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1 Introduction

The mechanism by which quantum information escapes an evaporating black hole is one of
the deepest mysteries of modern theoretical physics. Over the past few years, there has been
significant progress on this front that reproduce a unitary Page curve from semi-classical
gravity path integrals [1-3]. A crucial ingredient in the analysis involves the inclusion of
wormbhole saddles that interpolate between regions connected by an entanglement cut. In a
similar vein, Euclidean wormholes can also connect two separate boundaries. In the context
of AdS/CFT, the existence of such wormhole solutions lead to a loss of factorization in the
observables of, what is apparently, a direct product of CFTs [4, 5].

A promising way out of this conundrum is to formulate versions of holography in which
the dual CFT isn’t a single theory but an ensemble average of theories. This idea finds
its origins in the context of spin-glasses where the effective description emerges from a
disorder-average over Hamiltonians. The partition function is then given by the mean
of the partition functions of the ensemble, (Z(/3)), while the non-vanishing fluctuations or
higher moments, (Z(81)Z(/32) - - -), encode the wormhole amplitudes of the bulk dual. Such
a construction is largely motivated by the fact that topological JT gravity in 2d is precisely
dual to an ensemble of random matrices [6]. In one dimension higher, similar ideas have



been developed which demonstrate that pure AdSs gravity shares common features with
random matrix theory (RMT) and perturbative U(1)? x U(1)” Chern-Simons (CS) theory
is dual to a theory of D free bosons averaged over Narain moduli [7-13].

This brings us to a natural question: how fundamental is the notion of ensemble
averaged holography? Ultimately, one would like to depart from a semi-classical gravity
approximation and understand whether ensemble averaging makes sense in string theoretic
constructions of AdS/CFT. String theory in AdS3 with a single unit of NS-NS flux has been
shown to be exactly dual to the symmetric orbifold of T4 [14]. In this setup, it has been
demonstrated that wormhole partition functions do factorize and, therefore, the averaging
operation is unnecessary at the free orbifold point [15]. We are then inclined to ask: where
does the averaged description break down?

As we lack fundamental principles at this point, it is valuable to explore whether
ensemble averaging can be embedded into more general settings and see what lessons
these situations can offer. In this work, we explore this possibility in the framework of
higher spin AdS3/CFTs. Theories of massless higher spin fields describe the leading Regge
trajectory of string theory in the tensionless limit. These theories are grown-up versions
of classical (super)gravity theories and are more tractable than full-fledged string theories.
As the symmetries of the gravity theory get enhanced beyond diffeomorphisms, we lose
traditional geometrical notions such as horizons and geodesics. The CFT duals, described
by coset constructions, have additional higher spin conserved currents that enlarge the
chiral algebra to Wy [16]. The coset models are however rational CFTs and do not possess
the features of sparseness or chaos which are central to describe black hole microstates. We
shall therefore focus on irrational CFTs with Wy symmetries (with ¢ > N — 1) which are
dual to finite tower higher spin fields in AdSs, often dubbed pure higher spin gravity [17].

The key object we consider in this paper is the partition function of a Euclidean worm-
hole in higher spin gravity. This wormhole connects two spacetime boundaries which are
tori. As the precise details of the CFT dual are a priori unclear, we employ modular boot-
strap techniques (along with some well-informed assumptions from holography) to arrive
at the partition function. In particular, we adapt the techniques of [18] to the case where
the CFT has Wy symmetries instead of Virasoro. The analysis in this work, therefore,
provides a concrete realization of the wider applicability of the methods to bootstrap en-
sembles. The wormhole partition function takes the form of a Poincaré series along with
some prefactors encoding contributions from zero-modes and Wy descendants. We shall
see that the wormhole amplitude appropriately generalizes the pure gravity case and, at
first sight, has a form very similar to the Narain moduli average of (N — 1) bosons. The
zero-modes and descendant contributions turn out to be the same as the Narain averaged
case but the Poincaré series itself is slightly different. This leads to drastic differences in
the spectral correlations.

We dissect the wormhole amplitude further by Fourier transforming to sectors of fixed
spin. A useful quantity that captures statistics of energy eigenvalues is the spectral form
factor: (Z(B +it)Z(p —it)). This quantity can be obtained from the correctly projected
wormhole amplitude upon analytic continuation. We find that at late times the spectral

7fN—l

form factor of a fixed spin sector strikingly displays a power-law ramp ~ , in contrast



to the linear one for RMT or the pure gravity/Virasoro case (for N = 2). Although we
haven’t tracked down the species of RMTs that mimic this behaviour, the faster ramp
ties in well with earlier findings that the irrational Wy CFTs violate the bound on chaos,
under certain approximations [19]. In the non-chaotic N — oo limit, where the theory is
described by a 't Hooft limit of rational coset CFTs [16], the ramp might be expected to
show exponential behaviour similar to integrable fermion models [20, 21].

The pair correlation functions of the spectral densities exhibit some novel properties
for the higher spin case. We evaluate this quantity directly from the wormhole amplitude
using an inverse Laplace transform and, also independently, using the method of resol-
vents. For even N, we find long-range correlations between the eigenvalues. Whereas for
odd N, the spectral correlations turn out to be short-ranged and they localize around
delta-function singularities. If at all a random matrix description exists for this, the po-
tentials for the eigenvalues should have some regimes of attraction — we verify this in a
toy example. These properties are markedly different from the pure gravity counterpart
and the lower-dimensional case of JT gravity. It is undoubtedly imperative to ask whether
two-dimensional higher spin gravity, described by a topological BF theory [22-25], also has
these properties in its spectrum. We do not address this question in this paper, hoping to
return to it in the near future.

This paper is organized as follows. In section 2 we evaluate the wormhole partition
function in higher spin gravity using modular bootstrap. This section contains an outline
of the bootstrap method and the ingredients of Wy CFTs we need for the analysis. We
study the spectral statistics of wormhole partition function in section 3 — this constitutes
finding the spectral form factor, the pair correlation function of the spectral density and
the potentials describing the level statistics. We conclude in section 4 and discuss some
avenues for future research. The appendices contain some identities of Bessel functions,
additional technical details and consistency checks.

2 Partition function of the Euclidean wormhole

In the context of AdS3/CFT2, Euclidean wormholes have been studied for the pure gravity
case in [18, 26]. The bulk topology of the 3d Euclidean wormhole is T? x I, see figure 1.
The two boundaries of the wormhole are given by two distinct tori, that are connected via
the bulk geometry.

The partition function of the wormhole (often referred to as the ‘wormhole ampli-
tude’) can be obtained from the gravitational path integral using a constrained instanton
approach, and this method has been further systematized to higher dimensions [27, 30].
In hindsight, it has been realized that the wormhole amplitude can be bootstrapped by
imposing modular constraints arising from the boundary tori. However, in this method,
it is not just modular invariance alone that fixes the amplitude. Other essential inputs —
like smoothness, topological considerations, boundary orientation and charge conservation
— have bulk origins and play a key role in determining the partition function.



