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New particles φ in the MeV-GeV range produced at colliders and escaping detection can be searched 
for at operating b- and τ -factories such as Belle II. A typical search topology involves pair-produced τ s 
(or mesons), one of which decaying to visibles plus the φ, and the other providing a tag. One crucial 
impediment of these searches is the limited ability to reconstruct the parents’ separate boosts. This is 
the case in the ‘typical’ topology where both decay branches include escaping particles. We observe that 
such topology lends itself to the use of kinematic variables such as M2, designed for pairwise decays 
to visibles plus escaping particles, and endowed with a built-in (‘MAOS’) way to efficiently guess the 
parents’ separate boosts. Starting from this observation, we construct several kinematic quantities able 
to discriminate signal from background, and apply them to a benchmark search, τ → e + φ, where φ
can be either an axion-like particle or a hidden photon. Our considered variables can be applied to a 
wider range of topologies than the current reference technique, based on the event thrust, with which 
they are nearly uncorrelated. Application of our strategy leads to an improvement by a factor close to 
3 in the branching-ratio upper limit for τ → eφ, with respect to the currently expected limit, assuming 
mφ � 1 MeV. For example, we anticipate a sensitivity of 1.7 × 10−5 with the data collected before the 
2022 shutdown.

© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
New light particles are commonplace in Standard-Model (SM) 
extensions and allow to elegantly solve problems of both con-
ceptual and observational nature, see e.g. [1]. Depending on the 
couplings structure, these particles may actually be as heavy as a 
GeV. Remarkably, new scalars in the MeV-GeV range with larger 
than weak couplings to SM matter are fully compatible with the 
body of knowledge we have on stable matter [2], because most 
constraints, notably astrophysical data, apply to interactions with 
1st-generation matter only. Theoretically, there is no compelling 
reason why these particles’ couplings should be universal across 
generations, or flavour-diagonal [3]. Meson or τ decays at colliders 
are especially suited to test such couplings, not only by definition, 
but also because of the large statistics and accuracy now attain-
able.

A common hypothesis that allows for minimal model depen-
dence is that these light particles, once produced in the decay, es-
cape detection. The strongest limits are obtained in missing-energy 
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searches where the new particle is either produced in the beam in-
teraction with a fixed target, or is the product of collisions whose 
initial state is very well known – e.g. e+e− beams. For a recent 
comprehensive review see Ref. [2].

A prototype example of search under the above hypothesis is 
τ → � (= e or μ) plus an axion-like particle (ALP, denoted by 
φ) [4], performed at Mark III [5] and ARGUS [6], and on-going at 
Belle II [7].1 At these facilities, the parent τ ’s are pair-produced at 
well-defined energies and their decay products are collected over 
a large angular acceptance, which allows for an accurate estimate 
of the total missing energy of the system. The dominant back-
ground to this kind of search is represented by SM processes also 
containing undetected particles, notably neutrinos. Hence, for the 
rare signal and the overwhelming background alike, the separate 
momenta of the pair-produced τ ’s are unknown. To pinpoint the 
signal, the reference strategy has historically been to estimate the 
signal-τ momentum using the visible momenta on the tag side. If 
for the latter one assumes τ → 3πν (note that the 3π allow for 

1 A recent limit was also placed by [8].
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a high-quality vertex), the signal-τ momentum may then be esti-
mated via the relations p̂τ ≈ − 

∑tag
i p̂πi

, Eτ ≈ √
s/2 [6].2

A generalisation of this technique [9], representing the cur-
rent state-of-the-art, takes advantage of the ‘thrust axis’ [10,11]
of the event, identified from the maximum of the ‘thrust scalar’ 
T ≡ ∑

i pi · n̂/|pi |, where pi denotes all the visible momenta in the 
decay. This direction can be used for approximating the signal-τ
momentum [7] as

pτ =
√

s

2

(
1, n̂

√
1 − 4m2

τ /s
)
. (1)

In either case, the spectrum of the signal-side daughter lepton ac-
companying the φ particle is then calculated through a boost to 
the rest frame of the parent τ .

