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1 Introduction

Computing QCD cross-sections at next-to-next-to-leading order (NNLO) in the strong
coupling is becoming mandatory to provide sufficiently precise fixed-order predictions for
many processes of interest at high-energy colliders. This precision goal has led to the
development of a host of new techniques in perturbative quantum field theory, ranging
from the determination of parton distributions, to jet algorithms and of course to the
calculation of high-order scattering amplitudes (for a recent review, see [1]).

One of the problems that need to be efficiently tackled in order to perform multi-
parton NNLO QCD calculations is the cancellation of infrared singularities. Indeed, it
is well known that, beyond leading order (LO) in QCD, both virtual corrections and
real-radiation corrections contribute to any infrared-safe cross section: while these con-
tributions are separately infrared (IR) singular, their sum (after UV renormalisation of
virtual corrections) gives finite predictions for physical observables [2, 3]. This cancellation
is well-understood in principle, but the increasing complexity of scattering amplitudes at
high orders, and the intricate dependence of many collider observables on experimental
cuts and jet algorithms, lead to significant difficulties in the practical implementation of
the cancellation.

Subtraction algorithms form a class of proposed solutions to this problem. The basic
ingredient of subtraction is the construction of universal infrared counterterms, defined
locally in the radiative phase spaces. Such counterterms are required to mimic the be-
haviour of the radiative squared matrix element in all singular phase-space regions; on
the other hand, they must be simple enough to be integrated over unresolved degrees of
freedom in d = 4 — 2¢ dimensions, in order to analytically cancel the poles in € arising from
virtual corrections. Given such a set of counterterms, one proceeds by subtracting the
counterterms from the radiative squared matrix element, so that the resulting expression
can be numerically integrated without encountering singular contributions. One then adds
to virtual corrections the integral of the counterterm over the radiative degrees of freedom,
thus cancelling all infrared poles, and without having introduced any approximations in
the distribution of the chosen infrared-safe observable.

At next-to-leading order (NLO), subtraction is well understood and successfully applied
to a vast ensemble of observable multi-parton distributions. The most used subtraction
methods at NLO are the Frixione-Kunszt-Signer (FKS) [4] scheme and the Catani-Seymour
(CS) [5] algorithm. One order higher in the perturbative expansion (at NNLO), the devel-
opment of a fully general and efficient subtraction method has been the subject of active
research by many groups for several years. The literature is too vast to be comprehensively
cited, but the main characteristics and some important applications of the most developed
methods can be found in refs. [6-24]. It must also be mentioned that subtraction is not
the only possible approach to the problem: an alternative viewpoint is provided by slic-
ing methods, where an infrared cutoff is introduced to isolate the singular regions of the
radiative phase space, and approximate expressions for the matrix elements are employed
below the cutoff scale. Such methods were successfully used already at NLO [25, 26],
and have been applied at NNLO to a number of important processes [27-36]. Further-



more, new ideas have been recently proposed [37-39], including theoretical developments
concerning infrared factorisation [40], and the analysis of the infrared structure of Feyn-
man diagrams [41-43], as well as purely numerical methods based on the cancellation of
singular contributions at the integrand level, before loop and phase-space integrals are
performed [44-49]. Finally, the first developments for the extension of some of these tools
to N3LO have been presented [50-53]. This vast activity bears witness to the fact that
the problem of subtraction (or more generally the problem of local cancellation of IR di-
vergences) at NNLO is very intricate: available NNLO schemes are often characterised by
a remarkable degree of complexity if compared with the NLO ones, and do not always
feature desirable aspects such as universality, analytic control, and full locality in phase
space. We believe that there is much room for further understanding, especially in view
of future extensions to several (possibly massive) partons in the final state, and to higher
perturbative orders.

In the present work, building on the results of ref. [54], we tackle the problem of analytic
integration of local subtraction counterterms; in the context of other NNLO subtraction
schemes, this issue was addressed in refs. [55-62]. To be more precise, we note that the
definition of a set of infrared counterterms has two main ingredients. On the one hand,
these local functions in the radiative phase space must, in all unresolved limits, reproduce
the factorised soft and collinear kernels which emerge in QCD at leading power in the
soft-parton energies and in the collinear-parton transverse momenta. On the other hand,
phase space itself must be factorised and parametrised so that the integration over the
radiative degrees of freedom can be completely decoupled from the integration over the
Born configurations: only when this step has been successfully performed can one claim
the universality of the resulting subtraction algorithm. The necessary mappings of phase
space have been extensively discussed in ref. [63]: many choices are possible, and this choice
is a crucial ingredient of any subtraction procedure.

Let us consider more carefully the interplay between the choice of infrared counterterms
and the choice of phase-space mapping. Any QCD (squared) amplitude with the emission
of one or more unresolved partons can be written as a product (to be understood as a
matrix product in the colour and helicity spaces) of the (squared) amplitude for the process
without the emissions, times a soft or a collinear kernel, containing all dependence on the
momenta of the unresolved radiated particle(s). Any definition of subtraction counterterms
must have the same factorised structure, and the kernels defined by the counterterms
must reproduce the kernels of the QCD factorisation formulae, in all singular regions.
Quite naturally, therefore, the first naive choice is to use in the counterterms the kernels
of the QCD factorisation formulae themselves. This is, for example, the case for FKS
subtraction [4] at NLO, and for the Colourful subtraction scheme [8] at NNLO. Other
well-known choices are the dipoles in the CS subtraction scheme [5] at NLO, and the
antennas in the Antenna subtraction method [7] at NNLO. The CS and antenna kernels
have expressions that are more involved than the ones of the QCD factorisation formulae,
but still reduce to the QCD soft or collinear kernels in all singular limits. When it comes to
the choice of phase-space mappings, the FKS and Colourful methods essentially involve the
momenta of all outgoing particles of the radiative process, producing rather complicated



expressions in the phase-space of the radiated particles, which then need to be integrated in
d-dimensions. As a consequence, in the Colourful approach, these expressions in some cases
can be integrated just numerically (this is not the case in FKS, because of the simplicity of
NLO kernels). An easier solution for the phase-space mappings is the one adopted in the CS
and antenna subtractions, where the only momenta involved in the parametrisation are the
ones contained in the kernels. This choice overcomes the complexity of the latter (which
in these subtraction procedures are more complicated than the QCD soft and collinear
kernels), and allows for their analytical integration in the radiative phase space.

In what follows, we pursue a different approach, recently proposed in ref. [54], which
combines a definition of the counterterm kernels as close as possible to the QCD soft and
collinear kernels (as is the case for the FKS and Colourful methods), together with phase-
space mappings involving only the particles present in the particular kernel being integrated
(as is the case for the CS and Antenna subtraction methods). As was shown already in
preliminary tests performed in ref. [54], this approach leads to simpler integrals, that can
readily be computed analytically with conventional methods. The goal of this paper is thus
to present the analytic integration in d-dimensions of the soft and collinear kernels of QCD
factorisation formulae at NLO and NNLO, once a specific choice of phase-space mappings,
along the lines of ref. [54], is adopted. We emphasise that the results we present have a
universal aspect: the full integration of NNLO QCD kernels with an exact factorisation of
the radiation phase space, such that the on-shellness of the underlying Born configuration
is ensured, and momentum conservation is properly enforced. On the other hand, these
integrals are essential building blocks for the subtraction procedure of ref. [54]: indeed, all
required integrals for a complete subtraction algorithm for massless final-state partons are
either contained in the results presented here, or are significantly simpler than the ones
we perform.

The structure of the paper is as follows: in section 2, for clarity and completeness, we
present the exact integration of NLO soft and collinear kernels, which was discussed already
in ref. [54]. In section 3, we turn to the integration of tree-level kernels for double-unresolved
radiation, considering explicitly double-soft emission and the case of three partons becom-
ing collinear (which we describe as ‘double-collinear’ limit). In both cases, we consider
un-ordered emissions, where both partons involved become unresolved at the same rate.
We emphasise that this is the most intricate configuration in view of integration: hierarchi-
cal limits, with one of the two partons becoming unresolved at a higher rate than the other
one, lead to a subset of the integrals considered here; similarly, nested soft-collinear limits
lead to simpler integrals. In section 4, we tackle the problem of real-virtual corrections, and
integrate the QCD kernels for single real radiation at one-loop. In the process, we display
the non-trivial cancellation of all singularities proportional to colour tripoles, which is an
essential consistency check, given the absence of such singularities in double-virtual and
double-real contributions. Finally, in section 5, we summarise our results and present per-
spectives for future work. A number of technical details, including a thorough discussion of
the phase-space mappings that we employ, and the treatment of integrals with non-trivial
azimuthal dependence, are discussed in the appendices.



2 Tree-level infrared kernels with one real emission

In this section we recall methods and results for the integration of the tree-level factorisation
kernels with a single unresolved real emission, as performed in ref. [54], and we introduce
notations that we will use in the rest of the paper. We consider a generic process with
a colour-singlet initial state, producing n massless coloured particles in the final state
at lowest order. We will therefore be interested in scattering amplitudes involving up
to n,n+ 1 and n + 2 final-state coloured particles at LO, NLO and NNLO, respectively.
We will denote the sets of momenta of coloured particles by {k}, where the number of
particles involved will be clear from the context. Furthermore, we will adopt the notation
{k}; for the set obtained from {k} by omitting the i-th particle, and {k}; for the set
obtained from {k} by removing particles i and j, and introducing in their stead a single
particle with momentum k; + k;. We note from the outset that, if the set {k} involves
n+ 1 on-shell momenta k; satisfying k2 = 0 and >, k! = ¢*, then the set {k}; does not
satisfy the same momentum sum outside the strict soft limit k; = 0, while in the set {k}(;;
the momentum k; + k; is off-shell outside the strict collinear limit k‘l” x k‘;‘ . A crucial
concern in what follows will be, therefore, to choose a parametrisation of the radiative
phase space factorising a lowest-order parton configuration with n on-shell partons and
enforcing momentum conservation.

We expand perturbatively the amplitude for the emission of n partons as
Ap = A0 4 AL L A (2.1)

and we will use the notation B ({k}) for the Born-level squared matrix element, B({k}) =
]A%O)P. At NLO, we will also need the colour-connected Born squared matrix elements,
B, = %0) “(Ty -Tm).Ag))7 where we use the standard notation [5, 64] for the colour-insertion
operators T;, responsible for the radiation of a gluon from Born-level parton ¢, and the spin-
connected Born squared matrix elements, By, obtained by stripping the spin polarisation
vector of a selected parton from the Born amplitude and from its complex conjugate. In
this language, the virtual correction at NLO is given by V ({k}) = 2 Re(A%O)*AT(})), and the
real radiation contribution is R({k}) = |A7(IO+)1|2.

With these definitions, we can write the well-known factorised expressions for R({k})
in the limits where one particle becomes unresolved, as follows. Defining the Mandelstam
invariants of the process as sq, = (ka—l—k:b)2 = 2k, - ky, we can introduce a soft-limit operator
S;, extracting the leading power of R({k}) as S, — 0, uniformly for all m # i, i.e. taking
all ratios of the form s;;/sy, to be of order one; similarly, the collinear-limit operator C;;
extracts the leading power of R({k}) as s;; — 0, with all ratios sim/sjm, for m # 4, j, taken
to be independent of m in the limit. Under these limits, R({k}) factorises as

i Nl v
SiR=-MN Z Il(nz Bim({k};), CijR=— [Pij B({k}ij) + Qi Buw({k}iz) | (2:2)
14 v
m#£i
where the normalisation factor N is given by
2 75 \¢
N = 8mas (’“‘ ¢ E) , (2.3)
47

with p the renormalisation scale and 7, the Euler-Mascheroni constant.



