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and the hierarchy problem of the Higgs mass.
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1 Introduction

Following the discovery of a Higgs boson [1, 2] compatible with Standard Model (SM)
expectation, the lack of new physics at the TeV scale has prompted a diversification of the
experimental and theoretical programme of fundamental physics. Experimentally, searches
for light new physics have extended from the QCD axion [3-9], well motivated by the strong-
CP problem, to encompass a wide variety of axion-like particles [10], dark photons [11, 12]
and dark sector fermions interacting through portal operators [13], as well as many more
feebly interacting candidates [14], to name just a few examples whose motivations have
typically been more phenomenological. On the theoretical side, cosmological solutions in-
volving light new physics are being explored to reconcile the hierarchy problem of the Higgs
mass with an apparent separation between the weak scale and heavy new physics [15-30].

In models of cosmological relaxation [17, 31-52], an axion-like particle, the so-called
relaxion, scans the Higgs mass in the early universe from its naturally large value down to



the observed weak-scale value, where it is trapped. For this to occur without fine tuning by
hand requires the scanning to stop due to a backreaction triggered at the weak scale. In the
original proposal [17], this was due to a Higgs-dependent periodic potential contribution.
However, such a backreaction on the relaxion potential is problematic as the potential’s
dependence on the vacuum expectation value (vev) of the Higgs implies confinement of a
new strong sector with electroweak charges close to the weak scale (alternatively, sterile
neutrinos can be involved in the backreaction mechanism [46]). This motivated particle
production as an alternative backreaction mechanism for trapping the relaxion, first pro-
posed in refs. [36, 37] (see also [41, 53] for other applications of particle production in
relaxation). To trigger the dissipation at the weak scale, ref. [37] required inflation to end
at that point. More minimally, ref. [36] used the fact that electroweak gauge bosons obtain
their masses from the Higgs mechanism to allow dissipation when they become sufficiently
light, after scanning in the broken phase from a large Higgs vev down to a small Higgs vev.
However, to avoid dissipation during scanning required a photophobic relaxion [54, 55].
Moreover, we point out here that an additional effect must be taken into account: the
Schwinger production of SM fermions [56, 57]. When the Schwinger effect is active, it
suppresses the necessary exponential gauge boson dissipation.

In this work, we show how the dark axion portal [58] to a dark photon, named after
the analogous axion portal coupling to SM photons, provides all the ingredients necessary
for a viable mechanism of cosmological relaxation using particle production (from here on,
we will use the term “axion” to refer to the broader class of axion-like particles with the
dark axion portal). Our mechanism works as follows. During scanning, the Higgs vev is
stabilized at zero, so the SM fermions are massless and are efficiently produced through
the Schwinger mechanism due to their millicharges under the dark U(1) gauge group.
This suppresses dark photon production, and the relaxion has sufficient kinetic energy to
overcome its periodic potential barriers and continue slow-rolling. As the relaxion scans
past the critical point, electroweak symmetry is broken by the Higgs vev and the fermions
become massive. Since Schwinger suppression is lifted, the dark photon dissipation is
enhanced and the relaxion loses its kinetic energy to become trapped by the periodic
potential barriers. This mechanism benefits from the fact that, relative to the visible
photon, the dark photon couples more strongly to the relaxion and more weakly to the SM
fermions. It is the combination of these two factors that boosts dark photon production
and makes the dissipation efficient enough to trap the relaxion.

The new feature that enables this relaxion mechanism is the Schwinger effect. This
non-perturbative production of fermions had been investigated in the context of axion
inflation in refs. [59, 60], and plays a role in reheating in the relaxion model of ref. [41].
In our case, the Schwinger effect is an intrinsic part of the weak-scale backreaction that
occurs at the critical point. Remarkably, our relaxation mechanism does not require the
introduction of new physics dependent on the Higgs vacuum expectation value, since the
inevitable presence of SM fermions already provides an existing SM source of backreaction.
A dark axion and a kinetically mixed dark photon are all the ingredients necessary for
cosmological relaxation to occur. This provides a motivation from naturalness for the dark
axion portal, which had previously been introduced purely phenomenologically.



This link between naturalness and the dark axion portal singles out a characteristic
region of parameter space that can be probed — and is highly constrained — by astro-
physical and cosmological observations. Our model is therefore testable by searches for an
axion interacting through the dark axion portal in the keV to MeV range. In particular,
future probes of dark radiation may discover a dark relaxion portal contribution to Neg,
the effective number of neutrino species in the early Universe.

This paper is organised as follows. In the next section we review cosmological relax-
ation models and set our notation. In section 3, we introduce our dark relaxion model
and discuss its coupling to the dark photon kinetically mixed with the visible photon. The
Schwinger effect is computed in section 4, providing in particular analytical expressions for
the gauge friction as a function of the fermion mass. We place phenomenological constraints
on the dark relaxion in section 5, before concluding in section 6. Appendix A discusses
the possible thermalisation of different sectors during the relaxation process, whereas ap-
pendix B derives the abundance of thermal relics in the late Universe. Appendix C focusses
on in-medium effects for the visible photon.

2 Cosmological relaxation of the weak scale

2.1 Relaxation with vev-dependent periodic potential

The original model of cosmological relaxation [17] is described by the Lagrangian

LD (M?*+eM@)|h* + eM3¢ + ... —l—A;l)_”v”cos <;5> , (2.1)
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where h is the Higgs field, M represents the effective field theory (EFT) cut-off of the
SM and f, is the relaxion decay constant entering in the periodic potential. We neglected
O(1) factors and assume masses and scales to be related by implicit O(1) couplings. The
relaxion ¢ enjoys the usual discrete shift symmetry of axion-like particles that ensures the
potential is periodic once generated by confinement in some strongly coupled sector at the
scale Aj,. This confinement must be proportional to the Higgs vev v, hence AIA;_"U" where
n = 1,2 depending on the strong dynamics responsible, which can be either QCD or some
new physics that also depends on v. In addition to the periodic potential, there are explicit
shift-symmetry-breaking terms parametrised by €, where in eq. (2.1) we have kept only the
leading term in a Taylor expansion of some general potential V' (e¢). These can originate,
for example, from clockwork-like UV completions [61-63]. From an EFT perspective, € is
a dimensionless parameter that can be technically naturally small since the discrete shift
symmetry is restored in the limit where it is zero. This relaxion potential is illustrated in
the left panel of figure 1.

Through cosmological evolution, this extension of the SM Lagrangian can address the
little hierarchy problem between the present-day value of the Higgs mass at the weak scale
v and the scale M of new physics at which the Higgs mass takes its natural value, that we
assume here to be at least M 2 O(100) TeV. The V (e¢) potential generates a slope for ¢
along which, starting at a point ¢ < —M /e in the unbroken electroweak phase, it slow-rolls
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Figure 1. Cartoon sketch of the relaxion potential in the model with a vev-dependent periodic
potential (left) and with particle production (right). The vev-dependent periodic potential height
grows linearly or quadratically with ¢ after passing the critical point ¢. = —M /e, trapping the
relaxion as shown by the red point. In the particle production mechanism, particle production is
triggered after the critical point, indicated by dashed red lines, which introduces extra friction to
trap the relaxion.

during inflation in the early universe. As it rolls, ¢ scans the effective Higgs quadratic
term. We then see that despite the original Higgs mass being naturally large at the EFT
cut-off, it can be made dynamically small through cosmological evolution. Crucially, there
is a backreaction trapping ¢ when the effective Higgs quadratic term goes from positive to
negative and v # 0. Since the height of the periodic potential grows with the vev v, it acts
as a “speed bump” barrier preventing further evolution of ¢ along the slope when
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where n = 1,2 depending on the strongly coupled sector responsible for the periodic po-

eM3 ~ (2.2)

tential. This relation naturally sets v < M.