Figure 1. The topology of the Euclidean wormhole is that of torusxinterval, or equivalently
annulusxcircle. The outer and inner tori boundaries have an opposite sense of orientation from the
bulk point of view.

2.1 The modular bootstrap procedure

In this subsection we review the steps involved in the modular bootstrap procedure [26]. It
can be seen from figure 1 that the tori, living at the boundaries of T2 x I, have no relative
Dehn twists and are oppositely orientated with respect to each other (i.e. the outward
normals point in opposite directions). This feature implies that modular transformations
act oppositely on the tori. We can define a double moduli preamplitude, Z (71, 72), that
obeys the following invariance constraint:

Z(m,m) =2 (77'1,7_17'2) , v € PSL(2;Z). (2.1)
We have suppressed anti-holomorphic dependence to simplify the notation. The action of
v and v~ denote the simultaneous modular and inverse modular transformations of 7

and 7

’y-T:Z:j:s, ad —bc=1. (2.2)

For future reference, we note that the S-modular transformation is 7 — —1/7, while the
T-modular transformation is 7 — 7 + 1. These two transformations generate the modular
group SL(2,Z).

Next, the preamplitude is proportional to the moduli space volume form, Vj, which
arise in the bulk from the zero-mode contributions dictating the relative twist between the
two tori. This is a physical effect, hence Z is imbued with this contribution. Furthermore,
as the two tori are the boundaries of the same connected bulk, charge conservation con-
strains the CFTs living on the two tori boundaries to have the same spectrum of primaries.
Requiring bulk-smoothness also keeps the conformal dimensions above the BTZ threshold.
In the momentum representation, h — “ggur = % (with h representing the conformal
dimension, ¢ the central charge and ceyyy the number of conserved currents), this implies

that 0 < k < co. With these inputs, one arrives at an useful ansatz for the preamplitude

Z(m,m) =Wy /OOO dk dk x5 (T1) X5 (T1) X0 (T2) X5 (T2) p(k, k), (2.3)



where, xx(7) is the CFT character. The details of the character depend on the chiral
algebra of the CFT which is also the asymptotic symmetry algebra of the bulk theory.
The bootstrap constraint (2.1) is sufficient to determine the distribution of primaries,
p(k, k), upto an overall normalization. Once this is obtained, we plug it back into (2.3)
to evaluate Z(71,7). Note that in the above ansatz we have implicitly assumed that
the CFT in question is irrational, i.e. we have an infinite number of primaries owing to
modular invariance. Furthermore, the character appearing in (2.3) will turn out to be
non-degenerate characters of the chiral algebra which have no restrictions coming from
null states.

The quantity Z (71, 72), however, is not the full wormhole amplitude yet. It misses
instances where only one of the two tori gets modular transformed. From the bulk point of
view, these are distinct and allowed physical configurations. Therefore, the full partition
function should involve a sum over them. Such configurations are generated by v acting
on one of the torus moduli. We finally end up with

Z(r,m) = Y. Z(r,ym). (2.4)
v € PSL(2,2)
The sum above is over an infinite number of modular images and it is a priori unclear
whether the result is convergent. The convergence depends on the detailed structure of
the preamplitude Z (71, 72) itself. We shall return to this point below in section 2.4. The
modular sum (2.4) is similar to a Poincaré series and, given (2.1), it is invariant under
independent modular transformations. This can be seen as follows

Zmm,er2) = Y., Zmmuaymn) = Y. Z(m, )
~ €PSL(2,2) ~ €PSL(2,2)
= Y ZmAm)=Z(n,m). (2.5)
' € PSL(2,Z)

The partition function (2.4) can also be expressed as a Fourier sum (or g-series) and this
naturally projects states onto fixed spin sectors. The BTZ threshold k& > 0 then transforms
into the spinning BTZ threshold, which for spin s, keeps the energy above the extremality
bound E, > 2 (|s| — au) [17, 54, 55].!

Before we carry out the procedure outlined above for irrational CFTs with Wy sym-

metries, we describe some essential ingredients that will be useful.

2.2 Some ingredients of Wx CFTs

For Wy CFTs, the symmetry algebra is generated by modes of the stress tensor and the
conserved higher spin currents, Wﬁf) for 2 < s < N (see e.g. [28, 29| for reviews). The
irrational regime corresponds to the value of the central charge being larger than the
number of conserved currents, ¢ > N — 1. In what follows, we shall require the characters

of non-vacuum primaries on the torus. These are given by

& 2 ¢— (N —
Xk(r):ﬁ, Z:h—(;\il). (2.6)

'The shift —ceur. /12 arises from the one-loop partition function.



Here, n(7) is the Dedekind eta-function and we have used a Liouville-like parametriza-
tion for the conformal dimension. As usual, these characters contain the contribution of
left /right moving descendants of the primary state, (I/stll))"“l(VVESQQ))]€2 ---|h). The case
with IV = 2 reduces to the usual Virasoro CFTs. The lightest primary states in irrational
Wy CFTs scale with the central charge; this fact was found using unitarity constraints and
modular bootstrap in [31].

For carrying out the bootstrap procedure for the wormhole partition function, we shall
also need the fusion kernel Sy for the following S-modular transformation

D i) -

(—iT) =
Note that the above relation is somewhat non-standard due to the presence of additional
(—i7) factors; the origin of these factors is the moduli space volume, Vj, that we will
encounter momentarily. We can simplify the above relation by using explicit expressions
for the characters (2.6) and the S-modular transformation of n(7)

mik?2
 Tor o0 - /27_
—T 0
7riq27'

Our task is to extract Sir. We multiply both sides by e™ 2, use 7 = = + iy and integrate
over x. Let’s consider the r.h.s. first

oo 7riq2-r o i /27_ o 2
/ dre 2 / Ak Spe™ 5" = 4 / dk'5(q* — k") Skrr = =Sy - (2.9)
—0c0 0 0 q

s 2
For the Lh.s. of (2.8), we expand the exponential, 67%, for small k£ and integrate over x
term-by-term. The final result can be resummed into a modified Bessel function:

_ mwik?

S 71'7.'(127‘ (& 2T ]{j 2-N

Comparing the last two equations, we obtain the fusion kernel to be
Sprr = k> NEN TN o (wkE) (2.11)

For N = 2 this becomes Sk = 7k' Jo(7kk’), in agreement with the Virasoro case considered
in [18]. We remark at this point that one can parametrize the conformal dimensions of a Wy
CFT in a manner similar to Toda theories, where the momenta k of vertex operators live
in the root lattice of sI(/V) [28, 29]. An analogous fusion kernel can be derived which would
be a function of the (N — 1) momenta. However, we shall not require that representation
for our present purposes and (2.11) will be sufficient.

