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Abstract

The center-flavor symmetry of a gauge theory specifies the global form of consistent
gauge and flavor bundle background field configurations. For 6d gauge theories which arise
from a tensor branch deformation of a superconformal field theory (SCFT), we determine
the global structure of such background field configurations, including possible continuous
Abelian symmetry and R-symmetry bundles. Proceeding to the conformal fixed point, this
provides a prescription for reading off the global form of the continuous factors of the zero-
form symmetry, including possible non-trivial mixing between flavor and R-symmetry. As
an application, we show that this global structure leads to a large class of 4d N' =2 SCFTs
obtained by compactifying on a T2 in the presence of a topologically non-trivial flat flavor
bundle characterized by an 't Hooft magnetic flux. The resulting “Stiefel-Whitney twisted”
compactifications realize several new infinite families of 4d N' = 2 SCFTs, and also furnish
a 6d origin for a number of recently discovered rank one and two 4d N' = 2 SCFTs.
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1 Introduction

Since their discovery [1-3], 6d SCFTs have been a fount of insight into the non-perturbative
structure of quantum field theory in diverse dimensions. In particular, knowledge of the
six-dimensional theory and the compactification geometry can make hard-to-access non-
perturbative features in lower-dimensional systems manifest. On the other hand, general
arguments indicate that such theories cannot be realized via perturbations of a Gaussian
fixed point, and so in this sense they are intrinsically strongly coupled [4]. This in turn
complicates the construction and study of such theories.

A conjectural classification of all 6d SCFTs was proposed in [5,/6] (see also [7H15]).
The main idea in this classification program is to engineer such theories via F-theory back-
grounds involving a non-compact elliptically fibered Calabi—Yau threefold with a canonical
singularity. This has led to a vast class of new theories, and a remarkably simple unifying
description of nearly all such theories on their partial branch as generalized quiver gauge
theories. This perspective has been used to extract a number of calculable quantities from
such systems, including, for example the anomaly polynomial [16H19], as well as operator
scaling dimensions of certain operator subsectors [820-23]. Compactification of such theo-
ries to four-dimensional systems also provides a systematic way to generate a broad class of
4d SCFTs with varying amounts of supersymmetry [2458] []

In general terms, global symmetries also play an important role in constraining correlation
functions of local operators, and also figure into the analysis of higher symmetries [60]. This is
no less true in 6d SCFT's, and also plays an important role in in the study of compactifications
of such systems. As a recent example, [61] (see also [29]) demonstrated that starting from
certain 6d AV = (1,0) SCFTs, compactification on a T? in the presence of a topologically
non-trivial but flat bundle associated with an 't Hooft magnetic flux can be used to generate
a class of 4d N’ = 2 SCFTs. In particular, this requires knowing not just the global symmetry
algebra of the 6d theory, but the actual group.

Our aim in this paper will be to extract the continuous zero-form group symmetries of 6d
SCFTs, and to use this in the construction of 4d N' = 2 SCFTs via Stiefel-Whitney twisted
compactifications. Now, although the actual method of constructing such 6d SCFTs involves
the geometry of the F-theory compactification, geometry can sometimes obscure some of the
symmetries [62]. These top down considerations can often be supplemented by various
bottom up considerations, including Higgsing from theories with known flavor symmetry
algebras [13,/63H65], and thus in many cases we know the continuous global symmetry algebra.
Consequently, we can specify a corresponding “naive” flavor symmetry éﬁavor, where all
simple non-Abelian factors are simply connected, and there is no finite group action on any
U(1) factors. One can also supplement this by the R-symmetry SU(2)g, which is difficult to
track in the F-theory construction, but which must be present in any 6d SCFTP]| Since we

LA recent overview of superconformal field theories in dimensions three to six is [59].
2Recall that in a supersymmetric theory, the flavor symmetry commutes with the supercharges, whereas



also have the gauge symmetry on the tensor branch, there is a corresponding “naive” group
of continuous gauge and global zero-form symmetries:

Ggauge—global = Ggauge X éﬂavor X SU(2)R7 (11)

where we have kept implicit the spacetime global symmetries of the field theory. This answer
is “naive” in the sense that the matter content and effective strings (coupling to the tensor
multiplet chiral two-forms) of the effective field theory may be neutral under some subgroup
of the center of égauge_gbbal. Consequently, the global form may end up being quotiented by
a subgroup of the center C C égauge_globalz

Ggauge—global = Ggauge—global/c . (12)

This quotient can also act on the spacetime symmetries since the supercharges transform as
spacetime spinors and R-symmetry spinors. The combined action on the gauge and flavor
symmetry is often referred to as a “center-gauge-flavor symmetry”, generalizing the notion
of “center-flavor symmetry” [66-83]. Of course, from the perspective of the 6d SCFT, the
defining data only makes reference to the global symmetries, and the same quotient, suitably
projected, realizes the continuous part of the global symmetry group

Gglobal = Gglobal/Calobal » (1.3)

in the obvious notation. In the conformal limit, the possible action of Cgiona On these inter-
nal symmetries can also be accompanied by a quotient on the conformal group. As already
implicitly mentioned, knowing the global form of the zero-form symmetry group has impor-
tant implications for the existence and structure of higher-dimensional defects in the theory,
informing possible higher symmetry structures.

One of our core tasks will be to present a general algorithm for extracting Ggauge-global and
Gllobal Of the tensor branch effective field theory. This also amounts (upon projecting onto
the global symmetry factors) to a prediction for the global continuous zero-form group of the
6d SCFT. Extracting this data directly from the corresponding F-/M- theory background
geometry [83] was recently carried out for a number of 5d supersymmetric quantum field
theories obtained from circle reduction of the tensor branch of a 6d SCF'T, and the “bottom
up” approach developed here agrees with the “top down” results obtained in [83]. From
a bottom up perspective, we simply work on on the tensor branch where we have access
to the large symmetry transformations of the system, and the correlated response from
transformations on the chiral two-forms of the effective field theory. Such transformations
are in turn sensitive to the global topology of background gauge/global bundle configurations
[84].E] This technique has been used previously to explore some examples of non-Abelian

the R-symmetry (by definition) does not.
3We note that, since this analysis relies solely on the effective field theory description on the tensor branch,



flavor symmetry in related systems [80}84] ,E| but as far as we are aware, a systematic study of
all possibilities was not previously undertaken. In particular, we also show how to incorporate
continuous Abelian symmetries.

Moreover, our analysis also extends to the global form of the R-symmetry, and its pos-
sible mixing with the center-flavor symmetry. This is difficult to extract from established
index computations in the much-studied and related case of 4d theories (as obtained by com-
pactification on a 7% with no background bundles switched on), since in many cases, only
specific R-charge sectors are counted.ﬂ In some cases, however, alternative methods have
been explored for extracting the chiral ring of the corresponding Higgs branch [92}(93], which
implicitly also determines a mod 2 constraint on the global form of the center symmetry
mixing with the R-symmetry. In these cases, we find that our analysis agrees with these
constraints.

To illustrate the utility of this approach, we show in a number of examples how to
extract the symmetry groups Ggauge-giobal ad Ggiobal. One large class of examples includes
M5-brane probes of an ADE singularity C?/T"apg as well as their Higgs branch deformations.
These flows are captured by group-theoretic data associated with nilpotent and semi-simple
deformations of the corresponding flavor symmetry algebras. Since the corresponding tensor
branch descriptions for these theories are all known, we can use our method to extract the
corresponding continuous symmetry group, including contributions from Abelian symmetry
factors and mixing with the R-symmetry. Similar considerations hold for the “orbi-instanton
theories” obtained from Higgs branch deformations of M5-branes probing an ADE singularity
C?/T apg wrapped by an Eg nine-brane. In this case, deformations of the Fg flavor symmetry
factor are captured by finite group homomorphisms I'ypg — Ek.

Analyzing this class of examples, we observe that many breaking patterns wind up gener-
ating a trivial quotienting subgroup C for the global symmetry. This occurs simply because,
in many cases, there is no common center for the simply connected non-Abelian symmetry
group factors. A general rule of thumb for realizing a common center-gauge-flavor symmetry
is that the group-theoretic data such as a nilpotent orbit or a finite group homomorphism
must have a sufficient multiplicity so that there is a non-trivial finite group action on the
deformation parameter itself. This analysis also makes it clear that the vast majority of ex-
amples with non-trivial gauge-flavor symmetry mixing on the tensor branch will necessarily
involve A-type symmetry algebras, simply because the corresponding Lie groups exhibit a
far broader class of possible center subgroups (e.g., SU(N) has center Zy), when compared
with their non-A-type counterparts.

it can also be carried out straightforwardly for theories constructed from frozen singularities [10}/12].

4In gravitational theories where there are no global symmetries, the same methods give constraints on
the global form of gauge symmetries [84,/85], which for supergravity models in high dimensions are found to
agree with patterns in string compactifications [86+89].

5We note that the possibility of mixing with the center of the R-symmetry resolves some puzzles in various
claimed global forms of the flavor symmetry for certain 4d A’ = 2 SCFTs which have appeared in earlier
work (e.g., compare [90] with [91]), a point we comment on in more detail later on.



Once the center-flavor symmetry of a 6d SCFT is known, one can utilize it to generate
a large class of lower-dimensional theories via compactification. To illustrate, we primarily
focus on the case of compactification on a 72 in the presence of topologically non-trivial
background bundle configurations. The corresponding 't Hooft magnetic fluxes are charac-
terized by holonomies which commute in Ggayor = éﬂavor /C, but which would not commute
in Gayor (see [94,95]). These have been referred to as Stiefel-Whitney twisted theories
in [61]. This provides a systematic way to generate a large class of 4d N/ = 2 SCFTs. In
particular, up to a small number of outliers, we show that after including further Higgs
branch and mass deformations, this generates the full list of known rank two 4d N = 2
SCFTs given in [96]. The list of theories we generate in this way also has some overlap with
other top-down constructions such as those based on D3-brane probes of N' = 2 S-folds (i.e.,
non-perturbative generalizations of an orientifold plane in the presence of a stack of flavor
seven-branes) [97-101]. While there is indeed some overlap in 4d with suggestive evidence
via string duality, we also find that there are some cases of Stiefel-Whitney twisted com-
pactifications which resist a simple interpretation in terms of S-folds, an issue we leave for
future investigations.

The rest of this paper is organized as follows. We begin by giving a brief review of the
tensor branch of a 6d SCFT, with a particular emphasis on topological terms. In Section
3l we study the global structure of the flavor symmetry group of 6d (1,0) SCFTs using
the tensor branch description. In particular, we extract the overall center-flavor symmetry,
including Abelian factors, as well as non-trivial mixing with R-symmetry factors, illustrating
with a number of examples. Section[d]serves as an intermezzo between the 6d and 4d analysis;
we extract the center-flavor symmetry for a large class of, so-called, orbi-instanton theories
which we then use in the next section. In Section [5| we turn to the resulting 4d N = 2
SCFTs generated by Stiefel-Whitney twisted compactifications of such 6d SCFTs. This
provides us with a large class of new theories, and we also comment on the similarities and
differences with 4d N' = 2 S-fold constructions. In Section [6] we briefly explore the DE-
type generalizations of the A-type 6d and 4d SCFTs that were studied in Sections [] and [5]
We present our conclusions and areas of future investigation in Section [7} In Appendix [A]
we determine the continuous symmetry group for the N/ = (2,0) theories and the E-string
theories. In Appendix [B] we show how to generate nearly all known rank two 4d N = 2
SCFTs via twisted Stiefel-Whitney compactifications, and we provide a comparison with
previously obtained results in the literature in Appendix|[C] Appendix [D|studies the nilpotent
deformations in Stiefel-Whitney twisted theories inherited from the nilpotent deformations
of their 6d parent theory. Finally, in Appendix [E] we explore the global form of the flavor
symmetry group for nilpotent deformations of conformal matter theories.



2 Tensor Branch of 6d SCFTs

In this section, we present a brief review of the tensor branch of a 6d SCFT, with a particular
emphasis on the topological interaction terms. Recently, much progress has been made
in constructing 6d SCFTs by recasting the construction of such theories in terms of non-
compact elliptically-fibered Calabi—Yau threefolds X — B. In this description, one starts
with a collection of curves in the base B, and with it a corresponding elliptic fibration. We
can reach a conformal fixed point if the collection of curves can simultaneously contract to
zero size. This results in a canonical singularity in the elliptic threefold (possibly partially
frozen), and is the most systematic known method for realizing such theories [5,6].

The configuration of curves prior to collapse gives a geometric realization of the so-called
“tensor branch” of the 6d SCF'T. In this regime, we have a collection of tensor multiplets, the
bosonic content of each one consisting of a real scalar and an anti-chiral two-form potential.
This anti-chiral two-form couples to effective strings, with tension controlled by the vacuum
expectation value (vev) of the scalar. We can potentially have 7-branes wrapped over each
curve, and this results in non-Abelian gauge symmetries on the tensor branch. Collisions
of 7-branes result in matter, which can include weakly coupled hypermultiplets, as well as
(if we do not go to the full tensor branch) strongly coupled generalizations known as 6d
conformal matter [7,8].

Letting AY denote the intersection pairing matrix for curves in the base, a concise way to
denote the tensor branch configuration is in terms of a quiver-like graph, where each node,
denoted as 795,-, encodes the ith gauge algebra g;, whose associated tensor has self-pairing
A% = —n;. In what follows, we shall allow for the possibility that the gauge algebra is
trivial, i.e., g; = (), in which case no decoration is necessary. On the tensor branch, the
condition of 6d gauge anomaly cancellation is, up to a small number of corner cases, enough
to characterize the matter content of the tensor branch theory, including the spectrum of
hypermultiplets [J

Now, the F-theory model directly specifies the gauge symmetry, as associated with 7-
branes wrapped on compact curves of the base B, and this splits up into a collection of
simple non-Abelian gauge symmetries:

Hgauge = @gl (21)

Each factor here is a simple Lie algebra. Moreover, there are no gauged Abelian u(1) factors,
as follows directly from the structure of the local F-theory models [5]. Turning next to
the flavor symmetries of the 6d SCFT, the tensor branch description typically provides
a good first approximation of the flavor symmetries of the 6d SCFT. For example, the
hypermultiplets of the effective field theory often rotate under a global symmetry, and this

SThere are a small number of cases, such as sug with n; = 1 where the hypermultiplet spectrum is not
uniquely fixed by the gauge algebra and self-pairing.



persists at the conformal fixed point. In some cases, certain candidate flavor symmetries only
become apparent once we approach the fixed point. A classic example of this phenomena
is the E-string theory, namely the theory of an Mb5-brane probing an Eg nine-brane. From
the perspective of [7,§], the E-string, as well as other sub-configurations of matter fields can
be viewed as the tensor branch of a generalized type of matter where the flavor symmetry
is manifest, namely “conformal matter”. All of this is to say that there is by now a general
algorithm to read off the candidate non-Abelian flavor symmetry through a combination of
the top-down F-theory geometry, and additional strong coupling enhancements (see, e.g.,
[6-8,63] for some examples of such analyses). There is also a general algorithm for reading
off candidate u(1) symmetries which are free from mixed gauge symmetry/u(1) anomalies,
so-called ABJ anomalies [65,102]. Putting all of this together, the flavor symmetry algebra

is of the general form:
Jfavor = @ga S @u(l)f, (22)
a f

where each factor g, refers to a simple non-Abelian Lie algebra, and we have also included
possible continuous Abelian symmetry factors. As a general point of notation, we shall
distinguish the non-Abelian gauge and flavor symmetry algebras by the respective indices @
and a, while Abelian flavor symmetry algebras are indexed by f. Indeed, in the corresponding
topological Green—Schwarz—Sagnotti-West terms, we will have couplings to both sorts of
gauge bundle curvatures. Here, we have allowed for the possibility of various enhancements,
as captured by working with conformal matter. Finally, there is also the R-symmetry of the
6d SCF'T, and this is also present on the tensor branch since it is unbroken. This provides
an additional su(2)g global symmetry algebra. Putting all of this together, the continuous
global symmetry of the system is:

Ygauge-global = Ygauge @ Ffavor P 5u(2)R7 (23)

where we have left implicit the spacetime symmetries. We again stress that in many cases,
we can deduce the corresponding symmetry algebra from earlier work, so the main task
reduces to determining the symmetry group, rather than just the algebra.

To accomplish this, we will need to know more about the topological sector of the theory.
Much as in [84], we mainly claim that it suffices to study the topological terms of the tensor
branch theory. Some of such terms are necessary for the theory to be free of gauge symmetry
anomalies in the first place, while other terms inform us of global symmetry anomalies. All of
these are captured by couplings between the anti-chiral two-forms and the Chern character of
the non-Abelian gauge field strengths, as required to satisfy 6d anomaly cancellation via the
Green—Schwarz—Sagnotti—West mechanism [103],104]. Including background field strengths
from global symmetries, we get a set of topological couplings:

27r/ ;NI (2.4)
Me



where ©; refer to the anti-chiral two-forms of the ith tensor multiplet (denoted as ¢;), and
the I are a collection of four-forms:
, y , o ac1(Fp) AN a(FY)
i __ D N ia i f,f f
I'= ZAJCQ(FJ) d'B CQ(FQ)+;C 5 .
j a : -

Here, the F} refers to the gauge field strengths, the F, are the field strengths for the non-
Abelian flavor symmetry factors, and the F; are the field strengths for Abelian symmetry
factors, all of which we have expressed in terms of the corresponding Chern characters.[]
On the second line, we have also included the contribution from the R-symmetry, co(R),
as well as the first Pontryagin class of the spacetime tangent bundle. Turning next to the
coefficients appearing in 1%, the matrix A¥ is, in our conventions, negative definite, and
encodes the Dirac pairing for the effective strings, while the B are coefficients determined
by the cancellation of all gauge-flavor anomalies, i.e., terms proportional to Tr(F?)Tr(F?) in
the full anomaly polynomial [16H18,[105]

1(A—l)ijﬁp‘ . (2.6)

]8 = ]l—loop + IGS = ]l—loop - 9

As an additional comment, the only u(1) symmetry factors we can include are those which
are free from ABJ-anomalies, which are encoded in the coefficients of Tr(F?)F-terms of
the anomaly polynomial. Such terms must vanish at 1-loop for any quantum mechanically
unbroken flavor u(1). For 6d SCFTs on their tensor branch, one can determine all such
flavor u(1)s from a bottom-up approach [65] (see also [102]). We note that, as opposed to
non-Abelian flavor symmetries, these u(1)s are sometimes geometrically delocalized.

The main tool at our disposal for determining the global form of Ggauge-globar Will be to
track the global bundle structure of background field configurations using large symmetry
transformations. Via the Green—Schwarz—Sagnotti-West mechanism, we know that this will
also involve a non-trivial transformation from the anti-chiral two-forms ©?, and the combined
effect must be such that the full set of topological contributions remains invariant. We now
proceed to the determination of this global structure.

3 Topology of Global Symmetry Group for 6d SCFTs

In this section, we determine the global structure of the symmetry groups for 6d N = (1,0)
SCFTs, based on their tensor branch characterization as a weakly-coupled gauge theory. In
what follows, we assume that the symmetry algebra ggauge-glonal has already been specified.

"In our conventions, iTrF2 =cy(F) and ¢1(F) = /—1F.



There is a corresponding “naive” answer for the zero-form symmetry:

Ggauge—global = Ggauge X éﬂavor X SU(2>R7 (31)

namely, for each non-Abelian Lie algebra, we take the corresponding simply connected Lie
group, and all Abelian factors simply lift to U(1). As before, we leave the spacetime sym-
metries implicit. The answer is naive, in the sense that this analysis does not distinguish
between symmetries acting on genuine local operators, and those which are only defined as
the endpoints of line operators (see [81,83,106,107]). Indeed, on general grounds, we expect
that the actual zero-form symmetry group is quotiented by a subgroup of the common center
for these factors. We shall refer to this as the gauge-global center symmetry, writing it as:

Ggauge-global = Ggauge—global/c . (32)

This leaves us with a residual center which is present in the actual tensor branch theory.
With this in hand, we also have a candidate global symmetry for the 6d SCFT, as given by
projection onto just the global symmetries of this quotient. Note that the group quotient
specified by C has a canonical restriction to just the global symmetries. In the obvious
notation, we then have:

Gglobal = Gglobal/cglobal . (33)

Our aim will be to extract Ggoba by determining the corresponding center symmetry
group C. The analysis of this proceeds in several stages. First of all, we must require
that all matter fields, including weakly coupled hypermultiplets as well as generalizations
such as E-strings and conformal matter are all neutral under C. Additionally, precisely
because the group of gauge transformations in the 6d tensor branch theory also requires an
accompanying transformation of the chiral two-forms of the associated tensor multiplets, we
must also require that the corresponding effective strings are neutral under C (see, e.g., [84]).
In practical terms, what this amounts to is analyzing the topological sector of the tensor
branch theory, and the response of the effective action under large field transformations.
This leads to a non-trivial correlation between candidate 0-form symmetry bundles, which
will in turn allow us to read off Ggiobal-

In the rest of this section, we spell out the steps for extracting Ggiobar directly from
the tensor branch. First, we begin by tracking the mixed gauge-flavor center symmetry
for non-Abelian symmetry factors. We then show how to incorporate continuous Abelian
symmetry factors, and then turn to possible mixing with the R-symmetry factors. The
specific case of the R-symmetry group is particularly subtle, since it can evade detection
via other means such as superconformal index computations. In each step, we present some
illustrative examples, which we revisit to exhibit the full global symmetry structure.



3.1 Anomalies for Center—Flavor Symmetry

We begin by considering the core example, based on mixing between the center of the gauge
groups and non-Abelian symmetry factors. For now, we therefore suppress the contribu-
tions from Abelian symmetry factors as well as the R-symmetry. For a non-Abelian flavor
symmetry that rotates matter charged under a gauge symmetry, a non-trivial global flavor
symmetry structure generally requires a center-twisted gauge bundle that compensates the
twisted flavor bundle. There is a potential obstruction to turning on such gauge and fla-
vor bundles, which can be quantified from the tensor branch data [84] and the topological
couplings in equation .

Turning on a center-twisted bundle for a simple algebra g (flavor or gauge), with simply-
connected group G and center Z(G) now leads to a fractionalization of co(F) [60l{77,108,109):

ITr(F?) = o(F) = —oqw(F) Uw(F) mod Z. (3.4)
Here, w(F) € H2(Mq, Z(G)) is the Z(G)-valued characteristic class (the generalized Stiefel-
Whitney class, also called the Brauer class in the mathematical literature) measuring the
obstruction to lift a G/Z(G)-bundle to a G bundle, and wUw = w? is a 4-cocycle with integer
periodsﬁ The fractionalization is due to the factors oy, whose fractional values depend g

(with non-trivial center Z(G)):

gzsun(Zn): ogg:”Z—;Ll, g:gpn(Z2); ag:%7
g=r¢s(Zs): ag =3, g=c¢7(Zs): ag =2, (3.5)
g = 50442 (Zy) : Qg = % , g = 509,11 (Zs) : g = % .

In the case g = so4,, and G = Spin(4n) with center Zgl) X Zg), there are two contributions,
¢ = — (2w +w®)? + P yw?®) mod Z, (3.6)

originating from the center background w® of Z®. In general, each Z,, factor of the full
center [[, Z(G;) x [, Z(Ga) = 11, Ze, is accompanied by a background field w,. Again, the
7 index refers to the gauge groups and the a index refers to the non-Abelian flavor groups.

