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ABSTRACT: We consider the BY — utu~+ effective lifetime, and the related CP-phase
sensitive quantity AZ#FZ’ as a way to obtain qualitatively new insights on the current B-
decay discrepancies. Through a fit comparing pre- to post-Moriond-2021 data we identify
a few theory benchmark scenarios addressing these discrepancies, and featuring large CP
violation in addition. We then explore the possibility of telling apart these scenarios with
A’i’ﬁ, once resonance-modeling and form-factor uncertainties are taken into account. We
do so in both regions of low and high invariant di-lepton mass-squared ¢>. For low ¢2,
we show how to shape the integration range in order to reduce the impact of the ¢-
resonance modelling on the AW} prediction. For high ¢%, we find that the corresponding
pollution from broad-charmonium resonances has a surprisingly small effect on A} . This
is due to a number of cancellations, that can be traced back to the complete dominance
of semi-leptonic operator contributions for high ¢> — at variance with low ¢> — and to
AR behaving like a ratio-of-amplitudes observable. Our study suggests that AN is —
especially at high ¢> — a potentially valuable probe of short-distance CP-violating effects
in the very same Wilson coefficients that are associated to current b — s discrepancies. Its
discriminating power, however, relies on progress in form-factor uncertainties. Interestingly,
high ¢? is the region where BY — it~ is already being accessed experimentally, and the

region where form factors are more accessible through non-perturbative QCD methods.
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1 Introduction

The decay BY — ppy has recently attracted new attention in connection with, but also
independently from, the discrepancies currently observed in b — s transitions [1-5]. One
reason is the fact that, once sizeable new-physics effects on B? — ju have been excluded by
recent measurements of its branching fraction, the decay BY — uuy becomes interesting,
as it allows to probe a larger set of Wilson coefficients than B? — pu, in particular all
those of current interest in connection with the mentioned discrepancies [6-14]. Moreover,
BY — up~y enjoys an enhancement due to the lifting of the chiral suppression by the photon
coupling, which translates into a branching ratio of the order of 107% [15-18].
Admittedly, from a theory point of view BY — uu~y is not nearly as clean as B? —
it [19-21] because of the required BY — v form factors (f.fs), and the limited knowledge
thereof [16, 18, 22-26]. However, this difficulty can be circumvented in selected regions



of the measurable phase space [27], and/or by defining ratio observables whereby the f.f.
uncertainties cancel to a large extent [17, 18]. Besides, from an experimental point of
view the high-¢> B? — puy spectrum may be accessed from the very same, abundant
dataset as BY — ppu [27], i.e. without direct detection of the photon. In fact, a search with
this method has been performed recently by the LHCb experiment [28, 29], with the full
statistics collected so far, for dimuon masses above 4.9 GeV, yielding the first experimental
limit on the branching fraction of this decay of 2.0 x 107 at 95% CL for the mass region
considered. This confirms that prospects of detection or of improved limits at LHCDb are
favourable with future datasets.

One under-explored feature of B — pu~y is its capacity to probe new CP violation,
i.e. complex Wilson coefficients. Actually, and as well-known [30], in most constraining
b — s-sector branching ratios and CP-averaged angular observables, only NP contributions
aligned in phase with the SM can interfere with the SM contributions. As a consequence,
NP with non-standard CP violation is in fact constrained more weakly than NP where CP
violation stems only from the CKM phase. As a further consequence, for the coefficients
present in the SM, i.e. C7, C9 and Cg, the constraints on the imaginary part of the NP
contributions end up being looser than on the real part, as we will discuss later.

The effective lifetime of BY — puy allows to access the quantity known as AL, which
offers a sensitive probe of new CP-violating effects in b — s-sector Wilson coefficients. We
introduce and calculate explicitly this quantity.® AL is naturally a ratio-of-amplitudes
observable, so that sensitivity to hadronic uncertainties may be accordingly reduced. We
explore this question in detail. Specifically, this quantity may be studied in two separate
regions, to be indicated as low- and high-¢?, located beneath and respectively above the .J /1)
and 9(2S) resonances. In the low-¢? region, a calculation of the long-distance dynamics
based on factorisation methods was recently made available [22]. Besides, for both low
and high ¢?, a further recent parameterization based on light-cone sum rules (LCSRs) has
recently appeared in ref. [33].2 For low ¢ we are thus able to perform an explicit comparison
between the two parameterizations, and thereby explore the sensitivity of AN to the
f.f. choice. Although a similar comparison is not yet possible for high ¢?, we are however
able to address the question of the A sensitivity to broad-charmonium resonances, which
we find to be reassuringly small. This region is the most sensitive to the operators Og and
O1o allegedly responsible for b — s discrepancies, and is the region where B — putu=~y
may be accessible in the short/medium term with the method in ref. [27].

The plan of the paper is as follows. In section 2 we collect the basic facts about effective
lifetimes and rederive the related CP-violating observable for the case of B — puy, as
an example of a decay with more than two particles in the final state. We specifically
discuss the necessity of including phase-space integrals, separately in the numerator and
denominator of the AZ“FZ definition. In section 3 we discuss to what extent b — s and
related data as of Moriond 2021 allow for complex contributions to the Wilson coefficients

!The effective lifetime was first introduced in ref. [31], and it was specifically discussed as a BS — pu
observable in [32] as a probe of new CP violation in scalar operators.

2Before this parameterization was made public, it was applied in ref. [26]. For a related discussion
see [34]. A further f.f. determination, based on a phenomenological model, is due to refs. [18, 23, 24, 35].



C7.9,10- We identify several benchmark new-physics scenarios. Our aim is to compare their
effect on A%js with the effect of hadronic uncertainties, including f.f. parameterisations,
as well as resonant effects from the ¢ and from broad charmonium. We perform such
comparison in section 4, devoted to low ¢?, and section 5, on high ¢2. Finally, in section 6 we
provide a discussion of the experimental prospects as well as our conclusions. We relegate
to appendices: notational details on the necessary amplitudes and f.f’s (appendix A);
a discussion of f.f’s within the BBW approach [22] and a comparison with the LCSR
parameterisation in ref. [33] (appendix B); explicit AZ“FZ formulee (appendix C); a detailed
analytic argument on why the uncertainty induced by broad-charmonium resonances is
small (appendix D); our input table (appendix E).

2 Basics and main formulae

Given a final state f common to both the B? and the B?, the most ‘natural’ experimental
observable assuming equal production rates for a BY and a BY is the ‘untagged’ rate [32, 36]

(B = 1) =T(BY) = N+ DB~ 1) = [ (40P +I40F) . 1)

/PS - / 5\2: dd; (2.2)

with d®; an element of n-body phase space for the final state f [37], and where (,Zf(t)

where

0
denote the amplitudes of decay to f for a Bs-meson that was a Bs at t = 0.

The explicit time dependence of the two amplitudes squared appearing on the r.h.s. of
eq. (2.1) is well-known. One introduces

|BL.u) = plBS) + ¢ BY),

7\ ;

() — e 2o (1 4 q)
p
r r
AM, = My — My, rs:%, ATy =T, Ty, (2.3)
where the deviation of |(¢/p)?| from unity measures CP violation in B? — B oscillations,
and is quantified by a ~ Agp, ~ —3.5 x 1073 [37], with Agp, the ‘wrong-charge’ asymmetry
0 )

for By — (T + X decays. From eqgs. (2.3), the amplitudes squared | A7 (¢)|? can be calculated
as follows [36]

. —Tst _ _
A2 =< 5= [(147 P +1a/pPAf ) cosh(AT, £/2) £ (|Af* = la/pP?|Asl?) cos(AM, )
—2Re (q/p.%_lf.A}Z) sinh(AT's¢/2) F 2Im (q/p f_lf.Aji) sin(AM;t), (2.4)

where we omitted terms of O(a) in the |Af(¢)|? case. Clearly, the sin and cos terms in
eq. (2.4) will cancel in the sum on the r.h.s. of eq. (2.1), and one gets [32]

(D(Bu(t) = 1) = (Rl + R) ™! [cosh (“) + AL sinh (yt)] o (25)

Ts Ts



with RfH + R{ = Jps (!AfP + |q/p\2]fif\2). For AQFS one then gets

W -2 [pg Re (q/p.%@.A?)
AT, —
Jos (A2 + la/pP1Af )

The AQFS expression usually found in the literature is the r.h.s. of eq. (2.6), without the

(2.6)

phase-space integrals. We note explicitly that these phase-space integrals are separate in
the numerator and the denominator of AQFS, see eq. (2.6). Therefore, for decays to more
than two particles in the final state, they cannot be accounted as the overall normalization
factor that is usually understood in the literature. In fact, the products A FAG |Af|? and
]A f|2 will depend on kinematic invariants if f consists of > 3 particles, and this dependence
is different for the different Wilson-coefficient combinations that these amplitude products
depend on. The integrals allow to integrate out such kinematic dependence, in accord with
the Lh.s. of eq. (2.5), which depends on t only.