The main disadvantage of this model is the v-dependence of the periodic potential
term. If the periodic potential is linearly dependent on v then it must either be due to
QCD, which re-introduces the strong-CP problem the QCD axion was originally supposed
to solve, or it requires new physics at the weak scale. If the periodic potential depends
quadratically on v then the sector responsible can be decoupled to higher scales, but a
second scalar is then necessary to relax barriers preventing the relaxion from rolling [31].
This leads us to consider alternative sources of backreaction.

2.2 Relaxation with particle production

Particle production can occur rather generically in axion dynamics. In particular, this can
happen through the axion coupling to a Chern-Pontryagin density. Since such couplings
respect the classical shift symmetry of the axion, their effects can be naturally large. The
relevant terms of the relaxion Lagrangian become

¢
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where A, no longer depends on the Higgs vev. The field strength F'*¥ depends on the
particle production model. In the relaxion model of ref. [37], the gauge boson was a purely
dark-sector photon, while in [36] it was the photophobic combination of the electroweak
gauge bosons. The coupling strength between the axion and the vector gauge bosons is
parametrised by ay/fy. In the next section we will consider a kinetically mixed dark
photon leading to a dark axion portal.

In models of relaxation with particle production, scanning happens with sufficient
kinetic energy to overcome the periodic potential barriers, which are now independent of
the Higgs vev. This potential is illustrated in the right panel of figure 1. During scanning,
gauge boson dissipation is sub-dominant. After passing the critical point, a backreaction
enhances the dissipation and traps the relaxion once its kinetic energy is sufficiently reduced
for the periodic potential to prevent further evolution. This is described by the equation
of motion for the homogeneous relaxion field,

b1 388G — e 4 VEB) Ay <¢

e —I—f—psin fp>:O, (2.4)

where (EB) is the expectation value of the field strength’s electric and magnetic fields pro-
duced by the ¢ coupling to the Chern-Pontryagin density, and the dots denote derivatives
with respect to cosmic time ¢t. We assume that the Hubble parameter H is dominantly
sourced by a separate inflation sector, providing a quasi de-Sitter background. The gauge
field friction proportional to (F'B) must be sub-dominant during the scanning phase and
enhanced after reaching the critical point.

Neglecting the Schwinger effect, there is an exponential solution to the production of
gauge boson modes [64—66],

—(EB) ~ —— —¢e“"*VH", 2.5
7va< ) Tfv & (2:3)

where I ~ 10~% and we defined
ayo

§V = 27vaﬂ . (26)

For &y 2 2, (EB) increases as the relaxion velocity é increases, justifying the notion of a
friction force. This activation of gauge friction was previously used to trigger the change in
regimes at the critical point [36, 37]. However, care must be taken to include the Schwinger
effect of fermions in calculating gauge boson production. Light SM fermions, in particular
the electron, will suppress the exponential production of electroweak gauge bosons.

In our setup, we make use of the Schwinger suppression in reverse: during scanning, it
inhibits gauge boson production; after reaching the critical point, where the quadratic term
in the Higgs potential becomes negative and the fermions acquire v-dependent masses, the
suppression is lifted. The subsequent enhancement of the gauge field production then traps
the relaxion. In the next section we will describe our dark relaxion setup for implementing
this mechanism using the dark photon.



3 Dark relaxion portal to the dark photon

The relaxion in our model is a dark axion coupling to a dark photon X. The dark photon
can have a small mass mx < 1071° eV to evade existing bounds (see section 5.2), or can be
treated as massless. In the first case, mx > 0, we assume the dark photon mass to be gen-
erated via the Stiickelberg mechanism, as mass generation via the Higgs mechanism might
introduce another hierarchy problem in the dark sector. The dark photon naturally mixes
with the visible sector photon A through a small vacuum kinetic mixing parameter p < 1,

1, / 1., / Op / / 1 2 v/ v/
L D) —ZA'MVA#V — ZX 'LLVXMV — 7AMVXNV + imxX“XH
ap I~ .7 . /
+ I fo ¢X,, XM + EZ iy (O + 1eQi A}, )i (3.1)

where v; denote the 4-component SM fermion spinors with electromagnetic charges ;. The
prime superscript on the gauge bosons in eq. (3.1) indicates that we are in a basis with non-
diagonal kinetic terms. The coupling strength between the relaxion and the dark photon is
parametrised by the inverse of the relaxion decay constant, ap/fp. We note that in the pa-
rameter range of interest the Hubble parameter is smaller than the QCD confinement scale,
H < Aqcp ~ 100 MeV, and QCD confinement induces a small breaking of electroweak sym-
metry where the pions form the longitudinal components of the massive Z and W gauge
bosons (see e.g. ref. [67] for a detailed discussion). Consequently, the relevant massless SM
gauge boson is the photon, even in the unbroken phase, and the relevant light degrees of
freedom are the charged leptons, i = {e, u, 7}. For simplicity we will nevertheless refer to
the v = 0 phase as the “unbroken” phase (although the Higgs vev is not exactly zero) and
take the broken phase to mean the usual Higgs-induced electroweak symmetry breaking.

After diagonalising to the unique basis in which both the mass matrix and the canonical
kinetic terms are diagonal, we obtain up to O(6%,) corrections

1 1 1
LD =g AWAL, = 2 XX + im_QXXMX“

«

+ #MWXW 3 i (O + 1eQiAy — i0peQi X, )b (3.2)
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This diagonalisation is obtained by rotating only the visible photon but not the dark
photon, with A}, = A, — 0pX,/\/1 — 6% and X, = X,,/\/1 —6%. For mx = 0 the two
mass eigenstates become degenerate. In the absence of the axion dark photon coupling,
the kinetic mixing can then be rotated away by a suitable field redefinition, rendering it
unphysical [11]. However, the coupling to the axion field results in a physical distinction
of the two massless gauge fields; one couples to the axion and the other does not. In this
case, the kinetic mixing cannot be simply rotated away and the physics of the massless
dark photon is uniquely obtained as the mx — 0 limit. Here we consider the more general
case and allow mx to vary, though our mechanism does not depend sensitively on its value
so long as it is light enough to evade experimental constraints, arising in particular from
the resonant conversion of cosmic microwave background (CMB) light to dark photons.
Coupling the relaxion through this dark photon portal, as opposed to the coupling to
SM photons, boosts the gauge friction in a two-fold way: firstly, the SM leptons, whose



masses m depend on the Higgs vev v, only carry millicharges 0pQ; with respect to the
dark photon gauge field, so the Schwinger production of SM fermions in a dark photon
background is more suppressed, as we will see. Secondly, the dark photon axion decay
constant fp is less constrained than its SM counterpart f such that the relaxion-vector
coupling can be stronger.

We now consider the effect of the backreaction at the weak scale on the evolution of ¢
through its coupling to the dark photon. The equation of motion is
ap(EB) A, ¢

+ —sin— =0. (3.3)
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where (EB) is the expectation value of the dark U(1)p electric and magnetic fields. We
assume the relaxion to start with some value ¢ < —M /e during inflation, where it scans
the Higgs mass with vev v = 0. Because the Higgs is very heavy for most of this scanning
phase, the Schwinger production of Higgs quanta during relaxation is negligibly small. The
SM leptons, on the other hand, are massless (since H < Aqcp we shall only consider the
leptonic degrees of freedom) and so the usually explosive gauge boson production is sup-
pressed by Schwinger production of fermions [59]. In this v = 0 phase, we require the kinetic
energy of the relaxion to be sufficiently large to overcome the potential barriers, ¢? /2 > Aé.
Once the relaxion scans past the critical point, ¢ > —M /e, electroweak symmetry is
broken and the Schwinger suppression is removed by the leptons acquiring mass [60]. In
the v # 0 phase, the (E'B) friction term becomes significant and allows the slow-roll kinetic
energy to be dissipated efficiently. We parametrise the relative strength of dissipation with

respect to the driving force of the slow-roll potential by the following ratios,
ap (EB)

_ 0 ap (EB>1)
ko= SPAVZTN0 o g, = 2PV o g 3.4
e " —mfpVy 34

where the subscripts 0 and v denote the unbroken and broken phases, respectively, and
to good approximation Vg ~ —eM 3. The enhancement factor of (EB) in going from the
unbroken to broken phase can then be characterised by

(EB>U _ Ko
EB>0 K0 ’

(3.5)
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This must be sufficiently large to avoid fine-tuning the necessary change in dynamical
regimes before and after the critical point. In the next section we will calculate this
enhancement factor x, taking into account the Schwinger effect.