We propose a different approach based on the following obser-
vations: (i) signal and background decays have a common topology, 
consisting of visible final states plus either the elusive φ (signal), 
or neutrinos (backgrounds). There exists an arsenal of kinematic 
variables that are designed precisely for such pairwise decay topol-
ogy, in particular the ‘stransverse mass’ MT2 [12,13] and Lorentz-
invariant generalisations thereof [14], here collectively denoted as 
M2; (ii) M2 is a minimisation procedure in the three unknowns 
constituting the invisible 3-momentum on one of the two decay 
branches.3 The minimum, henceforth referred to as M2-Assisted 
On-Shell, or ‘MAOS’, invisible momentum [15,16], is distributed 
around the corresponding true invisible 3-momentum. M2 thereby 
offers a ‘built-in’ estimator of the invisible 3-momenta, separately 
for the two branches – which addresses the underlying challenge 
of the search; (iii) We expect M2, as well as MAOS momenta, to 
show negligible correlation with variables built out of visible mo-
menta only. Because of this small correlation all of these variables 
can be profitably combined. Our results show that the performance 
of such combination is substantially higher than the case where 
the different variables discussed are used individually.

We introduce our idea in the context of τ → � + φ,4 with φ an 
ALP. However, the kinematic methods discussed may be applied to 
any other beyond-SM scenario with the same topology, e.g. lepton 
flavour violating couplings mediated by a spin-0 or spin-1 particle. 
We will make comments notably on the case of a ‘hidden photon’.

The signal of interest is

e+e− → τ (→ �φ) τ (→ 3πν) , (2)

where we have omitted charge specifications on the r.h.s., and 
we assume that the φ escapes undetected. The τ decay to three 
charged pions is used as a tag. We denote this channel as ‘1 ×3’. 
The dominant, irreducible background is

e+e− → τ (→ �νν̄) τ (→ 3πν) , (3)

while other channels such as τ (→ πν) τ (→ 3πν) are all sup-
pressed by either PID requirements, kinematic selections, event-
shape analysis or track vertexing. The tag decay in eq. (2) is chosen 
for comparison with current state-of-the-art measurements; how-
ever, MAOS momenta can also be calculated for 1-prong tags such 
as τ (→ �νν̄), for which the ARGUS/thrust method is not available. 
We will thus also consider this ‘1 ×1’ channel, whose irreducible 
background is τ (→ �νν̄)τ (→ �νν̄).

Clearly, in terms of the decay topology the signal and back-
grounds thus differ only by the number of invisible particles. As 

2 Here and henceforth, a hat denotes a unit vector.
3 At lepton colliders, barring initial-state radiation, the invisible 3-momentum on 

the other branch is known, because the total missing momentum is.
4 In all formulae it is understood that � = e, μ. All numerics will assume � = e

for consistency with the analysis in [7].
2

mentioned, this topology lends itself to the use of MT2 and its 
generalizations. Such variables have been extensively applied to 
high-pT searches, notably of pair-produced supersymmetric par-
ticles. Instead, to our knowledge, this approach has never been 
considered for decays of pair-produced mesons or leptons, of the 
kind of interest here.

The MT2 variable is the two-decay-chain generalization of the 
MT variable [17,18], used since CERN’s UA1 experiment to mea-
sure the W mass in W → �ν , and defined from the inequality 
m2

W ≥ m2
� + m2

ν + 2(E�
T Eν

T − p�
T pν

T ) ≡ M2
T implying that the MT

endpoint allows to measure mW . If one has two parents decay-
ing to visible products with collective momenta p1,2 for the two 
branches, plus invisible final states on either branch, one may gen-
eralise the above argument with max{MT(branch1), MT(branch2)}
– the largest MT will furnish the best lower bound. While the two 
invisible momenta, k1,2, are not known individually, they fulfil the 
constraint k1T +k2T = P miss

T , where the r.h.s. denotes the measured 
transverse momentum imbalance. Hence, the ‘most conservative 
max’ one can take is the minimum over the configurations ful-
filling such constraints, i.e.

