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ABSTRACT: The fully-differential beam function (dBF) is a universal ingredient in re-
summed predictions of hadron collider observables that probe the full kinematics of the
incoming parton from each colliding proton — the virtuality and transverse momentum
as well as the light-cone momentum fraction x. In this paper we compute the matching
coeflicients between the unpolarized gluon dBF and the usual parton distribution functions
(PDFs) at the two-loop order. For observables probing both the virtuality and transverse
momentum of incoming gluons, our results provide the part of the NNLO singular cross
section related to collinear initial-state radiation, and are required for the resummation
of large logarithms through N3LL. Further to this, the dBF is closely linked to the beam
function appearing in a generalized version of threshold factorization, via a simple integra-
tion. By performing this integration for the two-loop gluon matching coefficients, we also
obtain the corresponding quantities for the generalized threshold beam function.
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1 Introduction

Beam functions encode the effect of collinear initial state radiation (ISR) on the measure-
ment of some observable 7 at a hadron collider [1, 2]. If T is a perturbative scale (T >
Aqcp), these functions can be expressed in terms of the convolution of the standard PDFs
f; and perturbatively-calculable matching coefficients Z;;. The indices i, = {¢;, Gi, g} de-
note the different types of partons in QCD. In this paper we focus on the beam functions
Bi(t,z, k 1) [3],' which can be thought of as a parton density completely differential in all
of the kinematic variables of the ‘active’ parton that enters the hard process. It is a main
ingredient in factorized cross sections for observables sensitive to k 1 and t in the limit
Q*> >t~ /;:E > A(QQCD, where () represents the scale of the hard interaction. The light-
cone coordinates? of the active parton are given in terms of the arguments of this beam
function by (zP~, —t/[zP~], k1), with P~ the large component of the proton momentum.
The B;(t, z, k) are often referred to as fully-differential beam functions (dBFs) [3], or fully
unintegrated PDFs [5, 6].

The full set of dBF matching coefficients Z;; was calculated at one loop in ref. [3].
In ref. [7], we computed the quark matching coefficients Z,; at the two-loop level. The

!See also ref. [4] for related beam functions defined in impact parameter space.
2Here we use the SCET conventions for light-cone coordinates. That is, for a Lorentz vector v the

components (vt,v”,v,) are defined by v* = vTn*/2 + v"7*/2 + v}, where n and 7. are oppositely-
pointing lightcone vectors and v/ is a vector transverse to these directions: n -7 = 2, n? = a2 =0,
n-v, =n-v, =0. In our notation ¥, is a Euclidean transverse vector: 173_ = fvﬁ_.



goal of the present paper is to extend this computation to the case of the gluon matching
coefficients Z,;. In an unpolarized proton, there are two varieties of gluon dBFs: the
unpolarized and linearly polarized dBFs (similar to what is observed for the transverse
momentum dependent beam functions, or TMD PDFs [8]). We limit our attention here
to the computation of the former quantity at two loops, which is sufficient for NNLO or
N3LL resummed predictions of the most important gluon-initiated processes like Higgs
production, see section 2.

Our motivation for performing this calculation is the large and growing list of potential
applications for the dBF:

e The gluon dBF is required to make precise resummed predictions of the Higgs trans-
verse momentum distribution in the presence of a jet veto, where the jet veto is
imposed via a cut on a virtuality-sensitive observable [3, 9-11]. In Higgs measure-
ments, veto constraints of this kind are often imposed to enhance the Higgs signal
over the backgrounds [12, 13|, or categorise the cross section in terms of different
initial states [14].

e Beam functions are a core component of the GENEVA methodology for combining
parton showers with higher order resummation and fixed order computations [15—
18]. The two-loop gluon dBF would be a necessary ingredient in constructing a
shower in the context of (for example) Higgs production that was simultaneously
NNLL' accurate in both the Higgs pr and beam thrust 7y, and matched to NNLO.

e The two-loop gluon dBF could be utilised in multi-differential extensions of the N-
jettiness subtraction scheme [19, 20] in computations of NNLO gluon-initiated pro-
cesses. This is discussed in section 3.4 of ref. [19].

e Finally, in ref. [21] a generalized threshold factorization theorem was derived for
colour singlet production that holds when the momentum fraction of one of the
incoming partons approaches unity. This corresponds to the limit of large rapidity
but generic invariant mass of the produced colour singlet. A beam function Bj(f, x)
appears in this factorization theorem that can be obtained from the dBF as follows:

o . _ k2
Bj(t,x):/d2kLBj<t—;,m,kl). (1.1)

Thus one can straightforwardly obtain the two-loop matching coefficients for the
generalized threshold beam function from our two-loop results for the gluon dBF. In
this paper we actually perform this exercise, and include the results below. Note that
only the unpolarized part of the dBF contributes in eq. (1.1).

