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Stimulated by the exciting progress on the observations of the fully-charmed tetraquarks at LHC, we carry
out a combined analysis of the mass spectra and fall-apart decays of the 1S -, 25 -, and 1P-wave ccc¢ states in
a nonrelativistic quark model (NRQM). It is found that the X(6600) structure observed in the di-J/y invariant
mass spectrum can be explained by the 1§ -wave state T4e0++(6550). This structure may also bear some feed-
down effects from the higher 25 and/or 1P tetraquark states. The X(6900) structure observed in both the di-J/y
and J/yay(2S) channels can be naturally explained by the 25 -wave state T(c)0++(6957). The small shoulder
structure around 6.2 — 6.4 GeV observed at CMS and ATLAS may be due to the feed-down effects from some

1P-wave states with C = —1 and/or some 2S -wave states with

JPC = 0**. Other decay channels are implied in

such a scenario and they can be investigated by future experimental analyses. Considering the large discovery
potential at LHC, we also present predictions for the bbbb states which can be searched for in the future.

PACS numbers:

I. INTRODUCTION

Searching for genuine exotic hadrons beyond the conven-
tional quark model has been one of the most important initia-
tives since the establishment of the nonrelativistic constituent
quark model in 1964 [1, 2]. Benefited from great progresses
in experiment, many candidates of exotic hadrons have been
found since the discovery of X(3872) by Belle in 2003 [3].
Recent reviews of the status of experimental and theoretical
studies can be found in Refs. [4-10]. While many observed
candidates have been found located in the vicinity of S-wave
open thresholds, no signals for overall-color-singlet multi-
quark states have been indisputably established due to difficul-
ties of distinguishing them from hadronic molecules [10]. Re-
cently, the tetraquarks of all-heavy systems, such as ccc¢ and
bbbb, have received considerable attention. Since the light
quark degrees of freedom cannot be exchanged between two
heavy mesons at leading order, the color interactions between
the heavy quarks (antiquarks) should be dominant at short
distance and they may favor to form genuine color-singlet
tetraquark configurations rather than loosely bound hadronic
molecules. Furthermore, such exotic states may have masses
and decay modes significantly different from other conven-
tional states, thus, can be established in experiment.

Early theoretical studies of the full-heavy tetraquark states
can be found in the literature [11-16]. A revival of this topic
driven by the experimental progresses can be found by the in-
tensive publications recently [17-37]. Physicists are very con-
cerned with the stability of the tetraquark ccc¢ (T 4.) and bbbb
(T 4p)) states. If the T4 or T(ap) states have relatively smaller

“Feng-Xiao Liu and Ming-Sheng Liu contributed equally to this work.
TE-mail: zhongxh@hunnu.edu.cn
*E-mail: zhaoq@ihep.ac.cn

masses below the thresholds of heavy charmonium or bot-
tomonium pairs [18-25], they may become “stable” because
no direct decays into heavy quarkonium pairs through quark
rearrangements would be allowed. However, some studies
showed that stable bound tetraquark states made of cccc or
bbbb may not exist [11, 15, 27-35] because the the predicted
masses are large enough for them to decay into heavy quarko-
nium pairs. Due to these very controversial issues, experimen-
tal evidence for such exotic objects would be crucial for our
understanding of the underlying dynamics.

In 2020, the LHCb Collaboration reported their results on
the observations of T4 states [38]. In the di-J/y invari-
ant mass spectrum, a broad structure above J/yJ/y thresh-
old ranging from 6.2 to 6.8 GeV and a narrower resonance
X(6900) were observed with more than 5 o of significance
level. There are also some vague structures around 7.2 GeV
to be confirmed. Later in 2022, X(6900) was confirmed in
the same final state by both the ATLAS [39] and CMS [40]
collaborations. Some signal of X(6900) was also seen in
the J/yy(2S) channel by the ATLAS Collaboration [39]. In
addition, in the lower mass region the CMS measurements
show that a clear resonance X(6600) together with a small
shoulder structure around 6.2 — 6.4 GeV lies in the di-J/y
spectrum [40]. These clear structures may be evidences for
genuine tetraquark 74 states, they can also set up exper-
imental constraints on theoretical models of which the suc-
cessful interpretations and most importantly the early predic-
tions should bring a lot of insights to the underlying dynam-
ics. Stimulated by the newly observed structures in the di-J/y
invariant mass spectrum, the study of full-heavy tetraquark
states has been a hot topic in the last two years [41-92].

In Refs. [33, 93] we adopted a nonrelativistic potential
quark model (NRPQM), which is based on the Hamiltonian
proposed by the Cornell model [94], for the study of fully-
heavy tetraquark system. The masses of the 15-wave fully-
heavy tetraquark states were predicted there and we found
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FIG. 1: The coordinates defined for a T(4p) system and its fall-apart
decays into a BC meson pair via the quark rearrangement. The
BC final state can be formed via two quark rearrangement ways:

(O Q3)(Q2Q4) and (Q1Q4)(Q2Q3) as shown in the ﬁgure.

that the 1S§-wave T4 masses should be above the two-
charmonium thresholds within a commonly accepted param-
eter space [33]. This turns out to be consistent with the
structure X(6600). The predicted masses of the 2§5-wave
T 4c) states are comparable with the narrow structure X(6900).
Later studies by Refs. [35, 55-57, 95] turn out to agree with
our predictions.

In this work we carry out a systematic study of the fall-
apart decays of the 1S-, 25- and 1P-wave T4 states in the
NRPQM framework. The 1S-, 25- and 1P-wave Tg) (Q =
¢, b) states are calculated in the same framework. Thus, it
allows us to obtain a self-consistent treatment for the mass
spectrum and decay properties. We will show that some of
these structures observed at LHC may arise from the S - and P-
wave T4 states. To proceed, we first give a brief introduction
to our model and method.

