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ABSTRACT: We investigate the interplay between the enumerative geometry of Calabi-
Yau fourfolds with fluxes and the modularity of elliptic genera in four-dimensional string
theories. We argue that certain contributions to the elliptic genus are given by derivatives
of modular or quasi-modular forms, which may encode BPS invariants of Calabi-Yau or
non-Calabi-Yau threefolds that are embedded in the given fourfold. As a result, the elliptic
genus is only a quasi-Jacobi form, rather than a modular or quasi-modular one in the usual
sense. This manifests itself as a holomorphic anomaly of the spectral flow symmetry, and
in an elliptic holomorphic anomaly equation that maps between different flux sectors. We
support our general considerations by a detailed study of examples, including non-critical
strings in four dimensions.

For the critical heterotic string, we explain how anomaly cancellation is restored due to
the properties of the derivative sector. Essentially, while the modular sector of the elliptic
genus takes care of anomaly cancellation involving the universal B-field, the quasi-Jacobi
one accounts for additional B-fields that can be present.

Thus once again, diverse mathematical ingredients, namely here the algebraic geome-
try of fourfolds, relative Gromow-Witten theory pertaining to flux backgrounds, and the
modular properties of (quasi-)Jacobi forms, conspire in an intriguing manner precisely as
required by stringy consistency.
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1 Introduction and overview

Recent developments in the context of the Weak Gravity Conjecture [1], reviewed in [2,
3], have revived interest in string dualities, which underlie the emergence of tensionless
strings [4-9] at infinite distance boundaries of moduli space.

Specifically, the previous work [6] initiated a study of the emergence of asymptotically
tensionless heterotic strings in NV = 1 supersymmetric string compactifications in d = 4
dimensions. These strings arise as solitonic objects in certain flux compactifications on
Calabi-Yau fourfolds in F-theory. In suitable limits, they furnish the dominant degrees
of freedom, and become weakly coupled when described in the proper duality eigenframe.
The main purpose of that work was to test various Quantum Gravity Conjectures in a
controlled four-dimensional setting.!

The confirmation of the Weak Gravity Conjecture in [4-6] crucially hinged on the
modular properties of a certain index-like partition function, the elliptic genus, of the
asymptotically tensionless strings. Related aspects of modularity in this context have been
discussed in [1, 19-22]. As a somewhat surprising outcome of the analysis in [6], the elliptic
genera of four-dimensional strings turn out not to be modular or even quasi-modular.

The goal of the present paper is to study the interplay between geometry and modular
properties of elliptic genera in much greater depth. We will observe that the deviation
from the expected (quasi-)modularity of the elliptic genus in four dimensions is due to
the appearance of derivatives of (quasi-)modular Jacobi forms. These derivatives yield
so-called quasi-Jacobi forms in the sense of [23, 24], in agreement with general conjectures
made in [25]. As we will see, they originate from underlying, formally six-dimensional
sectors of the theory. This fact manifests itself in an intriguing way in the geometry of
the Calabi-Yau fourfolds and certain threefolds embedded therein. These structures will
likely be of use for further applications to non-perturbative, especially non-critical, strings
in four dimensions.

See [10-16] for a small sample of complementary, quantitative geometrical tests especially of the Swamp-
land Distance Conjecture [17, 18].



In the next subsection we will review known results in order to set the stage, followed
by a summary of our findings as a road map. The rest of the text is then devoted to a
detailed analysis. In section 2 we will set up the geometry underlying the fourfold and flux
configurations that we consider. The geometric objects which we will study are relative?
genus-zero Gromov-Witten, or equivalently BPS invariants on elliptically fibered fourfolds.
In section 3 we relate these invariants to a geometric, generally non-perturbative definition
of elliptic genera of four-dimensional strings, with focus on the relationship between their
modular properties and the underlying flux configurations. In this context we also observe
an intriguing relation between partition functions associated with transversal and non-
transversal fluxes, and this turns out to be a manifestation of the elliptic holomorphic
anomaly equation of [25]. Our analysis, condensed into conjecture 2, applies not only to
the elliptic genus of solitonic heterotic strings, but also more generally to those of non-
critical strings such as four-dimensional versions of E-strings. Section 4 is devoted to the
interplay between modularity, elliptic genera and anomaly cancellation, for the special case
of a heterotic solitonic string. Specifically, in section 4.3 we provide a match between the
Green-Schwarz terms in the effective action, and the various modular sectors of the elliptic
genus. In sections 5 and 6 we present a detailed technical analysis of several examples
for heterotic and non-critical strings. Further mathematical facts are relegated to the
appendices.

1.1 Review of known results

An important quantity that captures certain robust features of string theories is the ellip-
tic genus [26—-29], which serves as a loop space extension of the ordinary chiral index in
quantum field theories. By turning on background fields, a wealth of exact information
about the chiral spectrum and its charges can be extracted. In this paper we will mainly
consider elliptic genera for four-dimensional string theories in a U(1) gauge background.
More concretely, what we will consider are the partition functions in the Ramond-Ramond
sector of superconformal worldsheet theories with right-moving supersymmetry, which in
d = 2n + 2 dimensions are defined as

2(¢.8) = trrm (1) FRq"rtee’] g=eT e=TE (L)

Here 7 denotes the modular parameter of the toroidal worldsheet, and z represents the
background gauge field strength, or fugacity, which couples to a left-moving, holomorphic
U(1) current, J. In order to obtain a non-vanishing result, the zero modes are saturated
by inserting an appropriate power Fp of the right-moving fermion number operator. In
the present, four-dimensional, context, we have n = 1 and the worldsheet theory possesses
N = (0,2) supersymmetry.

The elliptic genus (1.1) should be contrasted with the familiar one of N = (2, 2) super-
conformal theories. For these one can refine the elliptic genus in a canonical way as to keep
track of the left-moving U(1) superconformal R-symmetry. On the other hand, the current

2The term relative invariants here refers to invariants for curves of form Cj + Ctb, where C, lies in the
base and Chyp, in the fiber of the elliptic fibration.



J in the present context is just the worldsheet incarnation of some four-dimensional gauge
symmetry, which for concreteness we have taken to be U(1).> This is a generic, model-
dependent symmetry which does not pertain to any left-moving N = 2 superconformal
algebra.

It is familiar from the earliest works [26-29] that the elliptic genus (1.1), defined as the
RR partition function of a weakly coupled, toroidal worldsheet theory, enjoys distinguished
transformation properties under the modular group, SL(2,Z): for a string in d = 2n + 2
dimensions, it transforms with modular weight w = —n. As we will recall later in section 4,
for the special case of a critical heterotic string this has important implications for anomaly
cancellation [26, 27, 30, 31] via the Green-Schwarz [32] mechanism.

When the elliptic genus is refined by an extra U(1) gauge background, as considered
here, one might expect that it will be promoted to a weak Jacobi form [33-35]. This means
that Z(q,&) = ®_p (7, 2), where ®,, ,, denotes a generic weak Jacobi form of modular
weight w and index m (the index m is model dependent and specifies the level of the
underlying U (1) Kac-Moody algebra, or equivalently, the spacing of the charge lattice).
As summarized in appendix A.1l, such Jacobi forms enjoy distinguished modular and shift
transformation properties, which play an important réle for elliptic genera in general (for
a review, see e.g. [36]).

While this expectation is indeed realised in six dimensions, we find that the elliptic
genus in four-dimensional string theories is not necessarily a modular or quasi-modular weak
Jacobi form, but rather what is known as a quasi-Jacobi form (see again appendix A.1).
This is not in conflict with the arguments of [33] which are based on spectral flow [37],
as these arguments do not apply to generic U(1) currents in (0,2) models. Indeed it is
known [38] that (left-right asymmetric) spectral flow is not necessarily a symmetry of the
theory. In fact the situation is not that bad, in that the elliptic genus will still be closely
related to weak Jacobi forms, albeit in a more intricate way: namely, at least in special
situations, as a collection of formally siz-dimensional elliptic genera in disguise. We will
explain these matters, which are among our main findings, in detail in the next subsection.

Historically the elliptic genus of critical strings as written in (1.1) refers to a weakly
coupled, conformal worldsheet theory and as such it is an intrinsically perturbative, one-
loop quantity. However, it was later understood how elliptic genera for critical as well
as for non-critical strings can also be defined and computed in non-perturbative settings,
by resorting to a variety of methods such as mirror symmetry, the topological vertex,
localization, and 2d CFT technology [4, 6, 39-73]. This has the advantage of being far
more general than for perturbative strings based on weakly coupled worldsheet theories,
and applies also to non-perturbative heterotic as well as to non-critical strings.

In this paper we will exploit the fact that elliptic genera can be computed geometrically
in terms of Gromov-Witten invariants arising in dual string compactifications in M- or F-
theory. Most of the work has been done, so far, for six-dimensional theories. Essentially,
the idea is to consider solitonic strings that arise in F-theory from D3-branes wrapping
some curve, C},, which lies in the base of an elliptic threefold, Y3. In the dual M-theory

3In section 6.1, we will also discuss a non-abelian extension.



formulation, the charged excitations of the string wrapped on an extra S' correspond to
M2-branes on C = Cy, + nlE, + C’f . Here E. is the elliptic fiber of Y3 and the other fibral
curves Cf are associated with the gauge symmetry. The degeneracies that are encoded
in the elliptic genus (1.1) then have an interpretation as the genus-zero BPS invariants,
Ng¢, (n,r), associated with C. These invariants can be assembled into the following free
energy, which is defined relative to Cy:

Feo(a,€) = D Ney(n,r)d"e" (1.2)

Here we assumed just one extra U(1) gauge symmetry.* Physically the M2 brane wrapping

numbers n and r correspond to levels and charges of excitations of the solitonic string.
Via duality the free energy Fc, (¢, €) can be argued to coincide with the elliptic genus®

(1.1) of the solitonic string, upon identifying the modulus of the elliptic fiber with the

modulus of the toroidal worldsheet (and similarly for the U(1) fugacity):

Zcy(a0.6) = —¢"Fc,(¢,6), (1.3)

where Ej is the ground state energy of the Ramond sector of the string worldsheet theory.

In [6] we have addressed the analogous situation for four-dimensional F-theory com-
pactifications on fourfolds, Y}, focussing on geometries that lead to dual heterotic strings.
This is much more involved not the least because BPS invariants on fourfolds, N.c,, de-
pend on extra data. Namely they need to be defined [74-77] with respect to some basis of
cohomology classes, w® € H??(Yy,R). In physics terms these data correspond to choices
for the background four-flux, G = c,w®. Thus for a given fourfold Y, we have in general
a collection of independent elliptic genera labelled by background fluxes,

Zoz;Cb((Lf) = _qu ZNa;Cb(nar)qngrv (14)

n,r
so that the full elliptic genus for a given flux background G is given by a linear combination

dim H?2(Yy,R)

ZG;Cb (Qa f) = Z Co Zoz;Cb (Q> g) . (1'5)

a=1

As far as the modular properties are concerned, it was found in [6] that depending on the
flux sectors labelled by «, the various building blocks Z,.c, (¢, &) behave very differently.
To be more specific, let us introduce the following symbolic notation (now labelling by
modular weight and index rather than by flux and curve):

(2% m) = [2Y ) @ [2995) @ (29, (1.6)

—1m

“The generalisation to multiple U(1) factors should be straightforward, in terms of (quasi-)Jacobi forms
with multiple elliptic variables, along the lines of [5].

SThroughout this work we are considering genus-zero BPS invariants. In six dimensions, with a suitable
omega background turned on, one can define an elliptic genus that also captures higher genus BPS invariants
of Calabi-Yau threefolds as in [41]. Note however that for compact Calabi-Yau fourfolds only genus zero
and genus one invariants are relevant [74].



where the superscripts refer to® ¢

modular”, “quasi-modular” and “quasi-Jacobi”, respec-
tively. We will explain these terms in due course. Note that at this point there is an
ambiguity in that any Z?fw 1, is a priori defined only up to a modular piece, and Z%] m Up
to modular and quasi-modular pieces. The precise alignment between the modular prop-
erties and fluxes in H?2(Y}), in relation to the overall geometry of the fourfold Yy, will be
a main issue in the present paper and will be discussed later in detail.

Let us go through the various components of [Z*; | and briefly characterize their
modular properties. The fully modular piece, Z%’m in (1.6) is, by definition, given by
some weak Jacobi form [33-35] (see appendix A.l). The quasi-modular piece, Z?fw ms 18
a benign modification, the only difference being that it is a quasi-modular and not fully
modular Jacobi form. By this we mean that besides the ordinary modular Eisenstein series
E, and Eg, also the quasi-modular series Fo appears. As is familiar, this mild violation of
modularity can be repaired by replacing Fs by its modular, but non-holomorphic cousin
3

wlmt’

Ey=E, — (1.7)

which transforms uniformly with modular weight two. In field theoretic terms, this reflects
a regularization ambiguity in the zero mode sector, which is resolved by imposing modular
invariance at the expense of holomorphicity.

This is just a manifestation of the celebrated holomorphic anomaly [78], which has
many manifestations in physics. In the present context (and for genus-zero invariants) it
is well-known [40, 50, 79-83] to mean that the base curve C}, = C°, which corresponds
to the heterotic string, splits over certain subloci: C° = CL + C%. The curves C% in
turn are associated with non-critical E-strings, and the split just reflects the fact that the
heterotic string can fractionate into two E-strings [45]. In the dual heterotic language these
correspond to having extra 5-branes in the geometry, which means that the quasi-modular
sector of the theory is intrinsically non-perturbative as seen from the heterotic perspective.
As we will discuss later in section 4, this will have also a non-trivial bearing on anomaly
cancellation, which is closely tied to the modular properties of the elliptic genus.

Finally, most peculiar and thus most interesting is the last component of the ellip-
J

1,m>
quasi-modular Jacobi form, since it does not obey the characteristic transformation prop-

tic genus, Z% in (1.6). It was found in [6] that it cannot be an ordinary modular or

erties (A.1) and (A.2). However it was observed that the coefficients of an expansion in
powers of z are quasi-modular forms term by term, so that one can at least assign a uniform
overall modular weight, w = —1, to it.

1.2 Summary of present work

The main new result of the present paper is that the component Zfzi] m, of the ellitpic genus
in (1.6) is actually also expressible in terms of the more familiar (quasi)-modular Jacobi
forms, though in an intriguing way. Namely, it is given by a derivative

2%,0.6) = €5 2-2m(@,6) (1.8)

SWith “modular” (and similarly with “quasi-modular”) we refer in this context to the transformation

properties of weak Jacobi forms, which comprise besides (A.1) also the double quasi-periodicity (A.2).



of a partition function Z_s ,,(g,§) of modular weight —2 and index m. Depending on the
geometry it can be either a modular or quasi-modular weak Jacobi form. Thus, just like for
the (quasi-)modular sector, the extra sector splits into two, namely into a perturbative and
a non-perturbative piece, and we can refine the symbolic decomposition (1.6) as follows:

Z21m) = (12%0] © [2200) @ 6 (2%,] @ [2%45)). (1.9)
Accordingly, from now on we will refer to these extra components as the “derivative sector”,
which by itself can come in a modular and quasi-modular version.

One main concern in the present paper will be to understand the mathematical origin
and physical interpretation of this sector in terms of the underlying fourfold geometry and
flux background. More concretely we aim to understand how the set of possible four-form
fluxes maps into the space (1.9) of elliptic genera, i.e.,

G] — [Z71.]. (1.10)

This question will be addressed in section 3, with special emphasis on geometries that are
dual to heterotic strings in section 3.2. In this concrete setting we can explicitly match
the geometrical data to the decomposition (1.9) of the elliptic genus in terms of modular
objects. Specifically, we anticipate, as described in our key equation (3.13), that

Z—l,m = go Zgl,m + gE ZELm + Zgz%éag ZZ_27m , (111)
)

where the index m is determined by a certain topological intersection product to be ex-
plained later. The flux-dependent coeflicients, ¢g*, are intersection products as well and
are given in eqs. (3.14). The first term in (1.11) represents the fully modular piece of
the elliptic genus, while the second constitutes a possible non-perturbative, quasi-modular
piece. It originates from a possible blowup of the base threefold, Bs, which introduces an
exceptional divisor, F, and is also associated with non-critical E-strings. As mentioned in
the previous section, this generalizes well-known results in six dimensions [50, 82, 83]. The
novel piece in four dimensions is then the derivative piece, which is in general given by a
sum of terms, as labelled by 4 in (1.11).

In fact, the derivative structure nicely ties in with statements given in the mathematical
literature [24, 25]. In particular it was proven in [24] that elliptic genera will in general
lie in the ring of quasi-Jacobi forms, which is a broader notion than just Jacobi or quasi-
modular Jacobi forms. It is easy to see from the definitions given in appendix A, that Z%J m
in (1.8) yields a simple and concrete realization of such quasi-Jacobi forms, which explains
the superscript. The paper [25] furthermore conjectured that the generating functions of
relative BPS invariants in any elliptically fibered variety can generally be expressed in terms
of quasi-Jacobi forms. Our results for Calabi-Yau fourfolds were found in an independent
manner, and thus provide a nontrivial check of these conjectures.

Given that the derivative terms do not behave well under either SL(2,7Z) transforma-
tions (A.1) or under shifts (A.2), one might raise the point of consistency of the physical
theories. Specifically the shift z — z + A7, A € Z, which is a manifestation of spectral flow



non— transversal flux in H(Z(;)Q(Y4, R): Zo.m(q,€)
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Figure 1. A sketch of the interplay between elliptic holomorphic anomalies and (almost holo-
morphic) partition functions, Zwym(q,f), pertaining to the various fluxes as classified in (2.17).
Here Z,Lm(q,g) is (the non-holomorphic cousin of) the elliptic genus in four dimensions. More-
over Z,gm(q, €) encodes relative invariants of certain embedded threefolds Y%, which can, at least
formally, be associated to elliptic genera in six dimensions.

in the U(1) sector of the theory, would seem to be broken for flux backgrounds that lead
to derivative contributions to the elliptic genus.

This is analogous to the problem discussed in the previous section, where the quasi-
modular Fisenstein series Fy appears in the component Zgi\/[ of the elliptic genus. In that
case, the cure for restoring modular invariance was to add a non-holomorphic piece to FEs,
replacing it by the modular, non-holomorphic weight-two Eisenstein series Ey asin (1.7).
In the present context of quasi-Jacobi forms, we have a similar remedy: we can augment
the derivative piece by introducing a non-holomorphic term, and declare the following to
be the (“derivative” part of the) physical elliptic genus:”

A . o Imzy L,
28] (r2) =VemZ iy, (r2) = (az + 4mmhm> Z (T, 2). (1.12)

This restores not only the modular SL(2,Z) symmetry (A.1), but also invariance under
the shifts z — 2z 4+ A7, A € Z, ie., spectral flow. In other words, what we encounter here as
a novel phenomenon, on top of the known modular anomaly, is an anomaly of the spectral
flow which can be cancelled upon sacrificing holomorphicity.

As we will explain in section 3.4, eq. (1.12) has an interpretation in terms of an elliptic
generalization of the holomorphic anomaly equation [40, 50, 78-83]. It is analogous to
the familiar holomorphic anomaly equation, which in essence states that given an almost
holomorphic, modular function which depends on Eg, there is a functional identity between
the non-holomorphic sector and a derivative with respect to Fo. More specifically, we
trivially infer from (1.12) that

o .
i 290 (1,2) = 4mimZ*,,,(1,2). (1.13)
ImT

The surprising point is that the image of the derivative yields the generating function of
BPS invariants related to a different flux sector. Indeed we will find in section 3.4 that the

"This does not change the counting of states, since the g-expansion is defined in the regime Im7 — co.



Zi_Q,m(T, z) coincide with invariants related to certain non-transversal fluxes, even though
these have no interpretation in terms of gauge fluxes in four-dimensional F-theory! See
figure 1 for a sketch of the relations between the various flux sectors.

This makes contact with the work of [76, 77], where the BPS invariants induced by non-
transversal fluxes have been observed to organise into quasi-modular partition functions.
More-over in ref. [77] a holomorphic anomaly equation was found that relates flux sectors
associated with modular weights w = 0 and w = —2; the rightmost arrow in figure 1
refers to this. Our result (1.13) relates the elliptic genus of weight w = —1 to a flux
sector associated with modular weight w = —2. In fact, after translating our setup to the
formalism [25], equation (1.13) turns out to be a manifestation of the elliptic holomorphic
anomaly equation that was introduced in a more abstract form in that reference.

Moreover, we have found another, related interpretation of the Z', , (7,2): we will
see that for certain geometries, the ZiZm(T, z) are literally the elliptic genera of certain
six-dimensional string theories. For example, in the context of solitonic heterotic strings,
where the base threefold B3 of the elliptic fourfold Yy is itself fibered over some surface,
Bs, the ZiQ,m are labelled by curve classes C; in By. To each of these C; we can associate
a certain specific threefold, Y4, which is defined by the restriction of the fourfold to the
pullback divisor p*(C*) as follows:

Y5 = Vil o - (1.14)

Here {C7} denotes the basis of curves dual to the basis {Cy} on Bs. This geometric setup
is schematically depicted in figure 2. As we will argue in section 3.2, the Zi2,m just encode
the relative BPS invariants of these auxiliary threefolds. This alternative interpretation
of the Zi_2’m then provides an intriguing relationship between background fluxes in H (2;22)
and the enumerative geometry of the threefolds Y5. It also gives independent support to
some of the conjectures of ref. [25].

In many cases, the embedded threefolds, Y%, can be Calabi-Yau by themselves for an
appropriately chosen basis {C%}. Since they are elliptically fibered as well, one can then
associate to each of them a chiral, six-dimensional F-theory compactification. We will show
that in this situation, the collection of the Z327m that feature in the sum (1.11) are nothing
but the elliptic genera associated with these threefolds Y4. This phenomenon generalises
also to non-critical strings which will be the subject of section 6.

More generally, however, it turns out that the embedded threefolds Y} are not neces-
sarily Calabi-Yau. We nonetheless conjecture, and support with some arguments, that the
ZZ—Q,m

an interpretation in terms of elliptic genera likely persists only as a formal analogy.

continue to encode BPS invariants of the embedded threefolds, Yé. For these cases,

To support our considerations, we will present a detailed analysis of several examples.
In section 5.1 we will discuss an example where the derivative sector comprises two em-
bedded threefolds both of which are Calabi-Yau. On the other hand, section 5.2 shows an
example with a single embedded threefold, which has negative anti-canonical bundle; the
derivative piece of the elliptic genus can then be associated via duality, in a formal sense,
to a certain elliptic surface with 36 singular fibers. Furthermore we see in examples that
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Figure 2. The derivative contribution to the elliptic genus of a four-dimensional string is captured,
in suitable situations, by the relative BPS invariants of certain threefolds Y? inside the given elliptic
fourfold Y. Here we present a sketch of how these threefolds are embedded for the example of a
heterotic string. The heterotic string arises in this F-theory geometry from a D3-brane that wraps
the rational fiber C? in the base threefold, B; C Y. The extra two-form fields B; that are needed for
reinstating Green-Schwarz anomaly cancellation arise by expanding the ten-dimensional four-form,
C.4, with respect to the divisor classes p*(C?) for i = 1,... h11(By).

the derivative structure appears even more broadly, and also applies to elliptic genera of
non-critical strings. This suggests, as stated in conjecture 2, that it is a general feature of
elliptic genera in four dimensions. In section 6 we will see how it applies to what we will
call four-dimensional E-strings,® as well as to a non-critical string arising from a D3-brane
wrapping a curve on Bz = P3.

From a physics perspective, one may wonder about the Green-Schwarz cancellation of
the U(1) gauge anomaly, which is known to be closely tied to the modular properties of the
elliptic genus. For the example of a flux background that is dual to the heterotic string,
we will show in section 4 that anomaly cancellation persists also when derivative pieces are
present, albeit in a modified way.

As we will recall in section 4.1, the modular properties of the elliptic genus underlie the
standard Green-Schwarz mechanism which involves the universal B-field. The derivative
terms in the elliptic genus, Z* ,, appear precisely when, depending on the geometry and flux,
further 2-form fields B; contribute to the Green-Schwarz mechanism [85]. The additional
2-form fields arise from the curve classes C; in the base threefold By, which also determine,
as per (1.14), the corresponding elliptic threefolds Yi. To close the circle of ideas, the
threefolds in turn encode the BPS invariants pertaining to the i*" derivative sector of the
elliptic genus, and altogether everything conspires such that anomalies are cancelled.

8Tt would be interesting to make explicit the relation of these four-dimensional theories to the compact-
ifications of 6d E-string theories with flux, whose study was initiated in [84].

9For clarity we neglect here the quasi-modular sector, which brings in its own B-fields, as explained in
section 4.1.



2 Geometric foundations

In section 2.1 we briefly review the geometric definition of BPS invariants for curves on
Calabi-Yau fourfolds and their computation via mirror symmetry. In section 2.2 we then
specialise to the relative BPS invariants on elliptic fibrations in the presence of fluxes. These
concepts become particularly important in light of F-theory /heterotic duality, whose salient
geometric manifestation we recall in section 2.3.

2.1 BPS invariants on Calabi-Yau fourfolds

In this work we investigate the structure of certain integral BPS invariants for Calabi-Yau
fourfolds, Y4, which are analogous to the familiar integral BPS invariants on Calabi-Yau
three-folds. There are two ways to approach the definition of the invariants, either on
purely geometric grounds or via mirror symmetry, and we will briefly review both. For
more details we refer e.g. to [74-77] and references therein.

We begin with the geometric approach by first defining the (in general rational)
Gromov-Witten invariants of a Calabi-Yau fourfold. Consider a curve class C' € Ha(Ya,Z)
and the moduli space of stable holomorphic maps from a Riemann surface of genus g to C'
with s points fixed, denoted as M . This moduli space has expected or virtual (complex)
dimension dimyi;(Mgs) =1 — g+ s. For genus g = 0 and s = 1, the virtual dimension of
My s is two and thus one can define a topological invariant by, loosley speaking, integrating
a suitably quantized element G € H*(Yy, R) over the moduli space. More precisely, follow-
ing [74] we denote by p the virtual fundamental class of My associated with a curve C
(with one point fixed). Then this defines the genus-zero Gromov-Witten invariants ng(C')
of C' with respect to G as

ne(C) = L v (G) | (2.1)

where ev* is the evaluation map applied to G. By holomorphicity, this integral is non-
zero only if G € H?%(Yy,R). While Gromov-Witten invariants are in general not integral,
there exist related integral BPS invariants for fourfolds which are analogues of the integral
BPS invariants of threefolds [86-88]. This was first conjectured in [75] and proven for
g = 0 in [89]. We will denote these integral BPS invariants by Ng(C). At genus zero,
and as long as we do not consider multiples of curve classes, the two notions of invariants
are equivalent; throughout this work we will be in this situation and can hence use both
notions of invariants interchangeably.