The paper is organised as follows. In section 2 we give the operator definition of the
dBF's and recall their key properties as well as their distributional structure. For most of
the calculational details we refer to previous work. Section 3 contains the novel results for
the two-loop gluon dBF matching coefficients. In section 4 (and appendix C) we present
the corresponding results for the generalized threshold beam function. Finally we conclude

in section 5.



2 Definitions and properties of the dBF

Our calculation of the two-loop gluon dBF is performed in close analogy to our calculation
of the two-loop quark dBF [7] and largely based on the two-loop calculation of the virtuality-
dependent beam functions [22, 23]. In particular the integrand of the NNLO gluon beam
function is taken from ref. [23]. The (loop) integrations are then performed with the
additional constraint on the transverse momentum crossing the unitarity cut as in ref. [7].
For details on the calculational methods we therefore refer the reader to the above three
references and shall only review the generic structure and some important properties of
the dBF's here.
The bare gluon dBF is defined by the operator matrix element [3]

B (t,x, K1)

=~k 0(k™)(pa(p7)|BLL(0) 5(t — k™) [5(k™— Pn)d® (kL — Pur) By (0)] [pa(p7))
(2.1)

in soft-collinear effective theory (SCET) [24-29]. Here p,(p~) denotes the incoming spin-
averaged proton state with lightlike momentum p* = p~n#/2, x =k~ /p~ and BZ | is the
gauge-invariant gluon field strength operator in SCET. The measurement delta functions
involve the SCET label momentum operators P, and P, =Py, [26] as well as the usual
(derivative) plus-momentum operator p*. The label momentum operators act to the right
on the SCET fields in Bf; |, while Pt also acts on the external proton state. For further
details and explanations on the relevant SCET operators, see e.g. refs. [1, 2, 22].

The gluon dBF is a Lorentz tensor transverse to the lightcone directions n* and n*, i.e.
n,BY Y= ﬁﬂBg ¥ =0, as a consequence of the transverse polarization of the physical gluon
field operators generating it. As it depends on the external two-dimensional transverse
momentum vector k| the renormalized gluon dBF (with renormalization scale p) naturally
decomposes into two orthogonal tensor structures® in four dimensions:

. . g#V . gﬂl’ k# kY
By (t,a, K ) = By(tw K2, 1) o + (1, 1) (; + ;;) L (22)
1

The two scalar coefficients B, and %, depend on k 1 only through Ef and can be regarded
as independent (unpolarized and linearly polarized) beam functions. In particular, the
corresponding projections of the dBF operator do not mix under renormalization. We can
thus choose different regularization schemes for the computation of the respective bare
functions. While a momentum space calculation of %, requires a regularization scheme
that treats k | as strictly two-dimensional vector, there is in fact no such restriction for B,.

That is because we may replace
- 1 -
8@ (kL —PL) — =8(k? —PD), (2.3)
T

in the dBF matrix element B, = B}, eq. (2.1), which is not possible for %, since the
second term in eq. (2.2) depends on k; rather than kf We can thus employ conventional

30rthogonal in the sense that the trace of the contracted product of the two tensors vanishes.



dimensional regularization (CDR) for the computation of B, by interpreting k 1 on the
r.hs. of eq. (2.3) as a (d —2) dimensional vector with d = 4 —2e. This in turn is equivalent
to replacing

1.2\ —e

LR = P) o i 60 (EL - P (2.4)
in our calculation of the bare By and in analogy to what we did in our calculation of the
two-loop quark dBF [7]. While intermediate (bare) results may differ depending on the
dimensional regularization scheme, the renormalized results do not. The argument closely
follows the one given in ref. [30] in the context of the transverse momentum dependent
soft function. It is based on the observation that all 1/€™ poles associated with ultravi-
olet, infrared, or rapidity divergences are, after the subtraction of subdivergences in the
renormalization or matching procedure, proportional to 5(1%3) = ﬂé(Q)(E 1) and therefore
cannot promote the O(e) differences in the transverse momentum measurement to a finite
contribution. Throughout this work we use the MS renormalization scheme.

