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Abstract We explore a missing-partner model based on
the minimal SU(5) gauge group with 75, 50 and 50 Higgs
representations, assuming a super-GUT CMSSM scenario
in which soft supersymmetry-breaking parameters are uni-
versal at some high scale Min above the GUT scale MGUT.
We identify regions of parameter space that are consistent
with the cosmological dark matter density, the measured
Higgs mass and the experimental lower limit on τ(p →
K+ν). These constraints can be satisfied simultaneously
along stop coannihilation strips in the super-GUT CMSSM
with tan β ∼3.5–5 where the input gaugino mass m1/2 ∼15–
25 TeV, corresponding after strong renormalization by the
large GUT Higgs representations between Min and MGUT

to mLSP,mt̃1 ∼ 2.5–5 TeV and mg̃ ∼ 13–20 TeV, with
the light-flavor squarks significantly heavier. We find that
τ(p → K+ν) � 3×1034 years throughout the allowed range
of parameter space, within the range of the next generation
of searches with the JUNO, DUNE and Hyper-Kamiokande
experiments.

1 Introduction

The fine-tuning of the hierarchy of the electroweak and grand
unification scales is the bane of Grand Unified Theories
(GUTs). One aspect is how to establish the hierarchy, and
a separate issue is how to stabilize it against the depredations
of radiative corrections. A favoured resolution of the sec-
ond issue is to postulate supersymmetry that persists down
to (near) the electroweak scale [1–3]. However, supersym-
metry per se does not provide a mechanism for generating
the hierarchy in the first place.

a e-mail: jlevans@sjtu.edu.cn (corresponding author)

Within GUTs, the key to establishing the hierarchy of
mass scales is splitting GUT multiplets of Higgs fields so that
their electroweak components are light whereas the colored
components are heavy [4]. An elegant way to achieve this
is the missing-partner mechanism, in which the color-triplet
Higgs fields combine with other colored fields to acquire
large masses, whereas the doublet Higgs fields lack such
partners [5–10]. One of the most economical realizations of
this possibility is provided by the flipped SU(5)×U(1) GUT,
which does not require adjoint or larger Higgs representations
[11]. However, the missing-partner mechanism can also be
realized within the minimal SU(5) GUT model, though at
the price of introducing 75, 50 and 50 Higgs representations
[7,8].1

As we discuss in this paper, there are challenges in formu-
lating this minimal supersymmetric SU(5) missing-partner
model, which originate from the relatively large sizes of the
Higgs representations it requires. In particular, the SU(5)
GUT coupling runs rapidly above the mass scales of these
Higgs fields, threatening the applicability of a perturbative
treatment of the SU(5) coupling. As we show here, requiring
perturbativity up to the input scale, Min, imposes a strong
lower limit on the possible masses of states in the 50 and 50
Higgs representations, M� > 2 × 1017 GeV. However, this
requirement in turn suppresses the mass of the color-triplet
Higgs field that mediates nucleon decay though dimension-
5 operators. Avoiding rapid nucleon decay is in principle
possible for sufficiently large values of the supersymmetry-
breaking masses that enter the coefficients of the interac-
tions violating baryon and lepton numbers [16–19]. However,

1 In lieu of introducing a 75, one can include non-renormalizable terms
involving products of two 24 representations (which contain a 75) to
achieve the same goal [9]. We note also that examples of the missing-
partner mechanism in the context of SO(10) were proposed in [5,6,12–
15].
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larger supersymmetry-breaking masses are linked in general
to larger values of the supersymmetric dark matter relic den-
sity [18,20,21], though the relic density may be kept within
the range allowed by cosmology by invoking a coannihila-
tion mechanism [22]. One must also verify that the predicted
value of the lightest Higgs mass is compatible with the exper-
imental measurement [23–25].

Here we investigate how these phenomenological obsta-
cles can be circumvented in a super-GUT version [26–36]
of the constrained minimal supersymmetric extension of the
Standard Model (CMSSM) [18,20,21,37–48], in which uni-
versality of the soft supersymmetry-breaking scalar masses
is postulated at some high scale Min > MGUT, the GUT
scale. We find that in this case there is a limited range of
parameters where coannihilation [22] of the lightest super-
symmetric particle (LSP) brings the relic LSP density into the
range required by Planck [49,50] and other data,2 while being
consistent with the lower limit on τ(p → K+ν) [51,52] and
the measured mass of the Higgs boson as calculated using
FeynHiggs 2.18.0 [53].

While the CMSSM needs only four free parameters –
a gaugino mass, m1/2, a scalar mass, m0, a trilinear mass
term, A0, and the ratio of Higgs vacuum expectation values
(vevs), tan β3 – the super-GUT CMSSM based on the miss-
ing partner model (MPM) requires several additional param-
eters – the universality input scale, Min ≥ MGUT, and three
extra trilinear couplings, λ�,� and λ′ corresponding to the

5̄·75·50, 5·75·50, and 753 superpotential terms.4 In addition,
there are two supplementary bilinear parameters, namely a
50 50 mass term, M�, and a 752 coupling, μ� . Whilst the
former is a free parameter, the latter determines the GUT
symmetry-breaking vev and is determined by the conditions
for gauge coupling unification. There are also two associated
soft supersymmetry-breaking bilinear mass terms, B� and
B� , which are taken to be equal at the input scale. Thus the
model is determined by the following parameters:

m0, m1/2, A0, B0, Min, M�, λ�,�, λ′, tan β, sign(μ).

(1)

All the parameters except λ�,�̄ and λ′ are specified by their
values at Min, while the Yukawa couplings are specified by
their values at MGUT.5

2 This density constraint would be relaxed if there is some source of
entropy that we do not take into account.
3 To which should be added the ambiguity in the sign of the light Higgs
mixing parameter, μ.
4 We assume here equal values for λ� and λ�, so as to maximize the
color-triplet Higgs mass and thereby minimize the impact of the proton
decay constraint, as discussed below.
5 Since λ�,�̄ do not run below M�, this amounts to their running values
being set at M�.

The structure of this paper is as follows. In Sect. 2 we
set up the missing-partner model, describing the superpoten-
tial, the pattern of symmetry breaking, the renormalization-
group running of model parameters, and their matching con-
ditions at the GUT scale. Section 3 discusses supersymme-
try breaking, including the renormalization-group running
of supersymmetry-breaking parameters and their GUT-scale
matching conditions. Section 4 presents the search for viable
regions of parameter space in the super-GUT CMSSM, which
we find along stop coannihilation [20,21,54–64] strips with
restricted values of the model parameters.

The relic density constraint fixes the value of the MSSM
soft supersymmetry-breaking scalar mass m0 as a function
of the gaugino mass m1/2, and allows only a restricted
range of m1/2 � 25 TeV. Reconciling the Higgs mass pre-
diction with the relic density constraint requires that the
MSSM Higgs mixing parameter μ be negative, and the pro-
ton decay constraint sets a lower limit on m1/2 that is com-
patible with the relic density constraint for only a limited
range of tan β ∼3.5–5. Moreover, we also find that the
strong renormalization effects associated with the large GUT
Higgs representations restrict the possible ranges of Min and
M�. Typical ranges of the MSSM sparticle masses in the
allowed range of parameter space aremLSP,mt̃1 ∼2.5–5 TeV,
mg̃ ∼10–20 TeV, mq̃ ∼15–30 TeV and m

�̃
∼10–25 TeV. We

find that throughout the allowed range of parameter space
τ(p → K+ν) � 3 × 1034 years, within the discovery
reaches of the next generation of searches with the JUNO,
DUNE and Hyper-Kamiokande experiments, which are esti-
mated to be 1.9 × 1034 years [65], 1.3 × 1034 years [66] and
3.2 × 1034 years [67], respectively.

