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ABSTRACT: We compute in conventional dimensional regularisation the tree-level
splitting amplitudes for a gluon parent which splits into four collinear partons. This
is part of the universal infrared behaviour of the QCD scattering amplitudes at next-
to-next-to-next-to-leading order (N®LO) in the strong coupling constant. Combined
with our earlier results for a quark parent, this completes the set of tree-level splitting
amplitudes required at this order. We also study iterated collinear limits where a subset
of the four collinear partons become themselves collinear.
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1 Introduction

With the discovery of the Higgs boson by the Large Hadron Collider (LHC) at CERN [1,
2], the Standard Model (SM) of particle physics is a complete theory without any free
parameters. Current and future collider experiments will be able to test the SM with
an increasing level of precision. The requested precision poses a severe challenge to
theory and calls for the development of improved techniques for theoretical predictions
accurate at the percent level. One of the main approaches to theoretical collider phe-
nomenology is perturbation theory, in which observables are expanded in the small
coupling constants of the theory. Here we focus on QCD observables, and consequently
we will be concerned with the computation of higher orders in the strong coupling
constant o, of QCD.

Often, leading order predictions in QCD are not reliable. For example it is known
that in the case of Higgs production the next-to-leading order corrections almost double
the value of the cross section [3, 4]. The next-to-next-to-leading order (NNLO) correc-
tions (in the limit where the top-quark is infinitely heavy) further increase the cross
section, and it is only after the inclusion of the next-to-next-to-next-to-leading order



(N3LO) corrections that a reliable estimate of the cross section with a residual uncer-
tainty of only a few percent is obtained [5-7]. This example illustrates that reliable
QCD predictions at the percent level can most likely only be achieved after the inclu-
sion of N3LO corrections. So far, however, only very few hadron collider processes are
known at this order in perturbation theory. Inclusive N3LO cross sections are known
for Higgs in gluon fusion [5-7], bottom-quark fusion [8, 9] and vector boson fusion in
the DIS approach [10, 11], as well as double Higgs production [12, 13] and Drell-Yan
production (via the intermediate of an off-shell photon) [14]. At the differential level,
only the Higgs rapidity and transverse momentum distributions in vector boson fusion
in the DIS approximation [10, 15, 16] are known.

One of the reasons progress towards more results at N3LO is difficult lies in the
fact that an observable at N*LO receives contributions from processes with up to k
additional partons in the final state. Each such contribution is individually infrared di-
vergent, with divergences arising in particular from the integration over regions of phase
space where the emitted partons are either soft or collinear. Several techniques have
been developed at NNLO to compute the relevant phase space integrals with generic
acceptance cuts [17-50]. With some abuse of language, we refer to these techniques in
the following collectively as subtraction methods. Developing subtracting methods be-
yond NNLO will be an important step towards obtaining more predictions with percent
accuracy.!

An important ingredient in the development of subtraction methods is the univer-
sal behaviour of the QCD scattering amplitudes in the infrared limits, embodied in
universal soft and collinear currents. At NNLO these currents have been computed
more than a decade ago, and they include splitting amplitudes for three partons at
tree-level and two partons at one-loop, as well as soft currents for the emission of
two soft partons at tree-level and one soft parton at one-loop [52-60]. Over the last
few years, results have also become available for the universal currents at N®LO. The
two-loop currents for the emission of two collinear or one soft parton were obtained
in refs. [61-66], and the one-loop current for the emission of three collinear partons is
given in refs. [67, 68].% The tree-level currents include the soft current for the emission
of three soft partons [70] and the splitting amplitudes for four collinear partons. The
latter have been obtained at the amplitude-level in four dimensions in refs. [55, 71, 72].
Recently, we have published the splitting amplitudes for the squared matrix element
in dimensional regularisation, in the case where the parent parton is a quark [73]. The
main purpose of this paper is to complete the set of tree-level splitting amplitudes at

'Some of these methods have already been successfully applied at N3LO for processes with a simple
final state structure [10, 11, 15, 51].
20One-loop currents with three collinear partons are also known for mixed QCD+QED cases [69].



N3LO by providing analytic results in dimensional regularisation for a gluon splitting
into four partons.

This paper is organised as follows: In Sec. 2, we review the collinear limit of
tree-level amplitudes and give a precise definition of the quantities that we want to
compute. In Sec. 3, we present the main result of our paper, namely the computation
of the tree-level splitting amplitudes for a gluon parent to split into four collinear
partons. The explicit results are too long to be recorded in this paper and are made
available in computer-readable form [74]. In Sec. 4 we study the collinear limit of the
splitting amplitudes themselves, and we define new universal objects which appear in
these iterated limits. We include several appendices with technical material omitted
throughout the main text.

2 Multiple collinear limits

We examine the behaviour of tree-level QCD amplitudes in the limit where a given
number of massless partons become collinear. Namely, we consider the scattering of n
massless particles with momenta p; and with flavour, spin and colour quantum numbers
fi, s; and ¢;, respectively, and we analyse the behaviour of the amplitude as m partons
of momenta pq, ..., p, become simultaneously collinear to some light-like direction P.
In this limit, the leading behaviour is described by the amplitude for the production
of a massless particle of momentum P from a scattering of the particles that do not
take part in the collinear limit, multiplied by a universal factor, termed the splitting
amplitude, which depends only on the m partons in the collinear set.

In order to parametrise the approach to the collinear limit, we introduce a light-
cone decomposition for all the momenta in the m-parton collinear set,

2 M
ki, n

QZ'iﬁ.n’

Pl = PP kM, — i=1,...,m, (2.1)
where the light-like momentum P specifies the collinear direction, Pk 1; =0, x; are the
longitudinal momentum fractions with respect to the parent momentum P* = ™" p¥
and n* is an auxiliary light-like vector such that n-k,; = 0and n-p; #0 # n - P,
and which specifies how the collinear direction is approached. The collinear limit is
then defined as the limit in which the transverse momenta k,; approach zero at the
same rate. This definition of the collinear limit is frame-independent, and it only
depends on the collinear direction P and the transverse momenta k 1. In particular it
is independent of the choice of the auxiliary vector n.