2.3 Evaluating the wormhole amplitude

In this subsection we evaluate the Euclidean wormhole partition function using the modular
bootstrap approach. As explained in section 2.1 we start by determining the preamplitude
and then sum over modular images.



Fixing the preamplitude. In order to evaluate the preamplitude we need to determine
the density of primaries, p(k, k), by imposing the bootstrap equation (2.1). The pream-
plitude is understood to have its origins via a three dimensional higher spin gravity path
integral, with two torus boundaries characterized by complex structures, 7, 79. In the case
of pure gravity (or Virasoro CFTs at the boundaries) the path integral is proportional
to the moduli space volume form, Vj, arising from the constrained saddle nature of the
wormbhole solutions [30]. This volume form can be written down in terms of the zero modes
that control various features of the wormhole geometries, including the length and bound-
ary twists, and turns out to be /Im(7)Im(72) [26]. For Wy theories at the wormhole
boundaries, the current algebra OPEs can be realized via the Miura construction which
involves (N — 1) free bosons [28, 29]. This is a generalization of the single linear dilaton
realizing the Virasoro algebra. It is then reasonable to expect that the net contribution of
the zero-modes is

—1

Vo = (Im(1)Im(m)) = . (2.12)

A first principle derivation of this will follow from analyzing the moduli space field ranges
of pure higher spin theory on T? x I. In the pure gravity case, this volume specifically
arises from the symplectic measure induced by the Chern-Simons term which involves only
a single time derivative. In the SL(N,R) case, this will involve (N —1) fields corresponding
to the Cartan directions, which should give the factor in (2.12).

Let us now consider the preamplitude. We can check that the ansatz (2.3) by con-
struction is invariant under simultaneous 7" and 7' modular transformations. Therefore,
the non-trivial bootstrap constraints arise only for 7 — —1/7, and its inverse. Explicitly,
it enforces the following condition

[ttt (D) (L) w (2) w (A)h e

_ / dkdk x5, (11) X (72) Xz, (71) Xz, (72) p(k, ),

ol

where we also used, Im (—1/7) = Im(7)/|7|?>. Next, upon using (2.7) in the Lh.s. we
arrive at

/ dkdk Sy S Sy S p(k ) = 8K — KSR — KM (K, k) . (2.14)
Using the explicit form of the fusion kernel (2.11) we obtain

_ —\4—2N — —_ .
/ dkdk (k) p(k, k) Jn o (mkk')In o (wkk") Iy —o(mk ) In o (rkK") (2.15)

5]{/_]?//5]5/_%// B
— ( - ) (_ N_l)p(k,,k,)-
7.‘-4 (k’k:%”k”)

We multiply both sides by k”.Jy_o(7k"q) and k"Jyx_o(7k"7). Then using the orthog-
onality relationship of Bessel functions (see eq. (A.1)) we integrate over k”,k” and that



results in

p(d. ) p(k', k')

= . 2.16
(q/(j/)ZN—fﬂ (k"]};’) 2N-3 ( )
This equality can only be satisfied if the above ratio is a constant. Therefore
_ r2N-2 —\2N-3
k, k)= kk : 2.17

We have chosen a convenient normalization constant C, such that simplifications occur
later.? Plugging this back into (2.3) and explicitly evaluate the preamplitude to be

B (Im(Tl)Im(Tg))}N_lj

Z(11,12) = C|Zo(11) Zo(72) P Zo(T) (2.18)

1
~ VIm(7) ()

Therefore, upto the overall constant, the higher-spin preamplitude is simply the pure grav-
ity result raised to the (N — 1)’th power. We now turn to the sum over modular images of
this quantity.

Modular sum. We are now in a position to use the preamplitude (2.18) to obtain the full
partition function. As outlined earlier, we need to perform a sum over one-sided modular
images of the preamplitude Z. As the Zy(7)’s in (2.18) are modular invariant, the final
result for the higher spin Euclidean wormhole partition function is

I I N-1
Zns(m1,72) = C Zo(m)N T Zo(m)N T Y <( m(71) m(7;2))) ) (2.19)
~EPSL(2,Z) 71+ 72

with Zo(7) defined in (2.18). This equation is one of the key results of this paper. Note
that the wormhole amplitude above does not depend on the central charge. Let us now
focus on the sum over modular images

N-1
Rimm) = 3 <(Im(ﬁ)lm(772))> . (2.20)

2
~EPSL(2,Z) 71+ 7

As alluded to earlier, this Poincaré sum will be performed for fixed spin sectors, i.e. we will
decompose the wormhole partition function as follows

Z(11,m2) = Z Zs,,5,(T1,T2), (2.21)
51,52
where, s1 and so denote the specific spin configuration. To this end, we rewrite 71 = z1+1i29,
and, 7o = w1 +1iwsy. The integer valued spins, s; and so, arise as Fourier conjugate variables
to z1 and wj respectively. Since R is invariant under independent modular transformations
(and especially the T transformation) on either of the moduli, the Fourier series exists.
More explicitly this is
o0

R(t1,72) = Z e EmESL TSR (29, Ww2). (2.22)

81,82=—00

*We are working with the convention C = (272)~! for N = 2; this is slightly different from C = 1 of [18].



Therefore the fixed spin contribution to the wormhole partition function is given by
Zs1.s5(T1,m2) =C Zo(1) N7 Zo(1p) N e 2miz1s1 g~ 2miwn 2 7é51752 (22, w2) . (2.23)

The principal object here, 7%31,32, can be expressed using the inverse Fourier relation

. 1 1 , N-1
Reopoo (22, w2) = / dz / duwy it 0 <(Im(7‘1)1m('y7'2))) . (2.24)
0 0

2
~EPSL(2,Z) |71+ 7]

In order to proceed, we shall exchange the order of the Fourier integrals and the modular
sum. However, before we perform the Fourier integrals, it is useful to separate out the
PSL(2,Z) summation into a part which involves only the T transformations and a part
that involves at least a single S modular transformation

7?/81782 - 7;1,82 + 881782 . (2'25)

751,50 involves a single sum over integers, while S, s,, which is more difficult to evaluate,
involves summing over co-primes. Fortunately the universal low energy contribution to
Z (71, T2) comes only from the part involving 7" transformations alone and we present it here

0 1 1 i 4o (Z2w2) N-1
Ts 29, Wp) = / dz / dwy e THFSITETIWLS2 ( >
s1.52(22,W2) n;oo o o ' (21 + w1 +n)? + (22 + w2)?

