrained at the level
of 3× 10−3 by LEP data (where the precise value will
of course depend on the correlation between these two
parameters [53]). High luminosity colliders further ex-
ploring the Z pole like FCC-ee will improve this preci-
sion typically by a factor of 10 [60] with the ultimate
goal of pushing the precision of EW observables to the
level of 10−5 [61].

Concerning Ŝ we conclude that the deviations in-
duced by complex WIMPs are unlikely to be visible
unless for light multiplets with the ultimate EW pre-
cision. Conversely, at fixed large splitting and increas-
ing size of the multiplet, the deviations on T̂ are en-
hanced to the point that a 121/2 multiplet is giving

T̂ ' 3 × 10−3, which is within the reach of current
LEP data and could help reducing the tension the mW

mass extracted from the EW fit and the one measured
directly by the CDF collaboration [62]. Of course this
extreme scenario requires very large couplings at the
boundary of perturbativity for the contact operators
inducing the splitting in Eq. 1.

B. Electric dipole moment

As mentioned in Sec. II and detailed in Ap-
pendix A 1, the operators generating the splittings for
fermionic WIMPs have in general two different chiral
structures and different relative phases. This gener-
ically induces operators contributing to the electron
EDM at 1-loop [63, 64]. Following the notation of
Ref. [63], the leading operator generated by WIMPs
loops is

LEDM ⊃
cWW

Λ2
UV

|H|2WW̃ , (34)

where we neglect for this discussion operators such as
|H|2BB̃ and H†σaHWB̃ that would be suppressed by

powers of Y/n with respect to the one with two SU(2)
field strength insertions.

The Wilson coefficient in Eq. 34 is constrained
by the recent measurement of the ACME collabora-
tion [65] to be

cWW < 4× 10−3g2
2

(
ΛUV

10 TeV

)2
de

1.1× 10−29e cm
.

(35)

The effective operator in Eq. 34, is generated at 4Y -
loops from the O0 operator and its axial partner and
at 2-loop from the O+ operator and its axial partner.
For example the 2-loops Wilson coefficients can be
estimated as

cWW |2−loop '
g2

2n(n2 − 1)2I[yIy
∗
I,5]

32(16π2)2Λ2
UV

, (36)

where the index yI controls the contribution from O0

or O+ and yI,5 the ones from their axial counterpart.
If only O0 is present, like it would be for instance in
the minimal splitting case for the 21/2 multiplet, the
bound in Eq. 35 can be rewritten as an upper bound
on the neutral splitting

δm0 < 16 GeV

(
2

n

) 3
2

|θCP|
1
2

√
|de|

1.1× 10−29e cm
,

(37)
where we defined θCP = y2

I/I[yIy
∗
I,5]. A similar bound

is found for δmQM
in the minimal splitting case, where

O0 can be neglected. Hence, for O(1) couplings and
CP-violating phases, the EDM already gives competi-
tive if not stronger bounds with respect to those shown
in Table I. Interestingly, future experimental upgrades
are expected to be sensitive to electron EDM as small
as de ' 10−34e cm [66] which would provide sensitiv-
ity to the WIMP parameter space down to splittings of
order ∼ 50 MeV for O(1) couplings and CP-violating
phases.

It would be interesting to further explore this di-
rection in models where the O(1) CP-violating phase
is motivated by a mechanism producing the observed
baryon asymmetry in the Universe such as WIMP
baryogenesis [67, 68].
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VI. CONCLUSIONS

In this study we derived the first full classification of
WIMP in complex representations of the EW group.
Our only assumption is that below a certain UV scale
the SM is extended by the addition of a single EW
multiplet containing the DM candidate. Our main
results are contained in Table I, where we give all the
freeze-out predictions for the WIMP thermal masses,
the ranges of phenomenologically viable splittings and
the maximal scale separation between the DM mass
and the UV physics generating the splittings.

We then inspect the phenomenology of complex
WIMPs with the goal of understanding what would be
required experimentally to provide the ultimate test
on the EW nature of DM. We focus on the interplay
between future large exposure direct detection exper-
iments and a future high energy lepton collider, e.g. a
muon collider. The reach from the current and forth-
coming indirect detection experiments of pure elec-
troweak multiplets are very promising (see e.g. [69, 70]
for current reaches and [71, 72] for prospects). Nev-
erthless a robust assessments of the sensitivities for
all the complex WIMPs classified here and the real
WIMPs classified in [1] would require a careful evalu-
ation of the expected annihilation cross sections and
an assessment of the astrophyisical uncertanties [73].
We leave this work for a future investigation. Simi-
larly, the prospects of discovering WIMPs via kinetic
heating of compact astrophysical objects, like neutron
stars [74, 75] or white dwarfs [76], should be further
assessed by the future James Webb Space Telescope
infrared surveys [77].

Our main result is that a kiloton exposure Xenon
experiment would be able to probe most of the com-
plex and the real WIMPs, with the notable exceptions
of the complex doublet with Y = 1/2 whose cross
section lies naturally well below the neutrino floor.
This result for the complex doublet was of course well
known from the many previous studies on the SUSY
Higgsino [78], but it gets further substantiated in the
context of our WIMP classification. Our findings con-
stitute a major motivation to push forward the re-
search and development of a future high energy lep-
ton collider. Specifically, we find that a future muon
collider with

√
s = 6 TeV would be able to fully probe

the existence of a fermionic complex WIMP doublet
at its thermal mass around 1.1 TeV.