The variables that appear in eq. (2.1) are unconstrained apart from on-shellness and
transversality, n-k; = Pk 1; = 0, and so the sums of the momentum fractions z; and



the transverse momenta k |; are unconstrained. However, the collinear limit is invariant
under longitudinal boosts in the direction of the parent momentum P = " p;. We
trade x; and k; for new quantities z; and k ; that are boost-invariant in the direction
of the parent momentum. In refs. [54, 73], it was shown that a convenient set of such
variables is given by

Zﬁzzji ziiz, o=k =m0 ) K i=1m. (2.2)

j=1Tj

J=1

It is easy to see that these new variables satisfy the constraints,

Zm:zi =1 and Zm:l;:ﬁl =0. (2.3)
i=1 i=1

From now on, we only work with these variables, and in order to avoid cluttering
notation, we shall drop the tilde on the transverse momenta.

In the limit where a subset of massless particles is collinear, a scattering amplitude
factorises as [75-77]

%1...711 ;1307:81871 (pl, .. ,pn)

C,C1..-Cm;S,S1...Sm, Mc,cm+1...cn;s7sm+1...sn

=SP/p F 1ot (P Pm+1,- -+ Pn)
where %), indicates that the equality holds up to terms that are power-suppressed
in the collinear limit, while f, s and ¢ respectively denote the flavour, spin and colour
indices of the parent particle. The quantity Sp appearing on the right-hand side is the

(2.4)

splitting amplitude, which depends only on the kinematics and the quantum numbers
in the collinear set.

For an amplitude whose collinear massless particles occur all in the final state, the
factorisation in eq. (2.4) is valid to all orders in perturbation theory.® Accordingly, also
the squared matrix element factorises,

2 _ C1...Cn;S1-..Sn 2

(8150-58n)
(Cl»“-ycn)

where in the short-hand notation of the left-hand side the sum over all spin and colour
indices of the matrix element is understood. The factorisation of the squared matrix
element can be written as

S1..m

2 AN / =~
C1..m ’Mfyufn(plv SR 7pn)’ =|— PSIS...fm fs.)fm+1---fn (P,pm+1, ce ’pn) )

(2.6)

3When the subset of collinear particles contains also initial-state particles, the factorisation in
eq. (2.4) is valid in general only for tree amplitudes [78].



where g5 is the strong coupling constant and p is the scale introduced by dimensional
regularisation, and a sum over repeated indices, in this case the spin indices s and ¢/,
is implicit, and we introduced the Mandelstam invariant,

Stm=P1+...+pn). (2.7)

fsﬁ;ﬂ_” 1, denotes the helicity tensor obtained by not summing over the spin indices of
the parent parton,

Then = D0 Mg Mg [T (2
(SmA1,m55n)
(C:Cmt1yeeesCn
where for brevity we have suppressed the momenta on which the amplitude depends.
The tensorial structure of the factorisation in eq. (2.6) is necessary to correctly capture
all spin correlations. Due to colour conservation in the hard amplitude there are no non-
trivial colour correlations, and we therefore sum over the colour ¢ of the parent parton
in eq. (2.8). The quantity P in eq. (2.6) is the (polarised) splitting amplitude for
the squared matrix element, Whlch is related to Sp by

*

m—1
2:u26 g.? PHss’ 1 C,C1...Cm}8,51---Sm, €,C1...Cm ;8 ,51...8m
( Pfl---fm = C_f Z S ffll " |:Spff11 v ) (29)

(S15e--ySm)
(C,Cl,.--,Cm)

where C; is the number of colour degrees of freedom of the parent parton with flavour
f, ie, C, = N? —1 for a gluon and C, = N, for a quark. In egs. (2.6), (2.9) and
henceforth, the dependence of the splitting amplitude on the transverse momenta k.,
and momentum fractions z; of the particles in the collinear set is understood. Further,
in QCD the flavour of the parent is uniquely determined by the flavours of the particles
in the collinear set, thus we suppress the dependence of the splitting amplitude on the
left-hand-side of eq. (2.9) on the flavour of the parent parton.

Splitting amplitudes for the squared matrix element have been computed at tree
level for the emission of up to three collinear partons in refs. [53, 54], and for the
emission of four collinear partons out of a parent quark in ref. [73]. The goal of this
paper is to compute the tree-level splitting amplitudes for the squared matrix element
for the emission of up to four partons out of a parent gluon, thus completing the set of
splitting amplitudes for the emission of up to four collinear partons in QCD.*

4As in ref. [73], we refer to both Sp and P simply as splitting amplitudes.



3 Gluon-initiated splitting amplitudes

In this section we present the computation of the gluon-initiated tree-level splitting
amplitudes for m = 4 collinear partons,® which is the main result of our paper. The
computation follows the same lines as that for m = 3 collinear partons in ref. [54]. Our
results for the splitting amplitudes are too lengthy to be presented in printed form, but
we make them available in computer-readable form [74].

In order to compute an m-parton splitting amplitude, we start from an on-shell
amplitude for n = m + 3 partons and take m of them collinear. We perform a uniform
rescaling of the transverse momenta k,; in eq. (2.1) by a small parameter A,

This ensures that in the collinear limit A\ — 0 the k,; approach zero at the same rate.
We then expand the matrix element into a Laurent series around A = 0. The leading
term corresponds to the coefficient of 1/A\2(™~1) which is universal and is described by
the collinear factorisation in eq. (2.6).

While the final result of this operation is of course gauge independent, the set of
Feynman diagrams that contribute to the leading behaviour in A depend on the gauge
choice. We would therefore like to choose a gauge that simplifies the computation as
much as possible, e.g., by minimising the number of (interfering) Feynman diagrams
that contribute in the collinear limit. In ref. [54] it was argued that it is convenient
to work in a physical gauge (e.g., axial gauge), because contributions from Feynman
diagrams where collinear partons are separated by a hard propagator are subleading in
the collinear limit. Here we work in axial gauge, where the gluon field is subject to the
following conditions,

0, A" =n, A =0, (3.2)

where n is an arbitrary light-like reference vector. In this gauge, the gluon propagator
takes the form,

w,a v,b Z'(Sab duu(p’ n)

oV oV
Q000000000 — ’ duu(pm):_guIJ_i_p n_+n’p )

3.3

o p? +ie p-n (3:3)
For p? = 0, the polarisation tensor d**(p,n) can be interpreted in three different ways:
First, it is the projector onto the (D — 2)-dimensional space transverse to p and n.

