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ABSTRACT: Observables related to the real part of the gravitational eikonal, such as the
deflection angle and time delay, have been found so far to have a smooth post-Minkowskian
(PM) expansion whose validity extends from the non-relativistic to the most extreme ultra-
relativistic (UR) regime, which smoothly connects with massless particle collisions. To
describe gravitational radiation, the eikonal phase has to be promoted to a unitary operator
for which we motivate a proposal and start discussing properties in the soft-radiation limit.
A convergent PM expansion is found to only hold below an UR bound (discussed in the GR
literature in the seventies) above which a different expansion is instead needed implying,
in general, some non-analyticity in Newton’s constant. In this extreme UR regime soft
radiative observables receive contributions only from gravitons and are therefore universal.
This generalises the pattern discussed in [1] beyond the elastic case.
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1 Introduction

In the last few years, scattering amplitude techniques have been successfully used to compute
classical observables in gravity theories for gravitational scattering and radiation within a
post-Minkowskian (PM) expansion corresponding to the usual loop expansion of quantum
field theory. At 1PM and 2PM the results have been known for some time [2-6] and can
also be derived using the probe limit [7].

Three years ago, the complete conservative part of the deflection angle, for the scattering
of two scalar particles with mass m; and mq, was computed in a spectacular calculation at
3PM order [8-10]. The result presented the puzzle that the deflection angle was divergent at
high energy in contrast with the corresponding finite result found earlier for the high-energy
scattering of massless particles [11].

The puzzle was eventually solved by performing a complete calculation in N = 8
massive supergravity [1], where the various contributions were computed in the full soft
integration region rather than being restricted to the potential region [12]. It turned
out that, from the soft region, one gets extra 3PM contributions to the deflection angle
physically corresponding to radiation-reaction effects. These precisely cancel the high-energy
divergence coming from the potential region. As a result one gets a deflection angle that
is not only convergent but also universal at high energy. The universality follows from



the intuitive fact that, at high energy, the dominant contribution comes from the massless
particle with highest spin, which in theories of gravity is always the graviton.

Immediately after, this result was extended to Einstein’s gravity by two independent
methods. The first one, by Damour [13], was based on the computation of the O(G?) loss
of “angular momentum”.! When inserted in a linear response formula [17], written in terms
of the radiated angular momentum and the 1PM deflection angle, it produced the 3PM
radiation-reaction part of the scattering angle. The same result was obtained by us [18] by
computing instead the infrared-divergent part of the two-loop, three-particle cut, which
is entirely given by the leading soft limit of the five-point amplitude, and by then using
analyticity and crossing symmetry to extract the two-loop radiation-reaction contribution to
the real part of the eikonal and thus to the deflection angle. This result is by now confirmed

by extracting the classical deflection angle from explicit two-loop calculations [19-22].

The next challenge, still within the elastic case, is to go to 4PM where there exist
already impressive partial results. The conservative dynamics was computed in refs. [23, 24]
and then the addition of the tail effects [25, 26] eliminated the infrared divergence occurring
in the deflection angle. The results are, however, still incomplete [27, 28] because the effect
of radiation has not yet been taken completely into account.

In this paper and a companion one [29] we study classical observables connected to
the emission of radiation from the scattering of two scalar particles at arbitrary relative
velocity. This problem was addressed in the seventies in pioneering papers by D’Eath [30]
and by Kovacs and Thorne [31, 32]. The results in [31, 32], recently reproduced in [33, 34],
pointed towards a new ultra-relativistic regime where the more traditional approximations
break down.

In this first paper we look at the simplest situation, namely the limit in which the
radiated graviton’s frequency is small.? In particular, we will study the high-energy
behaviour of various radiative quantities and we will show that they also exhibit, in a very
non-trivial way, a universal behaviour at high energy.

In the study of the elastic scattering an important quantity is the eikonal (i.e. semiclas-
sical) approximation to the scattering amplitude, which is obtained after a resummation of
an infinite number of Feynman (ladder) diagrams. In particular we stress that, while the
momentum ¢ exchanged in each rung of the ladder diagram is a small quantity of O(h),
after the resummation the exchanged momentum @) is a large classical quantity. The ratio
between the two gives the average number of gravitons exchanged that becomes very large
in the classical limit (A — 0). From the eikonal phase one can then extract classical elastic
observables such as the deflection angle and the Shapiro time delay.

1 The definition of the angular momentum flux at null infinity is well known to suffer from a supertranslation
ambiguity (see e.g. [14]). Even its order in G can vary, as recently discussed in [15]. Damour’s definition can
be recovered by choosing a suitable ie prescription [16]. The results described in this paper are insensitive
to this ambiguity.

2Since frequency is a dimensionful quantity, this limit has to be defined in terms of a dimensionless small

wb

parameter and of an expansion in it: the relevant quantity is <>, with b the impact parameter of the collision

and v the relative velocity of the two incoming particles.



When radiation is introduced, the eikonal becomes an operator as discussed in refs. [11,
35, 36] in the massless case, and more generally in ref. [37] (see also [38]). In our case of soft
radiation the eikonal becomes a product of two terms: one is an operator containing the
oscillators describing the graviton degrees of freedom and the other is the c-number eikonal
describing instead the elastic degrees of freedom. This is the eikonal operator that we will
use for computing classical observables such as the waveforms and the zero-frequency limit
(ZFL) of the energy emission spectrum.

Since the coefficients of the harmonic oscillators of the graviton that appear in the
eikonal operator depend on the momenta of the massive particles and therefore also on
the momentum exchanged in the elastic process, an important point to clarify is what to
do with it when we go to impact parameter space. The strategy that we follow is to first
interpret the exchanged momentum as the quantity Q*, discussed above, and then, when
we go to impact parameter space, to treat it as a derivative —ih% acting only on elastic
part of the eikonal. This essentially amounts to the substitution:

Q" — 2psin% B“, (1.1)

where Oy is the classical deflection angle, b is the unit vector in the direction of the impact
parameter and p is the absolute value of the momentum in the centre-of-mass frame of the
elastic process. But, since the deflection angle O, depends on Newton’s constant G, we
arrive at an eikonal operator that depends in a complicated way on G, and this feature
manifests itself very clearly when we compute classical observables such as the waveform
for each polarization.

In the usual PM approximation one assumes that O is a small quantity with respect
to any other kinematic variable and then one Taylor expands the results for ©; < 1. This
in practice means that, in the eikonal operator, we always neglect terms that contain Q"
in eq. (1.1). The problem however is that, when we perform this approximation on the
waveforms and keep O fixed while sending the masses of the scalar particles to zero (or
equivalently while taking the high energy limit o = — 282 — o0), we obtain waveforms
that diverge when the graviton is emitted along the directions of the two energetic particles.

It turns out that, when we enter the region specified by

max{mlae)g, mQJ@g}Zl (1.2)
ma mq

the usual PM expansion breaks down because we cannot neglect Q* any more in the eikonal
operator and in this way we get well-defined waveforms everywhere.

Unlike the two-loop elastic eikonal, which acquires an imaginary part from the contri-
bution of the three-particle cut making it non-unitary, our eikonal operator is explicitly
unitary. The reason is that its c-number part involves only the real part of the elastic
eikonal, while the contribution of inelastic cuts comes from the normal-reordering of a
unitary operator part.

At this point we can again compute the imaginary part of the two-loop eikonal finding
agreement with the results of ref. [18] provided that we are below the bound in eq. (1.2).



However, if we take the high energy limit on this result we get a logarithmically divergent,
non-universal behaviour involving the masses of the scalar particles. In order to restore
universality we have to proceed as we have discussed above in the case of the waveforms,
i.e. we can no longer regard Q" as small compared to the masses. In this way we get a finite
and universal behaviour for the contribution of the three-particle cut or equivalently of the
ZFL of the radiated-energy spectrum. Our results are confirmed by the fact that we get the
same high-energy limit for GR and massive N/ = 8 supergravity, at the price that the final
result, written in terms of the deflection angle, has a non-polynomial dependence on G. In
particular, for the ZFL of the radiated energy, we get the same result as in ref. [39], obtained
within a classical GR approach and in ref. [36] from a scattering amplitude perspective.