(2.26)

For the first integral, we may join all the summations by changing variables inside the
integral of each summand, w; — w; + n. We thereby get rid of n dependence inside the
integrand at the expense of an extended contour of integration, (—oo,00). Therefore we
evaluate

Ts ( ) /1 d /OO d 2miz181+2miw S2 ( (z2w2) )N—l (2 27)
“2,W2) = z wy e . .
51,52 2 2 0 1 — 00 1 (Zl +w1)2 + (2:2 +'LU2)2

Taking advantage of the infinite w; range, the integrals can be decoupled by changing
variables w = z; + w1, which results in

e?mwsz

1 ) [e'e)
7;1752 (Z2a w2) = (ZQU}Q)Nil/ le 627”21(81—82)/ dw (228)
0 —00

(w? + (22 +wp)2) V!

The z; integral results in a Kronecker delta that enforces s; = so, whereas the w integral
furnishes an integral representation of the modified Bessel K function. We finally get

2 (mzowsy N-1 29 + Wy
Tooa(aan) = 20200 (

2N
2
(N —1) bﬂ) Ky n @mlsol (22 +w2)) 0510 (2:29)

We note that when N = 2 the above reduces precisely to the gravity answer. Details about
the S transformation part, which we denote with Sy, 5, can be found in appendix B. We
see, from (B.9), for the case of N = 3, while the exponential suppression in S, 5, at low
temperatures is the same as in 7y, s,, the former is polynomially suppressed while the latter



is polynomially enhanced. Therefore, as stated before, we can see that low temperature
behaviour is dominated by 7, s,. Putting everything together, the fixed spin contribution
to the wormhole partition function takes the form

N-1
Zsl,sg (7_1’ 7_2) _ C(Zo(Tl)ZQ(TQ)) 6727r1(Re(T1)31+Re(7'2)52) [7;1,32 4 881752] ) (230)

2.4 Comparison to other ensembles

Now that we have obtained the partition function of the Euclidean wormhole in higher
spin gravity (2.19), it is useful to contrast the result with other ensembles considered in
the recent past.

Let us first consider wormholes in pure gravity, which correspond to irrational CFTs
with Virasoro symmetry at the boundaries. The result for the wormhole amplitude was
derived in [18, 26] and is given by

! Zo(m1,71) Zo(T2,72) Y M (2.31)

Zpuregrav.(Tla 7—2) =53 2
2m sepslzz) 17

The higher spin result (2.19) along with (2.20), agrees with the above upon setting N = 2.
The overall constant 1/27 is fixed using the JT gravity limit; unfortunately, we do not have
an analogous 2d higher-spin gravity computation at our disposal to fix the overall constant C
in (2.19). Note that the Poincaré series in (2.31) does not converge and needs to be suitably
regulated [26]. The higher spin amplitude, on the other hand, has convergence built in. In
fact, the ‘zeta-function’ used in [26] to regularize the Poincaré sum of (2.31) is exactly the
same as the one appearing in the higher spin wormhole partition function (2.20).3

A more interesting comparison is with the wormhole partition function in ‘perturbative’
U(1)P xU(1)P Chern-Simons theory. This theory is the bulk dual of D free bosons averaged
over the Narain moduli space [7, 8]. The wormhole amplitude can be obtained from the
connected piece of the averaged genus-2 partition function, with a diagonal period matrix,
) = Diag(71, 72). The result is [§]

vl

INorain(T1,72) = Zo(11,71)P Zo(12, 72)P >
+EPSL(2,2)

(2.32)

Im(Tl)Im('yTg)]
|71+ y72/?

This amplitude is also the result of the modular bootstrap problem for U(1)P x U(1)” chiral
algebra on the boundaries, along with the moduli space volume set as Vp = 1 [18]. The Zj
prefactors in (2.32), which count the zero modes and descendant states, agree with (2.19)
upon setting D = N — 1. This fact is isn’t a mere coincidence since N — 1 free bosons
form a realization of the Wy algebra.This realization is the Miura transformation and
it works at arbitrary central charge [29].* Curiously enough, the Poincaré sum in (2.32)
is also of the same form appearing in the higher spin amplitude (2.20). However, for

3Please refer of [18, eq. (4.2) and (4.3)]. As a function of N, the Poincaré sum in (2.20) has a simple
pole only at N — 2+,

“Furthermore, the non-vacuum Wy characters (2.6) of ¢ > N theories are the as same as those of
U(1)N ! characters. We thank Tom Hartman for this observation.

~10 -



D = N — 1, each term of the above sum is the square-root of the one appearing in the
higher spin amplitude (2.20). For the Poincaré sum of the Narain ensemble (2.32), we can
use D/2 =N —11in (2.29). to get the fixed spin sector contribution

27TD/2

Tos = rippm

Z9 + wa

1—-D

2
! ) Ko (2msa(z 4 02)) 8o,y (2.33)
2

For zo = 1 and wy = [ the result agrees with [26, first line of (3.20)]. The factor
(Z2w2)D/2

absence of a ramp in the spectral form factor.

cancels out exactly with factors from Zy(ry,71)P Zo(7, 72)P; this leads to an

Despite the minor differences in the wormhole amplitude, the Narain and higher spin
ensembles have very different energy eigenvalue statistics. To analyze this in detail, it is
beneficial to extract the spectral density correlations from Zps(7y,72). This is the topic of
the next section.

3 Spectral statistics from the wormhole amplitude

In a quantum chaotic system, it is universally expected that there is repulsion amongst
energy eigenvalues [32, 33]. It has recently emerged that the Euclidean wormhole encodes
analogous features for black hole microstates. The objective of this section is to quantify
these features for the higher spin wormhole and understand the details of the dual ensemble
description. We shall do this by studying the spectral form factor and the spectral density
2-point function.

3.1 The spectral form factor

Random matrix theory captures very universal features of quantum chaotic systems. In
this context, the spectral form factor (SFF) serves as a useful tool towards diagnosing
quantum chaos. The SFF is defined as follows

9(8,1) = (Z2(P1)Z(B2)) = (Z(B +it)Z(B — it)) . (3.1)

The factors, Z(31) and Z(52), denote the partition functions with inverse temperatures
B1 and B2 which are analytically continued to g + ¢t and S — it. The SFF is a simpler
proxy for Lorentzian two-point correlation functions, i.e. the SFF depends only on the
details of spectrum and has the dependence on matrix elements of operators stripped off.
The product Z(8 + it)Z(3 — it) probes the discreteness of the spectrum, and this aspect
is realized by considering the late time behaviour of the quantity [39]. Furthermore, in
chaotic systems the SFF exhibits an universal profile [34] — this consists of an initial dip,
followed by a linear ramp and then a plateau at very late times. In the above definition the
average is taken over ensemble irrational CFTs with Wy symmetries.” On the other hand,
in random matrix theory, an integral over matrices plays the role of averaging. The linear

®The details of the averaging of this is unknown at the moment. However, we imagine the wormhole
amplitude can be reproduced by a suitable averaging over the moduli of the conformal manifold, along the
lines of what has been done for free theories [7, 8].
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ramp in particular, is related to the spectral rigidity of random matrix eigenvalues. The
averaging operation also leads to a loss of factorization. In our case the non-factorization is
geometrically realized via the three dimensional wormhole geometries, and the connected
piece of the 2-point function (3.1) is built into the bootstrapped wormhole amplitude (2.19).