2 Setting up the model

In this Section we outline the minimal supersymmetric SU(5)
MPM we study, and specify our notation. The representa-
tions containing the SM matter content in this model are
the same as in conventional SU(5): the right-handed down-
type quark and the left-handed lepton chiral superfields, Di

and Li , respectively, reside in 5i representations, 	i , and the
left-handed quark doublets, right-handed up-type quarks and
right-handed charged leptons, Qi , Ui and Ei , respectively,
are contained in 10i representations, 
i . Here and subse-
quently, Roman letters from the middle of the alphabet are
flavor indices. Also as in conventional SU(5), the MSSM
Higgs fields, Hu and Hd , are combined with colored Higgs
fields, HC and HC , to form a 5 representation of SU(5), H ,
and a 5 representation, H , respectively.

The difference from conventional SU(5) is that the SU(5)
symmetry is broken down to the Standard Model (SM) gauge
SU(3)×SU(2)×U(1) symmetry by a 75-dimensional repre-
sentation of SU(5), denoted by �. Unlike minimal SU(5),
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the Hu and Hd have small masses without the need for any
fine-tuning. This is because, as described below, the Higgs
multiplets H and H are coupled via the 75 representation, �,
to a 50 representation, �, and a 50 representation, �̄, respec-
tively. The � and �̄ contain (3, 1,−1/3) and (3̄, 1, 1/3)

states that combine with the colored Higgs fields to give them
large masses. However, since none of these representations
contain states that transform as (1, 2,±1/2) under the SM
SU(3) × SU(2) × U(1) gauge symmetry, the Hu and Hd

remain massless.

2.1 The superpotential and symmetry breaking

The superpotential for this minimal supersymmetric SU(5)
MPM is

W5 = μ�

2
�AB
CD�CD

AB − 1

3
λ′ �AB

CD�CD
EF �EF

AB

+ λ�H A�DE
BC �ABC

DE + λ�̄H A�BC
DE�̄DE

ABC

+ M��ABC
DE �̄DE

ABC + (h10)i j εABCDE
 AB
i 
CD

j H E

+ (
h5

)
i j 


AB
i 	 j AH B , (2)

where the upper-case Roman letters are SU(5) gauge indices
and εABCDE is the totally antisymmetric tensor. The upper
and lower indices of �AB

CD , �ABC
DE , and �̄DE

ABC are also totally
antisymmetric, and these fields satisfy the following traceless
conditions6:

�AB
AC = �ABC

AD = �̄AD
ABC = 0 . (3)

We assume a supergravity framework with the following min-
imal canonical form for the Kähler potential:

K =
∣
∣∣
 AB

i

∣
∣∣
2 + |	i A|2 +

∣
∣∣H A

∣
∣∣
2 + ∣∣H A

∣∣2

+
∣∣∣�ABC

DE

∣∣∣
2 +

∣∣∣�̄DE
ABC

∣∣∣
2 +

∣∣∣�AB
CD

∣∣∣
2

, (4)

where summations over the indices are understood. The
superpotential (2) consists of all the renormalizable terms
that are allowed by the gauge symmetry and R-parity, except
for the term bilinear in H and H . It is possible to suppress this
term through an additional symmetry if the matter content is
extended; for instance, models with extra global [68,69] or
gauged [70] U(1) symmetries have been discussed in the lit-
erature, and U(1)R symmetry may also be useful for this
purpose, as used in a flipped SU(5) × U(1) model in Ref.

6 These representations may be described by the following Young
tableaux:

� = , �̄ = , � = .

[71]. In the present work, however, we focus on the minimal
matter content and assume that this bilinear term is absent.

Successful electroweak symmetry breaking requires both
a SM μ term and a Higgs B term with magnitudes suitable for
electroweak symmetry breaking, i.e., O(m3/2). However, as
we see below, the SM μ-term does not arise from the breaking
of SU(5), so we use other ways to generate μ and the Higgs
B term with the appropriate magnitudes. One contribution
comes from a Giudice-Masiero term in the Kähler potential
[72–77]:

�K = cK HH + (h.c.) . (5)

This generates μ- and B-terms that are automatically of the
correct magnitudes. However, the magnitude of the B-term
is fixed to be 2cKm3/2 while that of the μ-term is cKm3/2.
This means that we must use m3/2 or tan β to satisfy the
electroweak symmetry breaking conditions, which makes
electroweak symmetry breaking much harder to realize. This
issue can be resolved by remembering that the superpotential
can also have a term of the form [78]

�W = cW 〈Wh〉
M2

P

HH , (6)

where MP is the reduced Planck mass and 〈Wh〉 is the vacuum
expectation value of the superpotential of the hidden sector
that is responsible for the dominant contribution to super-
symmetry breaking, i.e., the gravitino mass, m3/2. This term
provides an additional contribution to both μ and the B term.
If both contributions are included, the following expressions
are found:

μ = (cW + cK )m3/2 ,

Bμ = (−cW + 2cK )m2
3/2 . (7)

Clearly, the Higgs μ and B terms are now no longer directly
proportional to each other, and the freedom in cW and cK
can be used to satisfy the electroweak symmetry-breaking
conditions, with m3/2 and/or tan β being free parameters.

The 50 representation � may be decomposed as follows
in terms of SM representations7

� = (1, 1,−2) ⊕ (3, 1,−1/3) ⊕ (3, 2,−7/6)

⊕ (6, 3,−1/3) ⊕ (6, 1, 4/3) ⊕ (8, 2, 1/2) , (8)

and the 75 representation � as

� = (1, 1, 0) ⊕ (3, 1, 5/3) ⊕ (3̄, 1,−5/3)

⊕ (3, 2,−5/6) ⊕ (3̄, 2, 5/6)

7 We use the same conventions as [79], except for the normalization of
hypercharge.
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⊕ (6̄, 2,−5/6) ⊕ (6, 2, 5/6) ⊕ (8, 1, 0) ⊕ (8, 3, 0) .

(9)

As seen in Eq. (9), the � field contains an SM singlet com-
ponent. We assume that � develops a vev in this direction,
thereby breaking SU(5) without breaking the SM gauge sym-
metry.8 The vev of � is thus of the form

〈�αβ
γ δ 〉0 = 3

2
V

(
δα
γ δ

β
δ − δα

δ δβ
γ

)
,

〈�ab
cd 〉0 = 1

2
V

(
δac δ

b
d − δadδ

b
c

)
,

〈�αb
γ d〉0 = 〈�bα

dγ 〉0 = −〈�bα
γ d〉0

= −〈�αb
dγ 〉0 = −1

2
V δα

γ δad , (10)

where the Greek letters α, β, . . . are SU(2) indices, early
Roman letters a, b, . . . are SU(3) indices, the 0 subscript
denotes, for later convenience, the vev with no supersymme-
try breaking, and9

V = 3

4

μ�

λ′ . (11)

This breaks SU(5) down to the SM SU(3)×SU(2)×U(1)
gauge symmetry, and gives masses to the GUT gauge
bosons10:

MX = √
24g5V , (12)

where g5 is the SU(5) gauge coupling constant.
The following are the irreducible representations of

SU(3)×SU(2)×U(1) that are contained within the 7511:

�
αβ
γ δ = 1

2
√

2
εαβεγ δ�(1,1,0) ,

�
αβ
cd = 1

2
εαβεcde�

e
(3,1,5/3) ,

�ab
γ δ = 1

2
εγ δε

abc�c(3̄,1,−5/3) ,

�αb
γ δ = 1√

6
εαβεγ δ�

b
β(3,2,−5/6) ,

�
αβ
γ d = 1√

6
εαβεγ δ�

δ

d(3̄,2,5/6)
,

�ab
cα = 1

2
εabd�

cd,δ(6̄,2,−5/6)

8 As discussed in Ref. [10], there are numerous degenerate minima in
the potential of the 75 field, which lead to different breaking patterns
of SU(5). A discussion of the cosmological selection between these
possible vacua is beyond the scope of this paper.
9 This result is consistent with those given in Refs. [68,80].
10 This agrees with the result in Ref. [81].
11 These results are consistent with those in Ref. [82], up to a differ-
ence in overall normalization by a factor of 2 that originates from the
difference in the normalization of the kinetic term.