We further study the parameter space of the differ-
ent complex WIMPs and find regions where the direct
detection cross section can drop below the neutrino
floor because of accidental cancellations of the EW
elastic scattering (like for the 51) or at small (mildly
tuned) values of the charged-neutral mass splittings
(like for the 31) or for the destructive interference of
EW and Higgs induced scattering (like for the 41/2).
In all these cases a high energy lepton collider might
be again the only way of discovering these WIMPs.

Interestingly, the list of WIMP candidates we fur-
nished provides a series of targets that can be probed
at successive stages of a future machine. Moreover,
our analysis shows that future searches for long-lived
charged tracks will be crucial to fully probe the WIMP

parameter space. This strongly motivates a detailed
collider study assessing the expected sensitivity of
these searches in a realistic muon collider environ-
ment. We hope to come back to this issue in the near
future.
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Appendix A: Complex WIMP classification

In this appendix we give further details on our com-
plex WIMP classification. In Sec. A 1 we explicitly
classify the possible UV operators, substantiating the
result of Sec. II. In Sec. A 2 we give the results for
scalar WIMPs.

1. UV Operators

In Sec. II we showed that in order to make complex
WIMPs with Y 6= 0 viable, new UV sources of split-
ting between the charged and neutral components and
among the neutral components are necessary. In Eq. 1
we showed how the neutral splitting can be generated
by O0 and the charged-neutral splitting by O+. Here
we take a step back and investigate the generality of
this choice.

The general form of an operator responsible for a
Majorana mass term for χN after EWSB is

χ(y0 + y0,5γ5)IχcH4Y , (A1)

where the H4Y is necessary to match the hypercharge
of the χ2 piece, while I is a SU(2)L tensor. We are
crucially assuming that the Higgs is the only scalar
picking a VEV after EWSB. Under this assumption,
since the Higgs is a boson, the only surviving SU(2)L
structure is the totally symmetric combination. This
can be seen as the symmetric combination of 2Y Higgs
pairs in the isotriplet representation (the isosinglet is
antisymmetric and vanishes identically), so that we
are left with O0 defined in Eq. 1 and its axial counter-
part with the γ5 insertion. The latter can be shown to
give only subleading contributions to the mass split-
ting between the neutral components of χ. Assuming
y to be real, the shift on δm0 induced by y0,5 6= 0 with
respect to its expression in Eq. 3 is

δm0 → δm0

√
1 + 4<[y0,5]2

Λ2
UV

M2
DM

(
v√

2ΛUV

)8Y

,

(A2)
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which is highly suppressed for ΛUV > MDM > v. The
operator O0 in Eq. 1 is then the dominant contribu-
tion to the inelastic splitting among the neutral com-
ponents.

The isospin structure and field content of O+ is
already the minimal required to generate additional
splitting between the charged components, the only
possibility is again to change its chiral structure writ-
ing the general operator inducing charged-neutral
splitting as

χT a(y+ + y+,5γ5)χH†σaH . (A3)

Similarly to the neutral case, the γ5 insertion leads to
a subleading shift in the mass splittings with respect
to the value of Eq. 11

M2
Q →M2

Q + y2
+,5

v4

16M2
DMΛ2

(Q− Y )2 . (A4)

Finally, we comment on the implications on DD sig-
nals. Both operators with the γ5 insertions give addi-
tional contributions to the SI cross-section and match

to the effective operators:

L SI
eff =f̃qmqχ̄iγ5χq̄q +

g̃q
MDM

χ̄i∂µγνiγ5χOqµν

+ f̃Gχ̄iγ5χGµνG
µν .

However, all these operators are strongly momentum-
suppressed [79, 80], so that their corrections to σSI are
expected to be (q/mN )2 ∼ 10−6 smaller than those
from Eq. 16, and thus negligible.

2. Complex Scalar WIMPs

Following the discussion in Sec. II for the fermions,
supported by the previous Appendix A 1, the minimal
Lagrangian for a scalar complex WIMP is

LS = |Dµχ|2 −Mχ|χ|2 +
y0

Λ4Y−2
UV

OS0 + y+OS+ + h.c. ,

OS0 =
1

2(4Y )!

(
χ†(T a)2Y χc

) [
Hc†σ

a

2
H

]2Y

, (A5)

OS+ = −χ†T aχH†σ
a

2
H .

Conversely to the fermionic case, no additional op-
erators can be written to generate the fundamental
mass splitting. The neutral and charged squared mass
splitting, µ2

Q = M2
Q −M2

DM, can be written as

µ2
0 = 4y0cnY 0Λ2

UV

(
v

ΛUV

√
2

)4Y

,

µ2
Q =

µ2
0

2
+ 2MDMδgQ

2 + sgn(Q)

√(
4Y δgMDM

cos θW
− y+v2

4

)2

Q2 +
µ2

0

4

c2nY Q
c2nY 0

.

