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Abstract
GaToroid is a concept of toroidal gantry for hadron therapy under investigation at CERN Itmakes use
of the toroidalmagnetic field between each pair of coils to steer and focus the particle beams down to
the patient. This peculiar concept requires detailed studies on particle tracking and beamoptics to
optimise thewinding geometry and explore the properties of the system. Thework presented in this
manuscript is focused on the features of aGaToroid system for protons, specifically designed to
minimise the footprint andweight of the gantry. Firstly, a two-dimensional single particle tracking
was developed to optimise the coil geometry and the toroidalmagneticfield, aiming to the
maximisation of the energy acceptance of themagnet. Particles over thewhole spectrumof treatment
energy are directed at isocenter within 1mmof precision. This procedure, restricted to the symmetry
plane between each pair of coils, defines different beamorbits, function of the beam energy.
Subsequently, a three-dimensional particle trackingwas implemented to evaluate the interaction of a
beamoffinite dimensions with the completemagnetic fieldmap in vacuum. The parameters of the
simulated beamat the isocenter are coherent with the clinical requirements. The results of the three-
dimensional trackingwere then used to calculate the linear transfermatrix associated to each beam
orbit. Finally, the option of performing the beam spot scanning at the isocenter by acting on the
upstream steeringmagnet has been investigated, highlighting the potential of the concept, as well as
the limitations related to the scanningfield dimension and source-to-axis distance. In conclusion, the
results described in this paper represent a crucial step toward the understanding of the beamoptics
properties of aGaToroid gantry.

Introduction

Hadron therapy is considered one of themost advanced and effective cancer treatment options based on
radiation. Profiting from the sharp energy deposition, i.e. the Bragg peak typical of protons and heavy ions, it is
possible to deliver awell-localised dosage of ionising radiation to the tumour cells, sparing healthy tissues from a
large share of detrimental dose (Kraft 1990, Tsujii et al 2007, 2013, Durante andOrecchia 2017, Takada 2020).
The downsides of this technology are the complexity, size and cost of the structures required to accelerate and
direct particle beams down to the patient, namely accelerators and gantries. This is one of themain reasonswhy
the diffusion of hadron therapy centres has been limited (Schippers et al 2018). At the same time, the potential of
growth and societal impact are highmotivators to study new concepts and techniques to deliver beams suitable
for therapy using simpler, smaller and cost-effectivemachines. This is especially true for heavy ions therapy,
where themarket penetration is still superficial and themargin for technological improvement and cost
reduction ismuch larger (Yan et al 2016). Different accelerator configurations are commercially available or are
under study, ranging from cyclotrons to synchrotrons and linacs (Farr et al 2018,Myers et al 2019). At the same
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time, several gantries for proton therapy are available on themarket and currently in operation. These
commercial gantry solutions range from7.2 to 10.4m in diameter and from110 tons to 270 tons inweight (Von
Essen et al 1982, Pedroni et al 2011, Kumata 2013, Pearson et al 2014,Hadron et al 2014,Umezawa 2014,
Koschik et al 2015, Symonds et al 2019, LaCivita 2019). Regarding heavier ions, the complexity of themachines
has prevented the establishment of a realmarket, and, to the present day, only two facilities in theworld can
operate with gantries for ions (Fuchs andWeinrich 2004, Iwata et al 2012). Awide range of configuration has
been proposedwith thefinal goal of reducing theweight and size of the installations, both for proton and heavy
ions (Trbojevic et al 2007, Pullia et al 2009, Robin et al 2011,Wan et al 2015, Gerbershagen et al 2016, Iwata et al
2016, Bromberg andMichael 2017,Masood et al 2017, Kim andYoon 2019, Kang andPang 2020, Nesteruk et al
2021). The concept of the toroidal gantry,GaToroid (Bottura 2018, Bottura et al 2020, Felcini 2021), can be
positioned among these initiatives. On the one hand, to reduce the size of themachine, GaToroid is conceived to
use a set of high-field superconducting coils operating in steady-state. On the other hand, to simplify the
mechanics and lessen the overall weight, this concept allows directing the beam to the patient from a discrete
number of directions avoiding, in principle, any rotation of the components.

In this paper, we provide for clarity amuch-simplified description of theworking principle. The reader will
findmore details in the above references.

Although such a gantry concept is very appealing, several issues and challenges need to be addressed. Besides
the design of superconducting coils (Felcini et al 2020) and their prototyping (Felcini et al 2021), the detailed
beam-optics in the toroidal field ofGaToroid is one of the crucial topics for the advancement of this project.
Examples of particle tracking in toroidal lens are reported inMohri et al (1977), Von Essen et al (1982), Andreev
andYudin (1998). Somewhat related to beamoptics and tracking is the expansion in series of the toroidal field.
Harmonics expansion of toroidalmagnetic field are described by vanMilligen and Lopez Fraguas (1994), and
numerically developed in Brouwer et al (2013), Gambini et al (2020). However, to our knowledge, there is no
theory that can support the analysis of the beamoptics features of a toroidal gantry for hadron therapy. This is
themain driver for this paper, namely to present afirst analysis of beam transmission in a toroidal field to set the
basis for the understanding and the construction ofGaToroid. After a brief explanation of theworking principle
and configuration ofGaToroid, we describe themethod used for the analysis of beam transmission, based on
two- and three-dimensional (2D and 3D) tracking, and the reduction of results to an equivalent transfermatrix.
We then show the results of the application of thismethod toGaToroid, and in particular (i)how tominimise
the distance between the focal points of different energies at isocenter, (ii) how tomatch beamproperties to
obtain the required beam size at the isocenter, and (iii) how to scan a given area around the isocenter. For the
sake of clarity and simplicity, the studies reported in thismanuscript are focused and limited to the proton
GaToroid configuration described in Felcini et al (2020), Felcini (2021). This configuration is composed of 16
coils symmetrically arranged around the toroidal axis. In comparisonwith the aforementioned commercial

