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Stimulated by the exciting progress on the observations of the fully charmed tetraquarks at LHC, we
carry out a combined analysis of the mass spectra and fall-apart decays of the 1S-, 2S-, and 1P-wave ccc̄ c̄
states in a nonrelativistic quark model. It is found that the Xð6600Þ structure observed in the di-J=ψ
invariant mass spectrum can be explained by the 1S-wave state Tð4cÞ0þþð6550Þ. This structure may also bear
some feed-down effects from the higher 2S and/or 1P tetraquark states. The Xð6900Þ structure observed in
both the di-J=ψ and J=ψψð2SÞ channels can be naturally explained by the 2S-wave state Tð4cÞ0þþð6957Þ.
The small shoulder structure around 6.2–6.4 GeV observed at CMS and ATLAS may be due to the feed-
down effects from some 1P-wave states with C ¼ −1 and/or some 2S-wave states with JPC ¼ 0þþ. Other
decay channels are implied in such a scenario and they can be investigated by future experimental analyses.
Considering the large discovery potential at LHC, we also present predictions for the bbb̄ b̄ states which
can be searched for in the future.

DOI: 10.1103/PhysRevD.109.076017

I. INTRODUCTION

Searching for genuine exotic hadrons beyond the con-
ventional quark model has been one of the most important
initiatives since the establishment of the nonrelativistic
constituent quark model in 1964 [1,2]. Benefited from great
progresses in experiment, many candidates of exotic
hadrons have been found since the discovery of Xð3872Þ
by Belle in 2003 [3]. Recent reviews of the status of
experimental and theoretical studies can be found in
Refs. [4–10]. While many observed candidates have been
found located in the vicinity of S-wave open thresholds, no
signals for overall-color-singlet multiquark states have been
indisputably established due to difficulties of distinguish-
ing them from hadronic molecules [10]. Recently, the
tetraquarks of all-heavy systems, such as ccc̄ c̄ and

bbb̄ b̄, have received considerable attention. Since the light
quark degrees of freedom cannot be exchanged between
two heavy mesons at leading order, the color interactions
between the heavy quarks (antiquarks) should be dominant
at short distance and they may favor to form genuine
color-singlet tetraquark configurations rather than loosely
bound hadronic molecules. Furthermore, such exotic states
may have masses and decay modes significantly different
from other conventional states, thus, can be established
in experiment.
Early theoretical studies of the full heavy tetraquark

states can be found in the literature [11–16]. A revival of
this topic driven by the experimental progresses can be
found by the intensive publications recently [17–37].
Physicists are very concerned with the stability of the
tetraquark ccc̄ c̄ (Tð4cÞ) and bbb̄ b̄ (Tð4bÞ) states. If the
Tð4cÞ or Tð4bÞ states have relatively smaller masses below
the thresholds of heavy charmonium or bottomonium
pairs [18–25], they may become “stable” because no direct
decays into heavy quarkonium pairs through quark rear-
rangements would be allowed. However, some studies
showed that stable bound tetraquark states made of
ccc̄ c̄ or bbb̄ b̄ may not exist [11,15,27–35] because the
predicted masses are large enough for them to decay into
heavy quarkonium pairs. Due to these very controversial
issues, experimental evidence for such exotic objects would
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be crucial for our understanding of the underlying
dynamics.
In 2020, the LHCb Collaboration reported their results

on the observations of Tð4cÞ states [38]. In the di-J=ψ
invariant mass spectrum, a broad structure above J=ψJ=ψ
threshold ranging from 6.2 GeV to 6.8 GeV and a
narrower resonance Xð6900Þ were observed with more
than 5σ of significance level. There are also some vague
structures around 7.2 GeV to be confirmed. Later in
2022, Xð6900Þ was confirmed in the same final state by
both the ATLAS [39] and CMS [40] Collaborations.
Some signal of Xð6900Þ was also seen in the J=ψψð2SÞ
channel by the ATLAS Collaboration [39]. In addition, in
the lower-mass region the CMS measurements show
that a clear resonance Xð6600Þ together with a small
shoulder structure around 6.2–6.4 GeV lies in the di-J=ψ
spectrum [40]. These clear structures may be evidences
for genuine tetraquark Tð4cÞ states, they can also set up
experimental constraints on theoretical models of which
the successful interpretations and most importantly the
early predictions should bring a lot of insights to the
underlying dynamics. Stimulated by the newly observed
structures in the di-J=ψ invariant mass spectrum, the
study of full heavy tetraquark states has been a hot topic
in the last two years [41–92].
In Refs. [33,93] we adopted a nonrelativistic potential

quark model (NRPQM), which is based on the Hamiltonian
proposed by the Cornell model [94], for the study of fully
heavy tetraquark system. The masses of the 1S-wave fully-
heavy tetraquark states were predicted there and we found
that the 1S-wave Tð4cÞ masses should be above the two-
charmonium thresholdswithin a commonly accepted param-
eter space [33]. This turns out to be consistent with the
structure Xð6600Þ. The predicted masses of the 2S-wave
Tð4cÞ states are comparable with the narrow structure
Xð6900Þ. Later studies by Refs. [35,55–57,95] turn out to
agree with our predictions.
In this work we carry out a systematic study of the

fall-apart decays of the 1S-, 2S-, and 1P-wave Tð4QÞ
states in the NRPQM framework. The 1S-, 2S-, and 1P-
wave Tð4QÞ (Q ¼ c, b) states are calculated in the same
framework. Thus, it allows us to obtain a self-consistent
treatment for the mass spectrum and decay properties. We
will show that some of these structures observed at LHC
may arise from the S- and P-wave Tð4cÞ states. To
proceed, we first give a brief introduction to our model
and method.

II. MODEL AND METHOD

Apart from the linear confinement, Coulomb type
potential, and spin-spin interaction potential for calculating
the S-wave tetraquark states in the Hamiltonian [33], we
include the spin-orbit and tensor potentials here to deal with
the first orbital (1P) excitation,

VLS
ij ¼ −

αij
16
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r3ij

�
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mimj
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�
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where rij ≡ jri − rjj is the distance between the ith and jth
quarks, Si stands for the spin of the ith quark, and Lij

stands for the relative orbital angular momentum between
the i-th and j-th quark. If the interaction occurs between
two quarks or antiquarks, operator λi · λj is defined as
λi · λj ≡P8

a¼1 λ
a
i λ

a
j , while if the interaction occurs

between a quark and antiquark, we have λi · λj ≡P
8
a¼1 −λai λa�j , where λa� is the complex conjugate of

the Gell-Mann matrix λa. The parameters bij and αij
denote the confinement potential strength and the
strong coupling for the OGE potential, respectively. The
same model parameters, mc=mb ¼ 1.483=4.852 GeV,
αcc=αbb¼0.5461=0.4311, σcc=σbb¼1.1384=2.3200GeV,
and bcc=bb ¼ 0.1425 GeV2, are adopted by fitting the cc̄
and bb̄ spectra as in Refs. [33,96].
For Tð4QÞ, there are two kinds of color structures, ð66̄Þc

and ð33̄Þc. As shown in Fig. 1, the relative Jacobi coor-
dinate between these two charm quarks (two anticharm
quarks) is defined by ξ1¼ðr1−r2Þ=

ffiffiffi
2

p
(ξ2¼ðr3−r4Þ=

ffiffiffi
2

p
),

while the relative Jacobi coordinate between Q1Q2 and
Q̄3Q̄4 is defined by ξ3 ¼ ðr1 þ r2Þ=2 − ðr3 þ r4Þ=2. Thus,
there are three spatial excitation modes which are denoted
as ξ1, ξ2, and ξ3. Their wave functions are defined as
ϕðξiÞ (i ¼ 1, 2, 3). According to the requirements of

FIG. 1. The coordinates defined for a Tð4QÞ system and its
fall-apart decays into a BC meson pair via the quark rearrange-
ment. The BC final state can be formed via two quark rear-
rangement ways: ðQ1Q̄3ÞðQ2Q̄4Þ and ðQ1Q̄4ÞðQ2Q̄3Þ as shown
in the figure.
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symmetry, there will be four 1S configurations, 12 2S
configurations, and 20 1P configurations in the L − S
coupling scheme, which are listed in Table I. Apart from
the conventional quantum numbers, i.e., JPC ¼ 0−þ;
1−−; 2−�; 3−−, the P-wave states can access exotic
quantum numbers, i.e., JPC ¼ 0−−; 1−þ.