In order to express the infrared kernels in a compact and flavour-symmetric way, we
introduce flavour Kronecker delta functions: if f; is the flavour of parton i, we define for
example dy,4 as 65,4 = 1 if parton i is a gluon, and d4,, = 0 otherwise; in similar vein,
we define 071, 5 = 0fq + 0¢g, and 0gs,r11qq) = Of:q0f,q + O£:g0siq- The soft limit is then

expressed in terms of the eikonal kernel Il(:g, which is given by

] Sim
') = 5y, : 2.4
Im fig Sil Sim ( )
In order to characterise precisely the collinear limit for partons ¢ and j, on the other hand,
we select a massless reference vector k,, which is conveniently chosen among the momenta
{k} of the outgoing particles; we then introduce ratios of Mandelstam invariants, that can

be interpreted as longitudinal momentum fractions along the collinear direction, as

Si S;
T; = S — s ,CCJ = T , I, + LE] = ]_, (25)
Sir + Sjr Sir + Sjr

and a transverse-momentum vector

R = oy k= k(o — ) —— k= R (2.6)

We can now write the Altarelli-Parisi kernels F;;, for collinear emissions in a generic flavour
configuration, in the form

_ plog) (1g) (1g) (2g)
P = Pz‘j ¢ 5{fifj}{qq} + Pz‘j ® 6fig(5f]'{q7q} + Pji ¢ 6fjg5fi{q,t7} + Pz‘j ¢ 5fi96fjg ;o (27)

kg)
where PZ(] g

and can be written explicitly as

represents the flavour contribution with & radiated collinear gluons (k = 0, 1, 2),

P(Og) =Tg <1 _ 23:1%) , ]Di(jlg) =Cp |:2 & + (1 — €)$z:| )

K 1—c¢ i
T T
Pz.(j?g) =20y (; + 3:7] + xi:nj> . (2.8)
j i

N

The azimuthal tensor kernel Qij , on the other hand, is

v Q:BZ'.I" v ];#];3;/
Z’ = <_5fig6fjg2CAxixj+5{fifj}{qq}TR 1_2) [_g“ +(d—2) é2]] ) (2'9)

ij

The task is now to introduce a parametrisation of the (n + 1)-particle phase space in
terms of n on-shell massless momenta, carrying the same total momentum as the original
set of n 4+ 1 partons, and factorising the integration over the degrees of freedom of the
unresolved parton. A broad set of solutions to this problem, inspired from [5], is described
in appendix A.1, and we apply it below, with the goal of simplifying as much as possible
the subsequent integration.



2.1 Phase-space mappings and integration for the soft kernel

For the eikonal kernel Il(:rz, we perform the mapping described in appendix A.1, choosing
the momenta {kq, ky, k.} differently for each term in the sum in eq. (2.2), as

ke — ki, k‘b — kl s kc — k. (2.10)

Promoting the set {k}, (which preserves momentum conservation just in the soft limit) to
the momentum-conserving set {k}@™) of appendix A.1, we define the mapped soft limit
of R({k}) as

R=-M Y 1)B lm({z}:}@lm)) , (2.11)

l#1

which manifestly satisfies the condition S; S;R=S;R, necessary to ensure a local cancel-
lation. Eq. (2.11) can be exactly integrated in d = 4 — 2¢ dimensions over the radiative
phase space. One writes

/d@n+1s R=-Y" /d<I> ({R}titm)y gitm B,m({k} ”m) (2.12)

1#£1
m#i

where the soft integral

ilm z ilm)  Slm _(ilm
s [ S [ 8 2 (45 1

depends on the kinematics of particles i, [, m only through the radiative soft function Js,

(ilm)

with argument s, . Substituting the expression for the Mandelstam invariants given in
eq. (A.4), Js can be trivially calculated to all orders in €, with the result

Yz
_as s F(l—e) 2—6
27 \eTBp? €2T(2 — 3¢)
Cas (s [1 2 7
Co () [he 2o D] o

2.2 Phase-space mappings and integration for the collinear kernels

For the collinear kernels, we choose the momenta {k,, kp, k.} of the mapping of appendix A.1
in the most natural way as

ko — ki, ky — kj, ke — k. (2.15)

We promote the set {k};;; (where the momentum k; + k; is on-shell only in the collinear
limit) to the set of on-shell momenta {k}#") of appendix A.1, and we define the mapped
collinear limit of R({k}) as
C,;R= & [
Sij

Py B ({k}97) + Qi By ({RY) . (2.16)



which can easily be shown to satisfy the locality condition C;; éij R = C;; R. Proceeding
with the integration, we first notice that the azimuthal kernel ij” integrates to zero [5],
because of its tensor structure, taking into account that l;:ij . l;:](” " = 0. The remaining
terms, involving the P;; kernels, can again be integrated exactly in the radiation phase

space. We write

/ d®, ., Cy; R = / d®,, ({k}m) J(fj”B<{l_c}(ij’")) , (2.17)
where the collinear integral

JiT = A / gt Li
5

rad .
)

= 3(51yHaay ( 5" )> + (5fig5fj{q,q} + 5fjg5fi{q,q}) I ( ﬁ«m)

+ 0190759 JLF) ( 5?”) (2.18)

depends on the kinematics of particles ¢, j, r only through the radiative collinear functions
J(Og) J(lg) J(2g) (igr)

with argument 3]7« . Using again the expression for the Mandelstam

invariants given in eq. (A.4) one finds the following results. The radiation of a collinear
quark-antiquark pair gives

T (5) = Ni N /dqbsm 2€¢/dy/dz (1-)%2(1-2)] _yTR<1_22(12))

1—ce€
ag s N ‘T(1—-el(2—¢) -2
21 \ e'Ep? eI'(2 — 3e) 3 — 2

_os s\ [ 21 16 .
- (/ﬂ) TR[ i +0(6)} , (2.19)

the radiation of a collinear gluon from a quark or an antiquark, on the other hand, yields

JU18) (5) :NlN(e)se/otiqﬁsin%qﬁ/oldy/oldz {y(l—y)Qz(l—z)}_GlyCF< 1=z + (1—6)2’)
)

Yy z
_as( s YTU-or@—9 , (2 1
B o2 ef(2—3¢) T\e 2

2m
_os (5o [2 Zl T .
=3 <M2> Cr LQ +11 57 + O(e)} ; (2.20)

finally, the radiation of two collinear gluons from a gluon yields

J%8)(s) = N1 N(e) s_G/OZi(ﬁ sin_2€¢/01dy /0le [y(l —y)?z(1 — z)} h Zl;y

T+ (’)(e)} : (2.21)

XQCA[liZ+1_ZZ+z(1—z)]
_as< s >EF(1—E (2—¢) <
21 \ e'mp? el'(2 — 3¢)
7
3

o (s[4, 31, 208
C2m \ p? A2 T3 e 9




which completes the required NLO calculations. To be precise, in order to build a complete
NLO subtraction procedure one also needs to introduce and integrate the soft-collinear ker-
nel, extracted from the combined limits S;C;; R = C;;S; R, after introducing an appropriate
mapping. This presents no further difficulties, as discussed in detail in ref. [54].

3 Tree-level infrared kernels with two real emissions

In this section we consider the integration of tree-level infrared kernels with two real emis-
sions. We first rewrite the factorisation formulae derived in refs. [65, 66] for the emission
of two soft particles and three collinear particles. Indicating with RR({k}) = |A7(10+)2|2 the
tree-level squared matrix element for the emission of two extra partons, the general struc-
ture of the double-soft limit S;;, where both particles ¢ and j become uniformly soft, can
be written as

N2 o .
Sy RR ==L [ ST IO T Begey({k} ) + 117 Bcd<{k:}ﬁ>] (3.1)
chij - et
d#i,j  f#4,]
N Sy 01 ({k} ) +4 > 7919 Boaeal{k} ;)
- 2 cd cdef [j cded 17
c#i,J e#1,7,¢,d e#i,7,¢,d

d#ij.c f#igcde
. 1 .. 1 o
+2I(l) I( Beaca({k}y) + (IC(ZJ) - §I§?) - QIég)>Bcd({k}zj)] :
On the other hand, in the collinear limit C;;;, where particles ¢, j and k£ become uniformly
collinear, we have the general structure
N ,
Cit R = Ty | Py BU{k}n) + @l B ()i (32)
ijk

In eqgs. (3.1)~(3.2), Vi is given by eq. (2.3), while the momentum sets {k};; and {k};
are obtained from {k} by removing k;, k;, and by combining k;, k;, ki, into k = k; + k; + ki,
respectively. In eq. (3.1), furthermore, we have introduced the doubly-colour-connected
Born squared matrix element B.gey = A%O)*{TC Ty, T, T f}A%O), which is multiplied
times the product of two eikonal factors, defined in eq. (2.4). In the latter expression of
eq. (3.1), we have rearranged all sums in such a way that each term features only unequal
colour indices. The (singly-)colour-connected squared amplitude Bg, on the other hand,
multiplies the pure NNLO soft kernel, which can be written as

23 = Strstany 2T Teg" ) = 850 05,4 2Ca T, (3.3)
with the explicit expressions [66]
7(ea) i) _ SicSjd t SidSje = SijSed

) | 3.4
cd Szzj(sic + 8jc)(Sia + Sja) v

7(99)(i) _ (1 = €)(8icSja + SidSjc) — 28ijSed

d 2
‘ Sij(sic + 8jc)(Sid + Sja)
SicSjd + SidSjc — SijSecd 1 SicSjd + SidSje
cd -3
5ij5icSjdSidSje 2 (Sict+5jc)(sia+5jd)



In the collinear factorisation formula, eq. (3.2), the collinear kernels can be organised by
flavour structure as

_ pl0g) (0g) (0g)
P = Pyt 5{fzf]}{qq} Ofqat + Piki 01f; itaa) Ofdaray T Pm] OLfufiHaa} Of;{a 7'}
(0g,id) (0gid) (0g
TP sy i any T ik Ot i taay + Priy O O s s Hod)

plis) pls) (1g)
P 0¢urvtan Ones + Piie 0175 113 ad) Ofio + Priy O{5usi}aq) Of;a

2 (2g) 2g)
+Pz‘(jkg) 0t 5fjg 5fk{q,<i} + ijz'g 6fj9 Ofrg 6fi{‘17‘j} + Plgz'jg Of4g0fig 5fj{q,ti}

(3g)
+P'jk Ofig 6fj9 Ofpg > (3.5)
where ¢’ is a quark of flavour equal to or different from that of ¢; similarly, the azimuthal
tensor kernel can be written as

v _ g (1g) v
b= QUM 51t v taay 0o + QU™ (s v taay O s + Q2™ 845 ey 019
3 v
+ngl%)u Ofig 6fj9 Ofyg - (3.6)

In egs. (3.5)—(3.6) we introduced 5{{fafb}fc}{qq} = 5faq 5qu 5fcq—|—5faq (5qu 5fcq7 and, as before,
the superscripts (kg) refer to the number of final-state gluons featuring in the various
kernels.

The expressions for P(Jolf), P.(.Og’id), pUe  p2) and PG® can be extracted from

ijk igk 0 T igk > ijk
ref. [66], and can be written as
P9 _ g {5 <Sjk _smﬁ—%)ism [2%—%+(1_6)Z..]_1+6
P 253 \sijk Sk Zij Sij Zij Y2 ’
(3.7)
2 2
i s2p 2k 142 o
PZ(Okg i) —OF(QCF—CA) _ k% [k —€ <Zlk + Zik + 1+ 6>:|
J 28kSik | ZjkZik Zjk  Zik
—i—(l—e)[sij—ksij—e]
Sik Sik
Sk [1 L O RRIR ]
- —€)—— —e(l+2) — € zji
23jk Zik Zik 7
2 2
Sijk [1 + 2, — €z, %
—2(1—e)— —e(1 + zg) — e zk 3.8
Sl e L (BE : (39
252, 2k + 2225 S
PU8 — opTy { —9E [1 4o - BT J] —(1- [] ]
ijk SikSjk K 1—c¢€ (
_ ik [1+2zk+e—zjk} — ik [1+2zk+e— z”‘“]
Sk 1—c¢ Sik
2 2
S<. . . RV 2 L
b OuTh ng <s]k _Si_FZ’ z]> B ”k |:1+Z;3—Zk+ zlz]}
2sij Sijk  Sijk Zij SikSjk 1—c¢