+ 1

2
√

6

[
δbc�

a
δ(3,2,−5/6) − δac�

b
δ(3,2,−5/6)

]
,

�
aβ
cd = 1

2
εbcd�

ab,β
(6,2,5/6)

+ 1

2
√

6

[
δad�

β

c(3̄,2,5/6)
− δac�

β

d(3̄,2,5/6)

]
,

�ab
cd = 1√

6
εabeεcd f �

f
e(8,1,0) + 1

6
√

2
εabeεcde�(1,1,0) ,

�
aβ
cδ = 1

2
�

aβ
cδ(8,3,0)

+ 1

2
√

6
δ
β
δ �a

c(8,1,0) − 1

6
√

2
δac δ

β
δ �(1,1,0) , (13)

where εαβ = εαβ and εabc = εabc are the totally antisym-
metric tensors of rank 2 and 3, respectively, and each field
component is labelled by its SU(3)×SU(2)×U(1) quantum
numbers. The irreducible representations of the SM gauge
symmetries contained in the 50 are

�abc
δε = 1

2
√

3
εabcεδε�(1,1,−2) ,

�
αβc
de = 1

2
√

3
εαβεade�

ac
(6,1,4/3) ,

�abc
de = 1

6
εabcεde f �

f
(3,1,−1/3) ,

�
αβc
δε = 1

6
εαβεδε�

c
(3,1,−1/3) ,

�abc
δe = 1

2
√

6
εabc�δe(3,2,−7/6) ,

�
abγ
δε = 1

2
√

6
εabcεγαεδε�αc(3,2,−7/6) ,

�αbc
δe = 1

2
√

3
εabc�α

δae(6,3,−1/3)

+ 1

12
εabcεadeδ

α
δ �d

(3,1,−1/3) ,

�
abγ
de = 1

2
√

6
εabcεde f �

f γ
c(8,2,1/2) ,

�
aβγ

dε = 1

2
√

6
εβγ εεα�aα

d(8,2,1/2) , (14)

and its conjugate 50 field, �̄, decomposes into the corre-
sponding conjugate representations.

When the SU(5) symmetry is broken to the SM gauge
symmetry SU(3) × SU(2) × U(1), the components in �

obtain masses as follows12:

M�(1,1,0)
= −4

3
λ′V , M�(3,1,5/3)

= −8

3
λ′V ,

M�(3,2,−5/6)
= 0 ,

12 These results agree with those in Refs. [68,81,83].
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M�(6,2,5/6)
= 4

3
λ′V , M�(8,1,0)

= 2

3
λ′V ,

M�(8,3,0)
= 10

3
λ′V . (15)

We note that the (3, 2,−5/6) ⊕ (3̄, 2, 5/6) components
remain massless after the SU(5) symmetry is broken, as they
are the Nambu–Goldstone fields associated with this sym-
metry breaking that are absorbed by the SU(5) gauge vector
multiplets.

As mentioned above, after the � field acquires a vev, the
(3, 1,−1/3) and (3̄, 1, 1/3) components in� and �̄ combine
with the (3̄, 1, 1/3) and (3, 1,−1/3) components in H̄ and
H via the couplings λ� and λ�̄, respectively, acquiring the
following mass terms:

W ⊃ M��a
(3,1,−1/3)�̄a(3,1,1/3) + 2λ�V H̄Ca�

a
(3,1,−1/3)

+2λ�̄V Ha
C�̄a(3,1,1/3) . (16)

As we discuss below, in order to preserve perturbativity of the
SU(5) gauge coupling, we must require M� � V : indeed,
we find that V ∼ (6 − 7) × 1016 GeV over the interesting
region of parameter space. In this limit, we can integrate out
� and �̄ at the scale of M� to construct an effective theory
in which the mass term for the color-triplet Higgs multiplets
is given by

Weff ⊃ −λ�λ�̄

(2V )2

M�

Ha
C H̄Ca , (17)

from which we see that the colored Higgs mass MHC is given
by

MHC = λ�λ�̄

(2V )2

M�

. (18)

The colored Higgs mass will be an important constraint on
the model that will dictate the range of allowed parameter
values, in order to avoid rapid dimension-5 proton decay.13

On the other hand, the couplings λ� and λ�̄ do not give
masses to the doublet components in H and H̄ , since there
is no corresponding doublet component in � and �̄, as seen
in Eq. (8).

2.2 Renormalization-group running

We provide in this Section the supersymmetric renormalization-
group equations (RGEs) for our minimal MPM, starting with
the running of the gauge coupling. We recall that in this model
the matter fields consist of three 10’s, four 5̄’s, one 5, one 75,
one 50, and one 50. The Casimir indices for these represen-
tations are

C(5) = C(5̄) = 1

2
, C(10) = 3

2
,

13 It may be possible to avoid this complication in non-minimal models
[7,8], but their exploration lies beyond the scope of this paper.

C(50) = C(50) = 35

2
, C(75) = 25 . (19)

These imply that the one-loop RGE for the SU(5) gauge
coupling is

dg2
5

dt
= b5

8π2 g
4
5 , where b5 = 52 , (20)

where t ≡ ln Q with Q the renormalization scale. Because of
the large SU(5) representations, the one-loop beta function
is almost non-perturbative: 52

8π2  0.65. For this reason, one
must either place a lower bound on M� in order to ensure
perturbativity of the SU(5) gauge coupling up to the Planck
scale, or there must be an effective cutoff for the theory where
it has to be UV-completed. As we expect some new physics
to enter at Min, we require only that M� be large enough to
push the Landau pole beyond this input scale. This is done
by solving the one-loop RGE for the gauge couplings in two
regimes, above and below M�, and matching them at M�.
We find that the Landau pole is above the input scale if

M� > MGUT

(
Min

MGUT

) 52
35

exp

(
−8π2

g2
5(MGUT)

1

35

)

 2 × 1017 GeV , (21)

where MGUT is the scale where we match the GUT theory
to the MSSM, defined to be the scale where the Standard
Model couplings, g1 and g2 are equal and g5(MGUT) is the
gauge coupling at MGUT. The room for RGE running in the
presence of � is limited, but we seek to keep M� as light as
possible, in order that the triplet Higgs mass not be so light
that the proton lifetime is too short.

The one-loop RGEs for the Yukawa couplings are:

dλ′

dt
= λ′

16π2

(
56

3
|λ′|2 + 2|λ�|2 + 2|λ�̄|2 − 48g2

5

)
, (22)

dλ�

dt
= λ�

16π2

(
35

3
|λ�|2 + 2

3
|λ�̄|2 + 56

9
|λ′|2

+2Tr(h†
5h5) − 188

5
g2

5

)
, (23)

dλ�̄

dt
= λ�̄

16π2

(
35

3
|λ�̄|2 + 2

3
|λ�|2 + 56

9
|λ′|2

+48Tr(h†
10h10) − 188

5
g2

5

)
, (24)

dh1033

dt
= h1033

16π2

(
144|h1033 |2 + 2|h533 |2 + 10|λ�̄| − 96

5
g2

5

)
,

(25)

dh533

dt
= h533

16π2

(
48|h1033 |2 + 5|h533 |2 + 10|λ�|2 − 84

5
g2

5

)
,

(26)

where we have assumed that the Yukawa couplings of the first
two fermion generations can be neglected. Notice that this
set of RGEs is to be used above the mass threshold of � and
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�̄; below this mass scale, the terms including the couplings
λ� and λ�̄ in the above equations are set to zero.