To solve the Schrödinger equation, we expand the radial
part Rnξi lξi

ðξiÞ of spatial wave function ϕðξiÞ with a series
of harmonic oscillator functions [97],

Rnξi lξi
ðξiÞ ¼

Xn
l¼1

Cξilϕnξi lξi
ðdξil; ξiÞ; ð3Þ

TABLE I. Mass spectra for the 1S; 1P; 2S-wave ccc̄ c̄ and bbb̄ b̄ states. ξ1, ξ2, ξ3 are the Jacobi coordinates. ðξ1; ξ2Þ stands for a
configuration containing both ξ1- and ξ2-mode orbital excitations, while (ξ3) stands for a configuration containing ξ3-mode orbital
excitation. The spectra for the 1S and 2S states are taken from our previous works [33,93].

ccc̄ c̄ bbb̄ b̄

Configuration Eigenvector Mass (MeV) Eigenvector Mass (MeV)

11S0þþð66̄Þc
11S0þþð3̄3Þc

�
0.58 0.81
0.81 −0.58

� �
6455

6550

� �
0.58 0.81
0.81 −0.58

� �
19306

19355

�
13S1þ−ð3̄3Þc 1 6500 1 19329

15S2þþð3̄3Þc 1 6524 1 19341

3P0−−ð66̄Þcðξ1;ξ2Þ
3P0−−ð3̄3Þcðξ1;ξ2Þ

�−0.80 0.60
0.60 0.80

� �
6651

6926

� �−0.81 0.59
0.59 0.81

� �
19485

19756

�
3P0−þð66̄Þcðξ1;ξ2Þ
3P0−þð3̄3Þcðξ1;ξ2Þ
3P0−þð3̄3Þcðξ3Þ

 
0.82 0.47 0.32
0.14 0.38 −0.91

−0.55 0.80 0.25

!  
6681

6749

6891

!  
0.82 0.55 0.12
0.02 0.18 −0.98

−0.57 0.81 0.14

!  
19500

19595

19739

!

3P1−−ð66̄Þcðξ1;ξ2Þ
3P1−−ð3̄3Þcðξ1;ξ2Þ
5P1−−ð3̄3Þcðξ3Þ
1P1−−ð3̄3Þcðξ3Þ
1P1−−ð66̄Þcðξ3Þ

0
BBB@

−0.82 0.55 0.12 −0.06 0.03
0.02 −0.24 0.96 −0.16 0.06

−0.01 0.05 0.17 0.98 0.10
0.48 0.69 0.19 −0.02 −0.50
0.31 0.39 0.02 −0.11 0.86

1
CCCA

0
BBB@

6636

6750

6768

6904

6993

1
CCCA

0
BBB@

−0.82 0.57 0.06 −0.03 0.01
0.00 −0.10 0.98 −0.18 0.02
0.00 0.03 0.18 0.98 0.04
0.53 0.76 0.08 −0.02 −0.36
0.22 0.28 0.00 −0.05 0.93

1
CCCA
0
BBB@

19479

19597

19603

19749

19795

1
CCCA

3P1−þð66̄Þcðξ1;ξ2Þ
3P1−þð3̄3Þcðξ1;ξ2Þ
3P1−þð3̄3Þcðξ3Þ

 
0.82 0.56 0.05
0.01 0.08 −1.00

−0.57 0.82 0.06

!  
6676

6769

6908

!  
0.82 0.57 0.05
0.00 0.08 −1.00

−0.57 0.82 0.06

!  
19496

19603

19748

!

3P2−−ð66̄Þcðξ1;ξ2Þ
3P2−−ð3̄3Þcðξ1;ξ2Þ
5P2−−ð3̄3Þcðξ3Þ

 
0.80 −0.59 −0.06
0.01 0.12 −0.99
0.60 0.80 0.10

!  
6630

6780

6955

!  
0.81 −0.59 −0.03
0.00 0.06 −1.00
0.59 0.81 0.05

!  
19476

19608

19767

!

3P2−þð66̄Þcðξ1;ξ2Þ
3P2−þð3̄3Þcðξ1;ξ2Þ
3P2−þð3̄3Þcðξ3Þ

 
0.82 0.57 −0.06
0.00 −0.10 −1.00

−0.58 0.81 −0.08

!  
6667

6783

6928

!  
0.82 0.58 0.00
0.00 0.00 −1.00

−0.58 0.82 0.00

!  
19492

19609

19756

!

5P3−−ð3̄3Þcðξ3Þ 1 6801 1 19617

21S0þ−ð66̄Þcðξ1;ξ2Þ
21S0þ−ð3̄3Þcðξ1;ξ2Þ

�−0.66 −0.75
−0.75 0.66

� �
6993

7020

� �
0.10 −1.00

−1.00 −0.10

� �
19789

19841

�
21S0þþð66̄Þcðξ1;ξ2Þ
21S0þþð3̄3Þcðξ1;ξ2Þ
21S0þþð66̄Þcðξ3Þ
21S0þþð3̄3Þcðξ3Þ

0
BB@

0.35 0.40 0.03 0.84
−0.91 −0.05 0.07 0.41
0.21 −0.91 −0.01 0.35

−0.06 0.02 −1.00 0.05

1
CCA

0
B@

6908

6957

7018

7185

1
CA

0
BB@

0.15 0.38 0.04 0.91
−0.97 −0.04 −0.14 0.19
0.10 −0.92 0.02 0.37
0.14 0.00 −0.99 0.01

1
CCA

0
B@

19719

19767

19811

19976

1
CA

23S1þ−ð3̄3Þcðξ1;ξ2Þ
23S1þ−ð3̄3Þcðξ3Þ

�−0.39 −0.92
−0.92 0.39

� �
6919

7021

� �−0.38 −0.92
−0.92 0.38

� �
19722

19813

�
23S1þþð3̄3Þcðξ1;ξ2Þ 1 7009 1 19792

25S2þ−ð3̄3Þcðξ1;ξ2Þ 1 7017 1 19795

25S2þþð3̄3Þcðξ1;ξ2Þ
25S2þþð3̄3Þcðξ3Þ

�−0.37 −0.93
−0.93 0.37

� �
6927

7032

� �−0.37 −0.93
−0.93 0.37

� �
19726

19816

�
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with

ϕnξi lξi
ðdξil; ξiÞ ¼

�
1

dξil

�3
2

	
2lξiþ2

ð2lξi þ 1Þ!! ffiffiffi
π

p

1

2

�
ξi
dξil

�
lξi

× e
−1
2
ð ξi
dξil

Þ2
: ð4Þ

The parameter dξl can be related to the harmonic oscillator
frequency ωξl with 1=d2ξl ¼ Mξωξl. For Tð4QÞ the reduced
masses Mξi ¼ mQ. On the other hand, the harmonic
oscillator frequency ωξil can be related to the harmonic
oscillator stiffness factor Kl with ωξil ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3Kl=Mξi

p
.