5The constraints in eq. (2.3) have not been imposed on our results. This may allow us, through
crossing symmetry, to readily obtain the splitting amplitudes for initial-state collinear emissions [79].



Second, it is the metric tensor induced by the D-dimensional Minkowski metric on that
space. Finally, it is the sum of all physical polarisations of a gluon with momentum p,

> elp.n)el(p,n) = d*(p,n), (3.4)

where ¢#(p,n) is the polarisation vector for a gluon with momentum p and transverse
polarisation s = 1,..., (D —2). In principle, we may choose a different reference vector
for each gluon, as long as it is not orthogonal to the momentum. In our case, it is
convenient to choose all gauge reference vectors to coincide with the reference vector
n appearing in the definition of the collinear limit in eq. (2.1). We can then write
the collinear factorisation for a parent gluon in terms of Lorentz indices rather than
helicities [54],

m—1
o [ 20 g? w
Cgl...m|Mf1...fn(p17'-'apn)| = T P ifm 7}fm+1 S, MV(P pm—l—l:'-‘vpn)v
(3.5)

where quantities with open Lorentz indices are obtained by amputating the polarisation
vectors and inserting the polarisation sum in eq. (3.4). Note that in passing from
eq. (2.6) to eq. (3.5) we have implicitly used gauge invariance to eliminate the gauge
dependent terms in eq. (3.4). Indeed, since physical polarisation states are transverse,
only the transverse part of a Lorentz tensor carries physical information. This is because
the non-transverse part vanishes upon contraction with a physical polarisation vector.
As a consequence, the helicity tensor 7}’}2“ 1, neq. (3.5) can be chosen to satisfy the
transversality condition,

PM =P, fl}':nﬂmfn =0. (3'6)

With this choice, the complete tensor structure of the splitting amplitude contains

iz
fImt1fn

terms involving the transverse momenta of the collinear partons [54],

kX kv
v v A (9) 13 J_j (9)
P“ =g AY +Z BU ot (3.7)

1,j=1

We stress, however, that the splitting amplitude defined in this way does not vanish
upon contraction with P.

Since we work in axial gauge, we do not consider the subset of Feynman diagrams
where collinear partons are separated by a hard propagator. The sum of all relevant



diagrams can be cast in the form,

2
Cgl...m |Mf1---fn (p17 e apn)| =

m—1
2:“’2695 (n)s ¥ (n) ss! (n)s’ (38)
Ci..m ( [Mffm+1...fni| Vfl...fm (p1,- - 7pm>Mffm+1...fn )

S1..m

where a sum over the spin indices s, s’ of the intermediate state is understood, and
we suppress all colour and spin indices of the external partons. Here M ff T

Mo ; me o (P Pm1s - .., pn) denotes the sum of all Feynman diagrams with an off-shell
leg with momentum P, flavour f and spin s. Note that this subset of Feynman diagrams
is by itself not gauge invariant, and the superscript ( ) indicates the dependence on the
reference vector. The squared off-shell current V f may be written as the interference
of two colour-dressed off-shell currents,

m—1
2:““ Js n) ss 1 z : C,C1...Cm;8'81...5m c,c cm $51...8m
( ) Vf(l )fm(p1’7pm)zc_ |:J 1- 5 1- J 1-- ;881. ’

S1..m f (51,00ms5m)
(¢yC1yeeesCm)

(3.9)
where C; is defined after eq. (2.9). Note that also Vf(fl);i depends on the gauge vector
n before the collinear limit is taken. Since the collinear limit is gauge invariant, this
dependence disappears in the limit, and the squared off-shell current reduces to the
splitting amplitude,

GV D1, pm) = PE (3.10)

We have computed all gluon-initiated splitting amplitudes up to m = 4, and we
reproduce all known results for the cases m = 2 and 3. The results for m = 4 are new
and are presented for the first time in this paper. There are four different gluon-initiated
splitting amplitudes,

9—q43q, 99— qqqq,  g9— q99q, 9 — 9999 . (3.11)

In the remainder of this section we discuss in more detail the computation of these
splitting amplitudes. The explicit results are available in computer-readable form [74].

Let us start by discussing the simplest splitting process, the collinear decay g —
7 q'qq with different quark flavours. There are five diagrams that contribute to the
off-shell current JZ saq 11 €q. (3.9). The diagrams are shown in fig. 1. Going through
the steps outlined above, we find that the result for the splitting amplitude ¢ — ¢'¢'qq

can be decomposed into an ‘abelian’ and a ‘non-abelian’ part,

. 1
L ON—g - g O prv nab) (3.12)

q1953394 4 71953394 41953394



Figure 1. The diagrams contributing to the off-shell current ¢ — @;¢5d3q4. In the case
of identical quarks we also need to include diagrams where the anti-quarks ¢; and g3 are
exchanged.

where the indices carried by the parton label refer to the indices of the momenta and
the momentum fractions of the partons, and C'r and C4 denote the quadratic Casimirs
of the fundamental and adjoint representations of SU(N),

N? -1

C1F: IN )

Cy=N. (3.13)

The splitting process ¢ — ¢qqq, in which the final state quarks have the same
flavour, ¢’ = ¢, includes diagrams where the anti-quarks 1 and 3 are exchanged (or
equivalently, where the quarks 2 and 4 are exchanged). This naturally leads to the
following representation of the splitting amplitude,

P =P, (14 3)| Pl (3.14)

71923394 71953394 71923394

The term in square brackets contains the splitting amplitude in eq. (3.12) in the case of
different flavours and the exchange contributions obtained by permuting the external
quarks. The last term in eq. (3.14) is new and captures interference contributions from
identical quarks. It is again convenient to display the result in terms of colour factors,
(id) (id)1 id)2

P(;11;2:13q4 - _CF (CA - 20F> P;L1221113q4 +3 CA (CA - 2CF) P:1221113Q4 : (3'15>

Since Cy — 2Cp = %, the interference contributions are colour suppressed.
Next, let us discuss the splitting amplitude ¢ — gqgg. The Feynman diagrams con-
tributing to the off-shell current J&

7999
the splitting amplitude into contributions from different colour factors as follows,

are shown in fig. 2. As usual, we can decompose

P,Lw _ CF P,uz/ (ab) + CA ;Ll/ (nab)1 + C C P,uz/ (nab)2 . (316)

919293494 91929394 q1929394 419293494



Figure 2. The diagrams contributing to the collinear decay g — q19293¢4.