2.3 Supersymmetric matching conditions

The GUT-scale matching conditions for the gauge couplings
change drastically from those in minimal SU(5), since the
75 has many component fields with different SM charges
and masses, as seen above. In addition, there is the possi-
bility of a Planck-scale-suppressed dimension-five operator
constructed out of the gauge and 75 fields,

W�g
eff = d

MP
WC

AWD
B �AB

CD , (27)

which would also affect the matching conditions14 [81,84],
whereW A

B denotes the gauge field strength chiral superfields.
We then have the following matching conditions for the gauge
coupling constants in the DR scheme:

1

g2
1(Q)

= 1

g2
5(Q)

+ 1

8π2

×
[

10 ln

(
Q

M�(3,1,5/3)

)
+ 10 ln

(
Q

M�(6,2,5/6)

)

+ 2

5
ln

(
Q

MHC

)
− 10 ln

(
Q

MX

)]
+ 5

2

(
8dV

MP

)
,

(28)

1

g2
2(Q)

= 1

g2
5(Q)

+ 1

8π2

×
[

6 ln

(
Q

M�(6,2,5/6)

)
+ 16 ln

(
Q

M�(8,3,0)

)

− 6 ln

(
Q

MX

)]
− 3

2

(
8dV

MP

)
, (29)

1

g2
3(Q)

= 1

g2
5(Q)

+ 1

8π2

×
[

10 ln

(
Q

M�(6,2,5/6)

)
+ ln

(
Q

M�(3,1,5/3)

)

+ 3 ln

(
Q

M�(8,1,0)

)
+ 9 ln

(
Q

M�(8,3,0)

)

+ ln

(
Q

MHC

)
− 4 ln

(
Q

MX

)]

− 1

2

(
8dV

MP

)
. (30)

14 It is stated in [80] that the minimal missing partner model we con-
sider is ruled out because matching conditions force a non-perturbative
gauge coupling at the GUT scale. We evade this conclusion by includ-
ing the dimension-five operator in Eq. (27), which alters the matching
conditions and allows viable models. In the models considered, a value
of d ∼ 0.2 is sufficient to ensure perturbative gauge couplings.

The conditions on the effective theory below the mass thresh-
old of � and �̄ when these fields are integrated out can be
simplified to15

3

g2
2(Q)

− 2

g2
3(Q)

− 1

g2
1(Q)

= − 3

10π2 ln

(
Q

MHC

NHC

)
− 48dV

MP
, (31)

5

g2
1(Q)

− 3

g2
2(Q)

− 2

g2
3(Q)

= − 3

2π2 ln

(
Q3

M2
XM�(8,1,0)

NX

)
+ 144dV

MP
, (32)

5

g2
1(Q)

+ 3

g2
2(Q)

− 2

g2
3(Q)

= − 15

2π2 ln

(
Ng5

M2
�(8,1,0)

MXQ

)
+ 6

g2
5(Q)

+ 72dV

MP
, (33)

where we have used (see Eq. (15))

M�(6,2,5/6)
= 2M�(8,1,0)

, M�(3,1,5/3)
= 4M�(8,1,0)

,

M�(8,3,0)
= 5M�(8,1,0)

, (34)

and

NHC ≡
( M5

�(8,3,0)

M2
�(3,1,5/3)

M2
�(6,2,5/6)

M�(8,1,0)

) 5
2 = 5

25
2

215
,

NX ≡
M4

�(3,1,5/3)
M�(6,2,5/6)

M1/2
�(8,1,0)

M11/2
�(8,3,0)

= 29

5
11
2

,

Ng5 ≡
M4/5

�(3,1,5/3)
M4/5

�(6,2,5/6)
M1/2

�(8,3,0)

M21/10
�(8,1,0)

= 2
12
5 5

1
2 . (35)

We note that Eq. (32) is dependent on the contribution of
the dimension-five operator [81], which is contrary to the
case in minimal SUSY SU(5) GUT [34,85]. The inclusion
of terms ∝ d ∼ 0.2 in (31, 32, 33) avoids the problem of
non-perturbative gauge couplings emphasized in [80].

We can find a condition that is independent of d and gives
a constraint on the masses that must always be satisfied,
namely:

6

g2
2(Q)

− 8

g2
3(Q)

+ 2

g2
1(Q)

= 27

5 π2 ln

(
5− 5

9
MG

Q

)
, (36)

15 These simplified equations are modified if λ′ is small and there
are higher-dimensional operators consisting of 75 fields, such as
(
�AB
CD�CD

AB

)2
, that become important. In this case, the masses of the

component fields in � are shifted from those in Eq. (15), altering the
GUT-scale matching conditions. A general discussion of the possible
impacts of this and other higher-dimensional operators lies beyond the
scope of this paper.
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where

MG =
(
M3

HC
M5

�(8,1,0)
M10

X

) 1
18

. (37)

We can substitute the above expressions for MHC , M�(8,1,0)

and MX into this expression and solve for V to get

V = 2
16
21

4

(
M18

G M3
�

g10
5 λ′5λ3

�λ3
�̄

) 1
21

. (38)

We can then use this expression and those for MX and
M�(8,1,0)

in Eq. (33) to solve for g5.
We consider as a benchmark point a model with tan β =

4.5, m1/2 = 20 TeV and A0/m0 = 2.25, and assume that
the input B-term satisfies the minimal supergravity condition
B0 = A0 − m0 [86–88]. We choose Min  4 × 1017 GeV
and M� = 3 × 1017 GeV, which satisfies the bound (21).
We take λ′ = 0.005, λ�,�̄ = 1, and sgn(μ) < 0. In order to
obtain the correct relic density, we take m0 = 15.9 TeV, so
that the lightest supersymmetric particle (LSP) (which is the
bino) and lighter stop are nearly degenerate, with the LSP
mass at 4.2 TeV and �m = 12 GeV. The input parame-
ters for this benchmark point are given in Table 1, together
with its derived GUT-scale quantities, MSSM parameters and
observables. Using these inputs, we see in Fig. 1 that the SM
gauge couplings g1,2,3 nearly unify at the GUT scale, where
g1 = g2 and g3/g1 = 1.009. There is a large threshold effect
on the gauge coupling at the GUT scale, where the unified
SU(5) gauge coupling g5 = 0.907. It then increases rapidly
at higher scales because of the large contributions to the one-
loop renormalization coefficient β5 coming from the 75, 50
and 50 representations in the MPM.

3 Supersymmetry breaking

We now look at supersymmetry breaking in the minimal
MPM and the associated RGEs. The soft supersymmetry-
breaking terms in the model are

Lsoft = −
(
m2

10

)

i j
ψ̃∗
i ψ̃ j −

(
m2

5

)

i j
φ̃∗
i φ̃ j − m2

H |H |2

− m2
H

|H |2 − m2
� |�|2 − m2

�|�|2 − m2
�̄
|�̄|2

−
[

1

2
M5̃λ

Aλ̃A + A10 (h10)i j εαβγ δζ ψ̃
αβ
i ψ̃

γ δ

j H ζ

+ A5

(
h5

)
i j ψ̃

αβ
i φ̃ jαHβ

+ 1

2
B�μ��2 − 1

3
Aλ′λ′�3 + A�λ� H̄��

+ A�̄λ�̄H��̄ + B�M���̄ + h.c.