~10 -



2
Siik i [23' B z,?; B 22 (25 — szzk)]
28i58ik 2kzij [ 7

2
Sijk Zj |: 3 3 QZj(Zl‘k — 2Zizk):|

25ijSik ZkZij Fij Pk 1—¢
Sijk  Zik 2252k Sijk  Zjk 22izjk
281k zkzi] |: * Zkzz] 1—¢ :| * QSjk zkzij [ + Zkzzj 1—¢
1 22 _94.5(1 1
L Sk [1 by 21(2i — 25) zizi(1+ Zk)] b (3.9)
S8ij 2kZij 1—c¢ 2
2 2 2
Sia 2k [1+ 2z — ez Sik
pl2e) _ o2 ) ik [ Z]—|—61—€:|—1—62j—|—61—6
S = OR g | = (1= (1)
Siin | 2eZik + 22 — ez-kz?
+”k[ g i - lj+62ik+€2(1+zk):|}
Sik ZiZj
S?jk sik sk A= %\
+CpCy (1—5)42 -—+
Si; \Sijk  Sijk Zig
Sk [Z?j(l —€) + 2z, el 6)]
43ik3jk ZiZj
2 2 2
S% zi(l—€) + 2z 2z5(1 —€) 4+ 2z 1
ijk |:1]( ) + j( ) Z:|—}—(1—6)(1—26)
25ij3ik: Zj Zij 4
3 2
L Sigh {(1 okt A A zik(z )
QSik ijij ijij
_ kIR T R €zip—2 — (14 z) — ezzik}
ZiZj ZiZg
Iy Z; 2z~k—|—22 —z46z~k—|—22- L9 — 2
+8Uk[(1—e) i(22; ) — 2(6z; J)+2€zk(zl ) ZJ:|
2Sij ZjZij ijij
+ (i), (3.10)
P 31— e)sgj’“ T Tk ) R TR
ik A sy \sije sijh Zij 4
2 2
Sii 22221 (1—2 14224222 1-2z;z;
o | ZunmuCotn | LB | TP G et (14 25) —
28;Sik 2k Zij ZikZij 2§ 2k
o [42,-2]- “1yma o2 (L m) +5Zk+3:|
Sij Zij 2k 2i2KZjk 2 2
+ (5 permutations) , (3.11)
where we defined
Sa’/‘ ..
Zg = ———, Zab = Za + 2b, a,b=1,5,k, 3.12
a Sir+3jr+3kr ab a b J ( )

and k,, as before, is a massless reference vector, which can be chosen among the momenta
of the outgoing particles.
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From ref. [66] we can also obtain the expressions for the azimuthal tensor kernels
Q(lg " and Q (3g) v , which we report in our notation for completeness. They are

ijk ijk
e _ _ oo 2 Sijk 2 g 4 B2 g ek2 g™ 313
Q”k F R1—631k3]k o 7% © %k T (3.13)
AR 2(1 —e)
[ 2 B ﬁsij ;— 25jkz n 2(zi5jk + stik) " <2zizj 14 6) Sik — Sjk] ]}3 éw
SikSjk S L 2i§SijSikSjk 2k Zij SijSikSjk
2 4z; Si; + 28; 2(zi8ik + 258; 2ziz; S
_|_|: _71”2 zk+(1]k ]zk)_|_< X2 1+> ik — Zk:|k‘]q;-w
SikSjk Zk 555k 2ijSijSikSjk ZkZij SijSikSjk
2ziz; 1 [ 4 1 1 2 — Zj Sik — 5§ Sijk + Sij
+|: zy<++>+ i j Otk Jk—e ijk ’Lj:|k2 v
ZkZij Sij \Sij  Sik  Sjk Zij  SijSikSjk S8ijSikSjk
Bow _ o2 Sigk ) (22 1 (zzm 3\ 1 |5o
ik A sy { { 2k Sij " oz 2] Ll
. [21 ) ( 3 a, )1] R
2k Sij 2pzi; 2 zk o Zij) Sik
2zizi 1 Zi%; 3z zi\ 1|+
- [”—I— <J2k——z+z> ]k%qzy + ( 5 permutations ),
ZijRk Sij ZkZij 2 Zj Zik/) Sik
where all terms are proportional to azimuthal tensors of the form
y k“k”
g = —g" + (d - 2) 5 (3.14)
ka
and, in analogy with eq. (2.6), we defined a transverse-momentum vector
- o Kkt
kb = kb — 2okt — (k-kq — 2o k7) , a,b,c=1,j,k,
k-k,
kg = 2a(2ak?® — 2k-kq) = za(5pe — 2beSijk) » (3.15)

where the momentum k* = k! + k” + kb is the parent momentum of the three collinear

particles. We stress that the symmetry of P Ql y k Y under exchange of i, j, k, and of
all other kernels under exchange of i, j, guarantees that the kernels P;j; and Q“ defined
in egs. (3.5)—(3.6) are totally symmetric under permutations of ¢, j, and k.

3.1 Phase-space mappings and integration

3.1.1 Double-soft kernel

In order to integrate the double-soft kernel in eq. (3.1) we introduce different phase-space
mappings according to the number of different momenta involved in the various contribu-
tions to the kernel. For the terms containing B.; and B.4.q, where only the four particles
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i,]j,¢,d are present, we use the mapping described in appendix A.3.1, with the identifica-

tions
ke — ki, ky — kj, ke — ke, kg — kg (3.16)

For the terms with B.g4eq involving the five particles i, j, ¢, d, e, we use the mapping given

in appendix A.3.2, with

ko — ki, ky — kj, ke — ke, kg — kg, ke = ke.  (3.17)
Finally, for the terms proportional to Begef, we use the mapping of appendix A.3.3, with
ko — ki, ky — kj, ke — ke, kg — kg, ke — ke, kf — kg, (3.18)
The mapped double-soft limit of RR({k}) is then
S =20 S0 |5 22 By ()
c#ij L eiged

d#ije f#ijede

+4 Z I I(J cded ({%}(icd,jed)) + 2I(d) Ic(d) cd d ({k}(ZJCd))
e#i,j,¢,d

. 1 .. 1 o .
+ <Ic(21j) —3 7E - QIc(lzl])>Bcd ({k}(”m))
and its integral in the n 4+ 2 phase-space is given by

_ 1 .
/d@nJrQ Sij RR = 3 Z { Z /d(I) {k} zcd,]ef)) z]cd chd f({k} zcd,gef)
c#i,j e#i,7,¢,d
d#ije  [#ijcde

+4 Z /d(I) {k} (icd:jed) ) Jgécsde Bcded ({]E}(icd,jed))
e#i,j,¢,d

42 [, ((RY690) S Bogea ({7170
+ / AP, ({R}D) JI By ({F} 150 } , (3.20)

where the radiative integrals of products of eikonal kernels are defined by

ijedef icd,je i) icd,jef icd,jef
Jideded — pr2 /dq) 9 70 70) = 5flg5f]gjs(®>s( (iodjef) glied >>’

(3.19)

S®s rad,2
e = N [ an TG TG = gy 0 S (5D, D)
JLd = NP /dq)r;]daé) 73 19 = b5, Of;g I, (321]60[)) ; (3:21)
while the radiative integral of the pure double-soft kernel is
st = i [anlly (2 - S - 527
= 67,1 2 TR J(qq)< (wcd)) — 79 07,92Ca J(gg)( (mcd)) . (3.22)
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The kinematic dependence of these integrals is described by the five radiative double-
soft functions Js(é)s, JS%)S, JS%)S, T and JE. The integrals defining J, (®)S and Js(®)s are
factorised, so their calculation is trivial, and can be performed to all orders in €, analogously
to the case with one emission. We find

I (s,5) = N2N(€) (s )/d¢ (sin¢/) /dy/dz/d«zs (sin )™ /dy/dz

< A=y P -2) AR S
= L) A = () (62‘2;4 ) {F%}ff_(i,; 6)]2
TE bbb ot
+216 - 22 - B¢ 1 Bty 0(9)| (3.23)

and

Js(g)s(373/) = N2 N?(e) (s 8/)_6/0 de’ (sin qb’)_Qf/Ody’/Odz’/o d¢ (sin ¢)—26/0dy

X -z 3201 -2 “a-ya- 1;%1_2
R R | I O [
B IN1—-e'(2—¢) I'(1 —e)I'(2 — ¢)T'(2 — 3¢)

N ( < Xt ) e2T'(2 — 3e) e2T'(2 — 26)I'(2 — 4e)

as\? (ssV e [1 4 4 )1 16 , 68
il T I 1 et (VR P
<2vr> <u4) at +< 3 ) ( 3" 3<3>e

+284—% 2—@§ 13 mt

+0(e) | - (3.24)

The integrals defining JS%)S, Js(gq g ), JIss (99 are not factorised, and are thus more involved. They
have been performed following the procedure described in section 3.2, with the results

2 —2¢
== — — — 18 — — — — R — —
Jogs(8) (27r> <M2> [ 7T 3 + ( 8 57 )3 + (76 — 67 3 (3 ;

308 49
12 — 27712 — = 7t
+3 T <+120 +(9()]

2 —2¢
5 11 171 116 7 1 1474 131 19
Jad) gy = (48 (5 il e e e Tt i 10)
() (27r w2 6 €3 T8 18 €2 a” 27 36" )¢ * 81 108" 9 G +0(e)|.

2 —2e
(s2) as\(s\7 |11 351 (487 2 o\ 1 (1562 269 , 77T .\1
T(s) = (27T><u> [2e4+1263+ 36 37 )et\w T 6 %)
19351 3829 , 1025 2
L - . 2
ST 216" 18 % 240" +O(€)} (3:25)
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3.1.2 Double-collinear kernel

In order to integrate the double-collinear kernel, we perform the phase-space mappings
described in appendix A.3.1, with the choices

ka — ki, kb — kj s ](Ic — ]{Zk, kd — kr . (326)

The mapped double-collinear limit of RR({k}) is then
C N2 ijkr 7.1\ (igkr
Cijr RR = STl [ ik B({k:} (igkr) ) + Q4 B ({k}“’“ )>] : (3.27)
ijk

As was the case for the single-collinear limit at NLO, the integrals of the azimuthal tensor
kernel Qf]”k vanish because of its Lorentz structure:

/ d®, o g / d®,, ({k}7k) / d(I)r;”dk; ¢ = for a=i,j,k, (3.28)

which relies on the fact that k, k(” kr)

the Pjj kernels, can be integrated in the (n + 2)-particle phase-space, and the result can

= 0 for a = 4, j, k. The remaining terms, featuring
be written as
/dq)n+2 Ciji RR = /dcbn ({k}OkD)) gighr B({E}(ij)> ; (3.29)

where the radiative integral

TE = NQ/ 103 gjk (3.30)
zgk
gligkr) id) [ =(ijkr)
= OUidifeaad aaa') ( )( o ) + 04f.1; 1 Haaa.aaa} ‘](Og )< : )

(igkr) _(ijkr)
Ot i Haas} Jie® (Sk"’ ) + 044.5; £ Hoga.g9a} J& g)< . )

i7kr
+0£,40£,90 frg J(3g) <S](€7{ )>

admits a flavour decomposition following from eq. (3.5), and has a kinematic dependence

described by the five radiative double-collinear functions Jégg), é?g’id), (Qg), C(fg), C(fg)

(U )

with argument 5;." ’. Here we have introduced symmetrised flavour delta functions, ac-

cording to

Ot hi¥laad aaa’y = Otfusitady Onta .y + 00s i ad) Oritaay + 0(h it ad) Ofika @'} -
01t fitaag.aaay = OCsitsyiaay T O s tady T OL{snfid i} aa) »
05,8, fHaagy = O4fif;Haad Ofrg T 045} aat Ofig T s fiHaay Osig »
5{fifjfk}{ggq7ggq’} = Ofg 5fj9 ‘5fk{q@} + 5fjg O frg 5fi{q,fi} + 0,90, 6fj {g.@} > (3.31)

where again ¢’ is a quark of flavour equal to or different from that of q. The integration of

JéSg), Jé?g’id), Jee (le) Jc(cg) JC(C 8) ; is the computation of the highest complexity among those
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presented in this paper. It can however be performed analytically following the procedure
described in section 3.2. The results are

2 —2€
(0] S
e = (2) (%) cos
[ 11 311 (889 7r2>1 23941 31
€

33 18 €2

108 2

80
2 E—
o’ 12" T <3+O(6)]’

2 —2€
JO& () = (;;) <:2> Cr (2Cp — Ca)

13 1, 1 227 1,

X[ (8 1" +C3>e 6T C?’ 120" +O(E)]’
2 —2e

-3 (2
m
21 311 (889 1 23833 31 160

A D S (i e T S S

X{CF R{ 38 9 & (54 >e 34 T T C3+O()]

41 411 (1675 17 ,\1 10808 1063 , 278
S D 1670 17 o)\ 1  1UsUs 2y =l
+Ca R{ ¢ ( 54 9" )a s1 a8 " tg O )}}

2 —2¢
20)(5) = (25 (5 p |4 14 (251 a1 (2125 ) 2_@ 1
Tec®(5) <27r> <M2> {CF |:64 a7 O 2t 8 ¢ €

17607 753 , 1096 13 4
%-“12;"—'45;’W - ““’C3 + O(e )]
1,161, (905 4 ,\ 1 (11773 8 , 6 1
+CFCA{ 3e3+<36 3”>e2+<108 2" 3<3)e
205780 845 , 2191 19
mg‘m‘<3mw+“ﬂ}’

2 —2¢e
5 as\( s ,[15 63 (853 L (o900 275 , 1
J38)(s) = (27) <u2> c? [64 o+ 2 g4y - 376G

180739 3736 41
L = 32
36 5 555C3+107r +O()] (3.32)

This completes the integration of the factorised kernels for tree-level double-unresolved
radiation. Once again, in order to build a complete subtraction procedure at NNLO, one
needs to consider both strongly-ordered and composite limits, mixing soft and collinear
configurations. For such limits, it is important to find a consistent set of phase-space
mappings, which need to be mutually consistent when the relevant limits are taken, in
order to guarantee a local cancellation of singularities: a procedure to do so is described
in ref. [54]. When it comes to the phase-space integration, however, all the composite
and strongly-ordered limits are either contained in the results we just stated, or lead to
significantly simpler integrals. We have thus provided all the key ingredients necessary for
the integration of local counterterms (for massless final-state partons) at NNLO.
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3.2 Details of the integration procedure

In this section we describe in detail how the integration of the kernels JS%)S, Js(sgg), S(SQQ)7
Jégg) , é?g’ld), Jc(g g), Jc(g g), Jc(g g) has been performed. We note that the procedure we follow,

while certainly non-trivial, does not require the deployment of advanced techniques such as
integration by parts or the use of differential equations (see, for example, [67-73]): in this
sense our method, at NNLO, allows for a complete analytic integration of all subtraction
counterterms, by means of relatively simple tools.