Figure 1.Artistic illustration of theGaToroidworking principle, where the patient plays in the torus bore, along the torus axis, and the
space available between each pair of coils can be used to irradiate frommultiple directions.

2

Phys.Med. Biol. 66 (2021) 104002 E Felcini et al



solutions for protons, it allows a reduction of themachine size by a factor of 2, with an outer diameter of 3.3m
and an internal bore of 0.8m. At the same time, theweight can be reduced by one order ofmagnitude, with an
overallmechanical structure of about 12 tons.Other configurations, based on different ion species and
topologies, are being investigatedwith identicalmethodology (Felcini 2021), but are not reported in this
manuscript.

GaToroidworking principle
GaToroid is a toroidal gantry concept presently in development. The basic idea is to direct particles to a tumour
location using a steady-state toroidalmagnetic field generated by Nc appropriately shaped coils arranged around
the -axis of the torus, alongwhich the patient is positioned (Bottura et al 2020). The electro-magnetic design of
the coil geometry results in a steady-state toroidalmagnetic fieldwith very large beam acceptance, i.e. able to
bend particle beams in thewhole spectrumof treatment energies. A representation of theworking principle is
presented infigure 1, where a schematic beam trajectory is highlighted in red.

An upstreamdipole, the vectormagnet, is used to steer the beam in between the Nc coils, providing Nc

discrete azimuthal directions of irradiation around the patient. The space in-between each pair of coils is used
for beam transport, namely at azimuthal angles /i N2i cq p= with i N1... .c= The same vectormagnet is used to
deviate the beamwith a suitable polar angle ,Ea function of the beamkinetic energy,modifying the radial
position at the entry of the torus so as to achieve consistent output at the isocenter. The vectormagnet is
positioned along the axis at  z ,V= - and if the distance from the torus is sufficiently large, the polar angle
dependency on beam energy can be approximated as:

( )
R

z
, 1E

in E

V E

a
r
r

»
+
-

where Rin is the internal radius of the torus and Er is the radius of curvature associated to the beam rigidity ( )Br
and the ideal uniformmagnetic field B ,0 i.e. ( )/B B .E 0r r= The exact expression of Ea is reported in Bottura
et al (2020). For the configuration described in this paper, the polar angle ranges from13° at 70MeV to 20° at
250MeV.

At the same time, as detailed explain later in the text, a deviation from the nominal polar and azimuthal
angles of a few tenths of degrees can be used to perform a pencil beam scan around the isocenter. The accuracy
required at the vector for this operation is in the order of 0.01°.

The coupling of these different features, selection of the irradiation direction ( iq ), adjustment as a function of
energy ( Ea ) and pencil beam scanning (dq and da), introduces important complexities in the design of the
vectormagnet. The different orders ofmagnitude of the required angles, suggests the division of the vector
magnet into two different elements, dedicated to large and small deflections respectively.

Thefirst andmost important of these elements is themagnet responsible for the selection of the direction of
irradiation ( iq ) and polar angle as function beamof energy ( Ea ).Wewill refer to it as the angle-selector.This
magnet can be curved and installed on a rotating structure, whichwould be the only rotating part of the
installation, reducing the required range of Ea to 7° (13° at 70MeV to 20° at 250MeV) in a rectangular aperture.

Considering instead a straight and non-rotatingmagnet, the use of a horizontal-vertical combined dipole
would be an elegant solution.However, it would require a large square aperture, with an angular extension
of±20° in both planes. In this case, a superconducting option (field greater than 3 T) could help to reduce the
length and aperture of themagnet butwould introduce limitations in the ramping speed and change of beam
direction.

The secondmagnetic element is dedicated to pencil beam scanning and it is equivalent in principle to a
traditional scanning system. If the angle-selector is characterised by a rectangular aperture, to avoid increasing
the aperture in both planes it can be convenient to place afirst scanningmagnet upstream and a second one
downstream.

Given the instrumental role of the vectormagnet in thewhole GaToroid project, we are currently evaluating
and analysing these options, aiming to the best compromise between footprint, scanning speed and complexity.

Material andmethods

As anticipated above, the focus of this paper is the particle tracking and beamoptics for theGaToroidmagnets.
We approach the problemusingfirst a simplified 2Dparticle tracking, which has the benefit of speed and
simplicity, and it is used for the optimisation of the toroid geometry. Themethod is then extended to a 3D
tracking in the completefieldmap of the torus, aiming at defining and understanding the beamparameters
along the full envelope of trajectories.We describe below the fieldmapping and trackingmethods, in 2D and 3D,
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the seed generation for 3D tracking, and the procedure followed to generate a beam transfermatrix from3D
tracking simulations.