The BPS invariants Ng(C') can be computed by mirror symmetry [90, 91|, by inter-
preting the Calabi-Yau fourfold Yy as the compactification space of Type IIA string theory
to two dimensions, and the element G € H??(Y,,R) as a four-form background flux. The
space H??2(Yy,R) of supersymmetric flux backgrounds admits a decomposition [90, 92]

H?2(Y;,R) = H22 (Y4, R) ® H22 (Y4, R) & H22 (Y, R), (2.2)

vert hor est

where the vertical subspace Hvzéft(Y4,R) is generated by all products of two elements

in H%'(Y}), while the horizontal subspace Hﬁfr(n,R) is obtained by the variation of
Hodge structure from the unique (4,0)-form on Y;. In a flux background given by G €
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H22 (Y4, R), the N = (2,2) supersymmetric compactification of Type IIA string theory on
Yy is partially determined by the free energy, Fg(t), which depends holomorphically on
the Kéhler moduli t*, a = 1,...,h%!(Y}). The two-point functions for the chiral fields in

the effective action associated with the Kéhler moduli are then given by [91, 93]
Cab,c = 0uOpFa(t) . (2.3)

The free energy Fg(t), which plays the role of a superpotential in two dimensions, encodes
the genus-zero invariants as follows: define first the variables

qa=e"",  a=1,... k" (Y), (2.4)

and expand a given curve class Cg in terms of the basis C, of Ha(Y,) with complexified
volumes t%,

Cs = BCy . (2.5)
Hence to each curve Cg one can associate the product

1 ghtt(vy)

q8 = qlﬁ gy, - (2.6)

The free energy F¢(t) then enjoys a worldsheet instanton expansion of the form

Fa(t) =Y Ne(Cs)Liz(d?), Na(Cp) € Z, (2.7)
B

where we have suppressed possible classical pieces which are polynomial in ¢,. The function
Fc(t), and hence the invariants Ng(Cj3), can in turn be computed by mirror symmetry:
type IIA string theory on Y, with flux G € Hgé?t(Yzl, R) is dual to Type ITA string theory
on the mirror Y; with a dual flux G € Hﬁﬁ(l@, R). Under the mirror map the free energy
Fe(t) maps to

Fe= [ GAQY, (2.8)

Yy

which is a holomorphic function of the complex structure moduli of Y;. It is, in princi-
ple, exactly computable as a period integral, which eventually determines the invariants

N (Cp). For more details see [91, 93-95].

2.2 Relative BPS invariants on elliptic Calabi-Yau fourfolds

We now focus on invariants Ng(Cjg) of those Calabi-Yau fourfolds Yy which admit an
elliptic fibration of the form

m: E, — Y,

!
B3 (2.9)

The base Bj of the fibration is a Kéhler threefold, which, in order for such a fibration to
exist, must have an effective anti-canonical divisor, K Bs-
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As we will see, for certain choices of curve class Cg and flux G, the genus-zero invariants
Ng(Cp) admit yet another interpretation in terms of an elliptic genus of a string. To arrive
at this interpretation, we view the Kéhler threefold Bs as the compactification space of
F-theory [96] to four dimensions. Compactification of this theory on a further circle, Sk,
gives rise to a theory in three dimensions, which coincides with M-theory compactified on
y,.10

We will furthermore assume that the gauge group of the four-dimensional F-theory is
non-trivial. For any non-abelian factor G of the gauge group, there must be a divisor bg on
Bs which is wrapped by a stack of 7-branes. For the geometry of Yy, this implies that the
generic elliptic fiber [E; splits into several holomorphic curves over bg. In the dual M-theory
picture, M2-branes wrapping these fibral curves give rise to the non-abelian gauge bosons
that are not in the Cartan subalgebra of G. The fibral curves may split further over curves
on bg, in which case additional matter fields charged under G appear. Even for G = U(1),
massless charged matter exists only if the elliptic fiber splits over certain curves on Bs.

For definiteness we now focus on gauge group G = U(1). Geometrically, in such
situation the fourfold Y; then exhibits an extra rational section, S, in addition to the
zero-section, Sy. Associated with S is the divisor class

oc=0(S) e HYY(Y)), (2.10)
which is the image of the Shioda map. It has the defining properties that
comtwg =0, ocoSpom*ws=0 Vws€ HY(B3), wyc H'(B3). (2.11)
Here and in what follows we use the notation o for the intersection product on Yy, i.e.,

Wg OWpO...0 WR—gop—.. = /Y W AWy A ... ANWs_q_p—... - (2.12)
4

Given o we can expand the M-theory 3-form as C3 = A Ao + ..., where the 1-form field

A becomes the G = U(1) gauge potential in the dual M-theory.

In the language of Type IIB/F-theory, the abelian gauge group is associated with a
linear combination of 7-branes, each wrapping a 4-cycle on Bs. The linear combination
of four-cycles associated with the U(1) in this way can be identified with the so-called
height-pairing

by =b=—m(000). (2.13)

As mentioned before, in addition to the gauge potential there will in general be a
collection of massless charged matter fields. In the Type IIB/F-theory picture, massless
N =1 chiral multiplets with

U(1) charge Q =r (2.14)

arise from open strings stretched between the 7-branes. The open strings give rise to
massless states of charge r which are localized on certain (self-)intersecting curves of the

0The following well-known elements of F-theory are reviewed for example in [97, 98], to which we refer
for details and original references.
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7-branes on B3. We will call these “matter curves” and denote them by X,.. In the M-
theory picture, the charged matter fields are obtained by wrapping M2-branes on curves
C! which sit in the fiber of Y} over ¥,. Their charges are determined by the intersection
product with the Shioda map:

r=coCt. (2.15)

Apart from the geometry intrinsic to the fourfold Yy, the effective theory also depends
on the background flux, which, via the duality to M-theory, is encoded in a flux G €
H*(Y4,R) in M-theory. It is quantized such that G + 3co(Ys) € H*(Y4,Z). Importantly
(Ya,R), as sketched in (2.2), receives additional
2 (Y4, R) is spanned by three different
types of 4-forms which can be characterised as follows:

for us, the primary vertical subspace Hvert

structure if Yy is elliptically fibered. In this case, H%

vert

Here(Ya, R) = Hig) (Ya, R) U HES) (Va, R) U HE) (Vi R) (2.16)
with 1
Hg (Vi R) = ((So + 57 (K)) A7 (wy)
H(2 (Y, R) = {o(5) A 7™ (wi)) (2.17)
HY% (Yi,R) = (a"(w;) A (1)) -

Here {w;} is a basis of HY(Bj3), Sy denotes the zero-section and o(S) the Shioda map
image associated with the additional independent section S, as before. Note that not all
elements in the set {m*(w;) A 7*(w;)} are l1nearly independent within H>? (Y, R). As
will become clear later, the subscript in H?> (w0 )(Y4, R) refers to the modular weight w of the
partition function, Z,, ,,, that is associated with the given flux.

Of special importance for us is the so-called transversal subspace H( 1)(Y4,R) of

HZ2?2.(Y}). Tt is orthogonal to the other two subspaces in (2.17), i.c., a flux G € H( 1) (Y, R)
by definition satisfies the two conditions
G o7 (w;) o " (w;) =0, GoSyon*(w;) =0 Yw; € H"(B3). (2.18)

The transversality conditions (2.18) ensure that the flux G, which is a priori defined as
background in the M-theory compactification on Yy, is compatible with the duality to F-
theory on Bs, in the sense of giving rise to a four-dimensional effective theory with full
Poincaré invariance in R'3. Such transversal fluxes related to the U(1) symmetry will be
denoted by

GU(l) =o ATH(F), F e HY(Bs). (2.19)

All other elements in H>

vert

or Type ITA string theory, are not liftable to F-theory. In the more general context of

(Y4), while corresponding to valid flux backgrounds in M-theory

M-theory/Type IIA string theory on Yy, one can in any case analyse the BPS invariants of
an elliptic fibration in a non-transversal flux background, as pioneered in [76, 77].

Let us now recall how the transversal fluxes determine the chiral index of massless
charged matter in the context of four-dimensional F-theory compactifications [97]. As
noted above, massless matter fields with U(1) charge ) = r are localised on a curve ¥, on
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the base B3. The fiber over X, contains the curve Cﬁ, and an M2-brane wrapping Cf gives
rise to a BPS particle in the dual M-theory picture. In fact, the fibration of C{ defines a
surface EA]T,

M
5

T ct -

r

M

. (2.20)

in terms of which the chiral index of massless matter of charge ) = r is computed as
XGy1),Q=r = nS—n; :é Gya) = r/z F=r( - F). (2.21)

The third equality is a consequence of the factorized form (2.19). Furthermore we have
introduced, after the last equality, the intersection product on Bs that we will henceforth
denote by a dot.

In fact, the integral invariant XGy ), Q=r 18 exactly the genus-zero Gromov-Witten
invariant for the fibral curve Cf with respect to Gy [6],

XGyay,Q=r = "Gy (Cﬁ) = NGU(l)(Ci) : (2.22)

The first equation follows from the geometric definition (2.1) because the moduli space
of Cf with one point fixed coincides with the surface $,. The second equation holds
because for the rational curves in the fiber, Cf = rCf_; in cohomology; if nGUu)(C’f) #
0, there must exist an actual curve in this class in the fiber. Hence the non-vanishing
invariants ng, (C}f) # 0 do not involve multiple wrappings and therefore agree with the
BPS invariants NGU(I)(Cﬁ).

More generally, we are interested in the structure of genus-zero integral BPS invariants
for curves of the form

C=C,+nE,+Cf, (2.23)
with respect to fluxes in H2Z (Y,) that satisfy (2.18). We denote these invariants as
Ng[Ch +nE, + Cf| =: Ng.c, (n,7). (2.24)

As long as C}, is not a multiple of an integral curve class on Bj, these integral invariants
coincide with the Gromov-Witten invariants for the same curve. They are called the relative
Gromov- Witten invariants with respect to the elliptic fibration .

These integral invariants can be packaged into a generating function

Faiop, = Y Na, (n,7)q" " (2.25)
n7Q

Here we have defined the variables
q — 627ri7' , é— — 6271'1'2 , (226)

where 7 is the Kéhler parameter of the generic elliptic fiber E; and z is the K&hler parameter
of the fibral curve szl. From the perspective of Type IIA string theory on Y, Fg,c,
contributes to the two-dimensional superpotential F(t), as defined in (2.7).
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As stressed above, in the context of F-theory we must insist that G is a transversal flux.
Under this proviso, (2.25) coincides with the elliptic genus of a four-dimensional solitonic
string (up to a prefactor), as will be explained in section 3.1. On the other hand, for Type
ITA compactifications on fourfolds, there is no restriction to transversal flux backgrounds,
and one can consider generating functions (2.25) for the other, non-transversal types of
flux as well. As exemplified in [76, 77], the partition functions for fluxes in H (282)(}/4) and
H (20)2 (Yy) are meromorphic (quasi-)modular forms of weight —2 and 0, respectively.

2.3 P!-fibered base spaces and F-theory/heterotic duality

As a special case of the structure outlined in the previous section, we now consider the
situation where the base space Bg by itself admits a further, rational fibration with section
S_, possibly blown up along one or several curves on the section. The projection of the
rational fibration will be denoted by

p: CO — Bg
!
B, (2.27)

The generic fiber is some rational curve CV. Prior to performing any blowup, the fibration
can be understood as the projectivised bundle P(O @ L), where L is a line bundle on Bs.
This means that the section S_, which is oftentimes referred to as an exceptional section,
has self-intersection S_ - S_ = —S_ - p*(c1(L£)). One can therefore define another section
St :=S5_+p*ci(L) such that

S-Sy =5_-(S_+palL)=0. (2.28)

We can also perform an optional blowup along some curve I'; in the base Bs. After
the blow-up, the rational fiber C? over the curve I', splits into two rational curves,

0 __ 1 2
—_— E . .
cO=cCh +C3 (2.29)

The blowup introduces an exceptional divisor E,, which is itself a P!-fibration over I'.
We label the curves C};a and CI%JE such that C%a is the fiber of the divisor FE,. With this
convention the intersection numbers of the exceptional curves C}Ef with the sections Syt
and with F, become

Sy-C'=1, S4-Cp =1 S4-Cy =0

2.30
E,-C'=0, E,-Cp, =1 E,-Cp =-1. (2:50)

This process can of course be repeated for several different curves I'; and followed up
by successive blowups in the fiber. For simplicity of presentation, however, we assume only
one such blow-up locus and hence drop the label a.

Whenever the base B3 is endowed with such a P!-fibration, F-theory on Bs has a
clearly identifiable heterotic dual [99]. Viewed from the dual, weakly coupled eigenframe,
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the heterotic string theory appears as a four-dimensional compactification on a certain
Calabi-Yau 3-fold Z3. The latter is elliptically fibered over the same base By as before,

p: En — Z3

!
By (2.31)

Apart from the geometry of Z3, the dual heterotic theory is determined by a gauge back-
ground in form of some polystable Ei x E2 bundle W = V; @ V. The particular choice
of background depends both on the details of the elliptic fibration Y; and on the original
F-theory background flux, Gy (y).

Moreover, the optional blow-up along the curve I' on By on the F-theory side translates
to heterotic 5-brane that is wrapped on the same curve I' in Bs, now viewed as the base of
the heterotic 3-fold Z3. Such compactifications are inherently non-perturbative from the
heterotic perspective.

3 Elliptic genera and the geometry of modularity

We are now in a position to discuss the identification of the relative BPS invariants, defined
in the previous section, with the degeneracies of states contributing to the elliptic genus of
four-dimensional solitonic strings. We state this connection in conjecture 1 of section 3.1,
which is a four-dimensional version of the correspondence between BPS invariants and
elliptic genera in six dimensions [4, 39-44, 49, 50, 57, 61-63, 65, 70-73]. In conjecture 2
of section 3.2 we present the modular properties of the four-dimensional elliptic genus. In
section 3.3 we point out an intriguing relation between the derivative sector of the elliptic
genus and the BPS invariants of certain threefolds embedded in the Calabi-Yau fourfold.
In section 3.4 we explain how these threefold invariants can alternatively be computed from
the non-transversal (—2)-fluxes, even though these do not have a direct interpretation in
F-theory. This leads to an elliptic holomorphic anomaly equation.

3.1 The elliptic genus of solitonic strings in four dimensions

From a physical point of view, the main objective of this paper is to obtain a better
understanding of four-dimensional critical and non-critical strings. This crucially rests on
the observation, which was already put to use in [6], that the generating function (2.25)
for the relative genus-zero Gromov-Witten invariants coincides, up to a factor, with the
elliptic genus of a solitonic string. The aim of this section is to spell out this relationship
in greater detail and formulate it as a general conjecture that, supposedly, applies to all
four-dimensional solitonic strings.

Let us first start by discussing how the solitonic strings arise in our context. Consider
an F-theory compactification with base space Bs. A D3-brane wrapped on a curve C}, in the
base Bs gives rise to a string in the four-dimensional extended spacetime. The worldsheet
theory of this string is an N = (0, 2) supersymmetric field theory [100]. One can now define
the elliptic genus, as in (1.1), as a trace in the Ramond-Ramond sector of the N = (0, 2)
superconformal worldsheet theory of the solitonic string, or equivalently as a partition
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function on a torus with modular parameter 7. As before, we consider a configuration
with four-dimensional gauge group G = U(1), associated with charge operator J. Then
the elliptic genus takes the form (1.1):

ZGyayi0n(@:€) = trrp {(-UFRFRQHLQHRSJ} , q=eTT, E=eTT, (3.1)

where Fr is the right-moving fermion number. The extra insertion of Fg is needed to
saturate the fermionic zero modes in the right-moving sector. The elliptic genus does not
only depend on the choice of curve wrapped by the D3-brane, but also on the background
flux Gy of the parent F-theory compactification. In order for an F-theory interpretation
to exist, this flux must satisfy the transversality conditions (2.18).

As a consequence of the supersymmetry in the right-moving sector, the trace (3.1) is
a meromorphic function of ¢ and £. In can be expanded as

ZGU(l)?Cb - _qEO Z NGU(l);Cb (n,r)q"¢&", (3.2)

n>0,r

where .
Eo=—5Kp, - Cp (3.3)

is the zero point energy of the string on T2. As we will discuss in a few moments, the
degeneracies NGU(l)qu (n,7) at level n and charge r for the flux ackground Gy, are
conjectured to agree with the relative BPS invariants Ng,, (1):Ch (n,r) that we have defined
in the previous section.

For a general curve C}, the solitonic string that arises from a wrapped D3-brane
is generically some strongly coupled, non-critical string in four dimensions [91]. We can
distinguish three possible types of strings. First, if C}, is a shrinkable curve, we can decouple
the dynamics of the string from the fields in the bulk of the base B3 by taking the volume
of Bs to infinity. In this case we arrive at a four-dimensional superconformal field theory in
the limit of decoupled gravity. An example of such a string would be a D3-brane wrapped
on an exceptional curve. For instance, this can be of the form C}, = Cl’f as defined
in (2.29), with normal bundle N¢, /5, = Oc,(—1) ® O¢, . Such strings could be viewed as
four-dimensional analogs of the familiar E-strings in six dimensions [101-103] and will be
discussed in section 6.1.

There are also non-critical strings associated with curves whose volume cannot be
taken to zero without shrinking Bs. Such non-critical strings cannot be decoupled from
gravity. An example would be for instance a curve Cy, = H - H, where H is the hyperplane
class on Bg = P3. For this curve the normal bundle is N¢, /5, = O¢, (1) ® O¢, (1). This
example will be investigated in section 6.2.

Finally, the case where N¢, /g, = O¢, ® Og, is special: the curve C}, must be the
fiber, C?, of either a rational fibration of the form (2.27) or of an elliptic fibration. In the
first case, a D3-brane wrapped on CY gives rise to a solitonic, critical heterotic string.'!

11f € is the fiber of an elliptically fibered base Bs, we expect instead a Type II string dual in a non-
geometric background. The six-dimensional version has been discussed in [8]. We will not investigate this
type of strings further as their elliptic genus vanishes in four dimensions.
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In its proper duality eigenframe, this string becomes precisely the fundamental heterotic
string compactified on the threefold Z3 as given in (2.31), additionally equipped with some
gauge bundle W. Moreover the elliptic genus (3.1), as defined via the G-flux background
in F-theory, turns into the (not necessarily perturbative) chiral partition function of that
heterotic string compactification. More precisely, the degeneracy Ng.co(n,) counts (with
signs) the excitations in the Ramond sector at excitation level n and charge r.

For the critical heterotic string, the vacuum energy in (3.2) is Ey = —%CO ‘Kp, = —1.
The mass of the physical states at excitation level n thus is

M? =8rT(n—1), (3.4)

where T is the tension of the heterotic string. This identifies Ng,, ( 1);Co(l, r) as the chiral
index over the massless states of charge r. By duality with F-theory, this spectrum must
coincide with the physical massless spectrum in the original F-theory compactification on
Y4, and therefore the index NGU(1)§CO(17 r) must agree with the chiral index (2.21):

XGo iy r = Nayyco(17). (3.5)

Furthermore recall from (2.22) that xg,,,,» coincides with the genus-zero Gromov-Witten
invariant for the fibral curve C’fQ:r, which in turn is the same as the BPS invariant
N GU(1)(C£)-

This demonstrates that the degeneracies NGU< 1),C0 (n = 1,r) are computable from
certain BPS invariants of Yj for the special case of Cj, = C° for which Ng, ( 1);00(177“) =
NGU<1)(C£)‘ With the situation in six dimensions serving as inspiration, it is natural to
conjecture a far more general connection. More precisely, we conjecture that up to an
overall factor of ¢, the elliptic genus (3.1) for any kind of solitonic string agrees with the
generating function of relative BPS invariants (2.25) at genus zero:

Conjecture 1 The generating function FGyay,Ch for the relative BPS invariants at genus
zero associated with the base curve C,, for any four-fluz background Gy 1y that satisfies the
transversality conditions (2.18), is proportional to the elliptic genus (3.1) for the solitonic
string obtained by wrapping a D3-brane on Cy:

_ -10y K3,
ZGU(1);Cb =—q 2" ‘FGU(I)§Cb . (3.6)

In particular the relative BPS invariants for Ch, NGU(1>;Cb (n,r), agree with the index-like
degeneracies NGU<1);Cb(Tl, ) of the excitations of the solitonic string at level n and charge r:

NGU(1);Cb (n,r) = NGU(l);Cb (n,r). (3.7)

This statement is the analogue of the well-tested duality between certain free energies
of elliptic Calabi-Yau threefolds and the elliptic genera of solitonic heterotic and non-
critical strings in six dimensions. The new ingredient in four dimensions, of course, is the
dependence on the F-theory four-form flux Gy(1) and its respective manifestation in the
dual solitonic string.
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As a corollary of this proposed general duality and eq. (3.5), the relative BPS invariants
NGU(U;CO(17T)7 where CV is the fiber of the P!'-fibration Bs, must agree with the chiral
index of states of the F-theory compactification, and thus

NGUu);CO(l’ r) = NGU(l) (CE) = XGya)r - (3.8)

We will demonstrate this identity in the examples of section 5, via explicit computations
in mirror symmetry.

3.2 Modular properties of four-dimensional elliptic genera

The elliptic genus has supposedly distinguished modular properties, which reflect its def-
inition as a chiral partition function of a string wrapped on a torus T? with modular
parameter 7. For example, the elliptic genus of a perturbative heterotic string in d = 6
dimensions with a single U(1) gauge group factor is a meromorphic Jacobi form of weight
w = —(d —2)/2 = —2 [26], as recalled in section 1.1. For more general solitonic strings
in six dimensions the elliptic genus is a meromorphic quasi-modular Jacobi form of weight
w = —2 (see appendix A). This applies in particular to solitonic strings that are dual to
fundamental heterotic strings in the presence of 5-branes [4]. Such modular behaviour
is in general agreement with the relation between the elliptic genus and the BPS in-
variants on elliptic Calabi-Yau threefolds, whose modular properties have been analyzed
in [25, 82, 83, 104-106].

One might expect that this simple pattern carries over to the strings obtained by
wrapped D3-branes in F-theory compactifications to d = 4 dimensions that we consider
here. The expectation would be that the elliptic genus should be a meromorphic quasi-
modular Jacobi form of weight w = —(d —2)/2 = —1.

As noticed in [6] for the special case of a heterotic string, this is not necessarily the
case. Rather, for some explicit examples studied in that work, it was found that the elliptic
genus (3.1) can in general also receive contributions which are not given by modular or
quasi-modular forms. One of the main observations of the present work is that these
contributions, while not modular by themselves, can actually be written as derivatives of
modular or quasi-modular Jacobi forms; recall the symbolic representation (1.9) given in the
Introduction. Such objects are special examples of so-called quasi-Jacobi forms as defined
in appendix A. What we encounter is in fact a concrete realisation of the mathematical
conjecture of [25] that relative GW invariants of elliptic fibrations generally assemble into
generating functions with values in the ring of quasi-Jacobi forms. In section 3.3 we will in
addition assign a specific geometrical meaning to the (quasi)-modular Jacobi forms whose
derivative appears in the elliptic genera, namely in terms of BPS invariants of certain
embedded threefolds.

Extrapolating from these observations we make the following general proposal:

Conjecture 2 The four-dimensional, U(1) refined elliptic genus (3.1) can be written as

a sum of meromorphic modular and quasi-modular Jacobi forms of weight w = —1 and
fugacity index m = %b - Cy,, where b is the height-pairing divisor (2.13), plus derivatives of
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modular and quasi-modular Jacobi forms of weight w = —2 and the same fugacity indez.
More precisely,

ZGuac (@) = g™ ZM ,(0,8)+99M Z9Y (q,€)+95'€0: 27 . (a, ) +95 " €0e 230 (0, €) |

(3.9)
where g™, g@M g%, and gaQM are flux-dependent coefficients and
M/QM M/QM
—Lm ) K ) —4,m ) o K :
1(g) 2> s ()2 B
with ¢ = €>™ and & = e*™*. Here, the numerators @%%QM(T, z) denote generic

(quasi-)Jacobi-forms of indicated weight and (integer) index given by

_ 1
w:—1+6(C’b-KB3)7 m:§(bC'b) (3.11)
. . . . . . M/QM
As mentioned in the Introduction, the novel (quasi-)modular partition functions Z 9 m
of weight w = —2 have the properties characteristic of elliptic genera of chiral, six-

dimensional theories. Indeed, we will argue that they encode the relative BPS invariants
of certain elliptic three-dimensional sub-manifolds, Y3, of ¥4.'2 In special cases, when the
elliptic threefolds Y3 are themselves Calabi-Yau spaces, this assertion can be verified ex-
plicitly by mirror symmetry. More generally, we will provide various general consistency
checks which support this claim also when Y3 is not a Calabi-Yau space. As we will
demonstrate in sections 5 and 6, the general structure we propose can be verified for a
variety of examples, in particular for all the three different basic types of base curves, Cy,
as characterised in section 3.1.