4 Schwinger production of fermions

We now turn to the effect of Schwinger production, considering the SM leptons v; with
masses m; which carry millicharges 8pQ; under the dark photon gauge group. The presence
of strong electric and magnetic fields induces non-perturbative particle production, as is
well known from the Schwinger effect [56, 57].



As demonstrated in refs. [59, 60] in the context of axion inflation, this fermion pro-
duction leads to an induced current, J!, = >, 0pQ;J!" nd — S~ 0pQibiv"1;, which signif-
icantly inhibits the gauge field production. In particular, any stationary solution for the
gauge field energy density, 9;(E? + B?) = 0, is subject to the constraint equation

epFE

E?+ B?> —¢EB
+ EEB + Vi

> Qi =0, (4.1)

with £ and B denoting the absolute value of the dark gauge fields, e = 0.3 is the electric
charge around the eV scale, £ parametrises the transfer of energy from the relaxion to the
gauge fields,

= _ond

= or i (4.2)

and Jiind denotes the absolute value of the induced current parallel to the electric field,

: 0p|Q:|)* EB B m?
opQuaind = CODIQDTER () o) 4
¢6pQi; 672 H U\ E )P\ eopQiE (43)

This expression assumes that the induced current can build up efficiently to the value
given in eq. (4.3), which in particular requires that the diffuse fermion motion is subdom-
inant compared to the motion induced by the acceleration in the electric field. We verify
in appendix A that this is indeed the case as long as fp > 1076, This expression more-
over neglects the dissipation into SM photons, sourced by the moving charges forming the
induced current. The formation of a large-scale non-thermal photon field configuration is
impeded by the Schwinger effect, which limits the gauge field growth in the visible sector
more severely than in the dark sector. We thus expect the resulting energy in the visible
photon field to be at most comparable with its dark counterpart, at most leading to an
O(1) correction of the dark photon abundance. As we argue in appendix A, we expect this
visible photon field to retain its non-thermal distribution. We neglect in-medium effects
for the SM photon due to the presence of charged fermions here for simplicity, which could
potentially have a significant impact but are beyond the scope of the present discussion.
More definite statements would require solving the highly non-linear coupled relaxion-dark
photon-fermion-SM photon system, which is a challenging problem beyond the scope of
the current paper.

Due to the dependence of the induced current (4.3) on the gauge fields, the equation
of motion for the gauge fields, taking into account the backreaction through the induced
current, is non-linear and can no longer be decomposed into independent Fourier modes.
Instead, we can exploit the observation that for Jy # 0, eq. (4.1) forms a closed contour
in the F— B plane. This allows, for any given constant value of £ 2 2, to determine an
absolute upper bound for the value of EB entering the gauge friction term in eq. (3.3) (see
refs. [59, 60] for more details).

This is depicted in figure 2 which shows the upper bound on (EB) /H* as a function
of ¢ for a vanishing Higgs vev v = 0 (black solid line) and finite Higgs vev v = 246 GeV,
with different values of H = 10*eV and 103eV (red and purple solid lines), and p = 1
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Figure 2. Upper bound on gauge field production including backreaction from SM leptons with
unit charge (left) and millicharge p = 0.1 (right). The black contour corresponds to a vanishing
Higgs vev, including the backreaction of all three massless SM charged leptons on the gauge field
production. The coloured contours correspond to a Higgs vev of 246 GeV for different values of the
Hubble parameter H, with the dotted red line indicating the limit H — co. Here we include only the
electron as the lightest charged SM particle. The dashed lines show our analytical approximations,
given by eq. (2.5) (green), (4.4) (grey) and (4.9) (purple) with 8 =1 and § = 3.

and 0.1 in the left and right panels, respectively. We see the increase in (EB) as we go
from a vanishing Higgs vev (black) to a finite Higgs vev (purple), in particular for large
values of me/H, which is at the core of our mechanism. Decreasing the mixing angle 6p
(right panel) increases the overall amount of dark photon production, which is crucial to
generate a significant amount of friction once the Higgs acquires a vev.

The backreaction of the gauge fields on the relaxion equation of motion is negligible
when v = 0, even for relatively large values of (FB)/H*, since the driving force in the
relaxion equation of motion o« V, dominates over the gauge friction term. When v # 0
backreaction effects are important; this is precisely what causes the trapping of the relaxion.
The detailed dynamics of this process are expected to be complicated, since around the
critical point the £-parameter drops abruptly. The gauge friction will follow with a short
delay (see ref. [68] for a related analysis in the context of axion inflation). However, for our
relaxion mechanism we only require the kinetic energy to be dissipated sufficiently to be
trapped by the periodic potential, so it will not be necessary to track the dynamics in detail
(see e.g. refs. [53, 69] for related studies albeit without the inclusion of the Schwinger effect).
In the remainder of this section we will derive analytic expressions for the parametric
dependence of the gauge friction in the unbroken and broken phases as defined in eq. (3.4),
respectively, and then discuss the implications for our relaxion model.

4.1 Unbroken phase

As long as the Higgs vev is stabilised at zero, all SM leptons are massless and the induced
current is given by eq. (4.3) with m; = 0 and the subscript ¢ running over the charged SM
leptons e, p and 7. Inserting this into eq. (4.1), we obtain an upper bound for the dark
gauge field production in the regime where the fermion production is efficient,

(EB) _ €& : 30} _
77 :ﬁc—z form =0 withc= 4W2D:7-10 103, (4.4)



with § = 1 indicating the upper bound for E = B, f = O(1) for E # B and § < O(1) if
these upper bounds are not saturated. The dashed gray line in figure 2 shows a comparison
of this expression with the numerical results. With this, we can determine the necessary
condition to ensure that the relaxion velocity is sufficient to overcome the potential barriers,

1.
§¢2 > A (4.5)
The relaxion velocity is obtained by algebraically solving the slow roll equation,

3Hé — eM® + 7S‘TD<EB> ~0, (4.6)
D

with the gauge field configuration (4.4) depending on the relaxion velocity through & (de-
fined in eq. (4.2)). This gives

. 6T BadeM?

with the subscript 0 indicating the unbroken phase.
We also require £ 2 O(10), depending on ép, to ensure that we are in a regime where
the fermion backreaction on the gauge field production is relevant, see figure 2. With

5.107° GeV\ > [10% GeV M \*/ e
€= 20( H ) ( folap ) (105 GeV) (1025)’ (48)

this can be taken as a lower bound on the slope |V 4| ~ eM?3. For smaller values of &, the

gauge field production grows exponentially with £ irrespective of the fermion masses.

As an aside, we note that the suppression of the gauge boson friction due to the
presence of light fermions presents a previously unaccounted for obstacle to the mechanism
proposed in [36]. A key ingredient for relaxation during inflation in [36] is the large gauge
friction which stops the motion of the relaxion field once the vev of the Higgs field becomes
sufficiently small. However, including Schwinger suppression,' kg ~ 100 £&2H*/(M? fye),
which for the benchmark value presented in [36] for the case of relaxation during inflation
evaluates to ko ~ 10728 /€2 in contrast to the efficient stopping condition kg > 1. Here
we have set fp = 1 since in [36] the gauge boson is the photophobic linear combination of
the SM Abelian gauge bosons.

This estimate relies on an approximately constant value of & which is certainly not
the case around the critical point. Let us thus take a closer look at the relevant time
scales. The tachyonic instability of a single mode proceeds with a typical time scale
Atpp, ~ HMpfi/ ¢, which is the estimate used in ref. [36]. However, a significant change
of the gauge field background (F'B) (for massless Abelian gauge fields without fermion pro-

!The gauge boson produced in this scenario is the photophobic linear combination of Abelian gauge
boson of the SM, hence the Schwinger suppression will be dominated by neutrinos which are much lighter
than the Hubble scale. This is why we use k¢ instead of x, in the following estimate.