The framework we propose here relies on dressing the elastic amplitude with an operator
where soft emissions exponentiate according to Weinberg’s soft theorem [40-45]. A caveat
is thus in order: due to the non-linear nature of gravitational interactions there are effects,
such as non-linear memory [46, 47], that are not captured in our approach. We leave the
explicit analysis of this point from an amplitude perspective to future investigations, while
remarking that instead such difficulties are absent for linear theories.

The paper is organised as follows. Section 2 is divided in three subsections. In the first
one we recall the elastic eikonal exponentiation stressing the difference between the small
momentum ¢ exchanged in a single loop order and the macroscopic momentum () exchanged
after the resummation. In the second subsection we introduce the eikonal operator by
dressing the elastic one with an operator suggested by the Bloch-Nordsieck/Weinberg
method. In the third subsection we use the eikonal operator to compute the two waveforms
in the soft limit and make contact with the linear memory effect. In section 3 we connect,
using the eikonal operator, the infrared divergences of the background hard process, which
are encoded in Im 2§, the number of emitted quanta and the ZFL of the spectrum of emitted
energy. Section 4 is then devoted to the detailed analysis of the behaviour of explicit
expressions for such quantities below and above the bound (1.2), and to highlighting how
universality is restored at high energy. We conclude with a section of summary and outlook.
The paper also contains two appendices. In the first one we collect various kinematic
relations that we use in the paper and in the second we discuss the ZFL of the spectrum of
emitted momentum.

2 The eikonal operator in the ZFL

2.1 The elastic eikonal exponentiation

There is by now a well tested strategy that can be used to derive the eikonal phase from
2 — 2 quantum scattering amplitudes. Here we consider the case where the incoming
and outgoing states are distinct scalars of mass m; and my either in GR or in N/ = 8
supergravity. The leading eikonal Jj is obtained from the tree-level in the limit where the
momentum exchange ¢ is small (see appendix A for our conventions on the kinematics).
In particular one can focus on the non-analytic terms in ¢? as ¢ — 0, which are the only



source of long-range effects in impact-parameter space:

Ao(o,¢*) = h8;r2G {4m%m% (02 — C)] 4+

D—-2
d°2q  Ag(o,¢®) >y
280(0,b) = Ay(o, b =/ o= 62’7?7
o(a,b) o(a,b) P2 Imimada? 1
where o is given in terms of the incoming momenta o = —-222 and ( =1 (¢ = 0) for GR

mima

(N = 8 supergravity). While the process in (2.1) involves the exchange of a single quantum,
after the eikonal resummation the leading contribution to the S-matrix is captured by the
phase €290 which effectively resums infinitely many exchanges. In the 1PM approximation,
we thus have

2G mimo <02 — ﬁ) r (%)
ho? — 1(nb2) 5 '

The quantities p and /s are the spatial momentum and the total initial energy in the

260(0,b) = (2.2)

centre-of-mass frame

1
p= mlmQ\/(ﬂ—l, s =m? + 2mimgo +m3, o= — (2.3)

V5 Vi

with v the velocity of either body as seen in the rest frame of the other one. Via the

exponentiation, the classical scattering process emerges from the exchange of a large number
of soft particles as can be seen by writing the resummed leading elastic S-matrix element
and going back to momentum space

SM)(5,Q) ~ /dD_Qb eI 2ido(), (2.4)
The Fourier transform above is dominated by the saddle-point approximation:?
D—2
o Sl Wo?—1r 2 pp=t

where Qs represents the h-independent momentum exchanged by virtue of the classical
deflection. The estimate Ny for the number of soft particles exchanged during the scattering
is obtained by taking the total momentum transferred |Q;| and dividing it by the typical
momentum of each soft particle, ¢ ~ h/b (as follows from (2.1)). Already by using the
leading eikonal it is clear that Ny is large and becomes infinite in the strict classical limit.
The classical deflection angle O is derived from the momentum |Qs| and at 1PM order
we have
4Gmims (02 — %) r (%)
Vol —1rx 7 pD-3 ‘

It is straightforward to formally generalise this discussion beyond the case of the 1PM

pOs ~|Qs] ~ (2.6)

elastic eikonal. One just needs to start from the long-range elastic S-matrix

S(o,b) =1+ iA(s,b) = (1 + 2iA(s, b)) 200 (2.7)

3Strictly speaking, the saddle-point condition determines b in terms of @, and we invert this relation to
work at fixed impact parameter.



and rewrite it in momentum space
SM(5,Q) = / dP=2p e~ (1 + 2iA(0,b)) e20(@0) (2.8)

Again the classical deflection angle O is derived from the momentum |Qs| by a saddle
point now related to ¢ instead of &g

ORe20 . O Q4

o, 2T gy

Q= (2.9)
In the following, for simplicity, we omit the label s in @, since we always focus on the
classical saddle point.

2.2 Bloch-Nordsieck dressing

We would now like to include soft radiation, i.e. the emission of real particles with very
low energies, in the above picture. In the soft limit this can be done in a very efficient way
by following the method of Bloch-Nordsieck [40, 41] and the closely related approach by
Weinberg [42, 48] (see also very similar discussions in the context of dressed states [43-45]).
The emission of these soft quanta exponentiates in momentum space, as we now recall
focusing for the time being on graviton emissions. We will also include massless scalars and
vectors that show up in N/ = 8 supergravity amplitudes at the end of this section. The
S-matrix element for the emission of N soft gravitons factorises as the matrix element S
for the background elastic process defined in (2.8) and N universal factors f;(k) expressed

in terms of the polarisation j of the graviton and its momentum k, [40-42, 48]

N
_ y K phpy,
Sirw = IL 15 () S90(0,Q) s f5(h) = " (W) Fyu (k) P (k) = 3 =B
r=1 n n

(2.10)
where k = v87G and n runs over all external states of the elastic “hard” process.* Of
course an analogous formula holds for soft absorptions, with f;(k) replaced by —f7 (k). We
keep graviton momenta always future-directed, while the background momenta are always
regarded as outgoing (so that incoming ones are represented by past-directed vectors). For
the sake of simplicity, we write explicitly only the dependence on the graviton momentum,
leaving implicit the dependence on the p, which, as we will see later, will play a crucial
role in our analysis.

A key step is then to introduce creation/annihilation operators for the gravitons and
the other soft particles that can be produced and absorbed in the scattering process. We
work with the following conventions: the canonical commutation relations are

la; (k) al ()| =0 (KB ) b5, 6 (K.F) =2hw(2m)P 6P (B=F),  (211)

4As emphasized by Weinberg (see e.g. [49]), this formula only applies to the case in which the “bare”
amplitude S is connected, hence in our case to the i1 part of S = 1+¢T. This caveat is not important for
the present discussion, but assuming (2.10) to extend to the disconnected part of the S-matrix (with some
appropriate ‘e regularization of the denominators) is crucial to the calculation of the angular momentum
loss given in [16].



and we define

dD—lE .
= - = |k 2.12
A (Aﬁwzw@ﬂDA, w= k|, (2.12)

where we regard w as a frequency and k as a wave-vector. Following Weinberg [42], we have
also introduced a frequency scale w, below which the approximation (2.10) is valid.” We can
then write the S-matrix for the emissions (2.10) as the matrix element (2.8) for the elastic
process dressed by an exponential factor depending on the oscillators mentioned above:

28sr. _ exp /Z al(k) = 17 () a; ()] (2.13)

in terms of which: S0
§Un) _ by 5 (0,Q) (2.14)
(0[€20s-r-|0)
where the subscript s.r. stands for soft radiation and indicates that we are restricting
ourselves to w < w, gravitons. The denominator appearing in (2.14) amounts to hav-
ing taken out, momentarily, virtual graviton corrections up to the scale w,, their effect
being automatically reintroduced through the normal ordering of the operator in front.
After so doing, the matrix elements (2.10) are simply recovered using the commutation
relations (2.11) in
S0y = (Olag, (k1) -+ ajy (k) SED0), (2.15)

where the state without any graviton, |0), is annihilated by all a;. Similarly, the quan-
tities <0|S§,]\7ff_)a}1 e a}N\()} reproduce the matrix elements for soft absorptions, with the
appropriate signs.