(A6)

The linear mass splittings, δmQ = MQ −MDM, are
then given by δmQ = µ2

Q/(2MDM). Notice that for

Y = 1/2 all the operators are renormalizable and any
dependence on the cutoff disappears.
The lower bound on δm0 from DD is identical to that
for fermions, since σSI does not change. Instead, the
BBN bound differs since the one-loop decay channel
χ0 → χDMγ now is now heavily suppressed with re-
spect to the three-body decays. As a consequence, the
BBN condition becomes

Γχ0
≡ Γν̄ν + Γēe > 6.58× 10−25 GeV , (A7)

which explains why the bound on δmmin
0 ' 4−5 MeV

for scalars is so much stronger than the one for
fermions, as shown in Fig. 1. For Y 6= 1/2, the lower
bound on δm0 sets the upper bound of the allowed
window for ΛUV

10MDM < ΛUV ≤
(

2y0cnY v
4Y

22Y δmmin
0 MDM

) 1
4Y−2

, (A8)

which is the analogous of Eq. 13 for scalar WIMP.
Once set y0 = (4π)4Y to its NDA maximal value and

given the scaling MDM ∼ n5/2 Eq. A8 can be used to
determine the viable EW multiplets. It turns out that
the allowed multiplet are the same as for fermions, i.e.
all even n1/2 plus 31 and 51.

Finally, we discuss DM stabiity for scalars. All the
Y = 1/2 scalars are never accidentally stable, since
DM decay can be induced by the renormalizable op-
erator χ2χ†Hc. Similarly, for 31 we can write χ†H2,
while for 51 the lowest dimensional operators are:

L =
C1

ΛUV
χ†H2(H†H) +

C2

ΛUV
(χ†χ)(χ†H2) , (A9)

which ensures stability for ΛUV > 1021MDM, way
larger than ΛUV < 20MDM from δm0 perturbativity.

Results for the collider reach on the scalars are given
in Fig. 10 in Appendix D.

Appendix B: Complex WIMP cosmology

In this Section, we briefly describe the cosmological
evolution of the Complex WIMP candidates. In par-
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ticular, we highlight the main differences with respect
to real WIMPs and refer the reader to [1, 81, 82] for
further details.

1. Sommerfeld Enhancement and Bound State
Formation

In the non-relativistic regime, long range interac-
tions in the form of Yukawa or Coulomb potentials
significantly affect the WIMP annihilation dynamics.
In particular, these interactions can distort the wave
function of the incoming particles leading to Som-
merfeld Enhancement (SE) or lead to WIMP Bound
State Formation (BSF). For WIMPs, the potential in-
duced by EW interactions is attractive for all isospins
I .
√

2n, I denoting the dimension of the isospin rep-
resentation of the pair of particles. In these channels,
the SE increases the annihilation cross-section by a
factor which, for small velocities, can be approximated
as

SIE ≈
2παeff

vrel
, (B1)

where αeff = α2(I2 + 1 − 2n2)/8 + Y 2αY ≡ α2,eff +
Y 2αY . Hence, the annihilation cross-section reads

〈σSE
annvrel〉 =

∑
I

〈SIEσIannvrel〉 , (B2)

where σIann is the perturbative, hard annihilation
cross-section in the isospin channel I. The SU(2)L
symmetric limit approximate better the exact result
the more we increase the dimensionality of the EW
multiplet. This is because most of the freeze-out
dynamics for large n-plets occurs before the EWSB.
For smaller multiplets the symmetric approximation
generically fails because EWSB become important. In
our computation, we always assume the symmetric
limit for n ≥ 6, while we compute the SE in the bro-
ken phase for smaller multiplets.

Besides, the mass splittings generated by O0 and
O+ can alter the pattern of resonances in the SE, so
that the thermal mass becomes a function of δm0 and
δm+ as well. In Table I we assume the minimal δm0,
where the effect of the splitting is safely negligible, and
account for the dependence on δm+ in the theoretical
uncertainty. More details about the effect of these UV
operators are discussed in Sec. B 3. Another source of
uncertainty in the computation of σSE

ann comes from
neglecting partial waves higher than the s-wave. We
estimate the correction to σSE

ann as

σSE
ann,p-wave

σSE
ann,s-wave

' v2
rel + α2

eff . (B3)

In addition to the SE, attractive isospin channels
lead to BSF through the emission of one (or more) EW
gauge boson in the final state χi + χj → BSi′j′ + V a,
where Va can be either a weak or hypercharge gauge
boson. In the non-relativistic limit, and for single

gauge boson emission, the BSF process is induced by
an electric dipole moment emission whose dynamics
is encoded in the effective Hamiltonian described in
Ref. [81, 82]. The main difference with respect to real
WIMPs are the different selection rules selecting the
bound states allowed by symmetries. In the real case,
the bound states are of the form χχ and the (anti-
)symmetry of the wave function allows only for those

BS satisfying PBS ≡ (−1)L+S+ I−1
2 = 1 , while for

complex WIMPs the bound states are of the form χχ
and the above selection rule no longer applies.
The BSF cross-section can be computed in the SU(2)L
symmetric limit with good approximation and scales
as:

σBI
vrel '

EBI
aB

MDMn2
(α2,effS

I±2
E + Y 2αY S

I
E) , (B4)

where the first and second term account for weak
and hypercharge vector boson emmission, respec-
tively, EBI