In order to extract the SFF however, one needs to focus on a superselection sector of
the wormhole partition function.® In our context this corresponds to first focusing on the
contribution of primaries of Z(71, 72) within a fixed spin-sector. We can obtain this directly
by stripping off the descendant counting functions from the spin-decomposed amplitude
Zs, s, (71, 72) in equation (2.30)

<tr€ql) [e—(ﬁ-‘rz‘t)H] tr&) [e—(ﬁ—it)HD

= C (Imﬁ ImTQ)% S_QM(RQ(TI)Sl-i—Re(m)SQ) [7;1,52 + 851,32] . (3'2)

The superscript P indicates the contribution from primary states. The SFF can now be
obtained by analytic continuation,

s2

Gs1.52(B,1) = (x5 [e” PO 4l o= (P=iDH]) (3.3)

This object encodes correlations of energy eigenvalues across sectors of fixed spin. We focus
on the low-temperature regime. This corresponds to the region in parameter space where
energies are close to the threshold energy of the spin-s BTZ black hole

B, —2n (ysy _ Nl_21> . (3.4)

Let us write down the Euclidean result first. We take the boundary tori to be rectangular
and set the modular parameters as 71 = i5; and 75 = 3. At low-temperatures (312 — 00)
the dominant contribution arises from the sum over T-modular transformations. Taking
into account the temperature dependence from the Z; prefactors (sans the descendant
contributions) and using large argument approximation of the Bessel function (A.2), we
have the following result

N-1

V152

B1+ B2

N-1
A [ ) NI

N-2
(s1 T(N —1) |s2] 051,50 - (3.9)

As a consistency check, this result agrees with pure gravity case for N = 2 [26, eq. (3.27)].
It is now straightforward to perform the analytic continuation to obtain the SFF (3.3).
We obtain

N-1
WN_IC —2,8E52 (,62 + t2)T

N-2
I(N-1)° (23)N-1 [$2] " 055 - (3.6)

9" (B,t) ~

tN_l

Therefore, at late times we have a power-law ramp within a given fixed spin sector.

This generalizes the pure gravity case (N = 2) for which the ramp is linear.

5We thank Kristan Jensen for emphasizing this point.
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It is worthwhile to compare the above results with the Narain ensemble (see [35] for an
exhaustive study). The wormhole partition function at low temperatures is, from (2.33)
ﬂ_D/Z ef(ﬁl‘hBQ)ESQ D—2

<trgl)[e—/31H] trg2)[€_ﬂ2H]>Narain ~ (D2 (i 1 )P X et (3.7)

where, Fs = 27(|s| — %) Upon setting B12 = B % it, the above expression does not

contain any time dependence and, therefore, the ramp is absent in the SFF. In a sense,
this conclusion is well expected as the CFTs being averaged over are free theories and they
do not exhibit chaotic properties.”

The above features are for the connected piece of the SFF, which is given by Euclidean
wormhole amplitude. There is also a disconnected component in the SFF, (Z(8+it))(Z(5—
it)), which gives a decay and dictates early time behaviour. In the context of RMT, this
decay is universal and depends only on the symmetry class of the model, for instance it is
t=3/2 for Gaussian ensembles, and, t~'/2 for Wishart-Laguerre ensembles [36]. Note that
the SFF starts its life from (Z(3))2. By the time the disconnected piece decays the rise
coming from the connected piece begins to take over — this is also predicted by RMT.
This leads to a clear transition between the dip and the ramp. Writing down the connected
SFF in spectral decomposition

9(8.0) = [ dBy [ dBs (p(B0p(E) e AEE HEE) (38

we note that at late times, the randomness of the energies favor only small E; — E5 due to
phase cancellations. This makes the ramp sensitive to nearest level distributions, which is
encoded in the connected density-density correlator, (p(FE1)p(F2)). For one-matrix models,
this can be calculated in terms of the eigenvalue correlation kernel, K(FE7, Es), which can
determine any arbitrary joint probability distribution [36]. For large random matrices,
when E; — Es is small, K(E1, Es) is given by an universal function known as the sine-
kernel [37]. Using this sine-kernel, one can show that the connected SFF will start growing
(as a ramp) at late times; an array of one-matrix model examples has been reviewed in [38].
The dominant behaviour of the ramp is always linear, whilst there are non-linear corrections
that become important at later times.

The linear ramp of the SFF arises from the Fourier transform of the divergent contri-
bution to the density-density correlator, (p(E1)p(E2)) ~ |E1 — Ea|~2 [39]. Since for higher

tN_l

spins we find a power-law ramp, , we expect a stronger divergence in the spectral

density correlator. In the next subsection, we explore this expectation in detail.
3.2 Pair correlation function of spectral densities

We now want to extract the two-point function of spectral densities in a specific spin-sector.
As in (3.8) this two-point function is related to the wormhole amplitude in the following
manner:

(e M0l = [T By [ dB (poy (Br)pay(Ba)) P EE . (3.9)

"Even after averaging the degrees of freedom (given by the central charge) equal the number of conserved
currents. In this sense, the system is integrable.
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The density-density correlator can either be obtained from the discontinuities of the dou-
ble resolvent or by directly double inverse Laplace transforming the wormhole partition
function. In this section we use the latter method, and discuss the former in appendix C.
We focus on the low temperature regime, where we observed a power-law ramp in the SFF.
The partition function is given in (3.5). The expression for (ps, (E1)ps,(E2)) is

. . N-1
+100 +100
Por (B poa(B2)) = Doy [ e [ agemer | YEVRL )
—ioo —ioo B+ B2
where, we have defined the following to lighten the notation
N 1C N2
DSI,SZ = F(N )‘52| B 581,82, gl:Ez_EsZ (311)

Let’s consider the inverse Laplace transform (ILT) w.r.t. $; first. This is

I A pe | VB1B2 M
U = [ o™ | SRS (3.12)

The integral can be performed by expanding the & independent factor as a power series
in 81/082 and then integrating term by term. The result is

5,7 5t G5 (N 1)y ()"
U =&t L,
Y s N-1
P(ZEV—)S 1F1< —1,7, 5251). (3.13)

Here, (a), =I'(a +n)/I'(a), is the Pochammer function. We now need to inverse Laplace
transform w.r.t. 82. The details turn out to be quite different depending on whether N is
even or odd. So let’s consider these cases separately.