~10 -



duction) requires a longer timescale Atgppy ~ In(¢?/2)/H.? The inverse of the Schwinger
production rate yields Atghw ~ H ! /§2 and is much shorter (note that the benchmark
value presented in [36] corresponds to a value of & ~ 10'° before reaching the critical point,
much larger than the values discussed in this paper), Atspny < Atppy. This suggests
that Schwinger production instantaneously reacts to the increasing gauge field background
and hence the large values of the gauge friction necessary to stop the relaxion in [36] are
efficiently prevented by Schwinger suppression. A more detailed study of the parameter
space of this setup including numerical simulations of the dynamics around the critical
point are required for a final verdict on this point.

4.2 Broken phase

Once the Higgs obtains a vacuum expectation value, all fermions obtain masses proportional
to the Higgs vev v, implying an exponential suppression of the induced current (4.3). The
dominant remaining contribution now comes from the electrons, the lightest SM particles
charged under U(1)ep,. The resulting upper bound on the dark gauge fields becomes

(EB) 5 d? ) ¢d _ e303 _4 03 m?
A :ﬁﬁ with wl"WO ? ) 62127_‘_2:2'10 HDv d:ma (49)

where the product logarithm Wy(z) denotes the solution of z = Wyexp(Wy). As above,
B = 1 indicates the upper bound on the helicity obtained for the special case E = B,
with j < 10 otherwise. This is illustrated in figure 2. We note that since it is by no
means guaranteed that the actual value of the helicity generated by the rolling relaxion
field saturates this upper bound, we may also consider values of EB = 3 d2 Jw? with B < 1.

This increase in (F'B) implies an increase in the gauge friction (see eq. (4.6)) and thus a
rapid drop in the relaxion velocity. The details of this transition can be rather complicated,
and a detailed numerical investigation of this problem is beyond the scope of this paper.
Instead, we impose two simple and conservative requirements for rapidly stopping the
relaxion in the unbroken phase. Firstly, we require the gauge friction immediately after
the phase transition to dominate over the driving force of the slow roll potential,

_28d2/w2

= H*>1 4.10
Ry 7TfD SYE > 1, ( )

where (EB) in eq. (4.9) is evaluated using the relaxion velocity at the phase transition,
® = ¢o. Inserting this into eq. (4.6) yields

. . . eM3
again indicating that x, > 1 implies completely stopping the relaxion due to this gauge
friction. Strictly speaking, this is not a necessary condition since even a small velocity

2For slowly varying £, a mode of physical wave number k obtains a maximally negative effective square
mass at k/H = £. On the other hand, the integrand of (E'B) assumes its maximal contribution at k/H =
2/€. Correspondingly, (EB) is dominated by modes whose maximal growth period originates from about
In(£2/2) e-folds earlier. See [68] (and in particular eq. (17) therein) for a detailed discussion and numerical
simulations in the absence of fermions.
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decrease could be sufficient to ensure that the relaxion is trapped by the barriers of the
periodic potential. This, however, requires a fine-tuning of the energy scales, which we
want to avoid. Note also that in reality the gauge friction decreases as soon as the relaxion
velocity decreases, leading to a more complicated dynamics of the coupled system.

Secondly, we require the would-be equilibrium value of the relaxion kinetic energy that
would be reached in the absence of the periodic potential barriers to be smaller than the
energy of the potential barriers,

1.
§¢>§ <Ay, (4.12)

where q'ﬁv is determined by algebraically solving eq. (4.6), but now with the gauge field
configuration given in eq. (4.9), which in turn depends on ¢,. There are two distinct
regimes, parametrised by the argument of the product logarithm, z = ¢d/¢.

When z > 1, the electron mass efficiently suppresses fermion production, and we can
approximate Wy(z) ~ In(z). Therefore, with

k(i) =@ ) () e e

: M3 Bapd?H* M3
G M _ P op <2 (4.14)
3H  3rln*(z)fpH  3H

we find

Note that this is an implicit equation for ¢,, since on the right-hand side, z is a function
of ¢,,. However, in this regime, the right-hand side depends only logarithmically on the
relaxion velocity, such that the change in velocity occurring when transitioning into the
broken phase does not have large impact. In the following, we will therefore simply use
the slow-roll velocity in the unbroken phase, éo ~ eM3/(3H), in order to evaluate the
logarithmic factor in (F'B) right after the onset of the broken phase. In this approximation,
the two velocities in eqs. (4.11) and (4.14) are identical.

In this regime, switching on the Higgs vev enhances the gauge friction, as parametrised
by the ratio kK = Kk, /Ko, by a factor

o 10 (22) ()" (0 e

This large enhancement of the gauge field friction enables a natural trapping of the Higgs

vev close to the SM value.
On the other hand, for z < 1, the electric fields are so large that the suppression
induced by the electron mass becomes insignificant. In this case, Wy(z) ~ 2, and we
recover the expression (4.7) for the relaxion velocity with § — B and ¢ — & In this case,
the enhancement factor of the gauge friction in going from unbroken to broken electroweak

symmetry tends to a constant ratio,
2 d

/€|Z<<1:6—2E:9, (4.16)
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In this regime, the change induced in the relaxion velocity when crossing into the broken
phase is not very pronounced, justifying neglecting it when estimating the gauge friction
in the broken phase. We see that when z < 1 the proposed mechanism can only be
implemented at the cost of some tuning. Note, moreover, that as z — 0, the muon and tau
masses eventually also become negligible, implying « — 1. We will therefore place a limit
on the parameter space requiring z > 1 to avoid this fine-tuned regime.

The condition z > 1 sets a lower bound on #%m,./H, and hence for fixed values of H
and fp determines a lower bound for the Higgs vev. As we will see in the next section,
combining all the contraints on this mechanism limits the parameter space to a rather
small window around z = O(1). In this sense, the selection criteria for the Higgs vev can

sl = v~ (100 GeV) (f())m (12173) <§/> . (4.17)

5 Phenomenology of the dark relaxion portal

be phrased as

In this section we consider constraints on the dark relaxion. We first list the bounds from
the relaxion mechanism itself, before showing how the remaining parameter space for our
model is constrained by the phenomenology of the dark axion portal [58, 70-78]. Relaxion
phenomenology has been studied more generally in refs. [52, 55, 69, 79-85].

5.1 Constraints from the dark relaxion mechanism

Our free parameters are the Hubble scale H, the EFT cut-off M, the shift-symmetry
breaking parameter €, the dark sector’s periodic potential A, and its associated decay
constant fp, the dark axion’s decay constant fp parametrising its coupling to the dark
photon, and the dark photon’s mixing angle 8p. The coupling ap is degenerate with fp,
so we absorb this factor into the definition of fp (or, equivalently, we set ap = 1). We set
B = 3 =1, which are typically values of O(1) or less if the EB bound is not saturated, as
discussed in the previous section.
We require that viable points in our parameter space satisfy the following criteria:

« The relaxion’s energy density is sub-dominant to the inflaton’s: H > M? /M.
« Classical rolling beats Hubble quantum fluctuations: eM?3 > H?3.

e The kinetic energy in the unbroken phase must be sufficient to overcome the periodic
potential barriers: eM3 > H AIQD.

« The periodic potential forms local minima: eM?3 < Aﬁ /fp-

e The distance between minima changes the weak scale by less than the observed value:
2mf, < v?/eM.

e Inefficient dissipation in unbroken phase: qﬁg > Af) with ¢g given by eq. (4.7).
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H M € A, Ip fp/ap 0p
5-1079GeV | 10°GeV | 10725 | 3-1072GeV | 102GeV | 10*GeV | 1073

Table 1. Benchmark point satisfying all constraints on our relaxion model.