≈ α2
effMDM/4n

2
B - nB being the energy

level - is the binding energy and aB = 1/αeffMDM the
Bohr radius.
Once the BS is formed, it can annihilate into SM,
decay to lower lying BS, both with rate Γ ≈
α2

2,effα
3
effMDM or Y 2α2

Y α
3
effMDM, depending on the

mediator, or be broken by the interactions with the
plasma (ionization). The ionization rate limits the
efficiency of DM annihilation through BSF and it is
Boltzmann suppressed as ∼ eEBI /T . The Boltzmann
suppression gets bigger as we increase the dimension-
ality of the multiplet, due to the larger binding en-
ergies, so that neglecting BS ionizations is a good
approximation for large EW multiplets. Under this
approximation, the overall DM effective annihilation
cross-section reads

〈σeffvrel〉 ≡ 〈σSE
annvrel〉+

∑
BJ

〈σBJ
vrel〉, (B5)

that is, once a BS is formed it eventually annihilates to
SM without being destroyed. In [1] we checked the va-
lidity of this approximation for n ≤ 7 and found that
it overestimates the thermal mass of about 5 TeV.
We assume this holds also for complex WIMPs and
include this uncertainty in the estimate of our theo-
retical uncertainty. In the symmetric limit the effect
of the mass splittings generated after EWSB are not
taken into account. We expect these to make the heav-
ier components of the multiplet decouple earlier than
the lighter ones, thus reducing the cross-section. In
order to estimate the error due to this approximation,
we compute the thermal mass first setting to zero σBI

for T < max δmQ and then including BSF until the
DM abundance saturates. These two effects are the
dominant sources of error for n . 8.

For larger multiplets, the effective cross-section in
Eq. B5 suffers from additional theoretical uncertain-
ties. Estimating from the results of Ref. [83] the NLO
correction to the potentials controlling the SE we get

∆VNLO

VLO
∼ βSM

2

α2

4π
log

(
mW

MDM

)
, (B6)

where βSM
2 = −19/6 is the SM contribution to the

SU(2)L beta function. Eq. B6 results in a correction to
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the Sommerfeld factor SE , which affects both σSE
annvrel

and σBJ
vrel as introduced in Eq. B4. NLO corrections

start dominating the theoretical uncertainty for n & 8.

2. Perturbative Unitarity Bound

The perturbative unitarity of the S-matrix sets an
upper bound on the size of each partial wave contribu-
tion to the total annihilation cross-section [4, 84, 85]:

(σeffvrel)
J ≤ 4π(2J + 1)

M2
DMvrel

, (B7)

where ~J = ~L + ~S is the total angular momentum.
The stronger inequality comes from the s-wave chan-
nel (i.e. J = 0) which can be written as

(σannvrel) +
∑
BJ

f0
BJ

(σBJ
vrel) ≤

4π

M2
DMvrel

, (B8)

where f0
Bi

selects the BS contributions that can be
formed by J = 0 initial wave. As we noticed in
the previous section, the BSF contribution is larger
for complex WIMPs compared to the real case due
to the larger multiplicity of bound states that can
be formed. While for scalar WIMPs only p-orbitals
bound states contribute to the s-wave unitarity, for
fermionic WIMPs additional contributions arise from
selecting the projection onto the J = 0 partial wave
of the BSF cross-section of nsS=1

I states.

3. Impact of mass splittings

Here we discuss under which conditions the effect of
the UV splittings can be neglected in the prediction
of the thermal mass. The UV splittings can affect
the freeze-out computation in two ways: i) they di-
rectly contribute to the DM annihilation cross-section
into Higgs bosons, ii) after the EWSB, the interaction
Eq. 22 generates a Higgs-mediated Yukawa potential,
thus affecting the Sommerfeld enhancement. For def-
initeness, we focus on fermionic WIMPs and on the
O0 contributions. We checked that similar conclu-
sions hold for scalar WIMPs and for the contrbutions
from O+.

For Y = 1/2 WIMPs, the hard annihilation cross-
section into higgses induced by O0 can be estimated
as

σ2Hvrel '
3y2

0,+

32n2πΛ2
UV

TR , (B9)

where TR = n(n2 − 1)/16 is the Dynkin index of the
DM SU(2)L representation. This should be compared
with the typical EW hard cross-section, which is

σEWvrel '
πα2

2(n2 − 1)2

32nM2
DM

. (B10)

The condition σ2H/σEW < 1 can be translated into
an upper bound on the mass splittings. For instance

for the inelastic mass splitting we get

δm0 < 1.6 GeV

(
1 TeV

MDM

)
n2 . (B11)

Since MDM ∼ n5/2 we get stronger upper bound on
the splitting for large multiplets. All in all, we do
not expect significant changes in the picture presented
in Sec. IV even though for large splittings (above 1
GeV) one can get O(1) effects on the thermal freeze-
out predictions for small multiplets.

For Y = 1 the contribution from O0, which now
is a 7D operator which controls the 4-body process
χχ→ 4H whose cross section can be estimated as

σ4Hvrel ≈
πy2

0M
4
DM

(16π2)3Λ6
UV

(n2 − 1)2

64n
. (B12)

The condition σ4H/σEW < 1 translates into

δm0 < 0.45 GeV

(
1 TeV

MDM

)3

n2, (B13)

which, for n = 3, 5 is much looser than the upper
bound on δm0. As a consequence, the UV splittings
do not impact the freeze-out prediction for Y = 1
WIMPs.