MT2 =mink1T,k2T

[
max

{
MT(p1T, k1T), MT(p2T, k2T)

}]
subject to k1T + k2T = P miss

T , (4)

which defines MT2 [12,13].
The subscript “T” in the above discussion denotes the projec-

tion onto the plane transverse to the beam direction. Such pro-
jection is unnecessary at lepton colliders like Belle II, where the 
full, transverse as well as longitudinal, momentum imbalance is 
reconstructible. We can then employ the fully Lorentz-invariant ex-
tension of MT2, known as M2 [14] (see also [19,20]). As elucidated 
in Ref. [20], several variations of the M2 variable can actually be 
used for one and the same topology, depending on the kinematic 
constraints – i.e. on-shell mass relations – that are imposed in 
the minimisation and those that are not. This feature makes M2

an extremely versatile tool. Since the centre-of-mass system (CMS) 
energy is fixed, we focus on the following definition

M2 =mink1,k2

[
max

{
M(p1, k1), M(p2, k2)

}]
subject to

{
k1 + k2 = P miss,

(p1 + p2 + k1 + k2)
2 = s,

(5)

where s is the squared collision energy, and pi(ki) denote here and 
henceforth the visible- (invisible-)system total momenta on the de-
cay branch i = 1, 2. One may further subject eq. (5) to the decaying 
parents’ on-shell mass relations, i.e. (p1 + k1)

2 = (p2 + k2)
2 = m2

τ . 
However, the additional constraints lead to the same minimum as 
our M2 definition [21].5

Similarly as for MT2, also the M2 endpoint is the parent-particle 
mass. Compared to MT2, M2 distributions peak at a higher value 
and are more populated toward the endpoint. Interestingly, one 
common feature is that the smaller the number of invisible parti-
cles, the more the distributions are populated toward their upper 
edge (for MT2, see related discussions in [23,24]). This is displayed 
in Fig. 1 for the case mφ = 1 MeV.6 Hence a shape analysis of 

5 In the definition (5), M2 is similar to M2Cons devised to study H → τ+τ− at 
hadron colliders [21,22], except that the constraint on the missing longitudinal mo-
mentum is not adopted.

6 All of Figs. 1 through 3 illustrate for a specific mass case, mφ = 1 MeV, the 
variables discussed in the text that rely on the use of MAOS momenta. For the 
sake of comparison, analogous figures for mφ = 1 GeV are collected in Fig. 6 of the 
Appendix.
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Fig. 1. Comparison between MT2 and M2 in the separation of signals and back-
grounds (full vs. dashed lines) for the 1 ×3 (blue) and the 1 ×1 (orange) topologies. 
We show the case mφ = 1 MeV.

Fig. 2. Distribution for pmaos
e ≡ |pe |maos

τ-RF and for the corresponding quantity obtained 
through the thrust, for the 1 ×3 channel and mφ = 1 MeV.

both MT2 and M2 could in principle be used to extract information 
about the number of invisible particles in the event, i.e. whether 
the event is more signal- or background-like. Given the correlation 
between MT2 and M2, for definiteness we only consider the latter 
in the rest of our discussion.

Importantly, the MAOS solution to the constrained minimisation 
in eq. (5) can be used as an estimator of the true values of k1,2, 
to be denoted as kmaos

1,2 [15,16]. Similarly as in the MT2 case, the 
M2-based MAOS momenta [20,25] are distributed symmetrically 
around the true momenta, and peak at the respective true val-
ues. A few remarks are in order. First, the M2-based MAOS method 
turns out to be more efficient than the traditional MAOS method 
from MT2 [25]. One reason is the fact that the MT2-based MAOS 
solution comes with a twofold ambiguity in the longitudinal com-
ponents of the invisible momenta, whereas the M2-based MAOS 
solution is unique, as all momentum components are treated on 
a similar footing. Second, according to the definition of the full 
invariant masses M in eq. (5), one further piece of information 
would be required: k2

1,2. We set k2
1,2 = 0, which usefully ensures 

the inequality M2 ≤ mτ for both signal and background events 
[15,16]. At face value, k2

1,2 = 0 is a bad guess, because e.g. for the 
background channel �νν one has k2 = m2

νν , which peaks around 
1 GeV2. We inspected more refined ansaetze, including the unfea-
sible case where one uses the truth-level k2

1,2 values. We found 
that the M2 distributions do not depend significantly on this 
choice, in agreement with existing literature [15,16], although this 
issue may warrant further scrutiny.

