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is visible in our results.
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Figure 1: Left: Dependence of �̂� on the pion mass. Comparison of this work (in red) with existing work
based on dynamical light quarks in Refs. [3–7]. The results have been obtained at finite lattice spacing.
Right: Overview of the ensembles used in this work in the landscape of squared lattice spacing and pion
mass. The strange quark mass is implicitly fixed by the chiral trajectory. Multiple IDs at the same point
indicate a variation of the spatial lattice size.

1. The 𝐵∗𝐵𝜋 coupling in the static approximation

The interactions of heavy-light mesons and soft pseudo-Goldstone bosons in Heavy Meson
Chiral Perturbation Theory (HM𝜒PT) at lowest order are governed by a single low-energy constant
�̂�𝜒 [1]. This constant is related to the would-be matrix element of the strong decay 𝐵∗ → 𝐵𝜋 which
is kinematically forbidden in nature and therefore inaccessible from experiment. In contrast, it is
possible to compute the coupling �̂� on the lattice [2] from the matrix element of the light-light axial
current,

�̂� =
1
2
〈𝐵0(0) | �̂�𝑘 (0) |𝐵∗†

𝑘
(0)〉 , (1)

in the limit of infinitely heavy b-quark mass. The calculation is performed using static heavy quarks
and light quarks heavier than physical, followed by an extrapolation to vanishing light quark masses
to obtain �̂�𝜒.

Amongst other applications, the precise knowledge of �̂�𝜒 is relevant to constrain chiral extrapo-
lations of interesting 𝐵 physics observables that are computed on the lattice. In existing work using
dynamical light quarks, a significant systematic uncertainty is present due to a long chiral extrapo-
lation from pion masses above 270 MeV. This is illustrated on the left hand side of figure 1 showing
the results of Refs. [3–7] together with preliminary results of this work. In addition, systematic
uncertainties due to excited-state contributions in the extraction of hadronic matrix elements require
special attention in the analysis.

2. Computing �̂� on the lattice

The extraction of matrix elements from lattice data is complicated by statistical errors that
become significant for source-sink separations of O(1 fm) and systematic errors due to the con-
tamination by excited states at small distances. In order to obtain a reliable estimate for the matrix
elements, both sources of uncertainty have to be reduced simultaneously as much as possible. The
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suppression of excited-state contaminations in the extraction of hadron-to-hadron transition matrix
elements has been discussed in Ref. [8]. There, a combination of the summation method [9] with
the solution of a Generalized Eigenvalue Problem (GEVP) [10–12] has been introduced and shown
to minimize systematic uncertainties, when compared to the summation method or the GEVP alone.

The method is based on the computation of an 𝑁 × 𝑁 matrix of three-point functions

(𝐷3pt
𝑖 𝑗
)𝑘 (𝑡) =

𝑇 −1∑︁
𝑡1=0

〈
(
𝐵∗
𝑖

)
𝑘
(𝑡) (𝐴R)𝑘 (𝑡1) 𝐵†

𝑗
(0)〉 , (2)

summed over the insertion time 𝑡1. The correlation functions are constructed out of a set of 𝑁

interpolating operators, denoted by 𝑖, 𝑗 in eq. (2). The index 𝑘 indicates the spatial polarization
of the axial current. Together with the summed three-point function, the corresponding matrix of
two-point functions

𝐶
2pt
𝑖 𝑗

(𝑡) = 〈𝐵𝑖 (𝑡)𝐵†
𝑗
(0)〉 (3)

is computed. The solution of a GEVP at time separations 𝑡 and 𝑡0,

𝐶2pt(𝑡)𝑣𝑛 (𝑡, 𝑡0) = 𝜆𝑛 (𝑡, 𝑡0)𝐶2pt(𝑡0)𝑣𝑛 (𝑡, 𝑡0) , (4)

gives access to the eigenvectors 𝑣𝑛 and eigenvalues 𝜆𝑛, corresponding to the energies of the low-
lying states [12]. Following Ref. [8], these can be employed to extract effective matrix elements
via

𝑀eff
𝑛 (𝑡, 𝑡0) = −1

2
𝜕𝑡

(
𝑣𝑛 (𝑡, 𝑡0),

[
𝐷3pt (𝑡)
𝜆𝑛 (𝑡 ,𝑡0) − 𝐷3pt(𝑡0)

]
𝑣𝑛 (𝑡, 𝑡0)

)(
𝑣𝑛 (𝑡, 𝑡0), 𝐶2pt(𝑡0)𝑣𝑛 (𝑡, 𝑡0)

) = �̂�𝑛𝑛 + O(𝑒−(𝐸𝑁+1−𝐸𝑛)𝑡 ) . (5)

The effective matrix element 𝑀eff
𝑛 matches �̂�𝑛𝑛 up to corrections that vanish exponentially with the

source-sink separation and the energy gap Δ𝑁 ,𝑛 ≡ (𝐸𝑁+1−𝐸𝑛) for a GEVP of size 𝑁 , provided that
𝑡0 ≥ 𝑡/2 is chosen. For the phenomenologically most relevant case of 𝑛 = 1, �̂� ≡ 𝑔11, excited states
are suppressed with Δ𝑁 ,1 > 1 GeV for 𝑁 > 3 in our calculation. The set of interpolating operators
is constructed from smeared quark fields. We employ Gaussian smearing with APE-smeared gauge
links [13–15], as well as smearing via three-dimensional scalar and spinor auxiliary fields [16],
and test different combinations of operators in our variational basis. We note that it might be
possible that the contamination by multi-hadron states, similar to those discussed in [17], is not
entirely controlled by the used GEVP. Worries are the dense spectrum of multi-hadron states in
large volume and insufficient overlaps with those states when using just local interpolating fields.