Finally, concerning the contribution to the Som-
merfeld enhancement, the potential arising from the
Yukawa interaction in Eq. 22 is:

VH(r) = −
(

λDv

8πΛUV

)2
e−mhr

r
. (B14)

Such potential is shorter range with respect to typ-
ical EW Yukawa potentials, due to the larger Higgs
mass as compared to weak boson masses. We find
that VH(r) is negligible compared to the size of the
EW potential α2/r for the mass splittings of our in-
terest.

Appendix C: Millicharged WIMPs

Complex WIMPs with Y = 0 have an unbroken
U(1) flavor symmetry which can be gauged by a new
dark photon. Generically the dark photon would mix
with the visible one through a kinetic mixing operator
εFF ′ and the complex WIMP would acquire a EM
charge ε. In this scenario the dark gauge symmetry
makes the DM accidentally stable as noticed in Ref. [3]
at the price of giving up charge quantization. Here
we want to summarize the freeze-out predictions and
the basic phenomenology of millicharged WIMPs in
the limit of very small ε (i.e. ε < 10−10) when their
phenomenology resemble the one of the real WIMPs
discussed in Ref. [1].

Concerning the freeze-out dynamics, the only dif-
ference between real and millicharged WIMPs is in

the existence of BS with PBS = (−1)L+S+ I−1
2 = −1

formed by χ̄χ pairs of millicharged WIMPs. These
are forbidden by the spin-statistic properties of the
χχ wave function for real WIMPs. Since PBS is pre-
served by dipole interactions for Y = 0, to leading
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DM spin nε MDM (TeV) ΛLandau/MDM (σv)J=0
tot /(σv)J=0

max

Complex scalar

3 1.60± 0.01− 2.4∗ > MPl -

5 11.3± 0.6 > MPl 0.003

7 47± 3 2× 106 0.02

9 118± 9 110 0.09

11 217± 17 7 0.25

13 352± 30 3 0.6

Dirac fermion

3 2.0± 0.1− 2.4∗ > MPl -

5 9.1± 0.5 4× 106 0.002

7 45± 3 80 0.02

9 115± 9 6 0.09

11 211± 16 2.4 0.3

13 340± 27 1.6 0.7

TABLE II. Freeze-out mass predictions for millicharged WIMP DM. The annihilation cross-section includes both the
contribution of SE and BSF. For the triplets, a second prediction, denoted with a *, for the thermal mass is present
due to the emergence of a large resonance in the Sommerfeld enhancement for MDM ≈ 2.4 TeV. We provide a measure
of how close the DM annihilation cross-section is to the unitarity bound for s-wave annihilation (σv)J=0

max = 4π/M2
DMv.

We derive the scale where EW gauge coupling will develop a Landau pole by integrating-in the WIMP multiplet at its
freeze-out mass.

order no transitions can occur between states with op-
posite PBS and excited BS with PBS = −1 will domi-
nantly decay to 1s and 2s states with the same PBS.
The latter have small decay widths with respect to
their PBS = 1 counterparts. nsS=1

1 and nsS=1
5 annihi-

late into four vectors with a rate

Γ(nsS=1
1,5 → V V V V ) ' α4

eff

16π2M2
DM

|Rn0(0)|2

M2
DM

, (C1)

while nsS=0
3 annihilates into three vectors with rate:

Γ(nsS=0
3 → V V V ) ' α3

eff

4πM2
DM

|Rn0(0)|2

M2
DM

. (C2)

where Rn0 ∼ (αeffMDM)3/2 is the radial wave func-
tion of the BS at the origin. As noticed in Ref. [3] for
the millicharged 3-plet a large resonance in the Som-
merfeld enhancement leads to two different freeze out
predictions. We summarize our freeze out predictions
in Table II.

For completeness, in Fig. 7 we show the SI scatter-
ing cross-section of DM on xenon nuclei for the dif-
ferent millicharged candidates. This cross-section is
identical to that computed for real candidates with
ε . 10−10 [3, 86], while larger ε would open up new
opportunities for direct detection (see e.g. Fig 1 of [3]).
From Fig. 7 we see that even in the worst case scenario
of very small millicharge large exposure experiments
will be able to fully probe millicharged WIMPs with
200 ton-year exposure. The heavier multiplets could
be also firmly discovered at DARWIN with kiloton
exposure.

Appendix D: Details on the Collider reach

The kinematic constraint of pair producing the DM
particles makes direct searches at colliders of energies√
s ≤ 14 TeV impossible for n ≥ 5. We consider

masses M &
√
s/10, including only DY production

channels. Indeed in this range VBF production is sub-
dominant.
For the n < 5 candidates, the strategies available
are the missing invariant mass (MIM), charged tracks
(CT) and disappearing tracks (DT) searches. The first
is essentially independent on the splitting values: the
collider energies of few TeV needed for DM pair pro-
duction are much larger than the maximum perturba-
tively generated splitting. The DT searches in general
require, at fixed MDM, a scan in the (δm0, δmQM

) to
compute the signal, since the spectrum and the decay
width of the particle χQ is determined uniquely by the
splittings δmQM

, δm0.