Even N. The density-density correlator can be obtained from (3.13) as

+i00
(0 (B)poa(B2)) = D [ dBre™U(5) (3.14)

—100
We write U(f2) as in the first line of (3.13) and perform the ILT term-by-term, i.e. the
integral transform acts on powers of 2. The basic identity we can use here is the following

+ico —v—1
/_. dBy €% (By)" = 1{2(_” ; (3.15)

which makes sense only if v isn’t a positive integer. Upon resumming the integrated terms,
we finally have the following result for the pair correlator

(=1

N
2

(N 1) (E16)°7 (&1 + &) 1

(P51 (E1)psy (E2)) Neven = o (& — &N 51,82 -

(3.16)
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In appendix C, we verify the above formula using the method of resolvents for N = 2,4.
For N = 2 we get the result (C = (27%)~! for N = 2 in our conventions)

i(ﬂ + & 1 5
472 VEIE (51 — 52)2 S8z

This agrees with the pure gravity case. We observe that the two-point function (3.16)

p1(En, Ea) = — (3.17)

displays long-range eigenvalue attraction for odd N/2 and repulsion for even N/2.

Odd N. For odd N (or half-integer N/2), we can no longer use the identity (3.15) to
perform the second inverse Laplace transform. Instead, we can rewrite the hypergeometric
function appearing in (3.13) in terms of Laguerre polynomials [40]. For N = 2P + 1 we
have the following identity

-1
1P (2P, P, —z) = e | F\(—P,P,—x) = <2P P_ 1) e LN (x). (3.18)
Therefore
-1
U(Be) = sl <sz_ 1) B B LE (~paty)]. (319)

The inverse Laplace transform (3.14) can then be carried out by acting on each term of
the quantity in square brackets above. For a given value of P, this is a finite number of
terms. The ILT acts on integer powers of Sy in the following manner

+1i00
/ By 81 (B)™ = 50 (£31),  meZT, (3.20)

—100
with &1 = & — &1. The pair correlation function can then be written as

N —-2)! N_4 N _N/o—

(s (E1)pea (B ot = 2 e B [(00,) ¥ LY (—£106,0)] 0(E2)Duyss- (3:21)
(N/2)! /

This shows that the result is a linear combination of derivatives of the Dirac delta function.

Unlike the case for even N where we have long-range correlations, we see that the pair

correlation function localizes at the contact-term singularities. As examples, we have the
following for W5 and Wj

(ps; (E1)psy (F2)) N=g = 7C [6' (E1) + E16" (E21)] |52/0s, s (3.22)
' " 1 512 (4) 3
(Ps1 (B1)psy (B2)) N=5 = o 3&1 | 30" (E21) + 36167 (Ea1) + 75 (Ea1) | | I52]70sy,5 -
(3.23)

3.3 Is there a matrix model description?

We would now like to gain a better understanding of the spectral correlations. For simplic-
ity, we shall focus on the even N case for which we obtained the spectral density 2-point
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function to be (3.16). In the context of Gaussian unitary ensembles (GUE), a similar be-
haviour of the pair correlation function is seen, (p(A1)p(X2)) ~ 1/(A1 — A2)%. This arises
from the 1d Coulomb repulsion between the eigenvalues, V/(\;, ;) = —log|A; — A;|. Since
we observe a slightly generalized spectral density correlator for Wy CFTs, it is worthwhile
to ask: what matrix ensembles or potentials V(A;, A;) do they correspond to? In what
follows, we shall consider a simplified version of this problem and glean the lessons.

To keep the discussion self-contained, let us recall the well studied GUE case first. The
matrix integral can be written in terms of the eigenvalues after diagonalizing the matrices
and performing a unitary change of basis. It reads

ZaUuE = / [Dp(\)]e ™, § = —L; / d\p(\) + L / dA1dAz p(A1)p(A2) log A1 — Aof .
(3.24)

Here, L is the size of the matrix and p(\) is the unit normalized eigenvalue density. The log-
arithimic potential is essentially the (exponentiated) Vandermode determinant that arises
from the Jacobian while changing integration variables from matrix elements to eigenvalues.

Our next step is to derive the pair correlation function using (3.24) as the starting
point — cf. [39, 41]. The quadratic fluctuations about the saddle at large L is

68 = —L? / dA1dA2 6p(A1)6p(N2) log | A1 — A, (3.25)

where, p(A\) = p(A) — psaddie(A). Fourier transforming these density fluctuations as dp(\) =
J 3ueursp(u) and performing the integrals, we get
L2

1
55 =~ / up(u)prop(—u). (3.26)

The A; 2 integrals in (3.26) are performed by changing variables, = A; — A2, and then

using the standard identity for the Fourier transform of log |r|.® From this we can find the

propagator and revert back to A-space

1

. 2
AT2L2 (N — Ao)? (3:27)

1 i(A1—A2)u
(6p(A1)op(A2)) ~ Frcy /due Mi=Az)uy) =

The form of this 2-point function is analogous to the N = 2 or Virasoro case (3.17), for
small energy separations.

We would now like to reverse engineer the potential for eigenvalue interactions from a
spectral density correlator, e.g. given (3.27), we want to reconstruct (3.25). A bare-bones
version of (3.16) that retains the dependence on eigenvalue differences and the overall
sign is
(_1)N/2

(0p(M)3p ) ~ [y

(3.28)

8This identity is ffooo dk e**® log |z| = —n/|k| — 2wy (k). Here, 7 is the Euler-Mascheroni constant. Also,
strictly speaking, the 7/|k| should be understood in a regularized/principal value sense. The delta-function
piece can be safely dropped, as the repulsion does not allow eigenvalues to coincide.
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Figure 2. Plot of the potentials, V(r), for N/2 being even (on the left) and odd integers (on the
right). For N = 2, we have V(r) = —log|r| (in gray) indicating eigenvalue repulsion in the GUE.
For N > 2 we get “double-well” or “double-crest” type potentials, depending on whether N/2 is
even or odd.

where, N is an even integer. For N = 2 this reduces to the GUE case (3.27). The
inverse Fourier transform of (A; — A2)™", with respect to conjugate variable u, is given
by (—1)N/2|u|N=1. We can then write down the action of the density fluctuations in the
Fourier space

+
5S~/du5p )| |N 76p(— /du1/du2 dp(ur) |u1|Nu12)5p(u2). (3.29)

In the eigenvalue space, if the eigenvalue potential is given by, V(A1 — A2) = V(r), then we
also have the following analogue of (3.25)

55 ~ / d\idXa 5p(M)V (A1 — Ao)dp(Aa) = / dr dXa 5p(ha + )V (1)6p(Na) . (3.30)

The two equations above describe the same quantity and should be equivalent. In order to
extract V(r), we introduce the Fourier transforms as in the previous paragraph, dp(};) =
/ dzu] Ai§p(u;). The integral over g yields a d(uj + ug) factor, cf. (3.29), and we are left
with the following equation for V(r)

/du eV (r ]u\N T (3.31)
Finally, we find that the potential takes the form
Vir)= TN_Q(aN + by log|r|). (3.32)

This is the generalization of the V(r) = — log |r| behaviour of the GUE case. Here ay and
by are numerical coefficients and their exact IN-dependence isn’t particularly illuminating.
However, the details are such that the potentials take characteristic shapes — see figure 2.
Quite strikingly, when N/2 is even we find a double-well shape. This is mostly attractive,
with two degenerate basins located away from the origin at values that increase with N.
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This implies that most eigenvalue differences are confined in the wells and their vicinity.
On the other hand, we see that when N/2 is odd, the potential resembles an inverted
double-well. Therefore, it is mostly repulsive with a weak attraction/confinement at very
small eigenvalue differences.”