From eq. (2.1) one may define the general relation between the experimental and the
theoretical branching ratio as [32, 36, 38]

Alr s
BB, = faw =5 [ (D(BA®) — Pt = (”_A;y) BB, N, (27)
where
B(By = i = o (D(B(0) = ). (2.8)

The parameter AfAFS relating the two branching ratios is final-state as well as model de-

pendent. Interestingly however, A£FS can be extracted directly from another observable,
the effective lifetime [31, 32], defined as

JPHD(By(t) > fydt 7y (14240 ye 42
B~ mae ~ T=2 " 1+ Al )

In the above relations we introduced, as customary, the average Bs-system lifetime 7, and
the fractional lifetime difference ys, = AL's/(2T).

(2.9)
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2.1 A”’” calculation

The calculation of A’KQ is a special case of eq. (2.6). The integral over the 3-body phase

dsdt, 2.10
/PSMW 283 / ( )

where, after defining the decay kinematics (B)S (p) = pt(p1) + p~ (p2) + v(k), we intro-

space reads

duce [23] the kinematic invariants s = (p; + p2)?, t = (p — p1)?, and a hatted quantity
denotes that it has been normalized to the appropriate power of Mp, to make it dimen-
sionless. Further using

. 1-3 4’
t:mi—i— 28(1— 1—§“cose>, (2.11)
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with # = arccos £2=, one has
72| |k]
Mp, 2 42Y Ja . A 4ml2L
/PSMW = 58,3 /f(s,mu) d3dcost, with f(8,m,) = 5 1- 7 (2.12)
We obtain
ppy _fPSvW” Re (q/p 'AA*)
AT, — 2
fPS,,u,/J/y "A’
J dsdcos@ f(g,mﬁ) Re (q/pﬂA*)
[0.3cm] = — 5 , (2.13)
[dsdcost f(3,1m2) |A
where, to ease notation, we used the abbreviation
A= A (2.14)

took into account that |A| = |.A|, and again neglected terms of O(a) (see eq. (2.3)). An
explicit formula for A and the relation between A and A are reported in appendix A. The
corresponding formula for A7 is provided in appendix C.

A few comments are in order. First, the CKM phase in the weak-Hamiltonian coupling
in AA* exactly cancels the q/p phase, as expected. More specifically, after introducing the
CP transformation

CP|BY) = 9P| BYY | (2.15)

with ¢cp a convention-dependent phase (¢cp = 0 in FLAG [39] and = 7 in [36]), the phase
¢ appearing in the ¢/p ratio (see eq. (2.3)) is given by (see e.g. [40])

om =T+ 2arg(thV;7;) — ¢cp - (2.16)

Making the flavour of the initial state explicit, we then have Af/A; = Agcq) /Agcq) =
etiom 5]@, with 5]@, (¢ = d,s), a convention-independent quantity that depends on the

initial state Bg as well as on the final state f. The quantity fj(cq) can be determined in
terms of two of the three observables

i =2 fpg AP Reg?
AT, — )
T o MR (1 [€9)2)

i _ Jos AP A= 1€71)
Ccp — ’
Jos | A72 (1 + 167 1)

where, for ¢ = s, the first relation coincides with eq. (2.6). Since the ¢ps dependence is
the same in Af/Af and in flfA*, the latter appearing in eq. (2.13), we see that AQFS is
phase-convention independent, as well-known [36, 40].

We observe that, given the very AN’ definition, complex phases in any of the

fymix __

2 fpg [ Ay[? Tm ¢l
cp = )
Jps |A72 (1 + [€912)

(2.17)

Wilson-coefficient combinations contribute to ‘misaligning’ numerator and denominator



in eq. (2.13), in turn causing AN to depart from unity.? This makes AL a very sen-

sitive probe of new, short-distance, CP-violating effects; besides, the fact that AN is
a ‘ratio-of-amplitudes-squared’ quantity helps reducing its sensitivity to certain hadronic
effects for high ¢?, as we will see in detail in section 5.2.1 and appendix D. Of course,
the above mentioned ‘misalignment’ depends on the theory scenario assumed, e.g. the SM
vs. a given new-physics shift to the Wilson coefficients, in particular on the imaginary
component of such shifts. Hence, to address the hadronic sensitivity of AZ“FZ in detail, we
have to first establish theory scenarios to use as benchmarks. We discuss the latter in the

next section.

3 Parenthesis: a CPV global fit in the light of recent data

This section lies somewhat outside the main line of discussion of this paper, which is
centered around A%js. This section, however, emphasises that large CP-violating effects
on certain b — s Wilson coefficients [14, 30, 41] are still possible with updated data, and
that AN offers a new, theoretically clean observable to put them to the test.

To make our point, we consider the b — suu effective Hamiltonian (for notation
see appendix A), and we compare real vs. complex deviations on one-Wilson-coefficient

combinations including C%,mv as well as on the chiral-basis combinations Cé,) - C’{Q =

Crr(rr) and C’é/) + C’fg = CLr(rr)- These scenarios include a few that are well-known
to describe the persistent set of deviations in b — s data remarkably well, in particular
CYP and CYP = —CNF. Blissfully, this is still the case after the most recent LHCh
analyses including the full Run-2 dataset [28, 29, 42]. These updates, recently presented at
Moriond EW 2021, are included in our analysis, which is summarised in table 1. Existing
studies discussing the complex-Wilson-coefficient case include [14, 30], as well as the very
recent [41]. Below we add comments of comparison with these studies.

We use the common notation C; = CPM + CNP| with the renormalization scale set to
4.8 GeV. We constrain CNP with a maximum-likelihood approach, as implemented in the
Python packages smelli and flavio [43-45]. We scan the likelihood of each scenario in the
Re(CNF)/ Im(CNP) plane, using all observables directly relevant to the b — s sector, which
are summarised in table 2. In particular, we include the Rx and B? — utpu~ updates as
of Moriond 2021.%

The important qualitative message from table 1 is that, for a given Wilson coefficient
or Wilson-coefficient combination, sizeable imaginary contributions are entirely compatible
with data. Representative shifts can be read off from the second column in table 1, which
refers to the NP contribution only. These shifts show that the wealth of available b — s
data is still relatively under-constraining for Wilson-coeflicient shifts with a large phase not

3We also note that kinematic structures are different for different Wilson-coefficient combinations. In
eq. (2.13), the phase-space integrals take care of integrating over the kinematic variables — see also comment
made below eq. (2.6). Concretely, we integrate cosf in the full range [—1,1]. We then integrate § in
appropriate ranges, chosen to minimise pollution from resonant regions while maximising event rates.

“The recent B? — ptp~ update includes the first (ever) limit on BY — pp~ in a limited portion of
the ¢2 spectrum, following the method in ref. [27]. This decay is sensitive to all Wilson coefficients relevant
to the current discrepancies [23, 46]. The new bound is not yet constraining for our analysis.



Pre-Moriond 2021 Post-Moriond 2021

Scenario Best-fit Pull | p-value Best-fit Pull | p-value
c, R —0.0079 0.580 | 0.11% —0.0079 0.570 | 0.12%
C | —0.0045 —0.056i | 0.610 | 0.11% || —0.0044 — 0.0564 | 0.610 | 0.11%

Co R —0.97 6.40 | 10.0% —-0.93 6.70 | 12.0%
C —0.98 — 0.22 6.10 | 9.4% —0.93 — 0.257 6.40 | 12.0%

Cio R 0.72 580 | 6.1% 0.68 6.00 | 5.7%

C 0.80 + 0.74 7 5.60 | 6.0% 0.76 +0.751 5.80 | 5.6%

Cis R -1.1 6.90 | 18.0% —0.96 7.00 | 16.0%
C —12—-15i 6.70 | 18.0% —1.1— 1.4 6.80 | 16.0%

Con R 0.34 1.20 | 0.13% 0.28 1.1o | 0.09%
C 0.3440.032¢ | 0.740 | 0.11% 0.2840.017i | 0.590 | 0.08%

o R 0.004 0.28¢ | 0.12% 0.005 0.290 | 0.07%
C | 0.004—-0.001i |0.050 | 0.10% | 0.005—0.0003i | 0.050 | 0.06%

c R 0.14 0.740 | 0.13% 0.0044 0.060 | 0.09%
C 0.13 +0.244 0.540 | 0.12% 0.001240.27i | 0.240 | 0.08%

o, R —0.18 1.70 | 0.14% —0.09 0.810 | 0.08%
C —0.20 — 0.144 1.30 | 0.13% —0.063 — 0.1147 | 0.450 | 0.07%

ot R 0.22 1.50 | 0.17% 0.088 0.230 | 0.07%
C 0.24 4 0.404 1.30 | 0.16% 0.085+0.32i | 0.400 | 0.07%

Crm R —-0.37 140 | 0.17% —0.28 1.10 | 0.09%
C | —0.37-0.003i | 0.930 | 0.15% —0.28 — 0.0047 | 0.650 | 0.08%

Table 1. Comparison table of real vs. complex one-Wilson-coefficient scenarios for the b — sup
Hamiltonian. The best-fit columns refer to the NP contribution only. The pull is meant with
respect to the SM likelihood. Pre- vs. post-Moriond 2021 results refer to the exclusion vs. inclusion
of the updates in the last row of table 2. For reference, the p-value of the SM with the considered
set of observables is 0.12% with pre-Moriond results and 0.09% after Moriond 2021, meaning that
scenarios other than Cy, Cig or Cp, are no better than no NP at all.

aligned to the corresponding one in the SM contribution. As we discuss in later sections,
AR is a novel, efficient probe of precisely this case.