Let us illustrate at this point the structure for the important example of the solitonic
heterotic string. To this end consider a base B3 of Y4 which is the blow-up of a rational
fibration (2.27), and for simplicity assume that the blow-up has been performed only over
a single curve I' in the base, B, of this rational fibration. Our notation for this type
of geometries has been introduced in section 2.3. Again we take the gauge group to be
G = U(1), so that the only fluxes satisfying the transversality condition (2.18) are the U(1)
fluxes (2.19) given by

G:GU(I) :U/\ﬂ'*(F). (3.12)

In this concrete situation, as exemplified in section 5, one can write the elliptic genus
of the heterotic string in the following geometric, closed form:

1 .
Zeyycn = 9" Z20m+ 9" 200 + 30" €0 2l (3.13)
%

12 As will be clarified in section 3.3, such a connection to the BPS invariants of three-folds in Y, as defined
by (3.19), necessarily arises when the base curve C}, is a fiber over either a surface or a curve. Additional
supporting evidence for the latter situation is provided in section 6.1. See also [107] for the argument in a
most general setup.
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with flux-dependent coefficients explicitly given by
@ =F.-C", g¢ =F.C}, g =F-b-p(Cy). (3.14)

Here C° and C} denote the curves defined around equation (2.29), the divisor b is the
height-pairing as given in (2.13), and the set {C;} is a suitable basis of curves on the base
Bs of Bs. The latter point will be explained in more detail in section 3.3. Mathematical
and physical constraints restrict the (quasi-) modular forms in (3.13) as follows:

201m(0.6) =~ G120, P2 (0.6).
7P (0,6) = n241(q) 6-12(0,€) [0 (0, 8) + 6-21(0, ) Ba(@) 0155 5(¢, €)| (3.15)
2y m(4,€) = ngj( ) (0100 (a,€) + Ea() @52 (4,6)] -

As always, @Efﬁ?)M denotes a generic weak Jacobi form of specified weight and index, which

can be written as a polynomial in the generators of the ring J{Z’,Sf;?)M of (quasi-)modular

Jacobi forms (see appendix A.1).
Note that since the weight of the Z*
tional to the unique odd-weight generator ¢_i o of the ring of Jacobi forms. Furthermore,

1,m 18 odd, these objects are necessarily propor-
since ¢_12 ~ z, they vanish identically unless we refine the elliptic genus with regard to
at least one U(1) factor. Note also that there cannot be a 1/q pole in Z*, ,, because the
left-moving ground state is uncharged and so cannot be multiplied by z. Thus the 2%,
are actually holomorphic in ¢ and take a very restricted form, as indicated.

In summary, the relationship (3.13)—(3.15) between flux-dependent geometric inter-
section data on the one hand, and modular, quasi-modular and derivative sectors on the
other, is one of the main results of the present work, and is a concrete manifestation of the
map (1.10) mentioned in the Introduction.

3.3 Geometric interpretation of the derivative sector of Z_; ,,(g,§)

We now point out an intriguing interpretation of the derivative contributions, ZiQ,m((L €),
to the elliptic genus, namely in terms of BPS invariants of certain threefold geometries,
Y3, which are embedded in the given elliptic fourfold, Y. For the example of the het-
erotic string, we will be able to explain this interpretation based on our understanding of
the moduli space of at least some of the curves whose BPS invariants enter the elliptic
genus. The relation between the derivative contributions and certain threefold invariants
is, however, not restricted to heterotic strings, as we will show explicitly in section 6.

To understand the heterotic setup, let us first assume that the Mori cone of effective
curves on By is simplicial and identify its generators with the basis {C;} on which the
coefficients in the sum (3.13) depends via (3.14). We will drop the assumption of a simplicial
Mori cone at the end of this section. The curve classes b-p*(C;) in (3.13) can be written as

b-p*(C;) = 2m C; + (curve in the fiber of B3). (3.16)
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To see this, note that we can parametrise the height pairing divisor as b = 2mS_ 4+ bgFE +
S bip*(Cy), in agreement with b- C® = 2m. Then (3.16) follows from the fact that
S_ - p*(C;) gives back the curve class C; on Ba, while the intersection of p*(C;) with the
divisors E and p*(C}) lie entirely in the fiber of the rational fibration Bs.

Since the curves C; are the generators of the Mori cone of By, the dual curves C? on
B> are generators of the Kéahler cone of By, whose closure is contained in the closure of
the cone of effective curves. We assume for simplicity that the C? are integral, leaving the
discussion of a much more general setting to the end of this section. They are given by

Ci = nijCj y where Nij = Cz ‘B Cj (3.17)
and have the important property, characteristic of generators of the Kéahler cone, that
C'p, C7>0. (3.18)

In particular, since C* -, C* > 0, each curve C* moves in a family on Bs.

Now, from (3.16) we infer that the dual of the component of b - p*(C;) on By is the
curve C?/2m. To arrive at integral classes, let us factor out 1/2m and consider the pullback
p*(C?) as a divisor on Bs. Since each C moves in a family on Ba, so does the divisor p*(C?)
on Bz. We can then define a collection of elliptic threefolds, Y4, by restricting the elliptic
fibration of Yy to the a generic member of this family of divisors:

Y5 = Vil (ci) - (3.19)
Any single such threefold is by construction an elliptic fibration with projection
Yy =By, BY=p*(CY). (3.20)

In fact, the base p*(C?) is a P!-fibration over C* with generic fiber C? (blown up at the
intersection of I' with C%). See figure 2 in the Introduction for an illustration.

Depending on whether C* -, C* =0 or C*-p, C* > 0, the anti-canonical bundle of Y}
is either trivial or negative. This follows from the adjunction formula:

c1(Kyy) = e1(Kvilyi) — e1(Nyyyy,) = =77 (0 (C) e (o) < 0. (3.21)

Even if Y} is by itself not Calabi-Yau, we can consider the relative BPS invariants with

respect to C? on Yé, denoted by N, éo (n,r), and package them into a generating function,

(ijo (1,2). We propose that these invariants determine the derivative pieces in the elliptic
genus (3.13):

. 1_ 1 ;
2y m(T,2) = — o (r2) === Neo(n,1)q"¢". (3.22)
n,r

The Néo are not to be confused with the invariants Ng.co of the fourfold Y, discussed

before, which were defined relative to a transversal four-form flux Gy (q). Rather, we claim

that they are relative BPS invariants of a generic member, Y4, of the family of elliptic

threefolds embedded inside Yy as in (3.19).
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If we assume this, the general considerations of [25] imply that the generating function
Z" 4 (7, 2) should be a (quasi-)modular form of weight w = —2, regardless of whether
¢ is itself Calabi-Yau or not. In physics terms this can be equivalently understood by
first assuming that Y% 4s Calabi-Yau and considering F-theory on Y} as an auxiliary,
chiral theory in six dimensions. With our assumption on the nature of the N(ijo (n,r), the
object Zi2,m (7, 2) is then simply the elliptic genus of the N = (0, 4) supersymmetric string
obtained by wrapping a D3-brane on C° within Y§. As such, ZiQ,m (7, 2) is (quasi-)modular
of weight w = —(d —2)/2 = —2. In fact, if ¢;(Y4) = 0, the fourfold Y} is expected to admit
a fibration over the curve C; whose fiber is a generic member of the family Y4.13 That is,
there exists a projection

pPi - Y% — Y4

!
C; (3.23)

The underlying six-dimensional theory naturally arises in the decompactification of the
base curve C; and so is well-defined by itself.

By contrast, if C* - C* > 0, which implies cl(ffyg ) < 0, we can view Yj only locally
as a fibration with fiber Y3 over the normal direction to the divisor p*(C") in Bs. Since
the normal bundle to p*(C?) is in this case non-trivial, even in the decompactification limit
we cannot define a bona-fide six-dimensional theory by restricting F-theory to Yi. It is
even more intruiging to find that nevertheless Z127m(7', z) behaves in many respects like
the elliptic genus of a six-dimensional string even in this case, as will be discussed further
in section 4. In particular, one can formally associate Z327m(7', z) to an elliptic surface with
(24+12n) singular fibers, where n = C?-p, C*. An example will be presented in section 5.2.
In the sequel we will formally relate the ZiQ’m(T, z) to such six-dimensional sectors, with
the understanding that a direct interpretation as elliptic genera in six dimensions is possible
only if Y4 is Calabi-Yau.

Let us now turn to the crucial claim that ZZQ’m(T, z) encodes the BPS invariants
No(n,r) pertaining to the threefolds Y} as shown in (3.22). In the remainder of this section
we will prove this assertion at level n = 1. To this end we interpret the expression (3.13)
for the elliptic genus as a statement about the decomposition of the moduli spaces of curve
classes C = CY 4+ nE, + C’i into various components. For the special case where n = 1 this
will allow us to deduce that the multiplicities N, éo (n =1,r) are indeed BPS invariants on
Y4. Extrapolating this observation to all n then leads to (3.22).

To arrive at this picture, we first define the following generating functions associated
with the non-derivative contributions to the elliptic genus (3.13):

Foo(r,2) = _ngl,m = ZNgO(n,r)q"g", (3.24)
Feo(r.2) = —qZ% ,, =3 Neo(n,r)q"¢" . (3.25)

13This natural expectation is the direct analogue of the existence of a K3/T*-fibration for Calabi-Yau
threefolds according to Ooguiso’s criteria [108]. Consistently, note that since Y is defined as the restriction
of Y4 to p*(C?), where C* is the curve dual to C; on Bz, the intersection product yields C; o Y5 = 1, in
agreement with the fibration structure (3.23).
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This is analogous to (3.22), but with the important difference that, unlike the invariants
Nfo(n,r) which appear in (3.22), the invariants N3¢ (n,r) and N5 (n, r) do not correspond
to BPS invariants of some auxiliary elliptic threefolds. Expanding both sides of (3.13) order
by order in ¢ and £ then gives a relation between the BPS invariants Ng.co(n,7) in Zg.co
on the left hand side, and the invariants N2y (n, 1), N&o(n,r) and N}, (n,r) on the right.

Recall next that the quantities on the left hand side, Ng.co(n,7), are the flux depen-
dent, relative Gromov-Witten invariants, as defined in (2.1), for the curve C = C% +nkE, +
C! . According to (2.1),

NGU(I);CO (n, 7“) = /2 eV*GU(l) s (326)
where we denote by in,r the class of the moduli space of stable holomorphic maps at genus
g = 0 and with one point marked associated with C = C° + nE, + Cf. When both sides
are expanded in ¢"¢", the relation (3.13) therefore boils down to the statement that

/2 ev* Gy = (F-CY)No (n, 1) +(F-Cp)NEo(n,r)+ > (F-b-p (Ci)) 57 Neo(n,m),
(3.27)

where the extra factor of 7 in front of the N (n,r) is caused by the derivative in (3.13).

To interpret (3.27) further, we note that while for general n the moduli spaces 2,1,," are
difficult to construct, we are in a comfortable situation when n = 1 and C? is the rational
fiber of Bs: the moduli space 217,« is equal to the moduli space of stable holomorphic maps
of genus zero for the purely fibral curve C’,f, up to terms orthogonal to any transversal flux
satisfying (2.18). This follows from the identity (3.8), which in turn is a consequence of
the duality between F-theory and the heterotic string. Since the moduli space for Cf is the
surface 3, given in (2.20) with base X, we know that for transversal flux

/ eV*GU(l) = / GU(I) = T(F : Er) . (328)
El,r Z’F

Plugging this into (3.27), which must hold for any element F' € H%!(Bs), yields

The point is now that, at least for n = 1, we can understand why the Néo(l, r) are
invariants of the embedded threefolds Y%: suppose first that a given threefold Y} is by
itself a Calabi-Yau space. In this case, Y; admits a fibration with fiber Y} over the curve
C; of the form (3.23), see figure 3. The invariant N}, (1,7) appearing in (3.29) can thus be
interpreted as the multiplicity of the base curve C; of this fibration as a component of the
matter curve ¥,.1* In other words

¥, = Z Nko(1,7) C; + (curve classes in the fiber of Bs). (3.30)

(2

1476 see this, note that Néo(l, r) is the multiplicity of the component ﬁb -p*(C;) = Cs + ... within X,
where we used (3.16).
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Figure 3. This figure shows the component of the matter curve X, (drawn in red) along a base
curve C;. It refers to a geometry where the fourfold Y; is fibered over C; with generic fiber Y§.
The issue is to determine the multiplicity N*(C!) of C; in the decomposition (3.30), and from the
picture we see that it coincides with the number of points on Y% over which the elliptic fiber E,
degenerates. The remaining components of ¥, in the decomposition (3.30) lie within special fibers
of the fibration p; (3.23) and are not depicted.

The multiplicity Néo(l,'r) in the above decomposition is simply given by the number of
points on Y§ over which the elliptic fiber degenerates such as to support a state of charge
r. Indeed,

Nko(1,7) = %, - p*(CY), (3.31)

where we used that p*(C?) does not intersect with fibral curves and that p*(C?) - C; = 5;-,
which follows from the fact that C* is the curve class dual to C; on By. But the intersection
of 3, with the base Bj = p*(C?) of Y} gives exactly the locus on B} where the fiber of Y}
supports the fibral curve Cf. Under the present assumption that C; are the generators of
the simplicial Mori cone, the intersection number 3, -p*(C?) is non-negative and counts the
number of points on Bj where the degeneration occurs, in codimension-two on Bj. This
identifies N/ (1,7) with the BPS invariant for the curve C! viewed as a curve inside the
threefold Y4. The same argument leading to (3.8), now applied to threefolds, shows that
this in turn agrees with the BPS invariant of the curve C° + E, 4 Cf as a curve inside Yj.
Hence we have shown that the Néo(l, r) are indeed relative BPS invariants of Y§.

These considerations continue to hold if Yé is not a Calabi-Yau space itself, as the
argument was purely intersection theoretic. Indeed, the general formalism of [109] implies
that the virtual class of the moduli space of curves C° + nE, + C! on Y} is related to
the class of the moduli space on Y; by restriction. Our elementary considerations for the
special curves above are a manifestation of this.
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While it is harder to make this explicit for general wrapping numbers n from first prin-
ciples, we can at least translate the relation (3.27) into the following geometric statement:
up to terms orthogonal to the transversal subspace of H>2 (Yy) defined in (2.18), S is
equivalent to the class of a fibration of Cf over a curve Yco n,» which is given by

1 1 1 .
Zco’n’r = ;Ngo (n, 'r) CO + ;Ngol (n, T) C%:; + Z %N&YO (n, 7’) (b . p*(CZ)) . (332)

Indeed, integrating Gyy(1y = o A 7*(F') over such a fibration would give a factor of r from
the fibral piece along with the class F, precisely as reflected in (3.27).

The crucial claim here, proven above only for n = 1, is that the integral numerical
coefficients IV, éo (n,r) are by themselves BPS invariants of the threefolds Y embedded in Yj.
This implies that the objects Z°, (7, 2) in (3.22) are modular or quasi-modular Jacobi
forms of weight w = —2, while the extra factor of r obtained by integration of Gy
explains why the Z°, (7, 2) appear with a derivative in (3.13). It would be extremely
interesting to establish a geometric proof of this interpretation of the Néo (n,r) also for
n > 1.

We have been assuming that the basis {C;} corresponds to the generators of the sim-
plicial Mori cone of By, so that they are effective and their dual curves satisfy (3.18).
However the results do not depend on this restriction. More generally, it suffices to pick a
basis of effective curves C? defining the threefold geometries Y4 as in (3.19), and to take C;
as the dual basis of 2-cycle classes on Bs. In general this may imply, first, that not all C;
are effective, and second that C*- C* may be negative. The intersection theoretic argument
why N (1,7) describes BPS invariants on Y3 does not hinge upon effectiveness of C;, how-
ever, since we can view N/, (1,7) simply as the coefficient in the expansion (3.30) in terms
of curve classes. In this more general situation, 60(1,7") may in particular be negative.
This is to be interpreted in such a way that the degeneration locus in Y% where the fiber
contains the curve C! occurs in codimension-one on Bj. Note also that if C*- C? < 0, the
curve C? is rigid and hence also Y} is rigid as a divisor in Yy, but this does not invalidate
our arguments either.

The discussion in this section was tailor-made for the special case of heterotic elliptic
genera. For non-critical strings the derivative terms in the elliptic genus encode the relative
BPS numbers of embedded threefolds sometimes constructed in a slightly different way. For
this we refer to section 6.

3.4 Elliptic holomorphic anomaly equation

So far we have focused in this section on the properties of the relative BPS invariants in

transversal flux backgrounds, which were defined via eq. (2.18). This is required for having

a four-dimensional interpretation within F-theory on Yy, and a meaningful elliptic genus in

the first place. We have seen that in general derivative contributions to the elliptic genus

appear, such as indicated in (3.13). These take the form of derivatives of Jacobi forms,

Zi_Q,m(q, ¢), which encode relative BPS invariants associated with the embedded threefolds,
5, of Yy.
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As previewed in section 1.2, this results not only in a violation of modular invari-
ance (A.1), but also of the invariance under the transformations z — z + A7 in (A.2),
which can be interpreted as spectral flow in the U(1) subsector.!> From the point of view
of the four dimensional elliptic genus, the derivative terms inflict an anomaly on these
symmetries, and turn it into a quasi-Jacobi form. However, in analogy to the treatment
of the quasi-modular form Fs, one can cancel these anomalies by trading the derivative
terms in ZGU(1)§Cb(q’ €) against non-holomorphic derivatives as in (1.12). This means that
we pass from the holomorphic, but non-modular elliptic genus ZGU<1);Cb(qv €) to the almost
holomorphic, but modular quantity ZGU(I);Cb(q,f), for which we replace the derivatives
£0¢ = 5--0. as follows (see appendix (A.1)):

1 1 I
§0¢ = — Vom = — <8Z + 47rim1211j_> . (3.33)

211 21
The resulting non-holomorphicity of ZAGU(I);cb(q, €) is characterised by the equation

A 6000 0.6) = @M Z om(0,6),  a= (3.34)
where we parametrise the elliptic genus as in (3.9) and have abbreviated g3/ Z %m(q, £+
gggMZ%\?m(q,f) =: 99Z—-2.m(q,&). This equation is a version of the elliptic holomorphic
anomaly equation which was introduced in the context of generating functions for relative
BPS invariants of elliptic fibrations in [25]. Compared to elliptic genera in six dimensions,
which are lacking a derivative contribution, we see that the appearance of such an elliptic
holomorphic anomaly equation is a genuinely new feature in four dimensions.

The elliptic holomorphic anomaly equation admits a beautiful geometric interpretation.
Recall that the right-hand side of (3.34) consists of the (quasi-)modular objects, Z_2 ,,(q, &),
that encode the relative BPS invariants of the threefolds Y3. Remarkably, as we explain
now, the same threefold invariants appear also as fourfold invariants for a suitable choice
of non-transversal background flux G_5 € H (2’_22)(Y4, R), as defined in (2.17). We will refer
to such non-transversal fluxes as “(—2)-fluxes” for brevity.'¢

In fact, it has already been observed in [76, 77] that the generating function for certain
relative genus-zero BPS invariants in a (—2)-flux background is a meromorphic (quasi-
Jmodular form of weight w = —2. Such invariants are non-vanishing even in absence of a
refinement by an extra gauge symmetry (in F-theory language). This is to be contrasted
with the relative BPS invariants for the transversal flux backgrounds that were considered
in the previous sections. The important point is that the elliptic holomorphic anomaly
equation in its form (3.34) admits a representation in terms of the generating function for
a specific type of (—2)-flux. More precisely we have

d

%ZGU(l);Cb (qaé) = ZG—2§Cb (q7§> ) (335)

150riginally spectral flow was understood [37] as a property of an N = 2 superconformal symmetry on

the worldsheet, hence the name, but in essence this notion applies to any U(1) current algebra associated
with a free compact boson. We reiterate again that it is not an automatic symmetry of the theory.

16WWe reiterate from the discussion in section 2.2 that such fluxes do not admit a lift to F-theory, but
define bona fide Type IIA /M-theory backgrounds.
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where the (—2)-flux associated with Gy(;) = o A 7*(F) is given by
G_o=7"(F)ANT"(b). (3.36)
Here b is the height pairing associated with the U(1), and, as always, we have defined

Z6_yc(0:6) = ¢ 2 EB Fg_ 0 (0,6). (3.37)

The specific form of G_5 that appears in (3.35) can be deduced from the general
considerations of [25] applied to our situation. Alternatively, we can arrive at the same
conclusion via more elementary geometric observations based on the results of section 3.3,
which are supported by our detailed analysis of examples in sections 5 and 6.

For illustration, consider the relative BPS invariants associated with a curve C? with
zero self-intersection, which figures as the fiber of some rational fibration, By C Yj,
see (2.27); recall that this is the situation where a solitonic heterotic string appears. In
this case the elliptic holomorphic anomaly equation for the elliptic genus (3.13) takes the
form

d 4 . A

%ZGU(I);CO (Q7§) = Z F-b- p (Cl) Zl—Q,m(qv 5) = Zsz;CO (q7 5) ) (338)
i

for Zg_,.c,(¢,€) as in (3.37). While the first equality follows immediately from (3.13),

the second equality is non-trivial and rests on the following geometric considerations: first

introduce a convenient basis for the space of non-transveral (—2)-fluxes in H (2;22)(}/41, R):

G' = 7"(S-) AT (p*(C)),

GP = ™ (E) A ﬂ*(p*(CF)) , (3.39)

G" = 7" (p"(C™)) A7t (p*(Cip)) -
In the notation of section 2.3, C' denotes a curve class on By with CT -T' = 1, and we have
picked a pair of dual curves C;, and C' on Bsy. The classes G¥ and G are hence dual to
the curves C% and C? in the fiber of Bz, while G is dual to the curve C* on Bs.

The important claim is that the contributions Z’, , (¢,€) to the elliptic genus (3.13)
can be computed as

Z72,m(Q7 5) = _gf(}i ((L 6) ) (340)
while the remaining two basis elements lead to the following vanishing BPS invariants,
Far(q,§) =0,  Fao(q:;§) =0. (3.41)

We will provide arguments for these assertions below. Assuming (3.40) and (3.41) for now,
we proceed by expanding (3.37), viewed as class of the (—2) flux, in the above basis as
Go=) (F-b-p"(C))G' —(F-b-E)G" + (F-b-5,)G°. (3.42)

2

Hence by linearity of the BPS invariants, together with (3.40) and (3.41), it is obvious that
26 _yic0(0:8) = 3_(F b p*(C) ZL0,(0,€) (3.43)

(2

This explains also the second equality in the elliptic holomorphic anomaly equation (3.38).
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It remains to justify (3.40) and (3.41). While we cannot give formal proofs beyond the
non-trivial checks in the examples of section 5, we provide instead some intuition why (3.40)
should hold. To this end, consider the relative BPS invariants Ngi.co(n,r) for n = 0 and
r = 0. According to our claim, these invariants should agree with the threefold invariants

Lo(n,r) for n =0 and r = 0 in the expansion (3.22) of Z', , (¢,€). Our starting point
to verify this is the definition of Ngi.co(n,7) as the overlap of the flux G* with the virtual
fundamental class of the moduli space of the curve C° in Y, with one point fixed. Since
C" is fibered over By, this class can be identified with the class of the surface obtained by
fibering C° over the canonical divisor Kpg,;'7 that is, with the class inside Y; given by

w=So ATt (p*(Kp,)). (3.44)

Here Sy is the zero-section of the fourfold Yj. This allows us to compute Ngi.co(0,0) as

Negi;c0(0,0) = /#Gi = So o 7 (p*(Kp,)) o m*(S-) o " (p"(C")) = p*(Kp,) - S— - p*(C")
=" By KBy » (3.45)

where we have used the fact that Sy is a section on Yy and S_ is a section on the P!-
fibration Bs.

The expression for Ngi.c0(0,0) in (3.45), in fact, can be seen to exactly agree with
the invariants N}, (n,r) for n = r = 0. To see this, suppose first that the curve C is a
rational curve with C*-p, C* = 0. According to the discussion in section 3.3, in this case the
threefold Y4 is a Calabi-Yau space which is K3-fibered over C?. The invariant Néo (n,r)
for n = r = 0 is then simply the BPS invariant for C° within the Calabi-Yau threefold Yj,
and hence Néo (n,r) = —2. This is because within Y%, C? is fibered over the rational base
curve C* and the (signed) Euler character of its moduli space is the integral [, Kqi. By
the adjunction formula

/Ci (KC’i - Cz) =C ‘B, KB, (3'46)

we see that [, Kci agrees with C? -, Kp, for the rational curve C* with C?- C? = 0.

More generally, even if Y} is not Calabi-Yau, N}, (0,0) = C*- g, K g, nonetheless holds.
As noted already before, this reflects the fact that, by the results of [109], the virtual class
for the moduli space of the curve C° on Y} is related to the class of its moduli space on
Y4 by restriction.

In the examples of sections 5 and 6, we will indeed observe a precise match between
the Ngi.co(n,r) and the invariants N/ (n,r) for zero, but also for non-zero, values of n
and r. Beyond such explicit examples it is much harder to make a direct argument for
general values, based on the moduli space of curves. At any rate, we will explain the
analogue of (3.45) for the elliptic genera also for other types than heterotic strings in four
dimensions. Furthermore, it is clear that Ngo,c0(0,0) = 0 and Ngz.c0(0,0) = 0, because

To understand this claim in physics terms, recall, for instance, how in F-theory on elliptic fourfolds one
computes the BPS invariants for the rational fibers of the exceptional divisors appearing in codimension-
one: these are obtained by integrating the flux over the restriction of the rational fiber to the canonical
class, Kp. Here D is the divisor over which the rational curve is fibered. See for example eq. (9.43) in [97].
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the overlaps in (3.45) vanish geometrically. The vanishing of the invariants at all levels, as
claimed by (3.41), will be explicitly verified for the examples further below.

4 Elliptic genera, anomalies and modularity

The observation of the previous sections was that the four-dimensional elliptic genus need
not be modular or quasi-modular in the usual sense. Once applied to heterotic strings,
this raises the question how this phenomenon is compatible with the structure of anomaly
cancellation. In this section we first review the well-known interplay [26, 27] of the elliptic
genus of the heterotic string with the structure of 1-loop anomalies and their cancella-
tion by the Green-Schwarz mechanism. We then explain how four-dimensional anomaly
cancellation works even when the elliptic genus is not modular but rather has a deriva-
tive component, and also discuss the situation when it is quasi-modular rather than fully
modular.