It is possible to express each colour coefficient in eq. (3.16) in a reduced form by
exploiting the symmetry under the exchange of the two external partons,

41929394 41929394

p,w/(X) _ (p,uu(X) symm. + (1 o 4)) + (2 o 3)7 (317)

where (X) € {(ab), (nab), (nab)s}.

— 10 —



Finally, let us discuss the pure gluon splitting process ¢ — ¢gggg, which poses a
challenge due to the large degree of Bose symmetry under the exchange of the external
gluons. The diagrams contributing to the decay are shown in fig. 3. An important
step in the computation of the splitting amplitude was to take into account symmetries
between different permutatons of the four external gluons in order to minimise the

number of terms. We can write P* in a symmetrised form as

9999
P gsas = Deeron + (11 permutations of g1929394) - (3.18)

The above permutations do not include orderings of the external gluons which leave

the first diagram in fig. 3 invariant.

0 5
2 11 permutations} + { 2 +(1+3)+2«+ 3)}
g3
94 94
Jo(1) g1
9o ) .
_|_Z 090929 FO0929999 go—(g) —+ g3 +(1(—>4)+(2(—>4)+(3(—>4)}

o€S2 in Sy

90(4) 94

Figure 3. The diagrams contributing to the splitting process ¢ — ¢1929394. In the third
diagram we sum over the 6 possible pairings of the partons in the three-gluon vertex.

4 Nested collinear limits

In this section we analyse the collinear limit of the splitting amplitudes themselves,
i.e., we study their behaviour in the limit where a subset of collinear partons is more
collinear than the others. To be concrete, let us consider a collection of m partons with

- 11 -



flavour indices {f1,..., fors .-, fm} and momenta {p1,...,pms,- .., Pm}, with m’ < m.
We always think of these partons as being part of an on-shell n-point amplitude My, ¢,
involving (n—m) additional coloured partons. Our goal is to study the behaviour of the
amplitude in the limit where {p1,...,pm } become collinear to some lightlike direction
P’ and {]3’ yPm/41s - - - Pm} are collinear to another lightlike direction P. Depending
on the order in which the different collinear limits are taken, there are two different
scenarios of how such a kinematic configuration can be reached, referred to as iterated
and strongly-ordered collinear limits in ref. [73]. The (splitting) amplitudes factorise in
the same way in each of the limits, and the factorisation involves the same universal
quantities in both cases [73]. We therefore focus here only on the strongly-ordered limit
from now on.

We start by giving a precise definition of the strongly-ordered collinear limit. We
perform separate light-cone decompositions in each of the m- and m/-parton sets. For
the m-parton set, we will use the notations and conventions of eq. (2.1). For the
m/-parton subset we write

2 m
Ki, N /

Lo Dl B s
i =y P" + K, T i=1,...,m", (4.1)

with n/2 = P2 = P/ . i 1, =n'-k1; = 0. The momenta P and P’ indicate the directions
to which the partons in each set become collinear. We stress that at this point the
lightcone directions P' and n' in eq. (4.1) are not related to the quantities P and n
in eq. (2.1). However, without loss of generality, we may choose n’ = n, and we work
in the axial gauge where the reference vectors of all external and internal gluons are
n. For more details about the parametrisation of the strongly-ordered collinear limit,
we refer to ref. [73]. With this setup, the strongly-ordered collinear limit is defined in
analogy with the ordinary collinear limit in Sec. 2: the vectors &/, and /|, parametrise
the transverse distance to the planes spanned by (]5 ,n) and (}Nj’ ,mn), respectively. The
strongly-ordered collinear limit where the m’-parton subset is more collinear than the
m-parton set is defined as the limit where both £/, and '/, approach zero, but the /|,
tend to zero faster than the &/, We can implement the operation of taking this limit
by a uniform rescaling of the transverse momenta in each collinear set by a different
parameter,

kLi — /\kli, Kl; — /\, K1i, (42)

and keeping the dominant singular terms of order 1/X2(™'=D)\20m=m") in the limit
AN — 0 with A > N,

- 12 —



The leading behaviour of an amplitude in the strongly-ordered collinear limit is
described by a factorisation formula very similar to eq. (2.6) [73],

292 1% m/—1 292 1% m—m/
Gt Gt Mgy g (P15 )P = (— 5

S1..m/ 1..m/]..m
Shh' rrhh';ss’ ss’ D
P T P ). (43)
where
S[1..m']..m = (ﬁ/ + D1+t pm)2 . (44)

The functions pﬁh/ s, and fs]f;Hm 1, are the splitting amplitude and the helicity tensor

introduced in Sec. 2. The splitting tensor H'M'* _is new. It is obtained by
squaring the amplitude-level splitting amplitude without summing over the helicities

of one of the partons in the collinear set (cf. eq. (2.9)),

2001\ s
Fetoanty ot 1 F

Sl..m/]..m

i Z S CCppt1-+-Cm;S, .8 00 1 g 8m Spc’cm’-H"'Cm?sl,hlzsm’-kl"'sm * (45)
fa..myfm/g1--Im faamyfmt 41 fm

Cr
(St 4 15++55m)
(CsCrnt g 15+5Cm)

where Cy is defined after eq. (2.9). Just like in Sec. 2 we suppress the dependence of all
splitting amplitudes and tensors on their arguments. The factorisation of the squared
amplitude in the strongly-ordered limit can be cast in the form of a factorisation of the
splitting amplitude itself,

m/—1
Aes' [ S[Lem)m Shh frhhlss’