In figure 1 we also show the 1, 2, 30 CL contours for the global fit in four selected
scenarios, as solid black lines. These scenarios are CNP CJF, CNF, and O = —CF
= CEE /2.5 We also plot individual constraints coming from the subsets of observables
that are the most constraining among all those included in both smelli and flavio.
These subsets are indicated in boldface in table 2. We make the following comments about

5These scenarios will henceforth be referred to by dropping the NP superscript, i.e. as Cv, Co, C1o and
C'L1, respectively. In addition, the ‘SM scenario’ will denote the case with all CNF = 0.



b — spp CP-even obs. Ref. Ay — App obs. Ref.
(4B (B — K pup) - (4B (A, — Apup) 48]
<%> (Bo — Kpp) (Arsrinn) (Ao — App) [49]
<§> (Bs — dup) [3, 50] b— sy obs. Ref.
(45 (Bo — K*pup) [51] B(BY — K*7)

(B) (B — Xspp) [53] B(By — K*v) 52
(Fp) (By — K* ) [5, 50, 54, 55] || Sk~

(P1) (Bo — K*pp) 5. 54, 56] Acp(B = X7v)

(P5) (Bo — K*up) B(B = X¢7) [57]
(Py) (Bo — K*pp) [5, 54] B(Bs — ¢7) [58]
(App) (Bo — K*up1) 50, 55] || B(Bo — K*)/B(B, = ¢) [59]
(P2) (Bo — K™ pp) [5] Sery 160]
(Fr) (BY — K**pp) Aar(Bs — ¢7)

(Pr2) (BT = K™ pp) [61] Ry k- [1, 2, 62, 63]
(Pis) (BY = K**pup) Ri/ce [42]  [2]
By — K*up CPV obs. Ref. B(Bgs — ) [64-66, 83]
Azs9(Bo — K*pupu) [4] B(Bg,s — i) [28, 29] < [64]

Table 2. List of the most constraining observables and their measurements implemented in the
flavio and smelli Python packages at the date of publication. In the last table line (light gray)
we specify the measurements that were updated as of Moriond 2021, and with the notation < [...]
the measurements [...] that these updates supersede.

these results:

o The fit improvement with respect to the purely SM solution (Re(CNF) = Im(C ) =

0) is quite significant for the real part of the Wilson coefficient in the Cy, Cp and Crp,
scenarios, as quantified by the pull, and as well-known [6-12]. On the other hand, in
each considered scenario there is no significant pull on the sheer imaginary part of
the NP Wilson coeflicient considered: in each scenario, the SM solution is consistent
with the available data.
this respect.

More CP-sensitive data would therefore be welcome in

The allowed region in the Cy and Cp, scenarios is smaller in our case as compared
to the results of [14]. The difference can be traced back to both updated measure-
ments and the addition of new observables to the global fit. In particular, the recent
measurements of the branching ratios and angular observables in B — K*uu decays
increases the constraining power along the imaginary axis; the addition of Ay, — Aup
branching ratio and angular observables pulls the allowed region towards the SM
prediction; the updates in Ry and in the Bs — pp branching ratio modifies the
constraint on the real axis.



e The imaginary part of Cg and Cp, is mostly constrained by the updated measure-
ments in B — K® pp observables. In particular, the addition of By — K*uu CP
asymmetric angular observables [4] (yielding the contours displayed in darker blue)
shows a preference for Im(C}F') > 0 and Im(CY}F) < 0. On the other hand, R
and B(Bs — uu) constrain more the real part.

« (7 is mostly constrained by B — K*uu and b — sy observables.® We do not
find a significant deviation from the SM prediction for either the real or imaginary
parts. Among the b — sy observables implemented in flavio and smelli, the
most constraining ones are the branching ratios of B%* — K*%%y B, — ¢v and
B — X4v. On the contrary, Aar (Bg}s — @), Sk+~ and Sy, do not yield competitive
constraints on the real and imaginary parts of Cr.

From the above fits, we infer the following benchmark scenarios to be considered in
the sections to follow:

Scenario CRFP CHF ChY

Cr 0.02 — 0.13¢ 0 0

Cy 0 —1.0-0.9¢ 0 (3.1)
Cho 0 0 1.0+ 1.4

Crr 0 —0.7—14¢ 0.7+ 1.4

These benchmark points are chosen to lie within the 1o region of the fit, and to have an

imaginary part as large as possible.

4 AY{ at low ¢?

The scenarios collected in eq. (3.1) serve us to establish reference shifts to A’K{js with
respect to its SM value. We can then investigate to what extent these shifts are resolved
once we keep into account hadronic uncertainties due to f.f’s and to resonance modelling.
We first consider the region of low ¢2, located between the lower kinematic limit 4m3
and an upper bound around 6 GeV?, determined in order to minimise possible pollution
from the J/t-resonance sideband. The low-¢ region is of interest because of the sizeable
enhancement of the C7 contribution due to the ‘nearby’ photon pole, and because a deter-
mination of the f.f’s using factorisation methods has recently become available [22]. Away
from resonant regions, this determination allows for a rigorous assessment of theory errors.
Besides the analysis in ref. [22] (BBW in what follows), another By — ~ f.f. deter-
mination, based on Light-Cone Sum Rules (LCSR) has recently appeared in ref. [33], and
will henceforth be denoted as JPZ. The JPZ parameterization also holds for the high-¢?
region to be discussed in section 5. Before the BBW and JPZ parameterizations, the only
other existing f.f. parameterisation, ref. [18], was based on a phenomenological model.

5Tn the fit to C7 we also included By — K*ete™ decays angular observables [67]. This constraint is at
present very weak, and is not displayed in the C7 plot. In fact, the 1o region covers the full area shown.
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Figure 1. 1o constraints on the NP Wilson coefficients from Ay — App (yellow), b — spp (green),
b— sy (grey), Ri,k- (light blue), By — pp (orange) and B — K*up CPV (dark blue). Pre- and
post-Moriond 2021 global-fit regions are denoted in dotted purple (1o only) and solid black (1, 2
and 30). The corresponding crosses indicate the best-fit point. Pre- and post-Moriond global-fit
contours exactly overlap in the C; case (last panel).

We are thus in a position to perform a direct comparison between the BBW and JPZ
f.f7s in AT’ To this end, we first re-express the full amplitude calculated in [22] in terms
of the Fyy o rv,ra £.£7s used in [18] as well as in related literature [24, 35]. We thereby obtain
‘effective’ BBW f.fs, F‘],B,E%V’T 4> in the sense that the amplitudes in egs. (A.3)—(A.4), with
the effective f.fs F‘],B-E%V;T 4, reproduce the BBW amplitude. A detailed discussion, along
with explicit formulee, and a numerical comparison of F‘];’EYVTV,T 4 with the JPZ f.f’s [33], is
presented in appendix B.

Here we would like to study the question how the f.f. choice, BBW vs. JPZ, impacts
the prediction on Ay’ in the different scenarios of eq. (3.1) as well as in the SM. Before

— 10 —

8L0(TC0C) CTdHHL



presenting such comparison, an important qualification is in order. The low-¢? region we
are considering includes a narrow resonance, the ¢, which escapes at present a description
in terms of fully rigorous QCD methods, and on the other hand accounts for a substantial
fraction of the low-¢? signal. One has therefore to establish a compromise between min-
imising the theoretical error and maximising the experimental statistics. In our numerical
study, we use sliding s; and so values such that 4mi <851 < Mdg) < 59 < 6 GeV?, and we
identify the AZ”FZ integration region [4mz, 51] U [s2,6 GeV?] with the above compromise
in mind.