Then, one has dξil ¼ dl ¼ ð3mQKlÞ−1=4. The oscillator
length dl is set to be

dl ¼ d1al−1 ðl ¼ 1;…; nÞ; ð5Þ
where n is the number of harmonic oscillator functions,
and a is the ratio coefficient. There are three para-
meters fd1; dn; ng to be determined through the varia-
tion method. It is found that with the parameter sets
f0.068 fm; 2.711 fm; 15g and f0.050 fm; 2.016 fm; 15g
for the ccc̄ c̄ and bbb̄ b̄ systems, we can obtain stable
solutions.
By using the spectrum obtained from NRPQM, we

further evaluate the fall-apart decays of the Tð4QÞ states
in a quark-exchange model [98]. The interactions Vij

between inner quarks of final hadrons B and C may be
the sources of the fall-apart decays of a Tð4QÞ state via the
quark rearrangement. The decay amplitude MðA → BCÞ
of Tð4QÞ state is described by

MðA → BCÞ ¼ −
ffiffiffiffiffiffiffiffiffiffiffi
ð2πÞ3

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8MAEBEC

p
hBCj

X
i<j

VijjAi;

ð6Þ

where A stands for the initial tetraquark state, BC stands
for the final hadron pair. MA is the mass of the initial state,
and EB and EC are the energies of the final states B and C,
respectively. The decay width Γ of A → BC can be
described by

Γ ¼ 1

2JA þ 1

jpj
8πM2

A
jMðA → BCÞj2; ð7Þ

where jpj is magnitude of the momentum for the final states
B and C. The potentials Vij (ij ≠ 13, 24 or ij ≠ 14, 23)
between inner quarks of final hadrons B and C, as shown
in Fig. 3, are taken the same as our mass calculations.
The calculation of the decay amplitude for a Tð4QÞ state
is indeed a tedious task, some details are given in the
appendix. This model has been developed and applied to
the study of the hidden-charm decay properties for the
multiquark states in the literature [99–103], and a lot of
inspiring results are obtained. For simplicity, the wave
functions of the A, B, C hadron states are parametrized out
in a single harmonic oscillator form by fitting the wave

FIG. 2. Mass spectra for the ccc̄ c̄ and bbb̄ b̄ systems.

FIG. 3. The fall-apart decays of a Tð4QÞ state induced by the
interactions Vij (ij ≠ 13, 24 or ij ≠ 14, 23) between inner quarks
of final hadrons B and C.
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functions calculated from our potential model [93,97,104].
The harmonic oscillator parameters for the final meson
states and initial tetraquark states are collected in Tables IV
and V of the Appendix, respectively.

III. RESULTS AND DISCUSSION

In Table I, the mass spectra of the Tð4cÞ and Tð4bÞ states
are listed in the third and fifth columns, respectively.

For clarity, the mass spectra are also plotted in Fig. 2.
From Table I, one can see that the physical states are
usually mixtures of two different color configurations j66̄ic
and j3̄3ic. The eigenvectors for different configurations of
the Tð4QÞ states are also listed in Table I. The eigenvalues
for the physical states can be extracted by diagonalizing the
mass matrices. The masses of the 1P-wave Tð4cÞ and Tð4bÞ
states are predicted to be in the range of ∼6.6–7.0 GeV

TABLE II. Fall-apart decay properties for the Tð4cÞ states. The unit of the partial widths of each channel is MeV.

State ηcηc J=ψJ=ψ ηcηcð2SÞ J=ψψð2SÞ χc0χc0=χc0χc1 χc0χc2=χc1χc1 χc1χc2=χc2χc2=hchc

Tð4cÞ0þþð6455Þð1SÞ 1.45 0.70 · · · · · · · · · · · · · · ·
Tð4cÞ0þþð6550Þð1SÞ 0.12 1.78 · · · · · · · · · · · · · · ·
Tð4cÞ2þþð6524Þð1SÞ · · · 0.00 · · · · · · · · · · · · · · ·
Tð4cÞ0þþð6908Þð2SÞ 0.61 0.12 0.55 0.09 22.5= · ·· · · · · · ·
Tð4cÞ0þþð6957Þð2SÞ 0.01 4.66 0.05 3.17 70.8= · ·· · · · · · ·
Tð4cÞ0þþð7018Þð2SÞ 3.14 1.87 0.00 0.07 14.8= · ·· 0.00= · ·· · · ·
Tð4cÞ0þþð7185Þð2SÞ 0.00 0.48 0.21 0.14 1.14= · ·· 0.05=6.12 0.53=18.0=5.79
Tð4cÞ2þþð6927Þð2SÞ · · · 0.36 · · · 0.30 0.00=1.15 · · · · · ·
Tð4cÞ2þþð7032Þð2SÞ · · · 7.12 · · · 2.83 0.23=98.0 325=214 · · ·

State J=ψJ=ψ ηcχc0 ηcχc1 ηcχc2 J=ψhc J=ψψð2SÞ=ηcηcð2SÞ χc0χc0=χc0χc1=χc0χc2

Tð4cÞ1þþð7009Þð2SÞ · · · 2.43 4.57 4.81 3.79 0.00= · ·· · · ·=0.00=0.00
Tð4cÞ0−þð6681Þð1PÞ 0.04 1.28 0.00 0.03 0.40 · · · · · ·
Tð4cÞ0−þð6749Þð1PÞ 1.56 0.00 0.00 0.00 5.33 · · · · · ·
Tð4cÞ0−þð6891Þð1PÞ 0.00 2.38 0.00 0.79 0.06 0.00= · ·· 0.00= · · · = · ··
Tð4cÞ1−þð6676Þð1PÞ 0.09 0.00 1.99 0.03 1.70 · · ·=0.00 · · ·
Tð4cÞ1−þð6769Þð1PÞ 0.21 0.00 1.22 0.06 5.57 · · ·=0.00 · · ·
Tð4cÞ1−þð6908Þð1PÞ 0.00 0.00 1.43 0.06 0.37 0.00=0.00 0.31= · · · = · ··
Tð4cÞ2−þð6667Þð1PÞ 0.00 0.02 0.03 0.05 0.03 · · · · · ·
Tð4cÞ2−þð6783Þð1PÞ 0.01 0.05 0.07 1.10 2.18 · · · · · ·
Tð4cÞ2−þð6928Þð1PÞ 0.01 0.05 0.08 0.88 1.98 0.00= · ·· 0.00= · · · = · ··