To get a feel of how powerful DT searches can be,
we fix the neutral splitting to a representative value
δm0 ' 200KeV for the fermions. Our results are given
in Fig. 8 where we display the region of the plane
WIMP mass versus cτ where experiments can probe
the several WIMPs considered in each panel of the
figure. For this result we consider only χ+ and its
conjugate as candidate long-lived for the 21/2. For
the 31, the 41/2 and 51 all states with charge greater
than 1 are assumed to decay promptly to the can-
didate charged long lived states at the bottom the
spectrum.5 As we have fixed δm0 much smaller than
the mass splitting between the neutral and charged
states, we can effectively consider decays into both χ0

and χDM as if they were degenerate in mass. Consid-
ering the possible decay channels χ− into e−νeχ

0,DM ,
µ−νµχ

0,DM , π−χ0,DM and the charge conjugates for
χ+ we get

Γ
(
χ± → χ0,DM + SM

)
= Γe± + Γµ± + Γπ± , (D1)

5 We keep track in detail of the mixing of the charge ±1 gauge
eigenstates into the suitable charge ±1 mass eigenstates.
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FIG. 7. Expected SI cross-sections for different millicharged complex WIMPs with ε . 10−10. The blue dots correspond
to Dirac WIMPs and the red dots to complex scalar WIMPs. The vertical error bands correspond to the propagation
of LQCD uncertainties on the elastic cross-section (Eq. 18), while the horizontal error band comes from the uncertainty
in the theory determination of the WIMP freeze out mass in Table II. The light green shaded region is excluded by the
present experimental contraints from XENON-1T [36] and PandaX-4T [5], the green dashed lines shows the expected
95% CL reach of LZ/Xenon-nT [8, 9] and DARWIN [10, 11].

where the RHS indicates the decay width into neutral
states plus the SM states indicated by the subscript.
The relevant widths are given by:

Γe± = g (n, Y,±1)
G2
F δm

5
±

60π3
,

Γµ± = g (n, Y,±1)
G2
F δm

5
±

2π3
Φ(δm±,mµ) ,

Γπ± = g (n, Y,±1)
G2
F f

2
π |Vud|2δm3

±
4π

√
1− m2

π

δm2
±
,

(D2)

where g (n, Y,Q) accounts for the different strengths
of the W boson coupling to each of the χQ:

g (n, Y,Q) = n2−1−4(Q−Y )(Q−Y −sgn(Q)) , (D3)

with n the dimensionality of the multiplet and Y its
hypercharge, GF is the Fermi constant, fπ = 131 MeV
is the pion decay constant. In the above formula Φ is
the full phase space of the 3-body decay of a mas-
sive particle of mass M into a massless lepton (e.g
neutrino), a massive lepton with mass ml � M (e.g.
muon), and a heavy particle with a mass M − δ, for
splitting δ �M :

Φ(δ,ml) =
1

60

√
δ2 −m2

l

(
2δ4 − 9δ2m2

l − 8m4
l

)
+

+
1

4
m4
l δArcCoth

(
δ√

δ2 −m2
l

)
.

(D4)

The massless limit was employed for the electron since
in the regions relevant for DTs the splittings allow
to neglect me. In principle, for large splittings, also
kaon and tau channels should be considered. However,

for such large splittings the decays into the other SM
particles are so fast that tracks will never be recon-
structed.

If we move away from the δm0 ' 0 points, we
have to consider cases in which χ+ is heavier than
some of the particles with Q > 1. We checked
that for the 31, 41/2, 51 there are choices of the
couplings y0 and y+ for which Mχ++ < Mχ+ . In
this case, χ++ cannot decay into χ+, and is forced
to decay to the neutral states by emitting twice
an off-shell W boson that gives rise to l+νl or π+.
This decay rate has been estimated by summing
over all possible final states using NDA. With re-
spect to the decay with just one off-shell W emission,
we get an extra factor g(n, Y, 2)GF fπδ/(16π2) and
g(n, y, 2)GF δ

2/(16π2)2 for any extra π or l+vl pair,
respectively. Decays into negatively charged states
are even more suppressed, since they need more extra
final states. These configurations can give χ++ DT
signals as well as CT signals, which are potentially
interesting for their peculiar detector response.

Following [18], we employ two different DT sig-
nal regions: i) events with at least one disappear-
ing track in addition to a hard photon with energy
Eγ > 25 GeV; ii) events with two disappearing tracks,
one of which is short, and the hard photon. The
former has an estimated background cross section of
σB = 18.8 ab at the 10 TeV collider, leading to a
signal-to-noise ratio of order 1. The latter is back-
ground free. To compute the number of expected
signal events, we do a Monte Carlo simulation with
MadGraph5 aMC@NLO [87]. We also got similar re-
sults employing the analytic approximation explained
in the appendix of [1]. The sensitivity to disappear-
ing tracks is shown in the plots of Fig. 8, for minimal
δm0 imposed by DD and BBN, as a function of the
dark matter mass and the lifetime cτ for each of the
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considered WIMP candidates.