The ¢ region is at present accounted through phenomenological approaches, whereby
the relevant amplitude is shifted by a Breit-Wigner(BW)-like shape, and the latter is
suitably parameterised. We follow the approach in ref. [17], that we very briefly summarise
here. One first identifies the relevant reduced amplitude

ary (¢) = (07 + ”m”‘zcé) Ty (2)+ (cs + ”m”‘zcé> Gy () +§; CiLy () . ()

where T (¢%), G1 (¢?) and L;(¢*) denote long-distance contributions, and

Ty (q%) =Ty (g% 0) + Ty (0,¢%), (4.2)

takes into account diagrams where the e.m.-penguin photon emits the lepton pair and
diagrams where the e.m.-penguin photon is the final-state one. Note that in more common
. =B —¢ BY—¢ BY—¢ . .
notation T (0) = 2T, (0) = 2T, (0), see e.g. [68]. Ome then rewrites this
amplitude as an n-times subtracted dispersion relation, such description being necessary
because of the resonant behaviour. Taking n = 1 yields
~ B0
q2 f¢ M¢ AL s Py

2
a,(¢°) = a,(0) + — - +.... (4.3)
' ' M3 q* — M3 +iMyTy

ARO
This relation corresponds to the one also used in [23] in the approximation Afs‘im =

2T 7%(0) x C7 with the identification T7° 72(0) = —g2*79(0) [23] (see also [24, 35)).
The f.f. is known most precisely from LCSR,” yielding [68-70]

TP 7(0) [esr = 0.309 = 0.027 . (4.4)

Finally, the Og and four-quark contributions in eq. (4.1) are known in the 1/mp-limit [71, 72]
and in LCSR [73, 74].

As pointed out in ref. [17], an alternative and possibly more effective strategy towards
improving the prediction for the amplitudes .ﬁf%fm appearing in eq. (4.3) is to extract
them from experiment. This approach is promising since the branching ratio [37]

B(B? — ¢v) = (3.52+£0.34) x 107° (4.5)

"Another approach is based on relativistic quark models, with meson wave-functions constrained by
leptonic decay constants. Predictions depend on the parameters used. The latest determination is provided
in ref. [18].
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is known to 10% accuracy. An update including the entire dataset is in progress. Hence the
statistical component of the error on this measurement — about half of the error quoted
in eq. (4.5) — will decrease steadily. As a consequence one can expect to extract the
amplitudes at the 5% level, which is well below a theory error above 10%.® In other words,
rather than taking TlB : %d)(O) from eq. (4.4) — which translates into an error around 15%
on the low-¢> BY — p =+ branching ratio — one may trade TlBg_ﬂb(O) for eq. (4.5).7
This translates into )

TE%(0)|exp = 0.375 £ 0.018 (4.6)

which is over 1 standard deviation above eq. (4.4).

The above discussion allows to identify the central value in eq. (4.4) as reference, as
well as the two values (77 )min = 0.282 and (71)max = 0.393, which are respectively the
1o lower bound from eq. (4.4) and the 1o upper bound from eq. (4.6). These two values
determine a realistic range for TlB : _“b, that in particular takes into account the ‘tension’
between the determinations (4.4) and (4.6).

A first task is thus to identify the AW[T integration region [4m2,si] U [s2,6 GeV?]

such that a variation of TIB $7% i the [(T1)min, (T1 )max) range affects the AZ’}Z prediction
negligibly with respect to the rest of the error components. We display such dependence
in figure 2 for the SM case as well as for all the NP scenarios in eq. (3.1).

The figure shows that the choice of T} 1B e in the quite generous range discussed has
little impact on the prediction of AZ"FZ even for s; as large as 0.035 and s2 as small as
0.037 — for reference, ¢> = M(zz) corresponds to s = 0.036. This conclusion holds generally
true in all considered theory scenarios. The figure suggests however to choose §; < 0.03
and 8y > 0.05 (8; = s;/Mp_, see text below eq. (2.10)), given the rapid variation of the

AL prediction above and respectively below such values. With these 4; and 3, values in

® as the central value in eq. (4.4) for definiteness.

mind, we choose TlBgﬁ

We next discuss the comparison between the BBW and the JPZ parameterisation on
the AZ“FZ prediction in the low-g? region of integration. Of course, such comparison depends
on the errors associated to either parameterisation.

The error on the BBW parameterisation is determined as the envelope of the errors
discussed in detail in appendix B, and in most of the integration interval is entirely domi-
nated by the uncertainty on the inverse moment of the Bs-meson distribution amplitude,
AB,. The JPZ parameterization comes with an estimation of the associated errors, as well
as of the correlations between the different form factors, and we adhere to these estima-
tions. In the range § € [0,1], f.f. errors are around 10% for Fy and Fry, and comprised

between 9% and 17% (28%) for Fa (Fra).

8 As discussed in ref. [17], one may apply the above approach to other resonances, in particular the ¢'. In

spite of a potentially sizeable TlBquy coupling, the large ¢’ width turns out to suppress the ¢’ contribution
to the BY — ut ™ spectrum to be a below-1% correction to the total branching ratio. Finally, the above
approach may be applied to narrow charmonium as well. However, the required radiative branching ratios
are, again, not yet measured. Besides, short-distance dynamics in this region is dominated by the Oéi)w
operators, that one can more cleanly extract from the region § > 0.55.

90f course, such approach overlooks systematic effects that go beyond f.f. dominance.
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The AW prediction integrated in the low-¢? region [4m2, s1]U[s,6 GeV?] with BBW
vs. JPZ f.f’s is displayed in figure 3, the two columns of panels denoting the region below and
respectively above the ¢ peak, and the rows referring to the different scenarios, including
the SM and those in eq. (3.1). The figure shows that, whatever the choice of s; and sg,
the two parameterisations yield generally consistent results, within the large errors. There
are a few notable exceptions though. The clearest is the (7 scenario in the full [4mi, 51]
range. The JPZ parameterization tends to predict lower values for Re(Fr4) and especially
Re(Fry) than the BBW counterparts, see figure 6 in appendix B. This difference translates
into lower A‘X{Jg predictions in the full [4mi, 1] range for any scenario (see left column of
figure 3). These predictions become sizeably lower in the C7 scenario, where the NP shift
multiplies the Fry.r4 f.f’s. The other appreciable difference occurs in the Crr, scenario for
89 < 0.10 and in the Cy scenario for §3 < 0.07. We note in this respect that the JPZ shape
visibly decreases for decreasing S, whereas the BBW shape is nearly constant throughout
the $o range. This difference holds true in the full o interval considered, and for any
scenario, hence it is not attributable to features specifically related to the ¢-resonance
region. On top of this difference, the BBW error in AZ‘{]S tends to squeeze for decreasing
89 in the SM, Cy, and Cr 1, scenarios, due to an accidental cancellation between Ap - and
rpp-induced components of the uncertainty, namely the two dominant ones. The fact that,
aside from these somewhat accidental instances, the two parameterizations give consistent
results on AN} is, we believe, a non-trivial finding.

5 AN[ at high ¢*

In this section we discuss the high-¢? region, the one most sensitive to Og,10, and the
region where Bs — pupuy may be accessed in the short/medium term with the method in
ref. [27]. Throughout the numerics in this section, we use JPZ f.f’s [33] only, as BBW f.f’s
are deemed valid only for ¢? values below the narrow-charmonium threshold [22].

5.1 NP sensitivity at high ¢?

We would like to first display the sensitivity of A%}’ to the new-physics scenarios sum-
marised in (3.1). To this end, we fix for definiteness the § integration range as

8 € [Smin, Smax] = [0.59,1] . (5.1)

The lower bound, corresponding to /s =~ 4.1 GeV, has been chosen to minimise the possible
contamination by broad-charmonium resonances, while maximising statistics. This value
will be justified better in section 5.2.1. Conversely, we fix the upper bound to be the end-
point § = 1. More generally, the upper bound may be expressed as Syax = 1 —2FEcu/Mp,,
where F,t may be interpreted as the smallest photon energy detected by the experimental
apparatus. This quantity is actually inferred from the apparatus’ resolution in s, and is of
the order of 50 MeV.!? Concretely, the region of the B, — juuy spectrum very close to the

10This figure may be estimated by noting that the experimental resolution in the muon momenta gives
the By — ppu~ peak an approximately Gaussian shape, the width being for example of about 25 MeV for
the LHCb experiment and ranges from 32 to 75 MeV for the CMS experiment [75].
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endpoint (i.e. with 2E.,+/Mp, < 1) is completely dominated by bremsstrahlung (a.k.a.
final-state radiation) contributions [76, 77], that experimentally are routinely subtracted
by a MonteCarlo [78]. Throughout this paper, we accordingly consider the Bs; — puuy
spectrum with the bremsstrahlung contribution set to zero, whereas we keep interference
terms, that the MonteCarlo does not subtract.

With these qualifications, a first interesting question is the AX}! central-value predic-
tion as a function of Re(CNF) vs. Im(CNP), with i = 7,9, 10, LL, where we recall that the
i = LL case denotes C)'f = —CNF'. We display such dependence in the panels of figure 4.
We also show as solid, dashed or dotted red contours the 1, 2 and 3¢ regions allowed by
the global fit described in section 3.

As expected, in the chosen integration region the dependence of AN} on CRP is fairly
weak, although shifts in Im(CNF) allowed by present global fits would lead to departures
with respect to (AW} )sm of O(10%), thereby in principle detectable. Effects in the Cy,
C1p scenarios, and esbecially in the Cpr one are more sizable, because in this region the
dependence of AKX on these Wilson-coefficient combinations is stronger than it is on Cr,
similarly as for the BS — ppy differential width.

The effects just discussed have to be compared with the theory error associated to

A, which we do next.