II. MODEL AND METHOD

Apart from the linear confinement, Coulomb type potential,
and spin-spin interaction potential for calculating the S-wave
tetraquark states in the Hamiltonian [33], we include the spin-
orbit and tensor potentials here to deal with the first orbital
(1P) excitation,
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where r;; = |r; — r;| is the distance between the ith and jth
quarks, S; stands for the spin of the i-th quark, and L;; stands
for the relative orbital angular momentum between the i-th
and j-th quark. If the interaction occurs between two quarks

or antiquarks, operator A; - A; is defined as ;- ; = 5 _, AL,
while if the interaction occurs between a quark and anti-
quark, we have 4; - 1; = 25:1 —/l;’/lj?*, where A%* is the
complex conjugate of the Gell-Mann matrix A“. The param-
eters b;; and «;; denote the confinement potential strength
and the strong coupling for the OGE potential, respectively.
The same model parameters, m./m, = 1.483/4.852 GeV,
Qeelapy, = 0.5461/0.4311, oc/op = 1.1384/2.3200 GeV,
and beejppy = 0.1425 GeV?, are adopted by fitting the c¢ and
bb spectra as in Refs. [33, 96].

For T4¢), there are two kinds of color structures, (66), and
(33).. As shown in Fig. 1, the relative Jacobi coordinate be-
tween these two charm quarks (two anticharm quarks) is de-
fined by &, = (r] — 1)/ V2 (&, = (r3 — 14)/ V2), while the
relative Jacobi coordinate between Q Q> and 030, is defined
by & = (r; + r2)/2 — (r3 + rs)/2. Thus, there are three
spatial excitation modes which are denoted as &}, &, and &3.
Their wave functions are defined as ¢(&;) (i = 1,2,3). Ac-
cording to the requirements of symmetry, there will be four
1S configurations, 12 2S5 configurations, and 20 1P config-
urations in the L — S coupling scheme, which are listed in
Table I. Apart from the conventional quantum numbers, i.e.,
JPC€ =07+, 17, 27*, 37, the P-wave states can access exotic
quantum numbers, i.e., JPC =0, 17+,

To solve the Schrodinger equation, we expand the radial
part R, ;. (&) of spatial wave function ¢(¢;) with a series of
harmonic oscillator functions [97]:
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The parameter d¢, can be related to the harmonic oscillator
frequency wge with 1/d§€ = Mgwg. For Ty the reduced
masses Mg = mg. On the other hand, the harmonic oscil-
lator frequency wg,, can be related to the harmonic oscilla-
tor stiffness factor K, with wg = +/3K¢/Mg,. Then, one has
dge = dp = B3mKy)™'/*. The oscillator length dy is set to be

de=dia™" (t=1,...n), (5)

where n is the number of harmonic oscillator functions, and a
is the ratio coefficient. There are three parameters {d;, d,,, n} to
be determined through the variation method. It is found that
with the parameter sets {0.068 fm, 2.711 fm, 15} and {0.050
fm, 2.016 fm, 15} for the cccc and bbbb systems, we can ob-
tain stable solutions.

By using the spectrum obtained from NRPQM, we further
evaluate the fall-apart decays of the T(4¢) states in a quark-
exchange model [98]. The interactions V;; between inner
quarks of final hadrons B and C may be the sources of the
fall-apart decays of a T(4¢) state via the quark rearrangement.
The decay amplitude M(A — BC) of T4 state is described
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FIG. 2: Mass spectra for the cccc and bbbb systems.

by:

M(A - BC) = —/(2n)? 8MAEREc <BC|ZVi ,-|A>, (6)

i<j

where A stands for the initial tetraquark state, BC stands for
the final hadron pair. My is the mass of the initial state, and
Ep and E¢ are the energies of the final states B and C, re-
spectively. The decay width I of A — BC can be described
by:

1 |pl
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where |p| is magnitude of the momentum for the final states B
and C. The potentials V;; (ij # 13,24 orij # 14,23) between
inner quarks of final hadrons B and C, as shown in Fig. 3, are
taken the same as our mass calculations. The calculation of
the decay amplitude for a T4 state is indeed a tedious task,
some details are given in the appendix. This model has been
developed and applied to the study of the hidden-charm decay
properties for the multiquark states in the literature [99-103],
and a lot of inspiring results are obtained. For simplicity, the
wave functions of the A, B, C hadron states are parametrized
out in a single harmonic oscillator form by fitting the wave
functions calculated from our potential model [93, 97, 104].
The harmonic oscillator parameters for the final meson states
and initial tetraquark states are collected in Tables IV and V
of the appendix, respectively.
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FIG. 3: The fall-apart decays of a T(4¢) state induced by the interac-
tions V;; (ij # 13,24 or ij # 14,23) between inner quarks of final
hadrons B and C.
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III. RESULTS AND DISCUSSION

In Table I, the mass spectra of the T4 and T4 states are
listed in the third and fifth columns, respectively. For clarity,
the mass spectra are also plotted in Fig. 2. From Table I, one
can see that the physical states are usually mixtures of two dif-
ferent color configurations |66), and |33).. The eigenvectors
for different configurations of the T4, states are also listed
in Table I. The eigenvalues for the physical states can be ex-
tracted by diagonalizing the mass matrices. The masses of the
1 P-wave T4y and T4p states are predicted to be in the range
of ~ 6.6 —7.0 GeV and ~ 19.5 — 19.8 GeV, respectively. The
masses of some 1P-wave T4 states are comparable with the
newly observed structures X(6600) and X(6900).

It should be mentioned that except for the color config-
urations |66), and |33)., one can also select the |11), and



TABLE I: Mass spectra for the 1S, 1P, 2S5 -wave cccc and bbbb states. &1, &, &5 are the Jacobi coordinates. (£, &) stands for a configuration
containing both &;- and &-mode orbital excitations, while (£3) stands for a configuration containing &;-mode orbital excitation. The spectra

for the 1§ and 28 states are taken from our previous works [33, 93].