G Pp g, = (v) Pt e forisofn (4.6)
By comparing egs. (2.6) and (4.3), it is easy to see that upon summing over the helicities

(h, h') the splitting tensor reduces to an ordinary splitting amplitude,

hh! fyrhh/;ss’ _ pss’

5 Hf(l...7n/)f7n/+1“'fm B Pf(ln-m/)fmuﬁl'"fm ’ (47)
In the following we refer to the partons with spin indices (s, s’) and (h,h’) as the
parent and sub-parent, respectively. Depending on the flavour of the parent and the
sub-parent, the structure of the splitting tensor can be further simplified. The case
where the parent is a quark was considered in ref. [73]. Here we only consider the case
where the parent is a gluon. Using a similar argument as for the splitting amplitude in

— 13 —



Sect. 3, we can trade helicity indices (s, s’) for Lorentz indices (i, v) and write eq. (4.3)
in the equivalent form,

292 2e\ M —1 292 2¢ m—m
Cg(l .m/). (gl m‘Mﬁ fn(plaapn)‘Q_( ) S[—

St..m/ 1..m/]..m

!

Hhh! hh'; D
X Py B Hf(l..%)fm/+l"‘fm Tttt (P Pt - ) (4.8)

If the sub-parent is a quark, helicity must be conserved, and the splitting tensor is
diagonal in the spin indices (h, h’) of the sub-parent. Equation (4.7) then implies

S[1..m']...m

m’'—1
(51...m/P]’fll_/”fm = ( ) <Pf1~~~fm’> P:f:qql---fm y (49)

S1..m/

where <pf1m f.,) denotes the unpolarised splitting amplitude,

(Pr.gm) = N Snw PR 5 (4.10)

pol

and N, denotes the number of physical polarisation states for the parent parton. We
work in conventional dimensional regularisation (CDR), where the quarks and gluons
have 2 and (D — 2) polarisation states, respectively.

If also the sub-parent is a gluon, we can use a similar argument to that of Sect. 3
to trade in the helicity indices (h, h’) for Lorentz indices (a, §) by amputating external
polarisation vectors and contracting with polarisation tensors. Since only transverse
polarisations are physical, only the transverse part of a Lorentz tensor carries physical
information. Thus, we can write eq. (4.8) in the equivalent form,

20212\ T (22 \"T
S9ﬂ(1 .m’) Cgl m|Mf1 fn(p17"'7pn)| _( S[—

S1..m/ 1..m/]..m

A rraBipy
X Pfl...fm/ﬂﬁ Hf(l...m’)

fm’+1---fm 7}fm+1~~~fn:NV(P7pm'+17 e 7pn> ) (411>
and the relation in eq. (4.7) becomes

FroaB;uy 5% pv
Hf(l...m’)fm’+1"'fmdaﬁ<P ,n) = Pf(1 o T BRUGE terms . (4.12)
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In App. B we show that the most general tensor structure of the splitting tensor is

Kt kY
ra;uy _ 0B(D v 1(9) J-l af (9)
Hgfm/+1~~~fm =d (P’ n) gM Agfm/+1--~fm + Z , d (P n> Bijagfm'+1~~-fm
i,j=m’+1 [1 m]...
— kiikﬁj uv ~(9) — kiikijkikkﬁz (9)
+ Z g Cij,gfm/+1...fm + Z Dijklvgfm’+1"'fm

S[L..m/]..m

2
. . St
i,j=m/+1 1,5,k l=m’+1 [L..m]..m

mo g Ui g ERLEL + g™ kikﬁ] + g RGE (o)
+ 3 T

i,j=m/+1

(99" g B (4.13)

S[1..m']..m

At this point we have to make some comments about eq. (4.13). First, let us discuss
the symmetry properties of the splitting tensor f[;‘fm’f ot From its definition in
eq. (4.5) it follows that the splitting tensor must be symmetric under the exchange
(1, @) <> (v, 8). In eq. (4.3) it is contracted with P* and 7#*, which are symmetric
tensors at tree level. Hence, only the part of H 3}? ’f ", that is individually symmetric
under p <> v and a < [ enters the factorlsatlon in eq. (4.3), and we only present
here the part of the splitting tensor with this enlarged symmetry. Second, we see that
eq. (4.13) involves a mixture of metric tensors ¢*° and polarisation tensors d?” (P, n).
The tensor structure given in app. B involves only polarisation tensors, which would
make the splitting tensor explicitly transverse. However, similar to the case of the
splitting amplitude discussed in Sec. 3 (cf. eq. (3.7)), some of the gauge-dependent
terms drop out in the contraction in eq. (4.11). In particular, we can perform the
replacements,

& (P,n) < —g" . (p,o) € {(m.v), (a, ), (B,v), (a,v), (B, 1)} . (4.14)

For (p,0) = (p,v), the equivalence between the polarisation tensor and the metric
tensor follows from eq. (3.6), while the other cases follow from relations like

Py ap @ (Pon) d% (Pon) Trpoinfus = Prics, a8 9 9% Ti it fuar

. ~ . (4.15)
Py g A" (P o) KR T o = = Prigia8 9 KLR T s
We have checked that our results for the quadruple splitting amplitudes have the
correct behaviour in all strongly-ordered collinear limits, i.e., they satisfy eq. (4.6) for
m’ = 2 and 3. The strongly-ordered limit of the quadruple splitting amplitudes involves
the splitting tensors with two or three collinear particles in the final state. The relevant
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splitting tensors for two collinear partons can be found in ref. [31],

(4.16)

Frhhsur L ppe S
Hziq - 55 qu )

. 1—z z ks kP KMk~
Haﬁ;;w — 920 au Brv av  Bu pr VLV 1 — 1L J_doz,B P
where we set k; = ky; = —koy. Note that, compared to ref. [31], we express the

splitting tensor f[g‘gﬁ”‘” in a form that is individually symmetric in (u,r) and (a, ).

In addition, the two-parton splitting tensor ﬁg‘gﬁ?“” is special in that certain tensor
(9)

structures do not appear. The coefficients Aé‘? and Dg3ss .