5.2 A”’” theory error at high g2

The two outstanding sources of theory error for AW’ in this region are the possible pol-
lution from broad-charmonium resonances and the f.f. uncertainty. We address these two
sources in turn.

5.2.1 Impact of broad charmonium

In eq. (5.1) we fixed 8pyin somewhat arbitrarily. The lower the 8y, value, the larger
the potential contribution of broad-charmonium resonances, including in particular 1(25),
¥(3770), 1(4040), 1(4160) and 1 (4415). For reference, their peaks correspond to § =
{0.47,0.49,0.57,0.61,0.68}. Inclusion of these resonances within the § integration range
may represent an important source of theory systematics [79] (see [80] for a dedicated
LHCD study). Here we would like to address the question how this systematics impacts
the AN prediction.

Following a standard approach to account for these effects, we note that they enter
our decay of interest via the subprocess B? — V(- /)y, where V denotes any of the
aforementioned resonances. The associated long-distance contributions may be modelled
as a sum over Breit-Wigner (BW) poles [24], i.e

iy BV = pu”) T,

Cy — Cg— cZy v|e®v (5.2)

G2 — mV + szI‘tOt

In this relation, C = C; + Cy/3 + C5 + C4/3 + Cs + Cg/3. In order to address the
theory uncertainty due to this modelling, we subsequently scan simultaneously over the BW
normalisation factors |ny| € [1, 3] as well as on the phases dy € [0,27) with independent
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Re vs. Im of CJ'Y = —CNF. The solid or dashed or dotted contours denote respectively the 1, 2
and 30 regions allowed by the global fit discussed in section 3. See text for further details.

uniform distributions.!! Such procedure is expected to provide a conservative way to
measure the deviation from naive factorisation (Jny| = 1 and dy = 0).'2 We perform the
above scan for §p;, € [0.50,0.70], and for all the NP scenarios in eq. (3.1), as well as for the
SM case. The result is shown in figure 5 as yellow bands. For each given value of §p,;, the

10On the other hand, in the discussion of any AN error component other than broad-charmonium
pollution, we will assume |ny| = 1 and take, for the rest of the parameters, the numerical values in table 3.
12 A5 a matter of fact, it was found that |7y | ~ 2.5 and §y ~ 7 gives a good description of B — Ky u~

data [79, 81].
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central value and the values in the upper and lower bands are calculated as, respectively,
the mean and +10 of the distribution obtained through the corresponding scan.

The panels in figure 5 show that the broad-charmonium modelling uncertainty due to
eq. (5.2) (yellow ‘bands’) has no appreciable impact on the prediction of AN}, compared
with the uncertainty (blue bands) induced by f.f’s, to be discussed in section 5.2.2. Since
the shift induced by eq. (5.2) is typically of O(5%), and its phase is completely misaligned
with the Cgognm phase, it is not obvious why most of this uncertainty cancels out in Ai’ﬂ
On closer inspection, one can understand this cancellation as the result of specific features,
in particular the complete dominance, in this kinematic region, of quadratic contributions
in Cy and Cig; the fact that the multiplying form factors Fy and F4 are real; the fact
that the broad-charmonium shift in eq. (5.2) can be treated as a ‘small’ modification of
the numerically large SM value for Cy. These features ease cancellations between the
numerator and the denominator of AZMFZ — suggesting that, with respect to this class of
long-distance contributions, AN’ behaves well like a ratio observable. We present a more
detailed analytic argument in appendix D.

Because of the above conclusions, the Cy and C7g dominance in this region may be
regarded as one key advantage with respect to the low-¢? region, where the C7 contribu-
tion becomes important, without being dominant in the full kinematic range. It is quite
encouraging that, as a result, AZ/{“Z is an observable largely immune to broad-charmonium
uncertainties, given that they escape a rigorous description. The control of the theory
prediction rests thus entirely in the f.f. error, to which we turn next.

5.2.2 Impact of form-factor modelling

A further source of uncertainty that needs be addressed is the error attached to the f.f’s
Fy arvra that parameterise the BS — ~ amplitudes, see eq. (A.5). As discussed in sec-
tion 4, the JPZ parameterization includes an estimate of the error on each of the Fy o rv.ra
f.f’s [33].13 We accordingly vary these f.f’s within uncorrelated normal distributions around
their respective errors. The impact of these errors on AN is shown in figure 5, as blue
bands. In calculating these bands, the narrow-charmonium contributions are modelled with
eq. (5.2), with |ny| = 1 and the dy phases as in table 3, although we verified that a simulta-
neous variation of broad-charmonium and form-factor parameters leads to tiny differences.

Figure 5 allows to visually compare the impact of the two sources of uncertainty, broad
charmonium vs. f.f’s, for each theory scenario.

We see that, in the whole S, range considered and for any theory scenario, the
f.f. uncertainty is always much larger than the uncertainty induced by broad-charmonium
modelling. The basic difference between the two sources of error may be appreciated as
follows. On the one hand, the broad-charmonium correction enters ‘only’ as a shift to Cy,
hence efficient cancellations can take place, as discussed in detail in appendix D. On the
other hand, f.f’s enter in different ways, all numerically relevant, for the different Wilson-
coeflicients combinations, as already mentioned at the end of section 2.1. As a consequence,
cancellations of f.f. effects are much less efficient. The A}’ error induced by f.fs is still

13For recent progress on radiative leptonic decays in lattice QCD in this kinematic region, see [82].
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Figure 5. AZ’}Z prediction in the kinematic interval [8min, 1]. The blue vs. yellow bands refer to

the f.f. error, and respectively on the uncertainty associated to the modelling of broad-charmonium
resonances. See text for details.

too important to allow to tell apart the chosen theory scenarios from each other. However,
it is noteworthy that, in this kinematic region, the dominance of, jointly, Cy and C1¢ gives
rise to a particularly high sensitivity to the Cp scenario, which could be resolvable with

an improvement on f.f’s uncertainties.

6 Experimental outlook and conclusions

In this paper, we have discussed the theoretical interest of pursuing effective-lifetime mea-
surements for BY — pTu~y. With the method of ref. [27] these measurements, in the
high-¢? part of the spectrum, can be performed on the very same event sample as for
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BY — putp~, ie. di-muon events with no detected photon. The case of BY — ptu~7y is
actually one of many possible examples. In fact, the underlying idea — the idea that if
one can estimate all other B — p*u~ backgrounds as ¢ departs downwards from the
M%S peak, one may extract BY — utp vy ‘parasitically’ as one particular background —
is in principle applicable to any event of the kind B? — pu*p~X. Such decay allows to re-
construct a primary and a secondary vertex (the latter through the di-muon), and thereby
to perform time-dependent measurements, in turn usable to reconstruct the corresponding
effective lifetime.'

The specific task of measuring the effective lifetime for BY — u*pu~y introduces a
number of daunting challenges — although not insurmountable. The measurement of the
effective lifetime of a B? decay requires a clean signal sample, a task that for B — ptu=ry
decays is non-trivial, and a well measured secondary vertex, which is typically the case for
displaced di-muons at LHC experiments. At present, two possible, different approaches
exist to reconstruct these decays: a full reconstruction, more suited for the low-¢* part of
the spectrum, where the photon energy is larger and, as such, easier to reconstruct; and a
method relying on partial reconstruction [27], mostly relevant for the high-¢? range, where
the photon energy is small, making photon reconstruction inefficient. The two methods
present different challenges as concerns possible backgrounds.

In the high-¢? region, the partial-reconstruction method allows high efficiency, com-
parable to the BY — utpu~ decay for which, as mentioned, a first measurement of the
effective lifetime has been performed by the LHCb [64] and CMS [66] experiments, com-
bined in ref. [83].1° Assuming this method, the closer the di-muon mass to the B? mass the
more similar the experimental performances in BY — p =+ will be to the B? — ptp~
case. Alas, the backgrounds are considerably different, due to the absence of a clear nar-
row peak on which to perform a statistical background subtraction from the invariant mass
sidebands. In particular the semileptonic B — huv, with the hadron A = 7, K misidenti-
fied as a muon, constitute a large background, together with the rarer B — huu decays,
where the additional hadron is not reconstructed. The latter in particular will constitute
almost an irreducible background, although one possible handle to tame it may be the
shape of the di-muon mass distribution. A measurement of the BY — utpu~~ effective
lifetime thus requires both a precise knowledge of the yield and of the di-muon mass dis-
tribution of the listed backgrounds. This is not unrealistic, for example a large sample of
BY — K~ utv, decays has been recently seen at LHCb [84] and can be used to constrain
its equivalent misidentified yield. The lifetime of this decay, being a flavour-specific decay,
is precisely known. Similar backgrounds from B° and B decays will also have precisely
known lifetimes. In this partially reconstructed method, a small uncertainty can arise
from the absence of the photon momentum in the full B reconstructed momentum used

141f one sums over X, one may even think of an ‘inclusive’ effective lifetime. However, the definition of the
corresponding theoretical observable would require accurate knowledge of the yield for each X. Besides,
the constraining power of such observable would be diluted by the proliferation of channels, implying a
proliferation of couplings.