For all gluon-initiated processes that are insensitive to the polarization of the incoming
gluons, like Higgs or (azimuthally averaged) top pair production (cf. refs. [31, 32]) only the
NLO result for %, [3] contributes to NNLO (leading power) or N*LL resummed predictions.
On the other hand this precision does require the NNLO result of B;. The reason is that
due to the orthogonality of the two tensor structures in eq. (2.2) only diagonal terms
X By® By or x #,® %, and no mixed terms occur in the factorized cross section for these
processes. At LO (tree-level) %, vanishes (unlike B,) and thus only the NLO @ NLO term
of B, ® B, type survives at NNLO.*

It is the aim of this paper to compute the so far unknown NNLO correction to By, i.e.
more precisely the matching coefficient Z,;(¢, z, Ef, 1) in the OPE [1, 35]

. Lz . z A2 A2
Byta it =3 [ ZIgj(t,z,kf,u)fxz,m{l+0(QCD, QCD)]. (2.5)
j X

t k2

In practice we determine the Z,; coefficients from a perturbative calculation along the
lines of ref. [7], where the incoming proton is replaced by a single parton on both sides of
eq. (2.5). The relevant two-loop diagrams (in lightcone axial gauge) are the same as the
ones shown in ref. [23]. Note that l%f is constrained by [7]

1—2z

t>k? >0, (2.6)

z

where z is the large lightcone momentum fraction argument of Zy; as in eq. (2.5). That
is because the total invariant mass of the collinear radiation emitted in the transition of
parton j to the active gluon must be non-negative. As z > x > 0, eq. (2.6) also holds for
z — x. Integrating over the full range of Ef yields the virtuality (¢) dependent gluon beam

“Note that, for observables in gluon-initated processes that are sensitive to the azimuthal angle, the
NNLO term for %, can appear in the NNLO or N*LL cross section. For examples of this in the TMD case,
see [33, 34].



function. For the corresponding matching coefficients this means

/koLIgj(th’Einu) /d(kl) gj(t 2 klnu’) Igj(t)znu) ) (27)

with the Zg;(t, z, 1) known to NNLO [23, 36] ® As explained in ref. [7] we can use eq. (2.7)
to fix the §(1 — z) (5(/{1) term in Zy4(t, 2, ]‘17 w) provided we know the result for z < 1. It
equals the corresponding term in Zy(t, 2, k2 7, ) upon replacing Cr — C}y in the latter, see
ref. [23] for an explanation. There is no 6(1 — z) (endpoint) term in Zg,.

As a consequence of eq. (2.6) the matching functions Z;;(¢, 2, Ef_,u) obey the same
renormalization group equation (RGE) as the Z;;(t, z, u) [3]:

d
pdulzjtzlﬁ, Z/dt Tt —t' 2, k2, )

®: 1B (1) 001 = 2) = 25(¢) Py, )|, (28)

with the (Mellin) convolution ®, defined in eq. (B.4),

V(1) = 2mw[<n;&(;)+ﬁmmm&m (2.9)

and the collinear QCD splitting function Pj;(z, ). The latter are completely known to three
loops [37, 38]. We give the LO expressions in appendix B.1. The (virtuality-dependent)
beam function anomalous dimension %ig (t, ) equals the jet function anomalous dimension,
Yo (t, 1) = 75 (¢, 1) [2], which was derived for i = g to three-loop order in refs. [36, 39].

Recently, the computation of the universal cusp anomalous dimension I _ to four loops

cus

in QCD has been completed [40-46]. Thus all pieces in the dBF anomalius dimension
necessary for N°LL resummation are now available. The relevant cusp and non-cusp con-
tributions to v%(¢, p) are collected up to three loops in the appendices of refs. [22, 23] using
our notation.