?gg vanishes in the explicitly symmetric form (4.13). The

relevant splitting tensors for three collinear partons are new and are given in ref. [73]

are subleading in the

collinear limit, while E?(,g

and in App. C.

5 Conclusions

In this paper, we have computed the quadruple-collinear splitting amplitudes for a
gluon parent in CDR. Combined with our previous results for a quark parent [73], this
completes the set of tree-level splitting amplitudes describing all collinear singularities
for the emission of up to four collinear partons at N3LO. Our results are available
in computer-readable form online [74]. We have also considered the strongly-ordered
limit when a subset of the four collinear partons become collinear to each other, and
we have derived the corresponding factorisation formulee. Our results satisfy the ex-
pected factorisations in all strongly-ordered limits, which provides a strong check on
the correctness of our computations.

Our results are an important building block towards understanding the complete
infrared structure of massless QCD amplitudes at N3LO, which is a cornerstone to con-
struct a substraction method at this order. Indeed, firstly, the purely virtual infrared
singularities of massless amplitudes with up to three loops are completely known [80—
85]. Secondly, when our results are combined with the results for the one-loop emission
of up to three collinear particles [52-58, 60, 67, 68]° and the two-loop splitting am-
plitudes for two collinear partons [61-63], they provide a complete description of all
collinear singularities up to N3LO. Finally, soft emissions are known for the tree-level
emission of up to three soft partons [54, 70, 86, 87], and at one and two loops for the
emission of a single soft gluon [56, 58, 59, 64-66]. The soft current describing the emis-
sion of a pair of two soft partons at one-loop, however, is still missing. For the future,

6But for the one-loop collinear splitting amplitude ¢ — ggq, which at present is unknown.
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it would be interesting to compute this current and to complete the description of all
infrared singularities of massless QCD amplitudes at N3LO.
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A The iterated collinear limit

The strongly-ordered amplitude [73],

B = B g Y st (A1)
depends on the quantum numbers and light-cone kinematics of both the m-parton
collinear set and its m’-parton subset. It is obtained by summing over the helicities
(h,h') of the parent parton of the collinear subset. In case the sub-parent with helicities
(h,h') is a quark, following the factorisation in eq. (4.9), the strongly-ordered splitting
amplitude has the same tensor structure as an ordinary splitting amplitude. In case
both the parent with helicities (s, s’) and the sub-parent are gluons, the strongly-ordered
amplitude has a similar tensor structure as that of a gluon splitting amplitude,

m/

L KM RY K kY
S.0. UV so 1i"™vlj CVAETMLL o.
Pt =g AR s+ Z Bz] Frofm T Z Crichr - (A2)
i,j=1 k,l=m'+1 Sm/+1..m
It depends on the transverse momenta «'/; of the collinear subset, ¢ = 1,...,m’ and

those of the other (m — m’)-collinear partons unaffected by the strongly-ordered limit,
K with j=m'+1,...,m

The strongly-ordered splitting amplitude can be obtained by performing the m/'-
parton iterated limit on the m-parton splitting amplitude,

m'—1
so % S1..m/

S[1..m']..m
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The steps involved are essentially the same as for a quark parent, which was considered
in ref. [73]. However, as a first step, we need to apply the relation

K- Kk n :
o= QR Y, (A.4)
o n-P
where K* = Z;” VK = = K and o = ZT:/I z;. Then, we perform the

steps outlined in App. C of ref. [73].

Comparing the strongly-ordered limit obtained from eq. (A.3) with that obtained
from eq. (A.1), works as a strong check on the splitting amplitudes. This was done to
check all possible two- and three-parton sub-limits.

B Tensor structure of gluon parent and sub-parent splitting
tensors

In this appendix, we detail the general tensor structure of the gluon-initiated splitting
tensor H;fﬁ Y .t With a gluon sub-parent, defined in Sec. 4. This tensor appears as

the collinear limit of the helicity tensor 77, defined in eq. (2.8). Therefore, we begin
by considering an n-parton tree-level QCD process with its associated helicity tensor
7}01% fn (p1,-..,pn), where parton 1 carries the Lorentz indices («, 3). Using the same
kind of argument as for eq. (3.8), our gauge choice allows us to consider only diagrams
that have a propagator carrying the momentum P = ", p; of the parent gluon. This
directly implies that the sub-diagrams splitting the parent parton into m partons will
factorise (cf. eq. (3.8)), the only difference being that the spin indices of parton 1 are
not summed over,

202\ 1 (r) oy (n)v
%1"'7” [( S1..m > |:Mgfm+1~~~fn:| H (pl’ e 7pm) Mgfm-‘rlmfn
(n) aﬁ jn2

The squared off-shell current H; is the interference of the colour-dressed off-shell
currents splitting the parent parton into m collinear partons (cf. eq. (3.9)), with the

Lorentz indices of parton 1 and the parent parton open,
22\ s 1 8 "
n) af;uv C,C1...Cm;V[382...8m C,C1...Cm;4XS2...Sm
( S) Hfl---fnL = 5 Z [Jfl-%-frn ’ ] Jfl-%-f'm res ’ (B2>

S1..m

where we have suppressed the dependence on the momenta. As usual the superscript
(n) indicates the dependence on the reference vector. Given the definition in eq. (B.2),
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H ](c?)‘;i " is symmetric under the simultaneous exchange of the Lorentz indices of parton

1 and the parent parton,

(n)aBspv _ py(n) Basvp

This means that the most general tensor structure for H ]({L)C;i " is given by

m M, v m o
n) af;ur @ v p; D aB o pip; v
H 0 = g0 g A+ > g By g+ Y g O,

9fi.fm Las i L og i5,9f1---fm
’L,]:]. l,]zl
m woy o B m ap B Vo By o
" Z P P;PrD E(g) + g PPy 9 PiPj +(9)
52 igkl,gf1...fm S 1ij,gf1---fm
ijki=1  “L.m ij=1 Lm

o 1/_(9)
+ 9" Fiyp g,

25,9 frnt 41+ fm

m av B, 1 BLb 0y
97 PP + 977 DDy —(g)
+> S

ij=1 1..m

+ g™ g% Fégg)flmfm + gauge terms, (B.4)

where ‘gauge terms’ on the right-hand-side denote all terms proportional to the axial
gauge vector n. By the same arguments as for the tensor structure of the gluon-
initiated splitting amplitude, the coefficients Z;i‘)l... 1., through Fégg) fopo 0 €q. (B.4) are
dimensionless and of order zero in the collinear limit. In addition, we have the following
symmetries, which follow directly from eq. (B.3),