Configuration ccte bbbb
Eigenvector Mass (MeV) Eigenvector Mass (MeV)
1'S s+ (65), [0.58 0.81] [6455) (0.58 0.81) [19306]
118 g+ 33), 0.81 -0.58 6550 0.81 -0.58 19355
1S 1+ 33, 1 6500 1 19329
158 er33), 1 6524 1 19341
3 Po—680e ) [—0.80 0.60] [6651) (—0.81 0.59) [19485]
3 Py e £9) 0.60 0.80 6926 0.59 0.81 19756
3 Pt 68)e(61.£2) 0.82 047 0.32 6681 0.82 0.55 0.12 19500
3 Po+ (33161 £2) 0.14 0.38 -0.91 6749 0.02 0.18 —0.98 19595
Po3.(e) -0.55 0.80 0.25 6891 -0.57 0.81 0.14 19739
Pr-@brc e (-0.82 055 0.12 —0.06 0.03 6636 -0.82  0.57 0.06 —0.03 0.01 19479
P36 0.02 -0.24 0.96 —0.16 0.06 6750 0.00 -0.10 0.98 -0.18 0.02 19597
P e(ey) -0.01 0.05 0.17 098 0.10 6768 0.00 0.03 0.18 098 0.04 19603
P a(e) 0.48 0.69 0.19 —0.02 -0.50 6904 0.53  0.76 0.08 -0.02 -0.36 19749
Py 6ore(er) 0.31 039 0.02 -0.11 0.86 6993 0.22 0.8 0.00 -0.05 0.93 19795
P66t ) 0.82 0.56 0.05 6676 0.82 0.57 0.05 19496
P (31 ) 0.01 0.08 —1.00 6769 0.00 0.08 —1.00 19603
P (e -0.57 0.82  0.06 6908 -0.57 0.82 0.06 19748
Py (6Bt £2) 0.80 —0.59 —0.06 6630 0.81 —0.59 —0.03 19476
3Py ) 0.01 0.12 -0.99 6780 0.00 0.06 —1.00 19608
Py a(es) 0.60 0.80 0.10 6955 0.59 081 0.05 19767
N 0.82  0.57 —-0.06 6667 0.82 0.58 0.00 19492
3P+ 3yt &) 0.00 —0.10 —1.00 6783 0.00 0.00 —1.00 19609
Py (e) -0.58 0.81 —0.08 6928 -0.58 0.82  0.00 19756
Py (&) 1 6801 1 19617
2'S - (68),c1.£0) [—0.66 —0.75] [6993) ( 0.10 —1.00) [19789]
2'S o Garecer -0.75  0.66 7020 -1.00 -0.10 19841
218 g+ (68), 61,0 0.35 040 0.03 0.84 6908 0.15 038 0.04 091 19719
218 v+ 33101 2) 091 -0.05 0.07 0.41 6957 -0.97 -0.04 —0.14 0.19 19767
2'S g+ (68), (5) 0.21 —0.91 —-0.01 0.35 7018 0.10 —0.92  0.02 0.37 19811
218 g3 (e5) -0.06  0.02 —1.00 0.05 7185 0.14  0.00 —0.99 0.01 19976
238 -G ) [—0.39 —0.92] [6919) (—0.38 —0.92) [19722]
2’S 1 an(e) -0.92  0.39 7021 -0.92 0.38 19813
238 s et ) 1 7009 1 19792
258 3 ay,ce, 0 1 7017 1 19795
258 24+ @31 ) [—0.37 —0.93] [6927) (—0.37 —0.93) [19726]
2’8y 1. -0.93 037 7032 -0.93 037 19816

|88). representations when constructing the tetraquark wave
functions. The two sets of color configurations are equiv-
alent to each other. The |66, and |33),. configurations can
be expressed by |11). and |88). through the Fierz transforma-
tion [35]. With which, one can extracted the |11), and |88).
components in a physical states expressed with the [66). and
133), configurations. The components of different color con-
figurations for the physical T4 and T 4p) states are given in

the Tables VII and VII of the appendix. To know the spa-
tial size of the tetraquark states, we also calculate the root
mean square radius, our results are also listed in Tables VII
and VII. Similar to ours, a systematical study of the 1S, 25
and 1P-wave Ty, states was also carried out within the non-
relativistic quark model in Ref. [57]. The obtained results
are generally consistent with ours. The slight differences are
mainly due to the different selections of the model parameters,



TABLE II: Fall-apart decay properties for the 7'y, states.

State nefe I nene2S)  J(2S)  xeoxcolXeoXel XcoXealXelXel XeXealXaxalhohe
T 4ey0++(6455)(15) 1.45 0.70 cee cee cee o ce-

T 4e)0++(6550)(15) 0.12 1.78

T (6524)(1S) - 0.00 e o e

T aey0++(6908)(2S) 0.61 0.12 0.55 0.09 22.5/ -

T 4ey0++(6957)(2S) 0.01 4.66 0.05 3.17 70.8/ - - - S

Tueo+(7018)(2S)  3.14 1.87 0.00 0.07 14.8/ - - - 0.00/ - - - -
Tueo+(7185)(2S)  0.00 0.48 0.21 0.14 1.14/ - - - 0.05/6.12 0.53/18.0/5.79
T 4ey2++(6927)(2S) 0.36 0.30 0.00/1.15 S

Tae++(7032)(2S) 7.12 2.83 0.23/98.0 325/214

State JIYJ Y NeX 0 NeXel NeX 2 J/yh, J/pp(2S)Inen(2S) xeoxeolXcoXellXoXe
Tgen++(7009)(2S) o 2.43 4.57 4.81 3.79 0.00/ - -- --+/0.00/0.00
T 4ey0-+(6681)(1P) 0.04 1.28 0.00 0.03 0.40 S e

T acyo-+(6749)(1P) 1.56 0.00 0.00 0.00 5.33 cee

T 4ey0-+(6891)(1P) 0.00 2.38 0.00 0.79 0.06 0.00/ - - 0.00/---/--
T 41—+ (6676)(1P) 0.09 0.00 1.99 0.03 1.70 -++/0.00

Tuen-+(6769)(1P)  0.21 0.00 1.22 0.06 5.57 --+/0.00 -

T 41—+ (6908)(1P) 0.00 0.00 1.43 0.06 0.37 0.00/0.00 031/---/--
T 4cyo-+(6667)(1P) 0.00 0.02 0.03 0.05 0.03 cee ce-