Field calculationmethod
The complete three-dimensional layout of the coils and themagnetic field calculation are performedwith Field
2017 (vanNugteren 2011, 2016) (the software is nowdeveloped under the name of RATVanNugteren 2019).

The coil geometry is described using line elements of 1mm length. In the cross-section of each grade, i.e.
planar subsoil, 15 line elements are considered. The software integrates themagnetic field contribution of the
line elements at the required target points. In the context of this paper, twomethodswere used for such a
computation: direct Biot–Savart andmulti-level fastmultipolemethod (MLFMM) (Greengard 1987, Beatson
andGreengar).

Thefirstmethod integrates the contribution ofN source line elements for each target point. For a set ofM
target points, the computational complexity of thismethod scales asO(NxM). To reduce the complexity to
O(N+M) (linear scaling), theMLFMMmethod can be used to approximate the field contribution of the line
elements with a spherical harmonic expansion. Although theMLFMMmethod generates an approximated
solution, the calculations are between one and two orders ofmagnitude faster.

For this reason, theMLFMMmethodwas used to calculate thefield in combinationwith the coil geometry
optimisation and two-dimensional particle tracking that require a large number of iterations. The direct Biot–
Savartmethodwas employed to refine the results of the optimisation as well as to calculate an accurate three-
dimensional fieldmap used to investigate the beamoptics properties of the system.

The problem is linear since no iron is considered in the system and the diamagnetic effects in the
superconductors are neglected.

For the two-dimensional particle tracking, we calculated themagnetic fieldmap on the symmetry plane
between a pair of coils, i.e. at the azimuthal angle ,iq using a grid of 3mmsquare elements.

For the three-dimensional particle tracking, the volume between a pair of coils, i.e. around the azimuthal
angle ,iq is describedwith a cubicmesh of 3mmedges.

For bothmethods, we used a linear interpolation of themagnetic field during the integration of the particle
trajectories.We cannot appreciate relevant differences in the results using an interpolation based on a cubic
function.

Figure 2.Representation of the global reference system ( )z y, and co-moving coordinate system ( )z y, along the orbits.
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Particle tracking algorithms (2Dand 3D)
Themotion of a charged particle subject to amagnetic field is governed by the Lorentz force and is described by:

( ) ( )F m
dv

dt
q v B , 2L = = ´

where v, q andm are respectively velocity, charge and relativistmass (m0g) of the particle, and B is themagnetic
field (Lawson et al 1984). Abovewe have neglected the effects of external and beam-generated electric fields, i.e.
space charge andwakefields, which are not relevant to our analysis (Ferrario et al 2013). The solution of
equation (2) uniquely determines the trajectory of the particles in vacuum.

Two-dimensional particle tracking
For the numerical solution of the beam trajectory in 2D, it is convenient to introduce the concept of beam
rigidity as follows.We consider a homogeneousmagnetic field, with one component only in x direction, and a
particlemotion perpendicular to thefield, i.e. in the (z, y) plane. In this simple case, the particle orbit is circular,
with a radius of curvature .r On this orbit the particle experiences a centripetal force:

( )F
mv

. 3centr

2

r
=

The beam rigidity can be obtained combining equations (2) and (3):

( ) ( )B
mv

q
. 4r =

We see that once the beam rigidity, i.e. themomentum-to-charge ratio of a particle, and the value of the
magnetic field transverse to the particle velocity are known, it is possible to compute the radius of the circular
orbit.

Our tracking algorithm is based on the simple principle above, introducing a local coordinate system
movingwith the particle, as shown infigure 2. At an arbitrary position s the coordinate systemhas the z-axis
tangent to the beam velocity v, the x-axis alignedwith the component of the localfield vector normal to s,
indicated as ( )B s ,x and the y-axis normal to both z and x.

The bending radius, ( )s ,r in the (y, z) plane at a point s along the particle orbit is:

( ) ( )
( )

( )s
B

B s
. 5

x

r
r

=

One particular case is when particles travel in the ( ) , plane located between each pair of coils, i.e. ,iq
where the toroidalmagnetic field is orthogonal to the plane. In this case, the particle tracking reduces to 2D, and
can be considerably simplified.With a change of coordinate, we can derive the infinitesimal variations in the
position of the particle in the global reference system ( ) , as follows:

( ) ( )( ( )) ( ) ( ) ( )
( ) ( )( ( )) ( ) ( ) ( ) ( )




s s

s s

sin 1 cos cos sin

cos 1 cos sin sin , 6

d w r dj w r dj
d w r dj w r dj

= - +
= - - +

where w is the angle between themoving and the global coordinate system, (between z and ), and dj is the
angle of the arc formed by the orbit along the differential distance s,d ( ( )/s sdj d r= ). The above equations are
integrated using a forward Euler algorithmwith a step δs=0.1mm to obtain the particle trajectories in 2D.

If the three-dimensional particle tracking described in the next section requires hundreds of seconds to
describe the trajectory of particles from the vectormagnets to the isocenter, this simplified two-dimensional
tracking can reduce the computational time down to few seconds. For this reason, we used this simple and
computationally light algorithm for an iterative optimisation of the geometry of the coils, based on the result of
particle tracking, as described later.