—(9) e 10))

Bij,gh-..fm - Bji,gfl...fm )

—(9) =9

Cijygfl-“fm - Cji,gfl..‘fm ) (B5)
—(9) . —(9)

ikl gf1..fm — T jilk,gfi.. fm

Since only the transverse part of a Lorentz tensor holds physical information (cf. Secs. 3

and 4), we multiply H;;ﬁl)a £ by spin-polarisation tensors,

i (P;n) dyy(P,n) dog(pr,n) dgsz(pr, n) H}?)‘}i“” . (B.6)

Next, we take the m-parton collinear limit of H}T)?i " to obtain the splitting tensor.
Equation (B.1) can then be written as

« 2:u26g§ m FrofB;uy D
Cgl...m Elﬁfn(plv cee 7pn) = ( Hffj.l}m 7;fm+1---fn7MV(P7pm+17 s 7pn> (B7)

S1..m
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By computing explicitly the contractions of the tensors on the right-hand-side of eq. (B.4)
with the spin-polarisation tensors, we obtain

dya(pisn) g’ dys(pi,n) = —dw(ﬁ,n) +...,
@ (pjom) By = =K+ 2R+
J

d"(P,n)P, =0+ ...,
d*(P,n)n, =0, (B.8)

~ 1
d",(p;,n) P" = - A
i
d",(P,n)pf = =k, + ...,
where in the ellipses we have suppressed sub-leading terms in the m-parton collinear
limit. Thus, the transverse part of the splitting tensor in eq. (B.7) contains only
combinations of spin-polarisation tensors and transverse momenta.

In addition, we can take into account that in eq. (B.7) the splitting tensor is
contracted with the symmetric tensor 7, f rofud which allows us to discard terms in
H O‘B “ . ~that are anti-symmetric under the exchange p <> v. This leads to the following
expressmn for the splitting tensor,

Bk
gy =~ a8 430 s

Z] gf1 Jm
1,5=1

S kﬁzkij Kkl

_Z L ljdwCﬁinﬁ m T Z

(9)

ijkl,gf1...fm
ij=1 Ol.m 0,5,k 1=1 ST 1
modor ]{’B + dP izki] +d* kik’ﬁ] +d KLk £
_ Z:l . 05,9 1 fm
by
+ (dau dPv + dv dﬁﬂ) F;chszm , (B,9)

where we have suppressed the dependence of the spin-polarisation tensor on the gauge
vectors P and n. The scalar coefficients appearing in eq. (B.9) are linear combinations

of the coefficients in eq. (B.4). To keep the symmetry of this expression, the coefficients
now satisfy

(9) (9)
Bij,gfl...fm sz gfifm >
_ (9
C’” ofrotm = Cligfiofm (B.10)
DY — DY — pl) )

iiktg it = Diiktghiotn = Dijtkgiotn = Djilkg ot -
We can now immediately obtain eq. (4.13) from eq. (B.9) by replacing some of the
polarisation tensors by metric tensors following the discussion in Sec. 4.
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C The three-parton splitting tensors

There are three gluon-initiated splitting tensors with three partons in the collinear set,

9—qq9, 9—97q, 9— gg9. (C.1)

The first is obtained by not summing over the helicities (h, h’) of the quark (or equiva-
lently, by charge-conjugation, the anti-quark) in the collinear set. It is proportional to
the three-parton splitting amplitude P}, given in ref. [54],

Frhh/suy 1 hh! Huv
Htiqg - 5 0 Pfiqg :

(C.2)

The other two have the tensor structure of eq. (4.13). The three-gluon splitting tensor

H g‘g%“” is too lengthy to be presented on paper, but we make it available in computer-

readable form [74]. In the remainder of this section, we provide explicit results for the

splitting tensor H, ;‘qﬁq;“ Y. We can write it in terms of an ‘abelian’ and ‘non-abelian’ part,
]—A{aﬁ;uu - 1 C j{[aﬂ,uu (ab) 1 C [:[a,B,/U/ (nab) C.3
9qa.  — o “Fgqq + o “A g : (C.3)

We add a subscript (12) to denote the on-shell momentum of the gluon sub-parent.
Furthermore, we define the shorthand,

.=+ ...+2, zi=1—z, kLl...j:kL1+---+ij- (C4)

In what follows, we have eliminated z15 and k 15 using the constraints. The sub-energies
sy, are defined in eq. (4.4). The coefficients in eq. (4.13) belonging to the ‘abelian’

piece of H ;f ;L isqs AT€ given by
o @) _ _ (snza + spe)” (©5)
9(12)9344 25[12]38[12]4 ) .
2s

(9) (ab) — plg) (ab) — p(g) (ab) — plg) (ab) _ [12]34
33,9(12)3394 — 34,9(12)d394 B437g(12)f¥3q41 = B447g(12)f¥3q4 - _8[12]38[12}4 ) (0'6)
() ab) _ 25pzysa (24523 — Zaspo) ° ©
33,9(12)d394 5[212]38[212}4(1 . 234)2 )
(g) (ab) 25012)34 (238020 — Z3Spi23)

04479(12)63% - 2 2 1— 2 ) (C8>

5[12]33[12}4( 234)

0 @) _ oo @) _ 252 (20502 — Zshaga) (2aspas — Zaspane)
34,9(12)@394 — “43,9(12)d394 2 J ( : )