5The LHCb measurement has been recently updated in refs. [28, 29] but the combination has not been
updated yet.
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to calculate the boost (and hence the lifetime from the decay distance): the higher the
¢> considered the smaller is this uncertainty. This would add a small component to the
experimental uncertainty on the lifetime on an event-by-event basis, which will average
out with statistics. In addition, kinematic fits exploiting the known flight direction of the
B can further improve this resolution and relative measurements can cancel out these ef-
fects, and indeed partially reconstructed semileptonic decays are used for precision lifetime
measurements [85].

Conversely, at low di-muon mass, in order to distinguish B — p* = signal decays
from background it will be crucial to efficiently reconstruct the photon. While this reduces
the overall signal efficiency, it allows to statistically separate it from background through
the invariant mass peak at the B? mass. In this region, performances can be benchmarked
against the BY — ¢ decay, that can also be reconstructed in the muonic final state, and
that is well studied in its kaonic final state.

Clearly, a quantitative study is needed to translate these considerations into a luminos-
ity vs. AN/ -accuracy plot. In particular, in either of the above two cases detailed studies
of the backgrounds are required to assess the performance on this new observable. Such
survey requires a full experimental simulation and is thus beyond the scope of this paper.
But it is clear that the measurement of this observable will require high statistics and is
thus feasible in the upgrade phase of the LHC experiments.

In synthesis, the present paper introduces the B — i+~ effective lifetime. This ob-
servable offers the possibility of probing all Wilson coefficients that are currently of interest
in view of the B anomalies, and, in particular, of novel CP-violating effects. Interestingly,
scenarios with new weak phases not aligned with the corresponding ones in the SM con-
tributions are under-constrained. Besides, the relevant CP-sensitive quantity — AZ“FZ —
encoded in the effective lifetime is per definition a ratio-of-amplitudes (squared) observable.
One can therefore expect a partial cancellation of the hadronic uncertainties inherent in
the B — =~ amplitude. We find that this cancellation is surprisingly efficient at high
¢? for broad-charmonium-modeling uncertainties, whereas errors induced by form factors
are still sizeable and represent the main limitation at present. However, the high-¢? region
is especially favorable for non-perturbative, first-principle approaches to the calculation of
the concerned form factors, e.g. within lattice QCD. Also interestingly, this is the same
region where BY — utpu~ v is already being accessed from the B? — utu~ dataset.
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A Amplitudes and form factors: basic notation

The dynamics of the BY — puuy amplitude may be parameterised by the following b — s¢/
effective Hamiltonian [87-89]

4 2 6 10
Heft = AGr (Z(Aucioy +ACI0F) = A Y CiO; — MY (Ci0;+ClOY) |, (AD)
V2 i=1 i=3 i=7
where \; = ViV, and V' the CKM matrix. The operators relevant to our discussion read
Of = (8747 (@"75) , 0f = (87,42 (@°+"b7) ,
e _ Js _
- J b S L LG, A2
O 16250 br Osg L6250 G*"bg (A.2)
e? - e? -
Oy = 15 (57:b1)(1"0) O10 = 15 (57b2) (Er"750) ,

with «, color indices and the primed operators obtained from eq. (A.2) by the re-
placements {L — R, my — ms}. We use the covariant-derivative definition D, =
Oy +1ieQrA, +igsG, (where e.g. Q. = —1). This definition, and the chosen normali-
sations of O7g yield 078}?34 < 0.

With the above definitions, the amplitudes ;{u/w = A(§2 — upy) entering eq. (C.1)
may be expressed as the sum of a ‘direct-emission’ (DE) and a bremsstrahlung compo-
nent [18, 23], which read

Apg(BY = ppry) = ?/gwb‘/?;;
x {— 2”2307 1k, €) 50, (1 + 15)a bl B2(p)) p2) v (p1)
+ Co (y(k, €)|57u(1 — 75)b| B2(p)) u(p2)7"v(p1)
+ Cho (7(k, €)[57,(1 — 5)b| BY (p)) ﬂ(pa)'y“%v(pl)} : (A.3)
ABrems = +Z?/2Wbmz;re XffBS Qmp, Cho {a(pQ) <t f fii - u %ﬁm%L) 'U(pl)} : (A4)

The (’)%710 matrix elements are parameterised by f.f’s of dilepton momentum transfer
q? [18, 23, 24]6

_ v, 2
oy (s \)[594| B0 (g + ) = e el ak EV()

Mp,

] o

(ke MI5935b B + k) = e (A gl — b Xq) TAL).
S MB
1k, )50 by | B + K)) = ie V% Epy (42,0)
[0.2em](y(k, A)|50" 5bqy | BY (q + k)) = e (\* gk — k* X*q) Fra(q®,0), (A.5)

16Here we assume the convention 123 = —1.
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and fp, is defined through
(087" 750| B, (p)) = ip" f5, X - (A.6)

The amplitudes in eqgs. (A.3)—(A.4) can be generalized to include primed coefficients
through the substitutions

mg
C7 — C'7 + HbC'é, 0971() — 0971() + Cé,lO s (A.7)

where the +(—) refers to terms proportional to Fy 7y (Fara or fBQ)-

Eq. (A.3) exactly reproduces the result in [23]; eq. (A.4) matches the result in [23]
provided X; = +1. We note however that the PDG [37] and FLAG [39] imply Xy = —1.
This point is accounted for in refs. [18, 46].

The calculation of AZ‘{:L involves also the amplitudes for an initial BY. The BY — ~
hadronic matrix elements are related to the BQ — 7 ones through a CP transformation,
hence they depend on the phase ¢cp appearing in eq. (2.15). The amplitude for BY — ppury
is related to the amplitude for B — pu~y by replacing CKM matrix entries and Wilson
coeflicients with their complex-conjugates, and by the following substitutions

FED oy _emivor pBD - pBD | o—idor p(BY) (A.8)
(BY) (B?)
where Fy, ¢ denote any of Fy, or Fry, whereas F, °’ denote any of Fl4, Fra, and fp,

in egs. (A.5)—(A.6), whereas ]-"(5% ) denote the £.f’s and decay constant for B? matrix ele-

ments.'”

As concerns the dependence on weak phases, we note that a BY (B?) initial state
corresponds to a b — s (b — 5) Hamiltonian, with Wilson coefficients C7 g 19 (C7g910)- As
a consequence, both of A and A* are proportional to C79,10 and the numerator of AZ"FZ
depends on C’Z»Q. Hence the dependence on the Wilson-coefficients’ phases does not cancel

in A‘ﬁ]s as it would in, e.g., |A|%2. However, and as remarked in the main text, the CKM-

*
oy

that the r.h.s. of eq. (C.2) is proportional to |N]?. As a consequence, A is sensitive to

phase dependence in AWWA cancels exactly with the analogous dependence in ¢/p, so

CP-violating phases coming from Wilson coefficients only.

B BBW vs. JPZ form factors

For the hadronic matrix elements relevant to our study we use two alternative approaches.
The first one relies on parameterising the required matrix elements as in eq. (A.5). This
parameterisation [18, 23, 24] defines the f.f’s Fy 4 ryra. These f.f’s are subsequently
estimated using a relativistic quark model (see [90-92] for details). We use the latest
determination in [18] as reference for this approach. Importantly, Fry (¢2,0) and Fra(q?,0)
denote only the contributions where the e.m. penguin emits the di-lepton pair. In order to

""The analogous relations in the A, L notation can be found in [22, 33]. As discussed in the main text,
the ¢cp dependence cancels in AZ’}I. For the translation of Aj, L amplitudes into the notation of eq. (A.5),
see e.g. [17].
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also include topologies where the e.m. penguin emits the real, final-state photon, as well
as so-called weak-annihilation contributions [93] one replaces

Fryra(¢®,0) = Frvra(d®) (B.1)

in egs. (A.5), with the Fry 14 functions defined in ref. [18].