]
. (39)

Table 1 Benchmark point parameters. We first give the input parame-
ters defined at Min, with the exception of the Yukawa couplings, which
are defined at MGUT, and assume μ < 0. The second set of parame-
ters are GUT scale quantities determined by the matching conditions
described in the text. The third set of quantities are derived from the
running of the RGEs and matching at the weak scale. We find that
mt̃1 − mχ = 12 GeV at this point. The chargino masses are nearly
degenerate with the wino and Higgsino masses given as mχ2 and mH̃ ,
m τ̃2 is similar to ml̃L

, mũR is similar to mq̃L , mb̃1
is similar to mt̃2 , and

mb̃2
is similar to md̃R

. Other A-terms take values between At and Ad .
The final entries correspond to the observables we concentrate on in
this work: the relic density, the Higgs mass, and the proton lifetime

Inputs

m1/2 = 20 TeV m0 = 15.9 TeV A0/m0 = 2.25

tan β = 4.5 Min = 1017.6 GeV M� = 3 × 1017 GeV

λ′ = 0.005 λ�,�̄ = 1 B0 = A0 − m0

GUT-scale parameters (masses in units of 1016 GeV)

MGUT = 0.692 MHC = 5.53 M� = 0.0215

MG = 2.95 MX = 28.6 V = 6.46

g5 = 0.907 d = 0.24

MSSM parameters (masses in units of TeV)

mχ = 4.2 mt̃1 = 4.2 mg̃ = 17.7

mχ2 = 8.5 mH̃ = 24.1 μ = −23.5

ml̃L
= 21.5 ml̃R

= 23.2 m τ̃1 = 20.5

mq̃L = 26.6 md̃R
= 24.4 mt̃2 = 18.1

At = 32.7 Ad = 80.9 B = −14.6

cK = −0.043 cW = −1.44

Observables

�χh2 = 0.125 mh = 125.3 GeV τp = (0.099 ± 0.026) ×
1035 years

3.1 Renormalization group equations

Some of the one-loop RGEs in the MPM differ from
those in minimal SU(5). The new one-loop RGEs for soft
supersymmetry-breaking scalar masses are

dm2
�

dt
= 1

8π2

×
[

56

9
|λ′|2Sλ′ + 2

3
|λ�|2S� + 2

3
|λ�̄|2S�̄ − 32g2

5 |M5|2
]

,

(40)

dm2
�

dt
= 1

8π2

[
|λ�|2S� − 168

5
g2

5 |M5|2
]

, (41)

dm2
�̄

dt
= 1

8π2

[
|λ�̄|2S�̄ − 168

5
g2

5 |M5|2
]

, (42)

dm2
H

dt
= 1

8π2

[
48|h10|2S10 + 10|λ�̄|2S�̄ − 48

5
g2

5 |M5|2
]

, (43)

dm2
H̄

dt
= 1

8π2

[
2|h5|2S5 + 10|λ�|2S� − 48

5
g2

5 |M5|2
]

, (44)
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Fig. 1 Evolutions of the SM gauge couplings g1,2,3 with the renor-
malization scale μ below the GUT scale, exhibiting their unification
and the rapid increase of g5 above the GUT scale. We assume a bench-
mark point with m1/2 = 20 TeV: the values of the other benchmark
parameters are specified in the text

where h10 and h5 are short-hand notations for h1033 and h533 ,
and

Sλ′ = 3m2
� + |Aλ′ |2 ,

S� = m2
H̄

+ m2
� + m2

� + |A�|2 ,

S�̄ = m2
H + m2

� + m2
�̄

+ |A�̄|2 ,

S10 = m2
H + 2m2

10 + |A10|2 ,

S5 = m2
H̄

+ m2
10 + m2

5 + |A5|2 , (45)

where m2
10, m2

5, A10, and A5 are analogous short-hand nota-
tions for m2

1033
, m2

533
, A1033 and A533 . The RGEs for the first

two generations can be found from these by setting h5 and
h10 to zero.

The RGEs for the A-terms are

d A10

dt
= 1

8π2

×
[

144|h10|2A10 + 2|h5|2A5 + 10|λ�̄|2A�̄ − 96

5
g2

5M5

]
,

(46)
d A5

dt
= 1

8π2

×
[

48|h10|2A10 + 5|h5|2A5 + 10|λ�|2A� − 84

5
g2

5M5

]
,

(47)
d A101

dt
= 1

8π2

[
48|h10|2A10 + 10|λ�̄|2A�̄ − 96

5
g2

5M5

]
, (48)

d A51

dt
= 1

8π2

[
2|h5|2A5 + 10|λ�|2A� − 84

5
g2

5M5

]
, (49)

d Aλ′

dt
= 1

8π2

[
56

3
|λ′|2Aλ′ + 2|λ�̄|2A�̄ + 2|λ�|2A� − 48g2

5M5

]
,

(50)
d Aλ�̄

dt
= 1

8π2

×
[

48|h10|2A10 + 56

9
|λ′|2Aλ′ + 35

3
|λ�̄|2A�̄

+2

3
|λ�|2A� − 188

5
g2

5M5

]
, (51)

d Aλ�

dt
= 1

8π2

×
[

2|h5|2A5 + 56

9
|λ′|2Aλ′ + 2

3
|λ�̄|2A�̄

+35

3
|λ�|2A� − 188

5
g2

5M5

]
, (52)

dB�

dt
= 1

8π2

×
[

112

9
|λ′|2Aλ′ + 4

3

(
|λ�|2A� + |λ�̄|2A�̄

)
− 32g2

5M5

]
,

(53)
dB�

dt
= 1

8π2

[
|λ�|2A� + |λ�̄|2A�̄ − 168

5
g2

5M5

]
. (54)

Again, below the mass scale of � and �̄, the contributions
of the couplings λ� and λ�̄ are set to zero.

3.2 Supersymmetry-breaking matching conditions

We consider next the matching conditions of the supersymmetry-
breaking parameters, focusing on those for the gauginos,
since those for squarks and sleptons are the same as in min-
imal SU(5) and expressions for μ and B were given in (7).
The matching for the missing-partner model has been done
in Ref. [89], but without expressing explicitly, in terms of
the soft parameters in the original Lagrangian, the B-term
needed to match the components of the � and �̄ that mix
with the colored Higgs fields. Since � and �̄ must be signif-
icantly heavier than the GUT scale, there are two matching
scales. At M�, � and �̄ must be integrated out in an SU(5)-
symmetric way, and we use the superpotential in Eq. (17)
for the GUT-scale matching conditions. The B-term for the
colored Higgs bosons in this superpotential is

Lsoft ⊃ −λ�λ�̄

(
B� − A� − A�̄ + 2Aλ′ − 2B�

)

(2V )2

M�

H̄C HC . (55)

Using this, we find that the SU(5) gaugino gets the following
correction from integrating out � and �̄:

�M5 = ±35
g2

5

16π2 B� , (56)

where the correction is positive when running down from
Min. In order to obtain the matching condition for the gaug-
inos at the GUT scale, we need the correction to the vac-
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uum expectation value of � from the soft supersymmetry-
breaking terms in Eq. (39), which is

〈�AB
CD〉 =

[
1 + Aλ′ − B�

μ�

+ (Aλ′ − B�) θ2
]

〈�AB
CD〉0 .

(57)

where the term proportional to θ2 is the F-term of �. This F-
term leads to an additional correction to the gaugino match-
ing conditions. Including this, we find that the gaugino mass
matching conditions are

M1 = g2
1

g2
5

M5 − g2
1

16π2

[
10M5 − 10(Aλ′ − B�) − 20B�

+2

5

(
B� − A� − A�̄ + 2Aλ′ − 2B�

)]

+ 5

4

(
8dV

MP

)
(Aλ′ − B�) , (58)

M2 = g2
2

g2
5

M5 − g2
2

16π2 [6M5 − 6 (Aλ′ − B�) − 22B�]

− 3

4

(
8dV

MP

)
(Aλ′ − B�) , (59)

M3 = g2
3

g2
5

M5 − g2
3

16π2

× [4M5 − 4 (Aλ′ − B�) − 23B� + B� − A�

−A�̄ + 2Aλ′ − 2B�

]

− 1

4

(
8dV

MP

)
(Aλ′ − B�) . (60)

The matching conditions for the squarks and sleptons are the
same as in the minimal SU(5) super-GUT, and can be found in
Ref. [36] and references therein. As discussed earlier, there is
no matching conditions for the MSSM μ- and B-terms. These
are fixed at the weak by the electroweak symmetry breaking
minimization conditions by introducing the Giudice-Masiero
terms in Eqs. (5) and (6).