Because of the topological couplings in equation (2.4)), a general background @ = (wy, ..., w, ...)

8To be precise, c2(F) = agP(w) mod Z, where P is the Pontryagin square operation. If w € H*(M, Z,),
then for n odd, P(w) = wUw € H*(M,Zy,); for n even, P(w) € H*(M, Zs,) reduces to w U w modulo n.

10



for the center [, ngﬂ will lead to a fractional 4-cocycle coupling to the tensor O,

Z AY ¢y (Fy) + Z Bcy(F,) =: ZAigCQ(Fg)

J g

(3.7)
P
gg#s0(4n) gg=s0(4ng)

. , 1
= — Z A g w? Z A" (%(wgl) +wlP)? + Ewgl) U wé2)> mod Z,

where the index ¢ runs over both gauge and flavor factors, and A% is the combined matrix
of the tensor pairings A% and non-Abelian flavor coefficients B*. Because of this fraction-
alization, the action transforms anomalously under a large gauge transformation of the ith

two-form tensor ©; [84], which poses an obstruction to turning on the corresponding twisted
bundles.

However, for subgroups Z C [],Z,, for which the w, are related to each other, it
may be possible that different fractional contributions cancel, so that equation is an
integer class. Concretely, for a cyclic Z,, subgroup with generator (ky), kg), ..) € 11, Zy,,
the corresponding center background is parametrized by @) = (k:gr)w(r), k:g)w(r), .+), for a
single independent 2-cocycle w(™). If the fractionalizations vanish for a linear combination
W =3 " = (3 kw3 kDw®, ) with generic backgrounds w(™ for a subgroup
Z =11, Zy,, the global structure of the symmetry group is:m

. él X éa
Ggauge-global = Hl ZHa . (38)

Note that the candidate subgroups Z of interest are in general severely limited by requir-
ing that the hypermultiplet spectrum of the tensor branch theory must transform trivially
under it. Any subgroup Z of the full center which rotates these states by a non-trivial phase
¢ € U(1) is explicitly broken, i.e., one cannot twist the bundles by Z, regardless of the
anomaly above.

For a simple group G with Z(G) = Z,, a center element = (mod nZ) € Z,, acts on an
irreducible representation R by the phase ¢*(R) := (¢(R))*, with the phase ¢(R) for the
generator 1 € Z, computed as follows:E

e for G = SU(n), and R having a Young-tableaux with m boxes, then p(R) = 627”'%;
e for G = Sp(n), (R = fund) = —1 and ¢(R = anti-sym) = 1;

e for G = Spin(2n+ 1), ¢(R = vector) = 1 and ¢(R = spinor) = —1;

9Indexing by s the individual cyclic factors distinguishes the two Z factors for a factor of ég = Spin(4kg).

10A short comment on notation: we reserve C for the full quotienting subgroup, with Z the quotient on
just the non-Abelian symmetry factors.

UIn general, any irrep R of G defines an element p(R) € Hom(Z(G),U(1)) = Z(G) = Z(G) of the
Pontryagin-dual. The phase ¢”(R) € U(1) is then just the image of 2 under ¢(R).
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e for G = Spin(4n +2), ¢(R = vector) = —1 and ¢(R = spinor) = i;

(R
o for G = Eg, o(R = fund) = e3 ;
o for G = F;, p(R = fund) =

For G = Spin(4n) with Z(G) = Z(21) X Zg), the phases associated with the generator
(1,0) are oM(R = vector) = @M (R = spinor) = —1, (R = co-spinor) = 1, and
those associated with (0,1) € Z(G) are @ (R = vector) = ¢ (R = co-spinor) = —1,
¢ (R = spinor) = 1. For a general element (1, z5) € Z(G), the phase is then @72 (R) =
(D (R))™ (¢ (R))™.

For the center of a semi-simple group [] p Gy 2 © = (x,), one can analogously compute the
phase from acting on a representation R = @, R, = (R1, Ry, ...) as ¢"(R) =[], g’ (R).
Hence, for Z C Z([], G,) =[], Z(Gy) to leave all hypermultiplets invariant, ¢*(R) =1 for
all x € Z and all representations R that appear. If, in addition, the obstruction in equation
vanishes, we propose that it is consistent to turn on the corresponding center twist
(see also [80]). This includes in particular the examples studied in [61], and also agrees with
expectations from explicit geometric constructions, where one can show that excitations of
BPS-strings are invariant under Z [80,[841|110].

3.1.1 Examples

We now turn to examples illustrating how we extract the non-Abelian flavor symmetries.
Let us also note that recently in [83], geometric methods were developed to directly extract
the global symmetry group for 5d conformal matter, i.e., the circle reduction of 6d conformal
matter. Our bottom up analysis agrees with the results found there.

Example 1: Consider the SCFT with tensor branch description:

L sug\}) 51153) 5u5\7,n D ﬁus\;n) R
)2 2 o 2 2 s, (3.9)

which consists of m gauge factors 5u%) and has two ﬁu%) (a = L, R) flavor factors at each

end of the quiver. The hypermultiplet spectrum consists of bifundamentals between each
adjacent factor of SU(N)z x [], SU(N)® x SU(N)g:

RY = (N,N,1,1,...), R®=(1,NN1,...), ---. (3.10)

With the tensor pairing matrix AY being the negative SU(m+1) Cartan matrix, the anoma-
lies proportional to Tr(F?)Tr(F?) are cancelled by a Green—Schwarz term with Bf = §%!1
and B = §™%. So the relevant part of the GS-coupling in equation ([2.4)) is

@i A (—CQ(Fi_]_) + 2CQ(E) — CQ(FH_l)) s (311)
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where F := Fp and F,,,.1 := Fj.
It is easy to see that the hypermultiplet spectrum is invariant under the diagonal center
Zy with generator

(L,L,.) €2y x [ 2V x 237 = Z2(SUN) x [ SUN)D x SU(N)R). (3.12)

Since for this generator, all —co(F;) = ]\; ~ W w? fractionalize equally, they cancel out for each
tensor multiplet ¢;. Therefore, the non-Abelian symmetry group is [SU(N)z x [, SU(N)®

SU(N)r|/Zy, and the non-Abelian flavor symmetry of the SCFT is [SU(N) [ x SU(N)R}/ZN,
which agrees with known results [36}83]. As an additional comment, we note that this case
also has an overall u(1) flavor symmetry [36,65], so we will revisit it when we discuss Abelian

symmetry factors.

Example 2: For N > 5, there is an SCFT with tensor branch description:

SunN

L [sunys], (3.13)
[# A"=1]

with a bifundamental hypermultiplet R(") = (N, N + 8) under sty @ suy,s, and one anti-
symmetric R? = (w, 1) = (A% 1) that is uncharged under the suy s flavor. The
Green—Schwarz four-form for the single tensor © of self-pairing —1 contains

1D CQ(FN) — CQ(FN+8) , (314)

which ensures the absence of any Tr(Fy)Tr(Fy, ) anomaly.

Some basic arithmetic reveals that there can be at most a non-trivial Zs C Zy X Zn1s =
Z(SU(N) x SU(N + 8)) that acts trivially on the hypermultiplets, and that this can only
occur when N is even. So, for N odd, there is no center-flavor symmetry. Restricting to N
even, the Z, subgroup is generated by the element (N N +8) € Zn X Zn+s. For this candidate

subgroup, the center-flavor anomaly indeed vanishes:

2
e2(Fn) — co(Frnys) = (— Jf L+ (Nzg) 2%116 Jw® mod Z. (3.15)
—7{2N

Therefore, the faithfully acting non-Abelian symmetry group for N even is [SU(N)x SU(N+
8)]/Zs, and the non-Abelian flavor symmetry of the SCFT is SU(N + 8)/Zo.

Example 3: Consider next the SCFT with tensor branch description

[5u§, ] 3179 [50(7R)] , (3.16)
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which has

3 -1 0
—AT=-1 1 -1], (3.17)
0o -1 2
and hypermultiplets in the representations
RY=(3,27,1,1), R®=1(1,1,2,8), (3.18)

under the symmetry factors sus @ eg @ su, @ so;. In the above, the “%” denotes a half-
hypermultiplet, with matter in the spinor representation of spin. ~ so;. Note also that this
theory contains an undecorated —1 curve, so it provides an example where a subalgebra of
the E-string theory flavor symmetry has been gauged.

Let us now turn to the global structure of the symmetry group. The naive answer is
égauge_global = SU(3) x Eg x SU(2) x Spin(7). Observe that the matter fields are invariant
under a Zs x Zs subgroup of the full center, where the Zs is the diagonal of Z(SU(3) x Eg) =
Zs3 x Zg, and the Zs the diagonal of Z(SU(2) x Spin(7)) = Zs x Zs. Consider next the
Green—Schwarz coupling to the tensor O, of the unpaired middle node. This is an E-string
not touching the flavor factors at the ends of the quiver, we find:

O2 A (—a(Fy) — c2(Fuy)) = O2 A (3w, + Sw3,) mod Z, (3.19)

which would induce an anomaly for the large gauge transformations of ©,.

As explained in [84,/110], the inconsistency of turning on such a twisted background,
despite the absence of non-invariant hypermultiplets, can be also attributed to the excitations
of the E-string, which transform in FEjy representations. By decomposing the adjoint under
¢g D eg D suU3 D eg D SUo,

248 — (78,1) @ (1,8) @ (27,3) & (27, 3)

(3.20)
— (78,1) @ (1,3) ® (1,2)*? @ ((27,2) © (27,1) +c.c) @ (1,1),

we indeed find states (the fundamentals under Eg and SU(2), respectively), which break the
Z3 and Z, twists, respectively. Therefore, the non-Abelian flavor group is SU(3) x Spin(7).
However, as we will see below, the two discrete twists can be compensated if we take into
the account the existence of U(1) flavor factors.

3.2 Anomalies for Center Symmetries of Abelian Factors

In the previous subsection we primarily focused on the non-Abelian symmetry factors. In
some cases, there can also be continuous Abelian symmetry factors, which in many cases
are delocalized. The procedure for extracting the global form of the center-flavor symmetry
is to start with the “naive” gauge-global symmetry égauge_ﬁa\,or, and to then determine large
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symmetry transformations compatible with the presence of these U(1) symmetry factors.
The common center C C (N}'gauge_ﬂavor then specifies the quotient Ggauge-flavor = égauge_ﬁavor /C.
Note that we will also need to determine the overall normalization of u(1) charges, a point
we turn to shortly.

The analysis of the global form again relies on the same sort of topological terms ©; A I

encountered in our analysis of non-Abelian flavor symmetries. In the present case with
Abelian symmetries, we recall that this includes:

i ZAijCQ(.F}) B Z Biey(F,) + Z it c1(Fr) A c1(FJ’c) ' (3.21)

, 2
J a I f

If we now activate a discrete twist Z; = Z,, of a U(1); bundle, then ¢,(Fy) = iFy acquires
a fractional part, thus affecting the large gauge transformations of the ©;s. From this, we
see that the symmetry group takes the general form

[T, G¥* x [, Gi=1/Z x T, U(1);

0.z : (3.22)

where as before, the Gs refer to simply connected non-Abelian factors. In particular, notice
that the quotient by Z, which we obtained in the previous subsection, just involves the
condition of neutrality under a restricted set of center-symmetry transformations associated
with the non-Abelian symmetry factors. There can, of course, be more general symmetry
transformations which involve the Abelian factors, and this is accounted for by the Zys.

Indeed, for each ©;, the fractionalizations of cy(F;), ca(Fy), and ¢1(Fy) from the twists Z
and Z; must cancel. Note in particular that the quotienting procedure worked out for the
non-Abelian symmetry factor is not contaminated by the appearance of the U(1) factors.
Said differently, the quotienting group Z may end up only being a subgroup of the full C
used to reach Ggauge-global = Ggauge-global /C.

To figure out the global quotient by Z;, we need to know the overall normalization of
the matter fields under the Abelian symmetries. This is rather subtle, because for a U(1)
factor, rescaling the charges is always a possibility. Importantly, such rescaling effects do
not end up affecting the global form of the quotienting procedure. To demonstrate this, we
now turn to an analysis of charge normalization for Abelian factors, and then illustrate how
this works for hypermultiplets and E-string theories.

3.2.1 Abelian Charge Normalization

To determine the overall charge normalization for Abelian symmetry factors, as well as
the contribution from fractional Chern classes, it is instructive to consider bundles with
structure group U(N) = [SU(N) x U(1)¢]/Zy. One can express a U(N) bundle in terms of
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an SU(N)/Zy and a U(1); bundle, with curvatures F' and F correlated via:
a(Ff) = vw mod Z, (3.23)

where w is the (generalized) Stiefel-Whitney class of the SU(N)/Zy bundle. In the language
of generalized symmetries, one can think of the two 1-form center symmetries of SU(N)
and U(1); being correlated through a single 2-cocycle w. Namely, the background gauge
field b of the 1-form symmetry of U (1) (which is itself U(1)-valued), which imposes
s, (er(Fy) = bg)) € Z for any 2-cycle ¥, is tied to the value of the Zy 1-form symmetry
gauge field of SU(N), which in turn fixes the Stiefel-Whitney class to w. We can verify
explicitly that the fractional parts of the SU(N)/Zy bundle, ¢»(F) = =4~ w? mod Z, and
of the U(1); bundle, N¢i(Fy)? = vw? mod Z, cancel in ¢5(U(N)) = cg(F) + wcl(Ff)Q,
which is indeed an integer characteristic class.

Importantly, the relation in equation holds only in a normalization of the u(1)
generator § where the charges span Z, i.e., the fundamental representation of (V) has charge
1 in this normalization, and representations that are singlets under su(N) C u(N) have
charges 0 mod N. In this case, the trivially acting Zy center is generated by (—1, e?mia/N ) €
Zy xU(1)=Z(SU(N) x U(1)).

More generally, once we fix the U(1) s charges of all representations R, of a group [[], ég X
U(1)s]/Zy (with R a representation of [], ég) to span Z, there is no ambiguity to specify
the generator of Z; as

WiAu—f
(ks o, e ™) € T 2(Gy) x U Q) (3.24)

where parameters must satisfy o(R)Ft#+2-) exp(27riq?—ff) = 1 for any representation R, of

11, ég x U(1)¢]/Zs. Then, the corresponding twist of the symmetry bundle is in terms of a
2-cocycle w:

o (Fy) = l—;w mod Z, w(F,) = kgw, (3.25)

with the understanding that when ég = Spin(4m,), we have k, = (kél), k‘g)), and w(Fy) =

(wél), wg(f)). Note that it is ¢1(Fy)ei(Fy) that enters the four-forms I*, whose fractional part,

c(Fr)e(Fp) = Ulf;lf'wa/+ %wUX + ?f w' Uy modZ, (3.26)
IAS M f I

may depend on the integral parts, x and x’, of ¢;(Fy) and ¢;(Fy ), respectively.

Now, since we are dealing with Abelian symmetry factors, we can in principle consider
rescaling the charges of the states so that we only span a rescaled subgroup of Z, e.g., Z —
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M. Doing so has no effect on the structure of the topological Green—Schwarz CouplingsE
Indeed, on general grounds, the fractionality of C%//'c;(F})ei(Fy) does not depend on the
normalization.ﬁ A convenient normalization convention for ¢; (FY) is to first normalize U(1)
such that the corresponding charges span Z (and rescale C%/f" accordingly). We can then
determine the generator in equation of the candidate subgroup Z; that acts trivially
on all states, from which the characteristic classes in equation follow.

Hypermultiplets To illustrate how this works, consider the case of weakly coupled hy-
permultiplets charged under some U(1)s. Indeed, on the full tensor branch, the only source
of Tr(F?)FF 4-terms in the 1-loop anomaly polynomial are the hypermultiplets in represen-
tation R under [, GZ"#° x [, G™°r and with U(1)-charge vector ¢
Liyper(Rg) D itqu(Jﬂ) > Z hﬁR) Te(F7)apay FrFy
LI (3.27)

==Y h(R)grqp eo(F) er(Fy) e (Fyr)
f?f/7i

where the decomposition of the curvature F of the full symmetry bundle into those of the
non-Abelian (gauge) part (F;) and those of the U(1)s (Fy = —icy(Fy)) introduces the index
of the representation hl(R)E Much as in our analysis of non-Abelian gauge and flavor
anomalies, requiring the Green—Schwarz contribution Igs = —3(A™1);;I'[7 to cancel the
above terms of the 1-loop anomaly polynomial uniquely fixes the coefficients C%//" in the

Green—Schwarz four-forms in equation ((3.21)):

Ci;f’f, = Z th(R)qqu/ . (328)
Rg

For F-theory models (in particular, those with compact internal geometries describing 6d
supergravity), where U(1) corresponds to a rational section oy (more precisely, the Shioda-
map of a rational section) of the elliptic fibration, the coefficient C*/f* is the geometric
intersection number of the compact curve C; carrying the gauge algebra g; with the so-called
height pairing divisor m(o s, o4) [113[114]. In some cases, this structure persists even in local
models [65]102].

12Tn F-theory models there is often a “geometrically preferred” normalization where SU(N)-fundamentals
have charge 3 mod Z [111].

BFrom the formulae for C%/+/" we will discuss shortly, it can be seen explicitly that the effect ¢ (F ) —
%cl (Ff) under a charge rescaling gy — Agy is absorbed by cuht’,

“For R = (RW,R®),...) an irrep of a semi-simple group I, Gy, hi(R) =11, dim(R9)) hg, (RM). In
our normalization of the trace, hgy, (N) = % For values of other representations R, see [112], where these
are denoted hgr.
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E-String Contributions In most cases, the U(1) symmetry only acts on weakly coupled
hypermultiplets. The states from an E-string sector can also be charged under a U(1) factor
embedded in the Fg flavor symmetry factor. We can also extract the charge normalization
in this case, and thus track its contribution to the global structure of the symmetry.

Concretely, consider a maximal embedding ¢s D D4-_,hs & D, u(1), with simple al-
gebras hg, of which the first d > 1 factors hg<( are gaugedﬂ i.e., paired with tensors ©,,
(e € {~1,...,—d}) having A* = 1. This leaves the commutant, @,.,bs © P, u(1),, as
the flavor symmetry, which receives no 1-loop anomalies from hypermultiplets (hence, in
particular, no ABJ anomaly for the u(1) [65])[] Nevertheless, besides those of other fla-
vor factors with labels (a, f, f’) in equation (3.21]), there is an E-string contribution to the
Green—Schwarz four-form involving the flavor backgrounds F>o and F,, with [17,/18/[30],

BY = §¥ty, O = Lty (3.29)

associated to the decomposition of the trace

ZTr (F2)+ Y €sTr(F}) +er,FF,_ > UsTe(FF) +er/FF

e=—d 8>0 B>—d
(3.30)

The coeflicients {5 are the Dynkin indices of 4 associated to the embedding € s>_abp®
EB7 u(1)., C eg, with those of the gauged subalgebras, hs<(, necessarily being 1m To compute
these coefficients, we can consider the decomposition of any representation,

R — @(R(_jt)i,'“ ,R(gj)," ) 09 e g (3.31)

J

interpreted as a decomposition of a vector bundle

V=PvY, with vV=@Q&) U ®W (3.32)

B>—d

where Uﬁ(j) is an hg-bundle in the representation RY and W§j) a u(1l),-bundle in the
charge qgj ) representation. Using the decompositions of the Chern character, ch(A ® B) =
ch(A) ch(B) and ch(A & B) = ch(A) + ch(B), we have (here [-]; extracts the degree-2 com-

ponent of the total Chern character)

Tr (ng) - h(R)trR<F2) - [Ch( = h(R) Z Ch ]) (333)

15 At most two simple factors can be gauged, thus d < 2 [6].

16For simplicity, we will only consider rank 1 E-strings. However, the generalization to rank @ is straight-
forward with the results from [17}18].

1"For the significance of Dynkin index one embeddings in F-theory, see [115].
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with

[ch(VD)]y = " [eh(U)] + (TTork(US)) (Z[ch(WU )i [ch(W)]y +Z [ch(W9)] )

B <’

(4)
:_ZMIZB)T( F2) + (T1; dim(R§ (qu VF,E, +Z (%) )

B <
(3.34)

We have thus derived the coefficients in equation (3.30) as

: ()
Z 115 dim(Rj") () ()

"R a’aq (3.35)

h(R) ’ Tyy = —

Note that the values of {4 relevant to gaugings of hz — es can be found in [30]. This result
does not depend on the chosen representation R, as long as the decomposition is done with
a fixed normalization for each u(1),.

Candidate subgroups of Z([], Hy x [I,U(1),) that can be used to twist the symmetry
bundles must leave the representations resulting from decomposing the 248 of Eg invariant,
as associated with the decomposition of the adjoint-valued moment map operator of the
E-string theory. For this candidate subgroup, we can then verify whether the twist induces
any anomaly for the large gauge transformation of the E-string tensor multiplet.

3.2.2 Examples

Having presented a general prescription for incorporating the contribution from continuous
Abelian symmetries, we now turn to some explicit examples, focusing on the same class of
examples already treated in the case of the non-Abelian flavor symmetries. For illustrative
purposes, we only consider the background field of the center-flavor symmetry involving the
U(1) flavor symmetry. In all cases, it is straightforwardly verified that the fractionalizations
also cancel when we turn on the previously studied center twists involving only the non-
Abelian flavor factors.

Example 1: The example in equation (3.9)) of a chain of m suy gauge nodes provides a
simple example with a U(1) flavor symmetry:

5ug\}> 51153) 5115:,” 1) Sug\;ﬂ)
P2 2 0 2 2 sl (3.36)
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There is an overall U(1) which is free from ABJ anomalies [65]. The m + 1 bifundamental
hypermultiplets:

R =(N,N,1,1,...);, R®=1,NN,1,...);, ... (3.37)

have equal charge ¢, which we normalize to 1. There are 1-loop contributions to the
Tr(F?)F ?—terms that come from the anomaly polynomial of the hypermultiplets:

1 N
Inyper(R1) D ZN Trn(FP)F} = _502(F1)01(Ff)2,

N Fi) (R en(F).

, 1
FrperRY) > (N Ten(F2,) + N Trg(F2) F = ——

1 N
nyper(RTH) D o Trn(E) Ff = —502(Fm)01(Ff)2:

m—+1 m
= Ihypers Z Ihyper R ™) D -N (Z c2 ) )2 . (338)

=1 =1

Including the Abelian flavor backgrounds in the Green—Schwarz four-form,
I' D) (—AY)ey(Fy) — B ey(Fp) — B ey(Fg) + $C e (Fy)?, (3.39)

with B4 = §%1 and B*® = §*™ one can cancel the above cy(F;)ci(Fy)? terms in the full
anomaly polynomial Iy O Inypers — 3(A™1);; 117, by fixing the coefficients C*// to be (see
equation (3.28))

Ol = 2N . (3.40)
Then, the Green—Schwarz mechanism couples each tensor ©; to
I' D —cy(Fioy) + 262(Fy) — ea(Fipn) + Ny (Fy)?, (3.41)

again with the convention Fy := Fp and F},;; = Fg being the su%/ B) Havor backgrounds.