state ηcJ=ψ ηchc χc0J=ψ χc1J=ψ χc2J=ψ ηcψð2SÞ=ηcð2SÞJ=ψ χc0hc

Tð4cÞ1þ−ð6500Þð1SÞ 0.45 · · · · · · · · · · · · · · ·= · ·· · · ·
Tð4cÞ0þ−ð6993Þð2SÞ · · · 3.16 3.45 2.65 0.54 · · ·= · ·· · · ·
Tð4cÞ0þ−ð7020Þð2SÞ · · · 21.1 0.17 0.35 0.34 · · ·= · ·· · · ·
Tð4cÞ1þ−ð6919Þð2SÞ 0.05 · · · 0.02 0.04 0.06 0.09=0.68 · · ·
Tð4cÞ1þ−ð7021Þð2SÞ 1.98 · · · 0.02 0.07 0.12 0.71=0.61 150
Tð4cÞ2þ−ð7017Þð2SÞ · · · · · · 4.70 3.75 0.86 · · ·= · ·· · · ·
Tð4cÞ0−−ð6651Þð1PÞ 0.24 · · · 0.00 6.75 · · · · · ·= · ·· · · ·
Tð4cÞ0−−ð6926Þð1PÞ 0.12 · · · 0.02 2.76 0.19 0.00=0.00 · · ·
Tð4cÞ1−−ð6636Þð1PÞ 0.04 0.02 3.28 0.97 · · · · · ·= · ·· · · ·
Tð4cÞ1−−ð6750Þð1PÞ 0.17 0.01 1.92 3.99 1.05 0.00=0.00 · · ·
Tð4cÞ1−−ð6768Þð1PÞ 0.00 2.77 0.08 0.99 0.79 0.00=0.00 · · ·
Tð4cÞ1−−ð6904Þð1PÞ 0.00 0.17 2.96 0.26 0.17 0.00=0.00 · · ·
Tð4cÞ1−−ð6993Þð1PÞ 0.03 1.91 0.12 0.76 1.49 0.00=0.00 0.17
Tð4cÞ2−−ð6630Þð1PÞ 0.06 0.01 0.01 0.02 · · · · · ·= · ·· · · ·
Tð4cÞ2−−ð6780Þð1PÞ 0.01 0.01 0.01 3.55 2.00 0.00=0.00 · · ·
Tð4cÞ2−−ð6955Þð1PÞ 0.00 0.00 0.11 1.75 3.45 0.00=0.01 0.00
Tð4cÞ3−−ð6801Þð1PÞ 0.00 0.00 0.16 0.27 11.8 0.00=0.00 · · ·
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and ∼19.5–19.8 GeV, respectively. The masses of some
1P-wave Tð4cÞ states are comparable with the newly
observed structures Xð6600Þ and Xð6900Þ.
It should be mentioned that except for the color con-

figurations j66̄ic and j3̄3ic, one can also select the j11ic
and j88ic representations when constructing the tetraquark
wave functions. The two sets of color configurations are
equivalent to each other. The j66̄ic and j3̄3ic configurations

can be expressed by j11ic and j88ic through the Fierz
transformation [35], with which one can extract the j11ic
and j88ic components in physical states expressed with the
j66̄ic and j3̄3ic configurations. The components of differ-
ent color configurations for the physical Tð4cÞ and Tð4bÞ
states are given in the Tables VI and VII of the Appendix.
To know the spatial size of the tetraquark states, we also
calculate the root mean square radius, our results are also

TABLE III. Fall-apart decay properties for the Tð4bÞ states. The unit of the partial widths of each channel is MeV.

State ηbηb ϒϒ ηbηbð2SÞ ϒϒð2SÞ χb0χb0=χb0χb1 χb0χb2=χb1χb1 χb1χb2=χb2χb2=hbhb

Tð4bÞ0þþð19306Þð1SÞ 0.33 0.16 · · · · · · · · · · · · · · ·
Tð4bÞ0þþð19355Þð1SÞ 0.02 0.38 · · · · · · · · · · · · · · ·
Tð4bÞ2þþð19341Þð1SÞ · · · 0.00 · · · · · · · · · · · · · · ·
Tð4bÞ0þþð19719Þð2SÞ 0.11 0.21 1.04 1.53 0.20= · ·· · · · · · ·
Tð4bÞ0þþð19767Þð2SÞ 0.09 2.29 1.00 15.4 14.2= · ·· · · · · · ·
Tð4bÞ0þþð19811Þð2SÞ 3.80 1.89 24.0 8.30 5.58= · ·· 0.01=18.2 0.66= · · · =233
Tð4bÞ0þþð19976Þð2SÞ 0.07 0.69 0.32 2.02 1.18= · ·· 0.09=4.27 0.67=10.4=5.50
Tð4bÞ2þþð19726Þð2SÞ · · · 0.41 · · · 3.23 0.00 · · · · · ·
Tð4bÞ2þþð19816Þð2SÞ · · · 7.41 · · · 41.8 0.03=15.2 45.3=34.5 75.8= · · · = · ··

State ϒϒ ηbχb0 ηbχb1 ηbχb2 ϒhb ϒϒð2SÞ=ηbηbð2SÞ χb0χb0=χb0χb1=χb0χb2

Tð4bÞ1þþð19792Þð2SÞ · · · 5.41 16.3 23.9 58.0 0.00= · ·· · · ·=0.00=0.00
Tð4bÞ0−þð19500Þð1PÞ 0.05 1.96 0.00 0.10 1.48 0.00= · ·· · · ·
Tð4bÞ0−þð19595Þð1PÞ 0.16 1.26 0.00 0.15 3.74 0.00= · ·· · · ·
Tð4bÞ0−þð19739Þð1PÞ 0.01 0.99 0.00 0.27 0.07 0.00= · ·· 0.00= · · · = · ··
Tð4bÞ1−þð19496Þð1PÞ 0.02 0.00 2.00 0.07 1.94 0.00=0.00 · · ·
Tð4bÞ1−þð19603Þð1PÞ 0.03 0.00 2.14 0.16 3.75 0.00=0.00 · · ·
Tð4bÞ1−þð19748Þð1PÞ 0.00 0.00 0.59 0.05 0.25 0.00=0.00 0.07= · · · = · ··
Tð4bÞ2−þð19492Þð1PÞ 0.00 0.00 0.01 0.03 0.03 0.00= · ·· · · ·
Tð4bÞ2−þð19609Þð1PÞ 0.00 0.04 0.08 1.17 1.66 0.00= · ·· · · ·
Tð4bÞ2−þð19756Þð1PÞ 0.00 0.06 0.11 1.01 1.58 0.00= · ·· 0.00= · · · = · ··