In d = 2n + 2 dimensions, the 1-loop gauge and gravitational anomalies are character-
ized by the anomaly polynomial

]M, (4.1)

Iipo =) ng(R);(R)
R,s
where we sum over all massless particle species of multiplicity ns(R) in representation R
of the gauge group and with spin s. The (d + 2)-form I3(R)|412 is formed by products
of the gauge field strength F' and the curvature 2-form R. For example, a complex chiral
Weyl fermion contributes to (4.1) with

I 5(R) = trr " A(T), (4.2)

where A(T) is the A-roof genus.
In the following we will focus on the gauge anomalies associated with a single U(1)
gauge group and define

a+2
2

Iyovay = A9 F (4.3)

Based on the above expressions, the anomaly coefficients A(® in d = 6 and d = 4 dimensions
are given by:

1 1
A(G) - @ Z n1/2(7a> T4 - E Z nhalf—hyper(r) 7’4 ) (44)

AW = ?}'XT: (721/2(7“) - n_1/2(7“)) rd = ;Z:Xr re. (4.5)

Here we sum over the Weyl fermions of U(1) charge r. In d = 6 dimensions, if we consider
a theory with minimal N = (1,0) supersymmetry, the number of charged Weyl fermions
agrees with the number of half-hypermultiplets of corresponding charge. In d = 4 dimen-
sions, the anomaly coefficient involves the chiral index x., i.e., the number of chiral minus
anti-chiral Weyl fermions of charge r.
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4.1 Modular elliptic genera

We will first review anomaly cancellation in the more familiar case of a modular invari-
ant heterotic string elliptic genus. In the present context, this primarily concerns flux
compactifications that are dual to perturbative heterotic strings.

Let us recall that the U(1)-refined elliptic genus Z_,, (¢, 2) of a perturbative, d =
2n + 2 dimensional heterotic string is expected to be a weak Jacobi form [33] of modular
weight w = —n and some index m (in this work, n = 1,2 will be relevant). As we have
seen, this is not necessarily true in d = 4 and so the statements that follow will eventually
be adapted to the more general situation. Let us however for the moment assume that
Z_nm(q, z) is a weak Jacobi form, and turn later to the required modifications. See also
the remarks in the Introduction and the defining modular transformation properties of
Jacobi forms given in (A.1) and (A.2).

From a weak Jacobi form one can always strip off the quasi-modular Eisenstein series
FE> by writing

28 (0,8 = B2 (q,2), where € =¥ = ¢, (4.6)
so that the remainder,
>(d 2 sn(mo — 2
7€) g, 2) = 2" DN My )y (g)8%, (4.7)
k>0

is modular invariant term by term. It involves meromorphic modular forms My; of weight
20 which lie in the ring generated by F,; and Eg, divided by 1/7%%. The idea of how this
modular structure implies the Green-Schwarz anomaly cancellation goes back to [26, 27]
and rests on two properties of the elliptic genus:

n—+2

1) The anomaly coefficient (4.4) is the coefficient of 2 of the elliptic genus at ¢°.

More precisely:

1 1
(d _ _ 2 [g9nt2,(d) 2
1

= —% [Mg(q) + %EQM()((]) =+ 5(%E2)2M_2(q) + ...

qO
Key is the observation that due to well-known properties of modular forms, Ms(g) cannot
have a constant piece and therefore does not contribute. Thus all contributing terms
must involve Fy’s from the exponential, which brings down powers of 22 ~ Tr F? (recall
that F' = 2J, where J is the charge generator). This is tantamount to saying that the
anomaly polynomial must necessarily factorize. This in turn implies that the anomaly can
be cancelled; that is, in familiar terms: Io, 14(F) ~ TrF? A Xo, (F).

2) The Green-Schwarz anomaly cancelling term is given by Sgg ~ [ B A Xon(F), and
its numerical coefficient,

AL = Xon(F)| .0 (4.9)

is computed as a one-loop amplitude in the heterotic string [30, 31]. The integrand is given
by the modular invariant coefficient of 2™ in the elliptic genus. More precisely, what enters
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is the modified, almost holomorphic elliptic genus, ZA_mm (¢, 2), for which all occurrences of

E»’s are replaced by their modular invariant, but non-holomorphic version, Ey=Fy— -3

wlmT*
Explicitly:
@ _ Lron 1 5 (d) 5
AG’S_ n! [az 167 /}_TdTZn,m(% Z)}éo
——1/d {M()erEM (@) + } (4.10)
~ " 16n fTT o\q 1972 —2(q .
114 1m 42
_ﬂ |:E2M[)(Q) + iﬁEQ M—Q(Q) +.. .}qo s
where the integration over the worldsheet F; is performed via the formula [31]
arEala) M ak(a) = = Fala)** M an(a) (11)
- 2(q —QkQ—3k+12q —2k{q)]40 - .
Therefore one finds
mAY) = 4@ (4.12)

which expresses that the Green-Schwarz term precisely cancels the anomaly. The extra
factor of m arises from the Chern-Simons term to which the other leg of the B-field couples,
as we will show later.

We can be more explicit if we specify the dimension. In d = 6, the scarcity of indepen-
dent modular forms, plus the requirement that the left-moving ground state be uncharged,
implies that the elliptic genus up to order 2% is fixed up to one model dependent parameter
besides m, which we denote by c:

22 22 2
79),.(a.2) = 7]12461"5’5252 [2B1Bs — = (283 +c (B} - E})) + <"1LZ> E}Es +O(:9)].
(4.13)
This then leads to
A = mAB) = —6(1+ c)m?. (4.14)

For reference, examples of elliptic genera that we will meet again further below are given by

6 1 nj
ZS%,m(Q? z) = 12 Z ﬁE&u’fEﬁ,u’; , M= :U’]f + :U’IZC ) an =24, (415)
k k

where Eym = Euwm(g,2) are the Eisenstein-Jacobi forms!'® defined in appendix A. This
bilinear form of elliptic genera naturally appears in perturbative heterotic strings compact-
ified on K3, with bundles switched on such as to leave a single U(1) unbroken. In this case
c is fixed such that

A® = mAfL = —fo« b2 = (1uh)?). (4.16)
k

18Strictly speaking we use for higher levels m here and in the following the integral expansions (A.32)—
(A.34). However their parametric ambiguities do not project down to order 3% and therefore do not
contribute to the anomaly.
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Analogous statements apply to perturbative heterotic strings in d = 4. Given the
various constraints, we find for the modular part of the elliptic genus:

R 1 R L mps R
Z(—41),’r]\f(‘17 2= n? ( ) b-1,2(q, )(I)12m 2(q,2) ~ seta P2 [1 - 0(24)] ) (4.17)

up to an overall numerical factor c¢. The actual elliptic genus is then obtained by multiplying
this with g as in (3.9), which depends on the four-form flux that needs to be switched
on. The two overall factors fix the elliptic genus up to order 22 and we thus have

AW = mA(Ci% = —ing. (4.18)

A four-dimensional analog of (4.15) in terms of natural building blocks of the heterotic
string can be written as

Z(_41),7¢]\n/[(Q7 2) = 112 7724 [,u (0:E4 m)EG p2 2E4,u1 (aéEﬁ,,uz)] ;o m=p1+pe,  (4.19)
which by virtue of the relations (A.37) is a Jacobi form proportional to ¢_12(q, 2) and
thus a special case of (4.17). Including the flux dependent pre-factor, it leads to A4 =
mA(GBg —gMm. Obviously, if several such terms appear, they can simply be summed over.

The structure of derivatives as exhibited in (4.19) points to a deeper role derivatives
play for four-dimensional elliptic genera. One can view (4.19) as a special linear combina-
tion that happens to be modular, while the other natural combination is precisely of the
form of the non-modular, derivative piece of the elliptic genus:

00, . 1 .
2972 (q,2) = 102 B (0,2))

= 0:2'),.(0.2). (4.20)

Of course, in the physical partition function one needs to equip this with an additional
flux-dependent prefactor, which we denote by ¢™-?
(4),0

This leads us to discuss the derivative elliptic genera Z"7’, (g, 2) more generally, and
in particular to the question how anomalies can be cancelled in view of the fact that
the Z° ( 1) 'm(4, 2) are not modular invariant, while modular invariance was instrumental in
proving anomaly cancellation in the first place.

Note, however, that because of the derivative relationships between the elliptic genus
and the anomaly polynomial (4.8) on the one hand, and the anomaly cancelling term (4.10)
on the other, it follows that the factorization of the anomaly in 4d is inherited from the

(4),0

six-dimensional one, even though the 4d elliptic genus ZfLm(q, Z) does not transform as a
Jacobi form. Neverthless, as already noticed in [6], it has good quasi-modular properties
at any given fixed order in the Z-expansion so that a well-defined modular integration, as
required in (4.10), can be performed.

More precisely, for a four-dimensional elliptic genus of the derivative form (4.20), ex-

pressions (4.8) and (4.10) evaluate to

1
4O = gt Z<3m<q, £)| oo = 44© = 4m AT, (4.21)
409 :_32 [ r2,(0.9)].0 = 2483 (4.22)
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We can understand the relative factor of 4 between A®)? and A® diagrammatically, in
that it corresponds to the 4 choices of one of the 4 external legs to be given a VEV in the
transition from the quartic six-dimensional anomaly to the cubic four-dimensional anomaly.
Similarly the factor of 2 relating Ag%a and A®) originates in the choice of two external
legs in the six-dimensional Green-Schwarz terms, as compared to the single external leg in
its four-dimensional analogue.

The mismatch by a factor of two in the derivative sector,
4),0
AW /(malS?) = 2, (4.23)

indicates that the anomaly is not cancelled by the standard Green-Schwarz term involv-
ing the universal B-field. Rather, as we will argue later in section 4.3, the hidden six-
dimensional geometry of the derivative sector will always correlate with the correct number
of additional B-fields and their couplings, such that in the end all such anomalies will be
cancelled.

Before discussing this point, however, we turn to the other subsector of the d = 4
elliptic genus, namely the one for which the elliptic genus is quasi-modular rather than
modular.

4.2 Quasi-modular elliptic genera

We have indicated before that for certain fluxes “non-perturbative” elliptic genera can arise
(d)

that are only quasi-modular, which means that 5 pieces can appear in Z_mm(q, Z) even af-
ter stripping off the exponential prefactor as in (4.6). For these fluxes the arguments about
factorization of the anomaly polynomial do not hold. Moreover the one-loop computation
of the standard Green-Schwarz term that involves the universal B-field will in general not
be applicable, as it can possibly capture only the perturbative piece of the anomaly, and
so further Green-Schwarz terms that involve extra B-fields will necessarily come into play.

Let us be more specific and consider first six-dimensional theories for which the non-

perturbative, quasi-modular piece of the heterotic elliptic genus has the form:

M 5 1 E N\ 7E A
Zf?g,m(% z2) = EEZ(Q)Z—Q,ml(q’ 2)ZZ0 my (4, 2) m=my+my. (4.24)
It arises whenever the curve C? associated with the heterotic string splits into to two
curves C%, each associated to an E-string. In this case, the U(1) indices m; and mg are

determined geometrically as
1 1
my = 5b- CL, mp= b c%. (4.25)

This is precisely what is reflected by the two factors Z¥, each of which can be associated
to the partition function of a non-critical E-string [39]. In fact, its form (up to order £°)
is completely fixed by the decomposition (4.6) and by requiring that the ground state is
uncharged (no 2-dependence of the 1/q term):

. 1 mp s m 1/m 5\? 1/m 5\ .
28 m(0.2) = e | Bale) — 5 Ee + 5 (1222> Ef =5 (mzz) E\E + O(zg)] .
(4.26)
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As a consequence we can compute the anomaly (4.8) and the putative Green-Schwarz
term (4.10) in closed form:

A6).0M _ _i(mlz +ms?), (4.27)
1

Note that the anomaly nicely separates into independent pieces related to the two individual
E-strings, and in particular that cross terms of the form (824_'“me1 )(ngZf,m), k=1,2,3,
vanish. This fits the Horava-Witten picture where the gauge symmetry is localized on two
end-of-the-world branes.

More importantly, note that the putative Green-Schwarz term (4.28) does not cancel
the anomaly (4.27). Rather, this anomaly is supposedly cancelled by the Chern-Simons
terms localized on the heterotic M5-branes that are necessarily present in this situation.
Clearly this is a non-perturbative sector of the theory that cannot be captured by any
perturbative calculation of the Green-Schwarz term, so that this is entirely as expected.

We now turn to the four-dimensional version of the story. From general properties
(such as having no charged ground state) we can infer a priori that the quasi-modular
piece of the elliptic genus and must be of the highly restricted form

ng\,/[m(cbg) = ¢ 120-2.1F2 Pom_3[Es, Bo, o1, d—21] = 2°m T3 2 {1+O(24)} , (4.29)

up to an overall numerical factor, c. Again we should here keep in mind that for the actual
elliptic genus, this expression needs to be multiplied with a flux factor, @M.

The overall factor of 23 arises from the Jacobi forms of negative weight. An immediate
consequence of this is that the naive, perturbative Green-Schwarz term vanishes identically,
because according to (4.10) it is determined by a single derivative with respect to 2. On
the other hand, the cubic anomaly will in general be non-zero:

A®QM _ 7%m goM (4.30)
ABLOM _ ¢ (4.31)

This shows even more clearly than in six dimensions that the quasi-modular part of the
anomaly must be cancelled by other, non-perturbative contributions.

In a spirit similar to eq. (4.19) for fully modular elliptic genera, we can write Z?{w m
in a suggestive form which naturally makes contact to the underlying heterotic/E-string
geometry:

4),0M, 4 1 1 1 1
285008 = g OB By = =P, (0:Fama)| - (432
where m = mj + my. This being proportional to ¢_12¢_21 (as per (A.37)) is a special
case of (4.29) and leads to
AD),QM _ (ma — m1)g®M . (4.33)

Recall that the m; are determined in terms of intersection numbers of the E-string geometry
as shown in (4.25), which we will derive in the next section.
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By considering the other natural combination of the derivatives, we can capture the
quasi-modular, derivative sector as well:

11

,0, s 2
290 @2) = 0:253% 0 2) = 5B 0 (Bim Buns) . m= o,
(4.34)
Here we get
AWBRM — (1 2 4 )2) QM (4.35)

2,QM

1
mA(GZ%’B’QM = _E(ml +ms9)“g

The quadratic dependence on the indices reflects the six-dimensional origin of the derivative
sector. Again, the naive perturbative Green-Schwarz term, A(Géa QM , does not cancel the

anomaly.

4.3 Effective field theory and anomaly cancellation from flux geometry

We now match the Green-Schwarz (GS) terms, as computed from the elliptic genus of F-
theory compactifications, with the anomaly cancelling terms that arise in the effective field
theory from geometry, The point is to understand how the different modular properties of
the various contributions to the elliptic genus reflect the different geometrical origins of the
anomaly cancelling terms.

For four-dimensional perturbative heterotic string compactifications on smooth Calabi-
Yau spaces with general abelian gauge groups, the Green-Schwarz terms have been analyzed
in [85] and extended to non-perturbative models with heterotic 5-branes in [110]. The
perturbative GS mechanism does not only involve the universal heterotic 2-form field BY,
but in general also the 2-form fields dual to the axionic scalars that are obtained from B° by
dimensional reduction. In the presence of heterotic 5-branes, additional counterterms are
induced by the self-dual tensor fields coupling to the 5-branes (see [111-113] for their M-
theory origin). This feature is present already in compactifications to six dimensions [114].

In this sub-section we will analyze the field theoretical realization of these Green-
Schwarz terms in terms of the elliptic genera discussed in previous section. Our main
results can be summarised as follows. Let us first recall how we have determined, in
section 4.1, the 1-loop anomaly coefficients (4.8) in six and four dimensions, via the elliptic
genus of the heterotic string. In general, the anomaly coefficients decompose according to
the modular and the quasi-modular contributions to the elliptic genus:

AD = ADM 4 f(d).QM (4.36)
and we have established, for the modular contributions, that
AOM — oy AGM - JOM — py (AULM 9 g0 (4.37)
(d)

Here the 1-loop Green-Schwarz term, AGS’M is computed from the modular part of the
elliptic genus, and in four dimensions we have indicated that there can be an additional

derivative part (recall in particular eq. (4.23)). We will find, as expected, that these
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“modular” Green-Schwarz terms perfectly match the perturbative Green-Schwarz terms in
the effective action that involve the universal heterotic B-field and, in four dimensions, also
the dual axions which relate to the derivative part. Moreover, a possible deficit between
this perturbative Green-Schwarz mechanism and the total anomaly will be attributed to
the quasi-modular part of the anomaly, A@-QM  This deficit needs to be cancelled via non-
perturbative Green-Schwarz terms involving the 5-brane tensor fields as discussed in [110,
114].

Now let us go into the details. In order to avoid the complication of finding heterotic
duals [115-118] for F-theory models with abelian gauge groups, we will first perform the
computation in the Type IIB/F-theory duality frame. In this way we will arrive at an
intersection theoretic interpretation of the Green-Schwarz terms that we computed from
the elliptic genus in the previous sections. The form of the Green-Schwarz mechanism in
this duality frame has been derived in detail in the literature, beginning with [119] and
substantially extended in [120-126]. We can hence be brief and focus on comparing the
results of the elliptic genus to the anomaly of the effective action.

In F-theory compactified to d dimensions, the Green-Schwarz counterterms are encoded
in the Chern-Simons-type couplings of the Ramond-Ramond 4-form C, to the 7-branes,

27 P =
Scs_7=—— CyNtre\/A(R). (4.38)
2 Jrud-1xp,
Here we are assuming that a stack of 7-branes wraps a divisor D4 on the internal space
and carries a gauge group G4. Our conventions for the normalization of the action follows
the discussion in [126]. To avoid clutter of notation, we will right away specialise to the
situation where the gauge group is given by G = U(1), with field strength F. In this case,
the divisor Dy is to be identified with the height-pairing b defined in (2.13) on the internal
space. We will furthermore focus purely on gauge anomalies, neglecting gravitational ones.
The relevant part of the Cherns Simons couplings then reads
Scs_7 = —%T S Cy A % (FAF)+... (4.39)
We will first discuss the implications of this Chern-Simons coupling in comparison with the
elliptic genus of the dual heterotic string for compactifications to six dimensions. Most of
this material is well known.

4.3.1 GS mechanism in six dimensions in relation to (quasi-)modularity

The compactification space of a Type IIB/F-theory in six dimensions is given by the base,
Bs, of an elliptic Calabi-Yau threefold, Y3. Let us fix a basis for its (co-)homology,

wo € H*(By), w® € Ho(By), (4.40)

with intersection form
Qup = / Wa N\ W =: Wq - W3 . (4.41)
Ba
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The intersection form on Hy(Bs) is determined by the inverse matrix, Q*. In terms of
the basis of H?(Bs) we expand the Ramond-Ramond 4-form field as

Cy= B Aw,. (4.42)

Note that a D3-brane wrapping some curve C! = CLw® gives rise to a string that couples
locally to the combination
Bl =cl B>, (4.43)

By dimensional reduction of the 7-brane Chern-Simons couplings (4.39), we obtain the
following Green-Schwarz interactions:

2 1

Sas = — 20, | BUAFAF, fo==] bAw,, (4.44)
2 R1,5 2 /B,

where b is the height-pairing associated to the U(1) gauge group. By standard arguments

these couplings lead to a gauge variation of the effective action which is encoded in an

anomaly eight-form, I.g = .Agif) F*. This then cancels the 1-loop anomaly via:

A®) = _ 46 (4.45)

This tree-level contribution from the exchange of the various B-fields from the effective
action is given by

1
Al = 5622765 (4.46)

We will now separate the different contributions to Agff) as based on their respective
geometric origin (and later, modularity properties). For this we consider a simplified
but prototypical situation that captures all relevant contributions. Following the general
philosophy of section 2.3, we specialise to an F-theory base By which is by itself a P!
fibration. While every F-theory base with a standard heterotic dual is a blow-up of a
rational fibration, the simplification we are going to make is to consider only a single
blowup over a point on the base of this fibration; this of course is easily generalised to an
arbitrary sequence of blowups. This means that we consider the blowup of a Hirzebruch
surface, which we denote by By = BI'F,,. For this the homology group of curves is spanned
by the classes of the generic fiber f, the exceptional section S_ = h and an exceptional
curve C%. A consequence of the blowup is that the generic fiber splits over a point into
two effective curves:

f=CL+C:=(f-C%)+C%. (4.47)

The non-zero intersection numbers between f, h, and C]%J are:
f-h=1, h-h=-n, C%.0%=-1. (4.48)

As will become clear momentarily, a convenient choice of basis for Ha(Bs2), which is
adapted to the duality with the heterotic string, is given by

{w*} ={C°,C°,c"y, (4.49)
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where
C’=f, C=nf+2n-Ch, CP=Cp-Ch=f-2C%. (4.50)

The intersection form for this basis is

02 0
Q¥ =(2-10|. (4.51)
00 —4

To understand the significance of this basis, note first that the dual basis of H?(B3)
is given by {wa} = {Qupw’} with Q.05 = §). It reads explicitly:
L o 50 ~ L o 1 g
wo = —(C"4+2C"), @y = =C", wg =——C". (4.52)
4 2 4
The point is now that a D3-brane wrapping the curve class C° with C° - C% = 0 gives
rise to a heterotic string, which can become asymptotically tensionless if the volume of
C° shrinks to zero size. Moreover this curve class can split further into effective classes
as CY = C}; + C%, and a D3-brane wrapping the two classes gives rise to two non-critical
E-strings, respectively. If we correspondingly expand the RR 4-form in the dual divisor
classes given in (4.52),

C4:BO/\w0—|—BO/\(Z)0+BE/\wE, (4.53)

it follows from the intersection form (4.51) that the 2-form field BY couples only to the
heterotic string, and is hence identified with the universal perturbative heterotic B-field.

On the other hand, the 2-form field B¥ maps to the anti-self-dual tensor field associated
with a heterotic 5-brane that is located at the point on the base of the Hirzebruch surface
over which the blowup has been performed. Indeed, we will see that this tensor field couples
to the linear combination of E-strings from C¥ = CL — C% in the right way to be identified
with the tensor field on the heterotic 5-brane. While B is anti-self-dual, the perturbative
universal B-field B is neither self-dual nor anti-self-dual but can rather be written as a
sum of a self-dual and anti-self-dual tensor field. The field B? is related to the field dual
to BY. More precisely, if we were to consider just the Hirzebruch surface By = F,, without
a blowup, the dual heterotic string compactification would be purely perturbative. The
analogue of C° on F,, would then be C’gert = nf + 2h with C’gert . C’gert = 0, and the
associated field Bgert is the dual of BY. Tt is this property that has motivated the choice
of basis (4.50).

In terms of the decomposition (4.53), we can now read off the Green-Schwarz couplings
defined in (4.44) as follows:

1 ~0
~ 1. 1 _1
Go—iwo-b—élc b—zm, (4.55)
1 1

-39 —



Figure 4. Contributions to the Green-Schwarz mechanism of a six-dimensional F-theory compact-
ification on By = BI'F,,. Only the leftmost contribution is perturbative from the perspective of the
dual heterotic string, and matches the fully modular contribution from the elliptic genus.

Here we have defined
1 1 1
m:ic‘).b, mlzic%-b, mzzﬁc%-b, (4.57)

with m = mq1 + mao.
As shown in figure 4, the couplings 6, give rise to the following tree-level contributions
to the anomaly coeffcient (4.46):

1
Al = 5000705 = Ago_po + Ago_o + Apz_ps | (4.58)
where

~ 1 19

ABO—BO = —290 90 = —m Zm + ZC . b s (459)
1~ ~ 1/1 \?

ABO—BO = 500 0= 5 (2m) s (460)

1/1 2
.ABE_BE = 29E HE = 5 §(m1 — mg) . (4.61)

On the other hand, recall from the previous section that the anomaly (4.8) as encoded
in the elliptic genus can be written as a sum of two pieces

A©) — AOM | 46)QM (4.62)

which are associated with the modular and the quasi-modular parts of the elliptic genus,
respectively. The quasi-modular part of the six-dimensional anomaly has been computed
in full generality in (4.27), and is cancelled by the sum Apzo_pzo0 + Age_pge. This then
provides the following match between couplings of the effective action and the modular
and quasi-modular parts of the elliptic genus:

Apo_po = —AOM, (4.63)
Apo_po + Age_pe = —AOCM (4.64)

Moreover, from (4.12) we recall that
AGOM — gy AR (4.65)

By comparison with the above expression for A 5o _ 50, this then identifies the field theoretic
coupling 6y with the modular contribution to the Green-Schwarz term,

11
ALM — g, = gm0 b, (4.66)
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In turn, these identifications also allow to link the “quasi-modular” pieces of the
anomaly, AG)QM 14 the presence of non-perturbative heterotic 5-branes [114] as follows:
the Green-Schwarz term 6y is, up to overall normalization, the Green-Schwarz term of the
perturbative heterotic B-field, as obtained by standard dimensional reduction of the per-
turbative 10-dimensional Green-Schwarz terms. The analogue of this term is present also
in heterotic backgrounds without heterotic 5-branes, and consequently is determined by
the purely modular piece of the elliptic genus.

By contrast, the anomaly cancelling contributions A 50 50+.Age_ge are non-perturba-
tive from the heterotic point of view: the first term, Apzo_ 0, arises from the exchange of
the dual of the heterotic B-field, B. This coupling is absent in the perturbative cousin
of this geometry where there is no blowup and the base Bs is given by the Hirzebruch

ort C’gert = 0 and hence the coupling

surface, IF,,. As noted above, in this case we have C‘g
of Bgert to itself in (4.58) vanishes. Thus the origin of such a term must be attributed to
non-perturbative heterotic 5-branes in the dual heterotic picture, as explained in [114].

Similarly, the second term, Agr_pgr, must originate from couplings that involve the
extra anti-symmetric tensor field B living in the worldvolume of the 5-brane. The form
of these anomalies likewise matches the results in [114].

In summary, eq. (4.64) shows that the two non-perturbative contributions to the
anomaly are beautifully matched by the quasi-modular part of the anomaly, precisely as
encoded in the elliptic genus. On the other hand, the corresponding Green-Schwarz terms,
0y and 0, are not reproduced by A(C?;’QM from the elliptic genus, as the latter is a one-loop
quantity that is agnostic about the non-perturbative sector. Only the perturbative, mod-
ular contribution A(C%’M of the elliptic genus matches, as per (4.66), the Green-Schwarz
term 6y in the effective action.

4.3.2 GS mechanism in four dimensions versus modularity and derivative
terms

After this preparation, we now turn to the Green-Schwarz mechanism in four dimensions.
The new ingredient, in line with the main theme of this paper, will be the derivative sector
of the elliptic genus. As we will see, it encodes the Green-Schwarz mechanism associated
with extra, non-universal 2-form fields B* which arise from the perturbative B-field in ten
dimensions by dimensional reduction.