These features are in sharp contrast to the GUE matrix models. Although we consid-
ered a fairly simple form of the pair correlation function (3.28), the potential (3.32) that
gives rise to such behaviour is quite different. At this moment, it is unclear to us whether
suitable matrix models (or deformations thereof) can give rise to these interactions between

the eigenvalues.

4 Discussion

In this paper we analyzed Euclidean wormholes in 3d higher spin gravity. We used modular
bootstrap methods, generalizing the case of wormholes in pure gravity [18]. The worm-
hole amplitude gives the connected part of (Z(71)Z(72)) of a suitably ensemble averaged,
irrational, Wy CFT. This amplitude captures the eigenvalue statistics of black hole mi-
crostates. We observed that the spectral form factors have a power-law ramp (~ tV -1,
and, the inferred eigenvalue dynamics exhibits many interesting features, including strong
and weak attractive behaviours, as well as localization, which depend on the value of .
These features are novel, and perplexing at the same time — they have not been seen
previously for pure 3d gravity [18, 26] or in the lower dimensional case of JT gravity [6].
A drawback of our analysis is that the twist zero-mode volume, Vj of equation (2.12), was
argued based on symmetries of the dual CFT. It would be desirable to have a derivation
of the same from the higher spin gravity perspective.

At very late times, the spectral form factor saturates to a plateau of height Z(2/3); this
follows from the very definition of the SFF and is universal. However, in order to reproduce
this from the wormhole amplitude we require to take into account contributions beyond the
low-temperature regime. In particular, one needs to explicitly evaluate the Kloosterman
sums that include the S-transformed images of the preamplitude (see (B.9) for the N =3
case). Reproducing the value of the plateau (which should equal the torus partition function
Z(27)) will be a good consistency check of the full bootstrapped amplitude. It is to be
noted that this remains an open problem even for the pure gravity case [26].

Our results point towards very interesting features for the matrix ensembles that can
produce the pair correlation of spectral densities. Typically random matrices exhibit eigen-
value repulsion. However, when N is a multiple of 4, we found that the eigenvalues show
attractive behaviour. Even though such an effective attraction is unexpected in quantum
chaos discussions, there are some rare examples like [20]. Furthermore, some integrable
systems show an exponential ramp in the SFF; an example is the ¢ = 2 SYK model [21, 43].
Therefore, the power-law ramp for the irrational Wy CFTs interpolates between the chaotic
case (with a linear ramp) and the fully integrable one. It would then be valuable to study

9 A similar unexplained periodicity (in central charge) arises in the spectrum in the sphere packing/CFT>
context [42]. It will be fascinating to uncover further connections in this direction. We thank Tom Hartman
for pointing out.
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these higher spin ensembles further, even with the goal of understanding generic eigenvalue
dynamics. With this in mind and inspired by recent developments in JT gravity [6, 44-47],
it will be fascinating to translate the analysis here in terms of a matrix model, if at all
it exists.

One can imagine more general wormhole backgrounds in higher spin gravity which
contain higher spin charges, in the same spirit of the higher spin black holes constructed
in the past [48]. Studying the corresponding wormhole amplitude (in the grand canoni-
cal ensemble of non-zero higher spin chemical potentials) will reveal the statistics of the
higher-spin charges. Unfortunately, there are technical obstacles in carrying this out; even
for the case of a single torus boundary these partition functions are not known only per-
turbatively [49-53]. Furthermore, the modular properties of the partition functions are not
clearly known which is a hindrance to the bootstrap method employed here.

The results of this work and that of [54] provide information about the one- and two-
point functions (Z(7)) and (Z(m)Z(72)) for the low-temperature regime of pure higher spin
gravity in 3-dimensions. This is the near-horizon regime of near-extremal black holes in
which an AdSs-throat appears [55]. For the case of higher spins, the 2d gravity description
is provided by a topological BF theory [22-25]. It would be reassuring to derive (Z(7)),
(Z(11)Z(12)) and higher point correlators which translate to BF theory on the disk, double-
trumpet and geometries with multiple boundaries respectively. A related question is: how
does topological recursion generalize for 2d BF theory? Given the topological nature
of BF theory it is very likely that a recursive machinery will exist that would fruitfully
allow the evaluation of partition functions of n-boundary wormholes in a genus expansion.
Alternatively, one can hope to obtain the n-boundary amplitude by generalizing techniques
of Liouville gravity, developed in [56], to the case of Toda gravity. These amplitudes would
enable the determination of higher moments of the spectral densities (p(E1)p(E2)p(Es3) -+ ).
Relatedly, it can be investigated to what extent higher moments of the spectral density
are fixed/constrained by the first few moments — this is an incarnation of the truncated
moment problem.
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A Bessel function identities

We list a couple of properties of (modified) Bessel functions, J,(x) and K, (z), that have
been useful in our analysis.

1. The orthogonality relation of Bessel functions of the first kind is [57]

o0 d(a—>b
/ dzx xJ,(ax)J,(bx) = (aa). (A.1)
0
2. At large arguments the modified Bessel function has the following behaviour
6—27rx
K,(2mz — 00) ~ (A.2)

2/x
B Further details on the Poincaré sum

We start with the Poincare series in the Fourier space indexed by spins

~ 1 1 . I I N-1
Rsm:/) dzl/o duwy e2ritrstws) - § ((m(ﬁ) m(W?))) : (B.1)

2
~EPSL(2Z) 71+ 7|

Using the properties of PSL(2,Z), it can be shown that 7 can be decomposed into

_ n n m _ [d,_l]c [r]c,d’

v={T"} U {T"cal™}, Ve = ( g ) (B.2)
where, T generates 7 — 7 + 1, and all other variables are integers. The first part which
involves only T transformations, give rise to 7y, s,, which is written down explicitly in (2.26)
and evaluated in (2.29). The second part of  gives rise to S, s,. The integer ¢ is positive,
while d' € (Z/cZ)*. This means, d’ is an integer such that, 1 < d’ < ¢ — 1 is co-prime with
respect to c. The entry, [~ is just the inverse of d’ modulo ¢. The entry [r]. s is defined
via the relation, [d'1].d =1+ c[r].a. Therefore we have