Recently, Beneke, Bobeth and Wang [22] have performed the first evaluation of the
By — puy amplitude at low ¢ < 6 GeV? using rigorous factorisation methods. The
amplitude is expressed as the sum of initial- plus final-state-radiation terms. The final-
state-radiation terms correspond to Bg—to-vacuum matrix elements proportional to Ojg,
hence helicity-suppressed and completely negligible [22, 27, 94]. On the other hand, from
the initial-state-radiation terms one can read off the ‘equivalent’ of the Fy, Fa, Fpy and

Fr4 functions, to be denoted as FEEW, FBBW pBEW - pBBW We find!8

= Ve — J(2E4,0
2Efy 3 (q ) 0 w ¢+(W) ( v 7w)

B Mp, [Qy Qs
-G {EBS + ToE, (mb + 2E7>} ; (B.2)

C; FPRY(¢%) = —Q, F,

where i = 9,10 and C; stands for C§(¢?) and Cyo [95, 96], respectively, and

Mp,
2F,

e e  dw
G = Q. i) [T Lo a8, 00

+VEN(0) [ dwoy @) (B3

J(MBSa QQaW)
w—¢q?/Mp, —i0t

2
off ; /B, fB, 4 Mg, B, .
— e == 1-3).
7 {<535+§BS+QbE7> QsMBS 4E§}$ my, E, fva(l—3)

In the above expressions:

o For the Ve (¢?) = C; x (1 +0 (%)), where C; = CS, C§®, Oy, with py, the hard

scale, we use expressions in [22]. We take the necessary Flj ™) functions from [97], the
F! ) functions from [98](see also [99, 100]), with both sets validated through [86].

o We comply with [22] also as concerns the values of the Wilson coefficients Cj, i =
1,...,6,9,10, C’?% at the SCET ‘hard’ scale of 5GeV. For C§(¢?) we use [95, 96].2°

o Fp, is the HQET B,-meson decay constant, whose relation with fp, may be found
in [22, 101];

o The hard-collinear matching function J can be read off from [22, 102], with u (uo)
the hard-collinear (collinear) scales.

8Fqgs. (A.5) use antisymmetric-tensor conventions as in [18], which differ from ref. [22]’s. Below relations
take this difference into account.

19D warmly acknowledges Christoph Bobeth for enlightening discussions about many details of ref. [22].

0We use the same values for JPZ-case [33] numerics as well. In particular, the Wilson coefficients
appearing in the amplitudes egs. (A.3)—(A.4) are to be understood as C?%, st (g?), Cho.
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o For the B-meson light-cone distribution amplitude ¢ we use the exponential model
suggested in ref. [103]. Within this model the evolution from pg to u can be performed
using [101], and the inverse (Ap, (1)), as well as all logarithmic moments o, (p) are
analytically calculable [101], as is the second convolution integral in eq. (B.3). Using
A, (po) = 0.40(15) [22], we find, as a cross-check, o1 (1) = 1.49 and o2(up) = 3.9, in
good agreement with the ranges 1.5 + 1.0 and 3 + 2 suggested in [101]. We then use

A, (1) = 0.44701% GeV (B.4)
in our numerics. This parameter represents the main source of error, as well-known.

o The other main source of error comes from the next-to-leading-power f.f’s ¢ and ¢.
Following [104], ref. [22] includes in the ¢ and £ definition a term that subtracts the
leading-power contribution in the tree approximation, multiplied by r,p = 0.2 +0.2.
The rpp range yields the second largest source of error in our case.

« For the my and m, masses, we use the pole-mass values in table 3.2! The distinc-
tion with respect to MS masses is dropped in the next-to-leading-power terms in
egs. (B.2)-(B.3).

o Any other function or symbol not commented upon can be retrieved from [22].

It is useful to explicitly compare the JPZ f.f’s in the Fy,, Fa, Fry, Fra nomenclature,
with the BBW ‘effective’ f.fs in eqs. (B.2)—(B.3) in the low-¢? region. We do so in figures 6
and 7 for the real and imaginary parts, respectively. We show separately the BBW-f.f.
range of variation due to the Ap, and to the rpp uncertainties discussed in the previous
paragraph. Note that the JPZ parameterization in ref. [33] yields real f.f’s. The only source
of an imaginary contribution is the shift due to the ¢ resonance, which affects only the
tensor f.f’s. The ‘dictionary’, provided in ref. [33], between JPZ and KMN f.f’s allows to
include such shift in a way akin to the KMN parameterization. We include this contribution
only for the sake of the indicative comparison in figure 7, keeping in mind that the ¢ region
is basically entirely excluded in the considered kinematic range. The figures show that the
overall agreement between the JPZ and BBW f.f’s is mostly acceptable within the quite
large errors inherent especially to the BBW parameterization.

C Explicit formula for AX[

Starting from eq. (2.13)

ey fds dcosf f(8, m (q/p.%{#w.AZW)
Ala Jdsdcosf f( ,2) |Auu7|2

; (C.1)

21Ref. [22] suggests to use the b-mass obtained in the so-called potential-subtracted renormalisation

scheme [105]. We find this choice to have no impact on our A%}’ numerics.
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Figure 6. Comparison of the real parts of JPZ f.f’s Fy,, Fa (first row left vs. right), Fry (second
row), Fra (third row), with the BBW ‘effective’ f.f. counterparts in eqs. (B.2)-(B.3). Note that
the first row shows vector and axial f.f’s with an index ¢ = 9,10, as in eqgs. (B.2). The BBW-{.f.
range of variation due to the Ap, and to the rpp uncertainties, both discussed in the text, are
shown separately (see legend entries). For rendering reasons, in the instance of tensor f.f’s we show
separately the cases of § below (left panels) and respectively above (right panels) the ¢ peak.

we can perform the integration f_ll dcosf. We obtain

7,9,10

/dcos@ Re (Q/p“‘_tuwAZm) = |N)? Z Re(fi; CiCj) (C.2)
1,
and
7910
/ dcosO | Ayl = NS Re(fi;CiC), (C.3)
1,J
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Figure 7. Same as figure 6, but for the imaginary parts of the BBW vs. JPZ f.f’s.
. < .
where the functions f;; are given by
16 4 .o 22mi+§ 2 2
Jrr= gMBsmbe 52 (Fra—Frv), (C.4)
A2 oA
= 16 2ms +5 _
_ a4 ~2 24"y 2 2
f77—§M35mb36 2 ([Fral”+|Frv]®), (C.5)
4
4 2002 | a2 2
foo= gMBsm (2, +38)(Fi9—Fyg), (C.6)
- 4
4 206,24 2 2
f99:§MBSx (2mu+s)(]FA,9| +‘FV’9 ), (C7)
4M} 2?
B. A2 a2 2
fio10= —7?: (41, — 8)(F3 10— FV10) » (C.8)
_ 4M} x?
B A2 2 2
fro10 = ———*— (4}, —8)(|Ea10]" + | Evp0]%) (C.9)



16 R 22 + 38

fro+for= gMésmbx %(FTAFAQ_FTVFVQ) (C.10)
7 T . 16 2m +35 _ .
f719C7Cg + fo7 CoC7 = 3 —Mp 12 — 5 Re {FTAC% (Fa9C09)* + FPryCr (Fy9Co) } 7
(C.11)
fr10=fro7=0 (C.12)
x atan(z

F110C1Cio + fro7 CroCs =128 fin, M3, rinyriy, — Z( )Re [FTV(J7 010} , (C.13)
for0=f109=0, (C.14)

7 * n . R atan
f910CoCTo+ f109 C10Cq = 64 stM%smi ( )Re [FVQCQ Chol, (C.15)
with z =1 -5 and 2 = /1 — 42 / 3. In the above formulae we abbreviated the F‘}?&V)V

f.f’s appearing in eq. (B.2) with Fy(4);, with i =9 or 10. For JPZ f.f’s it is understood
that the cases ¢ = 9 or 10 coincide.

We finally note that the above formule include terms linear in fp,, but not quadratic
ones. In fact, and as already mentioned in section 5, we consider the By — puy spectrum
with the bremsstrahlung contribution set to zero, whereas we keep interference terms, that
the MonteCarlo does not subtract. These linear terms have actually little impact on the
numerics, as we verified explicitly.

D On the near-cancellation of broad-charmonium uncertainties

From section 5.2.1 and figure 5 we concluded that broad-charmonium modeling turns out

to have an immaterial effect on the AR

prediction. This finding is far from trivial, and
calls for a closer inspection of the underlylng mechanism. In this appendix we show by an
analytic argument that the above finding is the result of well-defined cancellation patterns
in the AN expression.

Plugging egs. (C.2) and (C.3) into eq. (C.1), we can write (see also definition (2.12))

A _fPs Re (q/p AMN’Y‘AZ}W) _ —Jes [Re(f09C3)] + Nyest
o Jes [ Jes [Re(f99|09|2)} + Drest

where Nyt and Dot denote terms other than quadratic or sesquilinear in Cg. Broad-

(D.1)

charmonium contributions are modelled through eq. (5.2). We accordingly write Cy =
Co + 8cz, where .z denotes the last term (i.e. the full BW sum) in eq. (5.2), whereas
Cy = C§"(¢%) + Cognp bundles the rest of the SM contribution as well as the NP shift.??

*2More precisely [71, 96]

CS(g) = Cosp + Y(¢%) — “’}:Z“;u (gc1 +02) (B (4% ma) = b (¢ me)]
with Cy sp = 4.327 the Wilson coefficient calculated at the EW matching scale, and RGE-evolved [106, 107]
to the puy = 5GeV scale, that in [22] is identified with the hard factorization scale in the Ny = 5 theory.
The difference between C’SH(qQ) and Cy sp is a complex correction whose real part smoothly decreases from
4-107* to —1% in the range of interest for this discussion, 8 € [0.5, 1], whereas its imaginary part is +5% and
basically constant over the same range. For later reference, we also have Cip = —4.262, whose magnitude
differs from Cy sp by less than 2%, and C7 = —0.303.
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Figure 8. Blue solid line: mean of |d.z|/Cy sp as a function of §, obtained from a uniform scan to
[nv] € [1,3] and dy € [0,27). Dashed orange line: mean plus 3 times the standard deviation.