To improve the signal-to-noise-ratio, we employ time-diluted stochastic sources [18, 19] for the
light quarks to profit from time-slice volume averaging. Three-point functions are obtained from
sequential propagators. The use of HYP-smeared static quark actions [20, 21] reduces statistical
fluctuations by a factor that grows exponentially with the time separation. We employ the HYP1
and HYP2 actions of Ref. [21] and obtain two sets of results that differ by O(𝑎2) effects.

2.1 Computational Setup

We perform our calculation at three resolutions on the Tr[𝑀q] = const. trajectory of the
𝑁f = 2 + 1 CLS ensembles [22], generated with O(𝑎) clover-improved Wilson quarks and tree-
level improved Lüscher-Weisz gluons. An overview is given on the right hand side of figure 1.
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Figure 2: Representative extraction of the bare matrix elements 𝑀eff
1 at 𝑎 ≈ 0.064 fm at three different pion

masses, including the SU(3) flavor symmetric point and close to physical quark masses.

Ensembles with open and periodic boundary conditions in time direction enter our analysis. We
cover a range of light quark masses that spans from the SU(3)-flavor-symmetric point, where
𝑚𝜋 = 𝑚𝐾 ≈ 420 MeV, down to slightly smaller than physical light quark masses. The strange quark
mass is fixed implicitly by our chiral trajectory. At five points in the (𝑎2, 𝑚𝜋) plane, we vary the
spatial box sizes to explicitly test for finite-volume effects in our calculation.

Our quark action is O(𝑎) improved using the determination of 𝑐SW from Ref. [23]. The
improvement and renormalization of the axial current that enters the effective matrix elements
amounts to the renormalization pattern [24]

(𝑀eff
R )𝑛 = 𝑍A(1 + 𝑏A𝑎𝑚q + �̄�A𝑎Tr

[
𝑀q

]
)𝑀eff

𝑛 . (6)

We employ the renormalization constant 𝑍A that has been determined to high precision in [25]
and the improvement coefficients 𝑏A and �̄�A from Refs. [26, 27]. The critical hopping parameters
that enter the computation of the bare subtracted quark masses 𝑎𝑚q have been obtained from
Refs. [28, 29].

When solving the GEVP, we choose 𝑡0 = 𝑡/2 to suppress excited-state contamination, cf. eq. (5).
We determine the minimal time separation where excited state effects have sufficiently vanished by
requiring ��𝑀eff

𝑛 (𝑡) − 𝑀eff
𝑛 (𝑡 − 𝛿𝑡)

�� < 𝜎(𝑡) (7)

where 𝛿𝑡 = 1
Δ𝑁,𝑛

is extracted from the GEVP via 𝜆𝑛 (𝑡) and 𝜎(𝑡) are the statistical errors on 𝑀eff
𝑛 (𝑡).

We find that the criterion of eq. (7) is fulfilled for 𝑡 ≥ 0.5 fm on all of our ensembles. To avoid
a propagation of statistical fluctuations at single source-sink separations on some ensembles into
the plateau averages, we fix 𝑡min = 0.52 fm for all ensembles. In a later stage of our analysis, we
verify that a variation of 𝑡min in a range [0.3 fm, 0.9 fm] does not have a significant influence on
the result in the chiral-continuum limit, albeit with large statistical uncertainties for 𝑡min as large
as 0.9 fm. We set the upper end of the plateau range to the time slice where the relative error
on 𝑀eff

𝑛 (𝑡) exceeds 30 %, which is the case at about 1 fm for the summed GEVP across all of our
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Figure 3: Illustration of a preliminary combined chiral and continuum extrapolation. Results at three
lattice spacings enter the fit, as indicated by different colors. The corresponding lines show the quark mass
dependence at those lattice spacings, as determined by the fit. The gray band gives the uncertainty on the
quark mass dependence in the continuum limit. We show results using the HYP2 action for the static quarks.

ensembles. In figure 2, we illustrate plateau fits at our finest lattice spacing at three different pion
masses, including the physical one. It is visible that the signal deteriorates quickly. However, we
are able to identify reasonable plateaus.

3. Extrapolation to the chiral-continuum limit

To arrive at �̂�𝜒, we have to extrapolate to the infinite volume, continuum and chiral limits. Our
parametrization for the combined extrapolation is based on Ref. [30] and reads

�̂�11 ≡ �̂�𝜒

[
1 − (1 + 2�̂�2

𝜒) 𝑦 log 𝑦 + 𝑐1𝑦 + 𝑐2𝑦
2 + . . . chiral dependence

+ �̂�2
𝜒 𝑦 𝐹0(𝑚𝜋𝐿) + 𝑦 𝐹1(𝑚𝜋𝐿) + . . . finite-volume effects (8)

+ 𝑐𝑎𝑎
2 + . . .