« Efficient dissipation in going from unbroken to broken phase: £ > 10, where £ is
determined by the slow-roll velocity in the unbroken phase, and ¢>3 < Ag with ¢,
given by eq. (4.14). To avoid fine-tuning we also require £, > 1.

e Require a large change in the gauge friction between the unbroken and broken phase
2p2 .
to avoid fine-tuning: z = % (’?f)? > 1, with ¢ in & conservatively taken to be the

slow-roll velocity when entering the broken phase.
o Avoid relaxion fragmentation, using the criteria given by eq. 4.42 of ref. [52].

A benchmark set of parameter values that satisfies all these constraints (as well as the
phenomenological constraints listed in the next subsection) is given in table 1. The relaxion
mass for this benchmark point is given by

A2 A 2 (102 GeV
=P _9gx b . 1
me ==Y eV(3-10—2 GeV) ( 7 (5:1)

The dark sector’s decay constants and confinement scales are relatively low, indicating

that there must be relatively light new physics in the dark sector. However, their only
interaction with the visible sector is through the dark axion portal. In particular, the
degrees of freedom responsible for confinement and generating the periodic potential need
not communicate with the visible sector at all.

We note that for the large values of £ required in this mechanism, the axion-assisted
Schwinger effect [86] could be important. This would exponentially enhance the gauge
boson production in the broken phase for

2,2

2 1202 TMePT

apd’/fp 2 ——r5. 5.2

D / D CHD’Q‘E ( )

However, for momenta p? ~ efpE this would require & > (m./H)?, which is well outside
the parameter regime discussed here.

We also have an upper bound on the number of e-foldings required to scan an O(M /e)

field range to avoid entering the eternal inflation regime (see e.g. [87]),

N, = <54)2 < 8n? (Z”)z : (5.3)

This can be written as a constraint on the Hubble parameter,

M )1/2 : (5.4)

1/2
0o (g5m)
<10 Gev(m—% 105 Gev

which is always satisfied in our parameter space.
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Figure 3. Parameter space scan of points that satisfy the criteria for a successful dark relaxion
mechanism (green) and that additionally pass one phenomenological constraint from either super-
novae (yellow), stellar cooling (orange), non-thermal dark radiation production from post-reheating
rolling (blue), or dark radiation contribution to ANeg from thermal scattering (red).

To better understand how these constraints shape the parameter space, we scanned
over the parameters H, ¢, A,, fp, and 0p, while fixing M = 10° GeV and f, = 10% GeV.
The result is plotted in figure 3. The green dots are points that pass all the criteria above
after randomly sampling 10 million points with flat priors on a log scale over the range
displayed on the axes of the projection plots. Note that there is a hard lower cut-off on
the Hubble scale H > 5-107 GeV from the sub-dominant energy density criteria.

The top left plot shows that as p becomes larger, we can access larger values of
the Hubble parameter. This reflects the dependence of k = (EB), /(EB), on the ratio
(0p/H)* in eq. (3.5), which follows from the fact that x o< ¢2d?, where ¢ o 63, and
d oc 1/(6p H?). More precisely, larger p implies larger millicharges and hence a larger
induced current in the unbroken phase, see eq. (4.3), which in turn enhances the Schwinger
suppression of (EB),. This results in an increase of x that can be undone by a larger
value of H, which reduces the exponential suppression of the induced current in the broken
phase, see figure 2, and hence equally leads to a stronger Schwinger suppression of (EB),,
thus compensating for the change in (EB),. In the top right figure, we see a strong anti-
correlation between 0p and fp. This reflects the fact that for smaller values of the mixing
angle the fermions have smaller millicharges, there is less Schwinger suppression, and so
the coupling to dark photons inversely proportional to fp can be weaker for the same
effect. In the bottom right, the correlation between ¢ and A, is due to the size of the
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periodic potential barriers having to be correspondingly larger for a steeper slope. Finally,
in the bottom left, we see again that weakening the dissipation through a larger fp requires
reducing the Hubble scale in order to also reduce the Schwinger effect in the broken phase.

5.2 Constraints from the dark relaxion portal

Dark photon. Our model can be probed by searches for a kinetically mixed dark photon.
However, for the purpose of the dark relaxion mechanism, the mass of the dark photons can
be as light as necessary, even massless, to evade all constraints. Bounds on the dark photon
mixing parameter were recently collected in refs. [11, 12]. We assume mx < 1071° eV, which
is lighter than the plasma mass of the photon after recombination. This forbids a resonant
conversion between photons and dark photons, evading the CMB distortion bounds [88].
Heavier masses are still possible so long as the mixing parameter can be small enough to
satisfy observational constraints; the only strict upper bound is that they remain sufficiently
light relative to the Hubble parameter for the dark photons to be efficiently produced.

Stellar cooling. Stronger constraints arise from the relaxion coupling to the kinetically
mixed dark photon. Various possibilities for such dark axion models have been considered
in the literature, making different assumptions on the couplings gsxx, g¢x~, gpy in the
Lagrangian terms

LD gd)XXQZ)X;wX#V + gd)Xq/?quuAuV + g(bwvgbA;wA“V . (5'5)

Even if g4x- and gg4,~ are set to zero, nevertheless there still exist bounds from e.g. stellar

cooling due to the mixing-induced interaction between SM fermions and the relaxion. This

is easily seen by going to an “interaction” basis in which g4x~ and g4,y no longer vanish.
Consider our starting point, eq. (3.1), reproduced here for convenience:

1 Iy Al 1 R Op v 3! 1 2 v/ v/
ﬁD—ZAM AMV_ZXN XMV—?AM XMV+§mXXMXM
« = .7 .
+ 477?D X, XM + > iy (9, + ieQi AL )i - (5.6)
)

If ¢ is an axion originating from some global U(1) 4 breaking and the dark photon belongs
to some dark U(1)x gauge symmetry, then this EFT Lagrangian can be generated in the
UV by two sets of fermions: one set charged under U(1) 4 and U(1) x but singlets under the
SM gauge groups, so they can be responsible solely for the anomalous coupling of ¢ to dark
photons; while another set of fermions are singlets under U(1) 4 but charged under U(1)ep
and U(1)x so they induce kinetic mixing without contributing to a mixed axion-photon-
dark photon coupling. In this case we have goxx = ap/(4nfp) and gyxy, 9oy <K Goxx
suppressed by higher-order loop corrections.?

In eq. (3.2), we rotated to the mass eigenstate basis with canonical kinetic terms,

which introduced a coupling of the SM fermions ; to the dark photon. This is a suitable

3The axion-vector couplings are protected by the underlying continuous shift symmetry in the massless
axion limit. However, for a massive axion, they can still receive corrections proportional to the mass squared,
since the mass is the parameter that introduces an extra source of explicit shift symmetry breaking.
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Figure 4. Feynman diagram of the process relevant for stellar cooling constraints on the dark
relaxion, where a plasmon  decays to the dark relaxion ¢ and a dark photon X.

basis for calculating the Schwinger effect. However, in this basis the SM matter interacts
with the combination A, + 6pX,, and it is this combination that is effectively the visible
photon relevant for stellar cooling constraints. To make this explicit, we can choose to
rotate instead to an interaction basis which only removes the mixed kinetic term without
modifying the interaction of the SM fermion coupling to the photon. Up to (9(0%), this is

1 1 1
LD =AM AL, = ZX"XGL 4 omic (XX 4 20p X[ A™)
ap "on apbfp R .= . /
+ X, X+ A X+ iy (0, + 1eQ; A . 5.7
47TfD pnv 27TfD 12 ; 1/}17 ( M 7 u)zpl ( )

Bounds from stellar cooling can therefore be placed on our dark relaxion despite ini-
tially appearing to couple only to dark photons. In the interaction basis, we explicitly have a
coupling to a photon and dark photon. Ref. [74] places the bound g¢x~ = apfp/(27fp) <
31079 GeV~! from horizontal-branch stars with the process shown by the Feynman dia-
gram in figure 4, which bounds the axion decay constant fp from below,

> aplp

fp > o 107 GeV . (5.8)

This constraint can be evaded if the relaxion mass is heavier than the plasma mass of
the photon, which in practice requires my 2 2keV, kinematically forbidding the decay
into a relaxion final state. White dwarfs require instead mgy 2 20keV [78], though we
omit this constraint as there have been hints of an excess that may relax the bound [89,
90] (see, however, also ref. [91]). Slightly stronger limits can in principle be obtained
from red giants [92, 93] which we do not include here as this has not yet been cast in
terms of constraints on the dark axion portal. For heavier masses, bounds from supernova
constraints on the dark axion coupling gsx~ have recently been placed in ref. [78].