Our results in Fig. 8 show that the thermal mass
can be excluded over the entire range of lifetimes that
give rise to the DT signature. For the 21/2 this cor-
responds to the full parameter space with splitting
larger than the EW one. The contours for the 41/2

and 51 WIMPs deserve some comment. In this case
two singly-charged states are present: at least one
state is in the DT region, and DT searches for this
long-lived state, shown as solid contours, can probe
the thermal mass over the full range of possible life-
times. We also show the DT reach for the state with
shorter lifetime, which could produce a second observ-
able signal in parts of the parameter space. We show
with different colors the two different physical solu-
tions where the long-lived mass eigenstate χ+ corre-
sponds to the gauge eigenstate χ+ or χc− (correspond-
ing to the regions of low or high δm2+ in Fig. 2), which
have slightly different production cross-sections.

For the MIM searches we have proceeded similarly
to our earlier work [1] and we have optimized the selec-
tion for the fermion 21/2 and 31 at

√
s = 3, 6 TeV and√

s = 6, 10 TeV, respectively. For the other candidates
we used the optimal cuts that we derived from our pre-
vious results for real candidates with odd n [1]. For
each level of systematics ε we have interpolated our
previous results as functions of n and

√
s and we have

derived optimal cuts for the new n plets studied in this
work. We remark that this procedure is potentially in-
accurate as the real odd n-plets contain 2 times fewer
degrees of freedom, hence have rates smaller by a fac-
tor 2. This can in principle affect the result of the
optimization of the selection. We checked that the
difference with a dedicated optimization is negligible,
thus our event selection should be quite close to the
optimal one.

Following the mono-W discussion in [1], we
have computed the background rate with Mad-
Graph5 aMC@NLO [87] using the full 3-body process
for η . 6, and matched it to a computation using the
Weizsäcker-Williams approximation for larger values
of pseudorapidity.

We report in Fig. 9 the sensitivity for the 21/2, 31,

41/2, 51, at colliders with suitable
√
s that can provide

95% C.L. exclusion. Full results for all benchmark col-
liders at the nominal luminosity of Eq. 20 are given
in Tables III and IV, for the various search channels
under consideration. Results for generic center-of-
mass energy and integrated luminosity are displayed
in Fig. 11 for the mono-γ and mono-W channels. The
results on this figure have been obtained by rescaling
the results at

√
s = 3, 6, 10, 14, 30 TeV, under the as-

sumption that all cross-sections and kinematical cuts
scale trivially with collider energy, and neglecting sys-
tematic errors.

The DT results shown in Fig. 9 are a particular sub-
case of those shown in Fig. 8, as in Fig. 9 we fixed some
choice of the mass splitting governing the spectrum
specifically for each WIMP as described in the follow-
ing. For the 21/2 the splitting between the charged
and neutral components has been set to its gauge con-
tribution δm+ = 354 MeV. For the 31 the splitting
has been set to its gauge value of δm+ = 540 MeV.
For the 41/2, the splitting δm+ has been taken equal

to δm−. This choice implies that the χ+ and χ−

particles are maximal admixtures of the gauge eigen-
states, hence they have same cross-sections and life-
times. The latter are governed by the mass splitting
δm+ and δm−, which, from Eq. 11 are constrained to
satisfy δm++δm− = δm0+2δg. This equation implies
that for δm0 � δg in the δm+ = δm− case we obtain
lifetimes that have relatively challenging detector ac-
ceptances. Thus we can consider this choice as a rep-
resentative but somewhat pessimistic estimate of the
mass reach. The χ++ has been assumed to promptly
decay equally into χ+ and χ−,c. For the 51 WIMP we
proceeded similarly to the 41/2 case.

A summary of the capabilities of the several stages
of a high energy muon collider is given in Fig. 12 un-
der the assumption of luminosity following the scaling
of Eq. 20. The upshot of these studies is that, as
the center of mass energy of the collider is increased,
the higher energy machine gains sensitivity to heav-
ier WIMP candidates. All in all, the list of WIMP
candidates that we have described in this work and
earlier Ref. [1] provides a series of targets that can
be probed at successive stages of a future high energy
muon collider.
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FIG. 9. Different bars show the 2 σ(solid wide) and 5σ (hatched thin) reach on the fermionic WIMP mass at a muon
collider for different search channels. The first three bars show the channels discussed in Sec. IV where DM would
appear as missing invariant mass (MIM) recoiling against one or more SM objects: mono-γ, inclusive mono-W , and
the combination of all these MIM channels (blue). The mono-Z channel is not reported since it gives results below
the minimum mass shown. The last two bars show the reach of disappearing tracks, requiring at least 1 disappearing
track (red), or at least 2 tracks (orange). All the results are shown assuming systematic uncertainties to be 0 (light),
1‰(medium), or 1% (dark). The vertical red bands show the freeze-out prediction. Tracks have been computed assuming
minimally split neutral states, and a charged-neutral splitting δm+ equal to the gauge contribution for the 21/2 and 31.
For the 41/2 and 51 the splitting-inducing couplings y0 and y+ have been tuned so that δm+ = δm− (up to minimal δm0

corrections), which represents a least favorable condition for DT searches. Top Left: Dirac 21/2 for
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s = 6 TeV and