T 42—+ (6783)(1P) 0.01 0.05 0.07 1.10 2.18 S

T (4cy2-+(6928)(1P) 0.01 0.05 0.08 0.88 1.98 0.00/ - - 0.00/---/--
state neJ1y nche XodlY  xaltly xolly — np2S)/ n.28)J/¢y Xeohe

T e+ (6500)(1S) 0.45 .. Y

T oo (6993)(25) 3.16 3.45 2.65 0.54 coof e

Tuep—(7020)2S) - 21.1 0.17 0.35 0.34 coof e

T e+ (6919)(25) 0.05 0.02 0.04 0.06 0.09/ 0.68

Taen+(7021)(2S) 1.98 0.02 0.07 0.12 0.71/0.61 150

T e+ (7017)(2S) cee 4.70 3.75 0.86 cef e

T 40— (6651)(1P) 0.24 0.00 6.75 R ERE

Tuoo—(6926)(1P)  0.12 e 0.02 2.76 0.19 0.00/ 0.00

T 41— (6636)(1P) 0.04 0.02 3.28 0.97 S R ERE

Tuen—(6750)(1P)  0.17 0.01 1.92 3.99 1.05 0.00/ 0.00

T4en—(6768)(1P) 0.00 2.77 0.08 0.99 0.79 0.00/0.00

T aey—(6904)(1P) 0.00 0.17 2.96 0.26 0.17 0.00/0.00

T (6993)(1P)  0.03 1.91 0.12 0.76 1.49 0.00/ 0.00 0.17

T (42— (6630)(1P) 0.06 0.01 0.01 0.02 S R ERE

T 42—~ (6780)(1P) 0.01 0.01 0.01 3.55 2.00 0.00/ 0.00

Ten—(6955)(1P)  0.00 0.00 0.11 1.75 3.45 0.00/ 0.01 0.00

T 43~ (6801)(1P) 0.00 0.00 0.16 0.27 11.8 0.00/0.00

spin-orbital potentials, and numerical methods. The differ-
ences of the numerical methods adopted in the present work
and that in Ref. [57] have been discussed in Ref. [35].

In addition to calculating the mass spectra, the results of the
fall-apart decays via the quark rearrangement of the 1S -, 25 -
and 1 P-wave T(4() states are also given in Tables IT and III. To
our surprise, the fall-apart decay widths for most of the T4¢)
states are only in a small range of ~ 0 — 10 MeV. Thus, there
should exist some stable 740, states although their masses are
above the thresholds of QQ meson pairs.

In the following part, we focus on the 1S-, 25- and 1P-
wave T4 states to understand the di-J/y spectrum observed
at LHCb [38], CMS [40] and ATLAS [39]. The nature of
the broad structure around 6.2 — 6.8 GeV in the di-J/y in-
variant mass spectrum [38—40] is mysterious if it is a genuine
state since it is difficult to understand what decay channels
would contribute to its broad width. Note that the CMS [40]
and ATLAS [39] measurements show some details where a
small shoulder appears at the lower side of the broad structure
X(6600).



TABLE III: Fall-apart decay properties for the T4 states.

State s T menp(2S)  TY2S)  xeoXso/XvoXvl  XboXe2/Xp1Xb1 XooXnalXvoXvol ol
T (19306)(1S) 033 0.16  --- o S . .

T apyo++(19355)(1S) 0.02 0.38

Tapp-(19341)(1S) -~ 000  --- . .

T apyo++(19719)(25) 0.11 0.21 1.04 1.53 0.20/- - -

T apyo++(19767)(2S) 0.09 2.29 1.00 154 14.2/- - - cee

T apyo++(19811)(2S) 3.80 1.89 24.0 8.30 5.58/--- 0.01/18.2 0.66/- - -/233
T apyo++(19976)(2S) 0.07 0.69 0.32 2.02 1.18/--- 0.09/4.27 0.67/10.4/5.50
T apyo++(19726)(25) 0.41 3.23 0.00 e S

T apyo++(19816)(25) 7.41 41.8 0.03/15.2 45.3/34.5 75.8/- [+
State TY X0 Xl X b2 Thy, TYQRS)mmp(2S)  XpoXp0/XpoXb1/Xb0X 02
T apy1++(19792)(2S) cee 5.41 16.3 23.9 58.0 0.00/- - - -++/0.00/0.00
T apyo-+(19500)(1P) 0.05 1.96 0.00 0.10 1.48 0.00/- - - S

T apyo-+(19595)(1P) 0.16 1.26 0.00 0.15 3.74 0.00/- - - ce

T apyo-+(19739)(1P) 0.01 0.99 0.00 0.27 0.07 0.00/- - - 0.00/- -/ - --
T apy1-+(19496)(1P) 0.02 0.00 2.00 0.07 1.94 0.00/0.00 ..

T (apy1-+(19603)(1P) 0.03 0.00 2.14 0.16 3.75 0.00/0.00 s

T (apy1-+(19748)(1P) 0.00 0.00 0.59 0.05 0.25 0.00/0.00 0.07/--+/---
T apyp-+(19492)(1P) 0.00 0.00 0.01 0.03 0.03 0.00/- - - cee

T apyo-+(19609)(1P) 0.00 0.04 0.08 1.17 1.66 0.00/- - - S

T apyo-+(19756)(1P) 0.00 0.06 0.11 1.01 1.58 0.00/- - - 0.00/ - -/ - -
state Y mhs X0l Xo'T XY Y (2S8)/ np(25)T Xoohy
Topi+(19329)(1S)  0.10