Before, we have seen that, with trivial ¢;(F), one finds that a Zy twist is possible,
leading to the non-Abelian group structure [SU(N)E) x [], SU(N)® x SU(N)®]/Zy. To
extend the analysis to the Abelian flavor factor, we first note that the hypermultiplet charges
in equation are already properly normalized, in that the charges of all matter states
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span Zy. The spectrum is invariant under the Zy center-flavor symmetry generated by

(1,2, om+ 2e %) € Z(SUN)E x T SUN)D x SUN)® x U(1)). (3.42)

This means that the first Chern-class of the U(1)s/Zy-bundle and the Stiefel-Whitney class
of the SU(N)/Zy bundles are correlated via a single 2-cocycle w as

a(Ff)=xw modZ, w(F)=(G+1lw (i=0,..,m+1),
= o(F)=—(i+1)* 25 * mod Z, (3.43)
c1(Fy)? = Hw?+ 2wUyx mod Z,

with x an integer 2-cocycle. Plugging these into equation (3.41]), one straightforwardly
verifies that the non-integer parts for the tensor couplings vanish:

203(F;) — ¢o(Fim1) — ca(Fir) + Neo(Fy)? = (2 =260+ 1) + (1 + 2)°) 2 + & )w® mod Z.

(&

TV
=1

(3.44)

Hence, the structure group admits also a Zy = Zy quotient

[SUN)L x [[SUN)® x SU(N)g x U(1)4]/Z; . (3.45)

This matches the intuition from M-theory constructions [36], from which one expects the
flavor symmetry group of this SCEFT to be S[U(N)y x U(N)g]/Zy: the Zy in this quotient
is the center-flavor symmetry involving just the SU(N) C U(N) parts, while the quotient
Z; is encoded in S[U(N) x U(N)] = [SU(N) x SU(N) x U(1)|/Zn.

Example 2: The theory with tensor branch description as in equation (|3.13]):

SUun

12 [5uN+8] , (346)
[# N\ =1]

also has a flavor U(1)y free of ABJ anomalies [65], under which the hypermultiplets have the
following charges:

(NNN+8): ¢g=N-4, (A>1): g=—(N+8). (3.47)

By equation (3.28]), the Green—Schwarz mechanism couples, to the single tensor ©, the four-
form

1D CQ(FN) — CQ(FN+8) + %Ci;f’fcl (Ff)z s (348)
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with
1O = N(N —1)(N +38). (3.49)

The conditions for an element (k, ko, ey‘j) € Zn X Zn+s x U(1)s to act trivially on R are

N N+8 1 )
3.50
R = (A1) N =0 modZ (3.50)

For odd N, it turns out that there is no such combined transformation leaving the hyper-
multiplets invariant.

For even N, there is always a trivially acting combination, but the general solution is
cumbersome, so we will focus on an example with N = 6. In this case, the solution is
(k1, ko, 1) = (3,9,14), so the putative quotient is a Zy4 ~ Zy X Z7. Notice that the charges of
the hypermultiplets have a greatest common divisor of two, so, in order to be in the proper
U(1) normalization, we have to divide the charges by two, which means that the value of
the coefficient C*// is divided by four, C%/-/ = 105. In addition, in this normalization the
twist inside the U(1); is by €*™/7. Hence, the fractionalization of the Chern classes for this
discrete twist is

o(Fy)=-9%x Zw? modZ, c¢(Fynis)=—81x 2w’ modZ, (3.51)
a(Ff)=1w modZ = %C’i;f’f/cl(Ff)Q = 105(%1{}2 +2wUx) mod Z, '

for an integer cocycle y. Almost miraculously, the fractional parts cancel out in I, thus
verifying that the full symmetry group is:

SU(6) x SU(14) x U(1
Ggauge-ﬁavor = ( ) Zli ) ( ) (352)

The superconformal flavor symmetry group is then

SU(14) x U(1)
Ly '

Gavor = (3.53)

Example 3: Finally, let us return to the example in equation ((3.16)) with tensor branch
configuration
[4 s5uU
[5u§,L)] 31 2 [5ugR)] : (3.54)
[u(1)y]

where we now include the Abelian flavor factor. The u(1); is the commutant of es X sty
inside eg, under which the representations resulting from the branching in equation ((3.20)) of
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the Fg-adjoint have charges

248 — (78,1)0 & (1,3)0 @ (1,2)5 @ (1,2)_3 @ ((27,2)1 @ (27,1)_y + c.c) & (1,1)p.
(3.55)

These are uncharged under the non-Abelian flavor factors at the end of the quiver. In turn,
the hypermultiplets

RO = (3,27,1,1),, R = 1(1,1,2,8), (3.56)

are uncharged under U(1);. From this we find that the Zs x Zy = Zg C Z(SU(3) x
Eg x SU(2) x Spin(7)) considered previously, which leaves the hypermultiplets invariant but
not the E-string states, can be compensated by a U(1); twist, such that both sectors are
invariant. This combined Zg has generator

2mig

(2,2,1,1;e70 ) € Z3 x Z3 x U(1) = Z(SU(3) L, x Eg x SU(2) x Spin(T)r x U(1);),

(3.57)
with fractionalizations
co(Fp) = —%wz, co(Fyy) = —§w2, ca(Fo,) = —}LwQ, co(Fr) = —%wQ, (3.59)
a(Fp)=tw = o(F)’=sw’+iwUyx modZ. '

From the above decomposition involving the U(1) charges and equation (3.35]), we further
find that

Te(F2) — Te(F2) + Te(F2,)) — 12FF, (3.59)

5U9

where the ¢ and su, are gauged on the left and right, respectively, of the E-string. With
the formulae from [30] applied to the hypermultiplets above, this gives the flavor anomaly

coefficients
B =65"" BT =4, O =66, (3.60)
Together with the matrix
3 -1 0
—AV=-1 1 -1], (3.61)
0o -1 2
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we can now verify that the above Zg twist does not induce any anomaly for the large gauge
transformations of the tensors:

O : n1j1§4) D 3cy(Fy) — 6¢a(Fr) = (=8 +8)w* mod Z,
O2: LY D —a(Fy) = o F) +3e1(Fyf = (S 45+ 5w modZ, g0
—
Oj : n3j];4) D 20)(Fay) — 2(Fr) = (— 3+ 3)w® mod Z.
From this, we conclude that the tensor branch gauge theory has symmetry group:
o = VO BE SV SO0 g

where the group action is specified by equation (3.57)). This also provides a prediction for
the SCF'T flavor symmetry:

SU(3) x Spin(7) x U(1)

7 (3.64)

Gﬂavor =

3.3 Center Twists and R-Symmetry

In addition to the flavor symmetries, all 6d N = (1,0) SCFTs have an su(2)p symmetry.
This, of course, is an additional global symmetry which can in principle also mix with the
center of the gauge group and flavor symmetry. It is also worth noting that this R-symmetry
is not directly manifest in the target space geometry of the corresponding F-theory models,
but is realized geometrically in various M-theory constructions of 6d SCFTs.

Now, before getting to the case of center / R-symmetry mixing in 6d SCFTs, it is already
instructive to note that even in the context of 4d theories, entertaining this possibility resolves
some apparent puzzles, which as far as we are aware have not been previously addressed
in the literaturem For example, in the context of 4d N = 2 SCFTs, the Eg Minahan—
Nemeschansky was argued to have a non-Abelian Eg/Z3 global symmetry [91], which is also
in accord with some superconformal index computations [116]. On the other hand, a direct
analysis of BPS states would appear to detect states in the 27 of Eg [90]. The natural
resolution of this puzzle is that the center of the Eg flavor symmetry mixes with the U(1)g
symmetry of an A" = 2 SCFT, namely we have the global structure [Eg x U(1)g]/Z3]™ This
also agrees with expectations based on the D3-brane probe of an Eg 7 —brane.@

18We thank J. Distler for helpful correspondence.

19Tn this example we make no statement about the global structure involving the SU(2)r R-symmetry.

20For the rank one theory it is possible to construct BPS states on the Coulomb branch as junctions
between an Ejg stack of 7-branes and a D3-brane. In this scenario the states carry charge under the gauge
group of the D3-brane so the symmetry group is (Eg x U(1)p3)/Z3. However since a U(1)g transformation
in this construction is simply a rotation in the space transverse to the 7-branes it can be identified with
the U(1) center of mass of the D3-brane; it is possible to identify U(1)g ~ U(1)ps with U(1)r being the
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However, this cannot be the full story, since the theory contains, for example, the su-
percharges which are not charged under any flavor symmetries, but do transform under a
discrete R-symmetry twist. This twist can be naturally cancelled if we include the remaining
parts of the superconformal symmetry group [117,118]. We will postpone a detailed analysis
of this interplay in the above 4d example, and turn our attention to 6d SCFT's for now.

For these, the supercharges are in the fundamental representation of su(2) g, but otherwise
uncharged under any flavor symmetry. A natural way to cancel the effects of the Z, =
Z(SU(2)g) twist would be to activate a Zy = Z(Spin(1,5)) twist in the Lorentz group
which acts on spinors such as the supercharges. Therefore, whenever we contemplate turning
on an R-symmetry twist, the minimal requirement for the theory to be invariant is if it is
accompanied by a Zs twist of the Lorentz symmetry.

Now, we observe that our tensor branch analysis naturally incorporate both twists,
since the topological Green—Schwarz couplings capture the contribution from non-trivial R-
symmetry bundles, as well as the tangent bundle which is associated to Lorentz symmetry.
Indeed, the Green—Schwarz four-form,

I'D>y'e(R)— (24 A ipi(T), (3.65)

contains the second Chern-class co(R) of the R-symmetry bundle and the first Pontryagin
class p1(T') of the tangent bundle. The coefficient y* = h/ is fixed to be the dual Coxeter
number of the ith gauge algebra g; by requiring the cancellation of all mixed gauge-R-
symmetry anomalies; if g; = () (which requires A% = —1 or —2), the coefficient is set
to be y* = 1. For the R-symmetry bundle, the fractionalization is just as for any other
SU(2)/Zsy gauge or flavor bundle, c3(R) = —2w% mod Z. To quantify the fractionalization

4
of the tangent bundle, we will work under the assumption that a Wick rotation to Euclidean
signature does not affect the results. Then, pi(T) = —3tryec(R?), where the trace over the

curvature R is in the vector, or anti-symmetric representation, of Spin(6) = SU(4). For
SU(4), this is the same as the l-instanton normalized trace, so we conclude that p;(T) =
—302(SU(4)). In Euclidean signature, the corresponding Z, twist (which leaves the vector
representation invariant) is generated by 2 € Zy = Z(SU(4)), for which the fractionalization
is

(1) = —2c2(SU4)) = 1 x 2 x 3w}, mod Z = 3w}, mod Z. (3.66)

1
2
Then, a twist by a center-flavor symmetry can occur if the fractionalization of the gauge,
flavor, R-symmetry, and tangent bundles cancel out in I* for every i.

We present some examples of R-symmetry / spacetime symmetry mixing for the tensor
branch of the N' = (2,0) and E-string SCFTs in Appendix [A] These cases are a bit special
in that the tensor branch has no gauge group factors. For the sake of illustrating this general

symmetry that survives at the conformal point.
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phenomenon, we now turn to some examples with center-flavor symmetry mixing, and no
additional U(1) factors. In this case, the gauge-global O-form symmetry is of the general
form:

Gronge X Gaver X [SU(2) 5 % Spin(1,5
Ggauge—global = e i [C ( )R b ( )], (367)

where C is a suitably defined quotienting subgroup. The global symmetry group that acts
on spacetime scalars is then

Ghavor X SU(2
Gglobal = < C ( >R- (3.68)

As a first example, consider the SCFT with tensor branch description

SUn

2 [sugn]. (3.69)
In this case, the p;(T)-term drops out of the Green—Schwarz coupling:
O A (2¢2(Fgauge) — c2(Fhiavor) + N c2(R)) (3.70)

which fractionalizes, for general center-twisted backgrounds, as

O N (—%Fw! + i wi — Jwy)  mod Z. (3.71)

2
9
The well-known flavor symmetry group SU(2N)/Zy results from a combined twist of the
gauge and flavor factor, with trivial R-symmetry twist:

wr = —2w, = 2wy, wr=0, (3.72)

which leads to an overall integer shift in the GS-coupling.

In order to turn on a Zy twist of the R-symmetry (which, as discussed above, is always
accompanied by a Lorentz group twist), we must first make sure that the hypermultiplets
are invariant. Since these transform in the fundamental of su(2)g, such a twist acts with a
phase (—1), which must be cancelled by a suitable gauge or flavor symmetry twist. In the
present example, we can turn on the Zy C Zon = Z(SU(2N)) simultaneously to achieve
this. More precisely, we claim that the theory is invariant under the central subgroup with
generators

ZN oa= (1,—2,0)

Zo: b=(0.N.1) } € Zy X Loy X Lo = Z(SU(N) x SU(2N) x SU(2)r).  (3.73)

At the level of background fields, these twists correspond to the following correlations,

w, =wy, Wg=wz w;=—2wyn+ Nws, (3.74)
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where wy and wy are the background fields associated to the Zy and the Zy generator,
respectively, in equation (3.73)). This indeed shifts the Green—Schwarz four-form by an
integer class,

Nl 2Ly N2 = — (2N — Dwy Uwg + Y5 Pwk =0 mod Z.  (3.75)

To write down the global symmetry group structure, note that for odd N, we have
Ly X Loy X Uy = Ly X Ly X Ly X Lo, and a generates the diagonal of the two Zy factors,
while b generates the diagonal Z,. For even N = 2n, on the other hand, we can consider the
Zs generator na+b = (n,0,1) € Zy X Zan X Zs, which maps trivially onto the Zsyy factor of
the flavor symmetry. Therefore, the global symmetry group compatible with the large gauge
transformations of the tensor is

SU(2N)/Zy x SU(2)r
Z ’
SU(N)  SU(2)x
Zx Zy

N odd,

(;gobalzz (3.76)

N even.

Let us compare this with results known from the Higgs branch chiral ring. Elements of this
ring carry representations of the global symmetry of the SCFT, so a center-flavor symmetry
must leave all combinations of flavor and R-symmetry representations that can be found in
the chiral ring invariant. For the SCF'T with tensor branch description as in equation (|3.69)),
it turns out that the chiral ring generator with non-trivial center charges has representation
(AN N + 1) under SU(2N) x SU(2)x [119]. As the N-index anti-symmetric representation,
AN, of SU(2N) picks up a phase (—1) under the generator of Zyy = Z(SU(2N)), this state is
clearly invariant under the Zy subgroup in equation . Therefore, the flavor symmetry
group SU(2N)/Zy is also what the Higgs branch data sees. Moreover, (AY, N + 1) trans-
forms with phase (—1)" under N € Zyy and with phase (—1)" under 1 € Z, = Z(SU(2)R).
So it is also invariant under the second generator in equation . Hence, the global
structure in equation (3.76|) is also predicted from the Higgs branch chiral ring.

To illustrate the importance of the fractionalization of the tangent bundle, we consider
the minimal (Dy, Dy) conformal matter theory, whose tensor branch gauge theory is

SPr—4q

1 [s04], (3.77)

containing a half-hypermultiplet h in the bifundamental representation R = %(2k — 8,4k),
with 4k the vector of so4,. The hypermultiplet h also transforms as the fundamental of
su(2)g. The Higgs branch chiral ring is generated by a moment map p transforming in
the (adj,3) of the so4 @ su(2)g, thus uncharged under the center, and a generator p*
transforming in the (ST, k — 1) representation, where S* is one of the s04;, spinor represen-
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tations [92,93],@ which we pick to be of positive chirality for deﬁniteneSSE Therefore, the
action of an element

(ag,(ay,a_),aR) € Zo X (L3 x Zy) X Ly = Z(Sp(k — 4)) x Z(Spin(4k)) x Z(SU(2)g),
(3.78)

on the representations of h and u™ give phases
/_1,+ : (_1)a++kaR’ h . (_1)ag+a++a_+aR’ (379)

which must be trivial for any element (a,, (a+,a_),ar) of the quotienting subgroup C. For
even k, this requires a; = 0 mod 2, and a,+a_+ar = 0 mod 2. This leaves two independent
generators,

(ag, (a4,a-),ar) = (1,(0,1),0) and (1,(0,0),1) (k even), (3.80)

which correspond to the diagonal Zy of Z(Sp(k —4)) x Zy and Z(Sp(k —4)) x Z(SU(2)r),
respectively. For odd &, we instead have a; +ar = 0 mod 2, and a, + a_ = 0 mod 2, which
has independent solutions corresponding to the generators

(ag, (ay,a_),ar) = (1,(0,1),0) and (0,(1,0),1) (k odd), (3.81)

of the diagonal Z, factors of Z(Sp(4—k))xZy and Z$ x Z(SU(2)r), respectively. Considering
the gauge invariant representations that can appear in the SCFT, the Higgs branch therefore
predicts the global symmetry group

o Spin(4k)/Z; x (SU(2)r/Zs) if k even,
Gglobal = (382)
[Spin(4k)/Z; x SU2)Rl/Zs i k odd.

This agrees with the analysis from the Green—Schwarz coupling,
ONL=OA <c2(F5 ) = ea(Fao) + 1Y, ca(R) = 1py (T)) , (3.83)
which, with h;/pk_4 = k — 3, fractionalizes as

]45—

INES

wy + §(wy +w_)? + jws Uw- — FPuh — Jwi mod Z, (3.84)

where w,, (w;, w_), and wg are the generic background fields for Z(Sp(k—4)), Z(Spin(4k)),

21 Aspects of the Higgs branch of minimal (Dy, D) conformal matter have recently been explored from
the perspective of the conformal bootstrap [120].

22Tn this case, the choice of chirality of the spinor generator is irrelevant, however, it can be relevant when
minimal (D, D) conformal matter is used as a building block for other 6d SCFTs [15].
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and Z(SU(2)g), respectively, and we have already imposed the correlation between the R-
symmetry and Lorentz group twist. Restricting to the twists in equations (3.80]) and (3.81])
predicted by the Higgs branch, we find

keven: wy=w_+ wg, wy =0 :>I4E—§(w%.+w,UwR)EO mod 7Z,

k+

(3.85)
kodd: wy=w_, wy =wrp =L = wpgUw_=0 modZ.

4 Intermezzo: Orbi-Instanton Theories

Throughout Section 3] we have demonstrated that, given the quiver description of the generic
point of the tensor branch of a 6d (1,0) SCFT, one can determine the global structure of
the flavor symmetry group. Since we also wish to generate 4d theories via Stiefel-Whitney
twisted compactifications on a 72, we now turn to a rich class of examples where we can
systematically study possible center-flavor symmetry mixing.

The theories we now consider are Higgs branch deformations of the “orbi-instanton the-
ories”, as obtained from as obtained in M-theory terms from Mb-branes probing an ADE
singularity wrapped by an Eg nine-brane [7]. Via a process of fission and fusion, these turn
out to be the progenitors for all 6d SCFTs [13] realized in a geometric phase of F-theory. As
shown in [6], a large class of Higgs branch deformations are captured by a nilpotent orbit of
g, 0, and a homomorphism p : I'y = Es. We denote the resulting theories as

Qun(p, o). (4.1)

It is natural to ask: does the pair (p, o) capture the presence or absence of center-flavor
symmetry in a straightforward manner? We assume that N is sufficiently large that the
Higgsing by p and ¢ are uncorrelated on the tensor branch, and in this section we will focus
on the case g = sug. Furthermore, we will assume that ¢ is the maximal nilpotent orbit
given by the trivial embedding sus — g. As we see, the condition on p for Qg v (p, o) to have
a non-trivial center flavor symmetry in these cases is straightforward.

We consider the rank N (es, sug) orbi-instanton 6d SCFT, which has the tensor branch

configuration
SU25U3 SU SUK SUK

122222 2 - 2 . (4.2)
——
N1
This theory can be obtained in M-theory as the worldvolume theory of a stack of N M5-

branes probing a C?/Z orbifold singularity and on top of an M9-plane [7]. The non-Abelian
part of the flavor symmetry of this theory is generically

es D sug . (43)

A Higgsing of the eg flavor is specified by a choice of homomorphism p : I's, = Zx — Es.
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Such homomorphisms, as explained by Kac [121], are captured by a weighted partition of
the Dynkin labels of the affine g Dynkin diagram into K:

(al,6127a3,a4,a5,a6,a4/,a2',a3/)7 (4-4)

such that
a; + 2(as + ay) + 3(ag + ag) + 4(ay + ay) + Has + 6ag = K . (4.5)

We find that Higgsing the eg by a homomorphism, represented by a tuple as in equation
(4.4) whose non-zero entries are {a,; }, leads to a 6d SCFT with center-flavor symmetry

Ly = Ligea({iy) - (4.6)

As evident from equation (4.5)), this Z, is always a subgroup of Z(SU(K)), consistent with
the fact that the Higgsed theory has an suy flavor algebra. For each Eg-homomorphism
specified by equations and , there exists an algorithm that determines the tensor
branch configuration [33]. These tensor branch descriptions, for each of the putative Z,-
preserving Eg-homomorphisms, are written in Table ;ﬁ in each case one can then use the
study of the large gauge transformation anomalies to verify that there is indeed a Z, center-
flavor symmetry. As the tensor branch configurations are rather involved, we explicate the
analysis in one example.

The simplest example is the Higgsing induced by a Zg, — FEs homomorphism specified
by ag = p, and all other labels being zero. The resulting tensor branch gauge theory has the
quiver description

SUg SU12 Suep—6 Slep SUep SU6p
[sus@suy) 1 2 2 -+ 2 [536] 2 - 2 [sug. (4.7)
N-1

Between each su gauge and flavor factor on or next to 2-nodes, there is a bifundamental

hypermultiplet,
R(l) = (671_>0 ) R(2) - (127E>0 ) ) R(p—l) = (6p - 67@)0 ) (4 8)
R(p) = (61:),6),1), R(p+1) = <6p7%)1 T R(erN) = (6p7@>1 : .

In addition, there is a U (1) flavor symmetry without ABJ-anomalies [65], which only charges
the hypermultiplets between the sug, factors (“the plateau”) with the charges indicated in

23In fact, when t # 0, the tensor branch description on the first line of Table [1| corresponds to two 6d
SCFTs, depending on the choice of f-angle for the sp, gauge algebra on the (—1)-curve. These theories
have the same central charges and flavor symmetries, but differ in the spectrum of local operators at large
conformal dimension. See |15}|33] for more details; we suppress this subtlety in this paper.
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the subscripts. The tensor pairing is the (N + p) x (N 4 p) matrix

and the anomaly coefficients of the flavor factors are

2,5U3 __ i,5uy 6,1 i,5u __ Si,p+1 i,5uUgp __ St,IN+p
Bl = pievs — gl pieus — givtl - plsie — NP

0, 1< p,
., (4.10)
C I =q6pp+1), i=p+1,
12p, i>ptl.