Three-dimensional particle tracking
Considering a particle beamoffinite transverse dimensions, the interaction between the particles andmagnetic
field can be no longer limited to the symmetry plane between coils. Therefore, a complete solution of the three-
dimensional equation ofmotion of charged particles in amagnetic field, described by equation (2), is required.
As presented infigure 2 along each orbit s, derived from the two-dimensional tracking, it is possible to define the
co-moving transverse plane (x−y), where classical transverse beamdynamic theory can be applied. Around each
orbit s the properties of the beamand the particle distribution are defined.

The solution in three-dimensions of equation (2) is performed through a six-stage, fifth-order, Runge–Kutta
method (MATLAB ode45 Yang et al), with a relative error tolerance of 10 6- and an initial time step of 10 .8-

Themagnetic field is obtained froma linear interpolation on the calculation grid, as described earlier.
Finally, all tracking runswere done considering a pure transverse beam (see also later about beam seed
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generation), neglecting any longitudinal effect. Furthermore, themethod described does not take into account
any particle interactionwithmatter, assuming vacuum conditions down to the patient. The study of beam
interactionswithmatter is beyond the scope of this paper, andwe refer to previous works (Garonna et al 2018)
for themultiple scattering effects on the beam travelling through ionisation chambers, air gaps and patient
equivalent tissues that can be estimated through dedicatedMonteCarlo simulations.

Beam seed
Akey input to particle tracking in 3D is the seed, i.e. the distribution of initial particle position and velocity in the
transverse plane (x–y), which needs to be representative of relevant beamparameters. To generate the seed for
the 3D trackingwe resort to classical transverse beamdynamic theory.

In particle accelerators it is common practice to define the beamproperties trough theTwiss parameters, a
and b (Lawson et al 1984):

( ) ( ) ( ) ( ) ( )E s s s s
1

2
7eb a b= º- ¢

where ( )E s indicates the particles oscillation range along the orbit s, and e the emittance, considered as an
invariant of the system. The parameter b is related to the beam size and a to itsfirst derivative, i.e. the tendency
of the beam to converge or diverge.

We considered a single plane, x, to explain themethod. To generate a seedwith desired beamparameters, we
start fromuncorrelatedGaussian distributions of particle positions, x ,uc and derivatives, x .uc ¢ We then apply a
Cholesky transformation to obtain the proper correlation between particles position and velocity (Lord et al
2007, Kyng andKonstandatos 2014). For a given particle distribution, the covariancematrix∑ can bewritten as:

( )
x xx

xx x
8

2

2
⎡

⎣
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⎤

⎦
⎥

⎡
⎣

⎤
⎦

e b a
a gS =

á ñ á ¢ñ
á ¢ñ á ¢ ñ

= -
-

with ( ) ( )/1 ,2g a b= + and the emittance given by ( )det .e = S
The covariancematrix∑ is decomposed using aCholesky decomposition using the lower-triangularmatrix

L, or:

( )LL . 9TS =

Finally, the sample vector of uncorrelated position and derivatives ismultiplied by the Lmatrix, yielding a
vector of position and derivatives with the covariance properties of the systembeingmodelled:

( )x
x

L
x
x

. 10
uc

uc
⎡
⎣

⎤
⎦

⎡
⎣

⎤
⎦¢ = ¢

Using thismethod, we translate the Twiss parameters into particle position and velocity distributions. The
same approach is applied to y–y′ phase space tomodel the beamparameters on the other plane.

An advantage of thismethod is that we can use equation (8) to verify that the values of a and b after the
Cholesky transformation are the desired ones. Discrepancies below 0.5% are observed simulating at least
100 000 particles. This kind of error is considered acceptable and the presented simulations are performed
considering randomnormal distributions on position and velocity of 100 000 particles on both planes.

A last practical step is to project the correlated particle distribution so that the initial average orbitmatches
the ideal beam trajectory. Position and velocity vectors are rotated by the angle w around the  axis (see
figure 2). The relation between local and global reference systems at the beginning of the tracking algorithm
( zV= and Ew a= ) are:

( )
( ) ( )










x
y z

y z

v v x

v v y y x

v v y y x

cos sin

sin cos

sin

cos cos sin sin cos

cos sin sin cos cos , 11

E E

E E

p

p E E

p E E

a a
a a

a a
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=
= -
= +
= ¢

= ¢ - ¢ ¢

= ¢ + ¢ ¢

where vp is the particle velocity calculated using relativistic correction:

( )v c 1
1

12p
L
2g

= -

and Lg is the Lorentz factor, defined as the ratio between total energy of the particle and its rest energy.
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Finally, it is possible to introduce an arbitrarymomentum spread, /dP P, in the beam. To implement this
feature, we impose aGaussian randomdistribution in the particle velocity v .p

Linear transfermatrix
From the beamdynamics point of view,magnetic elements, such as dipoles and quadrupoles, are usually
representedwith linear transfermatrices. This simple, yet powerful, description ofmagnets allows evaluating the
main beamparameters, i.e. a and ,b with sequences ofmatrixmultiplications, avoidingmore complex and time
consuming tracking simulations. Ideally, it would be very advantageous to represent theGaToroid system
through a linear transfermatrix. This fast and practical tool could then be used for iterativematching the torus to
upstreammagnets and accelerators.