T apyo+-(19789)(25) 66.8 4.10 12.0 17.3

T apyo+-(19841)(2S) .. 15.9 3.42 10.5 16.0 e

T apy1+-(19722)(2S) 0.20 0.00 0.01 0.01 267/303

T apy1+-(19813)(25) 1.82 0.00 0.01 0.01 82.7/102 27

T apyr+-(19795)(25) .- 12.6 37.0 54.0 cee

T apyo--(19485)(1P) 0.04 0.00 5.07 0.05 0.00/0.00

T apyo—-(19756)(1P) 0.02 s 0.00 0.98 0.11 0.00/0.00

T apy1-—-(19479)(1P) 0.01 0.00 2.01 1.09 1.90 0.00/0.00

T apy1—(19597)(1P) 0.02 0.09 3.00 2.49 0.68 0.00/0.00

T (apy1-—-(19603)(1P) 0.00 3.65 0.03 0.91 0.67 0.00/0.00

T apy1--(19748)(1P) 0.00 0.02 0.89 0.21 0.13 0.00/0.00 S

T apy1—(19795)(1P) 0.00 0.99 0.14 0.55 0.54 0.00/0.00 0.04

T apy—-(19476)(1P) 0.01 0.00 0.00 0.01 0.06 0.00/0.00

T apy—(19608)(1P) 0.00 0.00 0.01 2.52 1.16 0.00/0.00

T apy—(19767)(1P) 0.00 0.00 0.09 1.08 2.17 0.00/0.00 0.00

T apy3--(19617)(1P) 0.00 0.00 0.15 0.30 6.85 0.00/0.00

There are no T4 states lying in the mass range of < 6.4
GeV in our NRPQM predictions. However, it turns out to
be possible that the small shoulder structure around 6.2 — 6.4
GeV near the di-J/y threshold may be caused by some feed-
down effects from higher mass T4 states. It is interesting
to find that in the 25 -wave T4 states, the quark rearrange-
ment decay rates of Te)0++(6908,6957,7018) —  xcoxcos
T+ (T185) = xeiXels XeaXc2 are large, and their partial
widths are predicted to be O(10) MeV. These 2 -wave states
with JP¢ = 0** have masses around ~ 6.9 — 7.2 GeV. The

Xesxey final states can feed down to the di-J/¢ channel via
XciXcr — JIWJ/y +yy and J/yWJ/y + nr where the two soft
photons or soft pions will evade the detection.

We actually find that there could be multi-sources con-
tributing to the shoulder structure around 6.2 — 6.4 GeV via
the feed-down mechanisms from some 1P-wave T 4. states.
For instance, the decay rates for Tsc0--(6651) — J/yxc1,
Tuen—(6636) —  J/xco, Tuaen—-(6750) —  J/dxco12,
T4 (6780) — J/yxe12, and Ticere3-(6801) — J/yx e
are quite large. Their partial widths are predicted to be about



several MeV. These 1 P-wave states have masses in the range
of ~ 6.6 — 6.8 GeV. Their decays into J/yy.; can also con-
tribute to the di-J/y channel through the radiative decays of
J/xco.12 — J/WJ /Wy, where the photon momenta are about
300 ~ 450 MeV. The feed-down mechanism seems to be a
possible explanation for the broad structure around 6.2 — 6.4
GeV in the di-J/y invariant mass spectrum.

The X(6600) structure observed at CMS may be assigned
to the 15 -wave state T4+ (6550) predicted in the NRPQM.
This state is a mixed state between two color configurations
66 and 33. The predicted mass is in good agreement with the
observations. Furthermore, the quark rearrangement decays
of Tc)0++(6550) are governed by the di-J/¢ channel, which
is also consistent with the observations. Although the pre-
dicted partial width of the di-J/y mode, I'jy/y = 1.78 MeV,
is much smaller than the observed total width " = 124+29+34
MeV of X(6600), its width may be saturated by the hadronic
decays into open-charmed meson pairs via the cc¢ annihila-
tions [18]. It was shown in Ref. [18] that the sum of the
partial widths of these hadronic decay processes can reach
up to order of 100 MeV. In the same picture the other 1S
state 74c)0++ (6455) may also be observed in the di-J/¢ chan-
nel given the accumulation of more data in the future. Fi-
nally, it should be mentioned that the X(6600) structure may
also bear some feed-down effects from the 25-wave states
T4ey0+-(6978) and T 4c2+-(7031), and/or the 1P-wave states
T(4C)0——(6926), T(4C)1——(6904, 6993) and T(4C)2——(6955), since
they have sizeable partial widths into J/y v, final states.

Concerning the nature of X(6900) the mass location sug-
gests that several 1P- and 2S-wave states with C = +1
can be the candidates of X(6900). However, with the decay
properties taken into account it shows that only the 25 -wave
state T 4c)0++(6957) can match X(6900). The partial widths of
T 4c)0++(6957) decaying into the di-J/¢ and J/yap(2S) chan-
nels are predicted to be ~ 4.7 MeV and 3.2 MeV, respec-
tively. Combined with the measured width I = 122 +22 + 19
MeV of X(6900), it is predicted that the decay rates of these
two channels are O(3%). As listed in Table I, T400++(6957)
contains dominantly 2'S 0+ (68),(61.62)° Its mass slightly higher
than 7400+ (6908) of which the dominant configuration is
218 0+ (33).(&)- Lhis is due to the strong attraction produced
by the relatively small but crucial mixing of the 2150++(g3)((§3)
configuration. Its crucial role for the 2!S o+« multiplets can be
seen clearly by the mixing matrix in Table I for both cccc and
bbbb.

With X(6900) assigned as the T4c)0++(6957), the partial
width ratio between the di-J/y and J/yy(2S ) channels is pre-
dicted to be

N

~ 15, 8)
Lipuas)

which can be tested in future experiments. As shown in
Tab. II, the main decay channel of T4¢)0++(6957) should be
T4+ (6957) = xcoxco- Therefore, a search for X(6900) in
the y.oxco channel could be useful for understanding its na-
ture. We notice that some other analyses also prefer X(6900)

as a compact tetraquark state with J°¢ = 0** [73, 91, 92]. Fi-
nally, it should be mentioned that the 25 state T'(4¢)0++(7018)
may also contribute to the X(6900) structure observed in the
di-J/y final state, since it has a sizeable partial decay width,
Lypsp = 1.87 MeV, into the di-J/y channel. Moreover, this
state has large decay rates into the 7.1, and y.oxc0 channels as
well.