With the thus-defined kmaos
1,2 we can construct additional vari-

ables that would require knowledge of the invisible momenta, and 
that offer criteria for signal-background discrimination. A first ex-
ample is |pτ-RF

� | in the 1 ×3 channel. In the τ rest frame (RF), 
obtained through either the MAOS or thrust methods, this quantity 
is equivalent to the signal-side invisible momentum. In Fig. 2 we 
thus compare the distribution for pmaos

e ≡ |pe|maos
τ-RF with the corre-

sponding quantity obtained through the thrust, for mφ = 1 MeV, 
3

Fig. 3. Comparison between the ratio variables ξk,p, RkT,pT discussed below eq. (6). 
Line conventions as in Fig. 1. We show the case mφ = 1 MeV.

representative of the small-mass case. For comparison, the case 
mφ = 1 GeV is shown in Fig. 6 in the Appendix. In either case we 
restrict to the 1 ×3 channel. MAOS and thrust achieve a compara-
ble separation between the signal and the background distributions 
for mφ = 1 GeV, whereas MAOS performs better for small mφ , as 
quantified by the full analysis, to be discussed at the end of the 
paper.

One further quantity constructible from kmaos
1,2 is the ratio

ξk ≡ min{|k1|, |k2|}
max{|k1|, |k2|} ∈ [0,1] , (6)

with ξmaos
k denoting the corresponding ratio calculated with kmaos

1,2 . 
This variable is reminiscent of the R pT ratio pointed out in 
Ref. [23], with two differences. First, R pT is constructed in terms 
of the visible momenta, whereas ξk requires the invisible ones, 
separately for the two branches – which is precisely what MAOS 
provides. Second, R pT is a ‘max-over-min’ ratio, implying the non-
compact domain [1, ∞], i.e. a long distribution tail. The difference 
between signal and background is thus ‘diluted’ over this tail. Con-
versely, ξk spans the compact domain [0, 1], which enhances the 
shape difference between signal and background. The ξk distribu-
tion performs best of all and is shown in Fig. 3 (first panel) for 
the case mφ = 1 MeV. Note that ξk,p could be defined in the lab or 
CMS frames. We used the CMS-frame definition, where the slope 
differences are more pronounced. For purposes of comparison, the 
ξp , RkT and R pT distributions are shown in the remaining pan-
els of Fig. 3. Besides, all of ξk,p, RkT,pT are also shown in Fig. 6 of 
the Appendix for the case mφ = 1 GeV. The underlying rationale 
of eq. (6) is that this ratio is expected to be closer to unity for 
the 1 ×1-channel background (4th entry in the legend), because of 
the symmetric decay chains. By the same argument, we also ex-
pect the distribution ‘slope’ to decrease roughly with the number 
of invisibles. The ξk histograms, and to a lesser extent the ξp ones, 
display both of these features.

We shortly discuss other known variables that do not require 
MAOS momenta, and that show a small enough correlation with 
those discussed so far. One popular example for lepton colliders is 
the recoil mass [26,27], defined as M2 = (P CMS − p1 − p2)

2, i.e. 
recoil
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Fig. 4. The variables Mrecoil and Emiss . Line conventions as in Fig. 1. We show the 
case mφ = 1 MeV.

the invariant mass of the full invisible system. Since there are more 
invisible particles in the background, they ‘typically’ have a larger 
invariant mass than in the signal case. This property is clearly 
visible in the Mrecoil distribution in Fig. 4 (first panel), for both 
the 1 ×3 and the 1 ×1 cases. One may reverse the argument for 
the variable Emiss ≡ |P miss|: in the τ -pair rest frame, the invisible 
particles would be boosted along the momentum direction of the 
parent τ , so their three-momenta will partially cancel those from 
the other decay chain. This cancellation will be the more efficient, 
the more symmetric is the decay. Hence one may expect a ‘thick-
er’ tail for the signal decay �φ + �νν , than for the corresponding 
background �νν + �νν . In practice, the Emiss discriminating power 
is inferior to Mrecoil’s, as shown by the second panel of Fig. 4.7