To leading order in the soft expansion, it is possible to work with (2.14) by using
the momenta of energetic external particles in the elastic process as given and this is the
viewpoint taken in [42, 48] and more recently in [50-54]. Here we would like to include the
dynamical information about the scattering process, specifying that in our case it is due
to the gravitational interaction itself. This is more easily done by going back to impact
parameter space as the eikonal takes the compact expression (2.7) for the elastic process.

We first consider the Fourier transform to b-space of the two factors in (2.14) separately.
By construction the second factor, which describes the elastic process, gives the eikonal (2.7).
However, thanks to the division by <0|62i55-“ |0) in (2.14), one needs only the real part of
d, as the divergent imaginary part is automatically encoded in the new operator part,® as
we shall see in section 3. The first factor in (2.14) is instead regular as @ — 0, so we can
write it as a differential operator acting on a delta-function 6?~2(b) trading each @ with
a derivative

Q" — —macz (2.16)

SUnlike in [42], we do not need an infrared frequency cutoff since we use dimensional regularization.

SEven after having taken out soft real and virtual radiation, the true S-matrix connects the two particle
initial state to other inelastic channels (e.g. via emission of gravitons with w > w.). As a consequence, some
finite imaginary part will be left over in 0.



in the Fourier transform. Of course the product of these two factors in (2.14) becomes a
convolution in b space. However, since one factor is just a delta function, the integral of the
convolution can be performed straightforwardly, and one obtains

]. *
Sur (braal) = exp (£ /k Z (15 (k)al (k) — £7 (k)a; (k)] 217

[1+ 2iA(0, b)) ' Re2(@b)

where the external momenta p,, in the first line contain derivatives acting on the b-dependent
functions in the second line. In the ZFL we can use the 4-point kinematics and identify
the momentum transferred in eqs. (A.1) and (A.2) with a derivative acting on the elastic
eikonal as in (2.16). Since the soft operator becomes proportional to @ we see explicitly
how the disconnected term of the elastic scattering amplitude drops out.

Let us make two general comments before using (2.17) in some concrete calculations.
First, the classical S-matrix obtained by neglecting the quantum remainder A is explicitly
unitary since only the real part of the elastic § enters in this equation and the inelastic
prefactor is the exponential of an anti-Hermitian operator.”

Second, when focusing on the classical part, the derivatives hidden in the external
momenta p,, due to (2.16) can be always taken to act on the eikonal phase: for any smooth
function p(Q) = 3, ¢, (Q*)", performing the replacement (2.16),

A , 2512n .
(P(Q) ezRe26 N ch(_ihab)QnezRe% _ ch {haféel)) (5] ezRe25 + O(h)
n n (2.18)
2 .
=y (halz‘z 5) ezRe26 + O(h),
e ORe 20 o
o — L2220 _ jropsin = (2.19)
W

where b* = b#/|b|. Indeed, iidy Re 26 ~ O(h°), while if we were act on Re 26 more than once
with hdy, we would only produce terms of higher order in A.

Then we effectively should use the following momenta in (2.17) for the external

hard particles
W == ] O | S R : s

Py = —myu} —|—b“psm7, Py = —TMous, —bMpSHl?,

A o ) o (2.20)

pff:mluﬁbij”psin?S, pé‘:mgug—b“psinf,

which are simply the initial and the final momenta in the classical elastic scattering. In a PM

expansion it seems that one can discard the terms involving sin % since O is proportional

to G, see (2.2). This is equivalent to expanding for small @ the first line of (2.17) as done

7 Actually, the situation is not so simple. Although each individual graviton carries a negligible amount
of energy O( %), the total amount of radiated energy is a classical quantity to be compared with the other
classical energies in the problem. We will discuss elsewhere how explicit energy conservation can be added
while pushing unitarity violations to higher orders in the PM expansion.



in [18], see the step between (2.9) and (2.11) of that reference. However this expansion is
not justified in all kinematic regimes, as we will see below in the discussion of the waveforms
in the ZFL.

In the following, we will apply the eikonal operator to discuss the contribution of
low-energy gravitons to several observables, including the waveforms, memory, and the
particle-energy emission spectrum. The general strategy, given any quantum observable O,
is to take its expectation value according to

(0) = (0[S ,.0 5;...10) . (2.21)

Physically, this means to evaluate the mean value of O in the final state of the scattering
event, obtained by applying S;.,. to the state with no gravitons. It can also be instructive
to inspect more closely the dependence of this classical value on the number of exchanged
gravitons (or other massless particles), and for this reason it is useful to insert a complete
set of Fock states, so that

(0) = i (O)n (2.22)

N=0

with

1
Ow=57 L [ [ ©Isl,00, -a 0)(0laj - Sunl0).  (223)
1 N

' j17"'7.jN

We conclude this section by describing how the soft eikonal operator is modified to
include the presence of other massless fields (scalars and vectors), which will be useful to
discuss the case of N' = 8 supergravity where the massive particles are described by KK
modes. As mentioned in the introduction, this is a nice toy model which has the same
features of GR but provides simpler results. The S-matrix elements for soft emissions
factorize in a way analogous to (2.10), with soft factors that instead of f;(k) are given by

vec £ (k‘)p% sc 9n
) = e B ey =5 221

Pn pn -k

for vectors and scalars respectively; here 7, takes the value +1 for outgoing and —1 for
incoming states while e, and g,, denote suitable couplings. These new soft particles are
easily accommodated in the eikonal operator: it is sufficient to include in the first line
of (2.17) the relevant operators ay for the dilaton (with coupling g, = —km2/v/D — 2)
and a,, j for two vectors (e, = V2 km;) and ay, for two scalars (g, = km?). Such vectors
and scalars arise in the KK-compactification and couple to particles of mass® m; (i = 1,2).
Thus the N’ = 8 eikonal operator takes the same form as in the GR case

SN8 (0,030, ) = 2050 [1 4 208 v, b)] €2 BT D) (2.25)

8A general way to introduce masses in the N’ = 8 context is discussed in [55]; here we work in the
particular case discussed in [12] and further focus on the case sin ¢ = 1 in their notation, see also [18].



where
2@'5{5\5“_:8 = 711/122]: [(fja; — f;‘aj) + (fdail — fd*ad) +
+ (fral,; = £7avs) + (f1al, — f7as)] (2.26)

where, as before, j labels the various physical polarisations, 7, takes the value +1 for
n = 3,4 and —1 for n = 1,2, and the massive particles are pairwise identical (ms3 = ma,
m4 = my) and so they couple to the same soft KK modes (a5, = as,, as, = as,, etc.); finally
we refer to [56] for the first 3PM order of the elastic data AN=8 and V=5,

2.3 Soft waveforms and memory

As a first application of the above tools, let us discuss how one obtains the leading-order
as w — 0 of the asymptotic waveforms. The classical field is obtained by inserting in the
expectation value (2.21) the free gravitational field

Hyu@) = [ 37 [ermk)ayk) € + 5,0 (Ra)(k) €], (Hou(@)) = ().