The integration procedure is simplified by a careful analysis of the symmetries of the

relevant integrals under exchanges of particle labels. When integrating in the two-body
(abed)
rad,2
symmetries of the kernel itself, but from those of the four-body phase space. In particular,

radiative phase space d® the freedom in choosing kg, kp, k., kq does not stem from the

following ref. [57], we note that the four-body phase space for momenta kg, kp, ke, kq is
symmetric under the permutation of the four momenta, as well as under the following
permutations of Mandelstam invariants:

Sab < Sed Sac < Sbd Sad < Spe - (3.33)

These symmetries are reflected in our parametrisations of phase space, in particular when
moving from the set {kq, kp, k¢, kq} to the set {l?:ﬁ“”“’), Egade
crucial to simplify the analytic integration.

)71% Z, (;57 y,; Z,; U}/}7 and this is

In order to exploit these symmetries for the integration of the soft and collinear kernels,
after assigning the momenta k,, kp, k., kq according to the discussion of section 3.1, we
apply the following transformations:

e in the terms containing 1/(Sqq + Spd)/(Sad + Scd), all permutations of the invariants
Sab < Seds Sac < Sbd, Sad < Spe are performed;

e in the terms containing 1/(Sqq+ Scq) (but not 1/(sqq+ spq)), the permutation ky <> ke
is performed;

e in the terms containing 1/(spq+ Scq) (but not 1/(saq+ Spa)), the permutation kg, <> ke
is performed;

e in the terms containing 1/(sqq Spq), the partial fractioning

1 1 1 1
= —+ — (3.34)
Sad Sbd ~ Sad t+ Sbd \ Sad  Sbd

is performed, and in the first term the permutation k, <+ kp is applied.

in the terms containing 1/s,4 (but not 1/s44), the permutation k, <> kj is performed.

After these transformations, the denominators of all integrands feature only the following
combinations of invariants:

Sabs Sac, Sbecy Seds Sbds  Sact Sbcy  Sad T Sbds  Sab Tt Sbe (335)
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and they can be parametrised as (see eq. (A.19))

Y'Y Sabed »

sac = 2 (1= y') Y Sabed »

spe = (1= )(1 = 2") Y Sabed,
(1 =31 =y)(1 = 2) Sabed
(1—1y) [y’z’(l — )+ (1 =22 +2(1 —20')\y'2 (1 — 2)2(1 — 2) | Sabed »

Sac + b = (1= Y)Y Sabed
(
(

Sab

Sed =

Sbd =

"+z—y'2) (1 —y) Sabed »
Sab + 8pe = (1 — 2"+ 2'Y) Y Sabed - (3.36)

Sad T Sbd =

We now detail the integration procedure, focusing on one variable at a time. In section 3.2.1
we analyse the trivial integration over y, and the first non-trivial structure arising from the
w’ integration. Then, the subsequent integrations over z and 2’ are detailed in section 3.2.2,
including a discussion on how we linearise the argument of the resulting hypergeometric
functions. Finally, section 3.2.3 concerns the e-expansion of intermediate results, and the
last integration step.

3.2.1 Integration on y and on the azimuthal variable w’

Since in all denominators in the list (3.35) the dependence on y is factorised, the integration
in the y variable is always of the form

1 1-2¢
Jav[va-v] “ra-pm, wmez, (337)
0

which clearly gives B(n + 2 — 2e,m + 2 — 2¢).

We now switch to the integration over the azimuthal variable w’. According to
eq. (3.36), the only denominator containing the azimuthal variable w’ is spq, while the
presence of the w’ in the numerator uniquely stems from linear combinations of s,q and
Spd, see eq. (A.19). Thus, terms without spg in the denominator are of the form

! / ’ ’ *%*6 N o— € n 1 1+n
/Odw [w'(1 —w")] (1—2w)" =2"1%2 (1+(—1))B<2—e, 5 ) n e N. (3.38)

Terms containing the ratio s,q/spq can be simplified according to

@:Sad+8bd_1:(y,+z_y,z)(1_y)8abcd_

1; (3.39)
Sbd Sbd Sbd

therefore, no dependence on w’ in the numerator is left in the presence of the denominator
spq- The only non-trivial integration involving the azimuthal variable w’ is then
1_. 1

1 _1l_.s 1 1 _1
dw' "1 — ' 5 Gﬂzi dw’ "1 — 5
/Ow[w( w)] Sbd 1—vyJo w[w( w)} (A+ B)?2 —4ABw'

1
Ty e (3.40)
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with A = /y'2/(1 —2) and B = /z(1 —2'). Note that, as already discussed at the
beginning of this section (see eq. (3.37)), the y dependence is trivially factorised. Therefore,
from now on, we understand the y dependence to be integrated out.

The integral I, is of the type described in appendix B.1, with a =1 and b = 1 + e.
From eq. (B.10) we get then

L = e (VY7 (1= 2),v/2(1 = 7))
_T(1/2-¢) [ " 1_ ~ 2F1<171 Ll Y2 (1 - z)) @(1 Y- z)>

(1 — 2e) z(1—2") z(1—2")
1 2(1—2") y'2'(1—2)
+m 2F1<1,1+6,1—6,y,zl(1_z)>@( z(l—z’) —1)] (341)

3.2.2 Integration of the variables z and 2/

After integrating over y and w’, one is left with three integrations over the variables z, 2z’ and
y’. We now analyse the z and the 2’ integrations. While all numerators have a polynomial
dependence on z, z’, the denominators manifest a richer structure. In particular,

e the invariants sy, Sac, Sbes Sed> Sac + Spe feature a trivial dependence on 2’ and z, as
they are just products of powers of 2/, (1 —2), z and (1 — 2);

e the structure s,q+ spq does not depend on 2/, while it depends on z through the factor
Yy + 2z — 1y z; analogously, su, + sp. depends only on 2/, through the factor 1 — 2’ + 2y/;

e when the denominator is spg, the z, 2z’ dependence is confined to the arguments and
the prefactors of the hypergeometric functions of in eq. (3.41), as well as in the
accompanying © functions; the latter are to be understood as constraints on the
integration region for either z or 2’.

The soft and collinear kernels feature products of the invariant structures described above.
Among them, a non-trivial dependence on z and 2’ arises from the following building blocks:

1 1 I, I,
y’—i—z—y’z’ l—z’—i—z’y” y/+z_y/z’ 1_Z/+Z/y/’

Iy (3.42)

In contributions proportional to the first structure in eq. (3.42), the 2’ integration gives
Beta functions, while the z integration takes the form

1 Zn—e(l_z)m—e /
/dz / — =Bn+1—-em+1—eF (Lm+1l—en+m+2-2¢1—y),
0 vy+z—y=z

(3.43)

where we used 9Fy(a,b,c,x) = (1 —x) % Fi(a,c — b,c,—x/(1 — x)). Note that m,n stand
for generic powers of z, arising from the numerators. Similarly, in terms that embed the
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second structure in eq. (3.42), the z integration is trivial (Beta functions), while the 2’
integration takes the form

1 , (z/)n—e(l_zl)m—e ,
/Odz Oy =Bn+1-em+1—€)F (Ln+1-en+m+2—2¢1—1y).

(3.44)

In the third (fourth) structure of eq. (3.42) the whole 2’ (z) dependence is contained in
I/, and this variable is integrated first. Finally, in the fifth structure of eq. (3.42), where
no denominator depends on z nor on 2/, the order of integration of z and 2’ is irrelevant.
Accounting for generic numerators, whose dependence upon z and 2’ is polynomial, we can
cast all integrals to be performed as combinations of the following building blocks:

1 e 1 e
Ig}i = /dz [z(l - z)} (1 —=2)" Iy, Jg,g = /dz [2(1 — z)} 2" Ly (3.45)
0 0

1 - 1 —e
- /O R EC) INEO LY PR /0 a2 [ -] (=) L. (3.46)

where n is an integer such that n > —1.

Because of the symmetries of I, upon z <> 1 — 2/, the results for I 1(1}72, and Jgf; can be
inferred from those for I 1(072 and Jgf;,
of the latter two integrals, which are of the type described in eq. (B.18) of appendix B.2
with b = 1 + €. Specifically

respectively. We then proceed with the computation

1
) = / dz (2) (1= 2" I (A, B) = Liyeeno(1—2,9/7),
0

1
g — / dz ()" (1= 2) " T4 (A, B) = Iipepe—o(1— 2 y'2"). (3.47)
0

We see that the integral I1 ¢ —cn—c(1—2,y'2’) is of the special type I 14 - (C, D) described
in eq. (B.30), while the integral Ij e pn—c—c(1 —2’,y'2’) is of the special type I} 5.1-4(C, D)
described in eq. (B.31). Using the results derived there we have

1 T%(1/2—¢€) I'(—e)T'(n+1—¢)
1—2 T'(1—-2¢) T(n+1-2¢)
0 _ 1 I2(1/2 —€) T(—e)T'(n+1—¢)

Wy T(1—26)  T(n+1-—2)

1!
]782 = 2F1 (1,n+1—e,1—e, >,

1—2/
oF [ 1,n+1—€e,1—e,——— ). (3.48)
Yy

We now show the result for specific values of n, and in particular we distinguish between

'In some cases it is necessary to apply the partial fractioning

L1, 1
2(1—2) =z '

1—2z
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n=—1and n > 0. For n = —1, eq. (3.48) reads
(—1) 1 T%(1/2—¢€) I'%(—e¢) Y2
15D = Fi{1,—el—e— : 4
wai T 12 T(1-2¢) T(-2¢) 2N\ 9T 1=y (349)
(1) 1 T2(1/2 —€) T?(—¢) 1—2
== Fi(1,-e1—e-——2
Tur y'z! T'(1—2e) I'(—2¢) 2 ‘ ‘ y'z!
12— T(=a)T(1-¢) [ 1 1
(1 — 2e¢) I'(—2¢) l+el-=z

Y
; 2F1<1,1—|—€,2—|—€,—1_Z,>

(1—2")e
_ F(]. + E)F(—E) W 5
where in the second integral of eq. (3.49), we have inverted the argument of the hyperge-
ometric function by means of eq. (B.20). For n > 0 the hypergeometric functions are of
the class o F1(1,c+ n,c,x), with ¢ = 1 — ¢, and can therefore be written as a finite sum in
the form

T+ (c+n—k—1) 1

(1 =(c—1 >0. (3.50
2fil e+ m,ew) = (c )kzzo Mkt D0 tn) (1o "=0- (350
The integrals of eq. (3.48) for n > 0 are then given by
2 _ _ n . Nk
1 I'“(1/2 —¢€) I'(1—¢)I'(n+1) Z I'(n—k—e) (1-2") —
w'z [(1-2¢) T(n+1-2¢) & T(n—k+1) (1 -2 +2y)
g = P20 TU=ONl) - Tk GOR o
wE T (1 -2 T(n+1-—2e) D(n—k+1) (1 -2 +2y)kt17 ==
Notice that the two integrals coincide for n = 0, evaluating to
1T%(1/2 —¢€) T?(— 1
@ _ 5o _11°(1/2—¢) P(=¢) (3.52)

w'z wz o2 T(1—2) I[(—2€) 1—2+2y"
After the first 2 (2’) integration has been performed, all non-trivial dependence on the
remaining z’ (z) variable is encoded in one of the following structures:

I(mp g;m) _ / & , (1 Z/)p—e( /)q—e I(”/l)
w'zz! 1 = +zy) w'z

/dz/d’ 1‘ ZH(y’))q_e [2(1_2)}_6(1—,2)"11”,

J(n,pqm>5/d, (L=2DP (DT )
w'zz! 1 Z"—Zy) w'z

/dz/d' 11 zzp+ez(zl))qe [z(l—z)}ieznlw/, (3.53)

where the integers n, p,q, m are such that n,p,q > —1, while m = 0,1. For later conve-
nience, we recursively use the following partial fractioning

pre(l _ Z)qfe — Zerlfe(l o Z)qfe + Zp—E(l o Z)q+1757
()P = 2)170 = (P = )T (P - )T (3.54)

until the condition p + ¢ > m is satisfied.
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Using the symmetry under the exchange z <> 1 — 2/, the integrals T I(U ’szq’ ), JIS)T,L’Z[;’,q’m)

can equivalently be written in terms of I I(U,l, and Ji},;, as

1 p—e€ q—e¢
I(nvp»qv ) = / dZ z (1 Z) I(n)

w'zz! +Z yz)m w2’
p=e(1 q—e -
iy / o O
(Y +z—y'z)™
n P=e(1 =
Jipam) = / dzMqul
o (WHz—y)m