IV. SUMMARY

With the coherent study of the fully-heavy tetraquark spec-
tra in the NRPQM and their rearrangement decays, we show
that the recent measurements of the di-J/¢ spectrum have pro-
vided a strong evidence for the S- and P-wave T, states.
The small shoulder structure around 6.2-6.4 GeV observed
by CMS and ATLAS may be due to the feed-down effects
from higher 1P-wave states with C = —1 or some 2§ -wave
states with J°€ = 0**. The X(6600) structure may arise from
the 1S-wave state T40)0++(6550), of which the peak struc-
ture may also bear some feed-down effects from the 25 -wave
and/or 1 P-wave states with C = —1. The X(6900) structure is
most likely to be the 25 -wave state T'(4¢)0++(6957). If X(6600)
and X(6900) indeed correspond to the 1S - and 25 -wave T 4
states, respectively, their decay rates into the di-J/¢ channel
are predicted to be order of 1%. In addition, one 1S -state
T 4c)0++(6455), one 2§ -state T4+ (7016) and one 1P-state
T 4c)0-+(6749) are predicted to be located at the same masses as
X(6600) and X(6900) in the di-J/¢ invariant mass spectrum.

Based on such a scenario, we expect that more signals
for the T4 states should be observed in other decay chan-
nels via either §- or P-wave transitions, such as n.n., J/yh.,
J/Wxcrs nehe. By extending the calculations to the full-bottom
tetraquark systems, we have also included the mass spectra
of the bbbb states and their fall-apart decays in Tab. I and
Tab. III, respectively. Several 2S-wave T4y states, such as
T by (19767) and Tpyo++ (19811), should have good poten-
tials to be observed in di-Y and YY(2S) decay channels. No-
tice that no signals of the T4 states are found based on the
present statistics at LHCb [38]. This can be due to the low
production rates for such heavy objects.
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Appendix A

The calculation of the decay amplitude M(A — BC) of a
T4 state is indeed a tedious task. For simplicity, the spatial
wave functions for the A, B, C hadron states are adopted a har-
monic oscillator form, the harmonic oscillator parameters are
determined by fitting the wave functions calculated from the
potential model. These parameters have been given in Tab. IV
and Tab. V.

Taking T'(cceepo++ (1S )(6455) — J/yJ/y as an example,
from Tab. I one can obtain the wave function for the initial
T cceeo++ (15 )(6455) state, i.e.,

A) = 0.58ui50x00 [66) +0.81ufgoxbe[33) . (AD)

B
c
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TABLE IV: The masses (MeV) and harmonic oscillator parameters
B (MeV) for the meson states.

State| c¢¢ Mass S bb Mass S
1'So| 7. 2984 658 m, 9378 1160
13Sy| J/y 3097 564| T 9436 1096
2184 [17.(2S) 3635 506|1,(2S) 9973 858
- 238 | W(2S) 3679 470| 1(2S) 9989 822

PPy| xeo 3417 533| xpo 9845 822
1'Py| h. 3522 459| h, 9899 731
BP| xa 3516 459| x, 9891 759
PPy | xe 3552 429| xp 9914 705

which is an admixture between several different configura-
tions. The wave function of the final state is obtained within
the J-J coupling scheme. Combining with the Clebsch-
Gordan coefficients, the wave function of the di-J/iy system
with quantum numbers J7€ = 0** is given by

1
IBC) = —= [x1x71 — XioXio + Xi-1Xt
\/5[11 1-1 10X10 T X1-1 11]

Cono®oon® 1) (A2)
where the superscripts 1, 2 stand for the two J/iy mesons in the
final state, y stands for the their spin wave functions, and g
stands for their spatial wave functions. ¢ is the wave function
for describing the relative motion of two final state mesons,
which is adopted a plane wave form by treating the final state
mesons as free particles:

efipf'(rfl ’r./'z)’

¢ = - (A3)
Qnth)?

where p; is the three-momentum of the hadron 1 in the fi-
nal state, ry, and ry, stand for the position coordinates of the
hadrons 1, 2 in the final state.

By using the wave functions given in Eqs. Al and A2, one
can calculate the transition matrix element with

1
(BCIVj14) = ((\—@ Dot = xloxdo +xiowd | 11

o

e [66] + caty[33] )

<‘1"(1)0090(2)00¢| 0;; |'ﬁ(l)go> ; (A4)
where the OAfI‘ and 0?} stand for the spin-color dependent
and spatial dependent operator, respectively. Calculating the
matrix elements in color and spin space is relatively sim-
ple. When calculating the matrix element of the spatial part,
<t,o(1]0090%00¢| OAf,’j |z,b(l)go>, one should face a problem. The spatial
wave function, which contains three different variables, can-
not be separated into the product of three functions with inde-
pendent variables directly. One should solve this problem by
defining new coordinate systems via coordinate transforma-
tions by using the standard linear algebra methods [105, 106].



Then, the integration of the spatial part is shown. It is given
by

<‘P(1)00 (wfl ) D00 (“’fz) ¢‘ 0 it (wi)>
. fo,\ef%Ax/El'ffe_jpf_g} (YOO)S d3§1d3§2d3§3, (A5)

where Iy, is a normalization factor independent of the inte-
gration variable, and the matrix A is given by

%,uw? + iya)i —iyw; 0
A= —%uw} %uwiz + %uwi 0 (A6)
0 0 ,uwl.z + ya)i

Note that A,3 = 0, the matrix A can be transformed into a
diagonal matrix
AL
A — v 0 0

A= 0 An 0 |
0 0 As

(A7)

11

thAr/ough thff, coordinate transformations, & = &, & =

2 + 2&,, € = £;. On the other hand, in the calcu-
22 22

lations, the plane wave should be expanded by

P = T VAR QI DI (P Yo B, (A)

where we let the momentum P along the z direction. With the
above steps, one can obtain the integration of the spatial part.

The components of different color configurations for the
physical T4 and T4y states are given in the Tables VII
and VII, respectively. To know the spatial size of the
tetraquark states, we also calculate the root mean square ra-
dius, our results are listed in Tables VII and VII as well.



TABLE V: The harmonic oscillator parameters for the T4, state.