We estimate the complex shift d.z from a simultaneous scan to the ten resonance parameters
Inv| € [1,3] and dy € [0,27) (see section 5.2.1 for details). For the sake of the present
discussion, we need an absolute upper bound on the size of this shift. To this end we choose
5 = 0.49, which yields the lo-range

|6c6‘ € (4.3 + 1.6)% X 0975[), (D.2)

with an arbitrary phase. In the discussion to follow, we will conservatively assume eq. (D.2)
as the size of the .z complex correction throughout the integration range, § € [0.5,1],
considered for high ¢?. Such assumption will prove to be enough for the sake of our
argument. We note, however, that this is a truly conservative assumption. In fact, figure 8
displays the mean over the scan of [d.z|/Cosp as a function of § (blue solid line) as well
as the mean plus 3 times the standard deviation (dashed orange line). The figure shows
clearly that the size of the correction steadily decreases for § > 0.49, and that the correction
is below 1% for § > 0.75, i.e. in half of the actual integration range.

With this in mind, we will consider .z as constant over this range, and given, in size,
by eq. (D.2). We can then write

— Jos F09C3 [1 +2Re (8e2/Co) ] + Nt
Jps foo|Col? {1 +2Re (5&/@5” + Drest

BEY
Al's —

(D.3)

where, in view of eq. (D.2), we neglect terms quadratic in the d.z shift, and we use the
fact that fo9 (see eq. (C.6) and figure 7) is real. We note that the .z shift also affects
C7 x Cy (egs. (C.10) and (C.11)) as well as Cy x Cyg (eq. (C.15)) interference terms, that
are bundled in Nyest and Diest. We will come back to these terms later on.

Denoting Re (605/ ég) = ¢/2, and treating Cy and d,z as constant over the q? range of
interest (see footnote 22), we can rewrite eq. (D.3) as

Ly ~ N99 g_g(l + 6) + Nrest )
Al ™ Dag [Co|2(1 + €) + Drest

(D.4)
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Because of eq. (D.2), we can expand eq. (D.4) for small €, obtaining
HIY N99 ?92(1+€)+Nrest
AL ™ Dgg [Co[2(1 + €) + Dyest
~ N, 99 C92 + N rest 1 Drest _ N, rest €
D99 |C’9|2 + Drest D99 |C'9|2 + Drest N99 C’92 + Nrest

The N and D coefficients in the above expression can now be read off from relations (C.4)—

(D.5)

(C.15). In particular, for Ngg and Dgg we have

4
Nog = —gMéS /d§d cosf f(8,m) x*(2m2, + §)(Fi — IV, (D.6)
4.0 A 8 A2) 220942 | o 2 2
[0.4¢m)Dgg = +§MBS dddcos 0 f(8,1,,) (21, + 8)([Fal” + [Fv]). (D.7)
Besides, we can express Nyegt and Diegt as
4 . A A L2 .
Neew = +3 M}, CF, / didcosd f(5,m2) 2 (42 — §)(F3 — F2) + 0x(dcc) (D.8)
4

Dyest = —=Mp_|Ciol? /d§dcos0f(§,mi)x2(4mi —8)(|Fal®* + |Fv]?) + 0p(dez) . (D.9)

3
In the Nyest and Dyt relations we have not written explicitly terms that either involve C7,
or are bilinear in C9C1g, that are also concerned by the d.z shift. These terms, indicated
in egs. (D.8)—(D.9) by dn,p(dce), are suppressed by the small size of the C7 coefficient in
comparison with |Cy 10| (see footnote 22), or by the small ratio fp,/Mp, ~ 0.04. We find
that the 0 p(dce) contributions are around 15% of those explicitly written. Hence, recalling
eq. (D.2), the broad-charmonium shift within these contributions may be estimated as a
~ 4% x 15% effect, i.e. well below 1%.
We can further simplify egs. (D.6)—(D.9) by noting that, for § € [0.5, 1], we can com-
pletely neglect 4mi = 1.6 - 1072 with respect to 5. We have

Nog =~ +/ﬁ(Fx2/ — F3), (D.10)
[0.4em]Dgg ~ + /ﬁ(F‘% + F3), (D.11)
[0.4¢m] Nyest =~ +C% /ﬁ(F{‘} —F3) +0n(0c) (D.12)
[0.4¢m] Dyest, ~ +C% /ﬁ(F‘Q/ +F2) 4 6p(6ee) (D.13)

where we used the abbreviation
4
gMéS /dédcos@f(é,mi) 225 = /7 . (D.14)
PS

We see that, if we identify Cy with Co sp — which holds to within 5%, see footnote 22 —
and we further use the (accidental) near-equality between C§7SD and C%, — which holds
to 3% — we can rewrite the denominators in the rounded parenthesis of eq. (D.5) as

Noo C3 + Nrest ~ 2C2 7, /PS(Fa — F2) 4 6x(0e0), (D.15)
Doo |Co|? + Dyest =~ 224, /ﬁ(F‘% +F2) 460 (5e) (D.16)
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In the same approximations, the term in the square brackets in eq. (D.5) reads

1+< NogC§ _ Don|Col” )
Ngg C3 + Nyest Doy |Co|? + Dhyest
sl ( 30 (0cz) B N (ec) >6
2\ 208 [5(F3 + FY) 203 [fs5(FP — F})
<140.075- ¢ <1+0.7%, (D.17)

where the last equality is obtained as follows. As discussed below eq. (D.9), each of the two
terms in the rounded parenthesis in eq. (D.17) is around 15%. Although the difference of
these two terms would reveal further cancellations, we conservatively bound this difference
with 15% itself. We further assume ¢ = 9% from eq. (D.2) — which, as discussed below
that equation is a very conservative assumption.

One final comment deserves the fraction multiplying the square bracket in eq. (D.5).
Plugging in eqgs. (D.10)—(D.13), we may expand around small dy and dp. This would
change the correction in eq. (D.17) by further terms well below 1%, see paragraph following
eq. (D.9).

The above analytic argument is meant to make more transparent why broad-
charmonium resonances lead to uncertainties safely below 1% for high-¢?, i.e. negligible
vis-a-vis f.f. uncertainties. We emphasize that the above argument results from a series
of very conservative assumptions, and that the less intuitive but more accurate numerical
analysis shows cancellations down to the per-mil level due to (i) the mean value and stan-
dard deviation of .z being $-dependent and generally much smaller (see figure 8) than the
values in eq. (D.2), which hold at the § = 0.49 threshold, (4i) the ratio-property of AY[/ as
seen from the minus sign in eq. (D.17) and (3ii) the importance of C%; terms, unaffected by
charmonium resonances and of the same order of magnitude as the C3 term. An important
remark is that, on the other hand, this argument does not hold for values of § lower than
the mentioned § = 0.49 threshold; e.g., for § = 0.46, the W(2S) resonance yields much large
contributions than eq. (D.2), and an expansion is no more justified.

E Table of inputs

We collect in table 3 all our inputs. We only quote central values, i.e. we do not quote
errors, as none of the parameters in the table contributes a significant part of the theory
uncertainties we compute. Any omitted parameter is taken from ref. [22]. As concerns the
CKM input, we take the latest ‘New-Physics fit’ available from [108, 109]. Similar results
may be obtained from [110, 111].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

~ 31—


https://creativecommons.org/licenses/by/4.0/

Parameter Value Ref. || Parameter Value Ref.
Mp, 5.36688 GeV | [37] || as(mz) 0.1179 37
IBs 0.2303 GeV | [39] || cvo.m.(my) 1/133
my(my) 4.18 GeV A 0.2255
me(me) 1.27 GeV A 0.785
bole [37] ] [37, 108, 110]
my, 4.78 GeV 7 0.147
mpele 1.67 GeV n 0.377
My (25) 3.686 GeV Cyes) |0.294 x 1072 GeV
Myp(3770) 3.774 GeV Cyirro) | 27.2x 1072 GeV
My (4040) 4.039 GeV | [37] || Ty (4040) 80 x 1073 GeV [37]
My (4160) 4.191 GeV Cyigo) | 70 % 1073 GeV
My (4415) 4.421 GeV Lyaars) | 62x 1073 GeV
B((28) — £6) | 8.0x 1073 dyp(28) 0
B((3770) — ££) | 9.6 x 1076 Sy(3770) 0
B(¥(4040) — £0) | 10.7 x 107% | [37] || 6y(4040) 133 x 7/180 [112]
B(1)(4160) — £) | 6.9 x 1076 8y (4160) 301 x /180
B(1(4415) — £0) | 9.4 x 1076 8yp(4415) 246 x /180
Table 3. List of input parameters.
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