To achieve this, wemodel theGaToroid system as X MX ,1 0= where X1 and X0 are position and angular
vectors at the isocenter and at the vectormagnet location respectively:

( )

x
x
y

y

m m m m
m m m m
m m m m
m m m m

x
x
y

y
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X0 is the vector of input seed (at the exit of the vectormagnet), while X1 is the result of the 3Dparticle tracking
(at the isocenter). The transfermatrixM can be calculated as:

( ) ( )M X X X X 14T T
1 0 0 0

1= -

Note that each beam energy defines its own orbit and, therefore, at each beam energy the transfermatrix
needs to be evaluated. To verify the accuracy of this solution, the tracked particles at isocenter, expressed as X ,1

have been comparedwith the particles calculated through the transfermatrix, X MX .M1 0= The relative error is
defined as:

( ) ( )
( )

( )X X

X
, 15M1 1

1

l
s s

s
=

-

where s represents the standard deviation of the particle distributions in x x y, ,¢ and y .¢ The parameter l
provides an estimation of the accuracy of the beamparameters calculatedwith tracking and transfermatrices. It
has to be intended as a global error on the beam, not on single particles. Finally, to prove the physic consistency
of the calculatedmatrices, it is important to verify the value of their determinants is equal to one, as a
consequence of the Liouville’s theorem (Lawson et al 1984).

Results and discussion

2Dparticle tracking
Weused the 2D trackingmethod described earlier to calculate trajectories at different kinetic energies, i.e. for
protons 70–250MeV, coupledwith an iterative optimisation of the coils geometry.

Thewinding geometry was parametrised through the vectormagnet position z ,V internal bore radius
Rin and idealmagnetic flux density B ,0 while the current distributionwasmodified subdividing the coils into 5
grades, i.e. planar sub-coils composing thewinding, and adjusting their relative radial distance (Bottura et al
2020, Felcini et al 2020, Felcini 2021). The optimisation algorithmwas designed to iterate on 7 free parameters,
describing the coil geometry and current distribution.

Beam tracking in the specified energy rangewas run for each coil geometry, and the coil geometrywas
modified tominimise the distance between the focal points of different energies at the isocenter in thewhole

Figure 3.Two-dimensional particle tracking for the optimised coil geometry, on top of themagnetic fieldmap (grey scale).

7

Phys.Med. Biol. 66 (2021) 104002 E Felcini et al



treatment spectrum. The demand on the beam requirements at the patient locationwas implemented as a
weightedminimisation function including position and angle with adjustable parameters. For the results
reported here, the algorithmwas run to reduce the gap between beams position at the isocenter, even if this
implies varying the angle of incidence.

The results of the 2Dparticle tracking optimisation are presented infigure 3 for the complete energy range of
proton treatments, i.e. 70–250MeV, togetherwith amagnetic fieldmap produced by thewhole torus in the
symmetry plane between two coils. The detailed description of theGaToroidmagnetic design is presented in
Felcini (2021). The convergence at isocenter is within 1mm,with amaximumangle difference between the
orbits of about 5°.

Concerning thefieldmap, it is interesting to note that themagnetic field value at the isocenter is nearly zero.
Due to the axisymmetric configuration, themagnetic field at the isocentre ( 0= and  0= ), is below the
critical threshold for instrumentation and humans safety (order ofμT), as shown infigure 4(a). Thefield rapidly
decays with the radius inside the bore and at =30 cm is in the order of 10mT. Infigure 4(a), values above 10
mT are indicated in grey. Themagnetic fieldmap inside theGaToroid boremay create interesting options for
the integration of beam and rangemonitor devices, as described in Bottura et al (2020).

Figure 4.Detail of themagnetic field in theGaToroid bore region (a) and outside the whole torus (b). The colourmap indicates values
up to 10mT (a) and 50mT (b); the grey area of the bore has aflux density greater than 10 mT (a) and 50mT (b).

Figure 5.Particle trajectories for a 250MeVbeamdescribed in table 1 together with two coils of the torus. A zoomview at  zV= -
shows the reference orbit (in red) and the reference plane (dashed line).
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Finally, figure 4(b) shows the decay of themagnetic field outside the toroidalmagnet. In this case, the limit of
the colourmap is set at 50mT and this value is reached at =180 cm, i.e. about 30 cmoutside the surface of the
coils.

3Dparticle tracking
The trajectories obtained as a result of the 2D tracking optimisation study, shown in figure 3 represent the
reference orbits of the beams at each energy. To study the transmission of beams offinite transverse dimensionwe
have used the 3D tracking algorithmdescribed earlier. For each energy, a distribution of particle position and
velocity as determined by the seeding procedurewas generated at the location of the vectormagnet. Since a broad
spectrumof accelerators, i.e. cyclotrons, synchrotron or linacs, could be used to feed the gantry, a reference value
of 11e =s mmmradwas selected as representative reference. Note that we indicate with 1e s the 1s normalised
emittance.

The values of the Twiss parameters,α andβwere selected to obtain a round beam at high energies and they
are listed in table 1. The same parameters were kept for thewhole spectrumof energies.

Table 1. 250MeVbeam input and output parameters.