The first two terms (n = 0, 1) [3] in the expansion of the dBF matching coefficient,

- 1 & as \"
Tij(t, 2, k3 m) = = Y (47T> Tt 2, k2, ) (2.10)

n=0

are given in appendix A.The structure of the two-loop coefficient is fixed by the RGE in
eq. (2.8) to be [7]

) . 1 t (Fi)Q o
Ii(j)(t,z,kf,u) :2£3<N2> ; 35 0(1 —2) o( E)

°In contrast, Jo At Zy;(t, 2, k2, ) is ill-defined [3, 7).
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1 t i i § (’Yi )2 Bo_; 7
#an () |- e+ O Do 00 - 90002
~ [vj’gomrgln(l;z)

— [vfgo + 26y + 2T In P
oLz e\ (R 1y (L2 kP
+2F0|:9<t p; kl>tﬁo<t>+t£0< r

1—2 = 0 0
+4Zk:[6<t - —kf)Pi(k)(z)}®zP,§j)(z)}

1 -
+ /ﬂ,c()(;) 4P, 2, k%) + 6(t) 5(k2) 41D (2), (2.11)

7N

—

ISI
I

T N——
| N R I— |

with the usual plus distributions

Lo(z) = [WC} =i a4 [9(;13 L ﬂ . (2.12)

n+1

The anomalous dimension coefficients in the expression for Ié?) are ’y%o =20, I = 4Caq,
I{ = 4C4/3[(4 — 7®)Ca + 58], and By = (11C4 — ATpny)/3 with ny the number of
(massless) quark flavours. The coefficients of the §(¢)§(k?) terms at one and two loops,
Ii(;)(z) and Ii(j2) (z), agree by virtue of eq. (2.7) with the §(¢) coefficients in the virtuality-

dependent beam function and were computed in refs. [23, 36]. The I ;;) (z) can also be found

in appendix A. We explicitly carry out the convolutions involving the one-loop splitting
functions in the next-to-last line of eq. (2.11) for ¢ = g in appendix B.2.

The novel results of this paper are the functions J g(g) (t, z, EE) We present the explicit

expressions in the next section. Although they multiply the p-dependent distribution
Lo(t/p?) in eq. (2.11) they cannot be obtained by solving the RGE, because

d 1 t\ @, 7o @)y, 72
MCiM/LQEO(MZ) ATt 2, k1) = —85(8) S5 (1, 2, k1)
1—2

= —85(t)5(k2) /0 CarJD(tz ). (2.13)

Hence, only the k. integral of the Ji(f) (t, z, IZE), but not the function itself, is fixed by the
dBF anomalous dimension. In eq. (2.13) we used the distributional identity [7]

5(t)9<t1 ; - Eﬁ) 1f<];;> = 5(t)5(i¥f)/0

which holds for any integrable function f (Ef) as can be verified by integration over Ef

1—

Tdrf(r), (2.14)

The #-function in eq. (2.14) implements the kinematic constraint in eq. (2.6) and is implicit
in the JZ(]-Z) (t,z,k?) functions.



3 Results for the dBF

Our calculation of the two-loop dBF perfectly reproduces the known terms in eq. (2.11),
which serves as a strong cross check, and yields the following new results for the NNLO
coefficient functions J g) (t, z, Ef) Our notation is in close analogy to the one for the NNLO
coefficients of the virtuality-dependent gluon beam function in ref. [23]. We define®

1—

TO(t,2,k2) = 62 )9( - Ef) [CAJg)A(t,z,Ef) + TpngJiop(t,2,k2)|,  (3.1)

1—2z

T, 2,k2) = JQ(t,2,k2) = 0(2)9(75 ”2>CFJ53>(t,z,Ef), (3.2)
where ¢; (¢;) denotes the (anti)quark of flavor i. Together with the finite support of
the PDFs in eq. (2.5) the two #-functions in egs. (3.1) and (3.2) enforce the kinematic
constraints (1 —z)/z > r = Ef/t >0 and 1 > 2 > 0. They also imply that taking the
limits z — 1 or t — 0 of the Iy @) coefficients requires to integrate over the full range of Ef

(or equivalently r) first, see ref. [7] for details. The explicit expressions for .J ( g24, J 5527,

Jg(g) read”