In four dimensions, we reduce the Ramond-Ramond four-form field, Cy4, into 2-form
fields B* and their dual, zero-form axions ¢, by expanding

J— (07 «
- (0% (0% . .
Cy =B Nwy + cqw (4.67)

Here {w,} is a basis of HY!(B) and {w®} the dual basis of H%?(Bs), which are defined
such that

(67

/ Wa NP =t we -wP =68, (4.68)
B3

Plugging this expansion into the 7-brane action (4.39), we can read off the Green-Schwarz
terms involving the 2-form fields B* and the Chern-Simons terms involving their dual
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axions ¢, as follows:

Scs-7 = Sas + Scs (4.69)
2
Sas = _?ﬂ—ea RL.:3 B A F, O =b-F - wqy, (4'70)
2 1
SCS = —gma ngcaF/\F’ ma = §bwa (471)

The tree-level exchange of the B- and c-fields then gives rise to a gauge variation of the
effective action, with anomaly six-form given by Il.g = A,(;f)F 3. where

AW = —ma, . (4.72)
This precisely cancels the field theoretic 1-loop anomaly A®) as normalised in (4.4):
AW = 4@ (4.73)

As in the six-dimensional setting, we now specialize to a prototypical example that
captures all variants of anomaly cancellation. For this we consider a fourfold base, By C Yy,
which is by itself a P'-fibration over some base space By, and for simplicity of presentation
we assume here again that there is only one blow-up divisor, E. We refer to section 2.3
for our notation for this type of geometries. A basis of Hy(Bj3) that is convenient for
comparison with the dual heterotic geometry is given by

{w ={ =0, WwF.=CL-0C%, wii= S, pt(CH}, (4.74)

where {C?} is a basis of divisor classes on By. A D3-brane along the rational fiber C° of
Bs, or along the exceptional curves 01’2, gives rise to a heterotic string or two copies of E-
strings, respectively. The 2-form fields coupling to these strings are obtained by expanding
C, with respect to the basis of dual divisors:

1 1
{wa} ={wo =5 - §E7 WE = §E, wi :==p*(Cy)}. (4.75)

Here, S_ is the exceptional section of the P!-fibration, E is the blowup divisor, and {C;}
is a basis of H11(By) related to {C*} via

C'p, Cj =10 (4.76)
The corresponding expansion
1 1 -
Cy=BYAws=BA (S_ - 2E> + BE A <2E) + B Ap*(Ch) + ... (4.77)

then defines the various 2-form fields that are relevant for us. First, the field B maps
to the perturbative heterotic B-field in four dimensions. Furthermore B represents the
2-form field in four dimensions which lives on the worldvolume of the spacetime-filling
heterotic 5-brane, which is the geometry that is dual to the blowup on the F-theory side.
Finally, the 2-form fields B? correspond to the 2-forms obtained on the heterotic side by
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expanding the ten-dimensional magnetic dual six-form, Bg, on 4-forms p*(C;), which are
the pullbacks of the 2-form divisor classes on Bs.

In the basis (4.75), the coefficient of the anomaly (4.72) induced by the Green-Schwarz
terms then reads:

Al = - (F b (5 - ;E)> m— (F b ;E> (my —my) — (F - b-p*(C;)) m® (4.78)

where
1 0
1
my —my = S(b- (Cr—C%)), (4.79)

m® = (b5, ().

Now our task is to compare .A,(;f) with the various modular/quasi-modular/non-modular
components of the anomaly A®, as encoded in the decomposition (3.13) of the elliptic
genus. For this we rewrite the latter in terms of a new basis (signified by a tilde) that
is adapted to (4.78). This geometrically motivated basis is however not well aligned with
modularity, and thus will generically mix the various components of the elliptic genus.
Concretely, in our specific prototypical example, and also in all other examples studied in
this work, we find that the elliptic genus can be equivalently written as

~0 7 ~E 7 i ( i 1 i
Zgco =7’ Zgl,m +g¥ Zﬂ,m + ZQ (Zl,m + 2mfa§Z2,m> ; (4.80)
with the following flux-dependent coefficients:
~0 1 ~F 1 ~ *
g=(F-b(5S-=3E)), g§"=(F-b-5E), §=(F-b-p(C)). (481)

Here, ZQLm is a modular Jacobi form of weight —1 and index m which is necessarily of
the form (4.17), while the remaining contributions mix both modular and quasi-modular
pieces. Following our previous notation, we can thus write:
Z)m = 2
25, = 250+ 255 (4.82)

71 _ i,M ~1,Q M
Z*,m - Z*,m +Z*,m .

After these preparations we can now easily compare the various terms of .Agf%f) in (4.78) with
the coefficients (4.80) of the elliptic genus, Zg o, by filtering the individual ijm through
the formula (4.8). This leads to the following decomposition of the total anomaly:

AW _. goAszm n ?]EAZE},m 4 Zﬁi(AZil,m +Azi, ). (4.83)
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Imposing Agclg = —A® we can thus identify'?

goAzo_l = (F-b- <S_ - ;E)> m, (4.84)
1
Az = (F-b- 2E> (m1 — ms) | (4.85)
g4z, 4G Az, = (F-bpr(Cmt (4.86)

This generic match between geometric, flux dependent quantities pertaining to the effective
action on the one hand, and the various contributions to the elliptic genus on the other, is a
central point of the present paper. While we have worked it out here for a prototypical sit-
uation which is dual to a heterotic string, it applies also to much more general geometries.
However it is difficult to refine these statements without specifying more data explicitly,
and this is why we will present in section 5 some detailed computations for explicit exam-
ples. Most importantly, we will see directly how the derivative part of the elliptic genus,
encoded in the Z©
four-dimensional 2-form fields B’.

2.m» relates to the Green-Schwarz mechanism involving the additional

Before concluding this section, let us present some further remarks about the Green-
Schwarz terms, which are determined by the 1-loop computation shown in eq. (4.10). Like
the anomaly (4.83), also the Green-Schwarz terms receive contributions from both the
modular and the quasi-modular parts of the elliptic genus:

4 QM
Ay = A+ A,

By (4.12), the Green-Schwarz terms computed from the purely modular contributions are
guaranteed to match the field theoretic Green-Schwarz terms, which are perturbative in the
sense that they are independent of the heterotic 5-branes. Indeed, in the present context,
where Zg o is written in the special basis (4.80), anomaly cancellation in the perturbative
sector takes the form:

—1 ,m —2m

From the perspective of the dual heterotic string, this equation comprises the complete
perturbative part of the anomaly cancellation mechanism, involving the universal B-field
BY in the first term and the additional four-dimensional 2-form fields B?, which are obtained
by dimensional reduction of the ten dimensional six-form field, Bg.

Note the factor of 2 in the last expression, which reflects the relation (4.22) for the
derivative part of the elliptic genus. Note also that in (4.87) we did not write any modular
contributions from Zﬂ%, because they must vanish anyway:

Agen =0,  AZ2. =0. (4.88)

Zflxm —1,m

9Note that one can write the flux-dependent triple-intersections on Bs directly on Y3 by exploiting the
identity —fy4GAUA7r*D:F.b.D for G = o AT*F.
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This is because a fully modular contribution will always produce both the anomaly and
its acompanying Green-Schwarz term at the same time, but the latter cannot arise in
perturbation theory from the elliptic genus, since it is localized on the brane and thus
cannot be captured by the bulk theory. We will find this general expectation confirmed in
the computation of explicit examples, in particular by equation (5.92) below.

Similar to the anomalies discussed before, we can also match the Green-Schwarz terms
as computed in (4.10) explicitly in terms of the flux geometry, as long as we stay in the
fully modular sector. Concretely we find

A% = (F b (s_ - ;E>> . (4.89)

—1,m

The right-hand side is the coefficient of the standard Green-Schwarz term that involves the
universal BY-field of the heterotic string.

More interesting are the Green-Schwarz terms associated with the derivative, secretly
six-dimensional subsector of the theory whose properties are encoded in the embedded
threefolds, Y4. These terms, as computed from the elliptic genus, are expected to agree
with the actual counterterms in the effective theory, as long as Zil,m and ZiQ,m are
both fully modular. Following the same line of arguments as before, we find the following
identifications between the Green-Schwarz terms as computed from the modular expressions
in (4.10) with the intersection numbers of the F-theory flux geometry:

m(

F(ASS, +2455, ) = " (Fob-p(C). (4.90)

—1,m —2,m

Note that this identification follows from the requirement of anomaly cancellation, i.e.,
from (4.86) and imposing Ag&) = —AW_ Tt does not prove that the anomalies are actually
cancelled. To complete a proof, one would need to show that in general the value for AGS
in (4.90) as computed from the elliptic genus does actually come out right such as to match
the m® as determined in (4.79) from the flux geometry in the effective action. While we
do not have a general proof for this, we have checked this to be true for the examples
presented in the next section. Turning tables round, assuming anomaly cancellation gives
a prediction for the modular part of ASS in terms of the geometric intersection numbers
m).

Note that these considerations, and in particular the relation (4.90), do not hold if
the elliptic genus has quasi-modular contributions, Zi’,%M # 0: in this case the left-hand
side of (4.90), which depends only on the modular parts, is still expected to yield the
perturbative Green-Schwarz terms for the fields B?, but there will be in general additional
non-perturbative contributions from the heterotic 5-branes.

In this case, the quasi-modular part of the anomaly, A®)@M  will be non-zero and
generically receive two types of contributions:

AWDRM - " Agem +3 §' (A% an +247%0w) (4.91)
- : :

The first term encodes the part of the anomaly which is cancelled by the Green-Schwarz

mechanism involving the B-field BY from the heterotic 5-branes. From (4.85) we see that
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is proportional to m; — mo. This agrees beautifully
E.QM
—1m

must

. 1 ZEQM
the anomaly associated with Z777%)

with the form of the anomaly computed from the elliptic genus in (4.33), provided Z
is of the form (4.32). In a sense this predicts that it must be possible to write Zfi%w
be as in (4.32), as far as its expansion up to order £ is concerned.

The second type of contributions in (4.91) must be cancelled by non-perturbative
contributions to the Green-Schwarz terms for the additional B’-fields in four dimensions.
Note that Zi?% and Zig% are non-zero only if the threefold Y%, whose BPS invariants
are encoded in Zi2’m, contains the exceptional fibral curves C}, and C%. This is the case
if the class of the blowup curve I', when expanded with respect to a chosen basis {C}},
has a non-trivial contribution from Cj. In fact, we may assume without loss of generality
that I' is proportional to C;. By construction this curve maps to the curve wrapped by the

NS5-brane on the dual heterotic 3-fold. We can thus conclude a bit more sharply that:
1
ADQM _ (F b 2E) (m1 —ma) + (F - b-p*(T)) mr, (4.92)

where mr is a parameter which we cannot determine from the above considerations alone.
However it is reassuring that the general structure of these terms indeed matches the
architecture of the abelian heterotic Green-Schwarz mechanism in the presence of 5-branes,
as was discussed in [110].

5 Elliptic genera of 4d heterotic strings

So far we have presented generic and prototypical results concerning the modularity of
elliptic genera in relation to the background fourfold geometries, Yy, and flux configurations,
G. This general structure will now be illustrated by detailed computations for a few
examples, for which sharper statements can be made, in particular concerning the structure
and roéle of the embedded six-dimensional, derivative sector.

We begin in this section with the elliptic genus of four-dimensional heterotic strings.
In the example of section 5.1, the embedded threefolds that encode the derivative sector
are by themselves Calabi-Yau spaces, while in section 5.2 we discuss an example where the
derivative sector encodes the relative BPS numbers of a non-Calabi-Yau threefold.

We will label the examples by the geometry of the base, Bs, of a given elliptic fourfold
fibration, Y. In order to curb mathematical overload of this section, we have relegated
further details about the geometry to appendix B.

5.1 Example 1: B3 =dP» x IP’ll,

As our first example we consider F-theory on an elliptic fibration Y; whose base Bs is given
by the blow-up

By =dP, x P}; (5.1)

of the rational fibration F; x ]P’ll,, where the del Pezzo surface dP; is viewed as the blow-up of
the Hirzebruch surface F; in one point: since the Hirzebruch surface is a rational fibration
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with generic fiber CV = IP’} and base }P’}ll, we can view Bs as the blowup of the rational
fibration over the base By = ]P’,ll X Pll, ,

p: CO — Bs
il
P} x P} (=: Ba), (5.2)

where the blowup locus is homologous to }P’ll/ in By. This type of base spaces fits into the
class of geometries described in section 2.3. In particular, the rational fibration has an
exceptional section S_, which embeds Bs into B3 and which satisfies the relation

S -S,=0, S =8 +p(P}). (5.3)

As a result of the blow-up inherited from dP;, the generic rational fiber C splits into
a sum of two exceptional curves C’}E + C%, where C’g and C% are distinguished by their
intersection numbers with S_ as in (2.30). The splitting occurs over a point on P} within
By. The exceptional divisor F associated with this blowup is thus a fibration of C% over
IP’},, and since the rational fibration of Bj is trivial over Pll/, it is in fact a direct product:

E=C%xP}. (5.4)
As a convenient basis for Ho(B3) we pick the curve classes
c’=pP;, CP=Cp-Ch, C1=P,, Cy=P}. (5.5)

Since we will also need the curve classes dual to C; and Cy on Bs, note that the only
non-zero entries of the intersection form n;; = C; -, C; are 12 = n21 = 1, so that the dual
curves C* = nijCj on By are

ct=0c,, C*=0C. (5.6)

The choice of basis {C},Cs2} for Ha(B2) made here corresponds to the generators of the
simplicial Mori cone of Bs, which was advertised as a basis with special properties in
section 3.3; the dual curves, C'!' and C?, hence generate the Kihler cone of By. As basis
for the divisor group on Bz we introduce {D,}4_;, which are defined as

Dy :p*(Cl), D, :S,, Ds :p*(CQ), Dy :p*(C’l)~I—S, —F. (57)

In terms of these basis elements D,, the intersection polynomial and the anti-canonical
class are

I(B3) = D1DyD3 — D3D3 + D1D3Dy, (5.8)

Kp, = 2Dy + Dy +2D3 + Dy
Having specified some properties of the base, By = dP» x ]Pll,, we now turn to the
structure of the elliptic fibration Y. It has an additional rational section in addition to the

zero-section. As reviewed in section 2.2, this leads to gauge group G = U(1). Moreover we
choose a specific fibration [127, 128] for which the height-pairing is given by

b=2Kpg, . (5.10)
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Further details of the fibration are provided in appendix B. The massless matter spectrum
comprises states of charge r = +1 , which are localised in the fiber along the curve X,—;
of class

Y1 = 12Kp, - Kp, = —84C" + 21(b - p*(C1)) + 24(b - p*(Cs)) . (5.11)
Furthermore we note that the U(1) flux in ngft(n, R) can be expanded into the divisors
D,, as follows:

4
G=Gyuy=cATF, where F =: Z caDq - (5.12)
a=1
With respect to this flux, given the matter curve (5.11) the chiral index of massless chiral
spectrum evaluates to

XGr=1 = F->,—1 =96¢1 + 48co + 84c3 + 96¢4 . (5.13)

5.1.1 Relative BPS invariants and elliptic genus

As outlined in section 2.2, we can use mirror symmetry, suitably adapted to fourfolds [90,
129, 130], to compute a finite number of relative BPS invariants Ng.co(n,r). Recall
from (5.2) that C° is the fiber of Bs which is wrapped by a D3-brane such as to pro-
duce the solitonic heterotic string. These invariants can then be packaged into the elliptic
genus and extrapolated to all orders by modular completion.

The results of this computation are sketched in appendix B. We list here just the lowest
order in ¢:

Zgco = —; > Ng.co(n,r)q"¢"
n,r

= —[96016F + 48c,6F + 84esE 4+ 96¢,F ) + O(q), (5.14)

where £¥7 := ¢" — ¢~". Comparing to (5.13), we confirm the advertised relation (3.8)
between the relative BPS invariants at level one, Ng.co(1,7), and the chiral index xg r=1-

Moreover, following the discussion in section 3.2, we aim to identify the BPS invariants
Ng.co(n,r) as expansion coefficients of Jacobi or quasi-modular Jacobi forms (or their
derivatives) of U(1) fugacity index

1
m:§C’0-b:2. (5.15)

Given a sufficient number of known Ng.co(n,7), we can uniquely determine the elliptic
genus as follows:

Zgyco = (F- 00)291,2 +(F-b-p (01))15352572 +(F-b-p (02))1585Z32,2a (5.16)

where

705 = 20 =846 15 (5.17)
11

2%y, = 270h = o (14E4Eg 5 + 10E, 2 Eg) (5.18)

212’2 = Zi% + Zi’%\/[, where (5.19)
11 11

LM _ 2 1,QM _ 9
Z 99 =2%9— E@EZLJEG,I’ Z2yy = EﬁEQE;Ll )
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For the definition of the Eisenstein and the Eisenstein-Jacobi forms, recall appendix A.
Moreover the flux dependent coefficients in (5.16) evaluate to

(£ CO) c2 + ¢y,
(F-b-p*(C1)) = 4(ca + 3+ ca), (5.20)
(F-b-p*(CQ)) 2(2¢1 + ¢ + 2¢4) .

Thus the elliptic genus Zg.co in (5.16) does have the general form as advertised in (3.9),
or more specifically in (3.13) and (3.14), with the special feature that for the example at
hand there happens to be no four-dimensional quasi-modular term, Z ;ELm. This, in fact,
mirrors the absence of a term proportional to C}, in (5.11).

Let us now take a closer look at the derivative sector, ie., at the 212’2 for i = 1,2.
Acccording to the arguments given in section 3.2, the Zﬂm are generating functions for
the relative BPS invariants of certain elliptic threefolds Y% within Y. To verify this in
the present example, we follow the general prescription of section 3.2 and consider the
threefolds

Y3 =VYilpony, Y3=Yi

(02 (5.21)

where, according to (5.6), C' = Cy and C? = C. Both threefolds are elliptically fibered
with respective base spaces

B} = p*(C!) ~dP,, B2 = p*(C?) ~ C° x P}, (5.22)

Note that only B} contains the blowup locus of B3, whereas the rational fiber of B3 never
splits into two exceptional curves.

Furthermore, the normal bundles of both Y} happen to be trivial:

This is a consequence of the fact that the Y} are simply the restriction of the elliptic
fibration to p*(C?), which in turn have vanishing self-intersection on Bz and hence trivial
normal bundle:

By the adjunction formula this implies that
Cl(Kyg) =C (KYAL‘YQ) — Cl(NYg/m) = 0, (525)

and therefore both threefolds are themselves Calabi-Yau spaces; we emphasize that this is
a special property of the example at hand. Following the discussion in section 3.3, we can
therefore view Yy as a fibration in two ways, namely with generic fiber given by either Y}
over its respective base Cj, for ¢ = 1,2. Furthermore we can conclude from the adjunction
formula that the anti-canonical bundle of the base spaces of Y} is simply the restriction
of K Bs:

_ _ B _
Ky = Kpsylpy © Ny /g, = Ky lpy - (5.26)
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The structure of the elliptic fibration of Y} is inherited by restriction from Yj. This means
that both threefolds are fibrations with an extra section whose height-pairing is simply
given by the restriction of b = 2K B; to the respective bases. See appendix B for details.

With this preparation we can now compare the expressions Zi272 given in egs. (5.18)
and (5.19) with the elliptic genera of the heterotic strings that are dual to six-dimensional
F-theory compactifications on the Calabi-Yau threefolds Y. In more detail, the first terms
in the expansion of 212,2 are

2
Zy, = - (252 + 84§i1> —q (116580 + 65164¢6E! + 0448¢%2 4 84643 25i4) F...
(5.27)

p
7%y, = - (288 + 96§i1) —q (123756 1 692806E! 4 10192612 + 9663 — 25i4) T
(5.28)

We have checked by direct computation in appendix B that these expansions perfectly
match the low-lying relative BPS invariants for C, for the elliptic Calabi-Yau threefold
fibrations Y4 over dP, and Fy, respectively. This explicitly demonstrates how the six-
dimensional structure encoded in the flux-dependent, four-dimensional elliptic genus (5.16)
manifests itself, here in terms of two embedded Calabi-Yau geometries that can be inde-
pendently controlled by dialing the flux background.

Alternatively, in terms of the dual heterotic language, one can recognize from (5.18)
that 23272 is nothing but the modular, U (1) refined elliptic genus of a perturbative heterotic
string compactification on K3 (with some specific bundle background turned on such that
only the U(1) gauge symmetry is unbroken). This is most visible when switching off the
background gauge field:

2
232,2(%521) = @E4E6 = Zks(q). (5.29)

On the other hand, note that Z£2,2 is only quasi-modular, in agreement with the above
observation that Y} contains the blowup locus. In the dual heterotic language, this corre-
sponds to a non-perturbative background. More precisely, the difference,

1 E2Ei1 1 E41FE61
12 7724 12 7724 ’

Z£2,2 - 23272 = (5.30)

is suggestive of a transition where a small instanton has been traded against a heterotic
NS5-brane.

Finally, we note that the decomposition of the matter curve ¥,_; defined in (5.11)
perfectly reproduces the general pattern advertised in eq. (3.29), i.e.,

Sroy = Neo(L 1) €0+ (N1, 1) (b p°(C0) + {NE(L 1) (b p°(C)), (5:31)

with Njo(1,1) = 84 from (5.27), NZ(1,1) = 96 from (5.28) and N2(1,1) = —84. The
latter follows from 20, o, =84¢_1 5 = —% SINZo(n,r)q"e" =84(E— &) + ...
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Let us close this part of the discussion by demonstrating the claim of section 3.4 that
the embedded threefold invariants relative to C° have another interpretation in terms of
non-transversal (—2)-fluxes. This allows us to explicitly verify the special form of the
elliptic holomorphic anomaly equation as given in (3.35). Recall that the non-transversal
(—2)-fluxes lie in the space H((E%) (Y4, R) defined in (2.17), and do not lift to fluxes in F-
theory. We first need to fix a concrete basis (3.39) for it. Out of the set of all products of
elements {S_, E,p*(C'), p*(C?)}, the following four non-vanishing fluxes can be taken as

a maximal linearly independent set:
Gl = T (S) AT (D (CY), G =r*(S_) AT (C2)),
G =" (E) A" (p"(Ch)), G =x*(p"(Ch) AT (p*(C?)).

By performing analogous computations in mirror symmetry as sketched in appendix B, we

(5.32)

can compute the relative BPS invariants with respect to C in each of these backgrounds.
The result is
Farco =—qZLyy, Fgeco=—qZ%9,,
}—GE;C’O =0, fGo;Co =0,
where the 22272 encode the relative BPS invariants for C? as a curve within the Calabi-Yau
threefolds Y%, as displayed in (5.27) and (5.28). This confirms the claims stated in eq. (3.40)
and (3.41). In particular we confirm the relation (3.45) for the lowest degeneracies in me,

(5.33)

because C* -, Kp, = —2 for both base curves.

5.1.2 Anomalies and counterterms

We now show explicitly how the general structure of the U(1) gauge anomaly and its
counterterms, as laid out in generality in section 4, works in this example. First we rewrite
the elliptic genus in (5.16) in the form (4.80) as

Zg,co = 13020 12+ZQ (Z 12t 5352 22): (5.34)
=1

where the flux dependent parameters

1
go = ( ( )) =4c1 —4cg +c3 — 2¢4, (5.35)

= (F-b-p*(
= (F-b-p(

multiply the modular Jacobi forms

2
4 )) 4 CQ +c3 + C4> s (5.36)
C2)) = 2(2¢1 + ¢co + 2¢4) (5.37)
Z:QfZ 12 Wwith
ZO{VIQ = —12¢_17, Zile =3¢-1.2, Zii\/lg =12¢_132.

Moreover we write

(5.38)

2222:Z3’é\4,2v Zi2,2:Z 22+212Qéwv (5.39)
as defined in (5.19).
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In line of what we pointed out before, the inherently four-dimensional contributions
to the elliptic genus are all proportional to the modular Jacobi form ¢_; . The anomaly
and Green-Schwarz term associated with ¢_; o follow from (4.18) and are given by:

1 4 1
¢71,2 . A(4) = —6, A(GA)S' = —E . (540)

Anomaly cancellation, A = mAgg, is of course automatic as a consequence of modularity.
Consider next the more interesting derivative contributions to the elliptic genus. We
have seen that we can formally associate six-dimensional anomalies and Green-Schwarz
terms with them. The contributions to the four-dimensional anomaly and GS terms then
follow from these via (4.21) and (4.22).
Specifically, recall that Z3272, associated with the embedded threefold Y%, is purely
modular. Consistent with this, we obtain, by direct evaluation of (4.8) and (4.10), for

> 6),M
22y, =270 AOM gy ALM _ 9 (5.41)

in agreement with the general formula (4.16). By contrast, ZEQ,Q, which is associated with
Y31, receives both a modular and a quasi-modular contribution. The modular part works
out along the same lines as for sz. The quasi-modular anomaly and Green-Schwarz
terms follow from (4.27) and (4.28), and altogether we find:

240 AOM —y AGM — o,
51,QM 1 1 6).0M 1 1 (5.42)
Z—2C?2 ;o ADM —Z(m% +m3) = 5 AE;?@ = _%(ml +mg)? = 5

where we used m; = ms =1 and m = my +mg = 2.
With everything combined and recalling in particular (4.21), the four-dimensional
anomaly thus evaluates to

AW — A@M | 4@.QM (5.43)
m

AWM — (F b (S - ;E>> m+ (F-b-p*(Ca))(m? —m)+ (F-b-p*(Cy)) <m2 — 4)

ADRM _ (B h. p*(Cy)) (-é) .

In total, when all variables are substituted by their definite expressions, this indeed cor-
rectly reproduces the 1-loop anomaly:

1
AW = 16¢; + 8cy + 1deg + 16¢4 = TXGr=1 (5.44)

where xg =1 is given in (5.13).

Let us now have a closer look at the Green-Schwarz terms and check anomaly cancel-
lation in particular for the derivative terms of the elliptic genus. We mentioned already
that in the fully modular, non-derivative sector, the Green-Schwarz terms are guaranteed
to cancel the perturbative anomaly from the perspective of the heterotic string. Indeed
the relation (4.89) is obviously satisfied by means of (5.40):

goA(Z}i,m — % (F b (S_ — ;E)> = (F-b- <S - ;E» : (5.45)
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A Dbit less trivial is the anomaly cancellation in the derivative, but modular subsector.
This sector is associated just with Y%, since Y% involves a quasi-modular piece. Let us
thus check the relation (4.90) which arises from 231,2 and 232’2 in the elliptic genus.
Explicitly, (5.40), (5.41) and (4.22) when taken together yield

12 1
FP(AS .y +24%5, ) (- 2% x2x 2) (Fb-p"(Ca)) = (F-b-p"(Cy)) .