Parameter Unit Input

Output

(250MeV)
Output

(70MeV)

Nparticles 105 105 105

/P PD 0% 0% 0%

x 1e s- (mmmrad) 1 1 1

y 1e s- (mmmrad) 1 1 1

xa 9.5 −2.9 −60.8

xb (m) 35.0 4.5 47.5

ya 4.8 −2.4 −1.5

yb (m) 20.0 4.1 2.7

Figure 6.Particle distributions at the exit of the vectormagnet (red) and at the isocenter (blue), resulting from the tracking of 105

particles withGaussian transverse distribution at 250 (a) and 70MeV (b). Beamprofiles at isocenter for the 250 (c) and 70MeV (d).
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Finally, amomentum spread /P PD equal to zerowas assumed for the simulations reported below. This
beam, consisting of 105 particles, was then simulated, and the beamparameters at the isocenter were computed,
using the definition of the covariancematrix of equation (8).

The trajectories of the 105 particles tracked inside theGaToroidmagnetic field for the energy of 250MeV are
reported infigure 5. The inset exhibits a zoomat the vectormagnet location ( zV= - ), showing the reference
orbit (red line), coincident with the 2D tracking, and the reference plane (dashed line), where the input beam
parameters were defined.

Figures 6(a) and (b) show the particle distributions at the vectormagnet exit (in red), imposed as input, and
at the isocenter (in blue), resulting from themulti-particle tracking for a beam energy of 250MeV and 70MeV
respectively. Furthermore, figures 6(c) and (d)present the beamprofiles in x and y for both energies. From these
figures, it is evident that the choice of the Twiss parameters listed in table 1 allows obtaining a round beam at the
isocenter at 250MeV,while at 70MeV a severe asymmetry can be noted. Similar behaviour is shown in the phase
spaces offigure 7, where the beam at 70MeV (figures 7(c) and (d)) became strongly divergent in the horizontal
plane.

Using thefixed input parameters listed in table 1, the three-dimensional particle trackingwas repeated for
different energies in the complete range of interest. The Twiss parameters at the isocenter were then computed,
and the results are summarised infigure 8.We see that at high energies the beamat the isocenter has a round
shape. As the energy becomes lower, instead, the x-dimension grows (increasingβx at decreasing energy), while
it remains approximately constant in y (constantβy), creating an asymmetric beamprofile. Applying the
b-function definition, the beam envelope can be calculated as E 1e b= s proportional to half of thewidth of

Figure 7.Horizontal and vertical phase space at isocenter, resulting fromparticle tracking at 250MeV (a), (b) and 70MeV (c), (d). The
colourmap indicates the density of particles.
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theGaussian beamdistribution at 1 .s At 250MeV, the resulting beam envelope is 2.1mm in both planes, while
at 70MeV it is 5.5mmand 1.5mm in x and y respectively. Furthermore, as also shown infigure 8, the values of a
at isocenter indicate divergent beam in both planes for all the energies.

It is in principle possible to compensate for these effects by changing the input Twiss parameters, i.e. as done
for the 250MeV energy. In practice, this would implymaking use of amatching section (quadrupoles) placed
upstreamof the vectormagnet. Since the design of the vectormagnet assembly is only in an early stage of design,
we did not proceed to an accuratematching procedure. Indeed, the results presented aremainly aiming to

Figure 8.Twiss parameters as a function of beamkinetic energy.

Figure 9.Particle distributions at the exit of the vectormagnet (red) and at the isocenter (blue) for /dP P 0.5%= (a) and /dP P 1%=
(b) at 250MeV.
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demonstrate the validity of the developed three-dimensional particle trackingmethod between the end of the
vectormagnet and the isocenter, and the conceptual feasibility of the beamoptics.

It is worth recalling that for lowbeam energies themultiple scattering in air and in the patient tissues
becomes a dominating factor determining the beam spot size and its divergence (Garonna et al 2018). The results
presented there highlight that nomajor difference can be identified between parallel, divergent or convergent
beams in vacuumat isocenter within 100.a =  Themultiple scattering phenomenon almost completely
overcomes the differences in beam size in the range quoted above.

In summary, the 3D tracking results, and considerations onmultiple scattering show that the systemhas the
potential to achieve beamproperties at the isocenter that are coherent with clinical requirements, both in terms
of beam size and divergence.

Figure 10.Transfermatrix element (a) and relative errors (b) as a function of beam energy. The sumof the errors is indicated in red
dashed line, while thematrix determinant in black solid line (right axis).
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So far, we have assumed nomomentum spread.However, given the long bending region inside the torus, the
beamdispersion functionD grows naturally, increasing the beamdimension on the bending plane (y) by a
factor D .dP

P
This effect can be appreciated in the results offigure 9wherewe have assumed an energy of 250MeV and two

Gaussian distributions ofmomentum spread of 0.5% and 1%. In this analysis, the effect of the energy spread is
produced exclusively by the beampath inside the gantry, as the dispersion is assumed to be zero at the exit of the
vectormagnet. Again, this effect could be anticipated bymodifying the dispersion function at the vectormagnet
location, whichwould affect the particle trajectories in the gantry, as well as the beam size.Without simulations
of a complete beamline, however, it is not trivial to assess the real effect of the energy spread on the beam at
isocenter. As introduced in Bottura (2018)Bottura et al (2020), a possible alternative solution could imply the
use of double achromatic torus, as adopted by Boyd et al (1973), Bromberg andMichael (2017). Given the large
aperture required to accommodate all the beamorbits, another option could be to propagate a non-zero
dispersion from the vectormagnet through the gantry, designing the focusing such that the dispersion is
suppressed at the isocenter. These ideas are not investigated further in this paper.