state ηbϒ ηbhb χb0ϒ χb1ϒ χb2ϒ ηbϒð2SÞ=ηbð2SÞϒ χb0hb

Tð4bÞ1þ−ð19329Þð1SÞ 0.10 · · · · · · · · · · · · · · · · · ·
Tð4bÞ0þ−ð19789Þð2SÞ · · · 66.8 4.10 12.0 17.3 · · · · · ·
Tð4bÞ0þ−ð19841Þð2SÞ · · · 15.9 3.42 10.5 16.0 · · · · · ·
Tð4bÞ1þ−ð19722Þð2SÞ 0.20 · · · 0.00 0.01 0.01 267=303 · · ·
Tð4bÞ1þ−ð19813Þð2SÞ 1.82 · · · 0.00 0.01 0.01 82.7=102 27
Tð4bÞ2þ−ð19795Þð2SÞ · · · · · · 12.6 37.0 54.0 · · · · · ·
Tð4bÞ0−−ð19485Þð1PÞ 0.04 · · · 0.00 5.07 0.05 0.00=0.00 · · ·
Tð4bÞ0−−ð19756Þð1PÞ 0.02 · · · 0.00 0.98 0.11 0.00=0.00 · · ·
Tð4bÞ1−−ð19479Þð1PÞ 0.01 0.00 2.01 1.09 1.90 0.00=0.00 · · ·
Tð4bÞ1−−ð19597Þð1PÞ 0.02 0.09 3.00 2.49 0.68 0.00=0.00 · · ·
Tð4bÞ1−−ð19603Þð1PÞ 0.00 3.65 0.03 0.91 0.67 0.00=0.00 · · ·
Tð4bÞ1−−ð19748Þð1PÞ 0.00 0.02 0.89 0.21 0.13 0.00=0.00 · · ·
Tð4bÞ1−−ð19795Þð1PÞ 0.00 0.99 0.14 0.55 0.54 0.00=0.00 0.04
Tð4bÞ2−−ð19476Þð1PÞ 0.01 0.00 0.00 0.01 0.06 0.00=0.00 · · ·
Tð4bÞ2−−ð19608Þð1PÞ 0.00 0.00 0.01 2.52 1.16 0.00=0.00 · · ·
Tð4bÞ2−−ð19767Þð1PÞ 0.00 0.00 0.09 1.08 2.17 0.00=0.00 0.00
Tð4bÞ3−−ð19617Þð1PÞ 0.00 0.00 0.15 0.30 6.85 0.00=0.00 · · ·
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listed in Tables VI and VII. Similar to ours, a systematical
study of the 1S, 2S, and 1P-wave Tð4cÞ states was also
carried out within the nonrelativistic quark model in
Ref. [57]. The obtained results are generally consistent
with ours. The slight differences are mainly due to the
different selections of the model parameters, spin-orbital
potentials, and numerical methods. The differences of the
numerical methods adopted in the present work and that in
Ref. [57] have been discussed in Ref. [35].
In addition to calculating the mass spectra, the results of

the fall-apart decays via the quark rearrangement of the
1S-, 2S-, and 1P-wave Tð4QÞ states are also given in
Tables II and III. To our surprise, the fall-apart decay
widths for most of the Tð4QÞ states are only in a small
range of ∼0–10 MeV. Thus, there should exist some
stable Tð4QÞ states although their masses are above the
thresholds of QQ̄ meson pairs.
In the following part, we focus on the 1S-, 2S-, and 1P-

wave Tð4cÞ states to understand the di-J=ψ spectrum
observed at LHCb [38], CMS [40], and ATLAS [39].
The nature of the broad structure around 6.2–6.8 GeV in the
di-J=ψ invariant mass spectrum [38–40] is mysterious if it
is a genuine state since it is difficult to understand what
decay channels would contribute to its broad width. Note
that the CMS [40] and ATLAS [39] measurements show
some details where a small shoulder appears at the lower
side of the broad structure Xð6600Þ.
There are no Tð4cÞ states lying in the mass range of

<6.4 GeV in our NRPQM predictions. However, it
turns out to be possible that the small-shoulder structure
around 6.2–6.4 GeV near the di-J=ψ threshold may
be caused by some feed-down effects from higher mass
Tð4cÞ states. It is interesting to find that in the 2S-wave
Tð4cÞ states, the quark rearrangement decay rates of
Tð4cÞ0þþð6908; 6957; 7018Þ → χc0χc0, Tð4cÞ0þþð7185Þ →
χc1χc1; χc2χc2 are large, and their partial widths are pre-
dicted to beOð10Þ MeV. These 2S-wave states with JPC ¼
0þþ have masses around ∼6.9–7.2 GeV. The χcJχcJ0 final
states can feed down to the di-J=ψ channel via χcJχcJ0 →
J=ψJ=ψ þ γγ and J=ψJ=ψ þ ππ where the two soft
photons or soft pions will evade the detection.
We actually find that there could be multi-sources

contributing to the shoulder structure around 6.2–
6.4 GeV via the feed-down mechanisms from some
1P-wave Tð4cÞ states. For instance, the decay rates
for Tð4cÞ0−−ð6651Þ → J=ψχc1, Tð4cÞ1−−ð6636Þ → J=ψχc0,
Tð4cÞ1−−ð6750Þ → J=ψχc0;1;2, Tð4cÞ2−−ð6780Þ → J=ψχc1;2,
and Tðccc̄ c̄Þ3−−ð6801Þ → J=ψχc2 are quite large. Their
partial widths are predicted to be about several MeV.
These 1P-wave states have masses in the range of
∼6.6–6.8 GeV. Their decays into J=ψχcJ can also con-
tribute to the di-J=ψ channel through the radiative decays
of J=ψχc0;1;2 → J=ψJ=ψγ, where the photon momenta are
about 300–450 MeV. The feed-down mechanism seems to

be a possible explanation for the broad structure around
6.2–6.4 GeV in the di-J=ψ invariant mass spectrum.
The Xð6600Þ structure observed at CMS may be

assigned to the 1S-wave state Tð4cÞ0þþð6550Þ predicted
in the NRPQM. This state is a mixed state between two
color configurations 66̄ and 3̄3. The predicted mass is in
good agreement with the observations. Furthermore, the
quark rearrangement decays of Tð4cÞ0þþð6550Þ are gov-
erned by the di-J=ψ channel, which is also consistent with
the observations. Although the predicted partial width of
the di-J=ψ mode, ΓJ=ψJ=ψ ≃ 1.78 MeV, is much smaller
than the observed total width Γ ¼ 124� 29� 34 MeV of
Xð6600Þ, its width may be saturated by the hadronic decays
into open-charmed meson pairs via the cc̄ annihilations
[18]. It was shown in Ref. [18] that the sum of the partial
widths of these hadronic decay processes can reach up to
order of 100 MeV. In the same picture the other 1S state
Tð4cÞ0þþð6455Þ may also be observed in the di-J=ψ channel
given the accumulation of more data in the future. Finally, it
should be mentioned that the Xð6600Þ structure may
also bear some feed-down effects from the 2S-wave
states Tð4cÞ0þ−ð6978Þ and Tð4cÞ2þ−ð7031Þ, and/or the
1P-wave states Tð4cÞ0−−ð6926Þ, Tð4cÞ1−−ð6904; 6993Þ and
Tð4cÞ2−−ð6955Þ, since they have sizeable partial widths into
J=ψχcJ final states.
Concerning the nature of Xð6900Þ the mass location

suggests that several 1P- and 2S-wave states with C ¼ þ1
can be the candidates of Xð6900Þ. However, with the decay
properties taken into account it shows that only the 2S-
wave state Tð4cÞ0þþð6957Þ can match Xð6900Þ. The partial
widths of Tð4cÞ0þþð6957Þ decaying into the di-J=ψ and
J=ψψð2SÞ channels are predicted to be ∼4.7 MeV and
3.2 MeV, respectively. Combined with the measured width
Γ ¼ 122� 22� 19 MeVofXð6900Þ, it is predicted that the
decay rates of these two channels are Oð3%Þ. As listed in
Table I,Tð4cÞ0þþð6957Þ contains dominantly21S0þþð66̄Þcðξ1;ξ2Þ.
Its mass slightly higher than Tð4cÞ0þþð6908Þ of which the
dominant configuration is 21S0þþð3̄3Þcðξ3Þ. This is due to the
strong attraction produced by the relatively small but crucial
mixing of the 21S0þþð3̄3Þcðξ3Þ configuration. Its crucial role for
the 21S0þþ multiplets can be seen clearly by the mixing
matrix in Table I for both ccc̄ c̄ and bbb̄ b̄.
With Xð6900Þ assigned as the Tð4cÞ0þþð6957Þ, the partial

width ratio between the di-J=ψ and J=ψψð2SÞ channels is
predicted to be

ΓJ=ψJ=ψ

ΓJ=ψψð2SÞ
≃ 1.5; ð8Þ

which can be tested in future experiments. As shown
in Table II, the main decay channel of Tð4cÞ0þþð6957Þ
should be Tð4cÞ0þþð6957Þ → χc0χc0. Therefore, a search
for Xð6900Þ in the χc0χc0 channel could be useful for
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understanding its nature. We notice that some other
analyses also prefer Xð6900Þ as a compact tetraquark state
with JPC ¼ 0þþ [73,91,92]. Finally, it should be mentioned
that the 2S state Tð4cÞ0þþð7018Þ may also contribute to the
Xð6900Þ structure observed in the di-J=ψ final state, since
it has a sizeable partial decay width, ΓJ=ψJ=ψ ≃ 1.87 MeV,
into the di-J=ψ channel. Moreover, this state has large
decay rates into the ηcηc and χc0χc0 channels as well.