3[12]33[212]4(1 — z34)*
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p@ @) 8 (C.10)
3333,9(12)d3q4 5[212]4(1 _ 234)2 )
2
(@) (ab)  _ 8z C.11
4444,9(12) 3394 5[212]3(1 _ 234)2 ) ( )
82423
D(Q) (ab) B = D(g) (ab) B — .12
3334,9(12)4394 3343,9(12)4394 8[212}4(1 _ 234)2 ’ ( )
(@) (aD) o) @) 8242
D3433,g(12)63q4 — T4333,912)@39s 8[12}38[12]4(1 _ 234)2 ’ (C'13)
(@) @)  _ pl@@) 8% C14
4434,9(12)G394 — "7 4443,9(12)7394 8[212}3(1 _ 234)2 ’ ( : )
(@ @) _ @ @) 8232
D3444,g(12)§3tI4 — 74344,9(12)q394 8[12}38[1214(1 _ 234)2 ’ (C'15)
(9) (ab) — 1(g) (ab) — 19 (ab) — 9 (ab)
D3434,9(12)!73!I4 = D43437g(12)¢73¢I4 = D4334,g(12)¢73Q4 = D3443,g(12)t73q4
Z Zg — 1
— 4 2324 + 2423 =, (016)
sn2j3sn2a(1 — 234)
8z2
plo) ab) 4 ’ C.17
4433,9(12) G394 8[212]3(1 _ 234)2 ( )
8z2
plo) @) 3 ’ C.18
3344,9(12)4394 8[212]4(1 _ 234)2 ( )
() (b) _ __ 2% C.19
33,9(12)3394 8[12]4(1 _ 234) ) ( : )
2z
gl @) 3 C.20
44,9(12)q394 5[12]3(1 _ 234) ) ( )
@ @) _ 2% C.21
34,9(12)3394 8[12]3(1 _ 234) ’ ( : )
(@) (ab) _ __ 2% .22
43,9(12)3394 5[12]4(1 _ z34) ) ( : )
(9) (ab) _
ngg)q3q4 =-1, (C.23)
while the ‘non-abelian’ coefficients read
(9) (mab) _ 1
AQ?12)‘?3Q4 - 57 (C24)
() (nab)  _ S[12]34 (834 + 8[12]4) (C.25)
33,9012) 8344 $345[12)35[12]4 ’
(9) nab)  _ pylo) (oab) _ S(12134 (Spzyza + S34)
34,9(12)33qa — B43,g(12>§3q4 - ) (C'26)

28345[12]35[12)4
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D

(g9) (nab)
B44,9(12)q3q4

(g9) (nab)
33,9(12)q344

(g) (nab)
44,9(12)q3q4

(9) (nab)

34,9(12)3394 —

(9) (nab)

3333,9(12)@3q4

(9) (nab)

444,901 J3qs

(9) (nab)

3334,9(12)q3q94 —

(9) (nab)

3433,9(12)q3q94 —

(9) (nab)

4434,9(12)@394 —

(9) (nab)

3444,9(12)q3q4 —

(9) (nab)

3434,9(12)q394 —

(9) (nab)
4433,9(12)q394

(9) (nab)

3344,912@3q4

(9) (nab)

33,9(12)0394

(g) (nab)
44,9(12)(7344

(9) (nab)
34,9(12)q344

_ S[12)34 (534 + 8[12]3)

834t S[124

)
8345[12]35[12])4

_ S[2j34 (54 (224534 + 8[12]4) + 2’43[12]3)
8348[12}35[12]4(1 - 234)2
234 (53 (223534 + 8[12]3) + 235[12]4)

8345[12}35[12]4(1 - 234)2

Y

Y

(g) (nab) Z3+ 24

244—23

S[12]34 2423 + 2473 n
43,9(12)d394

(1 — 234)2
824° (534 + 5[12]4)
53425[12]4(1 - 234)2 ’
823° (534 + 5[12]3)
53425[12]3(1 - 234)2 ’
82423 (s34 + Sp2p)

53428[12]4(1 - 234)2

S112]35[12)4

(9) (nab)
3343,9(12) 0344

25348(12)4

() (nab)  _ 42424 S34 + 251914
4333,9(12)0394 8[12]4(1 _ Z34)2 534
8234 (s34 + sp2p3)

83428[12]3(1 - 2’34)2

(g9) (nab) _
4443,9(12)q394

" 834 + 8[12]4) 7
5345[12]3

4343,9(12)9394 3443,9(12)7394

4334,9(10)33q1 —
Z4Zs + 2324 [ 2
e (e
877 (s34 + Spi23)
_53428[12]3(1 - 234)2
873 (s34 + S112j4)

83428[12]4(1 - 234)2

S[12]34 >
S[12]35[12]4534 ’

Y

(g) (nab)  _ 42373 S34 + 280124 L S + S[12)4
4344.9012) B34 sna(l — 234)? s34 SsaSpas |
_ D(g) (nab) = D(g) (nab) — 1(9) (nab)

2228[12]3

25345[12]3

224 (8[12 3+ 834; — 423245[12]4 ( 1 I i) I (

(1 — 234) 234534 S[12]4  S34

2
1 — 234) 234534

2238[12]4

223 (8[12 4+ 834) - 423248[12]3
(1 — 234)234534
B (s34 + S[123)

28348[12]4

( 42423 1 >
_l’_ -
(1 — z34)234 234

25348[12]3234

— 923 —

1 1
+ — )
(5[12]3 834> (1 — 234) 23453,

(C.27)
(C.28)
(C.29)
)
(C.30)
(C.31)
(C.32)
(C.33)
(C.34)

(C.35)

(C.36)
(C.37)

(C.38)

, (C.39)

(C.40)



4z3 ( 1 S[12]3%4 — 8[12}42’3) (C.41)

+ Z3— =24 —
s3a(1 — 234)z34 \© 27" 534
ZEg) (nab_) _ S34 + S[12]3 _ (834 + 5[12]4) ( 4237y i)
BI0DBU T Dga) 51194234 25345123 (1 — z34)2314 234
4z, ( 1 S[12]3%24 — 3[12}423)
+ 2y — z23+ , (C.42
S34(1 — 234) 234 1T 534 ( )

2
@ (ab) 1 (238pza — 2aspizp)” | (s34 + spoga) (s34 — 238p24)  s30 + spggs

ol g $34°23 28345193734 28712)4
Snioj (234 (4 —324) —82%%)  3(1—z34) 2324
+ 5522 t— + 5+ (3 4). (C.43)
34734 Z34 Z3
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