Without taking into consideration the U(1);, one can easily verify that there is a Zs x Zy x
Zs = Ze'V x Zs? center-flavor symmetry that leaves all hypermultiplets invariant. These
have generators

(1) 1 1 586 5u012 5116(1))76 5u06p 5u06p 5u06p 0
2 foweawn] 1 E T 9 2 0 e,
SuUg —
0 N—-1
0 0 51116 5u212 suzg,iﬁ 5u%p 5,f6p ﬁl{gp ) (411)
Ze? . [sus sl 2 2 --- 2 [53] 2 - 2 [silg,)
6] TN
1 N-1

k
where we have indicated the embedding k, € Z(G,) by the overset g, (or underset for the
[sug] flavor factor) on each node of the quiver. However, the presence of the E-string breaks
these individual Zg factors to the diagonal Zg, with the fractional part of Chern classes given

by
— 1 -1

co(su) = —dw?,  cy(sup) = —1 D (1=1,...,p).  (4.12)

U)2 , (g (5u61) = B

24By an abuse of notation, we will write c2(g) for ca(Fy).
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It is straightforward to verify that these cancel for each tensor:

O : — ca(su3) — ca(sup) — ea(su6) = (2 4+ 1+ Z)w’ =0 mod Z,
O (1<i<p): — Ca(SUg(i—1)) + 2c2(SU6;) — Co(SU6(i41))
_ (ifl)(6i77)72i(612'271)+(i+1)(6i+5) w? = %wz =0 modZ,
Opi1 — Ca(SUg(p—1)) + 2¢2(sUgp) — CaSUgp) — C2(SUg)
— (p—l)(6p—7)—2p(162p—1)+P(6P—1)—5 w? = 12%‘” w?*=0 modZ,
©,+i(1<i<N): — co(sugp) + 2co(sUgy) — c2(sug,) =0 mod Z.
(4.13)

Therefore, the non-Abelian structure group is

[SU(3) x SU(2)] x [1,-, SU(6i) x SU(6p)™ x [SU(6)] x [SU(6p)]

4.14

- SRR
and the non-Abelian flavor symmetry of the SCFT is

SU(3) x SU(2) x SU(6) x SU(6p) (4.15)

ZLg

This Zg center-flavor symmetry will allow us to perform a Stiefel-Whitney twisted T? com-
pactification down to 4d, which we will turn to in the next section.

To complete the characterization of the full symmetry structure, we include possible U (1)
twists, in which case the hypermultiplets are invariant under a further center transformation
of order 6p, with generator

0 1 2 N-1
0 0 1 2 N—-1
0 0 536 511012 SUep—6 suép) 5u<6p) 5uép) suép ) szN) _ 27ig
Lep: [sus@su]1 2 2 ... 2 [531\2 2 --- 2 [sug,’] and e €U(l)f,
6 ~~
-1 N-1

(4.16)

where we have enumerated, for convenience, the sug, factors. The resulting non-trivial Chern
class fractionalizations are then

Co(sug) = —Sw?, 02(511((3’;)) = kK21 o (Fy)? = 361172102 + %pw Ux modZ.
(4.17)

For the tensors of the 5ué’;) factors with £ > 1, the cancellation of the fractionalizations is
analogous to that appearing in equation (3.44)) for the simple A-type quiver example. For
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k = 0, the cancellation is due to

— 02(5u6p_6) + 2¢o (sué(;,)) — 02(5u6) — Cg(ﬁué;)) + 3p(p + 1)61 (Ff)2

= (0—1—0—1-%4—6{’7;1—1—%)10250 mod Z.

(4.18)

Lastly, we also incorporate the R-symmetry. Again, the main constraint is to have
the bifundamental hypermultiplets being invariant, which all transform in the fundamental
representation of su(2)g. To cancel the phase (—1) which these states acquire upon a Zg =
Z(SU(2)g) twist, we turn on a corresponding Z, C Z(SU(6k)) in every second su-factor.
These two a priori different twists are related by adding the Zy subgroup of the Zg center-
flavor symmetry responsible for the non-Abelian flavor group structure in equation (4.14)),
so do not give rise to two new and independent center-flavor symmetries when we include
the R-symmetry, as expected. For concreteness, we take the generator that compensates the

Z(SU(2)R) twist to be

0 6 0 12 0 3p 0o 3p
0 0 SUg SUj12 SuUlg Slog SUep—6 SUep Slep Slep *
peven: [suzdsul 2 2 2 2 ... 2 [2] 2 2 .- [sug,,
sug] N——~—
0 N-1
(4.19)
0 6 0 12 3p—3 0 3p 0
0 0 SUg SU1g SU1g Sluogq SUgp—6 SUep SUep SUep *
podd: [suz®su]1 2 2 2 2 ... 2 [2] 2 2 .- [sug,,
sug] S———
3 N-1

where the * is either 3p if p+ N is even, or 0 if p+ N is odd. For this quiver, the tangent bundle
enters only in the first tensor multiplet ¢; associated to the E-string, whose corresponding
Green—Schwarz four-form contains co(R) and py(7):

@1 : —02(5113) — 02(5112) — 02(5116) + CQ(R) — ipl(T) = —%UJQ — %w2 =0 modZ. (420)

For the other tensors, the topological coupling to the R-symmetry bundle is through the
term hYcy(R), where hY(sug,) = 6k. Since these tensors all have A” = —2, the coupling to
p1(T) is trivial. Let us first examine those on a generic position on the ramp (i.e., a 2-node
with sug;<¢,). Here, we have

O14 (1 even) 1 — ca(sug(i—1)) + 2¢2(su6;) — ca(SUg(i41)) + 60 ca(R)
9i(6i—1) (4.21)
E(Qx%—l—%i)uﬂzo mod Z,
@14_2‘ (’L Odd) : — CQ(Euﬁ(i_l)) + 202 (51167;) — Co (Suﬁ(i+1)) + 67 CQ(R) ( )
4.22

_(_9(i=1)(6i=T)+9(+1)(6i+5) | 3:) .2 _
:(— 5 —|—§z>w =0 modZ,

where the fractional part of cs(sug;—1)) is automatically zero for i = 1. For the node that
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connects the ramp to the plateau (i.e., the first node with sug, gauge algebra), we have

Op11 (p even) :  — co(Sugp_p) + 2¢a(SUgy) — ca(sUg,) — c2(sug) + 6p ca(R)
=(9 9p(6p—1) 3 9 0 d7 (423)
= X 13 + Ep w- = mo s

Gp-i-l (p Odd) : — Co (5u6p_6) + 202(5u6p) — Co (5u6p) — Co (suG) + 6]9 CQ(R)
_ (_9(p—1)(6p—7)+51)]2)(6p—1)+9(6—1) n %p) Ww=0 modZ. (4.24)

For the other nodes on the ramp, there is either a Z, twist only in the corresponding gauge
factor, or only in the two adjacent gauge / flavor factors:

®p+i (p +1 Odd) : — 02(5u6p) + 202 (5u6p) — Co (Euﬁp) + 6]9 CQ(R) = (4 )
.25
Ip(6p—1 _
<2x%+%p)w2:0 mod Z,
Opri (p+ieven):  — cosug,) + 2c2(sug,) — c2(sug,) + 6pca(R) = (4.26)
4.26

9p(6p—1) 3 2 __
<—2><T+§p)w =0 modZ.
Again, we omit the straightforward, but somewhat tedious crosscheck that we can activate
simultaneously the Zg twist in the non-Abelian flavor factors, the Zg, twist involving the
U(1); flavor, and the Z; R-symmetry twist. From this analysis, we conclude that the 6d
SCFEFT with tensor branch description as in equation (4.7) has global symmetry group

SU(3) x SU(2) x SU(6) x SU(6p) x U(1); x SU(2)g
ZLe X Lep X Lo '

(4.27)

The analysis of the structure for the global symmetry for the other tensor branch descriptions
in Table (1] follows directly from the application of the methods described in this example.

5 4d N = 2 SW-folds

Having shown how to extract the global symmetry group of 6d SCFTs, we now turn to
a specific application in the context of constructing 4d N' = 2 SCFTs. To reach such a
theory from a 6d N' = (1,0) SCFT, one can consider compactification on a T2. Activating
background gauge bundle configurations with vanishing flux provides a general template
for realizing 4d N' = 2 SCFTs. In fact, one can also consider compactifications which are
sensitive to the global topology of the 6d global symmetries, namely by switching on an
't Hooft magnetic flux [122] in the 72 directions [61)P] In [61] this was referred to as a

250ne can in principle consider various generalizations, as obtained from compactifying on a more general
genus g Riemann surface with marked points, with non-trivial contributions from the R-symmetry bundle
also switched on. In this broader setting, one would expect to get 4d N' = 1 SCFTs, along the lines of [29/(123]
(see also, for example, [241[26}27,35-53L55],57,58] and references therein).
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Stiefel-Whitney (SW) twisted compactification. These are a specific class of configurations
involving background flat bundle configurations with non-trivial holonomies which commute
in Gglobal = G’global /C, but which would not have commuted as holonomies of bundles with
structure group G. Treated as a bundle with structure group G we would have a non-zero
flux valued in a subgroup of C, i.e., the holonomies commute up to a specific element of this
flux. We shall loosely speaking refer to such holonomies as being “charged under an element
of C” since this has a clear meaning when treating these backgrounds as G bundles. Owing
to their similarities with S-fold constructions, we often refer to these theories as “SW-folds”
in what follows.

We consider SW-folds obtained from the 6d theories considered in Section [4 namely
the theories of the form Qg n(p, 1), where p is an Eg-homomorphism that leads to a Z,
center-flavor symmetry. The tensor branch descriptions of such 6d (1,0) SCFTs were given
in Table [1 Compactification on a torus with a Z, Stiefel-Whitney twist then leads to the
4d SCF'Ts we consider herein; furthermore, many of the properties of the 4d theories can
be obtained from a knowledge of the 6d (1,0) parent theory. We emphasize that when we
say we turn on a Z, Stiefel-Whitney twist, we are turning on a non-commuting holonomy
charged under the element p of Z, such that ged(p,¢) = 1. All of these Stiefel-Whitney
twisted theories are listed in Table 21

As a general comment, while we could in principle extract the global symmetry group
of the resulting 4d theory, there can be additional structures which emerge from extended
objects which can now wrap on the T directions. For this reason, we primarily focus on just
the global symmetry algebra of the resulting 4d theories, leaving a more complete analysis
of their global structure group to future work.

The rest of this section is organized as follows. We first explain how to extract the
central charges and flavor symmetries for the resulting SW-fold theories. This is followed
by an extensive list of examples, as given in Table [2] As an independent cross-check, we
also directly study the Coulomb branch operator spectrum for these theories. In some cases,
there are alternative ways to generate some of these theories’| We discuss some examples
of this in the context of class S constructions, as well as 4d N/ = 2 S-folds [97H100], and
we comment on the overlap as well as differences from these other methods of generating 4d

N =2 SCFTs.

5.1 Central Charges and Flavor Symmetries

Having specified a construction for an infinite family of 4d N' = 2, we now turn to some of
their properties. As each of the SW-folds we study arises from the compactification of a 6d
SCFT that is very Higgsable, we can apply the methods from [61] to determine the central
charges and the flavor central charges.

26 A recent and detailed review of both the features of N' = 2 SCFTs, and of the various different con-
structions, is [124].
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SW-fold SCF'T Orbi-instanton Es-Homomorphism SW Twist

SQ(N) <p7 S, U, 2t + 17 Q) (687 5u2q+8t+6u+45+2p+4) (Oa b, 07 S, 07 u, 2t + 17 q, O)

Loy

E(N) (p7 S, U, 2t7 q) (287 5u2q+8t+6u+4s+2p) (ng, 07 S, Oa u, 2t7 q, O)

R:(}N)(p7573q + 2) <3875u9q+6s+3p+6) (0707p707075707073q+ 2)

S?EN)(]?; 87361 + 1) (2875u9q+65+3p+3) (0707pa07078707073q+ 1) Z3

E(N)(pjs’gq) (8875u9q+68+3p) (anap7070737070aBQ)

S (p,2q+1) (es.susgeapes)  (0.0,0.p.0.0,20+1,00)

4

E(N) (p7 2Q) (287 5u8q+4p) (07 07 07p7 07 07 QQ7 07 0)
7" (p) (e, 515, (0,0,0,0,p,0,0,0,0) Zs
73" () (¢, 5tey) (0,0,0,0,0,p,0,0,0) Zs

Table 2: The 4d N = 2 SW-folds that we consider in this paper. Each SCFT is obtained
by starting with the 6d rank N orbi-instanton SCFT of type (es, su ), where K is as in the
second column. Higgsing the eg flavor symmetry by the homomorphism Zj — FEg, given via
(a1, as, as, aq, as, ag, ayr, as, az) in the third column, yields each of the 6d SCFTs in Table
, which have a Z, center-flavor symmetry. Compactifying the resulting 6d SCFT on a 7
with a Z, Stiefel-Whitney twist, where £ is as in the fourth column, produces the 4d N' = 2
SW-fold SCFT which we denote by the naming that appears in the first column.

To determine the central charges of the SW-folds we carry out the following procedure.
First we compute the anomaly polynomial of the origin 6d SCFT, Is. Next, we compute
the 1-loop contribution on the full tensor branch from just the vector multiplets, tensor
multiplets and hypermultiplets, and refer to this as Igﬁelds

1-1 t 1-loop, t 1-loop,h
]—gelds = IS OO0p,vector + [8 OOp,tensor + ]’8 0oop, yper‘ (5‘1)

Both Iz and If€% is a formal eight-form polynomial in the characteristic classes of the
symmetries of the 6d SCFT. As required, the anomaly polynomial does not contain any terms
proportional to the characteristic classes of the gauge symmetries on the tensor branch, as
the 6d SCFT is non-anomalous, but the quantity 789 does contain such gauge-anomalous
terms. We write

18 — ]gelds = Apl( ) + BCQ —|— Z Capl TI‘ F2 s (52)

2TWe note that especially in the case of generalized quivers with conformal matter one sometimes refers to
this as a “1-loop” contribution as well. Here, we are referring to the full tensor branch, where the conformal
matter has also been decomposed into standard 6d A = (1,0) supermultiplets.
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where p;(7') is the first Pontryagin class of the spacetime tangent bundle, c2(R) is the SU(2)
R-symmetry bundle, and Tr F? is the curvature of the flavor symmetry bundles. The sum
is over the simple non-Abelian flavor symmetries of the SCF'T. In terms of these quantities,
A, B, and C’a@ we can write the central charges of the SW-fold SCFTs as

3 3 12
@ — Ggeneric — 32 <_ - _) A— —B,

20 4 12
12
C — Cgeneric = 32 <% - 1) A— TB, (53)
192
Ka — K’generic = %Caja 5

where ¢ is the order of the Stiefel-Whitney twist, and I, is the Dynkin index of the embedding
of the 4d flavor symmetry as a subalgebra of the 6d flavor symmetry. Here ageneric; Cgenerics
and Kge, . are the central charges and flavor central charges of the 4d theory at the generic

point of the Coulomb branch. We can rewrite the central charges in terms of the numbers
of vector and (full) hypermultiplets at the generic point of the Coulomb branch as

5 1 1 1
Ggeneric = ﬂnv + ﬂnHa Cgeneric = gnV + EnH . (54)
For all SW-folds the quantities A, B, C, and the generic central charges can be determined
from the 6d origin and the knowledge of the Z, center-flavor symmetry. Thus we can always

determine the central charges of the SW-fold SCFT.

In this section, we are interested in specific 6d SCFTs, those that appear in Table [I]
which all have tensor branch configurations of the form

g5Ueky SUokg Slg,.

12 2 ... 2, (5.5)

where the possible choices for g and the k; are specified via their 6d origin in Table [I, For
each ¢, we summarize the possible g, together with their below-mentioned numerical data,
in Table . First, we will discuss the contributions to Ig — I8¢ for such 6d SCFTs. The
result differs depending on whether g is trivial or not. Let us first consider the simplest case
where g # &. Then

1o
Iy = % = [§° = =S Ay I'D (5.6)

where the tensor indices ¢, j run over the nodes of the tensor branch configuration in equation

28 As we will not include holonomies of 6d Abelian flavor factors, their anomaly coefficients C%7+f " will not
appear in the following, and C, will exclusively denote the coefficients in the anomaly polynomial (5.2]).
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(5.5)) from left to right@ Recall from equation ([2.4)) that in the four-form I°,

i1 ij ia i i
I :Z(—AJTIFJ.Q—B TrF?—(2+ A )p1(T>>+yC2(R). (5.7)

the index 7 in the p;(T) term is not summed over. In this case, we have y* = hy., the dual

Coxeter number of the gauge algebra associated to the i¢th tensor. We see that the only
contributions to p;(T)? arise when i = j = 1, and thus
r+1

A== (5.8)

The co(R)p1(T) term is rather more involved to determine, but it can be found to be:

1 o
B = ZAU (2 + Au) y‘]
(5.9)

1 1 < ,
j=1

where we again need to be careful with the sum over ¢, and we emphasize that the tensor
pairing matrix A% and its inverse A;; are both symmetric. Finally, we consider the terms
proportional to py(T) Tr F2. We find

1 L
Ca - _]__GAU ((2 + A”)Bja)
r+1—k(a)
16 ’

(5.10)

where k(a) is the position of the node in the tensor branch quiver diagram that “intersects”
the flavor factor g,, i.e., B/* = 0 for j # k(a).ﬂ In all cases under consideration we have
B¥®a — 1. Thus, we have determined A, B, and C, for tensor branch configurations of the
form in equation ([5.5) when g # @.

Let us now consider the slightly more complicated configuration where g = &, in which
case the left-most node in equation becomes an E-string. For this configuration we
have

Iy — [gelds _ IgE—string . Igensor + 1587 (511)

where

1~ .. | ~ ~ ~ .
ISS = _EAijI’IJ . I'= Z( —AYTYF? — BTy F? — (2 + A”)pl(T)> +y'ca(R). (5.12)

29We emphasize that the tensor pairing matrix A%, whose diagonal entries are the negative of the values
attached to the nodes in equation (5.5), is negative-definite.

39This would not apply to baryonic sus; flavor symmetries, which we are not considering in this work. Such
flavor factors are only relevant for very specific SW-folds, which have already been worked out in [9§].
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Here, the matrix of coefficients A and B can be interpreted as the contributions from a

generalized quiver, where we allow conformal matter between nodes of the quiver. In this

case, the indices now run over 4,5 = 1,--- ,r. The coefficients y’ remain hsvuék,, except for y*
7

which is now 1 + hY

iz, We can see immediately that

1 7"_7“—|—1

32 32 32

Furthermore, the co(R)p;(T) coefficient is

1 1~ —
[, —A.. BAYYY)

L lk 1€ g )k
=7 1" +1) =~ > (r+1— )k

=2

= —1(r+1) — %éZ(erl — )k .

4

j=1

(5.13)

(5.14)

Finally, we need to discuss the flavor symmetry terms. The coefficient C,, of p;(T) Tr F? is

:T+1—k(a)

Ca :
16

(5.15)

where k(a) is the index of the quiver node that intersects the flavor symmetry indexed by a.

Further, we have again used that, in all cases of relevance of this work, B*¥®® = 1.

l d ’I”L[‘)/ n% do kfo
5 SPezo0 derl) q(q+4) q+1 ¢
SlUpgia>s ¢ +4¢+3 3(qg+2)(g+5) 2¢+4 q+2

sug 3 12 6 2

3 SU3 0 4 3 1
[0} 0 0 1 0

A SuUy 0 3 4 1
%] 0 0 1 0

5) 0 0 1 0
6 0 0 1 0

Table 3: The possible decorations on the (left-most) tensor with self-pairing 1 in equation

(5.5).

While it was necessary that we do the calculation slightly differently for the cases where
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fields
I, 8

g # @ and g = &, we see that the resulting coefficients appearing in Iy — relevant for

the central charges of the compactification can be written succinctly as

r+1
A=
32
1 d .
j=
_r+1—k(a)
Ca_T7

where dy is as written in Table ; it is 1 if g = @ and h otherwise.

Next, let us determine the numbers of vector and hypermultiplets at the generic point of
the 4d Coulomb branch. We recall here how the Stiefel-Whitney twist acts on the weakly
coupled 6d spectrum on the tensor branch. When doing a Z, Stiefel-Whitney twist, we need
to know the following 6d — 4d transformations:

suy, vector multiplet — suy vector multiplet |
Sugg, @ Sug, bifund. hypermultiplet — suy, @ suy, bifund. hypermultiplet | (5.17)

tensor multiplet — vector multiplet .

The subtleties arise from the possible “decorations” g on the node i in equation ([5.5)), which
we will often refer to as the 1-node of the quiver Y| How the SW-fold acts on such a tensor
with the possibilities for the gauge algebra g has been studied in [61]. Putting all this
together we see that the number of vector multiplets and hypermultiplets at the generic
point of the Coulomb branch is

ny=1+n) +> k7,

oA (5.18)
ng =ng + Y ki(2k — ko).

=1

Here, 1+ nY is the number of vector multiplets that are associated to g and survive the SW-
fold. Similarly, ky is the dimension of the fundamental representation of this gauge algebra
after SW-folding, and k; + n% is the total number of surviving hypermultiplets from the

g
I-node. These quantities follow directly from the action of the Stiefel-Whitney twist and
they are summarized in Table[3] Finally, we determine the contribution to the flavor central

31In geometric terms that describe F-theory constructions of 6d SCFTs, such a node is usually called a
(=1)-curve.
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charges at the generic point of the 4d Coulomb branch. We have
/{cgleneric = 2kk(a) s (519)

where, again, k(a) is the index of the tensor that intersects the ath flavor factor. This follows
from the existence of the bifundamental (full) hypermultiplet after the Stiefel-Whitney twist

g
described in equation |D In the case of flavor symmetries that intersect the 1-node,
the value of kg is written in Table 3} it comes from the surviving gauge algebra on that node
after the Stiefel-Whitney twist.

5.2 Examples

Putting everything together, we can see that the 4d N' = 2 SW-fold SCFT obtained via
the Stiefel-Whitney twist of 6d (1,0) tensor branch configuration as in equation has
central charges a, ¢, and k, given as in equation (5.3)). These quantities can thus be worked
out for each of the theories listed in Table [2, and we now do so. The central charges
a and ¢ become rather lengthy expressions, especially as one decreases the order of the
Stiefel-Whitney twist, ¢, which thus gives rise to to more parameters describing the discrete
homomorphism Z, — Eg. Therefore, we have attached a Mathematica notebook containing
these expressions to the arXiv submission of this paper for the ease of the reader.

5.2.1 Zg SW-folds: T.™(p)

We begin by studying the Zg SW-folds: %(N)(p). The 6d SCFT origin, with the flavor

symmetry included, is
p N—-1

—N——
Sug Suep SUep SUgp
[5U3] 1 2---2 2 -2 [5u6p] . (520)
[suz] [suc]

As we determined in Section [4] the non-Abelian flavor symmetry of the 6d SCFT is generi-
cally
Giiavor = [SU(3) x SU(2) x SU(6) x SU(6p)]/Zs , (5.21)

however in the special case where N = 1, the last two factors combine and one has

Cltaver = [SU(3) x SU(2) x SU(6(p + 1))]/Zs . (5.22)

g
32When considering the flavor algebras attached to the 1-node, the matter many not simply be a bifun-
damental hypermultiplet, but some other bi-representation. In these cases, the contribution from a generic
hypermultiplet on the 4d Coulomb branch must be worked out individually.
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In terms of the quiver written in equation (/5.5)), here we have g = @ and

ki:(172a"'7p7p7'”ap)' (523)
N-1

generic
a

to determine the central charges. After the Stiefel-Whitney twist the only surviving flavor

In this case, we shall write each of the quantities, A, B, Cy, ny, ng, and & necessary
symmetry is either su, arising from the sug, in the case of generic N, or su,;; coming from
the sug(y.1) factor when NV = 1; as there is only one simple non-Abelian flavor algebra we
shall drop the index a. Note, when p =1 and N > 1 there is no surviving flavor symmetry.
For the quantities determined from the 6d anomaly polynomial we find

N 1 1
A:p; . B=—1( 43N 3N+ N), C=. (5.24)

At the generic point of the 4d Coulomb branch we have

1 1 .
ny = 6(6 +p—3p* +6Np* +2p°), ny= gp@ +3Np+p°), wEMTC=2p.  (5.25)

Plugging these values into equation ((5.3)), we find that the central charges of the resulting
4d N =2 SCFTs are

1
“=1 (28p3 + 84Np® — Bp* + T2N°p — 21p + 10) : (5.26)
1
c= E<7p3 + 21Np? — p* + 18N?p — 5p + 2>, (5.27)
k=12p+2. (5.28)

We emphasize that, regardless of whether the residual flavor symmetry algebra is su, or
sup41, the flavor central charge is identical. As it is required often throughout this section,
we will explain the Dynkin indices for the special subalgebras that we consider. We have

Slly, — SUy D suy, (5.29)

such that
Lk — (L, k). (5.30)

The index of the embedding can be worked out from this decomposition of the fundamental
representationﬂ and we find that the su, factor has index k, and the suy factor has index /.