Before presenting our main analysis, we collect details about 
our setup. We generate e+e− → τ+τ− using MadGraph. Tag-side 
decays and backgrounds are obtained through TauDecay [29], 
whereas signal-side decays are populated as phase space through
ROOT. We generate about 1.5 · 107 events per process. In order to 
populate the phase space in a similar way as Ref. [7], we apply the 
cut 0.8 ≤ T ≤ 0.99 on the thrust scalar. We also inspected the ef-
fect of including further cuts on the total visible energy and on the 
invariant mass of the 3-prong system, used in the Belle-II analysis 
[7] for the suppression of reducible backgrounds, and found it to 
be negligible in our case. Momentum smearing due to detector ef-
fects is typically � 1% and we safely neglect this effect. To be more 
exact, event distributions are vastly more populated for pT > 0.2
GeV/c [30], which is the region where the below-1% momentum-
smearing figure holds. Our numerical analysis uses the public li-
brary YAM2 [31] and the TMVA [32] class available in ROOT. We 
restrict to phase-space decays for comparison with Ref. [7], and 
also for the following reason. The variables discussed above are in-
sensitive to the angular distribution of the new particle. The cuts 
implemented to mimic the search in Ref. [7] will not modify an-
gular distributions either, as these cuts affect invariant masses or 
momentum magnitudes. We also note that, since our decay of in-
terest is 2-body, the decay amplitude is isotropic and so is the 
differential decay rate [33]. As a consequence, our results apply 
equally to the case of an ALP and of a hidden photon, with cou-
pling chirality whatever. A separate, interesting question would be 
to construct “invisible-spin-savvy” variables, which exploit MAOS 
or thrust momenta in spin-sensitive kinematic variables (as in e.g. 
[34]), in order to tell apart different coupling assumptions.

We next discuss the main analysis. We first note that M2, ξk,p , 
Mrecoil and Emiss can be unambiguously calculated for the 1 ×3
and 1 ×1 cases alike,8 and their distributions depend, to differ-

7 Other examples of variables relying on the visible kinematics only were inves-
tigated in [28]. We do not include them in our analysis, as we do not expect them 
to modify appreciably our conclusions, as is also the case for Mrecoil and Emiss .

8 On the other hand, application of pmaos
e and pthrust

e is not straightforward in the 
1 ×1 case, because the symmetry of the topology implies a combinatorial ambiguity, 
4

ent degrees, on the number of invisibles in the decay. We thus 
collectively denote this ensemble as ‘invisible-savvy’ variables, and 
construct a classifier that we refer to as ISy. Note that ISy does 
not include pmaos

e . We then consider the following cases: (a) pthrust
e

alone, on 1 ×3 decays; (b) pmaos
e alone, on 1 ×3 decays; (c) ISy

alone, on 1 ×3 decays; (abc) pthrust
e + pmaos

e + ISy combined, on 
1 ×3; (d) ISy, on 1 ×1. With case (a) we reproduce the results in 
Ref. [7] and thus validate our setup; the comparisons (a) vs. (b) vs. 
(c) vs. (abc) show the improvement achievable on the 1 ×3 channel 
alone with the different variables, and with their combination; (c)
vs. (d) shows the relative performance of the two considered chan-
nels. In this last comparison, we only consider the ISy classifier, 
keeping in mind footnote 8.

We refrain from including an (abcd) case, which would show 
the ‘maximal’ improvement achievable from both the use of two 
channels in lieu of one, and the use of more variables. In fact, a 
reliable combination of 1 ×3 and 1 ×1 is not straightforward, be-
cause of the different tag, and should be performed on actual data.

Fig. 5 (first panel) presents a comparison of the performance 
profiles for the cases discussed above, i.e. (a) to (d), in the plane of 
signal efficiency vs. background rejection, yielding the ‘ROC’ curve. 
In the single-variable cases (a) and (b), we use a cut-based ap-
proach rather than a BDT/NN, although the optimal cut is obtained 
by TMVA. We see that, for mφ = 1 MeV, pmaos

e has a larger area-
under-curve (AUC) than pthrust

e for any signal efficiency. For mφ = 1
GeV, the two AUCs are comparable, and we show the correspond-
ing plot in Fig. 7 (left) in the Appendix. In the remaining panels of 
this figure we also show, for the sake of possible reproducibility, 
the BDT response for both cases mφ = 1 MeV and 1 GeV.