Transfermatrices
As outlined earlier, the results of 3D tracking can be used to solve equation (14) and evaluate the linear transfer
matrices of the system. The benefits of a linear transfermatrix are evident, especially the possibility to greatly
simplify the calculation of the beamproperties at the isocenter without the burden of a full 3D tracking. The
terms of the transfermatrices have been evaluated as a function of energy using the 3Dmulti-particle tracking
between 70 and 250MeV. The result is reported infigure 10(a)wherewe plot thematrices elements as a function
of beam energy. Even if the values of the elements are not trivial to interpret, the trends provide useful insights to
understand the physics of the system. First of all, the coupling terms (the elements of the 2×2 off-diagonal
blocks) are constant and very close to zero for all energies. Thismeans that the coupling between x- and y-planes
is negligible, and the two planes can be treated separately with good approximation. Furthermore, it is possible
to observe amonotonic reduction inmodulus of the diagonal elements,more evident on the x-plane, i.e.
m m m m, , , .11 12 21 22 This reduction is coherent with the trend obtained for the Twiss parameters plotted in
figure 8. Finally, it is useful to note that the behaviour is rather regular, with no discontinuity, which could be
amenable to an accurate interpolation strategy.

Infigure 10(b)we have reported the relative errors l for the beampositions x y, , and respective derivatives
x y, ,¢ ¢ as defined by equation (15). This plot shows the quality of thematrix representationwhen compared to
3D tracking. As the errors tend to increase as the kinetic energy decreases, the results also point to the sensitivity
of low rigidity beam tomagnetic field perturbations. The errors on the bending plane, yl and ,yl ¢ are
significantly higher than the others, but still below 0.1%.The red dashed line indicates the sumof the four l
relative errors, which is atmost 0.15%.

Finally, we also plot infigure 10(b) the determinant of the extrapolatedmatrices. As previously explained, in
the theoretical case thematrix has unit determinant. Coherently with the l errors, the determinant deviates
from the unity al low energies, with amaximumerror of less than 2%.

Figure 11.Natural responsemap of the beam scanning around the isocenter, for a linear variation of θi = ±0.4° andαE = ±1° at 250
MeV.
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Scanning system
The tracking simulations described abovewere performed for nominal input angles at the vectormagnet, iq and

.Ea Any deviation from the nominal angles results in a change in the beamposition around the isocenter.
Specifically, variations of Ea result in amovement of the beam along the -axis, while variations of iq yield a
transversemovement, normal to the -axis. This feature can be used to performpencil beam scanning,moving
the beam into a defined scanning area around the isocenter. Referring to the description of the general concept
of GaToroid, this can be achieved bymodulating the kick of the vectormagnet, which can be used as an
upstream scanning system. As previously explained, andwithout entering in the details of the vectormagnet
design, the differentmagnitudes (radian versusmilliradian) and timescales (seconds versusmilliseconds)
between setting the polar/azimuthal direction and setting the scanning angles probably require different
systems for the two functions.

For the system considered here, figure 11 shows the natural responsemap of the beam scanning in an area of
about 20 cm×15 cm for the 250MeV case, resulting from a linear angle deviation of 1Ea =  ° and 0.4iq = 
°. A variation of the kick in the polar angle of 1Ea =  ° is translated into 60 mmalong the axial direction of
the torus. An azimuthal deviation of 0.4iq =  ° corresponds to a scanning of 50 mm in the gantry azimuthal
direction. The shape of the scanning area can be adjusted acting on the angle of the vectormagnet, to contour the
treatment region. It is important to underline that these results indicate also the accuracy required at the vector
magnet to obtain the precise beampositioning at the isocenter. Tomaintain the beamposition at the isocenter
within 1mm, the precision required at the vectormagnet is in the order of 0.01° (fewmrad). This constraintmay
pose a relevant challenge in the design of the vectormagnet.

The area is azimuthally limited by the geometrical aperture available between the coils, that for this 16 coils
protonGaToroid is about 10 cm. Common values for the requiredminimal size of the treatment field at the
isocenter are about 20 cm×20 cm, and are driven by the intent to improve the treatment quality and reduce the
field overlaps. The results shown are intended to be a proof of principle for the system scanning feature. To
providewider scanning field size, especially in the azimuthal direction, topologicalmodifications are required in
the gantry, i.e. larger bore, reduced number of coils ormodified angular periodicity of the coils (i.e. what we have
referred to as parallel channel configuration Bottura et al 2020).

A quantity that is of high relevance for the therapy quality is the effective source-to-axis distance (SAD),
namely the distance between the virtual point source and the local position of the Brag peak at the isocenter. The
source of the beamkick is the vectormagnet, but the beambending in the toroidal field results in a virtual source
point located at some distance from the patient.We identify this virtual source point using the beam incidence
position and angle on the torus axis, finding the virtual origin of the cone of straight trajectories.

Figure 12 shows the effective SADdistance as a function of the beamkinetic energy, for both axial (acting on
Ea ) and transverse scanning (acting on iq ). The average SADs for axial and transverse scanning are in the order of

1m. The transverse scanning ismonotonically increasingwith the energy given the fact that beamswith higher
momentum are entering the torus in a larger radial position. On the other side, the trend of the axial SAD is
flatter and determined by thefield profile. The actual value of SAD is similar to the one of the downstream
scanning gantries, typical in the order of 1–2m, and does not provide a parallel scanning.