(2.27)
This yields,

@) = [ 3 (011 [e3 (R)ay () €% + &5, (R} (F) €] Suf0). (228)

The oscillators inserted in the expectation value act in a straightforward way on the first
line of the S-matrix in (2.17), so that the operator part of the S-matrix cancels:

h,u,(x) — /Eef%Reé [f;u/(k) eik:p + f;,/(k) efikm} 621’Re6 ) (229)
In this equation,
> K PPy,
(k) =T (R PP (k),  Fr(k) = “Pnbn 2.
£ (k) = T Ry PP (k) o) =2 S (2.30)

and IT*" is the usual transverse-traceless projector over physical degrees of freedom. Letting
derivatives with respect to b act as in (2.19), we can simply write

) = [ [ (B € + £ () 7] (2.31)
keeping in mind that now the external momenta should be treated as in (2.20).
Now we consider the asymptotic limit for the gravitational field, where z# = (20, %) =

(u+r,r2) and the detector’s distance is taken to infinity, r — oo, for fixed retarded time u
and angles #. In this limit, a standard stationary-phase argument (see e.g. [57-59]) yields

1 d — ‘
hyw(w+7r,18) v ———5— / & fuv(w,wz) e ™" +c.c., (2.32)
2(2imr) "z Jo 27

~10 -



where c.c. stands for the complex conjugate of the term explicitly written. Note that in
this step the angular integral over the momenta k localizes along the observation direction

. Focusing on the four-dimensional case and recalling f,., (k) = —f,(—k) leads to
1 [t dw
L~ . —iwu ) 2.
1 [ S sl i) (23

where the two terms in eq. (2.31) recombined to reconstruct a single integral over positive
and negative frequencies [60]. Adjusting the overall normalization by comparing

g/U/ = T]/U/ + 2Wuy - T]}u/ + 2th'u,z/ 9 (234)

we also define

W = 6. (2.35)

Performing the Fourier transform in (2.33) requires in principle to specify how the 1/w
singularity at w = 0 is circumvented [16, 50-52, 54]. However, as stressed in [57, 61], the
key point is that the behaviour of the waveform at large |u| is completely determined by
this pole at w = 0, and possible ambiguities are in fact u-independent. Considering the
invariant combination

AW (2) = Wy (u > 0,2) — Wy (u < 0,2), (2.36)
we thus obtain 2
AW, (8) = =TI () Z E””pzp" (2.37)

where p, = 9 (En, En) In this way, we reproduce the well-known memory effect [62] i.e. the
leading result of [50-52, 54] or the term indicated as A,, in [54]. We refer to ref. [16]
for further discussion of the evaluation of the waveform in u-space, in particular with the
Feynman —i0 prescription. Moreover, let us recall that our approach does not capture
non-linear memory effects [13, 46, 47].

For the remainder of this section, let us refrain from performing this Fourier transform
and remain in w-space, defining

K

Wi = ——F, (2.38)

4rrr

with F'*” as in (2.30), up to the identification k = 2. Let us also specialize our expressions
using the following kinematics

A S (C] A o ©
p1= (—El,bpsin 73, —pcos ;) , Py = (—Eg, —bpsin ?8,+pcos ;) ,
2.39)
A e) C] A S © (
ba= (—i—El,bpsin;,—}-pcos;) ) b3 = <+E2a_bpSin2s7_pCOS2S> )

which follows from (2.20), and consider the projection on the two polarizations described in
appendix A (see egs. (A.6), (A.8))

Ls _ K s _ K1
Ww = yy—- egez Fu, W2 = o (egez — eZeZ) F. (2.40)
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We obtain for the leading soft term of the x polarization

2G i . ©
WXLS(k):—B —singsin — | x (2.41)
T ow 2
cos@cos¢sin%+sin90087‘* cos@cos¢sin%+sinﬁcos%
E s O o O . .
71+Sln751n9(305¢—00570059 %—(Sln%SlH@COSd)—COS%COSG)
cos@cosqﬁsin%—sin@cos% cos@coscbsin%—sin&cos% ]
B i Os g _ Os B2 g Os g Os ’
S —sin 5 sinf cos ¢ —cos 5 cos 0! 2 sin 5 sinf cos ¢+ cos 5 cosf)

where we recall that ©; stands for its classical expression in terms of b and we aligned b
along the x-axis. Similarly for the other polarisation we have

LS _
WS —

2
Gp [(sin%cosqf)cos@—{—sin@cos%s ) — sin? ¢ sin® %

E1 | gin Os g _ [N
rw oo sin 5 sin 6 cos ¢ — cos 5* cos 6

2
O : C) i 02 .2 ©
(sm =* cos ¢ cos 0 + sin 6 cos 5 ) — sin” ¢ sin” 5
Ey _ gip 9s g O
- —sin 5 sin 6 cos ¢ + cos 5* cos 6

) (2.42)
(sin % cos ¢ cos f — sin 6 cos % ) — sin® ¢ sin? %

—%—Fsin%sinﬁcosqﬁ—kcos%cosﬂ

2
— sin ©s cos ¢ cos § + sin 0 cos S= g sin? ¢ sin? 9=
n 2 2 2 1
_ By iy Os g _ Os
2 —sin 55 sin 6 cos ¢ — cos 5* cos 6

The results (2.41) and (2.42) have a complicated dependence on Newton’s constant
through ©4 and so on Newton’s constant G. The usual way of performing the PM expansion
on the waveforms is to assume that ©; is small with respect to any other kinematic ratio
and then Taylor expand the results for ©, < 1. At the leading PM order we have

2GpO, | 1 1
WES (k) ~ - 2225 iné + , 2.43
(k) roow sin psin l%—cos@ %4—60891 (2.43)
Wfs(k) o~ ?%cosgbsin 9{ — gsin20 (2.44)
w

1 1 cos 0+/s
| 7E 2 (E 5| TTE E ’
(¥ — cosb) (%2 4 cos @) (% — cos)(=2 + cosb)
2 P P P
which agree with ref. [13] and eq. (4.5) of [18]. Of course the full leading PM waveforms [32—
34, 63] reduce to the above result in the ZFL.

Notice however that (2.43), (2.44) diverge when ©; is small but fixed, we send m; to
zero (or equivalently we take ¢ — co) and we also take the § — 0 limit. For WL this
is already visible at the leading O(©;) term: in the limit F;/p — 1, the denominators
vanish quadratically as # — 0 or § — 7 while the prefactor vanishes just linearly. However,
when 6 ~ O4 < 1 the corrections to the expressions in the denominators in (2.43) become

- 12 —



important and in particular they compete with the term E;/p — 1 when
m m Gs Gs
max{la@z, 2 @2} ie. max{, } >1,
mo my mob” mib

where, in the latter formulation, we have rewritten ©; in terms of b. When entering the

(2.45)

kinematic region defined above, the usual PM expansion which yields (2.43) and (2.44)
breaks down. In this region one needs to follow the approach discussed from (2.16) in order
to treat properly the collinear radiation and, as we will see, this will be important also for
the energy spectrum. This phenomenon was discussed long ago from the GR perspective,
see’ [32] and [7] which refer to [30].

In the massless limit we have E;/p — 1, p — /s/2 and the waveforms simplify to

2G CH acos@cosqSSln s 4 sin 6 cos ==
WES(k) = \[ > L_ 2 ] (2.46)

sin ¢ sin —
2 (sin %SIHHCOS¢ - acos%cos 6)?

a==+1

and
2 s 2 O
asin® ¢ sin =5

11 [1 — (sin%sin&cosgﬁ— acos%cos@)zl '

(2.47)

As mentioned above, the dominant PM contributions to the ZFL come from the polarisation
WES and is of order O, while WES is of order ©3.