State B

State B

State B

State B

Tieceono+ (15 )(6455) 481
Teceono+ (18 )(6550) 493
Tecop+— (25 )(6993) 403
Tieceopo— (25 )(7020) 420
Teccoy+ (25 )(6908) 411
Tiecerpo+ (25 )(6957) 420
Tiecerno+ (25 )(7018) 420
Tecop+ (25 )(7185) 411
Tieeeono— (1P)(6651) 438
Tieczeno— (1P)(6926) 438
Tieecno+ (1P)(6676) 438
Tieceno+ (1P)(6748) 438
Tieccey—+ (1P)(6897) 438
Tieecey— (1P)(6636) 438
Tieccen— (1P)(6750) 438
Tieccey— (1P)(6768) 438
Tieccyr+ (1P)(6667) 438
T eccep—+(1P)(6928) 438

T cczeyi+ (15 )(6500) 493
Tcczeppr+(15)(6524) 481
T (ccean+ (25 )(6919) 420
T(ccean+-(285)(7021) 411
T (ccean++ (25 )(7009) 420
T (cceap-(285)(7017) 411
T cczepr+(25)(6927) 411
T (cceopp++ (25 )(7032) 411
T (cczen—(1P)(6904) 438
Tcczeni—(1P)(6993) 438
T cceen—+(1P)(6675) 438
Tcceen—+(1P)(6768) 438
Tcczeni—+(1P)(6910) 438
T (cczep— (1P)(6630) 438
Tcczerp—(1P)(6780) 438
T cczero—(1P)(6955) 438
Tcccerp—+(1P)(6783) 438
T(cczers— (1P)(6801) 438

T ppppy0++ (15)(19306) 897
T ppbpyo++ (15)(19355) 897
T pibiyo+- (25 )(19789) 680
T ppbpyo+- (25 )(19841) 704
T pibpyo++ (25 )(19719) 704
T pibpyo++ (25 )(19767) 730
T ppbpyo++ (25 )(19811) 704
T pibpyo++ (25 )(19976) 704
T ppbbyo— (1P)(19485) 789
T pibbyo— (1P)(19756) 759
T b+ (1P)(19500) 789
T b+ (1P)(19595) 759
T pibbyo-—+ (1P)(19739) 789
T by — (1P)(19479) 789
T ppbiy1— (1P)(19597) 759
T ppbiy— (1P)(19603) 759
T ppbpy2—+ (1P)(19492) 789
T ppppp—+ (1P)(19756) 789

T i1+ (15)(19329) 897
T ppppyo++ (18)(19341) 897
T iy~ (28)(19722) 704
T by + (28)(19813) 704
T ppbpy1++ (28)(19792) 704
T ppbpy2+— (28)(19795) 704
T ppbpya++ (28)(19726) 704
T ppbpya++ (28)(19816) 704
T ppppy— (1P)(19748) 789
T pippy— (1P)(19795) 759
T ppipy1-+ (1P)(19496) 789
T )1 -+ (1P)(19603) 759
T pippy1—+ (1P)(19748) 789
T ppipyn— (1P)(19476) 789
T pippy2— (1P)(19608) 759
T pippy2— (1P)(19767) 759
T ppppyo-+ (1P)(19609) 759
T pippy3— (1P)(19617) 759

12
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TABLE VI: The components of different color configurations and the root mean square radius (fm) for each physical T, states, where
Fio34 = (0 +12) /2= (034 14) /2, 113200 = (11 +13) /2= (12 + 1) /2.

State 68)  [33). T N N s
Taoo (6455)(1S)  33.9%  66.1%  44.6%  554% 0.49 0.35 049 035
Tuop-(6550)(1S)  66.1%  33.9%  554%  44.6% 0.50 0.35 050 035
Tuon(6500)(1S)  0.0%  100.0%  333%  66.7% 0.50 0.35 050 035
Tuon-(6524)(1S)  00%  100.0%  333%  66.7% 0.51 0.36 051 036
Tuoo—(6651)(1P)  64.0%  36.0%  547%  453% 0.63 0.39 059 045
Tuon—(6926)(1P)  36.0%  64.0%  453%  54.7% 0.63 0.39 059 045
Tuon—(6681)(1P)  67.5%  32.5%  558%  44.2% 0.61 0.39 059 043
Tuon(6749)(1P)  2.0%  98.0%  34.0%  66.0% 0.55 0.47 061 039
Tuop(6891)(1P)  30.1%  69.9%  434%  56.6% 0.62 0.39 059 044
Tuon—(6636)(1P)  67.8%  322%  559%  44.1% 0.63 0.39 059 044
Tuon—(6750)(1P)  04%  99.6%  33.5%  66.5% 0.54 0.48 061 038
Tuon—(OT68)(1P)  10%  99.0%  33.7%  66.3% 0.55 0.50 063 039
Tuon—(6904)(1P)  48.4%  51.6%  49.5%  50.5% 0.60 0.42 0.60 043
Tuon—(6993)(1P)  83.5%  165%  612%  38.8% 0.57 0.47 0.62 0.4
Tuon—(6676)(1P)  68.0%  32.0%  56.0%  44.0% 0.63 0.39 059 045
Tuon—(6769)(1P)  0.0%  100.0%  333%  66.7% 0.55 0.50 0.63 039
Tuon—(6908)(1P) 32.5%  61.5%  442%  55.8% 0.62 0.38 059 044
Tuon—(6630)(1P) 64.5%  355%  54.8%  452% 0.64 0.39 0.60 045
Tuon—(6780)(1P)  0.0%  100.0%  333%  66.7% 0.55 0.50 0.63 039
Tuon—(6955)(1P)  35.6%  64.4%  452%  54.8% 0.63 0.39 059 045
Tuonr(666TY(1P)  67.2%  32.8%  557%  44.3% 0.63 0.39 059 045
Tuen(6783)(1P)  0.0%  100.0%  333%  66.7% 0.55 0.50 0.64 039
Tuonr(6928)(1P) 33.7%  663%  44.6%  554% 0.63 0.39 059 045
Tuor—(6801)(1P)  00%  100.0%  333%  66.7% 0.56 0.51 0.64 039
Tuop—(6993)28) 43.6%  56.4%  47.9%  52.1% 0.77 0.43 0.69 054
Tuoo-(7020)2S)  56.4%  43.6%  52.1%  47.9% 0.78 0.42 069 055
Tuop(6908)28) 12.5%  87.5%  37.5%  62.5% 0.45 0.66 073 032
Tuoo(6957)2S)  83.0%  17.0%  61.0%  39.0% 0.76 0.42 0.69 054
Tuoo(T018)2S)  44%  95.6%  348%  652% 0.56 0.56 0.69 040
Toep(T185)28)  99.7% 03%  666%  33.4% 0.74 0.33 062 052
Tuon-(6919)28)  00%  100.0%  33.3%  66.7% 0.52 0.72 082 037
Tuor-(102DQ2S)  00%  100.0%  333%  66.7% 0.69 0.36 0.6 049
Tuon(1009)2S)  00%  100.0%  333%  66.7% 0.73 0.45 0.68 051
Tuon-(T0172S)  00%  100.0%  333%  66.7% 0.73 0.45 0.68 052
Tuor(692)2S)  00%  100.0%  333%  66.7% 0.47 0.68 076 033