The theory 7E(N) (p = 1) has been previously studied in [100]. In that case, there is no

33Gee |115] for an explanation of the embedding indices applicable to the special subalgebras.
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remaining flavor symmetry and we can see from equation ({5.26]) that the central charges are
1
a:c:Z(GN—I—l)(]\H—l). (5.31)

The result for this special case matches that found in [100].@ In this particular case the
central charges are equal as the theory enjoys supersymmetry enhancement, either to V' = 4
supersymmetry when N = 1, or else to ' = 3 when N > 1. When p = 1 and N = 1 the
theory is N' = 4 super-Yang—Mills with gauge group G5; in this case there is an su, flavor
symmetry and we can see that the flavor central charge is Kk = 14 = dim G, as expected. In
the generic case where p > 1 there is no such supersymmetry enhancement.

5.2.2 Zs SW-folds: 7™ (p)

We now study the Zs SW-folds: E(N) (p). The tensor branch configuration describing the 6d
SCF'T origins of these 4d theories are

p N—-1

Sus SUsp SUsp SUsp

[sus]l1 2 --- 2 2 -+ 2 [sug,). (5.32)
[sus]
We have here written the flavor algebras that exist for generic values of p and N, however
there is a flavor symmetry enhancement when considering a single M5-brane, N = 1. The
full global structure of the non-Abelian part of the flavor symmetry group was determined
in Section M and we find

o {(SU(E)) x ZU(E)(p +1)))/Zs when N =1, (539
X

U(5) x SU(5p))/Zs when N >1.

To determine the central charges we must determine the k; when the tensor branch config-
uration is written in the form in equation ; observe that these k; are the same as those
appearing in equation in the 78(N) (p) case. Using the formula in equation leads
to the following central charges:

1

a=55 (140p°® + 420Np* — 25p* + 360N*p — 69p + 36N + 50) (5.34)
1

C=55 (35p° + 105N p* — 5p° + 90N?p — 13p + 12N + 10) . (5.35)

34To aid in comparison, we note that our %(N)(p = 1) theory is equivalent to the Téf’g”” theory of [100].
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Finally, we determine the non-Abelian flavor algebra that survives after the Stiefel-Whitney
twisted compactification. Denoting the central charges by subscripts, one finds

Ofavor = (St )1y whem N =1, (5.36)
(5up) 19p42 when N >1.

Similarly to the ¢ = 6 case, the theories that we have 7})(N) (p = 1) have been previously
studied in [100], where they were referred to as the ’7;5? Y theories. As we can see, the
Zs SW-folds that are written here constitute a broad generalization of the hitherto known

theories.

5.2.3 Z4, SW-folds: 4(N) (p, 2q) and SiN) (p,2g+1)

There are two classes of ¢ = 4 SW-folds: 7:1(N) (p,2q) and SiN)(p, 2¢ + 1). Recall that a
Higgs-branch deformation by the homomorphism Zyx — FEg preserves a Z, center-flavor
symmetry of the 6d SCFT only if the only non-zero entries in equation are a4 and
ay. The distinction between the 7 and S theories depends on whether ay is even or odd,
respectively. First, we consider the E(N) (p,2q) theories, which arise from 6d (1,0) SCFTs
with tensor branch configuration

q p N-1
—N— % ™~ %
sug SUgq SUsg+4 SUsq+4p SU8q+4p SUsq+4ap
1202 2 o 2 2 2 suggiay)- (5.37)
[5u4] [su4]

In this generalized quiver, we have written the flavor algebras for generic values of the
parameters p, ¢, and N. From the analysis in Section [3] we can see that the non-Abelian
part of the global symmetry group is

(SU(8q+8))/Z4 when p=0,¢q>1,N=1,
(SU(8) x SU(8q))/Z4 when p=0,¢q>1,N>1,
G — (Spin(10) x SU(4p +4))/Z4 when p>1,¢q=0,N=1, (5.38)
(Spin(10) x SU(4) x SU(4p))/Z4 when p>1,¢q=0,N>1,
(SU(4) x SU8q+4p+4))/Z,4 when p>1,¢q>1,N=1,
| (SU(4) x SU(4) x SU(8q +4p))/Zs  when p=>1,q=1,N>1.

We can see that if we write the models in equation (5.37) in the generic form for the tensor
branch configurations that we study, as in equation ({5.5)), then the k; are given by

ki: (\2747 72q17 QQ+172q+27 72q_’_p7\2q—i_p7 72q—i_p1> (539>

~~
q

~~
p N-1
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We observe that there is a steep ramp, of length ¢, where k; increases by 2 each step, followed
by a shallower length p ramp where the k; increases by 1, and finally a plateau of length
N — 1. Although it starts to become somewhat tedious, it is straightforward to work out the
central charges using equation . We find

1
a= 13 (64q3 +192pg® + 192N ¢* — 20¢° + 168p°q + 336 Npq — 20pq (5.40)

+ 144N?%q — 18q + 28p® + 84Np* — 5p* + 72N?p — 3p + 18N + 10) ,
1
c=13 (16q3 + 48pq® + 48N ¢® — 4¢* + 42p*q + 84Npq — 4pq (5.41)
+ 36N%q — 2¢ + Tp® + 21Np* — p* + 18N?*p +p + 6N + 2) .

To determine the flavor symmetry that survives the Stiefel-Whitney twisting procedure, it
is necessary to understand how, in the cases with ¢ = 0, the so0,( flavor algebra intersecting
the E-string is acted on by the Z, center-flavor symmetry. Writing

5010 — SUy D SuUy D Suy, (5.42)

we can see that the Z, is embedded via the generator (1,1,0) inside of the combined Z, x
Zs X Zsg center [100]. As such, the only surviving subalgebra from the so01¢ factor is an sus,
with embedding index 1. The Stiefel-Whitney twisting of the remaining flavor symmetry
factors can be determined as for the £ = 5,6 cases. The flavor central charges (denoted in
subscript) can also be computed using the formula in equation ; the result is

;

Slog+2)4q+12 p=0,¢g>21,N=1
SU)ag+12N8 D (SUag)agt12 p=0,g>1,N>1
SUz)3(p11) D (SUpi1)2pt12 p>1lqg=0,N=1
SU2)3(p+- ) D (SUp)2pr12 p=1lg=0,N>1
SUgipi1)dgt2p+12 p>1l¢g>1,N=1
SUogtp)dg+2p+12 p>lg>1,N>1.

(5.43)

gﬂavor -

(
(
)
(
(
L (

Again, similarly to the £ = 5 and ¢ = 6 SW-folds, the theories 7;(N) (p = 1,2q = 0) have been
studied afore in [100], where they are called the 7;5211) theories.

There is another class of ¢ = 4 SW-folds, which are obtained by starting with the
6d A-type orbi-instanton SCFT Higgsed by a 7Z, center-flavor symmetry preserving Fg-
homomorphism where the embedding into a}, as in equation , is odd. The SW-fold
SCFTs obtained from the Z, Stiefel-Whitney twist of these 6d SCFTs are referred to as
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SlfN) (p,2q + 1). The tensor branch configurations of these 6d SCFTs have the form

q p N-1

A\

75 N N Y
Slig SU12 SUgq+4 SU8q+8 SU8q+4p+4 SUBq+4p+4 SU8g+4p+4

[SUsg4p+a] (5.44)

[su4] [su4]

where, as usual, the flavor symmetry can enhance when the parameters p, ¢, and N ob-
tain their limiting values. The flavor groups, including how the Z, quotient acts, can be
determined from the algorithm described in Section [3] Computing the central charges is a
straightforward application of equation :

1
“= 3 <64q3 + 192pg® 4+ 192N ¢* + 764 + 168p*q + 336 Npq
+ 172pq + 144N2%q + 192N ¢ + 10q + 28p> + 84Np? (5.45)

+ 79p? + T2N?%p 4+ 168 Np + 35p + T2N? + 66N + 4) ,
1 3 2 2 2 2
c=1; 16q° + 48pq” + 48N q” + 20q° + 42p“q + 84 Npq
+ 44pq 4+ 36 N?q + 48N q + 6¢ + Tp® + 21 Np? (5.46)

+20p* + 18N?p + 42Np + 11p + 18 N? + 18N + 2) .

Similarly, the flavor algebras that survive the Stiefel-Whitney twist can be determined, and
their flavor central charges are again given by equation (5.3]). We find

5u2q+3)4q+14 p=0,g>0,N=1
SU2)agr12N+2 B (SUzg41)ag+14 p=0,¢q>0,N>1
SUgqyp+2)dg+2p+14 p>1,¢g>0,N=1

SUogtpt+1)dg+2p+14 p>1,g>0,N>1.

(

w _ )

Yfavor — ( (547)
(

The theories SLEN) (p =0,2¢+ 1 = 1) were studied in [100], where they were called the SXQ)A
theories. The central charges and flavor symmetries that we compute here agree with what
was found in that particular limiting case. We have similarly labelled these generalized S-
fold SCFTs by S and T to match with the notation for the special cases that have been
previously studied.

In this paper, we have mainly been concerned with the identification of the 4d non-
Abelian flavor symmetry that descends from the 6d non-Abelian flavor symmetry. In fact,
the 6d SCFTs under consideration also contain Abelian symmetries that arise from the ABJ-
anomaly-free combinations of the u(1)s rotating the bifundamental hypermultiplets. Under
certain circumstances, these u(1)s can enhance, and then we expect a further non-Abelian
factor in the 4d flavor symmetry. This occurs when the 4d Coulomb branch description of
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the SW-fold contains a plateau of neighboring sus gauge algebras: then the u(1) enhances
to an suy under which the gauge bifundamentals are charged. The SW-folds with this extra,
enhanced, baryonic suy flavor symmetry are

TM0,2), s™M,1), TN0,1,0,
SM,0,1), RM0,0,2), 8M(0,0,0,1,0) (5.48)
77(0,0,0,0,2), 7.°(0,1,0,0,0), 7™(2,0,0,0,0), 7T™(1,0,0,0,1).

In each case, we can see that they correspond to theories obtained from an orbi-instanton
theory involving M5-branes probing C?/Z,y; after the Z, Stiefel-Whitney twist, the orbifold
is reduced to C?/Z,, and the additional su, global symmetry comes from the exceptional
isometry of this particular orbifold. For low values of N we expect that this baryonic
suy can combine with other non-Abelian factors in the flavor symmetry, and cause further
enhancement. In rare cases there can also be dehancement. We discuss some instances where
this enhancement occurs in Section [5.4.1]

5.2.4 Zs SW-folds: 3(N) (p, s,3q), SéN) (p,s,3q+ 1), and ’R:(,,N) (p,s,3q + 2)

There are three distinct ways that one can construct a Higgs-branch flow from the rank N
(es, sug ) orbi-instanton theory such that the resulting SCFT has a Z3 center-flavor symmetry.
From Section [ we see that K" must be a multiple of three and the homomorphism Zyx — Eg
must be specified by the vector

(alaa2aa3aa47a57a67a4’7a'2’7a3/) = (0,0,&3,0,0,@6,0,0,@3/) : (549)

In all cases, the resulting 6d SCFTs have tensor branch configurations of the form in equa-
tion , however the algebra g associated to the left-most 1-node in equation , de-
pends on the parity modulo three of as. Respectively, we find that the 1-node has no
gauge algebra; sus with twelve fundamental and one antisymmetric hypermultplets; and an
sug algebra with fifteen fundamental hypermultiplets and one further hypermultiplet in the
triple-antisymmetric representation. As in Table 2| we label these theories by 7, S, and R,
respectively. The tensor branch configurations for each of these configurations are shown in
Table [I] and we do not repeat them here.

We begin our journey into the Zs SW-folds with the 7§(N) (p, s,3q) theory, whose 6d
origins have g = () for the 1-node. The central charges can be determined straightforwardly

from the tensor branch configuration by application of the formulae in equation ([5.3)). One
finds

1
o= (72N2p + 216N?q + 144N?s + 84Np* + 504Npq + 336 Nps
+ 324N ¢* + 576N gs + 192N s> + 36N + 252pq + 168p°s (5.50)
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+ 28p% — 5p? + 324pq® + 576pgs — 30pq + 192ps* — 20ps

+ 15p 4 3244°%s + 108¢> — 45¢* + 288¢s* — 60gs — 9q + 645> — 205 + 10) ,

12
+ 81IN¢* + 144N qs + 48Ns* + 12N + 63p?q + 42p*s + 7p° (5.51)
— p? 4 81pg® + 144pqs — 6pq + 48ps* — 4ps + Tp + 81¢>s

1
c=— (18N2p +54N%q + 36N%s 4+ 21Np? + 126 Npq + 84Nps

+27¢% — 9¢° + 72¢s® — 12¢s + 3¢ + 165> — 45> + 4s + 2) .

To determine the flavor algebra for the theory after Stiefel-Whitney twist, we need to un-
derstand how the Z3 quotient acts on the ¢g flavor symmetry. The decomposition is

¢ — g2 D sug

_ (5.52)
27 — (7,3) ® (1,6),

where the Zs acts on the suz factor and only the go survives. From the decomposition
of the fundamental representation in equation ([5.52)), we see that the Dynkin index of the
go subalgebra is one. Similarly, when there is an sus & su, flavor algebra attached to the
undecorated 1-node, we note that the Zjz acts only on the suz factor and leaves the suy
factor untouched. The remaining flavor factors are quotiented by the Stiefel-Whitney twist
exactly as in the ¢ > 3 cases that we have discussed. In the end, one discovers that the flavor
symmetries, and the flavor central charges of these 4d SCF'Ts are:

q=s=0,p>1,N>1: (g2)an+p) © (t1)12n+2p © (SUp)1242p
¢q=0,s>1,p>0,N2>1: (5U2)sNtpts) D (SU1)12(N+p)+ds
D (SU1)12N+4s+2p D (SUzs1p)1244512p (5.53)
¢>1,5>20,p>0,N>1: (5U1)12N1pts)+6g D (5U1)12(N4p)+6q+4s

D (SU1)12N+6q+45+2p P (SU3g1254p)12+6g+45+2p -

We have introduced a shorthand notation here as the number of combinations of p, ¢, s, and
N where there are flavor symmetry enhancements becomes large. In this way, if we write the
flavor symmetry as (sug, )s, B (Sik,)s, then for k1 # ko the flavor symmetry is as written,
but if kK1 = Ko then there is an enhancement to (suy, 1x,)s,- Of course, if there is an suy
factor where the flavor central charge is such that it does not combine with another flavor
symmetry factor, then that symmetry is, of course, trivial.

Next, we turn to the S§N) (p, s,3q+1) SCFTs, originating from a 6d theory with g = sus.
From the tensor branch description of the 6d origin and the formulae in equation , one
can determine the central charges. As these expressions are rather lengthy, we remind the
reader that they also appear in the Mathematica notebook attached to the arXiv submission
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for this paper. The central charges for these theories are

48
+324N¢? 4+ 576Ngs + 216 Ng + 192N s? + 192N s + 72N + 252p3q + 168p*s
+ 28p° + T9p* + 324pq® + 576pgs + 186pq + 192ps® + 172ps + 41p (5.54)

1
a=— (72N2p + 216N?q + 144N?%s + 72N? 4+ 84Np* + 504N pq + 336 Nps + 168N p

+ 324¢%s + 108¢> 4 63¢> + 288¢s? + 156¢s — 3¢ + 645> + 76s% + 165 + 6) ,

1
c=13 (18N2p + 54N?q + 36 N?s + 18N? + 21 Np® + 126 Npq + 84N ps

+42Np + 81Ng* + 144Nqs + 54Nq + 48Ns® + 48Ns + 21N (5.55)
+ 63p3q + 42p*s + Tp® + 20p* + 81pg® + 144pqs + 48pq + 48ps® + 44ps

+ 14p + 81¢%s + 27¢° + 18¢% + 72qs* + 42¢qs + 6q + 165> + 205> + 9s + 3) .

As expected, the generic four-dimensional flavor algebra experiences enhancement at the
lower limits of the parameters describing the Fg-homomorphism, p, ¢, and s, and also when
one has only a single M5-brane, N = 1. The resulting flavor symmetries, together with the
flavor central charges, are

0,50 >0,N>1: (SU1)12(N+pts)+6g+2 D (S11)12(N4p)+6g-+4s+2 (5.56)

> (5u1)12N+6q+4s+2p+2 ) (5u3q+25+p+1)12+6q+4s+2p+2 .

Here, we use an F-theoretic convention for keeping track of trivial symmetry factors such

Y

as “suy” since the parameters can sometimes conspire such that two of the su flavor factors

have the same flavor central charges. In such situations, the flavor symmetry enhances as
described around equation ([5.53]).

Finally, we turn to the third class of / = 3 SW-folds, which we refer to as the R:(),N) (p, s, 3q+
2) SW-folds. The central charges are again determined from the tensor branch configuration
of the 6d SCFT of which these SW-folds are the Z3 Stiefel-Whitney twisted torus compact-
ification. They are

1
o= (72N2p + 216N?g + 144N?s + 144N? + 84Np?* + 504N pq

+ 336N ps + 336 Np + 324N¢* + 576 N¢s + 432N q + 192N s*
+ 240Ns + 180N + 252p%q + 168p>s + 28p° + 163p? + 324pg> (5.57)
+ 576pgs + 402pq + 192ps? + 220ps + 139p + 324¢°%s + 108¢>

+ 171¢* + 288¢s® + 372¢s + T5q + 64s® 4+ 100s* + 1765 + 16) ,
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1
c=13 (18N2p + 54N?q + 36N%s + 36 N? + 21Np? 4+ 126 Npq + 84Nps + 84Np

+81N¢g* + 144Ngs + 108Nq + 48Ns* + 60N s + 48N + 63p*q + 42p®s (5.58)
+ 7p% + 41p% + 81pg® + 144pgs + 102pq + 48ps® + 56ps + 39p + 81¢%s

+ 27¢% 4+ 45¢° 4 72¢s* + 96gs + 27q + 165> + 265% + 50s + 8) .

The flavor symmetries and flavor central charges can also be worked out using equation (/5.3]),
and we find the following result:

q,,p=>0,N>1: (5111)12(N+p+s)+6q+4 b (5111)12(N+p)+6q+4s+4 (5 59)

©® (5u1>12N+6q+48+2p+4 S (5u3q+23+p+2)12+6q+4s+2p+4-

While the T,™ (p = 1,5 = 0,3¢ = 0) and S\ (p = 0,5 = 0,3¢ + 1 = 1) S-fold SCFTs have

been studied before in |100], where they are referred to as the 72%2;1) and 8};4)73 theories,

respectively, the theories RgN) (p, s,3q + 2) have not been studied in the context of S-folds
before. The theory Rél)(p = 0,s = 0,3¢ + 2) has appeared previously in [61], where the
authors point out that, at the generic point of the 4d Coulomb branch, there is a half-
hypermultiplet transforming in the 4 of the rightmost su, gauge algebra; this arises from
the action of the Stiefel-Whitney twist on the triple-antisymmetric representation of the
sug associated to the 1-node. We refer the reader to Appendix [C] where we list all of the
limiting cases of the Stiefel-Whitney twists and S-folds that have previously appeared in the
literature.

5.2.5 Z, SW-folds: 7'2(N) (p, s, u,2t,q) and SéN) (p,s,u,2t+1,q)

The last class of SW-folds which we wish to consider are those involving a Zy Stiefel-Whitney
twist. These theories depend on five Eg-homomorphism parameters, associated to the five
different nodes of the Eg Dynkin diagram with even Dynkin label, and one positive integer
counting the number of M5-branes. This proliferation of parameters leads to very com-
plicated and unwieldy expressions for the central charges, which are typically degree three
polynomials in these parameters. For posterity, we present these expressions here, however,
we refer the reader to the attached Mathematica notebook for a more practical format.

We begin with the 7;(N) (p, s, u,2t,q) theories, which arise from 6d SCFTs obtained from
Es-homomorphisms of the rank N (es, sug) orbi-instanton where the parameter ay, as in
equation is even. The generalized quivers describing the 6d SCF'Ts are depicted in
Table , and from there one can determine the central charges using equation . We find

48
+ 336Nps + 672N pt + 504Npu + 12N¢* + 192N¢s + 240N gt + 216 Nqu

1
a=— (72N2p + 7T2N%q + 144N?s 4 288Nt + 216 N*u + 84Np* + 168 Npq
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+ 192N s* + 768N st + 576 N su + 480N t* + 864 Ntu + 324Nu? + 72N

+ 84p%q + 168p*s + 336p°t + 252p*u + 28p° — 5p* + 12pg® + 192pgs

+ 240pqt + 216pqu — 10pq + 192ps® + 768pst + 576psu — 20ps + 480pt*  (5.60)
+ 864ptu — 40pt + 324pu® — 30pu + 51p + 12¢°s + 12¢*t + 12¢°u — 5¢°

+ 96¢s? 4 240gst + 216gsu — 20¢s + 120qt* 4 240qtu — 40qt + 108qu*

— 30qu + 3q + 38452t + 288s%u + 645> — 20s% + 4805t + 864stu — 80st

+ 324su? — 60su + 365 + 480t%u + 160> — 80t* + 432tu* — 120tu

+ 24t + 108u® — 45u® + 27u + 10) ,

1
c= 1 (18N2p + 18N?q + 36N%s + 72N?t + 54N?u + 21 Np? 4+ 42N pg + 84Nps

+ 168Npt + 126 Npu + 3N¢* + 48Ngs + 60N gt + 54N qu + 48N s>

+ 192N st 4+ 144N su 4+ 120Nt? + 216 Ntu + SINu? + 24N + 21p3q + 42p*s

+ 84p%t 4+ 63p*u + Tp® — p* + 3pg® + 48pgs + 60pqt + 5dpqu — 2pq + 48ps?

+ 192pst + 144psu — 4ps + 120pt? + 216ptu — 8pt + 8lpu® — 6pu + 19p  (5.61)
+ 3¢%s + 3¢°t + 3¢*u — ¢* + 24qs* + 60gst + S4qsu — 4qs + 30qt* + 60qtu

— 8qt + 27qu® — 6qu + 3q + 965°t + 725%u + 165> — 45> 4 120st* 4 216stu

— 165t + 81su® — 12s5u + 165 + 120t%u + 40t> — 16t* 4+ 108tu?

— 24tu + 16t + 27u® — 9u? + 15u + 2) .