—1,m —2,m 12 4
(5.46)
To compare this to (4.90), which posits that
P(ASS . +2498, ) = m (F-b-p*(Cy)) (5.47)
Z*’l,m Z7’2,m m ’

we need to know the parameter m(?). While we could not offer in section 4.3.2 an a priori
argument why it always takes the correct value, we find here in the current example by
direct computation that

m® = é(b S pH(CR)) =2 (5.48)

Hence indeed the anomaly is cancelled as expected.
By contrast, for the Green-Schwarz terms derived from Zle and lem’ which exhibit
a quasi-modular contribution, we find, using among others, (4.22),

3 1 1 19
Gl (AGS Gs oy (2 - _Z bept — —2(F-b-p*
AL 24% ) ( 2 b2xgx2x (2 6)) (F-b-p"(C1)) = 1o (F-b-p*(C1))
(5.49)
while 1
m) = 5(b.S+.p*(Cl)) = 3. (5.50)
Therefore we get a mismatch as compared to (5.49):
m® . 3 i
TF b () = 5 (F b p'(C). (5.51)

which reflects that further Green-Schwarz terms, localized on the heterotic NS5-branes,
are needed to fully cancel the anomaly. Nevertheless, the quasi-modular contribution to
the anomaly as such, A9M  is of the general form given in (4.92). In our specific example,
where my = mg = 1, the first term in (4.92) actually vanishes.

5.2 Example 2: B; = BI'H;

As our second example we take the base of the F-theory elliptic fourfold Yy to be a blowup
of the space H;, which is defined as a P'-fibration over By = P? with twist bundle £ =
O(p*H). Here H is the hyperplane class on Bs. Since this geometry was discussed already
in detail in [6], we can be brief in explaining it.

The blowup is performed over a curve in the class C1 = H on Bs and leads to a
splitting of the rational fiber C° into two exceptional curves, C}; and C%. As in the case
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study of section 2.3, the blowup divisor E is given by a fibration of C% over Cy. For our
basis of divisors on B3 we pick

Di=5S_-F, Dy =p*(C1) — E, D3s=F. (5.52)
In this basis, the anti-canonical bundle reads
Kp, = 2Dy + 4Dy + 5Ds, (5.53)
and the intersection form becomes

Ip, = 4D} — 3D3 — 2D D3 + 2D3D3 + D1 Dj — D2 Dj . (5.54)

The elliptic fibration over the base Bs is chosen as in the example of section 5 of [6], to
which we refer for further details. It leads to a gauge group G = U(1), and the associated
height-pairing takes the form

b=6Kp, — 23 =8D; + 20Dy + 22D3, (5.55)

where 8 = 2Dq 4+ 2Dy + 4D3. Moreover its intersection numbers with the rational fiber
and the exceptional curves are as follows:

1
= p.0%=4
m 5 C ,
1
my = 5b.c,{;:1, (5.56)

1
my = 5b-cg:?,.

This fibration gives rise to two types of charged massless matter fields, namely of
charges r = 1 and r = 2. The matter excitations are localised on two curves on Bj in the
respective classes

Y,—1 = 3(6Kp, —2B) - (6Kp, —23) — 16(2Kp, — ) - (3KB, — /)
= -123C° —87CH + 4?5(13 -p*(Ch)),
ET’:Q - (2[_(B3 - 6) : (3KB3 - B)
33 3 15
= —ECO + 50}3 + Z(b -p*(C1)) .

(5.57)

Geometrically, the elliptic fiber over these two curves degenerates such as to contain the
rational curves Cf_; and Cf_,, respectively. Switching on a general transversal U(1) flux
. 2,2

in H(Yy),

vert

3
G=Gyq=0cATF, F=Y cuDa, (5.58)
a=1
produces a chiral spectrum with indices in the respective charge sectors given by

Xr=1 = 12¢1 + 132¢9 + 4803, (5,59)
Xr=2 = 12¢1 + 12¢5 + 48c3 .
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5.2.1 Relative BPS invariants and elliptic genus

After this preparation we turn to discussing the elliptic genus for the heterotic string that
arises from wrapping a D3-brane on C° in presence of the U(1) flux, G. The relative
BPS invariants Ng.co(n,r) for small values of n have already been computed by mirror
symmetry in [6]. It was noted there that for the most general choice of U(1) flux, the
elliptic genus is neither modular nor a quasi-modular meromorphic form. This observation
was in fact the motivation for the present work.

The new ingredient, according to the general discussion in section 3.2, is that the “non-
modular” component of the elliptic genus is actually a derivative of a quasi-modular form.
More specifically, the relative invariants Ng.co(n, 1), as computed in [6], allow to uniquely
determine, by modular completion, the elliptic genus as follows:

1
Zasoo = 9" 221+ 9" 201+ 9 5 —60¢ Z2n (5-60)
where the index is, as per (5.56), given by m = 4. Here the flux-dependent coefficients are
QP =FC"=¢, g¥ = F~C}3 = —co+tcy, gt = F-b-p*(C1) = 6¢1+2c2+6¢3 (5.61)

and the quasi-modular or modular forms are given by

1
7% 4(¢,8) = E¢71,2(21¢(Q)71 — 23E49% 51 + 2E2d0,10-2,1)

— 123¢*! 4 336%2 4 g(9816F! + 1446+ — 423¢*3) + O(¢?) (5.62)
1
Z54(0,6) = 1501209081 + 13Ea025, — 2226016-2,1)
= 87¢ET — 3¢F2 4 (2169¢! — 1584¢%2 + 333¢%3) 1+ O(¢?) (5.63)
1
ZLy 4(q,€) = W(10E4,3E6,1 +6E41F53+19F41Ge3 + EaEy1F,3)
= 2 —30 (8 + 66 +¢22) + 0(q). (5.64)

As always, 17 = n—¢n 0 .= "1 €77 and the Jacobi forms are defined in appendix A.

The form (5.60) of parametrizing the elliptic genus is tuned to mirror the decomposi-
tion (5.57) of the matter curves ¥,—; and X, in terms of C°, C} and (b - p*(Cy)), and
follows the general pattern advertised in (3.29). The BPS invariants entering this latter
equation are of course defined in terms of the partition functions (5.62), (5.63) and (5.64) via

1
ZZ;,m = —5]\750 (n,r)g"E" . (5.65)

Of particular interest for us is the quasi-Jacobi form Ziz, 4 which appears with a deriva-
tive in the elliptic genus. In line with our general arguments, we expect that it encodes the
relative BPS invariants with respect to C? viewed as a curve within an elliptic threefold,
Y2, in Y;. Recall from section 3.3 that this threefold is constructed as the restriction of the
elliptic fibration of Y} to the divisor p*(C') = p*(C4) on Bz, which in the present example
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is topologically a del Pezzo surface, dP,. The threefold is therefore elliptically fibered with
base B} = p*(C1), and we denote the projection by

m Yy — Bl (5.66)
By the adjunction formula we find that Y} has a non-zero first Chern class:

(K1) = e(By,lyt) — e1(Nysy) =~ (07 (CH) () (5.67)

because the divisor p*(C') has non-vanishing self-intersection on Bs.

From the point of view of the elliptic fibration, this can also be seen as follows. The
anti-canonical class is related to the pullback of the discriminant of the fibration from the
base, Ayé, via the relation

(5.68)

The discriminant AY% in turn is inherited from the discriminant of the fibration of the
ambient space Yy,
Ayi = Ayl = 1275 (e1 (K, Iy ) (5.69)

By the adjunction formula we have
CI(KB;) = CI(KB;JB;) - CI(NB;/Bg,) ’ (5.70)

where ¢1(Npy/p,) = p*(C1)|p+(c1y- Thus altogether we have
AY% = 127TT(61(KB%)) + 127T1 (p*(Cl)’(p*(Cl))) y (571)

rather than just AY:}) = 127TT<61(KE%)) which would be required for a Calabi-Yau threefold.

Even though Y% has a negative anti-canonical bundle, the concept of relative Gromov-
Witten invariants still makes sense. Unlike for Calabi-Yau spaces, however, we cannot as
easily compute BPS invariants via mirror symmetry and compare them to the invariants
Nlo(n,r) that are encoded in the expansion of Z£274(q, €).

Despite this technical complication, we can provide some evidence for our conjecture
that Z£2,4 encodes the relative invariants for Y4. The following discussion is an illustration
of the general arguments in section 3.3. Recall first that since the elliptic fibration of Y3 is
inherited from Yy, we know that it exhibits an extra rational section and that the height-
pairing associated with this section is the restriction of the height-pairing b to p*(C*). The
elliptic fiber of Y3 degenerates over a number of points on p*(C1) in such a way as to contain
rational curves CE of U(1) charges r = 1 and r = 2. Recall figure 3 for a visualization.
The number of points where this happens equals the number of holomorphic fibral curves
in class Cf on Y3, which in turn is computed by the Gromov-Witten invariants N(C?).
For Calabi-Yau threefolds whose base is a rational fibration with fiber C°, these invariants
N(C!) agree with the relative BPS invariants at level n = 1 , i.e.,

Nko(n =1,7) = N(CY). (5.72)
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This is the threefold analogue of the relation (3.8) and follows from F-theory—heterotic
duality. While strictly speaking we cannot invoke this duality for non-Calabi-Yau three-
folds, it is reasonable to assert that (5.72) holds more generally whenever the base of the
elliptic threefold is a rational fibration. If we assume this, we have a simple means to test
the hypothesis that the invariants defined by ZEQ’m
of the non-Calabi-Yau threefold Y3, at least at level n = 1. This is because the number of

compute the relative BPS invariants

degeneration points and hence the BPS invariants N (C?) are easy to determine.
Concretely, as explained in section 3.3, the number of degeneration points on Y3 lead-
ing to fibral curves C! is simply given by the number of intersection points between the
corresponding degeneration locus of Y, on Bg, i.e., the curves ¥, and the base of Y3}, i.e.,
the divisor p*(C'). This yields the BPS invariants
N(C'_)) = 2—; - p*(CY) =180, (5.73)

r

N(CE_y) = B,p - p*(C") = 30. (5.74)

These values are in perfect agreement with the relative invariants Njo(n = 1,1) = 180 and
Nlo(n = 1,2) = 30 which appear in the expansion (5.64) of Z1274. We can also reproduce
the remaining invariant, Néo (n = 1,r = 0), which according to our conjecture must
coincide with the Gromov-Witten invariant for the fibral class E,. For an elliptic Calabi-
Yau threefold, this in turn would be given by the negative of the Fuler characteristic of the
threefold, i.e. by —x(CY3) = — [oy3¢3(CY3) = —2ch3(CY3), where the Chern character
is given by chg = %03 — %0162 + %c‘i’. For our non-Calabi-Yau threefold Y3 at hand, we find

explicity that

Nlo(n=1,r = 0) = —2chs(Yl) = —/Y e3(Ya) A 7 (p*(C1)) = 240, (5.75)
4
which indeed matches the index of the uncharged states in (5.64).

Thus, all in all we have verified that the identity (5.72) holds for our example, and
this lends further support to the conjecture that all invariants in Z12,4 match the relative
BPS invariants of the non-Calabi-Yau threefold, Y3.

Let us present yet another, more speculative perspective on the significance of the
partition function Z!, ;. Recall that the non-Calabi-Yau space Y} is elliptically fibered
over the base B} = p*(C!), which in turn is the blowup of a Hirzebruch surface F; at
one point, with its own base C! and generic fiber C°. This implies that Y3 also admits a
K3-fibration over C*,

p: K3p — Y}
1
Ct (5.76)

whose fiber K3 is elliptically fibered over C°.
Let us formulate a Weierstrass model for this fibration, and introduce the notation
[a} : ab] for the homogenous coordinates on the base C!, and [a; : ag] for the coordinates
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on C°. Then a Weierstrass model for the elliptic fibration of Y3 can be written, away from
the exceptional curve of the blown up Hirzebruch surface, as

y? =23 + flay, a’) zzt+ g(ai,a}) 25, (5.77)

where f(a;,a) is a section of A;/lg and g(a;,a}) is a section of A%{/f. The degrees of the
3 3

discriminant Ay on the base and fiber of B3 follow from (5.71) as
Ayylpy =48C° +24C. (5.78)

Taking into account that CY is fibered over C! with twist 1 (which is the case for the
Hirzebruch F;), this means that we can expand f and g as

f ai, a ] Zfl? k a17a2) i 4+k? (579)

g(a;,a ] 2918 k al,a2 E1S kag““, (5.80)

where the subscripts denote the degrees of the polynomials on the fiber coordinates.

Let us pause for a moment and consider instead an elliptic fibration over B} which is
Calabi-Yau. For this we would have polynomials given by fs_r(a},ab) and gi2_g(af,al),
respectively. This Calabi-Yau threefold could serve as a standard F-theory compactifiation
space to six dimensions. This theory would in turn have a six-dimensional heterotic dual
defined in terms of an elliptic surface, K3pet, with base C'. A Weierstrass model for
K3yt would then be obtained by keeping the polynomials fg_j(a},a)) and gio_k(al, ab)
for k =0 [131, 132], i.e

K3pet : y2 =23+ fa(al, aé)xz4 + g12(aj, a’2)z6 . (5.81)

Now we return to our presently considered geometry, where we deal with the non-Calabi
Yau threefold, Yi. A priori, F-theory on this space is not well-defined. Let us nonetheless
formally define a dual heterotic background, by keeping the middle polynomials in analogy
to the well-established Calabi-Yau case. This leads to the following Weierstrass model

E: y2 =2+ fr2(dl, CLIQ).%'Z4 + g18(aj, a’z)zﬁ, (5.82)

which is an elliptic fibration with 36, rather than 24 singular fibers. This defines an elliptic
surface £ with
Ke=-E,, (5.83)

where [E; is the fiber.
It is tempting to interpret Z£2,4(q, €) as a generalized, refined elliptic genus associated

with this elliptic surface. More specifically, if we switch off the U (1) background field, we
find

1 3
724E4(E2E4 + 35E6) E4E6 +

2_
3 (E2E? — E4Fg),  (5.84)

1
Zly4(q,6=1) = 1224
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which is suggestive of a non-perturbative instanton/NS5 brane transition of such a geom-
etry.

Let us come back to a more concrete, definite property of Zl274(q, €) as given in (5.64).
Recall the general relationship between the derivative part of the elliptic genus and the
partition functions associated to non-transversal (—2)-fluxes, which was proposed in sec-

tion 3.4. If we take as basis for the fluxes in H((%QQ)) (Y4, R)

G!=m"(S-) AT (p"(Ch))
GP = 7 (B) Am* (p"(C1)), (5.85)
G? =" (p*(Ch) A" (p"(Ch))
then the associated BPS invariants assemble into the generating functions
Fareo =—qZls,,  Fgeeo =0, Fao,co =0. (5.86)

Thus we can indeed confirm the purported relationship between the two partition func-
tions, which are associated with transveral U(1) flux and non-transversal (—2) flux, re-
spectively. Moreover, while the vanishing of the last two generating functions is clear on
general grounds as for the previous model, it is noteworthy to mention that the lowest
BPS number in Z' Q)m, as read off from (5.64), perfectly matches the intersection theoretic
expression (3.45) because C! -5, Kp, = —3.

5.2.2 Anomalies and Green-Schwarz terms

In order to discuss the anomalies in a U(1) flux background, we rewrite the elliptic
genus (5.60) into the form (4.80), which is more suitable for comparison with the Green-
Schwarz mechanism in the heterotic duality frame. Concretely,

_ 1 .
Zgico = g 02 m T g" ZE mT3g (Zil,m + mfaﬁzilm) ) (5.87)

for m = 4, with the flux dependent coefficients:

1 1
J :F-b-<S—2E> = —9¢; + 9¢o, QE:F~b~<2E> =3c1 +9c2 — 6eg,  (5.88)

g :F-b'p*(cl) = 6c1 + 2¢9 + 6¢3. (5.89)

Moreover each term, Z, m = Z M Zw’%M , generically splits into a modular and quasi-

modular piece. Explicitly:

29’1]\744 = 112925 1 2(5150 1— E4¢2—2,1) ) Z—’ﬁiw =0,

ZEN = —*¢71 20°91Es ZEeM *¢ 1,20—21E260,1
Zl 14 = *Qs 1 2(3<I5(2),1 - E4¢2_271), ngfi” = —*¢—1 20_21F2¢0,1,
74 = 12124(10E43E61 +6Ey1Fo3+19E11Gs3), ZM90 = oF 24E2E41E43

(5.90)
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Note that all these partition functions have, depending on their modularity properties, the
respective general form as advertised in (3.15).

Let us first discuss the anomalies and Green-Schwarz terms derived from the non-
derivative (quasi) modular forms in Zg.co. These receive contributions only from three
independent building blocks, which are readily computed following the general prescription
outlined in sections 4.1 and 4.2:

¢—1,2¢2_271E4 : A(4)’M =0 A(élgM =0
b-12631 ¢ ADM = g3 AN = L yar
’ m

O-_120-21F2001 : ADRM — 6(7711 —mg) = —12, A(Ci%’QM =0.
(5.91)
Recall that the values m = 4 and m; = 1, mg = 3 were determined from the geometry
in (5.56), but we leave the values sometimes unassigned in order to exhibit the structure
of the various terms.
Note also in passing that the modular component related to the exceptional curve,

ZE

| m, is proportional to

$-120251 81 = O(2°), (5.92)

and therefore contributes neither to the anomaly nor to the Green-Schwarz term, in line
with an argument made after equation (4.88).

Now we turn to the derivative sector. From ZEZA we first compute the contributions
to the six-dimensional anomaly as follows:

5 1
Zi’é\ﬂ : A(G)’M == 30, A(G6;7M = Z A(ﬁ)’M s
7LOM . 4(6),QM L, 2 5 4(6),QM 1 2 1

(5.93)
This then determines, via (4.21) and (4.22), the contributions £ 8525?4 to the four-dimensio-
nal anomaly and Green-Schwarz terms.
Altogether, the complete anomaly becomes

AWM — (F b <S - ;E>) + (320 - 48??2> (F-b-p*(CY)) (5.94)
AWRM — (1) — my) (F b (;E>) + (—é(m? +m3) — %(ml - m2)> (F'-b-p*(C1))

and this correctly reproduces the 1-loop anomaly as required:
12
AW = 18¢; + 38cy + T2c3 = 3 eri”Xr : (5.95)
r=

Here x, refers to the chiral index in the charge sector r as given in (5.59).
The structure of the anomaly reflects the Green-Schwarz mechanism in the dual het-
erotic frame explained in section 4.3.2. In particular, the purely modular contribution
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from ZQLm,
1
gOAzgl =m (F -b- (S_ — 2E>> : (5.96)

maps to the part of the anomaly that is cancelled by the perturbative universal Green-
Schwarz term. Moreover, the quasi-modular contribution to the anomaly, A9M  turns
out to be of the expected form (4.92). For the derivative terms, the analogue of this
would be the relation (4.90), but this can be checked not to hold due to the quasi-modular
contributions, in line with general expectations.

6 Elliptic genera of 4d non-critical strings

Our conjecture of section 3.2 on the form of four-dimensional elliptic genera is supposed
to hold not only for heterotic strings, but more generally also for other, in particular non-
critical solitonic strings. In this section we illustrate this by presenting the elliptic genus of
two different types of non-critical strings in four dimensions. We begin by discussing the
four-dimensional E-string in the next section, followed by a non-critical string obtained in
F-theory compactified on Bs = P? in section 6.2.

6.1 Four-dimensional E-strings

The six-dimensional non-critical E-string [39, 40, 80, 101-103, 133, 134] arises in F-theory
by wrapping a D3-brane on a rational curve Cg of self-intersection —1 which lies in the base
B3 of some elliptic Calabi-Yau threefold, Y3. Such curves have normal bundle N¢, /g, =
Ocp(—1) and can arise in two different settings: either Cg is the exceptional section of a
Hirzebruch surface By = Fy, or it appears after blowing up a general Hirzebruch surface
at a point. After the blowup the rational fiber over the point in the base splits into two
exceptional curves C'l, and C% with normal bundle Nei /s, = Oci (—1).

We can generalise the notion of an E-string to F-theory compactifications to four
dimensions by wrapping a D3-brane on a curve with normal bundle

NeyBy = Ocp(—1) & Ocy - (6.1)

In this paper we will call the strings obtained from D3-branes that wrap such curves
four-dimensional E-strings and study their elliptic genera. Aspects of four-dimensional
analogues of E-string have previously been considered in [91] (see also [135] and [136]).
Clearly such strings are special cases of a multitude of non-critical strings that can arise
from much more general types of curves. More recently, the compactification of six-
dimensional N = (1,0) SCFTs on Riemann surfaces with fluxes has been a subject of
intense study [84, 137-152], and it would be worthwhile to relate our setup to the field
theoretic approach, though this will not be the focus of this paper.

The trivial summand O¢,, in (6.1) implies that the curve Cf is fibered over a distin-
guished normal direction within Bj, thereby tracing out a rationally fibered divisor which
we call Dg. The four-dimensional geometry probed by the E-string is hence a fibration
at least locally, where the fiber Cg is either the base of a Hirzebruch surface F; or one of
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the blowup curves in a rational fibration. We will exemplify both types of geometries and
their associated E-string elliptic genera.

From the perspective of geometry alone, one might think that the properties of the
resulting four-dimensional E-string are entirely inherited from the six-dimensional E-string
which is locally fibered. According to the logic of this paper, this would mean that the four-
dimensional E-string elliptic genus would be a derivative of the six-dimensional E-string
elliptic genus. This, however, is in general not the case. The definition of the model requires
specifying the background flux, and we will see that the latter can introduce genuinely four-
dimensional, non-derivative contributions to the elliptic genus, precisely as expressed in the
most general form of conjecture 2 in section 3.2. This phenomenon is independent of the
geometric realisation of the E-string curve, either as the base of a locally fibered Hirzebruch
surface or due to a blowup in the fiber of the rational fibration.

6.1.1 E-strings of six-dimensional origin

As our first example we consider an F-theory compactification for which the base space,
Bs, is of the type introduced in section 2.3, namely it is a rational fibration by itself:
p: B3 — Bs. After we perform a blowup over a curve I' on the base Bs, the rational fiber
CO over I splits into two exceptional curves C}, and C’%. Each of the two C% is therefore
fibered over the curve I' and the fibration defines two divisors, D%, of the following form:

p%: Cfg — DfE
1
r (6.2)

Note that in section 2.3 we had called the divisor D% =: E. Furthermore, as long as we
perform only one blowup, which is what we assume from now on, we have DL+ D%, = p*(T").

For simplicity we now take the gauge group in four dimensions to be U(1) and consider
a background with transversal flux, G = Gy € Hgﬁt(n). We will discuss an example
with non-abelian gauge group later in section 6.1.2. We claim that for such a setup, the
elliptic genus of the E-string associated with either C}, or C% can be brought into the

following universal form:

1 i 1 i
ZGU(l);CfE (Q7 5) = o (F -b- DE) 5852,2,,,% (q, 6) , m; = 5[) . CEv (63)

i
where Z_3 p,, is the elliptic genus [39, 40] of a six-dimensional E-string with U(1) fugacity
index m;, i.e.:

Zgmi(a,€) = 771§E4m (0,€). (6.4)

(9)

Furthermore, the degeneracies contained in Z_g ,,, (g, §) are the relative BPS invariants for
the curve C}{; within an elliptic threefold embedded into Yj.

Let us illustrate this general formula for the E-strings that arise (besides the heterotic
string) in the two examples that were discussed in sections 5.1 and 5.2. First, consider the
base Bz = dP, x P},. In the notation of section 5.1, the two divisors D%, defined via (6.2)
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are immediately identified as
Dy =p"(C1) ~E=Dy—~D;, Dp=E=Di+D;—Dx, (6.5)

with
F-b-Dp=4cy+2c3, F-b-D%=2c3+4cy. (6.6)

We recall furthermore that in this geometry the geometric intersection numbers m; =
b C% =1 for both i = 1,2.

As detailed in appendix B, we can compute by mirror symmetry the lowest-lying
relative BPS invariants NCE ;G(n, r) and the associated elliptic genera

—1/2
ZGy o, =~ 12 Y Nayyop (1) (6.7)
n,r

as follows:

Ly i (0,€) = = (23 + c3)g ™2 (366" + 26%2) + (12486 + 2766%%) + O(¢?))
(6.8)

2y, (6:€) = —(ca + 2ea)q~ 2 (5665 + 26%2) + g(1248¢*! 4 2766*2) + O(¢?)) .

These are uniquely completed into the exact expressions:

Ly (@) = %(F b Df) 771;@58515’4,1(61,5)7 (6.9)
which are in perfect agreement with general pattern (6.3). The threefold whose relative BPS
invariants are contained in Zg: .a(q,€) is the Calabi-Yau Y3 = Yy, (c1 introduced already
in (5.21). Note that C' is the curve dual on By to C;, whose class in turn corresponds to
the class of the curve I' over which the E-string curves are fibered as in (6.2). Formula (6.3)
is hence very much analogous to the derivative contributions to the heterotic string elliptic
genus (5.16) in the same geometry. The difference is that the E-string curves C% are
fibered only over I', and hence there appears only a single derivative contribution. For the
heterotic string, on the other hand, the curve C° is fibered over all of By so that we must
sum over several contributions, each corresponding to one basis element C; of Ha(Ba).
As for the example of section 5.2, we consider the two E-strings in the geometry
B3 = BI'H; with
Dp=p*(C1)—E=Dy, Dj=E=Ds, (6.10)

and
(F-b-Dp) = —16¢2 + 18¢3, (F-b-D%) =6¢; + 18co — 12¢3. (6.11)

The geometric intersection numbers are m; = 1 and my = 3. By application of mirror
symmetry, we have computed the lowest relative BPS numbers, which assemble into the
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following expansions:

Zay s (6:6) = (=8ea+9c5)g /2 (566 +26%2)
+q(1248¢+1 +-276¢+2) (6.12)
+ ¢2(13464¢+ +4716¢F2 +168¢%3)
+ ¢3(1031366F! +460086F2 + 3744+ 4 4¢+4)
+0(q"),
202 (0,6) = (c1+3c3— 2¢3)q~ /2 ((54¢H1 54652 1 6¢ %)
+ g(10806%! +1188¢%2 4+ 504¢+3 41086+ (6.13)
+q2(110166F! +131226+2 473506+ 423766+ +-270¢5 1 6¢=6)
+ ¢(81216¢%! +1020606%2 + 662646 %3 + 26244651 + 54006 %5 +516¢%6)

+ (’)(q4)) )
These uniquely determine the elliptic genera as follows:
1 1
ZG 0L (6:€) = §(F -b- D) W'fa&&,l(q,i)a (6.14)
1 1
ZGU@);C?E (¢,¢) = E(F “b- Djzt;) TIT(C]) §8§E473(q, £), (6.15)

which again illustrates the general claim (6.3). We expect that the invariants encoded in
ZG;CZ;E (q,&) are the relative BPS invariants with respect to C% within the non-Calabi-Yau
threefold Y1, which was discussed around eq. (5.66) in the context of the heterotic string.