Tuep++(7032)(2S)  0.0% 100.0% 33.3% 66.7% 0.79 0.45 0.72 0.56




14

TABLE VII: The components of different color configurations and the root mean square radius (fm) for each physical T4, states, where
Fio34 = (0 +12) /2= (034 14) /2, 113200 = (11 +13) /2= (12 + 1) /2.

State |66>(7 '§3>(7 |1 1>c |88>c V <r%2> \/<r122_34> \/ <r123> \/<r123—24>

Teapo-(19306)(1S)  33.9% 66.1% 44.6%  55.4% 0.27 0.19 0.27 0.19
Tiapo+(19355)(1S)  66.1% 33.9% 55.4%  44.6% 0.27 0.19 0.27 0.19
Tapi—(19329)(1S)  0.0% 100.0% 333%  66.7% 0.27 0.19 0.27 0.19
Tupa(19341)(1S)  0.0% 100.0% 333%  66.7% 0.27 0.19 0.27 0.19
Tpo—(19485)(1P)  65.3% 34.7% 55.1%  44.9% 0.36 0.22 0.34 0.25
Tupo—(19756)(1P)  34.7% 65.3% 449%  551% 0.36 0.22 0.34 0.26
Tapo-+(19500)(1P)  68.0% 32.0% 56.0%  44.0% 0.35 0.22 0.33 0.25
Tupo+(19595)(1P)  0.0% 100.0% 333%  66.7% 0.31 0.28 0.36 0.22
Tupo+(19739)(1P)  32.5% 67.5% 442%  558% 0.36 0.22 0.33 0.25
T (19479)(1P)  67.1% 32.9% 55.7%  44.3% 0.36 0.22 0.34 0.26
Tup—(19597)(1P)  91.9% 8.1% 64.0% 36.0% 0.31 0.28 0.36 0.22
T (19603)(1P)  0.0% 100.0% 333%  66.7% 0.31 0.28 0.36 0.22
Tup—(19748)(1P)  0.2% 99.8% 334%  66.6% 0.36 0.23 0.35 0.25
Tup—(19795)(1P)  41.3% 58.7% 471%  52.9% 0.33 0.29 0.37 0.23
Tep-+(19496)(1P)  67.3% 32.7% 55.8%  44.2% 0.36 0.22 0.34 0.25
Teap—+(19603)(1P)  0.0% 100.0% 333%  66.7% 0.31 0.28 0.36 0.22
Tep-+(19748)(1P)  32.5% 67.5% 442%  55.8% 0.36 0.22 0.34 0.26
Tupr—(19476)(1P)  65.3% 34.7% 55.1%  44.9% 0.36 0.22 0.34 0.25
Tupo—(19608)(1P)  0.0% 100.0% 333%  66.7% 0.31 0.29 0.36 0.22
Tap—(19767)(1P)  34.6% 65.4% 449%  55.1% 0.36 0.22 0.34 0.26
Tupo+(19492)(1P)  66.7% 33.3% 55.6%  44.4% 0.36 0.22 0.34 0.25
Tepo-+(19609)(1P)  0.0% 100.0% 333%  66.7% 0.31 0.29 0.36 0.22
Tupo+(19756)(1P)  33.3% 66.7% 444%  55.6% 0.36 0.22 0.34 0.26
Tups—(19617)(1P)  0.0% 100.0% 333%  66.7% 0.32 0.29 0.36 0.22
Tupo—(19789)(2S)  1.0% 99.0% 33.7%  66.3% 0.43 0.28 0.42 0.31
Tupo—(19841)(2S)  99.0% 1.0% 66.3% 33.7% 0.48 0.24 0.42 0.34
Tupo+(19719)28)  2.4% 97.6% 34.1%  65.9% 0.41 0.20 0.35 0.29
Tupo+(19767)2S)  1.0% 99.0% 33.7%  66.3% 0.28 0.43 0.48 0.20
Tapo(19811)(2S)  96.2% 3.8% 65.4% 34.6% 0.32 0.36 0.43 0.22
Tiapo+(19976)(2S)  100.0% 0.0% 66.7% 33.3% 0.39 0.16 0.31 0.28
Tupi—(19722)2S)  0.0% 100.0% 333%  66.7% 0.40 0.20 0.35 0.28
Tapi—(19813)(2S)  0.0% 100.0% 333%  66.7% 0.30 0.44 0.49 0.21
Tap++(19792)(2S)  0.0% 100.0% 333%  66.7% 0.43 0.28 0.41 0.30
Tupa—(19795)2S)  0.0% 100.0% 333%  66.7% 0.43 0.28 0.42 0.31
T+ (19726)(2S)  0.0% 100.0% 333%  66.7% 0.38 0.20 0.34 0.27

T apyo++(19816)(2S) 0.0% 100.0% 33.3% 66.7% 0.31 0.43 0.49 0.22




	Introduction
	Model and method
	Results and discussion
	Summary
	Acknowledgements 
	References
	