The renormalization effects on the gaugino masses for
our benchmark point are shown in the left panel of Fig. 2.
Descending from 20 TeV at the input scale Min = 4 ×
1017 GeV, we see that M5 initially decreases rapidly to
∼ 10 TeV at M�, where the large threshold matching correc-
tion shown (56) brings M5 to ∼ 25 TeV. It then resumes its
decrease until it reaches the GUT scale, where M5 ∼ 8.2 TeV.
The SM gaugino masses do not unify at the GUT scale,
because of the non-trivial matching conditions described in
Eqs. (58)–(60). The right panel of Fig. 2 shows the RGE evo-
lution of sfermion mass parameters m̃ ≡ m2/

√|m2|, assum-
ing that they are all equal to 15.9 TeV at the same input scale.
We see that the physical squark masses are in the range ∼ 18–
27 TeV, with the exception of the right-handed stop squark,
whose physical value (after diagonalization) is ∼ 4.2 TeV.

This is very similar to the physical value of the B̃ mass shown
in the left panel of Fig. 2, as is required along the stop coanni-
hilation strip that we discuss below. As usual, this reduction
in the stop mass is due to renormalization by the top Yukawa
coupling, which also drives the H2 mass-squared negative
at a scale Q ∼ 1013 GeV, making electroweak symmetry
breaking possible.16 The evolution of the slepton masses is
similar to that shown for H1. Representative squark and slep-
ton masses at the weak scale are given in Table 1. In the
following phenomenological analysis we study the regions
of parameter space where there is a consistent electroweak
vacuum.17

4 Phenomenology of the super-GUT CMSSM MPM

The version of the super-GUT CMSSM with the missing-
partner mechanism that we study has the following parame-
ters, in addition to the universal soft supersymmetry-breaking
gaugino mass m1/2, scalar mass m0, trilinear and bilinear
couplings A0 and B0, ratio of Higgs vevs tan β and the sign
of the Higgsino mixing parameter μ: the input scale Min at
which universality is assumed, M�

18 and two trilinear super-
potential couplings λ� and λ′.

The left panel of Fig. 3 shows a representative (m1/2,m0)

plane for the choices tan β = 4.5, A0/m0 = 2.25, B0 =
A0 −m0, μ < 0, Min = 4×1017 GeV, M� = 3×1017 GeV,
λ′ = 0.005 and λ� = 1. In the region at smaller m1/2 and
larger m0 that is shaded brown the lighter stop is lighter
than the bino, which is cosmologically unacceptable, or
tachyonic, and there is a narrow blue strip just below its
boundary where the relic LSP density falls within a factor
∼ 2 of the cosmological range [49,50] in the absence of
entropy generation, i.e., �LSPh2 ∈ (0.05, 0.2). The red dash-
dotted lines are contours of the value of mh calculated using
FeynHiggs 2.18.0 [53], and the blue lines are contours
of τ(p → K+ν) in units of 1035 y. In order to obtain conser-
vative bounds, the coefficients of the contributing dimension-
5 operators are calculated using the down-quark Yukawa cou-
plings (rather than those of the corresponding charged lep-
tons) for the first two generations, and choosing values of the

16 Although the Higgs soft mass goes tachyonic at around Q ∼
1013 GeV, the total Higgs scalar mass m2

H2
+ |μ|2 does not go tachy-

onic until Q ∼ 104 GeV, suggesting the vacuum we examined is indeed
stable.
17 We do not explore the possible existence of other vacua, nor the
possibility of tunnelling towards them or their possible cosmological
implications. However, we do not expect them to cause problems for
the super-GUT CMSSM that we study: see the discussion of the con-
ventional CMSSM in [90–92].
18 Because of the rapid running of the gauge couplings above M�, this
must be close to Min.
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Fig. 2 Left panel: renormalization effects on the SU(5) gaugino mass
M5, exhibiting its sharp decrease as μ → MX from above, and the
subsequent evolution of the SM gaugino masses M1,2,3 at lower scales,
following threshold corrections at the GUT scale. Right panel: corre-

sponding evolution of the squark and Higgs masses. Our benchmark
point with m1/2 = 20 TeV is assumed, with the other parameter values
specified in the text

GUT phases that minimize the decay rate, as in [36].19 The
solid lines are for the lifetime calculated using central val-
ues of the relevant hadronic decay matrix elements and αs ,
and the dashed lines are calculated adding in quadrature their
estimated 1-σ reductions, following the procedure described
in [36], corresponding to a longer lifetime for the same values
of the model parameters.

The dark matter strip in the left panel of Fig. 3 terminates
at m1/2  22.5 TeV, where the cosmological dark matter
density can no longer be attained in the absence of entropy
generation even when the LSP and the lighter stop are degen-
erate, as indicated by the cross. We note also that the experi-
mental lower limit τ(p → K+ν) = 6.6×1033 y [51,52] sets
a lower limit of m1/2 � 17 (15) TeV on the allowed extent of
the strip if the central (+ 1-σ ) estimate of the lifetime is used.
We see that mh is within 1 GeV of the experimental value
∼ 125 GeV along all the allowed dark matter strip in the
left panel of Fig. 3. The star indicates the benchmark point
that we have chosen for more detailed analysis, which has
m0 = 15.9 TeV. The parameter inputs and resulting GUT
scale and MSSM masses as well as values for �χh2,mh ,
and τp are given in Table 1.

We now discuss how the phenomenological features of
the MPM change as the model parameters are varied, starting
with the sensitivity to A0. The right panel of Fig. 3 shows the
(m0, A0/m0) plane for the same values of tan β, Min, M�, λ′
and λ�, with B0 = A0 −m0 and μ < 0. We see again at large
m0 and A0/m0 (shaded brown) the region that is excluded

19 For a recent discussion of the uncertainty in the calculation of τ(p →
K+ν) due to the choice of the Yukawa couplings, see Ref. [93].

because the LSP is the lighter stop and, just below it, a
stop coannihilation strip along whichm0 increases as A0/m0

decreases. We see that τ(p → K+ν) increases with m0, and
the experimental limit τ(p → K+ν) > 6.6×1033 y is satis-
fied for m0 � 11 TeV and A0/m0 � 2.7, or m0 � 7 TeV and
A0/m0 � 3.8 when the 1-σ uncertainty in τp is taken into
account. We also see that mh ∼ 125 GeV along all the dis-
played part of the strip. The star again represents our chosen
benchmark point with (m0, A0/m0) = (15.9 TeV, 2.25), and
the cross marks the tip of this strip, which is atm0  23.2 TeV
and A0/m0  2.05, corresponding to central values of
τ(p → K+ν) ∼ 1.7 × 1034 y and mh ∼ 125.6 GeV. Our
benchmark point lies midway along the allowed part of the
dark matter strip, corresponding to a representative choice
within the narrow allowed range of A0/m0.