]
cutoff effects ,

with 𝐹𝑛 (𝑧) = O
(
e−𝑧𝑧−1/2−𝑛

)
,

where the dependence on the pion mass is parametrized via 𝑦 ≡ 𝑚2
𝜋

8𝜋2 𝑓 2
𝜋

. A leading logarithmic
dependence on 𝑦 is predicted from chiral perturbation theory and complicates the extrapolation
from larger-than-physical pion masses to the chiral limit. The exact form of the leading finite-
volume effects based on chiral perturbation theory has been derived in Ref. [30]. Since we work
with 𝑚𝜋𝐿 & 4, these effects are small: The leading 𝜒PT expression predicts a relative deviation of
0.5% at the symmetric point and sub per mill effects at physical pion mass for 𝑚𝜋𝐿 = 4. Due to the
non-perturbative O(𝑎) improvement of action and currents, the leading cutoff effects are of O(𝑎2).
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We carry out a combined fit to extract �̂�𝜒 as our estimate for the (infinite-volume) LEC
of HM𝜒PT. Figure 3 illustrates an exemplary fit to the renormalized effective matrix elements.
We show the results at finite lattice spacing together with the fit function, evaluated at all three
resolutions (colored lines), as well as the functional form in the continuum limit. Here, the statistical
uncertainty is depicted by the gray band. The inclusion of a term proportional to 𝑦2 allows us to
describe the data in the complete range of pion masses. Despite the inclusion of results close to
physical pion masses, it is hard to constrain the chiral limit due to the presence of the logarithmic
term in the extrapolation. However, for the first time, a deviation from a linear behavior in 𝑦 towards
the chiral limit is visible in our data. The systematic uncertainty due to the chiral extrapolation,
which has to be included in our final results, will be estimated based on a variation of the functional
form and cuts on the maximal pion mass.

Cutoff effects appear to be small for both static quark discretizations. Nevertheless, we are able
to resolve a dependence on 𝑎2 for both actions. Our continuum extrapolations of results based on
HYP1 and HYP2 actions coincide with each other and with a combined extrapolation of the two
sets. The data is compatible with cutoff effects proportional to 𝑎2 without a mass-dependence.

We adopt and compare different strategies for the description of finite-volume effects. Based
on the ensembles with reduced box sizes, which are shown in figure 1, we are able to compare the
expectation from chiral perturbation theory with our data and to include the observed deviations
in our fits. In figure 4 we illustrate the renormalized effective matrix elements as determined from
plateau fits at two different pion masses and 𝑎 ≈ 0.087 fm. Together with the data, we show the
NLO prediction based on chiral perturbation theory. It is apparent that this prediction is not able
to describe the deviations from the infinite-volume limit at small values of 𝑚𝜋𝐿. However, these
effects appear to be small for the larger boxes. For comparison, we also show the result of a
fit to the finite-volume effects, which is obtained by including the small volumes in a combined
chiral-continuum-volume extrapolation. For this fit, we add a fit parameter 𝑐FV to the analytical
form,

�̂�FV
11 = �̂�𝜒

[
1 + �̂�2

𝜒 𝑦 𝐹0(𝑚𝜋𝐿) + 𝑐FV𝑦 𝐹1(𝑚𝜋𝐿)
]
, (9)

where 𝑐FV = 1 in 𝜒PT. We are able to describe the data at small 𝑚𝜋𝐿 with the fit result. At large
𝑚𝜋𝐿, the deviation from the 𝜒PT prediction is small. Consequently, the extrapolated result does not
change significantly, when we switch between the two descriptions, or even neglect finite-volume
effects at all.

4. Conclusions

We will be able to determine �̂�𝜒 with much improved precision and better controlled systematics
compared to existing work. We employ a number of well-established techniques, such as the use
of random sources and the summed GEVP to extend the window where an extraction of matrix
elements is possible without the introduction of large statistical and systematic uncertainties. The
main improvement of our calculation with respect to existing work is the inclusion of a number of
ensembles at pion masses below 270 MeV down to 130 MeV. This allows us to constrain the chiral
extrapolation more tightly and to reduce the leading systematic uncertainty that was present in the
so far most precise lattice calculation of Ref. [6]. The final assessment of the remaining systematic
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ĝ 1
1

χPT inspired fit

χPT prediction

a = 0.087 fm, mπ = 277 MeV

Figure 4: Finite-volume effects for two different pion masses at the coarsest lattice spacing in our analysis.
We show a comparison of fit results using a free fit parameter 𝑐FV and using 𝑐FV = 1 in the combined chiral,
continuum and finite-volume extrapolation.

uncertainty is not yet finished and will be addressed in the forthcoming publication [31]. The
knowledge of �̂�𝜒 will help us to perform chiral extrapolations of phenomenologically interesting
quantities in the ALPHA program for 𝐵 physics with 2 + 1 flavors of light quarks [32–34].
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