Our S/B separation can be translated into an estimate of the 
upper limit (UL) on B(τ → eφ) achievable with a given Belle-
II luminosity. To determine such limit we proceed as follows. 
Given a sample of Ns signal and Nb background events, the 
weight of the sample background can be determined as wb =
B/Nb where, in our case, B = σττ × B(ττ → bkg) × L, with σττ

the total τ+τ− production cross-section and L the luminosity. 
We need the weight ws for the signal sample, from which we 
may estimate the statistical significance as σ(ws) � S/

√
S + B =

ws Ns/
√

ws Ns + wb Nb . The σ(ws) value corresponding to a 95% 
confidence-level (CL) exclusion is given by σ(ws) = 1.96 [33], that 
we invert in terms of ws . (With fixed Ns,b , one may proceed itera-

tively starting from w(0)
s = wb and decreasing w(i)

s till the desired 
equality is satisfied.) From S = ws Ns , one finally obtains the corre-
sponding signal branching-ratio value through B(τ → eφ)/B(τ →
bkg) = S/B .

This procedure is independent from the template-fit method 
used for the on-going Belle-II analysis [7], hence the agreement 
with [7] of the pthrust

e -case upper-limit curve shown in Fig. 5 is a 
non-trivial check of our approach. We also verified that, after the 
classifier cut, B is large enough that the above approximate rela-
tions are valid [36].

Before concluding with the main analysis results we note that 
our approach has a wide range of applicability – be it to searches 
of new decays to invisibles or to improving the knowledge of 
background decays to invisibles – to the extent that the ‘pairwise-
decay’ topology is the same. Besides, if one restricts to transverse 
variables, a similar approach may also be applied for meson or τ
decays at hadron colliders.

We conclude by presenting the 95% CL upper limit on the sig-
nal branching ratio (BR) as a function of the new light particle 
mass, for different assumed Belle-II luminosities L, and with the 
different classifiers discussed. These upper limits are summarised 

introducing a separate source of uncertainty. Including these variables in this case 
requires a dedicated study (see e.g. discussion in [35]).
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Fig. 5. Left: ROC curves for the different classifiers discussed in the text, in the case mφ = 1 MeV. Right: 95% CL upper limits on the signal branching ratios in units of the 
τ → �νν one. We consider the different classifiers discussed in the text (see legend) and for each of them three reference luminosities (see plot headers).
in the middle and rightmost panels of Fig. 5. In particular, the 
former shows, for the integrated luminosity L = 0.1 ab−1, a com-
parison among the cases (a), (b), (c), (d), (abc) discussed above; 
conversely, the last panel of Fig. 5 focuses on the evolution of 
the expected upper limit with luminosity, and shows the cases 
L = {0.1, 1, 50} ab−1, corresponding to the dataset accumulated 
as of Summer 2021, the dataset anticipated before the 2022 shut-
down, and the target Belle-II dataset, respectively. As also sug-
gested by the ROC curves, pmaos

e allows for a better BR limit than 
pthrust

e for small mφ � 0.1 GeV. For example, this improvement is a 
factor of ≈ 1.8 for mφ ≈ 0 and L = 0.1/ab. In short, for an ALP or 
hidden vector of small mφ � 1 MeV, we anticipate that application 
of our full strategy to the 1 ×3 channel alone will lead to a 95%-CL 
limit of around

B(τ → eφ) ≤ {5.4 · 10−5,1.7 · 10−5,2.4 · 10−6},
for L = {0.1,1,50} ab−1, (7)

to be compared with B(τ → eφ) ≤ {1.3 ·10−4, 4.0 ·10−5, 5.7 ·10−6}
with the thrust method alone. As a consequence, our strategy im-
proves by a factor close to 3 the limit achievable with the strategy 
currently in place within Belle II. We thus expect a Belle-II limit 
Fig. 6. Same as Figs. 1 + 2 + 3 (with the correspondin

5

on BR(τ → e + invisible) stronger than the existing ARGUS limit 
[6] by a factor of respectively 50, 170, 1150 with 0.1, 1, 50 ab−1

Belle-II data.
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Appendix A. Additional figures
g panels in the same order), but for mφ = 1 GeV.
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Fig. 7. First panel: ROC curve for the case mφ = 1 GeV, to be compared with the 1-MeV case, shown in the first panel of Fig. 5 in the main text. Second and third panels: 
distributions in the BDT response, for both cases mφ = 1 MeV and 1 GeV.
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