2 B -2z pgg(z)_l 11—z 29 2 - 10
JggA_ﬁO{ LO( z r> 2t 65 z 107 =7 (1—z)z+20

and

1 401 _ V.2 _ 9.3 2 _
+2t(1—z)(r+1)2{4r (1—2)2" —2r°z(52" = Tz + 1)

r?(122° =212 +82—4) — 2r(52° =922 +52—3) — 42° + 72> — 5z + 3} }
1— 2 1— 1—
A{ [ (r) + £1< Z—T)—Cg( Z—r)ln Z]
z t z z
. 2 824 — 25234+ 3322 — 162 + 8
< >|:pgg(z)<21n22+7;> 8 2° + 332 z 4+ }

6(1—2)2
+6(R2) [652(1 )+ <§ _ 27r2)£0(1 _ - <196 _ 15g3>5(1 _2)
672 — 4 6m%1—@]

31—2)  1—2z
2In(r + 1) Pgg(—2)
+ (r+ 1% —22)2(1 —rz — 2) [T4(1 -2 2

+2r3(22° = 22° — 22 + 22+ 1) + 272 (320 — 92° + 321 + 27 + 62 — 1)

+2r(22°-102°482*—22"+82-3) + 20 — 72° + 92 —32° — 2> + 92 - 6

SThroughout this work 6(x)d(z) = §(z) is understood.
" All expressions for the Ji(jQ) as well as for the IZ-(]-Q)7 which appear in eq. (2.11), are available in electronic
form upon request to the authors.



2In(l —7rz — 2) 3 7 2 6/c 2
-2 1-— 2 — 1
r(r+1)4t(1—z)z[ 2°r'( z) + zr(5z 6z + )

+42r°(62° — 827 + 32 — 1) 4+ r* (412" — 622° + 432> — 222 + 5)
+13(532" — 882° + 8727 — 482 + 15) + 3r? (152" — 262° + 312> — 182+ 7)

+ (212" — 382° 4 512° — 30z + 13) + 22(1 — z)pgg(Z)}
2lnz
23 2_15 42423_2_2 1
+(T+1)2t(1—22)(1—r2—z)[z(z Jri a2 2 -2 )

+22r3(82% — 623 — 522 4 62 — 3) + 2r2(122° — 112 — 223 + 922 — 82 + 3)

+7(2227 26252741822 - 102-+10) + 82 — 1224 + 527 4 722 — 92 4. 5]
Pgy(2) [ 2
2 - 4z —4) In(1—
P Ty p—— (zr + 62r — 3r + 4z )n( z)
+@Brz+3z—2)rln r}
1
12235(1 — 2) — 62%r°(1122 — 1
+2(r+1)4t(1—z)z[ 2211 — z) — 62%r°(11z 3z +3)

— 2r*(1482% — 19327 + 762 — 4) — 42r® (432° — 592% + 31z — 3)
—2r%(54z" — 732" + 5522 — 132 — 2) — 2r (172" — 192° + 192% — 162 + 8)

In(1 —
— 4zt + 23 4622 — 10,2—}—4} +pgg(—z)M},

(r+1)t (3:3)
2 2CE 1—rz—=z
g(gip — 7(7“ 1% {qu(—r)qu [z(r + 1)] In — 161122 — 1613322 — 2)
—1r?(522% — 322 +2) — r(242% — 202 4+ 2) — (22 — 1)2} , (3.4)

1—z o 5
I =g, pgq(z)a(t . ° - kf) <lnz+ 3)

— o 2 —
—i—Cp{qu(z)[—é(tl ZZ —kf) <ln2z+31nz+9+ﬂ) +i£1<1 ZZ —r)

2 3

1- 2273 +r2(4z + 2 -
—iﬁo Z_ )| 42 +r¥(424+2) +r(2+6) z+31n z
2t z (r+1)2t l—rz—2z
N 8213 +1r%(162 +12) + (52 + 18) — 32 + 9
2(r + 1)t

4 4 1- 2 1- 1-
+ CA{qu(z) [tﬁl(r) + t£1< . S 7“) - £0< S r) In :

z z
1—2 = 9 7wl 2z In(1 —rz)
_ _ 1 _ - i Po(—p)— =)
(5(t . kL)<n 23 6>]+ tﬁo(r)—i— g (—2) D
In(l—rz—2)7, 62, 5 4 2
m[%z +7°2(82 —4)+r (19z —18z+10)