/dz/dz’zz_:_zl;):)E { '(l—z/)}_e(l—z')"fw/. (3.55)

To proceed with the computation, we choose the representation of I fu ’iq m), qu?;z:,q’m) in

terms of Iq(ﬂ,i and J") according to eq. (3.53). Thanks to the results in eq. (3.51), the case

w'z?

n > 0 is trivial, and yields

[mpam) _ I?(1/2 —¢) T(1—)T(n+1) Zn: P(n—k—e¢) D(ptk+1—€)l'(g+1—¢)
w'zz! I'(1—2¢) ID'(n+1-—2e) — M(n—k+1) T(p+q+k+2—2¢)
X oFy (m+k+1,q+1—€,p+q+k+2—2¢,1-y') , n>0,
J(nmq,m) _ I'2(1/2 —€) T(1—€)I'(n+1) zn: (n—k—e¢) I'(p+1—€)T'(qg+k+1—¢)
w'zz! N(1—2¢) D'(n+1-2e) — M(n—k+1) T(p+q+k+2—2¢)
x (Yo Fy (m+k+1,q+k+1—€,p+q+k+2—2¢,1—y) , n>0. (3.56)
For n = —1, we exploit the integral representation of the hypergeometric functions in
eq. (3.49), introducing the auxiliary integration variable ¢, and write
[lpam) _ TX(1/2= 9 T(= -9 / / » G L
w'zz! (1 - 2e) 1—z —i—zy)m 1—2 +t2y”’
Stpam) _ T2(1/2—¢) F(* )F(l — ) /d (L= 2P
w'zz! (1 — 2¢) I'(—2¢) 0 (1—=2'+2ly")m
1 n—
1-— e I(1 NG
x /dt( 2 I Jff)H( 9| (3.57)
o 1-2+ty (2'y)1+e

The second expression makes sense only if p > 0, which is the case in all soft and collinear
kernels. For m = 0, the 2’ integration gives
[C1pa0) _ T2(1/2= € T(=eT(1 =€) P(p+1-e)l(g+1—¢)

we' T T(1-2) (=2 L(p+q+2—2¢) (3.58)

1
X/dtt_1_52F1 (1,q—|—1—e,p—|—q—|—2—2€,1—ty') ,
0

Se1pa0) _ T2(1/2=¢ T(=eT(1 - ¢) [ _ T+l (=¢) T(p+1)'(g — 2¢)

wz=t o T(1 - 2€) I'(—2¢) (¥)He  Tp+q+1-2e)

F(p+1—€)'(g+1—¢) /1 ,
dtt®oFy (1,qg+1—e,p+q+2—2¢,1—1¢ ., p>0.
Fptai2-29 J, 2F1 (1,9 &p+q e1-ty) |, p>
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For m = 1, before performing the remaining 2’ integration, we employ the partial fraction-
ing

1 1 1 1 1 1
11

= — — . (3.59
1—2 42y 1 -2 +t2ly 1—ty'z — 2 4ty 1—z’+z’y’] ( )

with the results

1(717‘?7(171) _ l F2(1/2 — 6) F(_E)F(l - 6) F(p +1- E)F(q - 6) /1Clt i (3.60)
wzz y (1 — 2¢) '(—2¢) F(p+qg+1—2e¢) o 11—t

X |:2F1 (17q—67P+Q+1_257 1- ty/) - 2F1 (17q_67p+Q+1_2€7 1- yl):| )

gCLpan _ 1 I%(1/2 =€) T(=e)T(1 —¢) {F(p +1-6I'(g—¢)
w'zz! y T(1—2e) I'(—2¢) T(p+q+1—2¢)

1 t€
x/dt : |:2F1 (1,g—e,p+q+1—2¢,1—ty') — 2 F1 (1,q—€, p+q+1—2¢,1— y)}
0

1—
PO+ el'(=e) T(p+ DI'(g — 2¢)
(') [(p+q+1-2e)

oF1 (1,q—2€,p+q+1—2e, 1—y')}, p>0.

Summarising, for n > 0 we still have to perform the last integration over the 3’ variable.
Conversely, for the case n = —1, we are left with two integrations, one over the physical
variable ¢/, the other over the auxiliary variable ¢ stemming from the integral representation

of hypergeometric functions. Notice that, so far, all our results are exact in e: only while

2

performing these last steps we resort to an expansion” in powers of e.

3.2.3 Expansion in ¢ and integration of the y' and ¢ variables

After the y, w’, z and 2’ integrations have been performed following the steps detailed in
the previous sections, the integrations over 3’ and t only involve monomials v, (1 —3/), ¢,
(1 —t), and hypergeometric functions of the types

QFI(n17n2_67n3_2671_w)7 n1217 TZQZO, n32n1+17n27 w:tylayl7
oF1(1,n9 — 2¢,n3 — 26,1 — w), ng >0, ng>mng+1, w=1y". (3.61)
For the first type the constraint ng > n; + 1 is always achieved, thanks to the condition

p + q > m, which comes from the partial fractioning described in eq. (3.54).
We first manipulate these hypergeometric functions by means of the identity

QFI(av b: C?:U) = (1 - x)c_b_QQFl(c —a,c— bv C:':U) = (1 - x)c_b_a2F1(C - b,C —a, C,.T) 3
(3.62)

to get

2F1(n1, N9 —€, Ny —2¢€, 1—w) = (w)ns*nQ*nl*E o FY (ng—ng—e, ng—ni—2¢, ng —2¢, 1—w) ,
o F1(1,m9—2€,n3—2€6, 1—w) = ()™ 271 5 F (n3—ng, n3—1—2€,n3—2¢, 1 —w). (3.63)

2Formally, one could give exact results in terms of the hypergeometric functions 3sF» and 4F3 evaluated
at unit argument.
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Since n3 > ny+1, the first hypergeometric function o F (n3s—na—e, ng—ni1—2¢, n3—2¢, 1-w) in
eq. (3.63) is of the type o F1(a,b,b+n,x), and can be treated recursively using the relation

1
2F1(a,b,b—|—n,x) - 71 [(b+n_ 1)2F1(G,b,b+n— 17x> - b2F1<CL,b+ lvb_'_n’x)] )
n —
(3.64)
until it reduces to a hypergeometric function of the type 2F1(a,b,b+1,z), with a = m; —e,
b = mg — 2¢ (m1, my > 0). The other hypergeometric function 9 Fj(n3—ng,ng—1—2¢,n3—

26,1 —w) in eq. (3.63) is already of the type oFi(a,b,b + 1,2), but with a = m; + 1,
b = mg — 2¢ (m1, ma > 0). We then make use of the relations (properly combined)

b 1 1—a
2F1(a7b,b+1,x)—a_lg[(l—x) —2F1(a—1,b—1,b,x)},

1
gFl(a,b,b—l—l,x):a_l b(l—a;)lfa—&—(a—b—l)gFl(a—l,b,b+1,a;)},
Filabb+ 1) = —— L [(1—2)'* —5Fi(a,b— 1,b.1) (3.65)
2471 \&, Uy 3 a—bax 2471\, » Uy ) .

until all hypergeometric functions are reduced to the following forms
oF(—€,—2¢,1 — 2¢,1 — w), oF1(1,—2¢6,1 —2¢,1 —w). (3.66)

Their expansions in € is known to all orders and is given by

2Fi(—€, 26,1 = 26,1 —w) = 1= > (26)"(—€)" Spp(l —w),

n=1 p=1
[e.9]
2Fi(1,—26,1 - 26,1 —w) = 1+ 2clnw — Y (26)" Lin(1 — w), (3.67)
n=2
where the Spence functions Sy, ,(x) are defined by
_ (_1)n+p—1 1 lnn—l v »
Snp() = e dv - In?(1—2zv), (3.68)

and reduce to standard polylogarithms for p = 1, with Sy, 1(z) = Lip41(2).
At this point, all poles in € can be extracted using the standard identities

1 1 1
/ do x7 1o (1 — )71 f(2) :/ drez~1rec(1 — z)P%¢ f(x) —|—/ do z°¢(1 — )~ 1P f (),
0 0

0
1 1 B
[ s se) = L)+ [ awar D2T0
0 Qe 0 T
1 - ! ! fla) — (1)
X — X 1 BE xr) = — T _1,1867 ‘
/Od(l )L £ () % (1)+/0d(1 ) I (3.69)

where x can be either ¥’ or . The remaining € dependence does not generate any pole and
can be safely expanded in Taylor series. Therefore, at this point, the remaining integrals (in
t or y') can be easily performed using standard techniques. Discarding terms that vanish
in the € — 0 limit, we obtain the final expressions given in section 3.1.
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4 One-loop infrared kernels with one real emission

To complete the study of NNLO factorisation formulae we are left with the integration of
one-loop infrared kernels involving the emission of one soft or two collinear particles at the
one-loop level. These kernels are known from the literature [74-80], and we rewrite them
in the most suited form to perform their integration in the radiation phase-space in the
context of our method.

Indicating with RV ({k}) the renormalised one-loop squared matrix element for the
emission of one unresolved parton i, the factorisation formulae for the soft limit S; and for
the collinear limit C;; read

S;RV = -M >

1#£i

+as Z fl(:r)zpBlmP({k}i) ;

p#ilm

N, y
Cii RV = — - {Pw V({E}) + Q1 Vi ({K} i)

]

20 Vi ((41) 52 (3824 280 32 ) Bun (183,)

(P = P ) B(twh) + (@ - @Z”?)Buu({k}m)]}, ()

where the symbols N1, B, V, By, By, {k};, {k}j,
introduced in section 2. In addition, here we have introduced the completely antisymmetric

Qg
+ 2T

uv
lm’ P;;, and Qij were already

tripole-colour-correlated Born squared matrix element

Blmp Z fabc ) Ta Tb TC .A (42)
a,b,c
as well as the colour-connected one-loop squared matrix element Vj,, = 2Re A 0)*(

T, A o , and the spin-connected one-loop squared matrix element V), obtained by strip-

ping the spin polarisation vectors of the particle with momentum k; + k; from both the

matrix element and its complex conjugate inside V. The one-loop soft kernels are
P41 —0 s (s

e2T(1 4 26)T2(1 — 2€) si18im SilSim ’

IZ(Z) 51 1+ e)r2(1 —€) Sim e 2 Smp e‘ w3
mp ‘ Er(l — 26) SilSim

:Zl(viz =059Ca

SimSip
Their collinear counterparts, on the other hand, can be written as

= F2(1+6)F3(1—6) Sij €
iy = '(142€)I'2(1—2¢) <67Eu2> (44)

1 1 2
X [PijMij + Ni(j g)(sfigéfj{%(j} + N;z’ g)‘sfjgéfi{q,é} + Ni(j g)‘sfig(sfjg] ’

~ F2(1+6)F3(1—e) Sii N € 9 MR,
pe i o N®8s. s [ g _9) 4
% = Fradrt e o) |9~ Vst (- + =2 T )|
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with
My = [Cf ~Cp=Cy, + (Cpy+ Cr=Cry ) Fai) + (Cpy+-Cr, = C, ) Flay)]

1 Ca+4Tg Ny
T—9¢ | e VO™ - —ara o F1ad 4.
+1—2EL(5° 3Cr) +Ca—2Cr 3(3 = 2¢) O(fif;Haa} > (4.5)
x—1 = rz—1

F(r)=1-2F (1,—6;1—6; . >—elnx—|—nz:2e"Lin( - )7
and

() _ o Ca=Cr o (28) _ Ca(l—¢€) —2Tg Ny . A
N;= =Cp 1 2 (1 exz), N7 =4Cy (1_26)(2_26)2(3_26)( exza:j). (4.6)

While the one-loop kernels are rather intricate, there is only a single further unresolved
radiation: the phase space mapping, to which we now turn, is therefore simpler in this case.