To determine the flavor symmetries after the Z, Stiefel-Whitney twist, it is necessary to
know how the Z, acts on the flavor factor that is attached to the 1-node in the description
of the 6d origin. First, we consider the special case where ¢ = 0, then the flavor symmetry
attached to the undecorated 1-node (i.e., with g = ) is either ez, 5010, su3 @ suy, or &,
depending on which combinations of parameters t, u, s, p attain their lower limits, if any.
When we have e7, we consider the special subalgebra

ey — f4 D suy, (562)

where the Dynkin index of the f; factor is one, and the Z, acts as the center of the su,.
When the flavor algebra is s019 we have the decomposition

5019 — SuUy D suy D SsuUy

(5.63)
10 — (6,1,1) & (1,2,2).

The Zs quotient is generated by the element (2,0,0) of the combined center Zj X Zg X Zq
Note that this is the Zy subgroup of the Z, discussed around equation (5.42)). Thus we can
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see that the surviving flavor algebra in 4d is

(2)

o (1)

o sul @ sull) (5.64)
where we have written the Dynkin indices as superscripts, as determined from the decomposi-
tion of the vector representation. We can see from the Dynkin indices and the decomposition
of the representations that the surviving flavor algebra from the so;y after turning on this

particular Z, is in fact the enhanced 50(71)

. Finally, when the 6d flavor symmetry attached
to the 1-node is suz @ suy, we are considering the same decomposition as we did in the
¢ = 3 case; the Z, quotient acts on the su,, and leaves the suz as a flavor symmetry of the
Stiefel-Whitney twisted theory. When ¢ > 1, the flavor symmetry attached to the 1-node is
504,, Where n is fixed in terms of the parameters p, q, s, t, u. The relevant decomposition
appears in [61], and we have

504, — 5ug”) @ spV)

4n — (2,2n). (5.65)

The action of the Zs is on the suy factor, and the flavor symmetry left after the Stiefel-
Whitney twist is sp,,. As we can see, the embedding index of the surviving factor is one.

To proceed further, it is helpful to split up our analysis into the cases ¢ > 0 and ¢ = 0.

q > 0 We begin by studying the flavor symmetry when ¢ > 0. Due to the presence of
the symplectic gauge algebra the flavor symmetries surviving after the Stiefel-Whitney twist
have rather complex dependences on the Eg-homomorphism parameters. The most generic
case occurs when ¢t > 0, and we find

(5u1)12(N+p+s+u)+2q+8t % (5111)12(N+p+s)+2q+8t+6u b (5u1)12(N+p)+2q+8t+6u+4s

(5.66)
D (511)12N+2g+8t-+6utds+2p D (SUgtatt3ut254p) 1242+ 8t-+6u-+4s-+2p -
When t = 0, but u > 0, the flavor symmetry is
(591)6(N4ptrstu)tqg D (8U1) 12(N4pts)+2q+6u D (5U1)12(N-+p)+2q+6u+4s (5.67)

D (511)12N 42+ 6utas+2p B (SUgt 3ut254p)1242g-+6u-t4s+2p -

Next, we must consider the case where t = u = 0, but s > 0. The flavor symmetry becomes

<5p2)6(N+p+5)+q D (5u1)12(N+p)+2q+4s D (5u1)12N+2q+4s+2p D (guq+25+p)12+2q+45+2p : (5'68)

When t = u = s =0 and p > 0, one finds that the flavor algebra is

(8P3)6(N+p)+q B (8U1)128+2¢+2p B (SUgp) 1242+2p - (5.69)
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Finally, when all of the Fg-homomorphism parameters, except ¢, vanish, the flavor is

{(5P4)6N+q@ (5Ug)12424, when N >1, (5.70)

(5Pq+4)6+q, when N =1.

q = 0 A similar analysis can be carried out when ¢ = 0, and again one finds a variety of
special cases. When ¢ > 0 the flavor symmetry is

(5U1)12(Ntptstu)+8t D (SUL)12(N+pts)+8t+6u D (S11)12(N4p)+8t+6u-tds

(5.71)
©® (5111)12N+8t+6u+4s+2p s> <5u4t+3u+25+p>12+8t+6u+4s+2p .
When ¢t = 0, but v > 0, the flavor symmetry is
(5U3)6(N +utstp) D (511) 12N +prs)r6u D (5U1)12(N 4p) +6utds (5.72)
©® (5u1)12N+6u+4s+2p s> (5u3u+2s+p)12+6u+4s+2p-
Next, we consider the case where t = u = 0, but s > 0. The flavor symmetry is
(507)6(N4pts) D (511)12(N4p)+as B (5U1)12N+4512p D (SU2s1p)12445+2p - (5.73)
Finally, when t = u = s =0 and p > 0, one finds that the flavor algebra is
(Fa)s(v+p) D (881) 128 42p D (5Up)1242p - (5.74)

Note that this last expression is not valid when p = N = 1 due to an exceptional enhancement
of the associated 6d SCFT, which we discuss below. This analysis exhausts the non-Abelian
flavor symmetries of the 7;(N) (p, s,u,2t,q) SW-fold SCFTs. In rare occasions, the flavor
symmetry can be enhanced further, either because an Abelian u(1) flavor symmetry of the
6d SCF'T can enhance to an su, as described around equation ([5.48]), or else because the 6d
SCFT has a baryonic suy flavor symmetry, in addition to the flavor symmetries that we have
considered here. We discuss this latter case at the end of this subsection. Finally, it appears
that in a small number of exceptional circumstances, there can also be flavor symmetry
dehancement; we explore these examples further in Section [5.4.1]

To conclude this subsection, we turn to the last class of SW-folds that we wish to consider.
These are the Zs SW-folds: SéN) (p,s,u,2t+1,q). As usual, the central charges can be worked
out from the formulae in equation ({5.3]), and one finds:

1
T (72N2p + 72N?q + 144N?%s + 288N?t + 216 N?u + 144N? + 84Np?

+ 168N pg + 336 Nps + 672Npt + 504Npu + 336 Np + 12N¢? + 192Ngs
+ 240Nqt + 216Nqu + 120Nq + 192N s* + 768N st + 576 Nsu + 384N's
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+ 480Nt? + 864Ntu + 480Nt + 324Nu? 4+ 144Nu + 192N + 84p*q + 168p*s

+ 336p%t + 252p°u + 28p® + 163p® + 12pg* + 192pgs + 240pqt + 216pqu. (5.75)
+ 110pq + 192ps? + T68pst + 576psu + 364ps + 480pt* + 864ptu + 440pt

+ 324pu® + 114pu + 151p + ¢° + 12¢%s + 12¢%t + 12¢°u + 96¢s> + 240¢st

+ 216gsu + 100gs 4+ 120gt* + 240qtu + 80qt + 108qu? + 98qu + 13q + 3845t

+ 2885%u + 645> + 1725 + 480st* + 864stu + 400st + 324su® + 84su + 1165

+ 480t%u + 160t> + 160t* + 432tu? + 392tu + 64t + 108u>

+ 39u? + 239u + 22) ,

1
c= 13 (18N2p + 18N?q + 36N?s + 72N*t + 54N?u + 36 N* + 21 Np? + 42N pq

+ 84Nps + 168Npt 4+ 126 Npu + 84Np + 3N¢* + 48Ngs + 60Nqt + 54N qu
+30Nq + 48Ns* + 192N st + 144N su + 96N s + 120Nt? + 216 Ntu

+ 120Nt + 81Nu? 4 36 Nu + 54N + 21p*q + 42p*s + 84p°t + 63p*u + Tp°

+ 41p* + 3pg® + 48pqs + 60pqt + S5dpqu + 28pq + 48ps? + 192pst + 144psu (5.76)

1
+ 92ps + 120pt? + 216ptu + 112pt + 81pu® + 30pu + 45p + §q2 + 3¢%s + 3¢°t

+ 3¢%u + 24q¢s® + 60¢st + 5dqsu + 26qs + 30qt* + 60qtu + 22qt + 27qu?
13

+ 28qu + T 965%t 4+ 725%u + 165 + 445 4+ 120st* 4 216stu + 104st

+ 81su® + 24su + 38s + 120t%u + 40> + 44¢* + 108tu® + 112tu + 30t

+27u® + 15u® + 73u + 11) .

With generic values for the number of M5-branes and the Eg-homomorphism parameters,
we find that the flavor symmetries of the resulting 4d N’ = 2 SCFTs are as follows:

q>0;t,u,8,p>0;N>1 0 (SU1)12(Ntptrstu)+2g+8i+a D (SU1)12(Ntpts)+2q+8t+6utd

D (SU1)12(V ) + 29+ 8¢+ Gu 44 (5.77)

@ (5u1)12N+2q+8t+6u+45+2p+4

D (SUqgtat+3u-+25+p+2)12+2g-+81+6ut-ds-+2p+4 -

Again, we use a compact notation where su, ® su;, enhances to su,., if the flavor central
charges are identical. When ¢ = 0 there is an additional su, flavor symmetry in the 6d
SCF'T as the anti-symmetric hypermultiplet attached to the su, gauge algebra on the 1-node
is pseudo-real. The Z, center-flavor symmetry does not embed inside of this suy, and thus
this flavor factor survives the Stiefel-Whitney twist intact. We find that the non-Abelian
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flavor symmetry of the SW-fold in the ¢ = 0 case is

tu,s,p > OGN > 10 (8U2)6(Ntprstute)rs D (SU) 12Nt ptstu)+8ta

D (5U1)12(Ntpts)+8t+6utd D (SU1)12(N-p)+8t4+6utds+4 (5.78)

D (SU1 ) 12N+ 8+ 6utds+2p+4

D (SUat43ut25+p+2) 12481+ 6utAs+2p+4 -

As discussed around equation , there can be further enhancement when p = s = u =
t = 0, as in those cases it is expected that the baryonic u(1) global symmetry enhances to an
sy, and this factor can further combine with the other non-Abelian factors for low values
of N. We discuss some of these baryonic enhancements further in Section [5.4.1

There are also two classes of Zs SW-folds where the 6d SCF'T origin itself has a baryonic
suy flavor symmetry. These 6d theories correspond to the tensor branch configurations

5P sug Sl SUo Sl

12---2, and 12---2. (5.79)

The Zs center-flavor symmetry embeds trivially inside of the center of the baryonic sus,
and thus this additional non-Abelian factor is unbroken by the Stiefel-Whitney twist. In
addition to the above flavor symmetries, these SW-folds then have the following additional
flavor algebras:

7;(N>1)(0, 0,0,0,1) :  (sus)en24n 5

(5.80)
E(N>1)(17 07 07 07 O) : (5u2)6N2+7N+1 .

In the latter case, there is a further exceptional enhancement when N = 1@ Let us discuss
this special case of 7;(1)(1,0,0,0,0), which arises from the 6d SCFT with tensor branch

configuration
S5Uo

12. (5.81)
This 6d SCFT has an ¢; &so0; flavor symmetry, instead of the naively expected e; & sog flavor

algebra. Taking into account the embedding of the Z, center-flavor symmetry inside of the
s07, we find that the flavor carried by the resulting SW-fold theory is

(Fa)12 @ (su2)7 @ (su2)7. (5.82)

The SW-folds E(N)(l, 0,0,0,0) and E(N)(O, 0,0,0, 1) have been discussed previously in [100]

T(T‘—‘rl)

where they were referred to as T, , " and 8,8"6),2, respectively.

35For the former case, the flavor symmetry when N = 1 is captured by equation (5.70)).
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5.3 Coulomb Branch Operator Spectrum

In [61], the authors developed a heuristic method for determining the scaling dimensions of
the Coulomb branch operators of the 4d SCFT obtained from the Stiefel-Whitney twisted
compactification of a very Higgsable 6d SCFT. In this section, we test the consistency of
the method described therein when applied to the SW-folds. In [61], the authors verify their
method by testing that the Coulomb branch spectrum they obtain agrees with the known
spectrum from the dual twisted-class S theory; in our cases no such class S theory is known,
and we rely on the weaker test that

420 —¢) =Y 2A(u;) — 1, (5.83)

where the LHS is determined using the anomaly polynomial as in Section [5.I From the
anomaly polynomial we expect that this quantity is:
48

4(2a — ¢) = ny — 64A — 73. (5.84)
We find that the method in [61] is consistent with this formula in most cases, but that it
must be extended in a few special cases beyond the ones considered in [61]. These special
cases occur for the E-type SW-folds that we discuss in Section [6] We hope that this analysis
will be useful in the determination of a closed-form top-down method for understanding the
Coulomb branch spectrum from the 6d origin.

We are interested in 6d SCFTs with tensor branch configurations of the form given in
equation . We recall that in equation (5.5) we index the quiver nodes from 0 to r going
from left-to-right. The algorithm presented in Appendix B of [61] for the Coulomb branch
operator dimensions of the 4d A/ = 2 theory obtained from the Z, Stiefel-Whitney twist of

Stk

6d SCFTs of the form in equation (5.5) is as follows. From each node of the form 2 the
spectrum of operator dimensions is

A ={6(r+1—i)yU{6(r+1—i)+d[d=2- K}, (5.85)

where ¢ is the index of that quiver node. We can directly work out the contribution to
4(2a — ¢) from each of these 2-nodes:

420 —c)i= Y _ (2u—1) =k + 12k(r + 1 —14) — 2. (5.86)

u€EA;

Summing over all contributions to 4(2a — ¢), we find

12(r + 1 8B
4(2a — ¢) = 4(2a — ¢)o + (1—n%_u> 8

; oy — 644 — = (5.87)
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where we have used the expressions for ny, A, and B in equations and . It
remains for us to determine the contribution from the 1-nodes in equation ; there are
four distinct cases which we must consider. For each of the following g, the Coulomb branch
operator dimensions coming from the 1-node with gauge algebra g are proposed to be

g=sug,: {6(r+1)}U{6(r+1)+d[d=2- ko}, (5.88)
g==5Py, 1 {6(r+1}u{6(r+1)+2djd=1,---,m},
g=5pP,,: {6(r+1)}u{6(r+1)+2d|d=1,---,m—1}U{3(r+1)+m},

where we remind the reader that the latter two options can only occur when ¢ = 2. In each
of the four cases, we can see that

12(7" + 1)d0 0

4(2a —¢)p = / + ny,

and thus we see that equation ([5.87) determining 4(2a—c) from the putative Coulomb branch
spectrum proposed in [61] matches the value of 4(2a — ¢) determined in equation ([5.84]) from
the 6d anomaly polynomial and tensor branch configuration.

5.4 Alternative Constructions

In some cases, the theories we can generate via SW-folds have alternative constructions. In

this section we compare with class S constructions, as well as methods based 4d N = 2
S-folds.

5.4.1 Exceptional Twisted Class & and Flavor Symmetry

In contrast to constructing 4d N' = 2 SCFTs via compactification of 6d (1,0) SCFTs on a
T2, one can also explore the class S construction [125/126]. This class of theories is obtained
via the twisted-compactification of the 6d (2,0) SCEFT of type g on a punctured Riemann
surface.

It has been established in [31,[32] that the 4d A/ = 2 SCFT that arises from compactifying
minimal (eg, ¢g) conformal matter on a 7% with Z3 Stiefel-Whitney twist is dual to a class S
theory. The latter is obtained from compactification of the 6d (2,0) SCEFT of type sog on a
sphere with two maximal Zs-twisted punctures and one simple puncture. Similarly, minimal
(e7, e7) conformal matter on a T? with Z, Stiefel-Whitney twist is dual to the 6d (2,0) SCFT
of type eg on a sphere with two maximal Z,-twisted punctures and one simple puncture. In
rare limiting cases, some of the 6d SCFTs written in Table [1| can also be obtained by
starting from minimal (e,,¢,) conformal matter, with n = 6,7, and performing nilpotent
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Higgs branch deformations of the g & g flavor symmetry. Compactifying these theories with
Stiefel-Whitney twist then gives rise to 4d N' = 2 SCFTs that can also be obtained by
partial closure of the maximal punctures in the aforementioned class S construction.[ﬁ

Class S theories of type so0g with Zs-twisted punctures have been studied in [127]. Sim-
ilarly, class S of type eg with Zo-twisted punctures has been explored in [128]. We list the
SW-fold SCFTs from Table 2] that can be realized in class S, as described, in Table 4] In all
cases, bar one, the flavor symmetry determined from the dual class & construction matches
the flavor symmetry that was determined from the Stiefel-Whitney twisted description in
Section . There is one special case, the SW-fold theory 7'2(1)(0, 1,0,0,0), for which the
analysis in Section predicts that the non-Abelian flavor symmetry should be

(507)12 © (507)16 , (5.90)

but the dual class S theory has non-Abelian flavor algebra

(507)12 ® (92)16 - (5.91)

This kind of dehancement occurs in the context of 6d SCFTs when one has an su, gauge
algebra associated to a tensor with self-pairing 2 [129]. In this case, the Coulomb branch
description of the 4d SW-fold SCF'T has a single suy gauge algebra, and a parallel argument
to that in 6d may explain why the flavor symmetry is smaller than expected. We would
similarly suspect that the SW-fold SCFTs 7?1(1)(07 1) and 73(1)(0, 1,0), whose 4d Coulomb
branch descriptions also involve a single suy gauge algebra coming from a 2-node decorated
algebra in 6d, to evince similar dehancement. It would be interesting to understand the
physical mechanism behind this rare but curious effect.

5.4.2 Relation to 4d N =2 S-fold Theories

In the previous sections we studied the properties of 4d N' = 2 SW-folds, and we also observed
that in some cases, the resulting theories can be realized via 4d N = 2 S-fold theories. In
this section we discuss some suggestive hints that such a top-down correspondence may be
at work, but leave a more complete treatment for future work.

To frame the discussion to follow, recall that an S-fold in Type IIB / F-theory backgrounds
is a non-perturbative generalization of an orientifold plane in which a quotient on the target
space is combined with a group action from the SL(2,Z) duality group of Type IIB string
theory. Now, for such a quotient to exist we must work at specific values of the axio-dilaton
compatible with this group action, e.g. 7 = i and 7 = exp(27i/6). In the presence of a
probe D3-brane, this can be used to realize N'= 3 SCFTs, as noted in [130] (see also [131]).
One can also introduce 7-branes provided they are compatible with a specific value of 7, and

36See [30] for an in depth analysis of the relationship between the nilpotent Higgs branch deformations
and the partial closure of the punctures in the untwisted case.
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SW-fold SW Twist Class § Type Punctures Flavor

7-2(1) (27 07 07 07 0) [07 AQ]I (f4)18 S <5u3)16
74(1,0,0,0,0) [0, Ay + Ay, (F4)15 ® (s12)39
7;(1,0,0,0,1) [As, Au]r (8p3)13 © (su43)16
72(0,0,0,0,1) . [Ay + Ay, At (s9,)13 ® (51z)26
7,"(0,1,0,0,0) ’ o [As, A4 (507)12 & (g2)10
71(1,0,0,0,0) [As + Ay, Aily (F4)12 @ 2(su2)7
S$M(0,0,0,0,0) [As, Ay + Alur (s116) 16 D (s142)g
79(0,0,0,0,1) [Ay + Ay, Ay + Ay (sp5 )7
75(1.0,0) Z o 0. A (82)s © (su2)14
Ss(0,0,1) ’ ® (A1, Ay (st14)14

Table 4: Twisted punctures are usually denoted with an underline, however, since all of the
punctures that we write in this table are twisted, we have chosen to drop this notational
feature. The subscripts I (interacting) and M (mixed) denote whether the class S theory
is an interacting SCFT, or whether it is coupled to free hypermultiplets, respectively. In
the latter case, the SW-fold SCFT matches the interacting part of the class § theory. In
the flavor column we write the non-Abelian flavor algebra as determined from the class &
perspective.

this leads to 4d N = 2 S-folds. D3-brane probes of such systems then realize 4d N' = 2
SCFTs [97-101]. As a general comment, the global symmetry in these systems also depends
on the presence (or absence) of a torsional flux, and this effect can be detected via open
string junctions which extend from the D3-brane to the 7-brane flavor stack [99).

As we now explain, there are reasons to suspect that the 4d SW-fold theories considered
in this paper, and 4d S-fold theories are potentially related by a chain of dualities. To see
why, it is helpful to first consider some of the different top-down realizations of the rank
N Eg Minahan—Nemeschansky theory [132,/133]. One way is to first start with the rank
N E-string theory 6d SCFT. Compactification on a T? then yields the 4d N' = 2 SCFT.
Observe that in M-theory, this is engineered from the 72 compactification of N M5-branes
probing an Ejg nine-brane in M-theory. On the other hand, we can also directly relate this to
Type IIB/F-theory backgrounds with N D3-branes probing an Eg seven-brane. Intuitively,
there is a generalized notion of T-duality at play which allows us trade the Eg nine-brane of
M-theory for the Eg seven-brane of F—theory.ﬂ

There is a natural extension of this generalized T-duality which makes any proposed
correspondence quite suggestive. On the M-theory side, our 6d SCFT orbi-instanton theories
were realized by small instantons probing an ADE singularity wrapped by an Eg nine-brane.

37Indeed, this figures prominently in the standard Fourier-Mukai transformation of heterotic vector bundles
on an elliptically fibered Calabi—Yau threefold and their characterization in the associated spectral cover
construction for gauge theory on the base Kahler surface (see, e.g., [134]).
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Likewise, we note that D3-branes probing an ADE singularity wrapped by an Eg seven-brane
will give rise to 4d A" = 2 SCFTs. In both cases, the worldvolume theory of the probe brane
is specified as an instanton solution in the directions filled by the ambient brane. As such, we
can generate a wide class of examples by specifying the boundary data of a flat connection
at the boundary S3/T'apg, which are in turn captured by discrete group homomorphisms
Hom(Tapg — E3) [6,7]. So, from this perspective, we see that the T? compactification of the
6d orbi-instanton theories provides us with a direct way to match the two sets of theories.

So far, our discussion has made no reference to switching on an SW-fold on the orbi-
instanton side of this correspondence. Now, on the SW-fold side we consider a pair of
holonomies which commute in G up to a flux valued in the quotienting subgroup. These
profiles make direct reference to the 7% direction on which we have compactified the orbi-
instanton theory. To make sense of such deformations in the D3-brane probe theories, we
would need to have a notion of generalized T-duality which extends to such configurations as
well. The fact that there are known examples where SW-folds and S-folds produce the same
conformal fixed point is of course suggestive [98], but without a suitable generalization of
T-duality, it is unclear whether it should be expected to persist for all SW-folds and S-folds,
or just some subset. Exploring this issue further would be of great interest and would likely
lead to a better understanding of both sorts of constructions.

6 SW-folds of Type DE

In Section [4], we have enumerated the 6d SCFTs that have non-trivial center-flavor symmetry
and arise from a Higgsing, by homomorphisms Zx — FEg, of the rank /N orbi-instanton theory
of type (es,sux). In Section , we considered the compactification of the 6d SCFTs found
in Section 4] on a T? together with a Stiefel-Whitney twist in the center-flavor symmetry.
We refer to the resulting 4d N' = 2 SCFTs as the A-type SW-folds, due to the sug factor in
the orbi-instanton origin. In this section we consider the rank N orbi-instanton theories of
type (es, g), where g is any ADE Lie algebra. We consider homomorphisms I' — Eg, where
' is the finite ADE group of the same type as g, and such that the Higgsed 6d SCFT has a
non-trivial center-flavor symmetry. For generic values of N, this center-flavor symmetry can
be, at most
Ly for g = 504k42,

Lo X Lo for g = S04, (6.1)
Zs for g= ¢, '

ZQ for g=2¢7.
We can now consider the 72 compactifications of these 6d SCFTs with a non-trivial Stiefel-
Whitney class inside of the center-flavor symmetry turned on. This opens up a vast new vista

of D-type and E-type SW-folds. We will not consider all such families of SW-folds here, but
we highlight a few choice examples; the remaining cases can be determined straightforwardly
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from the methods utilized throughout this paper.