+73(312% — 422 + 30) + r?(312% — 50z + 42)

7 (1722 = 302 + 26) + 42y (2)]

In(r +1)
* (r+1D%*%z(1—rz—2)

[r4z2qu(—z) —2r%(2% — 4z - 2)
+177(62° — 62° 4 242 — 4) +r(82° — 142% + 322 — 12)

1323 822 1182 — 12}
2Inz
+
(r+1)2%t(1—rz—=2
+7‘(52279z+6) + 222 f4z+3}

Pgq(2)
- r(r+ 1)t£E1 —rz—2)

] [r4z2 +3r3(z — 1)z +r?(52% — 82 + 4)

[(227“2 + (62— 3) + 42 — 4) In(1 — 2)

+ (3rz + 3z — 2)7“1117’}

1
B [47“522 +2rt2(82 — 1) + r®2(232 — 6)
+r2(1322—15z—2)+r(z2—8z+8)—zQ+3z—2}}. (3.5)
Here we introduced the unregulated splitting function®
2(z2 —z+ 1)2
=—— 7’ 3.6
pgg(Z) (1 _ Z)Z ( )

for compactness of notation. The splitting function Py,(2) is given in eq. (B.3).

We emphasize that egs. (3.3)—(3.5) as well as eq. (2.11) are perfectly well-defined (in
the distributional sense) as z — 1 or t — 0. Just like in eq. (2.14) and its analog with J(t)
replaced by §(1 — z) one should keep in mind that taking these limits requires to integrate
over r = I;f /t first. This is why these expressions in the present form contain terms which
might seem to be unregularized (unintegrable) at first glance.

4 Results for the generalized threshold beam function

The beam function for generalized threshold factorization, Bi(f, x), is introduced and de-
fined in ref. [21]. For t >> A(QQCD it can be written as the convolution of perturbative
matching coefficients Z;;(¢, z) and the PDFs. The gluon matching coefficients Z;(t, z) can
be computed at two loops from the dBF results above via eq. (1.1). The two-loop structure
of Z;;(%, 2) is analogous to the one of Z;;(t, z) [22, 23] and given in appendix E of ref. [21].
It is completely fixed by the RGE and (known) lower-order ingredients, apart from the
term proportional to &(#):”

fg) (t,2) = 5(t~)4fi(]2)(t~, z) 4 terms fixed by RGE and lower-order pieces . (4.1)

¥Not to be confused with the proper (regulated) splitting function Py,(2) in eq. (B.3).
“Note that our definition of fff) (1, 2) is in analogy to Ii(]?) (t, 2) of refs. [22, 23] and differs by a conventional
factor of 4 compared to the corresponding quantity in ref. [21].



All terms in eq. (2.11), when integrated according to eq. (1.1), contribute to fi(jQ) (t, 2),

except those terms proportional to L, (t/u?)d (Ef) Summing all contributions, one obtains
~ ; 2z 72 1 1-=2 2z
IP(2) =T | ~Lig | —— L 1
Per={ro (52« [5 - m(i5)
1, (1—2 22 Bo | 7 22 ©)
21 In2 (224 1BO 2 2= ) L pt
2n<1+z>n<1+z>+@} <4+ s )\ ) gt )

+ID(2) + AL (2). (4.2)

The quantity 1(2)(2) is the same one that appears in eq. (2.11). The term A.fi(]?)(z) corre-

ij
sponds to the contribution from integrating the terms o Lo(t/u?)Ji; and o< £1(t/p?) Py @
Py; in eq. (2.11). We computed the Alzg)(z) using our results from section 3 and ap-

pendix B.2. The Afg)(z) are regular functions in z, i.e. they do not involve distributions.
We give the explicit expressions, expressed in terms of ordinary polylogarithms up to weight
three, in appendix C. We emphasize that the linearly polarized term o« %, in eq. (2.2) van-
ishes upon the k 1 integration in eq. (1.1). Our two-loop results for the gluon generalized
threshold beam function are therefore complete.