We conclude this section by mentioning that an entirely analogous discussion holds
for the corresponding waveforms associated to massless vector and scalar radiation, which
are relevant in particular for the N’ = 8 setup. As an example let us briefly focus on the
case of the dilaton emission. From (2.24) with g, = —xm?2/v/D — 2 we have the following
soft waveform

2G 1 am?
Wil =~ 75=570 2, | B+ apoin S amo % con
—2rw =, | B1 + apsin 5 sin cos ¢ — pcos S cos (2.48)
i am3
By — ozpsin% sinécosgb—l—pcos%cosO '

At leading PM order below the threshold (2.45), there is agreement with the ZFL of the
results in [56]

2G pB, m? m3
WES (k) = TP w sin 0 cos ¢ [(E1 —plcos 0 (B +p2cos 9)2] . (2.49)
As for the graviton case, also (2.49) has an anomalous behaviour when ¢ — oo and
sinf ~ /2/a, i.e. the square parenthesis scales as +2vo (where v = myma/(m; + ms2)?)
and so it becomes large. This means that the dilaton yields non trivial contributions for large
velocities but below the threshold (2.45). However, above that bound, the approximations
yielding (2.49) break down and one has to use (2.48), which vanishes in the extreme UR
regime. So, as expected, the dilaton decouples at very high energies.

9While we here refer to the deflection angle O in the centre-of-mass frame, the one quoted in the abstract
of [32] should be the angle ©7 in frame where the heavier particle (say 1) is initially at rest. They are
related by tan ©, = m1 sin ©4/(E2 + FE1 cos ), so that for very large velocities o > 1 one gets tan O ~
v/2m1/(ma0o) sin ©;/(1 + cos ©;). To first order in the PM expansion we thus have O} ~ y/m1/(2m20)0;
and so (2.45) reads o © > 1.
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3 Infrared divergences and soft spectra

Using the eikonal operator we can show explicitly that the amplitude, and thus the transition
probability, for the purely elastic 2 — 2 process is exponentially suppressed, in fact infinitely
so in D = 4. As we shall review below, this infrared divergence is intimately connected to
the fact that an infinite number of field quanta is emitted via classical radiation. Moreover,
it is also directly related to a (finite) observable quantity: the zero-frequency limit of the
spectrum of emitted energy.

3.1 Infrared divergences in Im 24 (o, b)

Let us take the final state Ss,|0) and project it on the graviton vacuum |0). Then
one needs to normal order the inelastic exponential through the usual Baker-Campbell-
Hausdorff formula

evaT—v*a _ evaTe—v*ae—%WP[avaT] ) (31)

so the amplitude for the elastic process is given by
1 ,
(018.10) = exp |5 [ F (BT By 1) 2070, (3.2)

where II#"#? is the usual transverse-traceless projector and we focused on the classical
contribution (ignoring A). The transversality condition k*F},, = 0, which holds for gravity
by momentum conservation, grants

Fp (R)IPT (k) Fpo (K) = Fp, (K) PRP7 Fyo (K) (3-3)

where

Prvpo — % (n”p N+t — —— 77’“”77’“’) : (3.4)

D -2

The first exponential in (3.2) is a damping factor that can be interpreted as an imaginary
contribution to the classical eikonal: in this way we have

(0]S5r.|0) = €200), (3.5)
where 20 = Re 26 + ¢Im 26 and

Tm 26(c, b) — % / E (k) PPP7 Ey (). (3.6)
k

This is the analogue, in b-space, of the damping due to summing the contributions of
virtual gravitons to the elastic amplitude [42] (we recall that the dependence on the impact
parameter b is implicit through the identification (2.16)). Following these steps, one can
also rewrite the eikonal operator directly as

1 1 )
. _ 1 * 2id(o,b
S (0’, b; a,aT) = exp (ﬁ/fé gj fjal-> exp (_h/E Ej f aj) e2id(ab) (3.7)
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For later convenience, before evaluating it explicitly, let us write the integral in (3.6)
introducing the integration over the frequency with an upper cutoff w, and over the angles,
using k* = w(1,2) and F* (k) = w1 F(1, %),

1 + dQ()
Im?2 = — Z)PHPOE, —_— .
m 26(c, b) 2h/o = D7§ o(18) 55T (3.8)
so that Doa @)
1wy dQ)(z
* UV, po
Im2§(0,b) = %D 4 (1, 2) PHAPT o (1, )72(2”)1)71 (3.9)
and, to leading order in e = (4 — D)/2,
wy %€ dQ(2)
Im 2 &)PHPOE, 1
m20(0,6) = =7 f{ o(1:8) 3 5ms (3.10)

3.2 Infrared divergences in the number of emitted quanta

The eikonal operator (2.17) is manifestly unitary (once we neglect the quantum remainder
A). As such, it better yield 1 when we insert O =1 in eq. (2.21). Indeed, we can apply
eq. (2.23) with O =1 to compute the probability Py for the emission of N gravitons:

Py = 1)y, i = (3.11)

We thus need to evaluate

i X Lo costal a0l iy e l0). (3.12)
k1 En

J1yesJN

Each a;(k) (resp. a;(k')) oscillator pulls down a factor f; (resp. f) so that

N
Py = 0|sr\o[ / ()P E (k)] (015410} - (3.13)

Recognizing the same integral as the one appearing in (3.6), up to a crucial factor of 2, and
using the fact that (0]Ss.,.|0) = € as in (3.5), we thus have

Py = — [2Im 28] 72120 (3.14)

|

In this way we obtain that the probability for the emission of N gravitons follows a Poisson
distribution with 2Im 2§(0o, b) the average number of emitted gravitons

> NPy =2Im2§. (3.15)
N=0

Again let us note that 2Im 24 is divergent both as D — 4 and as h — 0.
Alternatively, one can directly insert in (2.21) the operator

N:/Ezj:a}(k)aj(k), N = (N, (3.16)
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which counts the number of emitted gravitons. Consistently with (3.15), in this way one finds
1 * v,po
N = /k F (K) P97 Fy (k) = 2Tm 26 (3.17)

Of course, a similar discussion applies for the number of emitted quanta in supergravity.
There, one simply obtains a product of Poisson distributions each associated with a species
of emitted particle. Similarly, one can consider insertion of number operators vectors and
scalars as well. In each case, such expectation values coincide with twice (4.6) and (4.7).

1 1 dEra
3.3 Zero-frequency limit (ZFL) of % j=d

We now move on to the insertion of the energy-momentum operator
P = /kz]: 1k al(k)a; (k) | o= (P (3.18)
as in eq. (2.21), which leads to
rad = /Ek“FW(k)PW’P”FpU(k) : (3.19)

thanks to (3.3). Focusing on D = 4 from now on for this quantity, and making the
dependence on the upper cutoff w, explicit, we thus consider

PE (wy) = /k 0 (w0 = KO) K Ey (k) P77 o (k) (3.20)

and study the soft emission spectrum i.e. the derivative

dP& 4 (ws
W _ /k 5 (1. — KO) Ky (k)PP (k) (3.21)
as w, — 0. For later convenience we also rewrite (3.21) introducing explicitly the integration

over the frequency and the angles, using k* = w(1,2) and F* (k) = w ' F*(1,%),
dPg 4 (ws) dQ()

d _ 2 A s A
20— f(1,8) o (1,) P B (1,2) § ey (3.22)
Note that under a Lorentz transformation p* — p'* = (A=1)* p¥,
dP? ; (wy
rgi(w) — / 5 (we = (AR)°) K Fpy (k) P07 Fp (k)
Wi k
3.23)
A%y + A 2T dQ(z) (
=¢-————+—F,(1,2)P"P°F,,(1,%
AOO € A(]Jinj Hl’( ,l‘) 4 ( .I') 2(27T)3
0 I
Therefore, while dZ;Trid = dfTrid is Lorentz invariant, the spatial components dZ;Trid have more

complicated transformation laws.
We thus focus on the ZFL of the energy emission spectrum dfTrid, i.e. the « = 0
component of (3.22), which reads

AB,q(w, ) )
dBraa(ws) _ %ij(l,m)PW’p”Fpg(l,x)

3.24
o, (3.24)
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while deferring to appendix B an analysis of the spatial components. Comparing (3.24)
with (3.10), we immediately see that they are identical up to the prefactor —4he, so that

lim d?:j‘d = lim [~4he Im 26(0, b)) (3.25)
This highlights a general mechanism: the infrared divergences of the elastic amplitude
determine the ZFL of the energy emission spectrum via massless quanta [18, 42]. Eq. (3.25)
generalizes trivially to an arbitrary background process o — 3 and captures the exact
dependence on the associated kinematics, regardless whether the involved particles carry
spin. Similar links hold between the energy spectra for massless vector and scalar emissions
and (4.6), (4.7), and between the total emission spectrum in A/ = 8 and (4.8).