Figure 4 illustrates the effects of changing some other
MPM parameters. In the upper left panel we see the
(m1/2,m0) plane with μ > 0 and the same values of the
other parameters as in Fig. 3, namely tan β = 4.5, A0 =
2.25m0, B0 = 1.25m0, Min = 4 × 1017 GeV, M� =
3 × 1017 GeV, λ′ = 0.005 and λ� = 1. We see that
mh < 121 GeV along all the dark matter strip. It is a general
feature of the μ > 0 planes we have studied that mh is too
small, whereas generic planes with μ < 0 have acceptable
values of mh . For this reason, we do not discuss further any
cases with μ > 0. In the upper right panel of Fig. 4 we choose
Min = 2 × 1017 GeV, i.e., below the value of M�, with the
other parameters unchanged from those in Fig. 3. In this case,
there is little effect of the largeβ-function coefficient ascribed
to the 50. We see that τ(p → K+ν) is slightly reduced at
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Fig. 3 Left panel: the (m1/2,m0) plane for the parameters tan β =
4.5, A0 = 2.25m0, B0 = 1.25m0, Min = 4 × 1017 GeV, M� =
3 × 1017 GeV, λ′ = 0.005 and λ� = 1 with μ < 0. Right
panel: the (m0, A0/m0) plane with B0 = A0 − m0 and unchanged
values for the other model parameters. Here and subsequently, the
brown shaded regions are excluded because the LSP is the lighter

stop, in the narrow dark blue strips the relic LSP density �LSPh2 ∈
(0.05, 0.2), the dot-dashed red lines are contours ofmh calculated using
FeynHiggs 2.18.0, and the solid (dashed) blue lines are contours
of τ(p → K+ν) in units of 1035 y calculated with central (− 1-σ )
values of the decay matrix elements and αs

the tip of the coannihilation strip. In the lower left panel
of Fig. 4, λ� = 0.8, with the other parameters unchanged
from those in Fig. 3. There is a more significant reduction
in τ(p → K+ν) at the tip of the coannihilation strip, as it
falls below the nominal experimental limit. We conclude that
there is limited scope for decreasing either Min or λ� below
the benchmark values used in Fig. 3. On the other hand, we
see in the lower right panel of Fig. 3 that τ(p → K+ν) is
increased for λ� = 1.2 and unchanged values of the other
parameters. The sensitivity to λ� is due mainly to its effect
on the colored Higgs mass: see Eq. (17).

As an aid to visualising the context of the stop coannihila-
tion strip in more detail, we show in Fig. 5 a section across the
dark matter strip and into the stop LSP region for the parame-
ters tan β = 4.5, Min = 4×1017 GeV, M� = 3×1017 GeV,
λ′ = 0.005 and λ� = 1, withm0 = 15.9 TeV chosen so as to
obtain the cosmological value of �LSPh2 form1/2 = 20 TeV.
We see how the role of the LSP is exchanged between the
bino and the stop, as indicated by the switch from solid black
lines to dashed red lines. The dark matter strip is located
just inside the bino LSP region, where mt̃1 −mχ  12 GeV
for the parameter choices displayed, which is too close to
the mass crossover point to be distinguishable in this plot.
The dark matter density increases rapidly for larger values of
m1/2, and we display in the following figures the sensitivity
of �LSPh2 to other model parameters.

The effects of varying m0 for the indicated fixed val-
ues of m1/2, for the same input parameters as in the upper
left panel of Fig. 3, are exhibited in Fig. 6. The values of
�LSPh2 (left panel), τ(p → K+ν) (middle panel) and mh

(right panel) are plotted as functions of m0. These quan-
tities are plotted as solid black lines as long as the LSP
is a bino, changing to a dashed red line when the LSP is
the lighter stop, and terminating when the RGE calculations
break down. We see in the left panel that �LSPh2 � 100
over a large range of m0, before dropping precipitously as
the LSP and the lighter stop become more degenerate and
coannihilation kicks in bringing �LSPh2 into the allowed
range (indicated by the horizontal green line) at a value of
m0 that increases with m1/2. We find that �LSPh2 never falls
into the allowed cosmological range for m1/2 � 22.5 TeV.20

We see in the middle panel how τ(p → K+ν) varies withm0

for the chosen values of m1/2. The proton lifetime increases
monotonically with m1/2 for any fixed value of m0, and also
with m0 for fixed m1/2. It remains above the experimental
lower limit τ(p → K+ν) = 6.6 × 1033 y (indicated by the
horizontal green line) for all the exhibited range of m0 for
m1/2 = 25 TeV, but for m1/2 = 20 TeV the range over

20 Close examination of the m1/2 = 25 TeV curve shows that the range
with a bino LSP terminates before �LSPh2 drops into the measured
range.
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Fig. 4 Upper left panel: the (m1/2,m0) plane for the parameters
tan β = 4.5, A0 = 2.25m0, B0 = 1.25m0, Min = 4 × 1017 GeV,
M� = 3 × 1017 GeV, λ′ = 0.005 and λ� = 1 with μ > 0. Upper
right panel: The corresponding plane with Min = 2 × 1017 GeV, μ < 0
and unchanged values of the other parameters. Lower panels: the corre-

sponding planes with λ� = 0.8 (left) and λ� = 1.2 (right), with μ < 0,
and Min = 4×1017 GeV and unchanged values of the other parameters.
In each panel, the cross marks the endpoint of the stop coannihilation
strip

which it reaches the experimental limit is limited. When
m1/2 = 20 TeV we find mLSP  mt̃1  4.2 TeV, and
mg̃ ∼ 18 TeV, whereas the light-flavour squarks have masses
O(25) TeV. The large negative renormalization of mg̃ arises
from the large group-theoretical factors associated with the
large representations appearing in the MPM. Note that these
curves represent central values of the computed values of τp
and the lifetime could be increased by ∼ 20% when uncer-

tainties in the hadronic matrix elements and αs are included.
Finally, the right panel of Fig. 6 shows how mh calculated
using FeynHiggs 2.18.0 [53] varies as a function of
m0 for the indicated fixed values of m1/2 and the same input
parameters as in the upper left panel of Fig. 3. We see that
mh ∈ (123, 126) GeV over all the ranges of m0 displayed,
which is quite consistent with the experimental value (indi-
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Fig. 5 The values of mχ and mt̃1 (solid black lines in the bino LSP
region, dashed red lines in the stop LSP region) as functions of m1/2 for
the parameters tan β = 4.5, Min = 4×1017 GeV, M� = 3×1017 GeV,
λ′ = 0.005 and λ� = 1, with m0 chosen to obtain the cosmological
value of �LSPh2 for m1/2 = 20 TeV

cated by the horizontal green line) in view of the theoretical
uncertainties in the calculation.

Figure 7 displays �LSPh2 (left panel), τ(p → K+ν)

(middle panel) and mh (right panel) as functions of λ� = λ�̄

for the indicated fixed values of m1/2 ∈ [15, 25] TeV and m0

chosen so as to obtain the cosmological value of �LSPh2

for λ� = 1, with the same values of the other input param-
eters as in the upper left panel of Fig. 3. Specifically, we
take m0 = 11.6, 15.9 and 19.9 TeV for m1/2 = 15, 20,
and 25 TeV. In the latter case, the relic density is high,
�LSPh2 = 0.15, when mχ = mt̃1 , i.e., it is past the stop
coannihilation endpoint. We see that �LSPh2 is very similar
for all the chosen values of m1/2. On the other hand, as seen
in the middle panel of Fig. 7, τ(p → K+ν) decreases when
the value of λ� is reduced. For this reason, the allowed range
of the stop coannihilation strip disappears when λ� � 1 if
the other model parameters are unchanged from those in the
upper left panel of Fig. 3 and in Fig. 6. For λ� � 0.9, RGE
running breaks down for the this parameter set, though lower
values of λ� are possible for other choices ofm1/2 andm0, as
seen in the lower left panel of Fig. 4. Moreover, τ(p → K+ν)

is below the nominal experimental limit at the point of stop-
coannihilation (when the bino and stop masses near equal-
ity, which occurs when the black solid curves become red
dashed) when m1/2 = 15 TeV, whereas for m1/2 = 20 and
25 TeV the lifetime is above the experimental limit for all
values of λ� displayed. Once again, the right panel of Fig. 7
shows that mh is within 2 GeV of the experimental value for
all values of λ� for the three indicated choices of m1/2.

We study in Fig. 8 the sensitivity of the predictions to
tan β. We see in the left panel that when m0 is chosen (as in
Fig. 7) so as to obtain the cosmological value of �LSPh2 for
tan β = 4.5, the rangem1/2 ∈ [15, 25] TeV is consistent with
the cosmological value of �LSPh2 only for limited ranges
of tan β ∼ 3 and ∼ 4.5. Values of tan β in between are
largely excluded because the LSP is the lighter stop. The
middle panel shows how τ(p → K+ν) decreases with tan β,
disfavouring values � 5. On the other hand, the right panel
shows that the value of mh decreases with tan β and m1/2,
becoming incompatible with the experimental value when
tan β � 3.5, where the LSP is the lighter stop. We conclude
that a range of tan β ∼ 4.5 is favoured.