5 Conclusions

The fully-differential beam function Bj;(t, z, Ef, 1) has many potential applications in high-
energy collider physics, from resummations of multi-differential observables, to IR subtrac-
tion schemes and improved parton showers. In this paper we utilised the methods we
developed in refs. [7, 22, 23] to compute the two-loop matching coefficients Ig) (t, z, lgf, )
between the unpolarised gluon dBF By(t, z, /_f?_, p) and the usual PDFs f;(z,p). Our re-
sults are an important ingredient to obtain the full NNLO singular contributions as well
as the NNLL’ and N3LL resummation for observables that probe both the virtuality and
the transverse momentum of the colliding gluons. From our two-loop dBF results, we also
obtained, for the gluon case, the complete two-loop matching coefficients between the beam
function appearing in generalized threshold factorisation [21] and the PDFs.
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A Tree-level and one-loop matching coefficients

We expand the beam function matching coefficient as

- 1 o= /as\" n -
Ttz k) = = 3 (2) 2=k p). (A1)
n=0
At tree level we have
0 — —
zé’(t, 2 B2 1) =645 0(t) 6(kK2) (1 — z) . (A.2)
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The one-loop matching coefficients are [3]

— 1 t 7 ¢
Ii(jl)(t, 2 ki ) = —L1 <M2>FO 5z‘j5(/ﬁ2_)5(1 - z)

o
+o(t) (k)21 (=),

with the u-independent one-loop constants

Iéilq)j(z) = 0ij Cr 0(2)1qq(2) ,
I)(2) = T 0(2) 149 (2),
IV (2) = Cab(2)L4g(2)
I§D(2) = Crp 0(2)Igq(2) .

The one-loop gluon matching functions [36] are given by!°

—2422)2 2
Ly() = £a(1— 2) 2E=2 0207 61— 2) = Pyy(e)Inz

z

1_Z+9(1—z)z.

Igq(2) = Pyq(2) In

B Perturbative ingredients

B.1 Splitting functions

We expand the PDF anomalous dimensions ('yj; = 2P;;) in the MS scheme as

q(ioq)j(z) = Cr0(z)0ijPyq(2),
Pq(iog)(z) = Pti(iog)(z) =Tr0(2)Py(2),

PO (2) = Ca0:) Pogl2) + 2501~ 2),
PO (2) = P9 (2) = Cp 6(2) Pyql2) .

with the usual one-loop (LO) quark and gluon splitting functions

Poo(2) = Lo(1 — 2)(1 + 22) + ;5(1 )= [0(1 52

Pyy(z) =0(1 - 2) [(1 - Z)Q + 22} )

Pyg(2) =2Lo(1 - Z')(l_Z;_ZQ)Q )
1+ (1—2)?

Pyq(z) = 0(1 — z)

Here I;;(2) = Zi(jl’é)(z) in the notation of refs. [2, 36].

- 11 -

1
Lo 150 5 5(E2)5(1 os(tL=% 2\ p©
+obol 7z ) |77y 0ud(kL)O( = 2) +20{ t——=— k[ | F;;7()

2

1+z2]
+

(A.3)

(A4)

(A.5)

(B.1)



B.2 Convolutions of one-loop functions

The (Mellin) convolution of two functions (of light-cone momentum fractions) is defined as

reaata) = [ (). (B4

P w

For i = g and j = g, g the following non-trivial convolutions of one-loop splitting functions
appear in the two-loop dBF matching coefficient, eq. (2.11) (with r = Ef/t >0,1>22>0):

[5 (tl - : Ef)ng(z)] ®. Pyq(2) (B.5)

_ 5k {sclu ~2) W]

+ 2pgy(2) [9(12_2 - r> %zo(r) + %Eo <1;2 — r> + 5<t1;Z - Ef) ln(z)}

+ (T—fD‘ltz [—7”623 —r2(52° = 2%) — 2r'2(62° — 22 + 1) — 2r°2(92% — 42 + 3)

—7“2(17,23—8224—72—1—2) —3r(3z3—22+z+1) —2(z3+1)}0(1_z —r),

2
_QL(g(l_z) _

z

[5 (tl 2 Ef)qu(z)] 9. P,y (2)

 Pyy(—r)Pyy[2(r + 1)]
= (B.6)

[5 (tl —E Ef)ng(z)] 9. Py(2)

z

2 1

=~ Py(2) [50(7«) — r] 9(1 ; S r) — mpgq [2(r +1)], (B.7)

[5 (tl - S f)qu(z)] ®.Pyq(2) (B.8)

:qu(z)<2lnz+;)> 5<t1;Z —Ef) +M[(r+1)222+1]£0<1;2 —7") :

Here we employed the definitions in egs. (3.6) and (B.3). Note that the two terms in
eq. (B.7) combine to an expression regular in the limit » — 0.