4 ZFL (and Im 26) at arbitrary velocities

In this section we provide explicit expressions for Im 2§ and ‘”j%d, specialize them to the
case of gravitational 2 — 2 scattering and analyse their properties as the relative velocity
of the colliding objects varies. As we already discussed for the memory waveform, we will
observe a non-trivial transition between the standard PM regime where ) < mi, mo and
the region characterized by the bound (2.45).

The integrals entering (3.6) can be evaluated to leading order in € = (4 — D)/2 using
the basic identity (see [42] and appendix B of [64])

[ 0000 K) % o an
(2m)* (Pnk) (pmk)  8m2e mymy, | :
where .
N Mm arccosh om, Dn - Dm
Fnm = 2 ) Onm = —TnTm . (4.2)
Onm — 1 MMy,

Note that, despite the presence of a cutoff, the left-hand side of (4.1) is Lorentz-invariant
to leading order in ¢, and indeed the 1/e pole on the right-hand side is w,-independent
(see also the discussion around (3.23)). Then, to leading order in the limit € — 0, eq. (3.6)
together with (3.25) gives:

dEs"  2G 1
lim =— ) mpmpy (02 - ) Fo - (4.3)

nm
w—0 dw () 2

Let us emphasize that in this expression the dependence on the kinematics of elastic process
is exact. Like the soft theorem, this formula is insensitive to the specific details of the hard
particles and should also hold if they carry spin. Moreover, as expected, Im20 > 0 for

€ < 0, which grants the convergence of the integral, so that e~ ™2

is indeed an exponential
suppression: this factor tends to zero as D — 4 and as & — 0, indicating that |0) and
Ss.r.|0) have zero overlap in these limits. Correspondingly, via (3.25), the ZFL of dE/dw is
also positive.

The right-hand side of eq. (4.3) generalizes straightforwardly to generic background

processes a — [3 involving an arbitrary number of (massive and massless) states. Again
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via (3.25), it is related to the quantity to be exponentiated in momentum space in order
to resum all infrared divergences in the exclusive amplitude A,3 due to soft virtual
gravitons [42, 64]: A,z = Vs Agﬁ, where Agﬂ is infrared-finite and

2, ,—2€ .
K w, 1\ 9pnNm arccosh opm — im00m
Wag = ——5— > MpMy (02 - > (4.4)
“ (47r)2 he o e o2, — 1
with %pm = 0p, 5 — Onm- In particular,
Im2) = —ReW (4.5)

for the 2 — 2 process which is the object of our main interest here.

The discussion presented so far can be straightforwardly generalised to N/ = 8 super-
gravity starting from the soft eikonal operator (2.26). The technical steps are identical to
the GR case, except that one needs to add all contributions to Im 26 that arise by reordering
the ladder operators associated to the various massless particles in the theory, which include
vectors and scalars. Thus, in analogy with (4.3), we find:

li e _ 1 > ( ) F, (4.6)
wli% do  Ar2 2 €En€m Onm) 'nm .
dE®¢ 1
im = N IIm (4.7)
w—0 dw 412~ mymay,

After summing up the all such terms related to the various physical modes we obtain a
remarkably simple result:

dEN=8 2@
lim =— ) mymmn (O‘;lm)2 Fom, (4.8)

w—0 dw T

where o/, = opm — 1 if n and m have momenta compactified along the same KK direction
(so that m,, = my,) and o), = opm otherwise. Again, the right-hand side of (4.8) is related
to the exponentiation of infrared divergences due to soft graviton, dilatons and massless
KK modes,

2, ,—2€ :
_ K w, NnNm arccosh opm — 1TNpm
WHN=8 _ ry2 4.9
af (47T)2h6 4 mmnmm(anm) U%m 1 (4.9)

by the same link as in the case of graviton emissions (4.5).

Let us now study more in detail the spectrum for the 2 — 2 process in General Relativity.
Starting from the general expression (4.3) for Im 20, it is sufficient to use o,, = 1 and
F,., = 1, while for n # m we have oy, = 0, and

Q? Q?
019 =034 = O 013 = 094 = O oy =14+ —7— o3 =14+ — 4.10
12 34 ) 13 24 Q> 14 Zm% ) 23 2m§ ) ( )
where we introduced the shorthand notation
2 2 2

U —mi — mj

(4.11)

ag = 0 — =
@ 2mims 2mims
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Then, eq. (4.3) becomes

N 77;% B m%( (1 N %)2 . arccosh (124—22%%) (412)
\/(1+2Qm%) —1
+7T2L%_m§<<1+2627r?%>2_§>arm08h(1+2m2§) |

Q> \?

\/ (1+55) -1
where, as discussed, the transferred momentum @ should be interpreted by using (2.19).
As already emphasized, while in the following we will focus on certain interesting kinematic
limits, the dependence of this formula on the dynamics of the background elastic process,

and in particular on Q/m;, is exact.
The standard PM regime considered in [13, 18] requires that

Q? ~ (p©9s)* < 2m?. (4.13)

In this regime, one can extract the leading (3PM) contribution by Taylor-expanding the
first line of (4.12) in Q?, while the remaining two lines only give subleading contributions,

dEsr  2G 8 — 502 (202 — 3) o arccosh o
li ~ Q7 4.14
050 dw T l?} (02 —1) * (02 —1)3/2 (4.14)
Note that, in the UR regime, this gives:
dE®" 4G S 5
li ~ —Q*(1 - 4.15
w% dw T @ (og mime 6> ( )

When rewritten in terms of Im 26(c, b), the result (4.14) agrees with eq. (5.14) of [18] once
we use ) ~ p O, and the leading result (2.6) for ©4. Moreover, to the leading 3PM order,
eq. (4.14) has been explicitly shown to hold also if the colliding objects carry spin, for
generic spin alignments [65]. Via unitarity, analyticity and crossing symmetry, the 3PM
divergent part of Im 29 immediately provides the radiation-reaction corrections to the 3PM
deflection [18, 56].

Still, let us stress that the exact dependence of (4.12) on Q2 can be used to extract a
prediction for the ZFL of the spectrum and, via (3.25), for the IR-divergent part of Im 24
also at higher orders in G. In particular, once the nPM deflection angle is known, eq. (4.12)
provides the IR divergent part of 2§ at (n + 2)PM order (so far explicit results for O,
including radiation-reaction effects, are available up to 3PM).

Notice that (4.14) is determined by the soft theorems and the 1PM deflection angle,
explaining why the probe limit v = (mymz)/(m1 + m2)? < 1 used in [66] captures the
full result at this order. It is straightforward to use (4.12) and extract the higher PM
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corrections to (4.14) and so to the ZFL of the energy spectrum. Of course starting at 3PM
order one finds a non-trivial dependence on v inherited from the expression of ;.

As a check, we compared the small-velocity limit of the first three orders in the PM
expansion of (4.12) with the results obtained in the standard Post-Newtonian (PN) approach,
see for instance the results in appendix A of [67].!0 It is interesting to notice that the
radiation-reaction contribution to the deflection angle [1] yields terms in the soft spectrum
that have odd powers of the velocity in the PN expansion. The first such contribution to
the ZFL of the energy spectrum can be obtained simply by inserting in (4.14) the 2.5PN
term of the deflection angle in GR [13, 18, 56] and is dfjr ~ B12G°Pm% - At this order one

257b4
would expect also a contribution from the cross term of the linear and non-linear memories

of the waveforms, however, by using the result of [47], one can check that such contribution
vanishes after integration over the angles at least at the leading PN order. Thus the result
quoted above should be the full 5PN correction to the leading ZFL of the energy spectrum
and it would be interesting to compare it with the results derived in the PN approach.