Figure 9 analyzes the sensitivity of �LSPh2, τ(p → K+ν)

andmh to B0/m0 whenm0 is chosen to obtain the cosmolog-
ical value of �LSPh2 for B0 = A0 − m0. For these choices
of parameters, the bino is the LSP as long as B0 > A0 −m0.
We see that �LSPh2 is quite insensitive to m1/2, whereas the
lower limit on τ(p → K+ν) prefersm1/2 � 15 TeV. Finally,
the right panel of Fig. 9 shows that mh is within 2 GeV of the
experimental value for all values of B0/m0 for the 3 indicated
choices of m1/2.

Figure 10 shows the corresponding sensitivity of �LSPh2,
τ(p → K+ν) and mh to M� when m0 is chosen to obtain
the cosmological value of �LSPh2 for M� = 3 × 1017 GeV.
We see that �LSPh2 is very sensitive to M�, and that τ(p →
K+ν) disfavours large values of M�, as should be clear from
Eq. (18). Here we also see that, for a given Min, low values of
M� < Min are problematic because of rapid RGE running
with large β-function coefficients. This problem is avoided
when M� > Min. The Higgs mass, mh , is quite insensitive
to M� and always close to the experimental value.

We show in Fig. 11 the corresponding results for �LSPh2,
τ(p → K+ν) and mh as Min varies. Once again, we see
that when the difference between M� and Min is large, RGE
running becomes problematic. In this case �LSPh2 increases
rapidly for Min < 4×1017 GeV, and τ(p → K+ν) decreases
gradually towards small Min, falling below the experimental
lower limit for Min � a few×1016 GeV, even for m1/2 = 20
or 25 TeV. On the other hand, mh is insensitive to Min and
always compatible with the experimental value.

Finally, Fig. 12 the sensitivity of �LSPh2, τ(p → K+ν)

and mh to λ′. In this case �LSPh2 increases rapidly for
λ′ > 0.005, while τ(p → K+ν), decreases falling below
the experimental lower limit for λ′ � 0.015, even for
m1/2 = 25 TeV. Once again, mh is insensitive to Min and
always compatible with the experimental value, so long as
the bino is the LSP.

The conclusion of this analysis is that there is a relatively
restricted region of parameter space close to the default val-
ues tan β = 4.5, Min = 4×1017 GeV, M� = 3×1017 GeV,
λ′ = 0.005 and λ� = 1, B0 = A0 − m0 and μ < 0 that is
compatible with all the experimental constraints. One of the
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Fig. 6 Values of �LSPh2 (left panel), τ(p → K+ν) (center panel)
and mh (right panel) as functions of m0 for the indicated fixed values
of m1/2 ∈ [15, 25] TeV and for the same input parameters as in the
upper left panel of Fig. 3. Values calculated when the LSP is a bino are
shown as solid black lines, becoming dashed red lines when the LSP

is the lighter stop and terminating when the RGE calculations break
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experimental value of mh , respectively
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Fig. 7 As in Fig. 6, as functions of λ� for the indicated fixed values of m1/2 ∈ [15, 25] TeV and m0 chosen to obtain the cosmological value of
�LSPh2 for λ� = 1, with the same values of the other input parameters as in Fig. 3
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Fig. 10 As in Fig. 6, as functions of M� for the indicated fixed values of m1/2 ∈ [15, 25] TeV and m0 chosen to obtain the cosmological value of
�LSPh2 for M� = 3 × 1017 GeV, with the same values of the other input parameters as in Fig. 3

817161
       10−2

       10−1

       100

       101

       102

       103

       104

15TeV

20TeV

25TeV

Log(Min /GeV) 

h2

  A0/m0 = 2.25, tan β = 4.5, μ < 0

817161
0.001

0.01

0.1

1

15TeV

20TeV

25TeV

  A0/m0 = 2.25, tan β = 4.5, μ < 0

τ p
(1

035
 y

rs
)

Log(Min /GeV) 
817161

120

130

125
15TeV

20TeV

25TeV

  A0/m0 = 2.25, tan β = 4.5, μ < 0

m
h

(G
eV

)

Log(Min /GeV) 

Ω

Fig. 11 As in Fig. 6, as functions of Min for the indicated fixed values of m1/2 ∈ [15, 25] TeV and m0 chosen to obtain the cosmological value of
�LSPh2 for Min = 4 × 1017 GeV, with the same values of the other input parameters as in Fig. 3
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interesting aspects of this conclusion is that τ(p → K+ν)

is always close to the present experimental lower limit, and
hence accessible to the the Hyper-Kamiokande experiment
that is now under construction, and is expected to have 90%
CL exclusion sensitivity to τ(p → K+ν) at the level of
∼ 5 × 1034 years after 20 years of operation [67].

5 Conclusions

We have analyzed in this paper the phenomenological viabil-
ity of the minimal SU(5) missing-partner super-GUT version
of the CMSSM, which contains 75, 50 and 50 Higgs repre-
sentations. The running of the model parameters above the
GUT scale is much faster than in conventional SU(5), as seen
in Fig. 1, limiting the ranges above the GUT scale where the
RGEs remain perturbative. This imposes constraints on the
ranges of the input scale, Min, and the common mass of the 50
and 50 multiplets, M�, limiting them to a few ×1017 GeV.
Important phenomenological constraints on the model are
then imposed by the cosmological relic density, �LSPh2, the
proton lifetime, τ(p → K+ν), and the Higgs mass, mh ,
which we compute using FeynHiggs 2.18.0.

The proton lifetime requires the soft supersymmetry-
breaking parameters m1/2 and m0 to lie in the multi-TeV
range, in which case the relic density constraint forces these
parameters to lie along the stop coannihilation strip, where
the MSSM soft supersymmetry-breaking scalar mass m0 is
essentially determined as a function of the gaugino mass
m1/2. We then find that the Higgs mass prediction is com-
patible with the relic density constraint only if the MSSM
Higgs mixing parameter μ is negative. The proton decay and
relic density constraints set lower and upper limits on m1/2

that are compatible with �LSPh2 for only limited ranges of
m1/2 ∼ 15–25 TeV and tan β ∼3.5–5. In the allowed range

1033 1034 1035 1036

τ (p K+ν̄) [years]

Minimal SU(5)

MPM (this work)

HK (10 yrs)

HK (20 yrs)

JUNO (10 yrs)

DUNE (10 yrs)

SK

Fig. 13 The ranges of p → K+ν lifetimes found here in the CMSSM
for the super-GUT MPM (blue band) and in the minimal SU(5) (green
band; see Ref. [36]) compared with the sensitivities of the JUNO [65],
DUNE [66] and Hyper-K [67] experiments. The gray shaded area is
excluded by the Super-Kamiokande experiment [51,52]

of parameter space we find that MSSM sparticle masses are
typically in the ranges mLSP,mt̃1 ∼2.5–5 TeV, mg̃ ∼10–
20 TeV, mq̃ ∼15–30 TeV and m

�̃
∼10–25 TeV, beyond the

reach of the LHC but potentially within reach of a 100-TeV
proton–proton collider such as FCC-hh or SppC [94–98].

The most promising phenomenological signature of this
model may be proton decay, since we find that τ(p →
K+ν) � 3 × 1034 years throughout the allowed range of
parameter space. As seen in Fig. 13, this range lies within
the discovery reaches of searches with the JUNO, DUNE
and (in particular) Hyper-Kamiokande experiments, which
are estimated to be 1.9 × 1034 years [65], 1.3 × 1034 years
[66] and 3.2 × 1034 years [67], respectively, after 10 years
of operation.
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