L = 4 ab−1. Top Right: Dirac 31 for
√
s = 10 TeV and L = 10 ab−1. Bottom Left: Dirac 41/2 for

√
s = 14 TeV

and L = 20 ab−1. Bottom Right: Dirac 51 for
√
s = 30 TeV and L = 90 ab−1.
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FIG. 11. Mass reach (in TeV) in the mono-γ and mono-W channels as a function of collider center-of-mass energy and
luminosity, for Dirac fermion doublets, triplets, and 4-plets (blue lines). The thermal freeze-out mass is shown in red.
Blue shades show the expected values of the ratio of the signal rate over background. Systematic uncertainties are set
to zero. The muon collider luminosity Eq. 20 is shown as a white line, with the benchmark values of

√
s highlighted by

the colored squares.
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Dirac 21/2 Dirac 31√
s εsys ηcutX pcutT,X [TeV] S95% S95%/B M95% [TeV] ηcutX pcutT,X [TeV] S95% S95%/B M95% [TeV]

M
o
n

o
-γ

3 TeV

0 2.4 0.24 492 0.01 0.5 2.4 0.01 3181 0.001 1.3

1‰ 1.6 0.54 213 0.02 0.49 1.4 0.12 1217 0.004 1.2

1% 1. 0.9 94 0.05 0.43 0.6 0.42 353 0.03 0.94

6 TeV

0 1.8 0.96 296 0.02 0.83 2.4 0. 6895 0.0006 2.5

1‰ 1.4 1.4 282 0.02 0.82 1.4 0.24 1453 0.004 2.2

1% 1. 1.9 83 0.06 0.69 0.8 1.1 309 0.03 1.7

10 TeV

0 1.2 3. 101 0.05 1.1 2. 0.2 3159 0.001 3.6

1‰ 1.2 3. 99 0.04 1.1 1.4 0.8 867 0.006 3.5

1% 0.8 3.8 56 0.08 0.98 1. 2. 348 0.03 2.7

14 TeV

0 1.2 4.2 107 0.04 1.5 1.8 0.56 2080 0.002 4.9

1‰ 0.8 4.5 110 0.04 1.5 1.6 1.1 991 0.005 4.7

1% 0.6 5.9 46 0.1 1.3 0.6 2.8 290 0.03 3.7

30 TeV

0 1. 9.6 107 0.04 3. 1.8 1.8 1423 0.003 10.

1‰ 1. 9.6 107 0.04 3. 1.6 3. 911 0.005 9.6

1% 0.8 10. 98 0.05 2.7 1. 6.6 309 0.03 7.6

M
o
n

o
-W

(i
n

cl
u

si
v
e)

3 TeV

0 1.4 0.6 336 0.01 0.53 2. 0.18 1833 0.002 1.1

1‰ 1.2 0.72 228 0.02 0.52 1.6 0.3 1180 0.004 1.

1% 0.8 1. 92 0.06 0.47 1. 0.66 345 0.03 0.85

6 TeV

0 1.4 1.2 361 0.01 1. 2. 0.48 1572 0.003 2.

1‰ 1.4 1.2 351 0.01 1. 1.4 0.72 1051 0.005 2.

1% 1. 1.8 140 0.04 0.86 0.8 1.2 480 0.03 1.6

10 TeV

0 1.6 2. 336 0.01 1.5 1.6 1. 1424 0.003 3.3

1‰ 1.6 2. 331 0.01 1.5 1.4 1.2 1065 0.005 3.2

1% 0.8 3.4 100 0.05 1.3 0.8 2. 429 0.03 2.7

14 TeV

0 1.2 3.4 298 0.01 2.1 1.6 1.4 1566 0.003 4.6

1‰ 1.2 3.4 322 0.01 2.1 1.4 1.7 1066 0.005 4.4

1% 0.8 4.8 107 0.05 1.7 0.8 3.6 225 0.03 3.6

30 TeV

0 1.4 6.6 344 0.01 4.1 1.8 3. 1433 0.003 9.6

1‰ 1.4 7.2 283 0.01 4.1 1.6 4.2 976 0.005 9.3

1% 0.8 11. 75 0.07 3.4 0.8 8.4 216 0.03 7.5

TABLE III. 95%C.L. reach on the mass of the Dirac 21/2 and 31 from the various mono-X channels. The excluded
number of signal events S95% and the relative precision S95%/B are also given,together with the values of the optimal
event selection cuts on ηX and pT,X ,where X is the single vector boson.The numbers are shown for different collider
energies

√
s and systematic uncertainties εsys.
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FIG. 12. Mass reach in the mono-γ, mono-W and DT channels for fixed luminosity as per Eq. 20 at
√
s 3 TeV (yellow),

6 TeV (green), 10 TeV (light blue), 14 TeV (red), and 30 TeV (purple). In the mono-W and mono-γ searches we show
an error bar, which covers the range of possible exclusion as the systematic uncertainties are varies from 0 to 1%. The
colored bars are for an intermediate choice of systematics at 0.1%. Missing bars denoted by an asterisk * correspond
to cases where no exclusion can be set in the mass range Mχ > 0.1

√
s. For such cases it is worth considering VBF

production modes at the fixed luminosity Eq. 20 or higher luminosity at potentially smaller
√
s as illustrated in Fig. 11
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