81 sg = Z Z Z / le/ dw1 627r12131+27r1w152

n=—00 m=—00 ¢>1,de(Z/cZ)*

) ((Im(Tl)Im(T”’ydam.Tg))>N g

‘7’1 + T”W/C’dTm . 7'2|2

(B.3)

The effect of the multiple actions by the 7" transformations, present in S, ,, can be dealt
with in the same way, as was done with 7, s,. Namely, via variable redefinitions, we absorb
into z; and wi, these translations at the expense of extending the contour of integrations
to the entire real line. As a result we obtain

N-1
I I .
851782 = Z / le/ dw 62”’Z151+27le132 <( m(Tl) m(’y ’dT2))> . (B4)

2
e>1,de(Z/cL)* |71+ Ye,a2|
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Next we note by plugging in ~. 4 explicitly that the numerator within parantheses becomes
independent of the integral as well as the summation, since

Im(z)Im(yeqw) _ Im(z)Im(w) (B.5)
|2 + Ye.awl|? lcwz +d'z + [d'ew + [r]ea]? '
Therefore we have
N1 0o 00 627ri2151+27riw152
S = (zowo)"' / dz / dw .
s = (22102) ch,deZ(Z/cZ)* 0 ! oo ! lcwz + d'z + [d Y ew + [7]oq [PV 2
(B.6)

These integrals can be performed in the complex z; and w; planes, by closing the contours
appropriately. Either of the integrals present us with two N — 1 order poles, one in the
UHP while another one is its reflection into the LHP. Therefore, we need to evaluate a
(N — 2)-th order derivative to find the residue. This complicates the expressions, thus we
focus on the case with N = 3. For notational simplicity we now denote d’ by d, [d'~!]. by
a and [r]. 4 by b. The integrals take the form

[e'e] [e%) 627riz151+27riw152
d / d . B.7
/_OO ) lcwz + dz + aw + b|* (B7)

For the w; integral we find two poles of order two. They are symmetrically placed with
respect to the real w; axis. For the case, s > 0 the UHP pole contributes, whereas for
s9 < 0, the residue contribution arises just from the pole located at

b+ iaws + (d+1icwy)z
B a+tcz ’

Wy =

The location of the pole can be shown to be in the LHP since both wo and z, are non-
negative. Without loss of generality, we choose the case, wherein we close the contour via
the LHP, this contribution gives

27sg (wo+(cwg—id)(b+dz))
7Td e 1+bc+ced z

2 (d?z9 + wa((1 + be + edz1)? + c2d2z%))3

X ((1 + be + cdz1)? (2msowy — 1) 4 2d*Tsa29 + 2d? 23 (2msyws — 1))

We see that this has a third order pole in 21, once again in pair. For s; > 0, we shall close
the contour via the UHP, and thus pick up the pole

1+5b '
Ze = — + C+Z\/22(1+02w2z2).
cd c\ wy

Evaluating the integral on this residue finally yields

—1
Qﬂi(dSQer—sl)
7r2 e ¢ ¢ —2m, /;—22(1—}—(:2@11}2)%—2#1 /%2(1—}—02,221112)@
Ss1,80 = E : e

e>1,de(Z/cL)* 1603\/(1 + cPwazy)owi 2

X (471'2(1 + 02w222)((82w2 + 8122)2 - 45152(cw222)2) — c2w222(1 + 4C2w222)

+ 2me(1 + 402w222)\/(1 + Pwyzg)wezo($122 — 32w2)>. (B.8)
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Note, that the sum over (Z/cZ)* only concerns the oscillatory exponent, which can be
represented using the Kloosterman zeta function, S(j, J; ¢) = > 4c(z/c2)* p2mi(jd/c+Jd™" e) _

S(J,j,c), as:

2 5(317 S92, c) —27, / 2—22(1+02zmu2)%727r‘ / Tj—;(lJchZng)@
Ss1,50 = Z €

c>116¢3 \/(1 + 2waze )P w323

X (47T2(1 + wazo)((s9wa + 5122)? — 4s189(cwaze)?) — Fwaza(1 + 4c®wazo)

+ 2me(1 + 402w222)\/(1 + Pwaozo)wozo(s122 — 52w2)>. (B.9)

It is important to note that in the low temperature regime, apart from the exponential
suppression the polynomial suppression goes as 1/(B8231)2. The computation for other
values of NV can be done in a similar manner.

C Density correlators from the resolvent

The resolvent is a useful quantity in the context of matrix models, whose discontinuities
have information about densities and their correlators. The single resolvent has information
about the density of states, while the double resolvent encapsulates the pair correlation
function of spectral densities. The double resolvent is defined as

_ 1 1 i / p(E,E/)
R(E1, By) = <trHE1trHE2> - [ drdE 1y ey TR

We can obtain the density-density correlator from its double discontinuities in the complex
FEq, E5 planes

R(E: +ie, By + i€) = / dEdE' p(E, E')Q4(E — E\)Q4(E' — By),

O.(E—F) = [73 ( ) +ind(E - Ey)| . (C.2)

E—-FE;
Here, P(x) denotes the principal value. It then follows that

R(++) + R(—) — R(+—) — R(—+)
(—2mi)? ’

p(Ey, Ey) = (C.3)

From its definition (C.1), the double resolvent can be seen to be given by the double
Legendre transform of Z (1, f2) = <tr(sl)[e—l31H] tr(s2)[e—l32H]>, Therefore

R(E17E2):/O dﬁl/o d52eﬁl(Elesl)+52(E2*E52)Z(/81’52)

V152

B1 + P2

N-1

~ D, ., /0 dBye2E /0 4By i , (C.4)

where we have used definitions of (3.11). Once again the odd and even cases of N require
separate treatment due to very similar reasons as in the inverse Laplace transform method.
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Here we present a few even cases, and show that the answers agree with the ones obtained
directly using inverse Laplace transforms. This provides a useful consistency check of
the results.

e IN = 2. In this case the Legendre transform gives
T 1
2 VB (VE + /)

Now implementing formula (C.3), with the discontinuities coming from the square
roots, we obtain

R(Ey, Ey) = Dsy50- (C.5)

1 & +& 1 _
i Fo) = —— (N=2) C.6
p( 17 2) 27_(_ 5182 (81 _ ((/’2)2 81,82 ( )

e IN = 4. In this case the resolvent is
3T 1
R(E1,F2) = ——————75Ds, s, C.7
(ExB2) = ey 7 Do (1)
which results in

o 3 81 + 52 (N:4)

p(E17E2) - 2t V 6152 (51 — 52)42)31,52 . (08)

We see that these agree with (3.16).
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