6.1 FEg-type SW-folds

We begin with the (es, ¢s) orbi-instanton, of rank N. The tensor branch configuration has

the form
N—1

A

~
su3  eg su

122315131%1316131 61 331, (6.2)
which has an eg @ ¢ flavor symmetry, and no center-flavor symmetry. We will consider the
6d SCFTs obtained by the finite group homomorphism:

I, — Es, (6.3)

with I'g, the binary tetrahderal finite subgroup of SU(2). The Higgs branch flows induced by
such homomorphisms have been studied in [135]. There are fifty-two such SCFTs, however
we are only interested in those that have a non-trivial center-flavor symmetry. There are
only seven such Higgsings which give rise to a center-flavor symmetry, which is always a
Z3P®| These correspond to the seven tensor branch geometries

SuU3 Su3z eg Su3z eg e Su3
313161316131.-- 6131, (6.4)
N‘Zl
S5U35U3 eg SU3z ¢ eg Susg
22161316131 6131, (6.5)
N‘Zl
SU3 ¢ SuU3z  ¢€g g SU3
13161316131 6131, (6.6)
Nfl
SuU3 eg Su3 su3 ¢g Su3
2161316131 6131 (6.7)
Nfl
1
g Su3z ¢g Su3 ¢ SU3
1?131\6131---61311, (6.8)
N1
¢ SuU3 eg Su3 ¢ Sug
31316131---6131, (6.9)
Ntl
SugSu3  eg SuU3 ¢ Sug
272161316131, (6.10)
N‘fl

To work out the central charges of the 4d N' = 2 SW-folds obtained from the Stiefel-Whitney
twisted compactification of these 6d SCFTs we will again use the formulae of [61], which we
have summarized in equations (5.2)) and (5.3).

38Much as in Section 4] we emphasize that if N = 1 then many more of the Eg-homomorphisms lead to
theories with center-flavor symmetry, and it is not restricted to be Zs.
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We consider the compactification of the tensor branch configuration in equation (6.4))
in detail. The 6d SCFT has an (SU(3)? x Eg)/Zs flavor symmetry group, and after the
Stiefel-Whitney twist there remains only a G5 subgroup of the Eg. For the 6d SCFT from
which this SW-fold originates, the relevant terms in the anomaly polynomial are

1 (TN 35 3
s D — | | =+ = | pu(T)? = (T2N? + 209N + 102) co(R)p1(T) ) + —p1(T) Tr F?,
24 8§ 12 16
(6.11)

where we have only written the mixed-gravitational-flavor anomaly for the eg flavor algebra.
Next, we find that the contribution from the weakly-coupled multiplets is

17N 1 41N 1
[fields . _ T)2 - - T). 12
fields ( 02 288);91( )2+ < o0 4) e (R)py(T) (6.12)

Putting this altogether we find that
@ — Qgeneric — 12N2+27N+15, C — Cgeneric — 12N2+28N—|—16, K — Kgeneric = 12, (613)

where we have used that the Dynkin index of the g, inside of the e¢g is one, as explained
around equation . It remains for us to determine what the contributions to the central
charges are from the 4d theory at the generic point of the Coulomb branch. The Zj Stiefel-
Whitney twist breaks the sus gauge algebras completely, and it breaks each ¢ down to a
g2. As such, at the generic point of the Coulomb branch, we have (4(N — 1) + 8) vector
multiplets from the 6d tensors, and N dim(gs) vector multiplets from the surviving go gauge
symmetries. We end up with

5 1
a'generic - ﬁ(18N + 4) ) Cgeneric = 6(18]\7 + 4) . (614)

Furthermore, since there are no hypermultiplets charged under the residual gs flavor sym-
metry we find that
Rgeneric = 0. (615)

The central charges of the SW-fold are thus:

123N 95 50
—— c=12N*+3IN + —, (6.16)

= 12N? =
a + 1 +6, 3

and the flavor symmetry and flavor central charge is

(92)12- (6.17)

The central charges from each of the 6d SCFTs with tensor branch descriptions given in
equations (6.4]) to (6.10) can be determined, and we do not belabor the computation here.
The central charges, flavor symmetries, and flavor central charges for the seven families of
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Eg-type Zs SW-folds are given in Table

6d Origin a c Flavor
Su3  Su 4 SU. €6 4 s5U
313161316131 .- 61317 12N2+ 128N L 95 192 4 31N 4 20 (92)12
N 1
S5U3s5U 4 SUu, € Su3 e SU
22161316131---6131 12N2+ 1IN L 97 j9N2 4 98N 413 (g2)12
N-1
5U3 ¢ SU. (43 e SU.
131661 3161316131 1282+ 9N 44T 1oN2 L 93N 4+ B (gy)10 @ (g2)anss
N— 1

sSu3 ¢g Sus

sus
2161316131 6131 12N2 4+ 87N 4 L5 19N2 4 22N + 4 (g2)12 @ (su2)123+20

N-1

1

4 SU. [4 s5uUs e SU.

1§1 316131---6131  12N?4+ BN 12 1oN2 4 19N 4 ] (g2)12
N-1

4 s5U e SU.

31316131 .. 6131 12N2 4+ 83N 4 7 12N2 4 16N + 1 (g2)12
N-1

5u65u3 e Sus e Susg

2161316131 12N% + ZIN 35 12N2 4+ 7N =2 (g2)12 ® (su3)12n+16

N—l

Table 5: In this table, we write the central charges, non-Abelian flavor algebras, and flavor
central charges of the Fg-type SW-folds.

6.2 Coulomb Branch Scaling Dimensions

In Section |5.3] we determined the conformal dimensions of the spectrum of Coulomb branch
operators of the 4d N' = 2 SCFTs arising from the Stiefel-Whitney twisted torus compactifi-
cations of the (Higgsed) rank N (es, sux ) orbi-instanton theories. In such cases, the Coulomb
branch spectrum was determined by following the heuristic proposal in Appendix B of [61];
therein the scaling dimensions were determined in terms of each curve/algebra combination,
7%1, in the tensor branch description, together with the knowledge of the residual gauge alge-
bra after the Z, Stiefel-Whitney twist. The contributions were proposed on a case-by-case
basis for certain combinations of (g, ¢), however, theories involving (eg,3) and (e7,2) were
not explored in [61].

When studying the E-type SW-folds, as we are doing here, it is necessary to extend
the proposal of [61] to include the (eg,3) and (e7,2) cases. We make the following, again
heuristic, proposal for the Coulomb branch scaling dimensions of the operators that arise in

the (eg,3 casﬂ
6J 6Jx142 6Jx246. (6.18)

39The quantity J is a number associated to each curve in the tensor branch configuration which, roughly,
counts where that curves lies in the order of blow-downs required to reach the origin of the tensor branch.
This was referred to as n in Appendix B of [61], and we refer the reader there for the definition.
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Here, the multiplicative factors of 1 and 2 that we have introduced are the comarks of the
residual g, gauge algebra; furthermore, the additive factors of 2 and 6 are the degrees of the
Casimir invariants of ggﬂ Similarly, when the 6d tensor branch contains a curve/algebra

[4
combination of the form § , then, after a Z, SW-twist one obtains a residual f, gauge al-
gebra on the Coulomb branch. We propose that the contribution from this curve/algebra
combination to the 4d Coulomb branch consists of five operators with scaling dimensions:

6J 6Jx1+2 6Jx2+6 6Jx3+8 6Jx2+12 (6.19)

Here the multiplicative factors 1, 2, 3, and 2 are the comarks, and 2, 6, 8, and 12 are the
degrees of the Casimir invariants, of the surviving f; gauge algebra[']|

We first consider the 6d (1,0) SCFT with tensor branch configuration as given in equation
. We have determined that the central charges of the Z3 SW-twisted torus compactifi-
cation satisfy

4(2a — ¢) = 48N? 4+ 122N + 60 . (6.20)

This quantity can also be recovered from the scaling dimensions of the Coulomb branch

operators:
-

420 —¢) =Y (2D(w;) — 1), (6.21)

i=1
where 7 is the rank of the Coulomb branch and w; are the Coulomb branch operators.
Combining the analysis in Appendix B of [61] with our proposal in equation (6.18)), we
conjecture that the Coulomb branch operators dimensions are

6

12

8

6J 6Jx1+2 6Jx2+6
6J +6

12J 4+ 12

6J +8

6(N+1) .

(6.22)

In this way, we find that 4(2a — ¢) as worked out from the anomaly, as written in Table ,
matches with 4(2a — ¢) as worked out from the Coulomb branch spectrum using equation
(6.21)). In fact, this matching occurs for all of the SW-twisted theories appearing in Table .

40We note that, because we are only checking the matching of 4(2a — ¢), which is given by equation ,
then 6J, 6J x 2+ 2, and 6J x 1 4 6 also work equally well.

41 Again, we emphasize that the level of analysis here is insensitive to which comark is paired with which
Casimir degree.
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Unfortunately, we do not know of any dual class S description of a 4d N/ = 2 SCFT obtained
from a Zs Stiefel-Whitney twist of the 6d theory containing such an eg algebra, and thus we
do not have any independent verification of the proposal given in equation (|6.18]).

To further explore the association between the tensor branch configuration and the di-
mensions of the Coulomb branch operators of the Stiefel-Whitney twisted theory, we now
study one example of an Fr-type SW-fold. The tensor branch configuration

SU25075U2 €7 SU2S07SU2 €7 SU25075U9 e7 SU2507SU9

1232151312321812321 8123 21, (6.23)

-~

N-1

has a Z, center-flavor symmetry, and arises via Higgsing the eg flavor symmetry of the rank
N (es, e7) orbi-instanton by a homomorphism I'., — Eg. The flavor group of this 6d SCFT
is (E7 x E7 x SU(2))/Zs. Using the anomaly polynomial of the 6d SCFT associated to this
tensor branch configuration, and the Coulomb branch theory in 4d after Z, Stiefel-Whitney
twist, one finds from equation that

4(2a — ¢) = 144N* + 316N + 120. (6.24)

We propose that the scaling dimensions of the Coulomb branch operators are

9N +9

12N + 12

6N+6 6N+8 3N+5
6N +12

3N +9

6J 6Jx1+2 6Jx2+6 6Jx3+8 6Jx2+12)
12J + 6

187 + 6

12J 12J+2 6J+2
18.J

12J

3(N+1) ,

(6.25)

where we have written the contributions from different curves on different lines. Here, we
have used our proposal in equation for the curves with residual f; gauge algebras. We
can see that

> "2D(u) — 1 = 144N* 4 316N + 120, (6.26)

where the sum is taken over all of the Coulomb branch operators. As we can see, this matches
the anomaly polynomial result in equation (|6.24)).
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A uniform expression for the Coulomb branch scaling dimensions associated to a pair
(g,¢), combining the proposals in Appendix B of [61] and equations and , has
been observed in [136] ] As discussed in [61], when considering a Z, Stiefel-Whitney twist
that breaks the gauge algebra, g, to a residual gauge algebra, b, then the coefficients that
appear in the Coulomb branch scaling dimensions may be expected to be some ¢; satisfying

rank(h) By
1+Za:79. (6.27)
=1

For a pair (g, ), such ¢; have been studied from the perspective of the supersymmetric index
of 4d N' = 1 pure Yang-Mills in [137], where the mathematical results on almost commuting
holonomies for compact Lie groups [95] were utilized, which we now review briefly.

Consider (g, ¢), where Z, is a subgroup of the center of the simply-connected Lie group G
associated to g. The subgroup Z, can be identified with a particular graph automorphism of
the extended Dynkin diagram of g, I'. One can construct a second extended Dynkin diagram,
[, via the action of Z, on I'; each collection of nodes of I' lying within the same Z, orbit maps
to the same node of I'". Furthermore, each node of I'"” has a “generalized comark”, obtained
by summing the comarks of all the nodes of I which map to that particular node of I".
These I together with the generalized comarks are shown explicitly in the appendix of [95].
We refer to these generalized comarks as ¢;, and then ¢; = ¢;/¢. The uniform expression for
the dimensions of the Coulomb branch operators arising from the residual gauge algebra is
then

6J><%+d1 6J><%+dr, (6.28)

where d; are the Casimirs of the residual gauge algebra.ﬁ We note that, while the ¢;/¢
sometimes are identical with the comarks of the residual gauge algebra, this is not always
the case. Equation appears to produce the correct answer in all known cases of Stiefel—
Whitney twisted torus compactifications of very Higgsable 6d (1,0) SCEFTs; we consider it
an interesting open question to understand such a formula from a top-down perspective.

7 Conclusion

The global symmetries of a quantum field theory constitute some of its most basic data. In
this paper we have presented a general prescription for reading off the continuous zero-form
symmetry group for 6d SCFTs based on the topological structure of the effective field theory
on the tensor branch. Using this, we have determined the continuous part of the zero-form
symmetry group on the tensor branch, including the center-flavor symmetry, the contribution

42We thank Y. Tachikawa for sharing this observation, and for encouraging us to include it here.
43Recall that there, in addition, exists a Coulomb branch operator arising from the torus reduction of the
6d tensor multiplet associated to each curve.
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from Abelian symmetry factors, as well as possible mixing with R-symmetry factors. Using
this data, we have also determined the continuous zero-form symmetry group for a large
class of orbi-instanton theories as obtained from small instantons probing an Eg nine-brane.
Making use of this global structure, we have also shown that such theories provide a fruitful
starting point for generating a large class of 4d N/ = 2 SCFTs via Stiefel-Whitney twisted
compactifications on a T2. In the remainder of this section we discuss some avenues of future
investigation.

In this work we have primarily focused on the structure of the global zero-form symme-
tries, but one can in principle also study higher symmetries that act on extended objects.
For example, the one-form symmetries of some 6d SCFTs were recently studied in [82}/110],
and the corresponding 0-form, 1-form and 2-group symmetries of the 5d theories obtained
from a reduction on an S* were recently calculated using the geometry of the associated non-
compact elliptically fibered Calabi—Yau threefold [83]. Some aspects of these issues have also
been explored in [80,(138,(139]. It would be interesting to use our bottom up approach based
on the effective field theory on the tensor branch to provide an independent cross-check on
these results.

One of the operating assumptions in much of our work is that the effective field theory on
the tensor branch provides an accurate characterization of the resulting flavor symmetries of
an SCF'T. In some cases, the SCFT may have enhanced flavor symmetry, and in others, there
can even be a dehancement. For example, su, gauge theory on a —2 curve with eight half
hypermultiplets in the fundamental representation has an sog flavor symmetry algebra on the
tensor branch, but only a so; flavor symmetry at the fixed point (see, e.g., [6,/30,32,[119,/129]).
Similarly, when one of the half-hypermultiplets is eaten up by a neighboring undecorated
self-pairing 2 tensor, the naive so; flavor symmetry is dehanced to a gs. Geometrically, this
curiosity is related to the complicated nature of the I} singular fiber, which engineers sos,
s07, and gy algebras; some of the geometric properties and subtleties in these cases have been
studied in [62,140,{141]. In this paper, we have seen evidence that 6d SCFTs of the form

Slgp

2, (7.1)

compactified on a T? with a Z, Stiefel-Whitney twist also feature these type of dehancements.
These observations have mainly come from dual class S descriptions, as in Section [5.4.1],
where there are alternative methods to calculate the exact superconformal flavor symmetry;
in configurations of the form in equation without a known class S dual, the flavor
symmetry is at present not convincingly known. It would be worthwhile to understand
both the field theoretic and the geometric origin of these rare and exceptional dehancements
directly from a 6d or F-theory perspective.

We have explicitly shown that the global form of the R-symmetry can potentially mix
with the flavor symmetries of a 6d SCFT. Now, in the context of compactification to lower-
dimensional spaces, a partial topological twist is often used to correctly capture the resulting
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supersymmetries which are retained. It would be quite interesting to track this data in the
resulting compactifications of theories. Indeed, in the broader context of generating 4d
SCFTs from compactification 6d SCFT's, it is natural to consider Stiefel-Whitney twists on
a genus g curve with marked points. Here, we can in principle consider more than just a
single pair of holonomies which commute up to a center-valued flux in G. Since we now have
a large class of 6d SCFTs which can generate such theories, it is natural to consider this
more general situation.
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A Symmetries of E-String and N = (2,0) Theories

In this Appendix, we examine the global symmetry structure of the E-string and (2,0)
theories, including the R-symmetry. As earlier, we leave implicit the action on the spacetime
symmetries, as dictated by the group action on the supercharges of the theory.

At the level of the algebra, the symmetry of the rank N E-string is es @ su(2), @ su(2)g,
which reduces to eg @ su(2)r for N = 1. Starting from the latter case, which has the simple
tensor branch configuration

[es] 1, (A1)
the global symmetry is encoded in the Green—Schwarz four-form:
I = —cy(Fp,) + c2(R) — ipl(T) , (A.2)

where —co(Fy,) is always integer since Fyg is simply-connected. Following the discussion of

€8

Section [3.3] we can consider a Za-twist of the R-symmetry and tangent bundle, which indeed
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leads to an integer shift,
e2(R) — ipi(T) = —3w} — 2wh =0 mod Z. (A.3)
So we conclude that the global symmetry group of the rank 1 E-string is
Es x SO(3)r. (A.4)

Now, the additional su(2), flavor symmetry of the rank N > 1 E-string couples to all nodes
of self-pairing 2 in the quiver,

[su(2)r]
——
es] 122 - 2, (A.5)
N—-1

but does not enter the topological coupling of the left-most tensor multiplet, which by itself
would just be a rank one E-string. Therefore, its topological coupling is formally identical to
that in equation (A.2), and allows a Z, twisted SU(2) g bundle. Meanwhile, the undecorated
nodes of self-pairing 2 all have topological couplings of the same form [18],

[ = ey(L) — ea(R) (A.6)

which, when c,(R) is fractional, also forces cy(L) = ca(Fau(2),) to be fractional. Hence, we
conclude that the rank N E-string has global symmetry group

Es x [SU(2)p x SU(2)R|/Zs = Eg x SO(4) . (A.7)

An N = (2,0) theory has a tensor branch quiver that takes the form of an ADE-type
Dynkin diagram, with nodes being undecorated and having self-pairing 2. While the SCFT
has R-symmetry sp, = s05, the tensor branch description sees only the so4 = su(2);, ®su(2)r
subalgebra, where, from a (1,0) perspective, the su(2);, appears as a flavor symmetry while
the su(2)g is the (1,0) R-symmetry. This is analogous to the self-pairing-2 nodes of the
rank N E-string, including the form of the Green—Schwarz four-form in equation (A.6]),
which does not couple to p;(7'). Therefore, we can naturally consider a diagonal Zs C
Z(SU(2), x SU(2)r) twist with background field w, such that

w2—

ca(L) —c2(R) = w?=0 mod7Z. (A.8)

1
4

=

This would imply that the global symmetry of (2,0) theories on the tensor branch is
SO(4) = (SU(2), x SU(2)r)/Zs . (A.9)

Since this is a subgroup of SO(5), but not Spin(5) = Sp(2), we predict that the (2,0) SCFTs
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have SO(5) R-symmetry group.

B SW-folds and Rank Two 4d N = 2 SCFTs

In this Appendix we show that SW-folds can be used to construct nearly all of the known
rank two 4d N/ = 2 SCFTs. In recent years, there has been much progress in the program
of classifying low rank 4d N' = 2 SCFTs by studying the complex geometry of the Coulomb
branch [142151]. An enumeration and analysis of the known rank two theories has appeared
recently in [96,|152H155]. As has been emphasized in [96], this enumeration is by no means
a classification, and there are many reasons to believe that there remain undiscovered rank
two theories. Nevertheless, recent progress has unveiled an intricate structure to the rank
two 4d N/ = 2 SCFT landscape.

Rank two SCFTs can be arranged into families that are connected via renormalization
group flows. Each family possesses a collection of “parent” or “top” theories from which all
other theories in the family can be obtained by mass deformation. We note that it is not
necessary that each SCFT in the family comes from all top theories, only that it comes from
a mass deformation of at least one top theory. All of the “top” rank two theories of [96] are
given in Table [6] In this section, we study which of the known rank two theories can be
interpreted as arising from the Stiefel-Whitney twisted compactifications that have formed
the topic of this paper. It is necessary only to provide an origin for the top theories, as those
theories obtained via 4d mass deformation follow from the addition of continuous Wilson
lines, breaking the flavor symmetry, on the 72

When considering a Stiefel-Whitney twisted compactification, the Coulomb branch di-
mension of the resulting four-dimensional theory is always at least the number of tensor
multiplets, i.e., compact curves in the geometric construction, of the parent 6d theory. As
such, the 4d SCFTs of low rank can only come from a highly restrictive set of 6d SCFTs.
There are two ways of engineering theories with a Coulomb branch of rank two. We can
consider

1/z,. (B.1)

where the 7Z, Stiefel-Whitney quotient breaks the gauge algebra to g,, which is either
505  Or  Sly. (B.2)

In either case, the methodology of [61] allows us to determine that the Coulomb branch
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Flavor Algebra  {A,,A,} (24a,12¢) SW-fold

6,12} (263,161
(e8)9q @ (SU2)3 { b ) “Trivial SW-folds”

(5020)16 {6a 8} (2027 124)
(uspys)s {46}  (130,76)  T;"(0,0,0,0,2)
(usp4)7 EB (usp8>8 {47 6} (1287 74) I

(5w)2 @ (Fu)y,  {6.6}  (156,90)  7,"(1,0,0,0,0)

(sug)ys @ (sup)y  {6,8}  (179,101)  &{V(0,0,0,1,0)

(usp,), {6,8}  (185,107)  T;"(0,0,0,0,3)
(515) 4 (6,8}  (170,92) RV (0,0,2)
(uspg),s @ (sus)s 16,12} (232,130)  7,7(0,0,0,0,1)
(s12), B (51s)q {3,6} (102, 54) 7.9(1,0)
(82)s © (s12), {4,6}  (120,66) 71(1,0,0)

(sus)p B u(l)  {6,12}  (219,117) 87(0,0,1)

(sus), g ®u(l)  {6,12}  (212,110) SP(0,1)
(usp,),, @ (sus)g  {4,6}  (118,64) 11
(s12) {$.6} (%) 7 ()
(s12),4 (2,6} (84,42) 79(1)
(uspys);, {4,10}  (188,110) 111
@ (2,4} (58,28) v

Table 6: All the “top” theories from [96]. We list their Coulomb branch operator dimensions
and their 6d origin, if known. There are four theories, labelled by I-1V, for which no SW-fold
description is known. The theories marked as “Trivial SW-folds” are those which are obtained
via compactification of a 6d (1,0) SCFT on T? without turning on a Stiefel-Whitney twist.
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operators, u and v, have dimensiong™]

6,84+ 11 if g =
{AL, A} = 1621} i g = s0s (B.3)
{6,8} if  gup, = sus.