4.1 Phase-space mappings and integration
4.1.1 One-loop soft kernel and cancellation of colour tripoles

As done for the tree-level infrared kernels with one real emission, for the soft kernels we
perform the mapping described in appendix A.1, choosing the momenta {k,, ky, k.} as the
momenta {k;, ki, k,,} present in each term of the eikonal kernel, according to

ko — ki, ky — ki, ke = ki, . (4.7)

} (3lm)

Promoting the set {k}; to the momentum conserving set {k ) of appendix A.1, we

define the mapped soft limit of RV ({k}) as

SiRV = =N 30 [ Z0) Vi ({R}0™) (4.8)
I#i
a i) Bo 71 (ilm (i 7 (ilm
-2 <I + >Blm<{k:}( ™) +as > T, B ({FY) ] .
pFil,m
The integral of this function in the (n + 1)-particle phase-space can be written as
/ %, 1SRV =~ / 4, ({k} ™) [ Jim v ({k} (itm) ) (4.9)
1#1
m#£i
a — . ~ — .
f275 <lem lem BO) By, ({k}(zlm)) + s Z Js(z),lmp Bimyp <{k}(zlm)> ] 7
g pFi,l,m

where Ji™ = §;., Js, defined and computed in eqs. (2.13)—(2.14), must here be expanded
up to order O(e?). One gets

as (s |1 2 7 7 25
Jy(s) = 2; <u ) LQ + 46— E <18 671'2 — g3> (4.10)
7 2 71 4 2 3
(54 57 Cg 410" )6 + O(€”)
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Also the integral jsilm, defined below, can be easily computed after substituting the ex-
pression for the Mandelstam invariants in our parametrisation, eq. (A.4). The result is

) T (1) [ Gty (s VT
Jllm _ (I)(zlm)l- -5 C ( 1 /dq)(z m) m
M / rad fa N O = R e (1 - 20 ad 580

= 370 Ca Js (57 ) (4.11)

whose kinematic dependence is described by the one-loop radiative soft function Js given by

_ e’YE 3 € 4
50 =30 LD o i [ [

< [y )01 - z>]*<1 ) 1;)+

Lo s N DPA4eri(1-—e
27 4etT(1+2¢)T(2 —

—2¢
as [ s 11 7 )\ 1 7, 14 \1
- = (=2 4= )16 — St - ) -
o <u2> [464 ta +< 247r>e2 +< 6" 3%

e (4.12)

We now discuss the last and most interesting contribution to eq. (4.9): the soft integral
proportional to the triple-colour-correlated Born amplitude. It is defined by

J(7’ ),lmp _N/dq)(llm lZ -5 gN (’YEIU,2)6F(1—|—6>F2(1—6)/d (Zlm) _Sim__ ( Smp >6
mp 7,

rad Ef(l — 26) rad SilSim \ SimSip

‘ g(ilm)
= (5fi9 jstripde ggirlzm)7 _l(flm) ) (4~13)
Smp

whose kinematic dependence is described by the radiative tripole soft function jstrip()le

which in our approach turns out to be a function of the invariant El(fim) and of the ratio

EI(;lm)/ E%T). As can be guessed from the more intricate kinematic dependence, this part
of the soft one-loop kernel requires more refined techniques to be analytically integrated:
the reason is its peculiar kinematic structure, involving two eikonal kernels linking four
particles, which leads to a non-trivial azimuthal dependence. With the phase-space map-
ping {kq, kv, kc} — {ki, ki, km }, we C(agn use the results of appendix A.2 to parametrise the
=i

Mandelstam invariants present in Ilmp in the form

_(ilm)

Sil = Y8

sim = 2(1—y) 5",

sim = (1= 2)(1 =) 5,
Smp = (1—9)5%?1)7

sip = y(1 — 2)5,, (”m) +z (llm) —-2(1—- 2w)\/y z2(1— z)sl(;)lm)sggn) ; (4.14)
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which leads to the expression

Ve ,2)€ 201 _ 1 e— 1L
jstripole(s’g) — Nl 2—2e N(E) (6 M ) F(1+6)F (1 6) 8—26/ dw dy dz [w(l—w)] 2
0

el'(1 — 2¢)
<[u =P -2)] -
x[y(l—z)+z§—2(1—2w) yz(l—z)f}_e. (4.15)

At this point, we observe that this expression takes the form of the master integral defined
in eq. (B.32), namely I¢ 14e —1-2¢,1—e,—1—¢,1—2¢(§, 1), thus it can be computed and expanded
in powers of € following the procedure discussed in appendix B.3. The final result reads

—2¢
o 1 1 1 1 1 1
Jstrlpole(s,g) s < s ) |: 3 +<3 ln£>2 +<7 £W2 —1nf+ 41H2£>
€ €

~on \ 2 8e3 ' \2 4 48
43 2 - 10¢3 — 4—7L2 In¢ +1 25—11 3¢ — Lig(—€) + O(e)
1271' 3 24 n n 611 13 € .

(4.16)

Eq. (4.16) features up to a triple pole, stemming from the combination of the double pole
arising from the phase-space integration of the radiated soft gluon, and the single pole of
the one-loop squared matrix element. There are however solid arguments to expect that
there should be no infrared poles proportional to colour tripoles at NNLO. A first hint for
this is the calculation in ref. [79], showing that, before the factorisation and mapping of
the (n + 1)-particle phase-space, the pole arising from the squared matrix element cancels
by colour conservation, when only final-state partons are considered, as is the case here.
A stronger argument comes from the observation that real-virtual singular contributions
proportional to colour tripoles would find no double-virtual or double-real counterparts to
cancel against: indeed, the structure of virtual infrared poles at NNLO [81-87] contains
only colour dipoles, as well as quadrupoles generated by exponentiation, but no tripoles.
Similarly, as clearly shown by eq. (3.1), singular contributions to double-unresolved real
radiation do not contain three-particle colour correlations. We conclude that all poles
generated by eq. (4.16), including those that come from the phase-space integration of the
radiated soft gluon, should cancel when performing the appropriate colour sums, whereas
non-singular terms will provide important finite contributions to subtraction counterterms.
To see that this cancellation indeed takes place, consider the sums involved in the tripole
term in eq. (4.9),

PACELLD ;T (4.17)

I£i,m#i,]

pFi,l,m
The sum can be simplified using symmetry arguments, for instance exploiting the complete
antisymmetry of By, under label exchange, as well as colour conservation. To give an
obvious example, terms contributing to pole residues but independent of the Mandelstam
invariants will cancel in the sum over colours, using the Born matrix-element property
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By + By = 0. This is sufficient to prove the cancellation of triple poles. Double and
single poles, on the other hand, feature residues that also contain the structures

kslm on Sip Sip Slm Slp
E Bimp In In ”S , E Blmplng—, E BimpIn g , (4.18)
I#£4,m#i,1 mp I£4,m#i,1 mp I£4,m#i,1 mp
pFilm pFilm p#ilm

with k,n € N. The first structure vanishes because of the symmetry of both logarithms for
the exchange [ <+ m. Similarly, the second structure can be rewritten as

S Sy S.
§ Bimp In—"- = E (Blmp In—2 — By 1n";p> =0, (4.19)
l#i,m##1,l Smp l#i,m#1,l K H
p;éz,l,m p?éul:m

since the first and second terms vanish separately upon summation over the indices m and
[, respectively. For the remaining structure we get

ZB,mplnS’—ml St _ 3 (B,mpl Sip lnslm BimpIn Smpl S”;) —0, (4.20)
l#i,m##1,l Smp l;éi,m;éi,l /J, 'u 'u K
pFilm pFil,m

where individual terms vanish thanks to the same symmetry arguments used in eq. (4.19).
This completes the proof that colour tripoles do not contribute to infrared counterterms
at NNLO, except for subtraction-scheme-dependent finite contributions. In our approach,
these are given by

Z js(i),lmp Blmp

14, m+#i,1
pF#il,m
Eoy Blmp[ln p 1250 71 85 4, <—Slp) + 0(6)} . (421)
l;éz m#£i,l ,LL Smp Smp
pF#il,m

4.1.2 One-loop collinear kernel

For the one-loop collinear kernel we choose the momenta {kq, kp, k.} of the phase-space
mapping in appendix A.l, as was done for the tree-level collinear kernel with one real

emission. Thus we pick
ke — ki, ky — kj, ke — k. (4.22)

We promote the set {k}[;; to the set of on-shell momenta {k}07) of appendix A.1, and get

C,; RV = /8\21 { Py v({k} m) p HV<{k} m)) (4.23)
- (éj - P{jo) B({k}) + (Ng;."— @;;”ﬁﬁ) By ({R}7) ] } -

Once again, the integration of the collinear kernels is simplified by the fact that terms
proportional to Q7" and Qi integrate to zero, because of their Lorentz structure. For the
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remaining pieces, containing P;; and ﬁij, integration in the (n 4 1)-particle phase-space
leads to

/d@nﬂczj RV :/d@n({k}“m) [Jgﬂ"” V({E}W’“)) + % (j;'j’“ — g 60) <{k} ijr ) ] .

(4.24)

The integral J&" is defined in eq. (2.18), where it is expressed in terms of the radiative

collinear functions Jc(kg) (with k = 0,1,2). These must now be computed to O(€?), and yield

— 21 16 (140 7
JOg) gy = X (5N po| 22 _ 0 (2L 2
)= o 2) TBlT3e 9 \or 18" )¢
_(1252 28 , 50

=1 97" 9C3> €+ (9(53)] )

€ 2 1 4
J8) (5) = s <:2> Cr [2+7+11_77r2+ <33 9 a2 5304*3)6
€

2 2 6 24"
+<99—I; 2—@43—% 4)62—|—O(63):|, (4.25)

T2 (5) = £ (E)CA[ e <1§;4_1;61 Lmo@’)
+<]§317()—?;3;1 2—5)75)(3—?;107r4)62+(9(63)]

Similarly, the expression for the integral JUT is obtained by integrating the one-loop kernels
P;;. We define

By
ij

=g e} g)( o )) * (6f,.95fj{m} +5fjg5fi{q,q}> jc(lg)<§§ijr)) + 87,9079 ‘Qg)< §J))

where the kinematic dependence can be described by the one-loop radiative collinear func-
7(0g) J(lg) JC(Qg) (J )

(4.26)

rad

JIm =M / o)

tions J¢ with argument 5;, - Terms in Ej which are proportional to the

simple polynomials Ni(j &) and Ni(j 2 (see eq. (4.4)) can be integrated easily. Less triv-
ial integrals arise from the Pj;M;; term in eq. (4.4), and in particular from structures of
the type

1
I = / dz (1 —2)"" 2" 91y (1, el > ; (4.27)
0 1-2

where n,m can take only the integer values —1,0,1. For these values, the integral can be
expressed in terms of a generalised hypergeometric function of type sFb5, evaluated at unit
argument. More precisely,

'm—e+2)I'(n—e+1)

Im,n —
F L(m+n—2¢+3)

sFh(L,I,n—e+1;m+n—2e+3,1—¢1). (4.28)
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This, in turn, can be expanded in powers of €, using for example the package HypExp [88, 89].

The integration over the remaining radiative phase-space variables is then straightforward.

The final results for the three contributions to J“"

—2¢
~ a S 41 641 284 2
JC(Og)(S):S<M2> {NfTR|:92+276+27_32+O():|

are

11 311 /211 1 ,\1 5281 31
T - s s 2y e 2 el
+Ca R[ 363 182 <27 27T>e 162 <3+
21 311 /431 1 5506 31 , 124
CpTr| 2= o) R - T - —
* FR[B atga (27 ”>e 81 6 G

—2e¢ 2
=1 _ag (s 9 5 7w\ 1 15 2 4 1

_%JF% 2+20C3—4—757r +0()}
caropa-fa- (5 w)a- (-5
_54E+11129 2+%3_% 4+@()]}

79 (s) = %ST (/;)_26 { CalsTr [11%1 * % + 0(6)]
_%+%”2 893C3—;)672w4+0(e)]},

16,1
- 3C3> -
m — 9243)

(4.29)

o]

<>]},

This completes the list of all the integrals associated with factorised soft and collinear

kernels at NNLO. These integrals form the basis for the construction of all integrated

infrared counterterms for single- and double-unresolved real radiation at NNLO.

5 Conclusions

In any massless gauge theory, (squared) matrix elements factorise in soft and collinear

limits, at leading power in the soft energy and in the small transverse momentum, yielding

universal soft and collinear kernels, which multiply the (squared) matrix element for the

Born process, without the unresolved particles. Away from the strict limits (or beyond

leading power in the resolving variables) this factorisation is not exact: in particular, the

factorised Born matrix element does not conserve momentum (near the soft limit), or is

not on the mass shell (near collinear limits). In order to integrate the factorisation kernels

over the unresolved degrees of freedom in a universal way (i.e. requiring no information on

the underlying Born process), one needs to provide a set of phase-space mappings, which

must re-express the factorised Born process in terms of an on-shell, momentum-conserving
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set of momenta. This amounts to a specific choice of a set of sub-leading power terms in
the factorisation, and such a choice is a necessary ingredient for any infrared subtraction
procedure.

In the present paper, we have presented the complete integration of the QCD factori-
sation kernels at NLO and NNLO, with a set of phase-space mappings selected along the
lines suggested in ref. [54], chosen with the goal of simplifying as much as possible the
analytic integration. As a consequence, we have been able to give analytic results for all
kernels, including non-singular terms. In particular, all integrals of the double-real coun-
terterms can be written exactly, to all orders in €, in terms of hypergeometric functions,
with the most intricate cases involving 4F3 evaluated at unit argument. We have however
chosen to give the expansion of these hypergeometrics in powers of €, up to and including
O(€%) terms, since this is what is required in practical calculations. All our results have
been validated against independent numerical integration codes based on sector decom-
position [90-92]. The analytic results of this paper are necessary (and indeed sufficient)
ingredients to build all integrated counterterms in the context of the local analytic sector
subtraction of ref. [54]. The present work shows that this novel approach allows to use
standard techniques to compute an important class of integrals that appear in all NNLO
QCD computations, yielding comparatively very simple results.