In the naive small-O4 expansion, including the leading term in [66], there are terms
that are logarithmically divergent as ¢ — oo with ©; fixed, i.e. when one enters the
kinematic regime defined in (4.16). However, as discussed in the previous section, the PM
approximation can break down even when Oy is small, see (2.45). This happens when,'!
for at least one index 1,

Q V2p . O, G(s—m%—m%)>1

S —— ~~

\/§ my; m; 2 mib ~

In this regime, one cannot expand the last two lines in (4.12) for small ©, ~ G.

(4.16)

The first line in (4.12) can always be expanded to first order in @Q?/s (and exhibits a

singular massless limit) while the second and third line depend very non-trivially on the
Q

mizu
of z = €2, those two lines exhibit a branch point on the negative real axis at the unphysical

“scaling variables” £&; = m%,gz = respectively. Actually, when seen as analytic functions
point z = —4, corresponding to the t-channel thresholds ¢ = 4m?. This implies that the
PM expansion around z = 0 starts to diverge at {2 = 4. This quantifies the qualitative
statement made in (4.16).

This complicated &;-dependence smoothly connects several interesting regimes. We
have already discussed the conventional 3PM regime where (4.14) holds. At the opposite
end let’s consider the extreme ultrarelativistic regime, or equivalently the massless limit,
where 2p — /s and my,my < Q = /ssin %. The mass singularities neatly cancel and
then (4.12) reduces to (see e.g. [53] where the result is extended to an arbitrary number of
external massless legs)

T 2
dE” :g slog ° 2+Q2logs_2Q ,

s—Q Q Q=+/ssin %

(4.17)

%Starting from (A6) and (A7) in that reference, it is straightforward to perform the ZFL of the terms
that do not receive contributions from the integrals in (A8) and see that they agree with the PN expansion
of our (4.12). One can perform a more detailed comparison verifying that all terms agree at the 2PN level
considered in [67]. We thank Donato Bini for performing this check.

UNote that this condition requires at least one of the two particles to be relativistic, p > m;.
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which also affords a very compact form in terms of the deflection angle

. dE®" 4G { 295
im ~ ——3 |cos® — log cos
w—0 dw T 2 &

2

C) C) C)
78 + sin? 7‘9 log sin’ 2‘9} . (4.18)
which agrees with the leading soft limit of eq. (5.12) of ,'2 [54]. Let us consider the small

O, limit of (4.18). At leading order for ©4 < 1 we have

dEq  GsO?

~

lim

{1 + log 4 (4.19)

o)
which reproduces the result obtained in [39] within a classical GR approach and in [36]
from a scattering amplitudes perspective.

The latter approach clarifies the origin of the non-analytic behaviour in G in (4.19) as
we summarise below. Most of the radiated energy due to soft modes is in a region almost
collinear to the hard particles as it is clear from (2.46) and (2.47) since the denominators in
those expressions become smaller as §# < 1 or m—6 < 1. However, when § < O, (m—60 < Oy)
the waveforms stop growing and there is a plateau till § = 0 (0 = 7). The key point is
that, during the scattering, the direction of motion of the hard particles changes classically,
so the radiation collinear with the initial states has an angle O, with the final states and
vice versa. This misalignment regulates the integral over 6 in the energy spectrum and this
produces the non-analytic dependence on G in (4.19).

It is then clear that it is essential to keep track of the (elastic) eikonal exponentiation
to encode the information about the classical deflection angle, see the discussion starting
from (2.4). Technically, this is done by using the soft eikonal operator (2.17), where the
operator part describing the radiation acts on the full elastic eikonal, instead of just on
the amplitude describing a single graviton exchange (which is a quantum process). In the
standard relativistic PM regime (i.e. away from the regime (4.16)) the subtlety discussed
here is not manifest, since in that case the would-be collinear blow up in (2.43) and (2.44)
is cut-off by F;/p —1 > 0. As a result the 6 integral in the spectrum is regulated by
o as it is clear from (4.14). Eq. (4.12) provides a smooth transition between the two
regimes and the log o enhancement in (4.14) becomes log ©;2 when entering the extreme
ultra-relativistic region.

Let us finally consider another corner of our two-parameter space, the one in which,
say, &1 = w% — 0 and & = n% — oo. To this end, we can first take ms to be small for
fixed s, m1, @, and then take the small-@) limit for fixed s, m;. This time the singularity
for mo — 0 cancels while a logm remains, so that:

1+61 (s = mp)” 4
og w02 . (4.20)

Inside this regime we can also consider the probe limit, where we can regard particle 1 as

dE®"
lim
w—0 dw

G e
_gQ

the primary object and particle 2 as a test mass. This case corresponds to further taking,

12T order to reinstate the Newton constant, that result should be multiplied by 87G and in that equation
E = /s/2 indicates the energy of each incident particle.
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n (4.20), s =~ m? + 2mqp (i.e. p = mao) obtaining

1+61log (g)] , (4.21)

. dE®
lim
w—0 dw

G 2

or, recalling ) = 2psin @s

U]Jigb dg;ad 4Gp? sin? {1 3—7r6 log (sm 62 )} |

(4.22)

where here Oy is the deflection angle in the probe limit in a Schwarzschild black hole of
mass mj.

Let us now turn to the case of N' = 8 supergravity. Specializing (4.8) to the 2 — 2
kinematics as in (4.10), we have

dEN=S 4@ h h
lim = 2mymac? arciﬁ 2m1m20Q arecos JQ (4.23)
w—0 dw o —1 NXoi
(Qz)z arccosh (1 + %) (Q2 2 arccosh( + 3 )
N 4m% Q2 2 4m% Q L
L

The standard relativistic regime, where Q? < Zm? in the equation above, has an analytic
PM expansion whose leading term reproduces the result of [56]

lim ~
w—0 dw s

N=8 2 2 2
dE 4G Q [ o (0% — 2)o arccosh 01 7 (4.24)

21 (02 —1)3/2

where the leading deflection angle is given in (2.6) now with ( = 0. On the contrary, in the
regime (4.16), the small-O4 expansion is non-analytic and interestingly, in extreme ultrarel-
ativistic kinematics where the masses can be neglected, one obtains again (4.17). Indeed,
the contributions related to the dilaton, and the Kaluza-Klein scalars and vectors become
negligible in this regime, as suggested by the fact that (4.6), (4.7) scale with lower powers
of oy compared to (4.3), and the graviton provides the dominant, universal behaviour.

We refrain here from discussing in detail the soft spectra of N’ = 8 supergravity. Suffice
it to say that the link (3.25) trivially holds for each “species” of radiated particle (dilaton,
KK modes and gravitons), so that each spectrum is determined by the corresponding
divergent part of Im 2§ discussed in the previous section. In particular, the ZFL of the
full A/ = 8 energy spectrum, obtained by summing over all types of emission, is obtained
by substituting (4.23) (or more generally (4.8)) in (3.25). At ultra-high energies, only
the contribution due to the emission of gravitons survives. This is a universal expression
for two-derivatives theories in accordance with the expectation that gravity dominates
the high-energy limit not just for the elastic scattering, as argued in [1], but also in the
radiation sector.
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5 Discussion and outlook

In this paper we focused on the soft eikonal operator describing the emission of low-frequency
gravitons (or, in general, massless states in A/ = 8 supergravity) from the 2 — 2 scattering
of energetic particles. By combining Weinberg’s exponentiation in momentum space and
the eikonal exponentiation in impact parameter space, we obtained explicit formulae for the
waveforms and the energy spectrum in the zero frequency limit. The main feature is that
these observables are smooth as the energy of the collision increases and display a qualitative
change in their behaviour when one goes above the threshold (2.45). In general, waveforms
and spectra now depend non-trivially on the two ratios appearing in (2.45) if they are kept
fixed as one takes s — co. In the extreme ultrarelativistic regime in which both ratios go to
infinity (e.g. in the massless case), the universality of gravitational scattering [1] is restored
also for radiative observables at least in the ZFL regime: for instance, the dilaton waveform
becomes negligible (see eq. (2.48), while in the standard PM region it is non-trivial (2.49))
and the energy flux reproduces the universal result (4.19). Note that, in the standard PM
regime, (4.15) shows that the ZFL flux divided by the initial energy increases logarithmically

as o becomes larger: ﬁdfT“d ~ G+/5©02logo. Even such a mild increase is inconsistent at

high energy and indeed Whgn the threshold (2.45) is crossed the behaviour of the spectrum
smoothly changes to (4.19): the logarithmic increase with the energy is substituted by a
non-analytic dependence on the scattering angle (and thus on the Newton constant).