IV. SUMMARY

With the coherent study of the fully-heavy tetraquark
spectra in the NRPQM and their rearrangement decays, we
show that the recent measurements of the di-J=ψ spectrum
have provided a strong evidence for the S- and P-wave
Tð4cÞ states. The small shoulder structure around 6.2–
6.4 GeV observed by CMS and ATLAS may be due to
the feed-down effects from higher 1P-wave states with C ¼
−1 or some 2S-wave states with JPC ¼ 0þþ. The Xð6600Þ
structure may arise from the 1S-wave state Tð4cÞ0þþð6550Þ,
of which the peak structure may also bear some feed-down
effects from the 2S-wave and/or 1P-wave states with
C ¼ −1. The Xð6900Þ structure is most likely to be the
2S-wave state Tð4cÞ0þþð6957Þ. If Xð6600Þ and Xð6900Þ
indeed correspond to the 1S- and 2S-wave Tð4cÞ states,
respectively, their decay rates into the di-J=ψ channel are
predicted to be order of 1%. In addition, one 1S-state
Tð4cÞ0þþð6455Þ, one 2S-state Tð4cÞ0þþð7016Þ and one 1P-
state Tð4cÞ0−þð6749Þ are predicted to be located at the same
masses as Xð6600Þ and Xð6900Þ in the di-J=ψ invariant
mass spectrum.
Based on such a scenario, we expect that more signals for

the Tð4cÞ states should be observed in other decay channels
via either S- or P-wave transitions, such as ηcηc, J=ψhc,
J=ψχcJ, and ηchc. By extending the calculations to the full-
bottom tetraquark systems, we have also included the mass
spectra of the bbb̄ b̄ states and their fall-apart decays in
Table I and Table III, respectively. Several 2S-wave Tð4bÞ
states, such as Tð4bÞ0þþð19767Þ and Tð4bÞ0þþð19811Þ,
should have good potentials to be observed in di-ϒ and
ϒϒð2SÞ decay channels. Notice that no signals of the Tð4bÞ
states are found based on the present statistics at LHCb
[38]. This can be due to the low production rates for such
heavy objects.
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APPENDIX

The calculation of the decay amplitude MðA → BCÞ of
a Tð4QÞ state is indeed a tedious task. For simplicity, the
spatial wave functions for the A, B, C hadron states are
adopted a harmonic oscillator form, the harmonic oscillator
parameters are determined by fitting the wave functions
calculated from the potential model. These parameters have
been given in Table IV and Table V.
Taking Tðccc̄ c̄Þ0þþð1SÞð6455Þ → J=ψJ=ψ as an example,

from Table I one can obtain the wave function for the initial
Tðccc̄ c̄Þ0þþð1SÞð6455Þ state, i.e.,

jAi ¼ 0.58ψ1S
000χ

00
00j66̄ic þ 0.81ψ1S

000χ
11
00j3̄3ic; ðA1Þ

which is an admixture between several different configu-
rations. The wave function of the final state is obtained
within the J − J coupling scheme. Combining with the
Clebsch-Gordan coefficients, the wave function of the di-
J=ψ system with quantum numbers JPC ¼ 0þþ is given by

jBCi ¼ 1ffiffiffi
3

p ½χ111χ21−1 − χ110χ
2
10 þ χ11−1χ

2
11�

φ1
000φ

2
000ϕj11i; ðA2Þ

where the superscripts 1,2 stand for the two J=ψ mesons in
the final state, χ stands for the their spin wave functions,
and φ000 stands for their spatial wave functions. ϕ is the
wave function for describing the relative motion of two
final-state mesons, which is adopted a plane wave form by
treating the final state mesons as free particles,

ϕ ¼ 1

ð2πℏÞ32 e
−ipf:ðrf1−rf2 Þ; ðA3Þ

where pf is the three-momentum of the hadron 1 in the final
state, rf1 and rf2 stand for the position coordinates of the
hadrons 1,2 in the final state.

TABLE IV. The masses (MeV) and harmonic oscillator param-
eters β (MeV) for the meson states.

State cc̄ Mass β bb̄ Mass β

11S0 ηc 2984 658 ηb 9378 1160
13S1 J=ψ 3097 564 ϒ 9436 1096
21S0 ηcð2SÞ 3635 506 ηbð2SÞ 9973 858
23S1 ψð2SÞ 3679 470 ϒð2SÞ 9989 822
13P0 χc0 3417 533 χb0 9845 822
11P1 hc 3522 459 hb 9899 731
13P1 χc1 3516 459 χb1 9891 759
13P2 χc2 3552 429 χb2 9914 705
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By using the wave functions given in Eqs. (A1) and (A2),
one can calculate the transition matrix element with

hBCjVijjAi ¼
��

1ffiffiffi
3

p ½χ111χ21−1 − χ110χ
2
10 þ χ11−1χ

2
11�½11�cj

Ôsc
ij jc1χ0000½66̄� þ c2χ1100½3̄3�c

��
hφ1

000φ
2
000ϕjÔo

ijjψ1S
000i; ðA4Þ

where the Ôsc
ij and Ôo

ij stand for the spin-color dependent
and spatial dependent operator, respectively. Calculating
the matrix elements in color and spin space is relatively
simple. When calculating the matrix element of the spatial
part, hφ1

000φ
2
000ϕjÔo

ijjψ1S
000i, one should face a problem. The

spatial wave function, which contains three different
variables, cannot be separated into the product of three
functions with independent variables directly. One should
solve this problem by defining new coordinate systems via

TABLE V. The harmonic oscillator parameters β ðMeVÞ for the Tð4QÞ state.