The two examples discussed so far are special to the extent that the four-dimensional
E-string is completely determined by its six-dimensional cousin, as reflected in the purely
derivative structure of the elliptic genus. As we will see in the next section, this is no longer
the case if the E-string curve lies inside a 7-brane and is threaded by gauge flux.

Before coming to this point, however, we take a brief digression to understand the
invariants encoded in Z_s ,(q,§) via (6.3) also in terms of non-transversal (—2) fluxes,
analogous to what we found for the heterotic string. Irrespective of the details of By, we
can give the general pattern by first considering the relative BPS invariants for the E-string
curves C’}; and C% at n =0 and r = 0. The curves C}; and C% are each fibered over the
curve I' on By. The class of the moduli space of both curves with one point fixed is hence
the surface D%, on Bj traced out by this fibration, i.e.

w(C%) =Sy ADY, i=1,2. (6.16)

A non-vanishing BPS number for C’jg is only possible in a flux background which intersects
this surface. It is easy to see which types of 4-form fluxes on B3 have this property, because
the fibration structure of B3 implies that the only non-vanishing intersections with D% are

DL-S_.p*(C)=C B, T, Dy - D}, -p*(C) = (1-269)C -, . (6.17)
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Here C represents some curve class on By, and we used the fact that only C}E is intersected
by S_. Whenever C' intersects I' transversally, it is natural to infer from the local nature
of the fibration that the 4-forms S_ - p*(C) and D%, - p*(C) restrict the moduli space of the
more general curve Cfg + nkE, + C’f in Yy to Y4\p*(c). Hence up to normalisation, which is
given by the intersection numbers (6.17), we expect to exactly reproduce the BPS numbers
as encoded in Z_g (g, ).

This general expectation is perfectly confirmed by computation. For the two E-strings
of the model with base B3 = dP, x P}, of section 5.1 we find, for the basis (5.32) of
non-transversal (—2) fluxes

1/2

1
Faor.ol = — 7E4,1q,§, .7:2.1:0,
GLCy 7712(Q) ( ) G=Cy

) (6.18)
]:GE;C}E = _ql/QW E4,1(Qa§)a ]:GO;C}E =0

and
'FGl;C%:O7 'FG2;C%:O7
1 (6.19)
7]12(q) E4,1<Q7 f) ) 'FGO;C% =0.

The extra sign in the expression for Far.c2 reflects the fact that F-C% = D% -C% = —1.

‘FGE;C% = +q1/2

Similarly, for Bz = BI'H; of section 5.2 for the basis (5.85) of non-transversal (—2) fluxes

we have .
fGl;Cg = _ql/Qi E4,1(Q7 f) 5

12
n 1(q) (6.20)
_ _ 2 - _
‘FGE;C% = —q 7712((1) E4,1(Q7§)7 ‘FGO;C}E =0
and
fgl;cgE - Oa
. (6.21)

Farcr =+4'? Ei3(4,8), Faocz =0.

n'%(q)

Hence again certain threefold BPS invariants - here of the E-string curves C% within
Y3 - are obtained as fourfold invariants in suitable, non-transversal (—2) flux backgrounds.
This does not mean, however, that all relative BPS invariants within a given threefold are
generated by one and the same (—2) flux. For instance, the flux G! reproduces the relative
BPS invariants of C° and C% within Yé, but not of C%, and G¥ gives the relative BPS
invariants for CL and C% in Y3, but not of C°, as comparison with (5.86) and (5.33) shows.

6.1.2 Genuinely four-dimensional E-string

While in the previous class of constructions the E-string genera are entirely of six-dimensio-
nal origin, we now present an example where one finds in addition a genuinely four-
dimensional contribution. The E-string lives inside a stack of 7-branes carrying a gauge
sector with G = SU(2). The background geometry, B3 = F; x P!, is detailed in appendix C.
The base is rationally fibered with projection p : B3 — By over By = Cg x P!, where Cg
is the base of F;. A D3-brane wrapping Cg gives rise to a four-dimensional E-string. The
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E-string curve is trivially fibered over the extra P!, and this fibration traces out the divisor
DE = CE X Pl on Bg.
The elliptic fibration Yy over Bs models a stack of 7-branes with gauge group G =
SU(2) wrapped on the divisor
b=Cpg x P!, (6.22)

Since the E-string curve Cg lies inside the 7-brane divisor b, its intersection number with
b is negative,
b-Cp=-1. (6.23)

In the elliptic fibration over Bs, the elliptic fiber over b splits into two rational curves which
intersect like the nodes of the affine Dynkin diagram of SU(2). Fibering both curves over
b defines two exceptional divisors ey and e; with e + e; = 7*(b), where the fiber of e
is associated with the affine node. The generator of the Cartan U(1) within SU(2) can
be identified with the divisor —e;. To understand the normalisation, note that matter
excitations in the fundamental representation arise from M2-branes wrapping a curve Cf
in the fiber over a curve on b. The holomorphic curve Cf satisfies —e; o Cf = 1, so that
matter excitations from an M2-brane along Cf have charge » = 1 under the U(1) generated
by —ej.
For this geometry we consider a transversal flux background of the form

G = (—61) AN ﬂ'*(F) s F=c1Dy+4 coDy + c3Ds3, (6.24)
which corresponds to the Cartan U(1) of SU(2). Here
DI =C'xP', Dy=C'xP'+CpxP', D3=p"(Cg). (6.25)

As before, we determine via mirror symmetry a number of relative BPS invariants
Ncy.c(n,r) and so obtain the first terms in the expansion of the elliptic genus. While
we refer to eq. (C.11) in the appendix for more data, we present here just the lowest order
i .20

in ¢:

0% Zop.a(q,€) = qler(16672 — 160671 + 768 — 2400€ + 5616 — 1075262 + 17920¢*
—27136¢° + 384005 — 5171267 + 6707265 + - - ) (6.26)
He3(6672 — 40671 — 472 4 204262 — 460883 + 819261 — 12800¢°
118432¢5 — 2508867 4 32768€8 + - - )] + O(¢%) .

The noteworthy feature is that at any given order of ¢ there is an infinite series in £. This
points to the expansion of a £-dependent denominator. Such behaviour is expected from
experience with non-critical strings of six-dimensional N = (1,0) SCFT’s with nontrivial
gauge symmetry [43, 44, 49, 55, 58-60, 65, 67—69, 72], which are obtained when D3-branes
wrap a curve that is also wrapped by 7-branes. In six dimensions, such strings are inter-
preted as instanton strings with respect to the non-abelian gauge group localized on the
stack of 7-branes. The point is that for a coincident 7-brane/D3-brane system, the open

2ONote that the flux labelled by c2 does not contribute.
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strings in the 3-7 sector lead to massless charged chiral fields the N = (0, 2) supersymmet-
ric worldsheet theory, and in turn to charged bosonic excitations in spacetime. These are
responsible for the appearance of an {-dependent denominator in the elliptic genus.

Our goal is to understand the four-dimensional elliptic genus as the derivative of a
six-dimensional elliptic genus, possibly augmented by a genuinely four-dimensional piece.
To find the six-dimensional contribution, recall that the curve Cg is trivially fibered over
the P! factor in Bs, thereby tracing out the divisor Dg within Bs. This suggests that we
must consider the E-string within a threefold, Y3, obtained by restricting Y, to the fiber
of this fibration. This threefold is simply

Y3 = Yi|p,, (6.27)

where the divisor D3 cuts out the Hirzebruch surface F; on Bs. This threefold happens
to be a Calabi-Yau space, and thus we can easily compute the relevant BPS invariants
via mirror symmetry. The first terms in the expansion of the elliptic genus for the six-
dimensional E-string in Y3 leads to the BPS numbers presented in (C.13). These BPS
numbers can be identified as the expansion coefficients of

4 0:(0.7)10
Z—2-1(¢;§) = —n(Tl)m Z; Z(((Z)zj')Q : (6.28)

In accord with our expectations, this coincides with the elliptic genus of an instanton string
of a six-dimensional N = (1,0) SCFT with SU(2) gauge symmetry and SO(20) flavor
symmetry [58], in the limit where the chemical potentials of its SO(20) flavor symmetry
have been switched off and the only nonvanishing chemical potential is the one for the
Cartan generator of SU(2).

While we expect (6.28) to contribute to the elliptic genus of the four-dimensional E-
string with a derivative, it turns out that for general Cartan flux G, the four-dimensional
elliptic genus receives in addition a fully modular, non-derivative contribution without a
six-dimensional origin. In fact, the elliptic genus of our four-dimensional E-string can be
brought into the following form, in full agreement with conjecture 2 in section 3.2:

Z04:6(0,6) = (F - C)Z1n(@,€) + —(F b D)7 -2m(0.8),  (6:29)

where?!

m=>b-Cg=—1 (6.30)

and the flux-dependent parameters are

F'CEzcl, F-b'DE:—Cg. (6.31)

2I'Note that in the definition of m we have not included a factor of % This reflects the different normali-
sation of the U(1) as Cartan subgroup of SU(2), as compared to the non-Cartan U(1)’s studied in the other
examples in this work. The value of m defined in this way gives the U(1) fugacity index of the modular

1

forms. Correspondingly, the prefactor of the derivative term in (6.29) is -, rather than ﬁ
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Note again that the flux labelled by c¢s does not contribute. The first term,

91(2, T)lo

210 8) = 161 s e

(6.32)
represents a genuinely four-dimensional contribution to the elliptic genus. Evidently, fluxes
for which F' - Cg # 0 affect the spectrum of the solitonic string in a more drastic way
if the string lies inside a 7-brane stack, and as a result the four-dimensional E-string
can no longer simply be viewed as a fibered version of a six-dimensional E-string. The
final expression (6.29) then nicely disentangles via the fluxes the universal six-dimensional
contribution and the genuinely four-dimensional contribution to the elliptic genus.

6.2 Four-dimensional string on B; = P?

As our final example, we present the elliptic genus of a non-critical string that probes a
base geometry without any fibration structure. Nonetheless, we will be able to write the
elliptic genus in the general form advertised in section 3.2.

We will consider the simplest possible elliptic fourfold fibration, namely where the
base is given by Bz = P3. We will focus on the elliptic genus of the non-critical string
obtained by wrapping a D3-brane along some curve C},, whose class is given in terms of
the hyperplane class by

C,=H- -H. (6.33)

To keep things simple, we engineer a gauge group G = U(1) with associated height-pairing
b=2K By = 8H. The details of the geometry can be found in appendix D. The transversal
U(1) flux is of the form

Gy =0 AT (F), with FF=cH . (6.34)

The elliptic genus of the non-critical string is expected to encode the relative BPS invariants
Ne,.a(n,r) via

1
ZGU(I);Cb (q? g) - _72 Z NGU(1)7Cb (n7 T)qngr ) (6‘35)
n,r
where the prefactor ¢~2 = ¢ #0/2 reflects the vacuum energy Ey = Cp - K By = 4 on

the string. The lowest invariants can be computed by mirror symmetry as discussed in
appendix D. Exploiting modularity, we can completely determine the elliptic genus as

264000 (0,6) = (F - Co) Zo1m(0,€) 51— (F b~ H)E0Z 2m(0,€), (6.36)

where Z_1,,(q,€) and Z_3,,(¢,§) are meromorphic Jacobi forms for which explicit ex-
pressions are presented in egs. (D.11) and (D.12). Moreover, the U(1) fugacity index is
given by

m:%b-C’b:AL, (6.37)

while
F-Cy=c, F-b-H=38c. (6.38)
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Recall that the single flux parameter c is defined in (6.34); since h':'(B3) = 1 there is not
enough room for different types of U(1) fluxes to separate out the modular and derivative
components, so that just a single linear combination appears.

We conclude from this example that the four-dimensional elliptic genus can receive a
derivative contribution even if the base, Bs, is not a fibration. The invariants contained in
the derivative piece Z_34(g,&) once more appear in the background of a non-transversal
(—2) flux. In the present case, the only non-trivial (—2) flux is of the form

Gp=7n"(H)AN7"(H). (6.39)

For an elliptic fibration over P? without U(1) gauge group, such fluxes were investigated
in [76, 77]. As we show in appendix D, the generating function for the BPS invariants in
this flux background precisely encodes the invariants contained in Z_3 4(q,§), i.e.

Feucy, = —4°Z-24(4,€). (6.40)

It is interesting to wonder if the invariants Z_54(q,§) are again the invariants of a
certain embedded threefold but we have no evidence that this is the case in this example.
In fact, in [107] we will give very direct arguments for the relation between certain (—2)
flux invariants and the invariants of embedded threefolds, but these do not apply to the
flux background (6.39).

7 Conclusions and outlook

In this work we have investigated the rich interplay between the modular properties of
elliptic genera, the enumerative geometry of genus zero relative BPS invariants on elliptic
fourfolds with background fluxes, and the structure of U(1) anomalies for effective field
theories in four dimensions. Our analysis has been distilled to conjecture 2 in section 3.2,
which disentangles the flux-induced elliptic genus in four dimensions into a sum of mod-
ular Jacobi forms, quasi-modular Jacobi forms, and derivatives thereof. Our conjecture
applies in particular to critical heterotic strings and to non-critical solitonic strings in four
dimensions with N = (0,2) worldsheet supersymmetry. Such theories can be engineered
in F-theory as worldvolume theories of D3-branes compactified on curves which lie in the
base, Bs, of an elliptic fourfold Yj.

That the elliptic genus in four dimensions is not necessarily a (quasi-)modular Jacobi
form per se had been explicitly observed already in [6], and is in agreement with the general
results of [24] and with the conjecture [25] that the generating functions of BPS invariants
of elliptic fibrations are captured in terms of quasi-Jacobi forms. According to conjecture 2
of the present paper, the non-(quasi-)modular components of the elliptic genus are, in fact,
of a simple derivative form. Apart from breaking modular invariance, they also break the
elliptic shift symmetriy which corresponds to spectral flow in the U(1) current algebra.
These anomalies can be remedied at the cost of introducing a non-holomorphic derivative
as in (1.12). This results in eq. (1.13), which can be seen as a concrete realization of the
elliptic holomorphic anomaly equation that was proposed in [25], thereby giving further
support of it.
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Our arguments are based on a central observation of this paper, namely that the
derivative contributions to the elliptic genus in the presence of transversal flux can be
obtained in two a priori independent ways: first, they arise from the partition function of
BPS invariants in the background of non-transversal fluxes. This is in accordance with the
elliptic holomorphic anomaly equation that was introduced in [25]. A main result in our
work concerns a second, novel interpretation of these invariants, namely as BPS invariants
of certain threefolds Y} that are embedded in Y. Taking the second point of view in fact
allowed us to independently derive the elliptic holomorphic anomaly equation.

In special cases, the threefolds Yé are themselves Calabi-Yau manifolds and their BPS
invariants can easily be computed by means of mirror symmetry. By analysing a variety of
examples, we find that these BPS invariants indeed match the derivative sector of elliptic
genera. This lends strong support to our claims. More generally, the concept of relative
BPS invariants is well-defined also for non-Calabi-Yau geometries, and we gather circum-
stantial evidence that the observed pattern persists for such Y4. It would be intriguing to
develop techniques to compute these invariants more directly, from first principles, in order
to compare them with our predictions.

In the special case of a heterotic string, we have been able to prove the geometric
interpretation of the BPS invariants in the derivative sector, at least at the first energy
level n = 1 of the elliptic genus. This rests on the geometric interpretation of the fourfold
BPS invariants in terms of the moduli space of curves in the fourfold. It would be desirable
to extend this proof to all levels n [107]. This would open up the fascinating possibility
of using mirror symmetry on Calabi- Yau fourfolds to determine relative BPS invariants of
non-Calabi- Yau threefolds.

From a physics perspective, the embedded threefolds Y4 can be thought of as formally
defining six-dimensional sectors in the following sense. If the Y} are Calabi-Yau manifolds,
the derivative part of the elliptic genus can be literally interpreted as a collection of six-
dimensional elliptic genera. For instance, for the case of a heterotic solitonic string, we
can go to the dual weakly coupled eigenframe which describes a compactification on a K3
surface with gauge bundle. In this case the six-dimensional elliptic genus we talk about
is precisely the elliptic genus of such a compactification. We have also discussed the more
generic situation where Y4 is not Calabi-Yau: while the arguments are not as sharp, we
can still make a formal analogy and consider a dual heterotic geometry associated with
some elliptic surface, which however is not a K3 surface any longer.

We have illustrated conjecture 2 by a number of examples covering a variety of four-
dimensional, critical as well as non-critical strings, and their elliptic genera. For the special
case of the critical heterotic string, the modular properties of the elliptic genus reflect the
intricacies of the Green-Schwarz anomaly cancelling mechanism in four dimensions. As
described, contrary to what happens in six dimensions, the elliptic genus in four dimensions
is not necessarily a (quasi-)modular Jacobi form, and we show in detail how this ties in
with anomaly cancellation involving extra B-fields. Specifically, the modular part of the
elliptic genus is linked to the universal B-field, while the other sectors reflect the presence
of further B-fields, in general of both perturbative and non-perturbative nature.
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We have furthermore analysed two types of examples of non-critical strings in four
dimensions. The first is a generalisation of the concept of an E-string to four dimensions:
its elliptic genus is generally the sum of a derivative piece (which is related to the familiar
six-dimensional E-string), plus a genuinely four-dimensional contribution, whose details de-
pend on the flux background. While the E-strings are special in that they can be decoupled
from gravity in four dimensions, we have tested conjecture 2 also for a non-critical string
which is associated with a non-shrinkable curve in P3, so that gravity cannot be decoupled.
Clearly the handful of prototypical examples provided in this work only form the beginning
of a much more systematic study of elliptic genera of strings in four dimensions.
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A Modular forms

A.1 Rings of Jacobi (J..), quasi-modular Jacobi (Jf“)y), and quasi-Jacobi
(Jg;]) forms

Jacobi forms [153], as holomorphic functions of two variables, ®(7,z) : H x C — C, are
primarily characterized by their simple transformation properties under the modular group:

at + b z Qi —me_ 2 ab
- — w ﬂ-ZcT Z @ .
Doy m (cv' iy d) (et +d)Ve +2% Dy (T, 2)  for <c d) € SL(2,Z2), (A.1)

B (7,2 + AT+ p) = e ZTMNTEG (22 A pE. (A.2)

They possess a Fourier expansion

(I)w,m _ Z Z c(n,r) eQﬂ'i(n‘r-&-rz)7 (A3)

n>0r2<4mn

and are the natural building blocks [33-35] of elliptic genera (1.1) that are refined by an
extra U(1) current. There exists an extensive literature about Jacobi forms (for example,
besides the original work [153], also [36, 154, 155]), so we can be brief. We just mention
here some aspects that are important in this work. A Jacobi form @, ,,(7, 2) is called

e a holomorphic Jacobi form if ¢(n,r) = 0 unless 4mn > r2,
e a Jacobi cusp form if ¢(n,r) = 0 unless 4mn > 2,

e a weak Jacobi form if ¢(n,r) =0 unless n > 0 .
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One furthermore defines a weakly (or nearly) holomorphic Jacobi form by requiring ¢(n, r) =
0 unless n > ng for a negative integer ng.
Jacobi forms form a bi-graded ring which we denote by

J*,* = ®w,me,m . (A4)

For even weight and integer index, Joy ., is freely generated by ¢o1 and ¢_z 1 with coeffi-
cients given by polynomials in the Eisenstein series E4 and Fgs. The Eisenstein series, as

well as the generators ¢g1 and ¢_2 1, can be expressed in terms of the Dedekind function

n(t) = g2 [122,(1 — ¢™) and the familiar Jacobi theta functions as follows:*?

4
By(r) = % > 9(7,0)%, (A.5)
=1

Bo(r) = 5 (92(7,0)%(0s(7,0)* + 9a(r,0)") + B5(r, 0)° (0 (,0)* — 0a(r,0)%)  (A6)

— (7, 0)3(Ba(r, 0)" + 95(7,0)1)),
(7,

. _191 2)2
¢_2’1(T, z) = 7776(7-) 5 (A7)
_ 192(7_7 Z)2 193(7_7 Z)2 194(7_7 Z)2
Foalr,2) =4 (ﬁm, 07 " 907 T 0l o>2> ' -

For odd weight and integer index, Jap41,, has a single extra generator

i1 (T, 22)
7 (7)

which implies that any odd-weight Jacobi form of integer index must be proportional to

¢_172(T, 2) = (AQ)

¢_12. This is of great significance in the present work, since the relevant elliptic genus of
four-dimensional theories has weight w = —1 and integer m. Note that the odd generator
obeys the relation

432021 5 = 61 (041 — 3Ead 51001 +2Ee0% 51 ) (A.10)

so that effectively it appears at most linearly. So altogether the ring of weak Jacobi forms
is generated by

Jow i {Es, Eg, 01,021,012}, (A.11)

modulo the relation (A.10).
For reference, we define g = €7, £ = 2™2 ¢En — ¢n p ¢ (F — ¢ _ 7 and

Z = 2miz, and list the following expansions:

Go1(7,2) = 10 4 €51 4 (108 — 6465 + 10632) g + ... (A.12)

1
— (B> + B3t +...,

= 12 + E53?
+ Loz +24

*2Note that we adopt conventions different to those of [6].
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G _o1(1,2) = =2+ €T — (12 — 8¢ 4265 + ... (A.13)
1 1
=224 EE224 + ——(5Ey*> —Eg)3% + ...,

] 1440
$o12(1,2) = &+ (BT =g+ (A.14)
1 1
=254+ —E933 + — (592 —2E,)2° + ... .
z+ 3 227 + 180( 2 4)Z +

Moreover, an important réle is played by holomorphic quasi-modular forms. The ring
of such forms is generated by the Eisenstein series F4 and Eg plus

1 Al(7)
2mi A(T)

By(r) = =1-24q - 72> + O(¢%), (A.15)

where A = 0! = Lo (E§ — EZ). As is well-known, it is not fully modular but transforms
with an extra piece

EQC:12>::@T+@%%uy-fdmwwo. (A.16)

This modular anomaly can be remedied at the expense of holomorphicity by defining

Bo(r) = Eo(r) — —>

(A.17)

rlm7

In this paper we consider two extensions: a simpler one and a more complicated one
which contains the first.?> The simple one is what we call the ring J*Qi\/[ of quasi-modular
Jacobi forms. It is defined similar to J . except that the coefficients are polyomials in Ej
as well as in F4 and Eg. That is, its generators are

JEM . {Ey, By, Eg, b1, ¢—21,d—12} - (A.18)

The more complicated extension is obtained by first defining an “almost holomorphic”
function on H x C of the form

B(r,z) = 3 @i (r,2) <1> (Im)] 7 (A.19)

750 Imr ImT

where the sum runs over finitely many terms and the ®; ;(7, z) are holomorphic (and ap-
propriately convergent). If the non-holomorphic function ®(7, z) obeys the transformation
laws of a Jacobi form as given in (A.1) and (A.2), then the holomorphic first term in the
sum is defined to be a quasi-Jacobi form:

Do(r,2) € JI (A.20)

Note that J?N - Jg;] as it corresponds to the special case of almost holomorphic Jacobi
forms (A.19) for which j = 0. For more thorough definitions, see [23-25].

23 An even more drastic extension would be in terms of more general mock-modular Jacobi forms, see for
example ref. [36]. However this appears not to be relevant for the compact geometries we consider.
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Summarizing, quasi-modular Jacobi forms can be made modular by reparing the
anomalous transformation behaviour of the generator Es in (A.16) by adding a non-
holomorphic piece as in (A.17). This has many known manifestations in the physics liter-
ature.

On the other hand, quasi-Jacobi forms have a worse transformation behaviour that
cannot be remedied in this simple way, and needs extra treatment in the form of ﬁﬁ—j The
quasi-Jacobi forms that appear in this paper all arise as z-derivatives of modular or quasi-
modular Jacobi forms. More precisely, if we start from a Jacobi form @, ., (7,2) € Jym
with given weight and index, then

Qoyi1m(7,2) = Vom®um(T, 2), (A.21)
I
Vo = 0, + dmim—— | (A.22)
’ ImT
is almost holomorphic while modular with weight w + 1 under the transformations (A.1)
and (A.2). This follows from the transformation property of o = %rn‘;—j:
atr+b =z
—_— — pu— —_— A.2
(cr—l—d’cr—i—d) (et +d)a(r,2) —cz, (A.23)
a(r,z+ AT+ p) = a(r,2) + A. (A.24)

It then follows that by definition 0,®, ,, € Jg_il,m. Analogous arguments apply if @, €
JENM.