We believe that achieving the maximum simplicity in the case at hand - NNLO radia-
tion of massless partons in the final state - is important not only for building an efficient and
transparent NNLO subtraction algorithm for these processes, but also for future extensions.
The method presented here is expected to be generalisable to initial-state QCD radiation
without conceptual changes, and the results are sufficiently simple that a generalisation to
massive particles at NNLO appears feasible. Furthermore, since the integrations presented
in this paper have been performed with conventional techniques, one may reasonably hope
that more advanced techniques, such as those involving differential equations for Feynman
integrals (see, for example, [67-73]), might be sufficient to tackle the problem even at the
next perturbative order.
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A Phase-space mappings

A.1 One unresolved particle

Given an on-shell, momentum conserving (n + 1)-tuple of final-state massless momenta
{k} = {ki}, 1 = 1,...,n + 1, including the momentum k, of the unresolved parton, we
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choose two momenta kp and k., with b,¢ # a, and construct an on-shell, momentum
conserving n-tuple of massless momenta {k}(@) (without k,) as

TRt = { L gy, ™, Rt | (A1)
with
B = kg by — — g, Rlabe) = Sabe g L) _ o ifi £ a,be, (A2)
Sac 1 Sbe Sac 1 Sbe
where we have introduced Sgpe = Sap + Sac + Sbe = 51()?0). These momenta satisfy the

7.(abe) + Egabc) _

condition k; ko + kp + k¢, ensuring momentum conservation, and they are all

light-like, as easily checked. Next, we introduce Catani-Seymour parameters [5]

Sab Sac
_= s 2= — 5 A3
Y Sabc Sac + Sbe ( )
which allow us to write
s = Y5, swe=21-y)5™,  se=(1-2)(1 -y (Ad)

We use these variables to parametrise the (n + 1)-body phase space as

rad rad

A1 ({k}) = d,({RY ) a0l a0l = d®a (50°0iy,2.0) . (A5)

leading to the explicit expression

/ o) = N(e) (sgzbc>)1_€/07&¢ sin ¢ /0 dy /O @ [y -y -2)] -y, (A0

where we have defined

(471.)672
N = —F~——. AT
© VD (3 —¢) (A7)
In eq. (A.5), d®,({k}(@9) is the n-body phase space for partons with momenta {k}(@%¢)

while, in eq. (A.6), ¢ is the azimuthal angle of k,, measured in the rest frame of the
ko + kp + k. system, with Eéabc) pointing along the z-direction, (see appendix A.2 for full
details).

A.2 Parametrisation of the azimuthal angle

While in NLO computations the integration on the azimuthal angle is always trivial, at
NNLO the integration of at least one azimuthal variable is significantly more complicated,
and has to be treated with care. First of all, one needs an auxiliary four-momentum kg,
to fix the plane with respect to which the azimuthal angle is defined. We take as reference

(abe)

frame the one where p = k4 + kp + k. is at rest, and the direction of k as the axis with

respect to which the polar angle 6 is defined. The azimuthal angle ¢ is then defined as the
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(abc)

angle between the plane containing k, and l%b , and the plane containing l%éabc) and kg.

Using the formulae derived in the second section of [93], in this reference frame we have

con = [ 8 (p. K™, k2) s (K1) 6 (z’ i ‘g) NS

where

1y v s 1y .
An(plaapn):G b P 3 G P P =
P1; ---5 Pn q1, ---5 qn

Using eq. (A.8) we get

p1-q1 ... P1-Qn
Pn-q1 --. Pn-Qqn

Uk B\ g B 4 2k R 2k P — Sape 2 kg

cos ¢ = - —— o R (A.9)
2 2k k™ 2k R (2R kg 2K kg — saek?)]
which, in the case k3 = 0, and using eq. (A.4), leads to
abc _(abe _ )\ glab ) 7(abc)
¢ o (1 B Z) gd ) + ZSI(Jd ) — Sad a2 ¢ _ A(y(l Z) cd #5bd Sad) (A 10)
cos (abe) (abc) 1/2 » Sl - (abc) (abc) ’ ’
2[yz(1 = 2)5,y " Seq ] dyz(1 - 2)5, '5eq

where A(a,b,c) = a® + b* + ¢2 — 2ab — 2bc — 2ca is the Killén function. Having written
cos ¢ in terms of invariants, we introduce a new integration variable,

1—cos¢ .9 dw
= ?, COS¢:1—2'LU, S11 ¢:4w(1—w), d¢: W (All)
The integration over the azimuthal angle then becomes
™ 1
/ d¢ sin™2¢ = 2_26/ dw [w(l — w)}_5_1/2 , (A.12)
0 0
giving, for the radiative phase space,
/ d®'") — 272 N (c (“”C / dw / dy / dz [w(l —w)] "2 x
x [y(l —y)2(1-2)] (1-y). (A.13)
(abc) _(abc) .
Among the new scalar products 5., ', 5,; ', and 5,4, only the last one involves the unre-
solved parton k.. Its relation w1th the other invariants is then
1/2
Sad = Y(1 —2)5., slbe) 4 zslgzbc) 2(1-2w) [yz(l — z)sézbc)sgzbc)] . (A.14)

A.3 Two unresolved particles

Given an on-shell, momentum conserving (n + 2)-tuple of final-state massless momenta
{k} ={ki},i=1,...,n+ 2, including the momenta k,, k; of the two unresolved partons,
we construct an on-shell, momentum conserving n-tuple of massless momenta, applying
twice the procedure in appendix A.1. We distinguish the cases involving four, five, and six
momenta in the mapping.
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A.3.1 Mapping involving four momenta

In addition to the momenta k,, kj, we choose a third momentum k. to construct the
on-shell, momentum conserving (n + 1)-tuple of massless momenta {k}(@)

{k}(abc) - {{k}¢l§¢7 I}Z()abC)a l%gabc)} ) (A15)

and a fourth momentum k4 to fix the azimuthal angle of k, in the reference frame where
ko + kp + k¢ is at rest, as described in appendix A.2. Then in {E}(“bc) we select the three
7.(abe) %éabc) and E((iabc) .

momenta k;, = kg to construct the on-shell, momentum conserving

n-tuple of massless momenta {E}(“de)

7.1 (abe 1.(abc 7.(abed
{RYD = Lk} gy, RO, DY (A.16)
with
Flabod) _ jabe) | (abe) e abo) - (abed) Sed) o (abo
kc kb kc " _(abe) | —(abc) d ’ kd - _(abc) | _(abc) kd ’ (A17)
Spa T Sed Spa T Sed
while all other momenta are left unchanged (ky, glabed) kn,n # a,b,c,d). Introducing

Catani-Seymour parameters

g(abc) _(abc)

/ Sab / Sac be Sbd
V= AE o YE a2 e (A18)
e VT TR
we can write the six invariants involving a, b, ¢, d in terms of the invariant s(ade) = l()’;gc) =
Sabed:
bed _(abed _(abed
Sab—yysgzc), See =2 (1—y )ysgadc), sbc:(l—y')(l—z’)ysgc),

sea = (1= ) (1= y)(1 — 2) 5"
sua = (L) [/ (1 = )0 = 2) 212 — 201 — 20771~ 21— )| 54

st = (L=) [ /(1= 2) + (1= )z + 201 = 20)/y 7 (1 = 2)=(1 - 2) | s (A.19)

We use these variables to parametrise the (n + 2)-body phase space as

A, 12({k}) = d@u({F} D) dd (5", (A.20)
420D = dBraa (55 y, 2, 6) dBraa (510" yf 2 ) (A.21)

where the explicit expression of d®,,q2 in terms of Catani-Seymour parameters reads

/d@r(gjcj)_2 2€ N2(e) “de - QE/dw/dy/dz/dgzb sin @)~ /dy/dz (A.22)
><[w’(1—w’)}_1/2 e[y’(l—y’)QZ’(l—Z’)y (1—y)? 2(1—2)} (1-¢)y(1-y).

Here w’ = (1 — cos ¢’)/2 parametrises the azimuth ¢’ of k, in the reference frame where

(abe)

ko + kp + k. is at rest, while ¢ is the azimuth of l;:b , whose integration is trivial.
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A.3.2 Mapping involving five momenta

In this case, we first select two momenta k., kg, and build the (n 4 1)-tuple of massless
momenta, {k}(@c?)

{k‘} (acd) _ {{k‘} acd) k(acd)} (A23)

Then in {k}(®® we choose the three momenta l;:l(,aai) = ky, l%é‘”d) = ke, and l_ﬂ((ia(:d) to
construct the on-shell, momentum conserving n-tuple of massless momenta {k}(@cd.ted)

{E}(acd,bed) _ {{k}¢}5¢d¢’ Egacd,bed)’ Ec(laCd’bEd)’ E_gacd,bed)} , (A24)
with
_(acd)
7.(acdbed) __ 7.(acd 7.(acd, bed) Sbed 7.(acd)
kc - k((: )’ k; _(acd) (acd) d ’
Spa tS
_(acd)

l_{:(acd,bed) _ ]%(GCd) + ];,(acd) o She ]—f(acd)

b € ac ac a (A25)
S 50

while all other momenta are left unchanged (lz:flaw’bed) =kn,n # a,b,c,d e). Introducing
Catani-Seymour parameters

S Sad g(acd) g(acd)
/ ac ’ a Sbe bd
y= = y= z= (A.26)
Sacd ’ Sad + Scd ’ glggfld) SI()ZCd) + s 7(acd)
we write the six relevant invariants in terms of s(aCd bed) , and ESCLICd’bEd) = glg‘;zd), as
_(acd,bed (acd bed
Sac = y/ (1- y)sl(:;lc ‘ )7 Sad = 7' (1-— y')(l — y)sgllc © ),
glacd,bed d,bed
Sbe = ?/ng “@, sba = (1—y)z(1— y>s§ff @,

o= (1 )1 )0~ D, = (1) )1 D (2
For the (n + 2)-body phase space we obtain
APy ({k}) = dP,, ({k}(@cdbed)) qo (00D (A.28)
where the double radiative phase space

acd,bed acd,bed acd
d(I)r(adQ ) = d®,aq(5 id ),y,z ¢) dPraa(s gd ; 2, (A.29)

can be written as

l—e [T 1 1 ™ 1
[l = e (sl sy ) ot oty [ay [ as [ siney > ay

< [as [ —y P20 =y - - 2] AR (as0)
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A.3.3 Mapping involving six momenta

Similarly to the mapping with five momenta, we first select two momenta k., kg, and build

the (n + 1)-tuple of massless momenta {l_f}(‘wd)

{]‘C}(acd _ {{k‘}¢¢ acd) k(acd)} (A31)

Then in {£}(“® we choose the three momenta l_flEQCd) = ky, gl = ke and l_f}(wd) = ky to

construct the on-shell, momentum conserving n-tuple of massless momenta {E}(“Cd’bef )

acd.be acd.be 7.(acd,be 7 (acd,be 7 (acd,be
(F}acdef) {{k}¢%¢d¢f Rlacdbef) placdbel) placdbef) F f>} . (A32)
with
Egacd,bef) _ ]%gacd) = ko + ke — _ Sac kg, ]Z;C(la‘:d’bef) E(aCd) = _ Sacd kq,
Sad + Scd Sad 1 Scd
Flacdbef) — fbel) — fy 4 o — — S0k, ;;;acd:beﬁ = e = _Stel o (A.33)

Sbf + Sef ! Sbf + Sef

while all other momenta are left unchanged (l?:%aCd’bef ) — kn, n # a,b,c,d,e, f). Introducing
Catani-Seymour parameters

r_ Sac ’ o — Sad ’ y = Sbe , — LY , (A.34)
Sacd Sad + Scd Shef Sbf + Sef
we write the six relevant invariants in terms of s(aCd bef) = ’EZCd) = S4cd, and (C}Cd bef) =
éff) = Spef, as
d,b _(acd,b _(acd,b
soe =3/ Seq "L saa =2 (1= )5 s = (== y)s
—y S((}Cd bef) Spf = 2 (1—1y)s iC}Cd sbef) ’ Sef = (1—2)(1— y)sg}Cd bef) (A.35)

In this case, the double-radiative phase space is exactly the product of two factorised
single-radiative phase spaces. Indeed

P, o({k}) = dP, ({k} @D q (50T (A.36)
and

dq)r(s((izcébef) AD, g ( _(acd,bef) Y 2, ¢) dq)rad( ﬁzcd) yl7zl7¢l),

1—e 1
/dq)r(;lgdzbef) N2( )( (ch bef) t(;}cd bef)) /dqﬁ Sln¢ /dy /dz /d¢ sin )~ dy

X /Odz [y'(l — ) (1= ) y(1—y)*2(1 - Z)} 1—y)(1—y). (A37)
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B Azimuthal integrals

In this appendix we show the details of the integration of structures (combinations of
Lorentz invariants) that feature a non-trivial dependence on the azimuthal variable w'.
Such structures appear both in the integration of one-loop kernels over a single-radiation
phase-space (see section 4), and in the integration of tree-level kernels over the double-
unresolved radiation phase-space (see section 3). Three master integrals are presented,
ordered with increasing complexity. In particular the basic integral over the azimuthal
variable is presented in section B.1. One and two further integrations of the result give rise
respectively to the master integrals considered in section B.2 and in section B.3.