State β State β State β State β

Tðccc̄ c̄Þ0þþð1SÞð6455Þ 481 Tðccc̄ c̄Þ1þ−ð1SÞð6500Þ 493 Tðbbb̄ b̄Þ0þþð1SÞð19306Þ 897 Tðbbb̄ b̄Þ1þ−ð1SÞð19329Þ 897
Tðccc̄ c̄Þ0þþð1SÞð6550Þ 493 Tðccc̄ c̄Þ2þþð1SÞð6524Þ 481 Tðbbb̄ b̄Þ0þþð1SÞð19355Þ 897 Tðbbb̄ b̄Þ2þþð1SÞð19341Þ 897
Tðccc̄ c̄Þ0þ−ð2SÞð6993Þ 403 Tðccc̄ c̄Þ1þ−ð2SÞð6919Þ 420 Tðbbb̄ b̄Þ0þ−ð2SÞð19789Þ 680 Tðbbb̄ b̄Þ1þ−ð2SÞð19722Þ 704
Tðccc̄ c̄Þ0þ−ð2SÞð7020Þ 420 Tðccc̄ c̄Þ1þ−ð2SÞð7021Þ 411 Tðbbb̄ b̄Þ0þ−ð2SÞð19841Þ 704 Tðbbb̄ b̄Þ1þ−ð2SÞð19813Þ 704
Tðccc̄ c̄Þ0þþð2SÞð6908Þ 411 Tðccc̄ c̄Þ1þþð2SÞð7009Þ 420 Tðbbb̄ b̄Þ0þþð2SÞð19719Þ 704 Tðbbb̄ b̄Þ1þþð2SÞð19792Þ 704
Tðccc̄ c̄Þ0þþð2SÞð6957Þ 420 Tðccc̄ c̄Þ2þ−ð2SÞð7017Þ 411 Tðbbb̄ b̄Þ0þþð2SÞð19767Þ 730 Tðbbb̄ b̄Þ2þ−ð2SÞð19795Þ 704
Tðccc̄ c̄Þ0þþð2SÞð7018Þ 420 Tðccc̄ c̄Þ2þþð2SÞð6927Þ 411 Tðbbb̄ b̄Þ0þþð2SÞð19811Þ 704 Tðbbb̄ b̄Þ2þþð2SÞð19726Þ 704
Tðccc̄ c̄Þ0þþð2SÞð7185Þ 411 Tðccc̄ c̄Þ2þþð2SÞð7032Þ 411 Tðbbb̄ b̄Þ0þþð2SÞð19976Þ 704 Tðbbb̄ b̄Þ2þþð2SÞð19816Þ 704
Tðccc̄ c̄Þ0−−ð1PÞð6651Þ 438 Tðccc̄ c̄Þ1−−ð1PÞð6904Þ 438 Tðbbb̄ b̄Þ0−−ð1PÞð19485Þ 789 Tðbbb̄ b̄Þ1−−ð1PÞð19748Þ 789
Tðccc̄ c̄Þ0−−ð1PÞð6926Þ 438 Tðccc̄ c̄Þ1−−ð1PÞð6993Þ 438 Tðbbb̄ b̄Þ0−−ð1PÞð19756Þ 759 Tðbbb̄ b̄Þ1−−ð1PÞð19795Þ 759
Tðccc̄ c̄Þ0−þð1PÞð6676Þ 438 Tðccc̄ c̄Þ1−þð1PÞð6675Þ 438 Tðbbb̄ b̄Þ0−þð1PÞð19500Þ 789 Tðbbb̄ b̄Þ1−þð1PÞð19496Þ 789
Tðccc̄ c̄Þ0−þð1PÞð6748Þ 438 Tðccc̄ c̄Þ1−þð1PÞð6768Þ 438 Tðbbb̄ b̄Þ0−þð1PÞð19595Þ 759 Tðbbb̄ b̄Þ1−þð1PÞð19603Þ 759
Tðccc̄ c̄Þ0−þð1PÞð6897Þ 438 Tðccc̄ c̄Þ1−þð1PÞð6910Þ 438 Tðbbb̄ b̄Þ0−þð1PÞð19739Þ 789 Tðbbb̄ b̄Þ1−þð1PÞð19748Þ 789
Tðccc̄ c̄Þ1−−ð1PÞð6636Þ 438 Tðccc̄ c̄Þ2−−ð1PÞð6630Þ 438 Tðbbb̄ b̄Þ1−−ð1PÞð19479Þ 789 Tðbbb̄ b̄Þ2−−ð1PÞð19476Þ 789
Tðccc̄ c̄Þ1−−ð1PÞð6750Þ 438 Tðccc̄ c̄Þ2−−ð1PÞð6780Þ 438 Tðbbb̄ b̄Þ1−−ð1PÞð19597Þ 759 Tðbbb̄ b̄Þ2−−ð1PÞð19608Þ 759
Tðccc̄ c̄Þ1−−ð1PÞð6768Þ 438 Tðccc̄ c̄Þ2−−ð1PÞð6955Þ 438 Tðbbb̄ b̄Þ1−−ð1PÞð19603Þ 759 Tðbbb̄ b̄Þ2−−ð1PÞð19767Þ 759
Tðccc̄ c̄Þ2−þð1PÞð6667Þ 438 Tðccc̄ c̄Þ2−þð1PÞð6783Þ 438 Tðbbb̄ b̄Þ2−þð1PÞð19492Þ 789 Tðbbb̄ b̄Þ2−þð1PÞð19609Þ 759
Tðccc̄ c̄Þ2−þð1PÞð6928Þ 438 Tðccc̄ c̄Þ3−−ð1PÞð6801Þ 438 Tðbbb̄ b̄Þ2−þð1PÞð19756Þ 789 Tðbbb̄ b̄Þ3−−ð1PÞð19617Þ 759

TABLE VI. The components of different color configurations and the root mean square radii (fm) for each physical Tð4cÞ states, where
r12−34 ≡ ðr1 þ r2Þ=2 − ðr3 þ r4Þ=2, r13−24 ≡ ðr1 þ r3Þ=2 − ðr2 þ r4Þ=2.

State j66̄ic j3̄3ic j11ic j88ic
ffiffiffiffiffiffiffiffiffiffi
hr212i

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hr212−34i

p ffiffiffiffiffiffiffiffiffiffi
hr213i

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hr213−24i

p
Tð4cÞ0þþð6455Þð1SÞ 33.9% 66.1% 44.6% 55.4% 0.49 0.35 0.49 0.35
Tð4cÞ0þþð6550Þð1SÞ 66.1% 33.9% 55.4% 44.6% 0.50 0.35 0.50 0.35
Tð4cÞ1þ−ð6500Þð1SÞ 0.0% 100.0% 33.3% 66.7% 0.50 0.35 0.50 0.35
Tð4cÞ2þþð6524Þð1SÞ 0.0% 100.0% 33.3% 66.7% 0.51 0.36 0.51 0.36
Tð4cÞ0−−ð6651Þð1PÞ 64.0% 36.0% 54.7% 45.3% 0.63 0.39 0.59 0.45
Tð4cÞ0−−ð6926Þð1PÞ 36.0% 64.0% 45.3% 54.7% 0.63 0.39 0.59 0.45
Tð4cÞ0−þð6681Þð1PÞ 67.5% 32.5% 55.8% 44.2% 0.61 0.39 0.59 0.43
Tð4cÞ0−þð6749Þð1PÞ 2.0% 98.0% 34.0% 66.0% 0.55 0.47 0.61 0.39
Tð4cÞ0−þð6891Þð1PÞ 30.1% 69.9% 43.4% 56.6% 0.62 0.39 0.59 0.44
Tð4cÞ1−−ð6636Þð1PÞ 67.8% 32.2% 55.9% 44.1% 0.63 0.39 0.59 0.44
Tð4cÞ1−−ð6750Þð1PÞ 0.4% 99.6% 33.5% 66.5% 0.54 0.48 0.61 0.38
Tð4cÞ1−−ð6768Þð1PÞ 1.0% 99.0% 33.7% 663%. 0.55 0.50 0.63 0.39
Tð4cÞ1−−ð6904Þð1PÞ 48.4% 51.6% 49.5% 50.5% 0.60 0.42 0.60 0.43
Tð4cÞ1−−ð6993Þð1PÞ 83.5% 16.5% 61.2% 38.8% 0.57 0.47 0.62 0.4