Thermal dark relics. Once the dark relaxion mechanism described above has ensured
that the Higgs is settled to its vacuum expectation value at (h) ~ 246 GeV, the standard
cosmological evolution proceeds. The remaining period of vacuum energy domination must
be chosen so that the cosmological perturbations in the CMB can be reproduced. This
inflationary epoch strongly dilutes any relic dark sector or SM particles which are produced
during the relaxation phase. At the end of inflation, the Universe can reheat up to

90 \ /4 A\ /2
T < <7r2g ) HMp ~ 2.6-10" GeV (e\/) : (5.9)
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with g, = 106.75 denoting the SM degrees of freedom at high temperature. A further upper
bound on the reheating temperature arises from the requirement that the global symmetry
featuring the relaxion as an angular degree of freedom should not be restored,

TN < T < fp, (5.10)

otherwise the stabilisation mechanism for the vacuum expectation value of the Higgs vev
would be lost. In the following we will assume that the dark sector particles, i.e. the relaxion
and the dark photon, are not directly coupled to the inflaton sector and hence are not di-
rectly produced in the reheating process. We will further assume that any other dark sector
particles, in particular the ones responsible for the barriers in the relaxion potential, decay
into the relaxion and dark photon before the dark and visible sectors decouple. The relevant
production mechanisms for the relaxion and dark photon are then through their couplings
to the SM plasma as well as non-thermally through the relaxion misalignment mechanism.

From the discussion above we note that in the preferred parameter space, the dark
photon is much lighter than the relaxion, my < 1071° eV « mg. Any relaxion abundance
will thus rapidly decay into dark photons with a decay rate*

o2 100 GeV\> / my \?
r — D 3~ (130 )" ( ¢ ) . 11
OXX = Gaap e (130's) < fo/an 10 keV (5-11)

The dark photon remains stable and ultra-relativistic throughout the evolution of the
Universe, and thus contributes to dark radiation.

For T' > mg, m, the dominant production of dark radiation occurs through electron
positron annihilation, ete™ — A’ — X¢, see ref. [78] for a related discussion.® If this
interaction is efficient at high temperatures, it leads to a thermal equilibrium between the
dark sector and the SM sector. Ensuring that the total dark radiation is subdominant com-
pared to SM radiation, as imposed by the AN.g constraints from big-bang nucleosynthesis
(BBN) and CMB decoupling, requires this interaction to decouple before the QCD phase
transition. The subsequent annihilation of the coloured degrees of freedom then reheats
the SM thermal bath sufficiently to dominate over the dark radiation contribution. This
requires (see appendix B for details)

Thec.d ~ 103 MeV g2/*(T) 107’ ( fp/op )2 > 100 MeV (5.12)
dec,d = v I o 10* Gev) ~ ’ ‘

which, combined with eq. (5.10), implies f, > Ty, > 100 MeV.

4For non-perturbative cosmological axion decay, see [94].

5Any thermal dark relic production channel must necessarily contain not only the dark photon but also
the relaxion, since in the absence of the relaxion the visible sector and the dark sector decouple in the
interaction basis (3.1), up to dark photon / visible photon oscillations mediated by the kinetic mixing (see
e.g. [95]). The latter are subdominant here since we take the dark photon to be much lighter than the
plasma mass of the ordinary photon at all times.
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Non-thermal dark relics. A further non-thermal production channel stems from the
motion of the relaxion field after reheating. If the reheating temperature is larger than the
height of the potential barriers, Ti, > A, then these barriers vanish allowing the relaxion
to roll down the potential V(¢) = —eM?>@, thereby non-perturbatively producing dark
photons. As long as T > Tgec > TBBN, such that the dark sector is still in equilibrium
with the visible sector, this leads to an unobservable overall heating of the thermal bath.
But the contribution from Tge. > T > A, will contribute to ANeg, leading to a further
constraint on the model parameters.

Let us first conservatively assume that the entire potential energy released during
this period is released into relativistic dark degrees of freedom contributing to ANeg. For
simplicity, we will assume that the parameter £ encoding the relaxion velocity approaches a
constant value £. once the gauge friction becomes efficient [53]. With this, we can estimate
the total amount of potential energy released after decoupling as

B aty \* pmdvde (N 7 oo Ap
AV— /dV (a(tAp)> = Adec %E dt (%) = §€M g (1 — Tdec> . (513)

Satisfying the ANeg bound [96, 97] implies

AV S ANGT* S 054, (5.14)

which imposes an upper bound on the slope of the linear potential,

Ay VA (10°Gev® (107 GeV
—1 —31 D
c< 110 <MeV> < = ) (fD/aD>' (5.15)

for Tiec > Ap.7 This simple constraint may, however, be overestimating the dark photon

production. Firstly, the assumption of a constant £, may be incorrect, and the gauge friction
may stop the rolling of the relaxion even before the barriers reappear. Secondly, for Tye. ~
A,, the contribution to dark radiation is significantly suppressed. We thus consider the
constraint (5.15) to be less robust than the other constraints presented in this work, though
we include it to illustrate the potential size of the effect based on our rough estimates.

Once the temperature drops to T' ~ A,, the potential barriers re-appear. Before
settling into its local minimum, the relaxion may oscillate producing relaxion (and con-
sequently dark photon) relics via the misalignment mechanism. The total energy density
contained in the relaxion oscillations,

Pge S mg)fp2 ~ A?), (5.16)

can be comparable to the energy of the SM thermal bath for a generic large misalignment
angle. For Ty, S A,, this additional entropy is absorbed by the SM thermal bath. For

Thec > A, we require an accidentally small misalignment angle to avoid an overproduction
of dark radiation.

5The coupled system of axion, gauge fields and fermions has to our knowledge never been simulated in
radiation domination, we hence base this assumption on simulations performed of the simpler case of only
axions and gauge fields [53]. This is clearly a point that deserves further investigation.

"During the process, the relaxion is displaced by A¢ ~ 2ré€.fp/ap. Note that this displacement does
not interfere with the relaxation of the Higgs vev, as A¢ < v?/(eM) in the parameter range of interest.
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Summary of phenomenological constraints. In figure 3, we plot the main constraints
discussed above on the parameter space:

e The relaxion must be either sufficiently heavy, mgy ~ AIQ)/ fp > 2 keV, or weakly
coupled, see the constraint eq. (5.8), in order to evade bounds from stellar cooling in
horizontal-branch stars.

o To satisfy the supernova constraints, the dark relaxion’s decay constant fp/ap, as a
function of mg, must lie outside the region excluded by ref. [78].

e The global symmetry in the dark sector from which the relaxion originates must not
be restored in the thermal plasma after inflation, which sets a bound on f, from
eq. (5.10).

e The thermal production of dark radiation must not be over-abundant, ANg < 0.5,
see eq. (5.12).

e Negligible non-thermal dark radiation production from post-reheating rolling, see
eq. (5.15).