B.1 The master integral I, (A, B)

The basic building block for azimuthal integrals is the master integral I, (A, B), that is
defined as

1 "1 — w' 1-b
/Odw’[ CACp) (B.1)

I,,(A,B
a,b( ) ) A2 + B2 4+ 2(1 — 2’LU')AB]Q ’

with A, B € R and, in the cases we are interested in, A, B > 0. Notice that I,;(A, B) is
manifestly symmetric under the exchange A <+ B. Defining

4AB

y— m7 (B.2)
we have
B S S (¢ B
Ia,b<A7 B) = (A—I—B)2a /(;dw (1 — 7l,wl)a
— ! L(/2 - b) 2F1(a,3/2 - 6,3 —2b,7). (B:3)

(A+ B)2 T(3-20)

The hypergeometric functions of this kind satisfy

- —%2a T\ 2
2F1<a7672ﬂ7x) = (1—’_21_33) 2F1<a70‘_5+;7ﬂ+;7 (Lé:::%) ) ) <B4)

so that one can rewrite the master integral as

[+ P T2 D)
Ia’b(A, B) = {(A—}-B)Q F(3—2b) QFl(a,a—i—b— 1,2 -0, ,O), (B5)
where
A? 1
b= (V> _ R k) . (B6)
14+ +/1-— 2 A+ B)? 1.
K %ifAQZBQ (A+5) - I A*> B
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and we used

2 1—+y1—n
=14+ —Y =14+ ./p. B.7
1++v1—17 1++1—n VP (B7)

The final result reads

T2(3/2=0) | 12\ —a A? 2 42
Ia,b(A)B)_ W (B ) 2F1<a,a+b—1,2—b,32>@(3 —A )
2\—a B’ 2_p2
+(A%) " Fy a,a+b—1,2—b,ﬁ ©(A*-B%) (B.8)
For the specific case where a = 1 we find
1p
_ _ I A
Ib(Av B) = ILb(A’B) - /d A2 + B2 +2( 2w’)AB (BQ)
r23/2-5) [ 1 A2 9 9
1 B?
+N2F1<1,b,2 b, A2)®(A2 )} :
B.2 The master integral I,;3~(C, D)
The master integral I, 5.(C, D) is defined by
U St U U i (B.10)

I,l’bﬁ,ﬁ,(C, D) = / dv / dw’ a
o Jo [CU—I—D(l —v) +2(1 — 2uw/)\/CDu(1 —v)}

with C, D € R and, in the cases we are interested in, C, D > 0. Notice that 1,33 (C, D)
is symmetric under the simultaneous exchange C < D, 5 < v,

Ia'zb"}/nB(D’ C) = a,b,ﬁﬁ (C’ D) ? (Bll)

and the w’ integration has the structure of the master integral of appendix B.1, with
A% = Cv and B% = D(1 —v). Thus one may write

Tops(C, D) = /1dvv (1=0)" Loy (VCo, v/D(T =) (B.12)
2(3/9
Fl“g/—22bb /dvv (1—v)?

(- ek (o012 i 01 5 )

+(Cv) R <a,a+b— 1,2 — b, D%;”) @(Dgfv) - 1>

. (B.13)
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The step functions appearing in eq. (B.13) modify the v integration domain as

Cwv D
1l ——— > — <
Dli—v) < v=

(B.14)

Since C, D > 0, then 0 < m% < 1 and we get

r23/2-p) [ 1 [n
Iy p~(C,D) = M [ /00+de vﬂ(l—vﬁ—“ o F <a, a+b—1,2—b, CU)

T(3_2b) | Da D(1—v)
1 ! D(1—v)
— B=a(1_y)Y — _p 7
+Ca/C£dev (1—v)7 o Fy (a,a+b 1,2 -0, o >] (B.15)

Next, we restore the integration region to the unit interval [0, 1], with the following changes
of variables:

D
é'l)

v —>
1—1—%0

(first integral in eq. (B.15)), v —

o— (second integral in eq. (B.15)).
+ D (%

(B.16)

The master integral becomes

I?(3/2—b) | D*F-a 1 D\ P2
I D) = Fl1+= F _1.9—
ab,s(C, D) T'(3 — 20) T /Odvv +CU 9 1(a,a+b , b,v)
Cl+r—a pl C a—B—vy—2
+ W/o dmﬂ(l-f—DU) oFi(a,a+b—1,2-bv)|. (B.17)

In the integration of the two-unresolved tree-level kernels the integration over the azimuthal
angle gives rise to the master integral I, g ~(C, D) with a = 1 (see section 3.2.1), which
deserves a separate analysis. We define

! ! B(1— o)W (1 —w')]z?
Ib’ﬁ"Y(C’ D) = Il,bﬁﬁ(cyD) = /dU /dw’ v ) [w'( , )l 7
0 0 Cv+ D(1 —v)+2(1 -2w)y/CDuv(1 —v)
(B.18)

with C; D € R and C, D > 0. The w’ integration can be performed using eq. (B.10), with
A% = Cv, B2 = D(1 — v), with the result

1
I3 (C, D) = /Odv W (1) 1,(Vu, /D~ 0)) (B.19)

The hypergeometric functions with the first argument set to unity satisfy

e—11 1\ TEra-»s / 1\ 1\t
2F1(1,b,¢,3) = b—1$2F1(1’2 c,2 b7$>+r(c—b) - 1- = :
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which leads to

1 T%(3/2—-b) [! 51 y 1—v
Ib,,@,’y(ch) = CM/OCZU v (1—’0) 2F1<1,b,2—b,av>

_ (_a)b F(2P_(2b)_r(21b)_ b) ,Uﬁerfl(l_,U)'erbfl
x[1-v(1+a)] G (1 = 1“_”@) } , (B.21)

where we have defined « = C'/D. Upon making the substitution v — v/(1+«) in the
second term, it can be integrated, giving yet another hypergeometric function. Thus

2 o 1 _
I,.5,(C, D) = éw [ /0 dvvﬂ_l(l—v)72F1<1,b,2 —b, 1M”>
(—a)® T(2-bI'(1—-bI(B+D)
© (14a)B+0 L(B—b+2)
><2F1<1—7—b,ﬁ+b,5—b+2,1+1a>] (B.22)

Though the integral I, g ,(C, D) is well defined for real positive C' and D, in order to
properly keep track of the imaginary parts we give a small imaginary part to «, according to

a — a+id, (—)* = (—aFid)’ =a’ e, §—0t. (B.23)

Then we can write the first hypergeometric function using its integral representation, as

1

1—v I'(2-b) L 1% t+a |
Fi(1,6,2—b— ) =—av=—ro—"— [dtt"?(1—t 1-— B.24
e IR el KT (B0 L Bay

and integrate in v, with the result

(B.25)

1 T%3/2-1) al(2-b) T(B+1)I(y+1)
b5 (CD) = & I'(3—2b) [ T(b)I(2—2b) [(B+v+2)

1
t
x/dttb_Q(l—t)l_ngFl (1,5+1,ﬁ+fy+2,ta>
0

o’ ™™ T(2—b)T(1—-b)L(5+b) .
 (1+a)7+ T(B—b+2) 2F1<1_7_b75+b75—b+2, 1+a)
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Using simple hypergeometric identities (similar to eq. (B.20)), we obtain then the expression

I, 3,(C,D) = T3/2- b){ar(r<2_b) (ﬁ+1 (y+1) /dttb 21—t)=2

C I'(3—2b) bI'(2—-2b) T(B+~v+2)

tB+y+1
o p

(8 JT(=B) (_ay#- A
- +F?’y++2l§( (‘?) 1<1+<i> ]

s TR BB 1
I(6—b+2)

t
2F1<177+1>1_Ba_a>

><2F1(5+7+1,5+b,ﬁ—b+2,—;> } (B.26)

The second term of the integral over ¢ in eq. (B.26) can be now integrated, giving the same
hypergeometric function that appears in the last line. Recalling now that

s 7 cos(mz)

) r(1—-=z) = e () I(1 - 2) =

Fim, (B.27)

sin(7z)’ sin(7z)

using straightforward trigonometric identities, and inserting back o = C/D, we obtain

1 T2(3/2 - b)(2 - D)
C  T(3-2b)(b)

LAT(y +1) ! b—1 1—2b D
: {F(2—26)F(6+7+1) /Od” (1-1) 2F1<17’Y+1,1—5,—Ct>

_(c>—ﬁ L(B+b) wsin(r(B+b+1))

D ['(B—b+2) sin(n(B + 1)) sin(wb)

Iyg~(C,D) = (B.28)

D
><2F1<B+’7+17B+ba5_b+27_c>}

We notice that the imaginary part of eq. (B.27) drops out of the latter expression, as it
does not depend on z. In the special case where § = 1 — b, the second hypergeometric in
eq. (B.29) does not contribute, since its prefactor vanishes. We then obtain

1 T%23/2-bl(2-b) TA-bI(y+1)
C T(3-20)0(b) T(2-20)T(y—b+2)

! D
X /dttb_l(l—t)l_zbgFl <177 +1,b, —Ct> : (B.29)
0

Iy1-p~(C,D) =

In this case, the integral yields again a simple hypergeometric function, so that we get the
compact result

I2(3/2-b) T(1 - b)'(y+1)
5 F(3—20) T(y—b+2)

D
Iy1-b5(C, D) = 2F1<1,7+ 1,2 — b,—C> . (B.30)
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Using the symmetry of the original master integral under the simultaneous exchange C
D, B < ~, we similarly get the result

1 T2(3/2—-b) T(1-b)I(B+1)
D I'(3 —2b) re—-o+2)

C

Iyg1(C,D) = 2F1<1,B+1,2—b,—D). (B.31)

B.3 The master integral I, 5+50(P, Q)

In the integration of the colour-tripole contributions to the one-loop single-soft kernel (see
section 4.1.1), the integral of eq. (B.10) needs to be integrated over one further variable.
We then define the master integral I, 5,50 (P, Q) as follows,

91 —u)?vP(1 —v) [w'(1 - w’)]%fb
Iop.B~.60(P; du [ dv | dw' -
e @)= / / / Pv+Qu(1—v)+2(1—2w) Pqu(l—v)}

- /duu (1= u)Tap s, (P, Qu) . (B.32)
0
According to the result in eq. (B.17) we can write

F2(3/2 b) Ql—i—ﬁ—a
—2b) PP

/du/dvuﬁJ”S atl( u)ggFl(a,a—Fb— 1,2—b,v)

a—p—y—2 a—p—y—2
X [zﬁ(l—l—guv) N +v* P~ 2(1+Q u) . ] (B.33)

Ia7b7ﬁ7’77670- (P7 Q)

P

The integration over u gives another hypergeometric function,

I2(3/2—b) T(B+6—a+2)'(c+1) Q1A
rea—-2 TIT(B+0+0—a+3) pP1+B

lappr50(P, Q) = (B.34)

1
x/dv gFl(a,cH—b—l,Q—b,v)
0

X [v%Fl (B+7—a+2,5+5—a+2,5+6+a—a+3, —fﬁv)

1
+00 PR (ﬁ+va+2 B+d—a+2,B+5+0—a+3, gvﬂ.

The expansion of these hypergeometric functions in powers of € is simpler if the integer
part of the first index is 0. Since this quantity is positive for the cases of interest, we can
lower the first index (taking care that in the generated hypergeometric functions b > 0 and
¢ —b > 0) using the identities

c—11

2Fi(abe,a) = ——— — [gFl(a—l b—1,c—1,z) —gFl(a—l,b,c—l,z:)], (B.35)
b

b -1
QFl(a,b,C,ﬂf):a 12F1(a71’b+1’07x) ﬁQFl( 1,b,C,SC),

—b —e+b—1
¢ 12F1(a—1,b—1,c,x)+L
a_

1
QFI(a7b7c7x) = |:

. 2F1(a—1,b,c,a:)]

a—1
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Once the integer part of the first index is 0, we can then expand in powers of € using

L(c)  <=(—ag" [

2Fi(aebc,z) = 1+ > : / dt 1 (1 — 1)< In(1 — tz), (B.36)
n. 0

n=1

and then easily perform the remaining integrations.
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