While promising, we see that the configuration studiedwill require improvement. In particular, a SADof the
order of 4m is the requiredminimum to remainwithin amaximum threshold of 20%of surface dose increase

Figure 12.Effective source-to-axe distance (SAD) as a function of energy for axial (blue triangles) and transverse (red circles) scanning.
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(Pullia et al 2009). Furthermore, though not a limitation of the system, present commercial treatment planning
systems (TPS) usuallyworkwith a constant SAD in the complete energy range. Both requirements could be
approached bymodifying thefield profile at the exit of themagnet to increase the SAD, shaping the pole face exit
angle of the coils to obtain parallel scanning (i.e. infinite SAD) and negligible beam energy dependence (Koschik
et al 2012, Osorio et al 2012). A further geometrical optimisation could be performed on the coil exit region,
without affecting the validity of the results obtained so far.

General discussion

Given the novelty of aGaToroidmachine, the analysis and optimisation require different approaches compared
to the traditional gantries for hadron therapy.

First of all, differently from traditional transfer lines and gantries, themain orbit, aroundwhich the linear
beamoptics formalism is usually applied, is notfixed by the construction of themachine and is dependant on
beamkinetic energy. This dependence is at the basis of a GaToroidworking principle and cannot be avoided, but
the torusmagnetic field can be optimised to have all orbits coincident at the isocenter. In the presented solutions,
the difference of the orbit position at the isocenter is less than onemillimetre.We considered this value of
precision coherent with the beampositioning requirements of the traditional rotational gantries. Once the orbits
have been calculated, it is possible to evaluate the effect of the toroidalfield on a beam.Also in this case,
traditional tools that use a series of transfermatrix to represent and optimise the system cannot be used. Since at
themoment a formalism to describe theGaToroidmagnetic field in terms of bending and focusing elements is
stillmissing, we proceededwithmulti-particle tracking. The procedure highlights howGaToroid behaves like a
combined functionmagnet, presenting quadrupolar gradients in addition to themain dipolefield. The lack of
active focusing elements uncoupledwith the bending field could represent a challenge for the operation of the
machine. At the same time, the long drift space between the torus and the vectormagnetmakes the system very
sensitive tomisalignments and orbit deviation. In the present design, the presence of beammonitors and
correctors have been neglected, but they clearly need to be taken into account for the effective functioning of the
machine. Despite the study of aGaToroidmachine is still in its infancy, it is worth underlining the potential
benefits and drawbacks of this concept when compared to traditional rotational gantries. As summarised in
table 2, theGaToroid concept has the potential to strongly reduce size andweight; this comeswith the price of a
reduced number of irradiation directions. If on the one hand, the torus operates in steady-state both
mechanically and electrically, on the other hand, it would require tailored systems for vacuumand cryogenics.
Finally, specific features of GaToroid, such as the discrete number of irradiation directions, limited size of the
bore and SAD variationwith energy, need to be thoroughly investigated and implemented in clinical practises
andTPSs.

Conclusions

Wehave presented in this paper an analysis of the beam transfer properties of the static toroidal gantry
GaToroid. A 2Dparticle tracking, integratedwithmagnetic field calculation, was developed and used in an
optimisation algorithmwith the goal of creating a sufficiently large acceptancemagnet. The results show that the
beamorbits in the complete treatment energy range can be directed to the isocenter within a precision of 1mm,
confirming the basic principle of GaToroid.

A 3D linear beammotion formalismwas then developed and used to performparticle tracking around the
orbits calculated in 2D. Thanks to this analysis, wewere able to determine the beamoptics characteristics of the
toroidal field and to show the sensitivity of the beamposition at the isocenter when small kicks are applied

Table 2.Comparison of themain features of the presentedGaToroid
configurationwith state-of-the-art gantries for protons.

Parameter GaToroid Rotational gantries

Diameter 3.3m 7–10m

Weight 12 tons 110–270 tons

Irradiation directions 16 all

Electromagnetic operation Steady-state Transient

Mechanical operation Steady-state Rotation

Vacuum Tailored Standard

Cryogenics Tailored Standard

Clinical practise andTPS Tailored Standard
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upstreamof the toroid. Themain result of these studies is that the beamparameters obtained at the isocenter for
a beamwith negligiblemomentum spread are compatible with clinical requirements. Also, the upstreamkick
can be used to effectively ‘paint’ a spot of relevant dimension at the isocenter location.

At the same time, the analysis shows thatmorework is required. Beammatching is one area of study, to
compensate for the de-focusing observed, as well as the large dispersion generated by the long bending region
inside the gantry.Moreover, the scanningfield size needs to be enlarged to performhigh-quality treatments, and
the SADneeds an increase by a factor two to three. This can be done adapting the gantry topology and further
optimising the pole face angle at the exit of the coils. Finally, we have shown how to identify a linear transfer
matrix that provides a goodmodel of the variation of the beam characteristics (position and derivative) through
the toroidalfield. Thematrix represents precisely the global parameters of a beamof a given energy, and can be
easily obtained for any energy of interest. Suchmatrices can be used to greatly simplify the integrationwith
traditional beamoptics systems and codes, e.g. to perform amatching between the extraction from the
accelerator and the vectormagnet. The proposedwork appears to us very promising, and the presented
methodology is an initial solid basis towards the development of a new generation of gantries for protons, as well
as heavier ions, such as helium and carbon.
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