The scan is performed as described previously, by randomly sampling 10 million points
with log flat priors over the ranges shown. Points in figure 3 that satisfy the supernova
constraints are shown in yellow. This follows the outline of the green parameter space points
allowed by the relaxion mechanism since there is a degeneracy between 6p and fp in the
overall coupling that is relevant for the supernova bound. This has the effect of simply
reshuffling the allowed parameter space points with only values at the boundaries breaking
this degeneracy, hence the density of points thinning out at the edges. The stellar cooling
constraints in orange are more severe. In particular, there is a lower bound on A, that comes
from requiring a minimum relaxion mass to forbid plasmon decay. Finally, the strongest
constraints come from non-thermal radiation production in post-reheating rolling (blue)
and thermal radiation contribution to ANeg (red). The points that satisfy all constraints
correspond to the regions where red and blue points overlap. The lower bound on € from
thermal radiation is due to a tension between efficient gauge boson dissipation and efficient
thermal scattering contributing to ANeg: € parametrises the steepness of the potential
slope, so reducing the slow-roll velocity by making the slope flatter would reduce dark
photon dissipation unless the coupling is also increased by lowering fp, which maintains
¢ x ¢/fp > 10. However, lowering fp leads to a stronger coupling which increases the
thermal scattering abundance.

6 Conclusions

Naturalness, based on the sound reasoning of effective field theory, has long been a guiding
principle in the search for new physics. For example, the strong-CP problem motivated the
QCD axion solution. Here, we proposed a solution to the Higgs mass hierarchy problem that
motivates a dark axion portal to the dark photon. A central role is played by the Schwinger
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effect which leads to non-perturbative production of SM fermions in a dark gauge field
background. Remarkably, our economical model does not require a new physics source of
weak-scale backreaction since the SM fermion masses already provide the necessary trigger
at the critical point.

We investigated the parameter space of our mechanism and find that current astrophys-
ical and cosmological constraints bound the parameter space from all directions while leav-
ing a viable region unexplored. Cosmological probes of AN.g place the strongest bounds
from dark relic production affecting big-bang nucleosynthesis and the cosmic microwave
background. It is encouraging that a corner of parameter space remains non-trivially
compatible with all other constraints, such as stellar cooling or the non-thermal relic abun-
dance from post-reheating rolling. Further study will be needed to place these constraints
on firmer footing. In particular, a detailed numerical study of the fermion backreaction,
including also the dissipation into SM photons and the interactions of the SM photons
with the fermion plasma, is required in order to eliminate uncertainties in the dark photon
spectrum. Such in-medium effects, in particular, may lead to important modifications of
the dynamics discussed here. Moreover, it would be interesting to numerically solve the
relevant Boltzmann equations to obtain a more accurate ANeg constraint. This will be
particularly important in the event of a future detection of dark radiation.
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A Thermalisation

Once the SM fermions are produced from the motion of the relaxion, they can interact
through SM gauge interactions which are not suppressed by the small mixing angle 6p,
which can lead to a thermalisation of the fermion sector. In this appendix, we discuss the
conditions under which this thermalisation occurs and the consequences for the induced
current and the dark gauge boson configuration. See also refs. [40, 59, 60] for a discussion
within the SM, i.e. §p = 1.

Induced current. In a background electric field pointing in z-direction, the induced
current is given by the number or particles passing through the area dA (orthogonal to é,)
in a time dt,

# particles dz
= e =Ny, — = o Al
/ dAdt Va0 (A1)
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For relativistic particles (as will be the case in the entire parameter space of interest), the
component of the velocity in z-direction v, can be expressed by the ratio of momentum
parallel (p,) and transverse (p, ) to the z-axis,

P2 >pL = vy >~ 1 = J. =ny, (A.2)
p
p: <L = v, ~ps/pL = J, = pf Ny - (A.3)

In other words, if the random motion of particles due to diffusion processes dominates
over the acceleration induced by the electric field, the induced current is (not surprisingly)
significantly suppressed. Note that eq. (4.3) given in the main text relies on p, > p, .

We estimate p, as the momentum acquired from accelerating in the background field,
p. ~ elpQET, where T denotes the average scattering time-scale of the fermion (see below).
The transverse momentum at production can be estimated as p; ~ (efpQE)Y? [60];
however, once the fermions thermalise (in their rest frame) a more accurate estimate is
obtained from the temperature of this thermal bath, p, ~ T, see below.

Fermion temperature. Assuming the fermions thermalise, we can estimate the tem-
perature of the resulting thermal bath as

Tj~ — iy, (A.4)

with 7, and @ denoting typical values for the fermion number density and energy [60],
taking for simplicity unit charge @ = 1 for all species,

) 2 EB 27 B 2
iy = i H ' = 0% -5 =" exp (W) exp( o ) . @=(efpE)'?. (AD)

A2 H 7€0DE

Here we have assumed that fermion production is efficient, m? < efpE, and that Landau
levels with non-vanishing transverse momentum (so-called higher Landau levels) contribute
significantly to the total fermion energy. Moreover we take B ~ FE. If the fermions do
not thermalise, the temperature T, nevertheless provides a useful reference value for the
‘would-be’ temperature of the fermion distribution.

A conservative estimate to check the thermalisation of the fermion sector is to require
that the thermal scattering rate, I'y, ~ a2T¢, be smaller than the Hubble expansion rate
H with a = €%/(47). In this case, even an initial thermal distribution of fermions would
quickly drop out of thermal equilibrium. Inserting the expression (A.4), this leads to an
upper bound on gauge field strength above which thermalisation is possible according to
this criterion.

Scattering time scale. If the fermions are not yet in thermal equilibrium, their typical
scattering rate can be estimated as

4o

302

For I'y. < H the fermions do not thermalise. For I'y. > H, the fermion population will

(A.6)

Ise = Ny Osc Osc =

quickly thermalise, in which case the scattering timescale is given by Ft_hl.
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Thermalisation within the dark gauge boson sector. Even if the SM thermalises
through the exchange of SM gauge bosons, the dark gauge bosons can still feature a non-
thermal distribution. Sustaining a thermal equilibrium between fermions, dark photons
and visible photons requires efficient Compton scattering involving a dark and a visible
photon. The corresponding thermal scattering rate is

I~ 0%5a’Tx , (A7)

with Tx denoting the would-be temperature of the dark gauge bosons,

30

Ty =
X 7T29X

(E* + B?), (A.8)

where gx = 2. As long as I‘ffl < H, the dark gauge bosons do not thermalise.

Separation of scales. The induced current in eq. (3.2) provides a source term for a
non-thermal SM photon field configuration with a characteristic wavelength set by the
characteristic scale of the dark gauge field configuration, A ~ (¢H)~!. In the basis of
eq. (3.1) the same non-thermal photon field configuration is sourced via kinetic mixing
from the dark gauge fields. As long as these SM gauge fields are to good approximation
homogeneous on the length scales relevant for fermion production and propagation, i.e. as
long as there is a clear separation of scales between the macroscopic classical gauge field
configuration and the microphysics associated with the fermions, the dynamics of the gauge
fields is well described by a coarse-grained effective theory where the microscopic effects
are captured by the induced current, which limits the magnitude of gauge fields, analogous
to the discussion in section 4. Note that this does not alter the mixing angle 8p between
the dark and the visible gauge sector. Our discussion neglects any other possible effects of
fermion plasma on the long-wavelength SM photons.

These conclusions however no longer hold if efficient scattering processes shift the
photon distribution function to shorter wavelengths. Below, we will present a conservative
estimate for this in both the unbroken and broken phase, based on the p = 1 limit of
eq. (A.7). We note however that this is the scattering rate for a thermal photon population,
whereas in the our case the large correlation length of the photon distribution implies that
the momentum exchanged in a Compton scattering process v/t is small compared to total
center-of-mass energy /s. From the differential Compton scattering cross section, we
thus expect an additional suppression factor t/s for the scattering rate of the non-thermal
photon configuration. In conclusion, we will see that we can safely take photon scattering
involving the low-momentum photons of the background gauge field configuration to be
inefficient in the entire relevant parameter space.