On the other hand, we can have
b
12/2, (B.4)

where the quotient breaks the entirety of the gauge algebra. In this case, we allow g and b
to be trivial, and we also allow £ = 1. We can determine that

{6,% if g=0

(6,12} if g#a. (B.5)

{Aua Av} = {

Putting this together, and using that fact that £ = 1,--- ,6 are the only valid options, we
find that the possible Coulomb branch operator spectra are highly constrained. Specifically,
all rank two theories obtained by Stiefel-Whitney twisted compactification have a Coulomb
branch operator with scaling dimension A = 6.

In view of these restrictions on the scaling dimensions of the Coulomb branch operators,
let us consider the theories I-IV from Table [6} that is, those that do not have a known
SW-fold description. Theories I and IT have Coulomb branch operators of dimensions {4, 6},
which are consistent with them arising from a Zj Stiefel-Whitney twisted compactification
of 6d SCFTs of the form

i , or 15 , (B.6)
however, it is unclear that additional 6d SCFTs of this form admitting a Zj3 center-flavor
symmetry exist. The theory labelled III has Coulomb branch operators with dimensions
{4,10}, which does not include the requisite dimension six operator for it to be able to arise
from a Stiefel-Whitney twisted compactification. There are two possibilities: either theory
IIT is not a top theory, or else it is a theory that cannot be obtained from a Stiefel-Whitney
twisted torus compactification. The analysis of [156] appears to rule out any currently
unknown theory with Coulomb branch dimensions {6,12}, which would be expected for a
putative top theory that mass deforms to a theory with Coulomb branch operator spectrum
{4,10}, and thus we conclude that this SCFT probably does not arise from a Stiefel-Whitney
twisted compactiﬁcationﬁ] Finally, we turn to theory IV. This is the Lagrangian theory with
gauge algebra sp, and a single half-hypermultiplet in the 16 representation, and it is also
the only theory in [96] that does not have any known construction in string theory. As
emphasized therein, one may speculate that this SCFT sits as a descendant inside of a

44We do not need to worry about the subtleties with the prescription of [61] that were highlighted in Section
as the rank two requirement on the Coulomb branch ensures that the gauge algebra after Stiefel-Whitney
twist is at most rank one.

45We thank M. Martone for discussions on this point.
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currently unknown family of rank two SCFTs.

At rank two it appears that almost all of the 4d A/ = 2 SCFT's can be obtained from torus
compactifications of 6d (1,0) SCETs. Of the sixty-nine 4d SCFTs listed in [96], there are only
seven for which it is not known how to obtain them in this manner. It would be interesting
to understand whether other ingredients can be included in the torus compactifications to
generate the complete list of rank two theories, and to determine if the preponderance of
Stiefel-Whitney twists persists to higher rank 4d SCFTs.

C Stiefel-Whitney Twists and the Literature

In this Appendix we present a brief survey in table format of earlier work on Stiefel-Whitney
compactifications. 4d N = 2 SCFTs have been constructed from Stiefel-Whitney twisted
torus compactifications of very Higgsable 6d (1,0) SCFTs in previous literature [61,97-101].
These theories form a small subset of the landscape of Stiefel-Whitney twisted theories that
we discuss in the present paper, and we highlight for which values of the Fg-homomorphism
parameters they have been studied. These particular theories are listed in Table [7] together
with the reference to where they were first explored.

D Nilpotent Orbits and Higgsing SW-folds

In this Appendix we track the structure of a particular class of Higgs branch flows in 6d, and
their 4d descendants after a SW-twist. Take the original 6d rank N orbi-instanton SCF'T of
type (es, g) which can be expressed on its partial tensor branch as

fes]12- - 2[g]. (D.1)

Consider, as we did in Section [3, a Higgsing via an Es-homomorphism I'y — Es that leads to
an SCF'T with a non-trivial center-flavor symmetry Z,. Instead of immediately compactifying
it on a T2 with a Z, Stiefel-Whitney twist, we first perform a nilpotent Higgsing in 6d of
the g flavor symmetry on the right of the tensor branch quiver{™|

Hed : Sug — @. (D.2)

Particular choices for the nilpotent orbit lead to 6d SCF'T where the Z, center-flavor sym-
metry is preserved. We can then take this Higgsed theory, and compactify it on a T2 with
a Zy Stiefel-Whitney twist. In this way, we end up with a larger family of SW-fold theories
in 4d, going beyond the scope of the theories listed in Table [1}

46Higgs branch renormalization group flows of 6d SCFTs triggered by nilpotent deformations have been
studied in great detail in |13}|15[30L/63L|64L[157,(158].
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SW-fold 6d Origin Zy Alternate Name Reference

5l Sua Sl (r)

7.7 (0,0,0,0, 1) 122 Z sy,

r—1
Su3 su3 sus (T)

S?ET) (07 0, 1) 1 \2 O 2/ L3 SD473

(T‘) SUy Suy Suyg (7’)
557(0,1) 12..-2 Z4 sy,
r—1 [98]

SUu: SU
77(1,0,0,0,0) 12...2 Z T,

r—1 r
71,0 12...2 Z4 Ty,

T Y1) 19...2 Zs 7

) ) 1100)
7 155 Z 74)

SUoy SU2n4-8 S5U2n—8r—8

Sél)(0a070727"—1,n—2) 1 2 ... 2 7o L

-1
(1) SuU3 5uU12 " SU9r—6
S5 (0,0,3r — 2) 1 2 2 Zs —
1
r—
(1) 511% SsU15 5U9r—3
Ry ’(0,0,3r — 1) 12 ... 2 Zs —
—1
Sug T5u9r79

(1) N -
T.9(0,0,3r — 3) 12 2 Zs

r—1
(1) Sy SU12 SU8r—4 ’61l
S\V(0,2r — 1) 1.2 ... 2 Z4 —
1
Sug 7‘51187‘78

(1) N _
T9(0,2r — 2) 12 2 7y

r—1
Sus SuUsr—5

Wy, o
T —1) 12 2 Zs

r—1
Slg SUGr—6

My, _ _
T (= 1) 1.2 12 Zs

Table 7: The Stiefel-Whitney twisted 4d N/ = 2 SCFTs that have appeared afore.
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Nonetheless, we can still analyze these extra theories by computing their central charges
and flavor central charges as in Section [f] We also point out that, these extra SW-fold
theories can also be obtained by taking the SW-fold theories that we have obtained in the
main text as in Table [2] and performing the following “induced” nilpotent Higgsing in 4d:

fad : Stz — @ (D.3)

where g is the flavor symmetry algebra in 4d that descended from the g flavor symmetry on
the right of the 6d SCFT. The nilpotent orbit 44 is then the nilpotent deformation in 4d
which can be thought of as a “folded” version of the nilpotent deformation in 6d.

For the nilpotent Higgsings of the 6d SCFTs that were discussed in Section [4, we have

g = sugx. Nilpotent orbits of sug are in one-to-one correspondence with integer partitions
of K. We write

P=[1™ 2" ... K"K|, (D.4)

where n; > 0 and
K

Y ini=K, (D.5)
i=1
to denote a partition of K. We are interested in the case where K = (K and where there

exists a Z, center-flavor symmetry. The RHS of the tensor branch configurations written in
Table [l all have the form

SURSUK SUpRSUK

$22 2 2, (D.6)

and it is well-known how the tensor branch configuration is modified when Higgsing by a
nilpotent orbit as in equation (D.4]). One ﬁndﬂ

SUK je SUK 4 SUR, SUK,
2 2 ... 202 (D.7)
[5unK} [5unK7 1 ] [stno ] [51n ]

The ranks of the flavor algebras are fixed by the exponents of the partition, and the K; are
fixed from that data by anomaly cancellation. They are each required to satisfy

2K; —ny — Koy — Ky =0, (D-8)

where we have defined Ky = 0 and K,y = K. It is easy to see that the anomaly of the
large gauge transformations of the two-forms fields, as discussed in Section [3] rules out a Z,
center-flavor symmetry unless

n; = In; , (D.9)

47For ease of exposition, we do not focus here on the cases where the plateau is too short and the nilpotent
Higgsing starts to correlate with the Eg-homomorphism Higgsing.
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for all 7. The converse also can be shown. It is easy to see that a partition
(16 202 ... (VK er] (D.10)
of (K can equivalently be written as a partition
(171,27 ... K"&], (D.11)

of K. More succinctly, Z, center-flavor symmetry preserving nilpotent orbits of suy are in
one-to-one correspondence with nilpotent orbits of suz. Physically, this reflects the fact that
one can either first perform the nilpotent Higgsing by a (Z,-preserving) partition of K in
6d and then compactify with Stiefel-Whitney twist to 4d, or else first perform the Stiefel-
Whitney twisted compactification to 4d and then the nilpotent Higgsing by the associated
partition of K : either way, one ends up with same 4d A/ = 2 SCFT.

The family of theories obtained by nilpotent deformations forms a partially ordered set,
capturing the network of renormalization group flows amongst the theories, that follows from

the partial ordering of the nilpotent orbit inclusion: p < v when Orbit(u) C Orbit(v). For
sug nilpotent orbits, such partial ordering can be characterized by the “dominant ordering”

of two partitions of K; let u = [ry, - ,7¢,], v = [s1,- - s¢,| be weakly-decreasing partitions
of K, then
J J
p=<v & > <> s, 1< j<max(l, L), (D.12)
i=1 i=1

where the partition with fewer elements is extended by zeroes until they are of equal length.

To be more specific, let us illustrate this construction by analyzing the network of theories
obtained by starting from the SCFT in family E(N) (p,s,3q) with p = s = ¢ = 1. The 6d
origin of this theory is given by the tensor branch description:

SuUg SU15 SU18 SU1g SuU18

esl1 2 29 0T su] . .
[8] [5u3][5u3][5u3]71_/[ 18] ( )

We label each theory in the nilpotent network via
T (. 5, 3¢ p1aa) - (D.14)

where pi4q = [1'®] corresponds to the 7§(N) (p, s,3q) SCFT discussed in Section .

We first discuss the nilpotent network formed by the Zs center-flavor preserving nilpotent
deformations of the su;g flavor symmetry. As discussed, these are specified by partitions of
eighteen such that each exponent is a multiple of three. Exhaustively, there are eleven such
partitions:

[11%], [2%, 113, [25,1°], [27], [3%,17], [3%,2°%,1%], [3°], [4%,19], [4°,2%], [5°,1%], [6°]. (D.15)

7



Bala-Carter Label Weighted Dynkin Diagram 6d Quiver ¥ ¥

0 ¢g SU3 ¢eg Sug
0 00000 ...613'1613 ¢ go

1 € SU3z eg Su3

Ay 00000 .--6131612 Sllg Sl

34 00100 6151812 susdsuy suy
2 e Susz ¢eg

A2 00000 613 1? sus P sug 1]
2 €6 SuU3

Dy 00200 013 s1ig 2

Table 8: The nilpotent orbits of ¢ that are consistent with a Zj center-flavor symmetry.
The column labelled f, we write the subalgebra of the ¢s flavor symmetry that survives
the nilpotent Higgsing, and in the | column, we write the remnant algebra after the Zj
Stiefel-Whitney twisted compactification down to 4d.

The nilpotent network/Higgs branch flows amongst the generated 6d SCFTs is depicted in
Figure [I} Similarly, one can consider the network formed by performing nilpotent Higgsing
of the sug flavor algebra belonging to the 4d 7§(N) (p=1,s = 1,3¢ = 3) SCFT. These are
described by partitions of six, and the generated nilpotent hierarchy of these 4d theories is
shown in Figure[2] The nilpotent Higgsing in 6d and 4d commutes when combined with the
Z3 Stiefel-Whitney twisted compactification of the theories in Figure [I| to the theories in

Figure

D.1 Exceptional SW-folds and Nilpotent Higgsing

In Section [6], we considered a generalization of the SW-fold theories discussed in Section [f to
those obtained from the rank N orbi-instanton theory of type (es, g), where g is an algebra
of type DE. In particular, in Section [6.1, we showed that there exist seven homomorphisms
I',;, — Eg such that Higgsing the eg flavor symmetry of the orbi-instanton leads to a theory
with Zs center-flavor symmetry. The 6d SCFTs obtained by such Higgsing retain the eq
flavor symmetry on the right of the tensor branch quiver.

As in the spirit of this Appendix, the e¢g flavor symmetry can be Higgsed by a choice
of nilpotent orbit of e¢s, and if that nilpotent orbit is compatible then the Zs center-flavor
symmetry can be preserved. There are only five such nilpotent orbits, which we have listed
in Table @ Similarly to the case where g is a special unitary algebra, the ¢s nilpotent orbits
that are compatible with the Zj3 center-flavor symmetry are in one-to-one correspondence
with the nilpotent orbits of g,. Again, the 4d A/ = 2 SCFT obtained by the operation of

48We label the exceptional nilpotent orbits using the Bala—Carter notation [159}/160]; see [161] for the
standard reference on nilpotent orbits, and [162] for a useful summary for the exceptional Lie algebras from
the perspective of nilpotent Higgsing.
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{ SUgSUI55U18 5U185U185U185U185U185U18 . [118]}

122 2 ..-2 2

{ SUQSUT55ULR 5u185u185u185u185u185u12 . 26 16
{ 5u95u155u18 5u185u185u185u185u185U9 : 29
sugsubsulg 5u185u1ssu185u185u105u1z. [33 19]}
5u95u155u18 N .5 185u185u185u185u155u9 : [33 23 13]}
/
[ SUQSUI55UT] 5u185u185u135u185u125uﬁ 6
9 000 3 9 9 2:[3]}
{ SUQSUI 55U 8 5u185112185112185112155u2125§9 . [43 16}}

/

S5UgSU55U18 S5U185U185U185U155U25U6 . 3 3
{1 2222-[4,2]}

5UQSUT55UTS SU185U185U155U125UgSUG 3 13
[ 2222.[51]}

S5UgSU]55U18 5U185U155U]25UgSUGSUS 3
2222 [6°

Figure 1: The subsector of the nilpotent hierarchy of the 6d SCFT in equation in
which each theory enjoys a Zs center-flavor symmetry. We listed the quiver description of
the tensor branch and the partition defining the nilpotent orbit in each case. The Z3 Stiefel—
Whitney twisted torus compactification of the theories appearing here gives rise to the 4d
N = 2 SCFTs whose nilpotent network is depicted in Figure .
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{E(N)(L 1,3; ftaa = [16])}

EE(N)(L 1,3; paa = [2, 14]@

[E(N)(l, 1,3; pag = [22, 12])}

/
{E(N)(l’Lg;Md = [2%])

1,35 pag = [32])

\ M) (1,1, 3 jiag = [4,1,1])}
/

E (1,1,3; g = [472D
l
R

)

m\l

{7;}“(1, L,3; praa = [6])}

Figure 2: The nilpotent hierarchy of 4d N = 2 SCFTs obtained from nilpotent deformations
breaking the sug flavor symmetry of 75 (1, 1,3). The structure of the network matches that
of the 6d SCFTs in Figure [I and the Zs Stiefel-Whitney twisted compactifications of each
of those 6d SCF'Ts yields the associated 4d SCFT in this figure.
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nilpotent Higgsing of the ¢ flavor symmetry and then compactifying with Zs Stiefel-Whitney
twist can alternatively be obtained by first performing the Zs Stiefel-Whitney twisted com-
pactification and then Higgsing the g, flavor symmetry by the appropriate nilpotent orbit.

Further, we consider the case where g = ¢;. There are fifteen nilpotent orbits of e; that are
compatible with a Zs center flavor symmetry, as depicted in Table[)] The sub-Hasse diagram
formed by the subset of ¢; nilpotent orbits appears here almost matches the Hasse diagram
for §, nilpotent orbits that appears in [163]. Similarly, the flavor symmetries surviving after
the Stiefel-Whitney twist and those of the §, nilpotent orbits almost always match. The
one subtlety is the line denoted in red in Table [9} this appears to be associated to one ez
nilpotent orbit, but two f, nilpotent orbits. This case involves the Zy Stiefel-Whitney twist

SuUy
of a 6d theory containing an 2 factor. As we discussed at the conclusion of Section [5.4.1}

this leads to curious features, similar to those that occur in six dimensions when one has

Su:

9 [129]. We expect that a deeper understanding of these highly special configurations will
lead to the resolution of this subtlety in the ¢; and f; nilpotent orbits, however, we leave
such a study for future work.

One can use the same methods from the 6d perspective to determine the central charges,
flavor symmetries, Coulomb branch operator dimensions and so forth of the 4d N = 2
SCFTs obtained from the torus compactification. A similar analysis can be carried out
when g = so9;, however we leave such an enumeration to the readerEg]

E Flavor Group for Conformal Matter & Deformations

In Section [3| we expanded upon the proposal to determine the global structure of the global
symmetry group of a 6d (1,0) SCFT that was put forth in [84]. This proposal is based on
the weakly-coupled spectrum of the effective theory that lives on the generic point of the
tensor branch, together with the knowledge of the Green—Schwarz couplings. In Section [4]
we applied this prescription to the 6d SCFTs obtained from the Higgsing of the eg flavor
symmetry, by a choice of Eg-homomorphism p : Zyx — Es, of the rank N (eg,sux) orbi-
instanton; we found that the resulting global structure of the non-Abelian part of the flavor
symmetry was encoded in a simple manner in the choice of p. We highlighted an extension
of this analysis to the 6d (1,0) SCFTs obtained via the eg Higgsing of the rank N (es, g)
orbi-instanton in Section [6 Furthermore, in Appendix [D] we demonstrated that, when we
consider the Higgsing of the orbi-instanton by both an Fg-homomorphism, p, and a nilpotent
orbit of g, o, there is a simple prescription for the non-Abelian center-flavor symmetry of
the resulting SCFT in terms of p and o.

Throughout this paper, we have focused on the 6d (1,0) SCFTs known as the rank N
(e, g) orbi-instantons and the theories further obtained via Higgs branch renormalization

49For g = so09y, there is a subtlety with the fact that two distinct SCFTs, obtained from very even nilpotent
Higgsing, are associated to the same tensor branch description [15].
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e7 Orbit f4 Orbit 6d Quiver i
0 0 812782181273 0181273 21 e7 — f4 @ Sug
A A 81281812 18123 T 5012 — 5Py @ Uy
24, A L8128 1819818103 (509 — Uy @ Sus) © SUs
34} A+ A L R1DR181973 2810 (sp5 — su> @ Sug) @ sUy
Ay Ayand Ay .. 8127372181273 2181272 s
Ay +24; Ay + A . g15525§75§21§15§25§75§21%1552552 Sy D Sus D sug
€7 SU2607SU2 €7 SU2S507SU2 €7 Sl
As B, --812321812321&1312 (s07 — suy P sUy D sUz) D Sus’
24+ A1 A+ A 8197391819730 18122 sity @ suy
€7 SU9507SUQ €7 SU2507S5U2 €7
(A3 + A Cslay) 81273 21812 3 21812 SUy B Sus D Uy
1
Dy(ay) Fy(as) . §15§25§75§21§15§25§75§2121%1 Sus B sus D suy
4B EETRUTIT o1, sug
D, Cy L8181 2T 5Py — Sity B Sky
Eg(as) Fi(as) ... 8123218123 14 suy
S5U25075U2 €7 SU2507
D5 F4(CL1) 123 %@%
Eg F, Sug

Table 9: The nilpotent orbits of e; that are consistent with a Z, center-flavor symmetry. In
the f, f column we write the flavor symmetry in 6d, and the remnant subalgebra in 4d after
the SW-twisted compactification. Scored-out algebras are removed by the SW-twist. The
remnant algebra, f matches the flavor symmetry associated to the f, nilpotent orbit. The
red line is exceptional, and is discussed in the text.
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group flows. Another broad class of 6d (1,0) SCFTs are those commonly referred to as the
“Higgsable to (2,0) of type Ax_1” SCFTs [32]. These include the rank N (g,g) conformal
matter theories [7], corresponding to the worldvolume theory on a stack of N M5-branes
probing a C?/T; orbifold singularity, and the theories obtained via Higgsing of the g & g
flavor symmetry of the conformal matter theory by a pair of nilpotent orbits o7, and og of
g. The former have frequently been referred to in the literature as 7y n, and the latter as
Ton(oL, UR)E In Section , we determined that the non-Abelian flavor group of rank N
(sug, su) conformal matter is

(SU(K) x SU(K))/Z . (E.1)

It is straightforward to see, again from the methods presented in Section [3] that when sug
is generalized to an arbitrary ADE Lie algebra g, the non-Abelian flavor group is

(G xG)/Z(@G), (E.2)

where G is the simply-connected group with Lie algebra g, and Z (é) is the center of G.

Now we turn to the determination of the global structure of the non-Abelian flavor
symmetry after Higgsing via the pair of nilpotent orbits (o,0g). The nilpotent orbit o,
breaks the left g flavor algebra to the semi-simple algebra b L and we let Hy denote the
associated simply-connected Lie group; and similarly for the Higgsing of the right g by og.
Both b and hg can be read off directly from the nilpotent orbits [63]. Similarly, it is well-
known how each nilpotent Higgsing modifies the tensor branch description, and thus one can
use the analysis of Section [3[to determine the subgroup of the center Z (CNJ) that is preserved
after Higgsing; we refer to these subgroups as Z L(é) and Z R(é) for oy, and og, respectively.
For G = SU (K), Egs, and E; these subgroups have been discussed in Appendix @

Putting all this together, the global structure of the non-Abelian flavor group of the
Higgsed conformal matter theory, 7y (01, 0r), can be shown to be

(Hy, x Hp)/(Z,(G) N Zr(G)). (E.3)

Here the quotient is by the common subgroup of Z;,(G) and Zx(G) inside Z(G). In particular,
if we consider G # Spin(4K), then we have

2@ =Zx. Zu(GQ)=Zg,, Zn(G) =T, (E4)

for some K, and K, Kg divisors of K. The quotient is then by

(ZL<G) n ZR<G)) = Zng(KLvKR) : (E5)

50We emphasize that these 6d SCFTs are distinct from the 4d SW-fold theories also labelled by 7 in
Section
51'We ignore u(1) factors in this Appendix.
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For G = Spin(4K) it is a little more technical due to the product structure of the center.

We now make this explicit in one example. Consider the rank N (sug, s135) conformal
matter theory[?| As is by now familiar, the tensor branch description is

N—1 (—2)-curves

A\

,
Sujg si1s Sujg si1s

[ﬁulg] [51118] (E6)

We consider the Higgs branch deformations triggered by turning on vacuum expectation
values associated to the nilpotent orbits

of the su;g flavor algebras on the left and right. It is clear from the analysis in Appendix
D] that oy, preserves a Zs center-flavor subgroup, as the exponents of the partition are all
multiples of three, and similarly, or preserves a Zg center-flavor subgroup:

Z(SU(18)) = Zs,  Zp(SU(18)) = Zs. (E.8)

After performing the nilpotent Higgsing, the renormalization group flow ends at an interact-
ing 6d (1,0) SCFT with tensor branch description

N—1 (—2)-curves

A\

-
SuUug SuUj12 SUu15 SuUlg SuUlg suU18 Sulg Sujo

2 22 2 2 ...2 2 2 . (E.9)
[su6] [su] [sug] [su6]

To determine the global structure of the non-Abelian flavor symmetry, we can apply the
procedure described in Section 3| From that perspective, we determine that the non-Abelian
flavor group is

(SU(6) x SU(3) x SU(6) x SU(6))/Zs , (E.10)

as expected from equation (E.3]).
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