(Table continued)
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coordinate transformations by using the standard linear
algebra methods [105,106].
Then, the integration of the spatial part is shown. It is

given by

hφ1
000ðωf1Þφ2

000ðωf2ÞϕjÔo
ijjψ1S

000ðωiÞi

¼ INor

Z
Ôe−

P
i;j
Aijξi·ξje−ipf:ξ3ðY00Þ5d3ξ1d3ξ2d3ξ3; ðA5Þ

where INor is a normalization factor independent of the
integration variable, and the matrix A is given by

A ¼

0
B@

1
2
μω2

i þ 1
4
μω2

f − 1
4
μω2

f 0

− 1
4
μω2

f
1
2
μω2

i þ 1
4
μω2

f 0

0 0 μω2
i þ μω2

f

1
CA:

ðA6Þ

TABLE VI. (Continued)

State j66̄ic j3̄3ic j11ic j88ic
ffiffiffiffiffiffiffiffiffiffi
hr212i

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hr212−34i

p ffiffiffiffiffiffiffiffiffiffi
hr213i

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hr213−24i

p
Tð4cÞ1−þð6676Þð1PÞ 68.0% 32.0% 56.0% 44.0% 0.63 0.39 0.59 0.45
Tð4cÞ1−þð6769Þð1PÞ 0.0% 100.0% 33.3% 66.7% 0.55 0.50 0.63 0.39
Tð4cÞ1−þð6908Þð1PÞ 32.5% 67.5% 44.2% 55.8% 0.62 0.38 0.59 0.44
Tð4cÞ2−−ð6630Þð1PÞ 64.5% 35.5% 54.8% 45.2% 0.64 0.39 0.60 0.45
Tð4cÞ2−−ð6780Þð1PÞ 0.0% 100.0% 33.3% 66.7% 0.55 0.50 0.63 0.39
Tð4cÞ2−−ð6955Þð1PÞ 35.6% 64.4% 45.2% 54.8% 0.63 0.39 0.59 0.45
Tð4cÞ2−þð6667Þð1PÞ 67.2% 32.8% 55.7% 44.3% 0.63 0.39 0.59 0.45
Tð4cÞ2−þð6783Þð1PÞ 0.0% 100.0% 33.3% 66.7% 0.55 0.50 0.64 0.39
Tð4cÞ2−þð6928Þð1PÞ 33.7% 66.3% 44.6% 55.4% 0.63 0.39 0.59 0.45
Tð4cÞ3−−ð6801Þð1PÞ 0.0% 100.0% 33.3% 66.7% 0.56 0.51 0.64 0.39
Tð4cÞ0þ−ð6993Þð2SÞ 43.6% 56.4% 47.9% 52.1% 0.77 0.43 0.69 0.54
Tð4cÞ0þ−ð7020Þð2SÞ 56.4% 43.6% 52.1% 47.9% 0.78 0.42 0.69 0.55
Tð4cÞ0þþð6908Þð2SÞ 12.5% 87.5% 37.5% 62.5% 0.45 0.66 0.73 0.32
Tð4cÞ0þþð6957Þð2SÞ 83.0% 17.0% 61.0% 39.0% 0.76 0.42 0.69 0.54
Tð4cÞ0þþð7018Þð2SÞ 4.4% 95.6% 34.8% 65.2% 0.56 0.56 0.69 0.40
Tð4cÞ0þþð7185Þð2SÞ 99.7% 0.3% 66.6% 33.4% 0.74 0.33 0.62 0.52
Tð4cÞ1þ−ð6919Þð2SÞ 0.0% 100.0% 33.3% 66.7% 0.52 0.72 0.82 0.37
Tð4cÞ1þ−ð7021Þð2SÞ 0.0% 100.0% 33.3% 66.7% 0.69 0.36 0.61 0.49
Tð4cÞ1þþð7009Þð2SÞ 0.0% 100.0% 33.3% 66.7% 0.73 0.45 0.68 0.51
Tð4cÞ2þ−ð7017Þð2SÞ 0.0% 100.0% 33.3% 66.7% 0.73 0.45 0.68 0.52
Tð4cÞ2þþð6927Þð2SÞ 0.0% 100.0% 33.3% 66.7% 0.47 0.68 0.76 0.33
Tð4cÞ2þþð7032Þð2SÞ 0.0% 100.0% 33.3% 66.7% 0.79 0.45 0.72 0.56

TABLE VII. The components of different color configurations and the root mean square radii (fm) for each physical Tð4bÞ states, where
r12−34 ≡ ðr1 þ r2Þ=2 − ðr3 þ r4Þ=2, r13−24 ≡ ðr1 þ r3Þ=2 − ðr2 þ r4Þ=2.

State j66̄ic j3̄3ic j11ic j88ic
ffiffiffiffiffiffiffiffiffiffi
hr212i

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hr212−34i

p ffiffiffiffiffiffiffiffiffiffi
hr213i

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hr213−24i

p
Tð4bÞ0þþð19306Þð1SÞ 33.9% 66.1% 44.6% 55.4% 0.27 0.19 0.27 0.19
Tð4bÞ0þþð19355Þð1SÞ 66.1% 33.9% 55.4% 44.6% 0.27 0.19 0.27 0.19
Tð4bÞ1þ−ð19329Þð1SÞ 0.0% 100.0% 33.3% 66.7% 0.27 0.19 0.27 0.19
Tð4bÞ2þþð19341Þð1SÞ 0.0% 100.0% 33.3% 66.7% 0.27 0.19 0.27 0.19
Tð4bÞ0−−ð19485Þð1PÞ 65.3% 34.7% 55.1% 44.9% 0.36 0.22 0.34 0.25
Tð4bÞ0−−ð19756Þð1PÞ 34.7% 65.3% 44.9% 55.1% 0.36 0.22 0.34 0.26
Tð4bÞ0−þð19500Þð1PÞ 68.0% 32.0% 56.0% 44.0% 0.35 0.22 0.33 0.25
Tð4bÞ0−þð19595Þð1PÞ 0.0% 100.0% 33.3% 66.7% 0.31 0.28 0.36 0.22
Tð4bÞ0−þð19739Þð1PÞ 32.5% 67.5% 44.2% 55.8% 0.36 0.22 0.33 0.25
Tð4bÞ1−−ð19479Þð1PÞ 67.1% 32.9% 55.7% 44.3% 0.36 0.22 0.34 0.26

(Table continued)
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Note that A23 ¼ 0, the matrix A can be transformed into a
diagonal matrix,

A0 ¼

0
B@A11 −

A2
12

A22
0 0

0 A22 0

0 0 A33

1
CA; ðA7Þ

through the coordinate transformations, ξ01 ¼ ξ1,

ξ02 ¼ −A0
12

A0
22

ξ1 þ −A0
12

A0
22

ξ2, ξ03 ¼ ξ3. On the other hand, in the

calculations, the plane wave should be expanded by

eiP·r ¼
X

∞
l¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πð2lþ 1Þ

p
iljlðPrÞYl0ðr̂Þ; ðA8Þ

where we let the momentum P along the z direction. With
the above steps, one can obtain the integration of the
spatial part.
The components of different color configurations for the

physical Tð4cÞ and Tð4bÞ states are given in the Tables VI
and VII, respectively. To know the spatial size of the
tetraquark states, we also calculate the root mean
square radius, our results are listed in Tables VI and VII
as well.
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