Of course, the immediate next challenge is to extend our approach beyond the small
frequency limit. It is possible to introduce an eikonal operator that extends (2.14) to generic
values of the frequency and assume an exponentiation in impact parameter space as done
for the elastic eikonal. A first proposal in this direction has been discussed in detail in [37]
which focuses on the regime below the threshold (2.45). In this case the operator part of
the eikonal operator is directly related to the leading PM waveforms [32-34, 63]. Various
checks on the consistency of this proposal are already discussed in the same reference and it
is possible [29] to use it as a starting point to discuss the qualitative features of the energy
spectrum (for both dFE,,q/dw, and the fully differential dE,.q/(dw, dQ?)) along the lines
of what was done in the massless case [35, 36, 39]. The low frequency approximation we
considered here certainly breaks down when wb ~ 1 and so one can estimate the contribution
of the very soft gravitons to the total energy radiated simply by assuming that the spectrum
is constant up to w ~ 1/b. Then the contribution from soft gravitons is Eraq ~ /s O3, which
is of the same order as the full result [68, 69] in the PN region o ~ 1. When ¢ > 1, but still
below the threshold (2.45), Ey.q scales as Eraq ~ /s ©2,/c [68, 69], while the prediction
from [35, 36, 39] for the massless case (which of course is above the threshold (2.45)) is
Erag ~ +/3021og ©72. It will be interesting to check whether these two cases (massive and
massless) are smoothly connected by taking the extreme ultrarelativistic limit, as it happens
for the ZFL case. The power-like dependence on the scattering angle is consistent with the
pattern seen in this paper, where o is substituted by 1/62 in the extreme ultrarelativistic
limit, but the result of [35, 36, 39] has an extra logarithmic enhancement. This comes
entirely from high-frequency gravitons, which seem to be irrelevant below the bound (2.45).
We plan to come back to this issue in a future work [29].
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Another interesting development is to investigate whether the eikonal operator has the
coherent form of (2.14) at all frequencies, or non-linear corrections in the oscillators (in the
exponent) are needed. The analysis of [37, 70] indicates that the first subleading correction
to the waveform can be encoded in an eikonal operator that has the same functional form
as (2.14), at least below the threshold (2.45). It will be important to clarify whether this is
an all order property by studying both higher orders in the standard PM approach and the
extreme ultrarelativistic limit of the first PM correction.

Acknowledgments

RR would like to thank THES for hospitality during the final part of this work and
Donato Bini and Thibault Damour for several enlightening discussions. CH and RR
acknowledge support by Institut Pascal at Université Paris-Saclay during the Paris-Saclay
Astroparticle Symposium 2021, with the support of the P2IO Laboratory of Excellence
(program “Investissements d’avenir” ANR-11-IDEX-0003-01 Paris-Saclay and ANR-10-
LABX-0038), the P2I axis of the Graduate School Physics of Université Paris-Saclay, as
well as [JCLab, CEA, IPhT, APPEC, the IN2P3 master projet UCMN and EuCAPT. The
research of RR is partially supported by the U.K. Science and Technology Facilities Council
(STFC) Consolidated Grant ST/T000686/1. The research of CH (PDV) is fully (partially)
supported by the Knut and Alice Wallenberg Foundation under grant KAW 2018.0116.
Nordita is partially supported by Nordforsk.

A Summary of the kinematics

Following closely ref. [12], we write the 2 — 2 kinematics in the Breit frame where the
initial states have momenta

In o, 4 I o "
Py =~y + o py = —Tauy — -, (A1)
where the quantities in bold are (D — 2) dimensional. The final states are
w_— o, 4" w_— o "
Py =Tuy + o Py = Tally — o, (A2)

so the momentum transferred p; 4+ ps = ¢ is shared democratically between the in and out
states and is orthogonal to the classical velocities u;. We also introduce

¢
mimoo — vy

) U; = _17 Yy = _(u1u2) = (A3)

mima

Aligning the direction of classical motion along the z axis, we can also introduce rapidity
variables according to

ui‘ = (coshy;, 0,sinh y;) , ¢" =(0,q,0), (A.4)
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and

cosh y mi + may m1 mi1 + moo E;
1= p— e
\/m% + M5 4 2mymay M \/m% +m3 + 2mymoo M
Mo +m E
cosip = T2t _ma__matmo B
\/m% +m3 + 2mymay "2 \/m% +m3 4+ 2mymoo 2
(A.5)
moy/y? — 1 S}
sinhy; = iea's = é cos — |
VI S 2y T 2
miVy? — 1 (C]
sinhyo = vy :—icos—s,

VT 2y 2 2

where the spatial momentum p is given by (2.3) and the second formulation in each
expression is derived by using (A.3).

The direction of the radiation is of course defined by the momentum of the corresponding
emitted soft particle. In D = 4 we take

kH = (w,k, k:L) =wnt, nt = (1, sin # cos ¢, sin 6 sin ¢, cos ) (A.6)

and introduce two orthogonal vectors eyk = egk =0

ety = (0, —sin ¢, cos ¢, 0) ey = (0, cos f cos ¢, cos fsin ¢, —sin §) . (A.7)
which can be used to define the physical polarisations of the graviton
, 1 , 1
el = 3 (egez — egeg) , el = 3 (egeg — 6;@;) ) (A.8)

I
B Spectrum of emitted momentum %

For completeness, let us briefly go back to the spatial components o = I of (3.21), i.e. the
spectrum of emitted spatial momentum. They lead to the following angular integrals, which
by rotational symmetry can be cast in the form

! dQ(z A A
Il(pnypm) = % - = 47(;1‘) = anmké + bnmkrInv (B.l)

so that R R
kp - I —cosOpmkm - 1

sin? O,m

5 bnm = Amn (BQ)

Qnm =

where 0, is the angle between l%n and Em In terms of the rapidities

En,m = Mnpm cosh wn,m ) ’En,m‘ = Mnm sinh wn,m ) (B3)
one finds
A 1 tanh tanh
oI L TZJm' _arctan f + arctan gcothwn 7 (B.4)
MpMyy, | sinh, sinh 1y, 202, —1
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with

2¢e¥m (ewn 02, — Opm cosh i, — sinh %)

f Wny Yy Onm) = (5 B —aetima, ) Vol =1 (B.5)
2e¥m (J%Lm — opme?n cosh Um + e¥n ginh wn)
9 (s Yms Om) = (e¥n + e2¥m+¥n — 2e¥ma, ) /02, —1 (B.6)
In the collinear limit 6,,,,, — 7, this result simplifies to
oI = 1y, coth ¥, — Yy, coth ¥, (B.7)

My My sinh (Y, + V)

The ZFL of the spectrum for the emission of spatial momentum is therefore given by

. dp! K21n
lim — = Z 7n2m QOfn (ogm - %) II(pn,pm) , (B.8)
for soft gravitons. Similar expressions can be obtained for vectors and scalar, following the
same strategy adopted for Im 26 and for dE,,q/dw in the main body of the paper.
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