A.2 Eisenstein-Jacobi forms

In this section we identify a set of Jacobi forms which are closely related to the Eisenstein
series 4(7) and Eg(7). This parametrization of the ring of Jacobi forms, J, ., is naturally
adapted to the geometries we consider, and makes certain properties more manifest. Specif-
ically, we are interested in holomorphic Jacobi forms @, ,,(q,&) = Puym (T, 2), of weight
w =4 or 6 and index m characterized by the following properties:

L4 q)w,m(%g = 1) = (I)w,m('raz = 0) = Ew(T)v

o Oym(q, &)= D >0 2oreZ c(n,r)q"E", where ¢(n,r) € Z and ¢(0,7) = do,r-

We further restrict our attention to Jacobi forms with index m < 4 and integral expansion
coefficients which are relevant to the examples that appear in this paper. It is straight-
forward to construct explicitly all such forms within the ring J .. Specifically, for any
w=4,m < 3, as well as for w = 6, m < 2, there is a unique such form, which coincides
with the Jacobi-Eisenstein series E., ,, of [153]. These are given by:

Eyo = E; =1+ 240q + O(¢?), (A.25)
1
Eyp = 2 (Bsdo1 — Bop—21) = 1 + (€52 + 56! 4 126)q + O(¢?), (A.26)
1
Bz = 1oz (Eadfs —2Bso010-21 + Ef6%,1) = 1+ (14677 1646 +84)g + O(c°),
(A.27)
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1
By = 755 (Badh ) — 3Eodl16-01 + 3E30016%5 1 — EaEed’ s, ) (A.28)

=1+ (2653 4+ 27652 4+ 5465 + T4)g + O(¢?),

and
Eso = Eg =1—504q + O(¢?), (A.29)
FEe1 = % (E6¢>0,1 - Ez¢—2,1) =1+ (£ —88¢F! —330)g + O(¢?), (A.30)
By = 15 (Foda~2B300,16 21+ Baog? 5.) = 1~ (1062412861 1228)g + O(¢?).

(A.31)

On the other hand, for w = 4, m = 4 and for w = 6, m = 3 and 4, the sought-after Jacobi
forms cannot be Jacobi-Eisenstein series, as the latter do not have integer coefficients.
For each of these cases there is a one parameter family of Jacobi forms with the required
properties, which we denote by Fy, p, ¢, t € Z:

1
Eyap = ot (E4¢3,1 — AEg¢3 1 —2,1 + 6EL¢5 0% 01 — 4E4Eg010° 51 + (9E; — 8E§)¢f271)
- tAflsim
1— 8
=1+ <§i4 + 566F2 4+ 126¢F — t(ff)> q+ 0, (A.32)
1
Eost = 153 (E6¢8,1 — 3E;d5 1021 + 3E4Eg016% 91 — Egﬁb?im) — AP 5,
1— 6
=1 <§i3 + 27672 41356 + 178 + t( E‘”’é) ) q+ 0, (A.33)
1
Boae = 557 (Bodh 1 — 4E300 1621 + 6E1Esdd 107 01 — 4E300.16% s, + E{Esoty )
— tAG0,19° 5,
1— 6
=1- (45*3 + 44€%2 + 12461 4160 + ¢ 535) (& + 10)) q+ O(g%). (A.34)

In the paper, we employ these forms to express the U(1) dependence numerator of the
heterotic string elliptic genus on K3, which in the limit z — 0 reduces to 2E4(7)FEs(T).
In fact, in the examples we make a further specialization and write the elliptic genera in
terms of the following set of Jacobi forms:

Fs,3:= Fg 3.9, Ge,3 = Ep 3,3, Fy4:=Fy41, G4 = FEy40,

)

Fs 4 := Fg 4,0, Ge4 = Fp 4,1, (A.35)

together with the Eisenstein-Jacobi forms (A.25)—(A.31).

We note that there exist a number of bilinear relations among this set of Jacobi forms:

EyoFyy — 4By 1,3 + 3Ei2 =0,
Eyo0Ee2 + Es2FEso —2E41Fs1 = 0,
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Ey0F63+3E41Fs2 — 9FE42Fs1 + 5FE43E60 = 0,
Ey0Ge3 —3E3162 +3E42E61 — Ey3E60 =0, (A.36)

Ey1Fs3 — 3k 3E61 + 2Fy4FE60 = 0,

E11Ge3 —3F42Fs2 +3E43E61 — FuaFEgo =0,

Ey0Fs4 —3E12F62 + 2E43F61 =0,

FE10Ge4 —2FE41Ge 3+ 2FE43F61 — GaaFgo = 0.

Moreover we find that the following relations hold:

Ey1VEys = 12A¢_12¢ 21,

E41VEy3 =2A¢_ 12601621,

E1VEy) = 144A¢_ o,

E1VEys = EgoVEsy; = 12A¢_1 2001, (A.37)
Ee1VEy3 = Ad_12(85, + E1d? 1),

EgoVEys = A¢L1,2(¢a1 — E4¢%,1),

Fs3VEs1 = Ap_15(88, + 9Esd?,,),

G63VEsL1 = Ap_12(05, — 3E44%5,).

The operator V acts on a pair of Jacobi forms D1 m1> Puwo,m, Of nonzero index to produce
the a Jacobi form of weight w; 4+ w9+ 1 and index mj +ms9, and has the following definition:

N 1 1
(I)ml,lﬁvq)mz,kz = mizq)mmm (faﬁ)q)mg,wz - milﬁbma,wz (§8£>(I)m1,w1- (A~38)

B 4d heterotic and E-strings for B; = dP, x P},

Here we will provide details of the geometry of the elliptic Calabi-Yau fourfold, Yy, and of
the embedded threefolds Y%, as discussed in section 5.1.
The toric coordinates of the threefold base

By = dPy, x P}, (B.1)

are listed in the upper-left part of table 1, in terms of the U(1) charges of a gauged linear
sigma model (GLSM).
As a basis of H'!(B3) we take

Dy =v, = f = p*(C1),
DQ = Vi = h = S_,

B.2
-D3 = Vgy = l, - p*(CQ)a ( )

Dy=v, =f+h—FE=p(C1)+S-—-E.

The notation f and h refers to the pullback to Bs of the respective classes of the fiber and
base of the Hirzebruch surface F! whose blowup constitutes dP; that is, f ~ C? x ]P’ll, and
h ~ ]P’}L X IPll,. The rest of the notation has been introduced in section 5.1.
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’ H Vo Vo, Viy Vzy Vag Vi Vzy H Vy Uy UV Vs

f—E| O 0 1 1 1 0 0 0 3 6 0
h 0 0 0 1 0 1 0 0 2 4 0
E 0 0 1 0 0 0 1 0 2 4 0
A 1 1 0 0 0 0 0 0 2 4 0
So 0 0 0 0 0 0 0 1 1 2 0
S 0 0 0 0 0 0 0 0o 1 1 1

Table 1. GLSM charges of the toric coordinates of the Bl;P%,, fibration over By = dP; x P},.
The upper-left part, as separated by the horizontal and the vertical double lines corresponds to the
description of the base Bs alone.

We now turn to the geometry of the elliptic fibration 7 : Y4 — Bj3. The elliptic fiber is
constructed as a general hypersurface of degree 4 in Bl;P?,,, which is a convenient way of
realising a U(1) gauge symmetry via a rank-1 Mordell-Weil group of rational sections [128].
Specifically, the fourfold Yy is obtained by the vanishing locus of

Pup := sw? + bps?u?w + bysuvw + bov?w + ¢os3ut + ¢15%udv + casuo® + czun® (B.3)

Y

where u, v, w and s are the four homogeneous coordinates of the ambient space Bl;P%;, of
the fiber. The coefficients b; and ¢; are sections of appropriate line bundles on Bs, whose
degrees are parametrized by a cohomology class 3 € H?(B3,Z) as follows:

Sections || by by by Co c1 Co c3 c4
Classes I3 KBg QKBS — 06|28 KB3 + 3 2[(33 BKBg - B 4[(33 - 20

If we denote by £, and L, the line bundles of which the coordinates v and v are sections,
the remaining fibral ambient coordinates w and s are in turn sections of the bundles,

ve H (Y, L, ® L, OB —Kp,)), (B.4)
we H(Y3, L2® L ® O(B)),

which can be seen from the defining polynomial (B.3). For the concrete fibration Y we
make the following choice:

B8 =4D1 4+ 2Dy +4D3 + 2D, (B5)
= 2Kp,,

which leads to the toric description for Yj as described in table (1).
Moreover, note that the height pairing divisor b of the section S, defined as the image
o(S) under the Shioda homomorphism o [122],

b:=—m(c(S)-0(9)), (B.6)
takes, taking into account (B.5), the form:

b=6Kp, —28=2Kp,. (B.7)
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Given this toric data for Yy, upon performing appropriate combinatorial computations,
e.g., by making use of PALP [156, 157] and SAGE [158], we can easily extract the generators
1(@) of the Mori cone, M(Y}):

1M =(0,0,0,0, 0, 0, 0, 1,0,1,—1),

1®=(0,0,0,0, 0, 0, 0,-1,1,0, 2),

1®=(0,0,1,0, 1,-1, 0,-1,0,0, 0), (B.8)
M =1(0,000 -1, 1, 1,-1,00, 0), '
1) =(0,0,0,1, 1, 0,-1,-1,0,0, 0),

1 =(1,1,0,0, 0, 0, 0,-2,0,0, 0).

These generators are described in terms of their intersection numbers with the toric divisors
d, == {v, = 0}, for p = zg,x1,...,w,s, as ordered in table 1. The quartic intersection
numbers of Y, can be obtained via combinatorial computations as well, and we endode
them in the following intersection polynomial:

I(Yy) = 130214 +672.J,3 Jo 4336012 Jo? 416801 Jo +-84.J5 +120.1,3 T3 +64.J1 2 Jo. J3
+ 321092 J3 416053 T3+ 18012 Jy+96J1 2 Jo Jy+48.J1 Jo? Jy+24J5° I,
+ 140,234 +8J1 Jo J3 Jy+4J52 T3 Iy +14, 2 T2 480, Jo J42 + 452 42
+ 120013 J5 464012 Jo J5 + 3201 Jo? Js + 16 Jo3 Js + 14.J, 2 J3. J5 +8.J1 Jo J3 J5
+ 4J22 T3 J5 414012 Ty J5+8J1 Jo Jy Js +4J22 Ty J5+105.0, 3 Js+56.J,2 T Js  (B.9)
+ 28J1 Jo% Js+ 14753 Js+14J, 2 T3 Js+8J1 Jo Js Jo+ 4052 T3 Js +21.01 2 T4 Jg
+ 1201 JoJ4 J6+6J22 Ty T +3J1 T3 Iy o+ 20 J3 Ty Jo+3J1 T4 Jo 42242 T
+ 14012 J5 Jo +8J1 JoJs Jo +4J2% J5 Jo 431 J3 J5 Jo 422 J3 J5. Jo +-3.J1 Ju J5. o
+ 20504 Js Jg

where J, are the generators of the Kéhler cone that obey

=1 (B.10)
lﬂ.

Equipped with the topological data listed above, we can compute the BPS invariants,
Na.c,, (n,r), to any given order for curves of the form

C=0Cy,+nE, +0f (B.11)

with respect to the transversal U(1) flux

4
G=Gyy=cATF, where F =: Z caDq - (B.12)

a=1

The base curves, CY,, that are of interest in our examples are
¢, = {c° ct, C}. (B.13)

These correspond respectively to the heterotic string featuring section 5.1, and to the two
types of E-strings discussed in section 6.1.
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The computation of the BPS invariants proceeds by mirror symmetry, in practice
using A. Klemm’s Mathematica package inst.m and extensions thereof. For this purpose
we need to expand the various curves appearing on the r.h.s. of (B.11) over the Mori cone
generators. This is achieved by making use of the explicit form for the curves (B.8), as
well as of the intersection data (B.9). This leads to the identification

0 = 1@ 4 16) (B.14)
cL =1, (B.15)
cZ =10 (B.16)
E, = 31V 4212 (B.17)
cf_, =1 1@, (B.18)

We have calculated the relative BPS invariants up to certain finite degrees, and list them

below in terms of the generating functions
Faie, = > Nae, (n,1)q" € (B.19)
n,r

Concretely, for each of the three base curves (B.13) under consideration, we get

Faico = ql96c165 + 48¢oe ™1 4 84c36™! + 96046
+ ¢%[e1(692806=! + 203846F2 + 288¢*3 — g¢+H)
+¢(995526E! + 29088¢F2 + 480¢F3 — 12¢FY) (B.20)
+e3(651646ET + 18896¢F2 4 252¢+3 — g¢Fh)
+ea(1341926FL 4 392806+ + 624¢%3 — 166+4)]
+0(¢%),
Faon = alea(11265 +46%2) + c3(566+ + 26%2)]
+ @2[e (2496 4 55262 + ¢5(12486E! + 2766%2)] (B.21)
+ ¢%[2(26928¢FT + 94326F2 4 336673 + 5(13464¢F + 4716¢F2 + 168¢+3))]
+0(qY),
Faor = ales(56¢5" +2652) + ¢y (126F + 4672)]
+ @2[es(1248¢F T 4 276¢%2) 4 ¢4(24966E! + 552¢+2)] (B.22)
+ @Ples(13464¢%T + 4716652 4+ 168¢653) + ¢4(26928¢E! + 94326+ + 336653)]
+0(q").
Here, the coefficients ¢, parametrise the four-form flux G as in (B.12).
In the main text of the paper we argue that the derivative part of the elliptic genera

is given by a formally six-dimensional structure, which manifests itself in terms of the

threefolds
Yy By, i=1,2, (B.23)

whose two-fold bases are given by
B = p*(C"). (B.24)

- 79 —



Here we will provide some relevant details of these, for the sample geometry we consider.
Concretely, we have C! = Cy and C? = C and the respective bases are thus given by

B ~ dP;, (B.25)
B2 ~ C% x Cy ~ Fy. (B.26)

Since the self-intersections of p*(C?) vanish on Bz, the normal bundles NE% /B, are trivial
and hence so are NYg /Ys- This implies that the induced fibrations Y% are Calabi-Yau
threefolds, once again defined by the polynomials of the form (B.3). For the geometries
under consideration, the restrictions preserve the arithmetic structure of the sections and
are described by the classes of the height-pairings by

b’ = blp; = 2Ky , (B.27)

where, in the second step, we have used b = 2K, and Npi /B, = (’)Bé .

As both of the induced fibrations, Y3 and Y3, are torically constructed, they admit a
description in terms of an abelian GLSM, analogous as for Yy in table 1. The most general
such descriptions for the bases (B.25) and (B.26) can be found, for instance, in [4] (see table
4.2, as well as table 4.1 with a = 0); for the specific fibrations Y% and Y§ under scrutiny, we
set (x,y1,y2) = (6,2,2) in the former case and (x,y) = (4,4) in the latter. By determining
their Mori cones and intersection rings, we can calculate the BPS invariants, Néb (n,r), for
the curve classes of the form (B.11) on Y%, just like it was done for the fourfold Yj. As
result we present these invariants via their generating functions of the form,

Fé, = NE (n,r)g" €, (B.28)

for each of the two geometries and base curves (B.13). For Y3 we get for the heterotic base
curve and for the two E-string curves, respectively:

Flo=—2+ (252 + 845*1) q+ (116580 165164611 + 0448¢%2 1 g4etS 25*4) 7

(B.29)
+ (6238536 + 3986964¢t! + 965232¢%2 4 6516463 + 252§i4) @+ 0(¢h,
Flicis =14 (138 + 566F + £52)g + (2358 4 1248¢6F! + 138¢3%) 42 (B.30)

CE
+ (23004 + 1346461 4+ 235852 + 5662 ¢ + O(¢?).

On the other hand, since Y3 does not contain (—1)-curves in its base B3 ~ Fy, all we get
is invariants for C, = C°:

Fo = —2+(288 + 966" ) g+ (123756 + 692806 + 1019262 + 966+ — 261) ¢21+0(g?).

C Non-abelian 4d E-string for B; = F; x P},

Here we present some details on the geometry that underlies the four-dimensional E-string
model presented in section 6.1. The base space of the elliptic fourfold Yy is given by
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’ H Ve Uy Vp Ve H Vey Vi Viy Vi Vizy Vg

Z || 2 3 1 0 0 0 0 0 0 0
er]-1 -1 0 1 ||-1 O 0 0 0 0
h 4 6 0 O 1 0 1 0 0 0

6 9 0 0 0 1 1 1 0 0
U 4 6 0 O 0 0 0 0 1 1

Table 2. GLSM charges of the toric coordinates of the su(2)-enhanced E-string model on F; x P},.

B3y =1 x Pll,, which is related to the base dP» X IP’ll, discussed before in appendix B by a
simple blowdown. Hence

HY“Y(B3) = Span (I, f,h) , (C.1)

with triple intersections
I(Bs) = U(fh — h2) (C:2)

and anti-canonical class
Kp, =21 +3f +2h. (C.3)

We construct an elliptic fibration Y with base B3 and design an SU(2) gauge symme-
try over the divisor b = h. The model is obtained as the resolution of an SU(2) Tate
model [159]. For a flat fibration Y; over Bs, one finds two phases that are related via a flop
transition. Both phases lead to the same elliptic genus and in the following we present our
analysis for just one phase of our choice. The GLSM data can be found in table 2. The
Mori cone is generated by the following curves,

MW=(1 1 0-1 100000),
=0 0-2 0 101000),
I®=(-10 1 3-300000), (C.4)
W=(0 0-1 0-110100),
1®=(0 0-2 0 000011),

and the intersection polynomial reads

I(Yy) = 3576J1% 4 32403 J5 + 18J,2 52 + 1236.J,3 J5 4+ 108.J,2J2.J3 + 61 J5% T3
+ 42412 J3% + 361 JoJ3? + 252 J32 + 1440, J33 + 12505 + 48.J3% + 188.J,3J,
+ 18712 o Jy + 68012 T3]y + 61 JoJsJy + 2401 J3% Ty + 20552 T4 + 8J53J4
+200J,3J5 + 270120y J5 + 31002 Js + 7012 I3 Js 4+ 91 JaJ3Js + Jo2JzJs  (C.5)
+ 2401 J5% J5 + 32032 T5 + 8J33 J5 4+ 16012 T4 J5 + 31 JoJuds + 61 J3J4T5
+ JoJ3 Juds + 252 Ju T,

where .J, are the Kahler cone generators. As a basis of H'!(Bj3), we can pick

Dy = v, = Jy,
Dy = v, = Jo, (C.6)
D3 = Vz = J5.
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In terms of these, we take b = Dy — D7, and furthermore the zero-section of the elliptic
fibration and the exceptional divisor for the U(1) C SU(2) subgroup are

Z = =2Jy+ J3 — Jy — 2J5,

C7
e1 = —J1+3J;3. ( )

Matter of U(1) charge r = 1 arises from an M2-brane wrapping the fibral curve CI_, = (1),
The latter has the following intersection numbers

ZoCl_, =0, (—e)oCi_=1. (C.8)
The U(1) C SU(2) flux is then of the form
G=7"FA (—61) , F =c1D1+4 coDy + c3Ds3. (Cg)

The four-dimensional non-critical E-string in question arises as soliton from a D3-brane
that wraps the curve C = [(Y). By mirror symmetry we find that the first terms in the
expansion of its elliptic genus

Zepa(0,€) = —q > Nega(n,r)g"e (C.10)

n,r

are given by

0% Zopa(q,€) = qler(16672 — 160671 + 768 — 2400€ + 5616 — 107526 + 17920¢*
—27136€° + 3840060 — 5171267 + 6707265 + - +)
+e3(6672 — 40671 — 472¢ + 204262 — 4608€3 + 81921 — 12800¢°
11843260 — 2508867 + 3276868 + - - )]
+¢%[c1 (48674 — 640673 + 3936672 — 153606 ! + 44032 — 101376¢
+198816€% — 34547263 + 546768¢* — 804864 + 1120256¢5 + - - +)
+¢3(206 % — 240673 + 1188672 — 264061 — 11696¢ + 56156¢>
—128784&3 4 22935661 — 35840085 + 516096° + - - )]
+¢3[c1 (96675 — 1440675 + 1027261 — 470406 3 + 158592¢ 2
—4278726 71 + 975360 — 1946784 + 348787262 + - - -)
+¢3(42675 — 60067 4 39606 ™1 — 158406 3 + 4085462 — 5743261
—154536¢ 4 80701862 + - - )]
+q*[c1 (160678 — 2560677 4 197766 7% — 9984065 + 3764806 4
—11462406 3 + 2958848¢ 2 — 66801926 1 4 13473792 + - - -)
+c3(72678 — 1120677 + 831665 — 396006 > + 13618064
—353808¢ 2 4 6718762 — 7400966 + - -+ )]
+0(¢°).
(C.11)
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We can interpret the elliptic genus as the derivative of a formal six-dimensional elliptic
genus, possibly augmented by a genuinely four-dimensional piece. The curve Cg is trivially
fibered over the IP’II/ factor in Bs, thereby tracing out the divisor Dy = h = Do — D7 within
Bs. This suggests that we should consider the E-string within the threefold defined by

Y3 = Yi|rry (C.12)

where the divisor I’ = D3 cuts out the Hirzebruch surface F; of Bs.
The relative BPS invariants for Cg on Y3 can be computed via mirror symmetry as
well and be packaged into the partition function

Zom(q,€) = —¢ '
- (3572 — 40671 4 198 + 472¢ — 10217 + 1536¢> — 2048¢™ 4 2560¢”
~30726° + -+ ) g'/?
(5671 — 80¢73 4 594672 — 264061 + 5788 + 11696¢ — 280782 + - - - )¢/
(7676 — 120675 + 990¢~* — 528063 4+ 20427¢ 2 + - -- )q5/2 n

—(9678 — 160677 + 1386670 + - )¢/ + O(¢°?). (C.13)
This can be recognised as the series expansion in ¢ = €™ and ¢ = €™ of the following
meromorphic Jacobi form of weight w = —2 and U (1) fugacity index m = —1:
;(0, 7)10

Z_27_1(7' z) = 12 Z (0.14)

As discussed in section 6.1.2, this has the interpretation as the elliptic genus of an instanton

227’

string of the six-dimensional SCFT with SU(2) gauge symmetry.

D Non-critical string for B; = P?

In this appendix we provide some of the technical details that underlie the example of
section 6.2. It is devoted to a non-critical string obtained by wrapping a D3-brane on the
curve Cy, = H - H on the base B; = P3 of an elliptic fibration.

The model without U(1) gauge symmetry has been discussed in much detail in [75—
77]. Here we consider an extension of this model in order to support a transversal flux
in conjunction with a chiral U(1) gauge symmetry, which allows for a nontrivial elliptic
genus. For this we implement the gauge symmetry associated with the height-pairing given
by b= 2K B; = 8H. The fourfold Y, we thus consider is characterized by the Mori vectors

(M =(-1,-1,0,0,0,0,0,1, 1),
1(2) = ( _27 27 17 07 07 07 07 07 _1)7 (Dl)
1(3) = ( 07 07 07 17 17 17 17 O’ _4) .

The intersection polynomial, in terms of the dual basis of Kéhler cone generators, reads
I(Yy) = 1984014 + 51212 J5% 4+ 128.J5% + 28112057 + 8.J2% J32 + 256 123 1y + 3J3% 1
+ 1024013 J5 + 2J33 5 + 16J32 T, Jy + 240013 J5 + 3253 J5 4+ 64052013 (D.2)
+128.1% J2 J5 .
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Moreover we define the following curve classes

Cp =1 (D.3)
E, =311 + 21
cf =10 4@
and determine the BPS invariants, Ng,c, (n, ), for the curves of the form
C=0Cy+nE, +CF, (D.4)
with respect to fluxes G € Hiﬁt(n). As a basis of fluxes we pick

Gy = o AT (F) with F=cH,

_ [—156 (4J12 + J1J3) + 115 (4J22 +8J1J2 — 2J1J3 + Jst)} ;

1441

Gy = 7" (H)A7*(H) = J3?, (D.5)
1

Go = —8J52 + i [316 (4J12 + J1J3) — 196 (4(122 £ 81Ty — 2105 + Jng)} .

Above, H denotes the hyperplane class on P? and ¢ a numerical constant. Moreover, as
always, o denotes the Shioda map associated with the U(1) symmetry. This basis leads to

a convenient block-diagonal intersection form on HZ:2 (Y3) given by

—8¢200
Q=] 0 04]. (D.6)
0 40

We now perform a standard mirror symmetry computation to obtain the Gromov-Witten
invariants and assemble them, for each of the above fluxes, into the following partition

function?*

ZGic,(4,€) = _qi12 > Na,(n,7)q"¢" . (D.7)

The fluxes Gg and Gy are the fluxes considered in [76, 77| and are associated with mero-
morphic modular forms of weight w = —2 and w = 0, respectively. These are non-
transversal fluxes which do not admit a lift to four-dimensional F-theory. On the other
hand, the transversal flux Gy/(1) leads to the U(1)-refined elliptic genus we are interested
in, with modular weight w = —1.
In terms of £ = &7 4+ €77, €8 = €" — ¢, the first few terms of the expansions take
the form
_1152 ¢l
q

1 _ _
= Zay 0, (0,€) = 1576 (3805il + 127gi2) (D.8)

—384q (90633§H + 5347262 4 7825§i3) o
20 1536
Zenic(2.0) = 53— ——B+ €51) +192 (4161 + 226451 4 343¢*?)  (D.9)

—1024q (99294 + 65817651 4 18666612 + 18055*3) + ...

24We have factored out 1 / ¢? in order to account for the vacuum energy of the string.
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160 7680
26y, (0,€) = = =5 + ——(3+ €)= 768 (4179 + 22486 + 305¢*2) (D.10)
q q

+512¢ (393396 + 257535611 + 68112672 + 5405{13) +

Matching against Ansaetze of Jacobi forms yields an overdetermined system of equations,
and in this way we find the following closed expression for the weight w = —2 flux:

4 { 5
12488 |7 72
(835E§Es + 12523 B + T3E3) ¢y,

ZG 0, (4:€) = (351 s + 3TEAE]) ¢,

432

864 (2173E] + 12406 E{ E} + 2701 B4 ¢ ) ¢° 5 1601

— (191E2E6 +169E3E) 625,631 (D.11)

+361 (2281E4 + 13342E3 E2 + 1657E6) P10 1}

Moreover we find for the elliptic genus:

24001, (0:6) = (F - ) Z14(0,6) + 5 (F b+ H)E0Z 2,4(0,), (D.12)
where
Z-24(4:€) = Za 50, (4, €) (D.13)
and
Zo14(a.6) = Tgis o2 |SABEEs (1 ) 6aadu

1

+3 (134B1 B} + 20E4E§ — 163E]) 625, (D.14)
1

- (13ES + 166 B3 3 — 179E;) ¢>g71}

are weak Jacobi forms. In (D.12) we used the fact that F'- Cy, = cand F - b- H = 8c. No-
tably, (D.13) states that the very same function Z_5 4(q, &) figures both as generating func-
tion Za,,;.c,, (¢,€) for the (—2)-flux, and in the derivative part of the elliptic genus (D.12)
associated with the transversal flux Gy (). This confirms again our expectations.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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