A.1 Unbroken phase

Scattering rates. As long as the induced current is built up efficiently (p, > p, ) the
dark gauge boson production in the unbroken phase is given by eq. (4.4). All charged
SM leptons contribute to the induced current. For simplicity we will take B ~ F in the
estimates below. This enters in the estimate of the typical fermion energy at production,
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w, and moreover constrains 5 < 1 in eq. (4.4) with 8 < 1 indicating that the upper bound
on EB is not saturated. With this, the (would-be) fermion temperature is obtained as

5/8 0.01 5/4
Ty = 6-10° H 3°/16 (‘5> (> A9
v B 10 0 : (A.9)
indicating that thermalisation in the fermion sector is avoided if

Tmw~a?Ty<H & 0p=4-1073, (A.10)

for the reference values £ = 10 and § = 1. From eq. (A.6) we obtain the scattering rate for
a non-thermal distribution as

0.01\?
T =~ 0.4 H Y2 <§> () Al
w04 g () (T0) (A1)
which yields a similar conclusion regarding the value 8p required for thermalisation in the
fermion sector.

Induced current. For non-thermal fermions, i.e. 7 = T';! > H~1, the ratio of momenta
parallel and perpendicular to the z-axis is

; ET-! 1 1/2
Pz ~ eanSC ~ 104 5—1/4 (0> (9[)) ) (A.12)
pL w 13 0.01
Inserting eq. (A.10) we see that p,/p; > 1 for
1/2
0p > 107551/ (f()) . (A.13)

Hence the expression (4.3) for the induced current, and consequently the expression (4.4)
for the dark photon production is valid in this regime. For thermalised fermions, 7 = Fﬁll,
we obtain

-1 1/4 1/2
Pz eOpETy, ~3.10*3"1/8 <10> / <9D) / ) (A.14)
pL Ty § 0.01

In summary, the induced current builds up efficiently as long as the Higgs vev is zero and
consequently eqs. (4.3) and (4.4) are valid as long as

1/2
o > 1011 51/4 (f()) | (A.15)

Thermalisation within the dark gauge boson sector. Turning to the thermalisation
among the dark gauge bosons, eq. (A.8) yields

Tx g 1ot g/ (5)1/2 (%)W
7 =810 B 10 001 <1, (A.16)

indicating that the dark gauge bosons remain non-thermal in the entire parameter space
of interest covered by eq. (A.15).
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Thermalisation within the SM photon sector. The induced current provides a
source term for a non-thermal photon field configuration. As long as these photons do
not thermalise, we expect Schwinger production of leptons to restrict the amplitude of this
gauge field configuration according to eq. (4.4) with p = 1. Taking the limit p = 1 in
eq. (A.16), we obtain

£

1/2
8-1073 /4 (10> <1 (A.17)

as a condition to avoid efficient scattering for the non-thermal SM photon population.

A.2 Broken phase

As long as the induced current is built up efficiently, the dark photon gauge boson produc-
tion in the broken phase is given by eq. (4.9). We will assume here that only the electrons
are efficiently produced, though for sufficiently large values of the electric field the heavier
fermions species will gradually become important, too. As above, we will assume E ~ B
for simplicity.

In the regime where the exponential suppression of the fermion production due to the
electron mass is mild, z < 1, we recover the expressions derived for the unbroken phase
with the replacements

c—e, BB, (A.18)

With this, we find that the induced current builds up efficiently for

_ € 1/2
0p > 107651/4 () , (A.19)
10
and dark gauge boson thermalisation in negligible in the entire parameter space of interest.
Next let us consider the regime z > 1. In this case, Wy(z) ~ In(z), and we thus
parametrize EB/H* = bd? with b = 51n(z) < 10 for z < 10*. With this, we obtain

7 5/8 5/4
104 i5/16 —1/(4VB) 17.5/8 f) <001>
Ty = 10707 e Hz (10 o ; (A.20)
and
L, 75/16 ,—1/(4V/0) 5/8 ( § )5/8 (0.01)5/4
H 0 o A21
0.6b e z 10 eD , ( )

which indicates that fermion thermalisation is efficient in most of the parameter space.
Turning to the induced current, this thermal fermion population yields

. 1/4 1/2
Pz Pr o qodi-1/8 —1/(av/b) —1/4 <10) (9D>
o ST, S 2-10%b e z ¢ 0.01 , (A.22)

implying that the induced current builds up efficiently as long as

_ - 1/2
Op > 210711 G4 /b 12 (150) : (A.23)

Hence, the induced current builds up efficiently also once the Higgs acquires its vev.
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Finally, considering the thermalisation within the dark gauge boson sector for z > 1,
we find

%X = 1077120712 < 1, (A.24)

indicating that dark gauge bosons do not scatter efficiently. Taking the limit 8p = 1, we
note that this conclusion also holds for the SM photons.

B Thermal dark relics

Once the SM sector reheats, dark sector quanta (relaxion particles and dark photons) are
thermally produced through their (small) interactions with the SM plasma. Note that the
fully diagonalised basis (3.2) has no interaction term between the relaxion and the SM,
whereas in the interaction basis (5.7) in the limit mx — 0, the only coupling of the dark
photon to the SM involves the relaxion. Consequently, omitting unphysical effects which
can be rotated away in a suitable basis, the leading-order interaction process between the
SM and the dark sector involves both the dark photon and the relaxion, ete™ — A’ — X¢.

In the limit mx < my < E with E denoting the center of mass energy of this 2 — 2
process, the relevant thermally averaged cross section is given by [78]

2 n2 2 4
_ apbpaem |5 3y Mg
TeteoX = unap [2 “are PO\ )| (B-1)

and the number density of electrons is given by the thermal equilibrium value, n, = 2/72 T3
for T > m.. The dark sector decouples when the rate of this process becomes small
compared to the Hubble expansion rate, with

Fe+ e~ —>¢pX neM. Oete——¢X

H T2
2 4 2 3 2
~10-3 g*—1/2< Op ) 10* GeV ( T ) L Sms 7 (B.2)
103 fD/aD MeV 2072

which defines the decoupling temperature Tgec q as the temperature when I'/H = 1. If this

interaction stays efficient until below the QCD phase transition, the resulting energy density
in the dark sector is comparable to that of the visible sector, in contradiction with the
constraints from Neg. For mg > me, the relaxion production ceases at Tqecd < Mg > Me-
Assuming Tyec,qg > MeV, which is the decoupling temperature of the neutrinos, the radiation
stored in the decoupled dark sector can be parametrised in terms of additional relativistic
neutrino species,

SM d 7w’ T (AN em 4
prad(T) = Prad (T) + prad(T) = % 2 + Z ﬁ (Neff + ANeff) T 3 (B3)
with NSM = 3.044 and
4/3
16 43
ANg=— | ———— , B.4
= <4g*,S(T)> (B4)
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where 43/4 denotes the relativistic SM degrees of freedom just before neutrino decou-
pling, i.e. photons, neutrinos and electrons. Requiring ANeg < 0.5 [96, 97] requires

Gx,s(T) 2 30 and hence a decoupling temperature above the QCD phase transition, Tqec,a 2
100 MeV [98].

C Plasma mass

In the SM thermal plasma, the SM photon obtains a plasma mass m, ~ 0.1 T [99] in the

interaction basis, eq. (5.7). In our scenario, this becomes relevant for the thermal dark relic

production in the SM plasma after reheating and in the astrophysical environments relevant

for the stellar cooling and supernova contraints. These computations are performed directly

in the interaction basis and the plasmon mass is directly included. For completeness, we

give here the basis transformation to recover the diagonal basis (3.2) in which the kinetic

terms are canonical and the mass matrix is diagonal. Following the same procedure as in
the previous subsection, we obtain the rotation matrix

1 %

R=1 4, U

1—e€

+0(6%), (C.1)

where € = (mx /m~)? < 1. In this basis we then obtain

_ _ 2 -
mi=m?, mk=mk, QTDX“”XW — O‘TD <X”’”XW - _DEXWAW> :
€
eQi(A, — OpX,)) s €Q; (AM N exﬂ) . (C2)

From the last line we see that the introduction of a mass hierarchy in the interaction basis
suppresses the effective fermion millicharge by a factor e. On the other hand, from the
last term in the first line we note an additional coupling between the dark and the visible
photon which vanishes in the limit m., — 0.
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