C Expressions for the AT g(?)

In analogy to egs. (3.1) and (3.2) we define

A (2) = 0(2) (1 — 2) | CAALD, (2) + Trnp AL (2)] (C.1)
AL (2) = AL (2) = 0(=) (1 — 2) CRAI)(2). (C.2)

- 12 —



We find!'!
F(2

AL (2)
[ (2124 16) In(25)2?
- 6(z—1)

80,2 4 91y
[ 396(;_21)2 23+1n(2)(z+1)] In(z)

1 2z 1 z 2z
~1n? ~1 1
+p99(z)[4 " <z—|—1>+2 n<1—z> n<z+1)
1 1—=2 2
—i—iln(z)ln (z+1> _8]

+ (z _ Pgg(2) + 1) Liy(—2) + lpgg(z)LiQ(z) _ %pgg(z)LiQ <z — 1>

+ %(z+1)ln2(z)

2 2 z+1
—15523 + 37222 + 11422 + 3722 — 482 + 71
+
36z
4222 — 247 + 23 z+1
+ In
6(z—1)z 2
2 (724 +823 — 722 — 82+ 1)
C In3
* A{ 32(22 —1) w(z)
. {—2723 i 18;2 ~302+11  2(2* —22% - 52 +12z +1) ln(Q)] 12(2)
y4 ze —

+ {—41112(2)(2 +1)— % (112% +12) In(2)

1

+ m (97r2z5 —912° — 247%2% — 1112% — 157223
2(z% —

+ 723 4 247222 + 802 + 15722 + 842 4 672 + 31)] In(z)

524 — 1423 + 1522 — 62+ 5 2z
In3

3(z—1)z z4+1
125 — 312% + 2723 4 3122 — 272 + 2
312° — 312% + 272° 4 31z Tz + 71n3(z+1)
3z(22 1)
_3(z4—223+3z2—2z+1) n 2z In2 2z
(z—1)z 1—2z z4+1
20z —1)(z+ 1)  —11254924 - 723 - 922472 -5
In*(z 4+ 1)|— 1
+ In“(z + )[ , + 21 n(z)
2 (112° — 112 4+ 92° + 1127 — 9z + 9) In(2)
2 (22 -1)
—24 =223 - 322+ 621 272 2z
In? 1
|| e+ m(75)
—24 223 - 322+ 621
12
+[ 1) n°(z)

A1l expressions for the AT ;3) are available in electronic form upon request to the authors.
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2(24+2234+322-62+1 2
(2 +22° + 32 z—i—)ln( z)ln(z)

(z—1)z 1—2z
—6m2 24 421724 +60m2 23 +16723 — 187222 — 18022 — 36722 — 712 — 672 — 211
_|_
18(z — 1)z
2 4(z — 1) In(2 12 254524423522 —2—
« In Z ), (z—1)In(2)(z + 1) L2 +52% +2° -5z — 2 51n2(z)
241 z 2(22-1)
72 (52° — 102* — 32 + 102% + 32 + 2)
32(22-1)
4(32°5 =24 +3234+22—-32+1)1In(2 2(z+1) (5224 2+ 23
N ( : )()+( ) ( )ln(z)
z(22-1) 3z
112% — 262 4+ 3322 — 182 + 11) In?(2
(112 2% + 33z z+ )n()]ln(z—i—l)
(z—1)z
(- 2) [_ 4(z—1)In(2)(z + 1)? N 9123 — 67222 —94522 + 452 — 91
z z

4(z—1)(z+1)2 8(24—3z3+322—2+1)nz (s
+< . + EEE 1())1( +1)}
2 (1723 — 622 — 23)

+In(z + 1)pgg(—2)Lia(—22) + [— —8(z+1)In(1 — 2)

32
2 (5z5—13z4(—;23_+11)322—2+9) In(z) + <_21n <z2—fl> —7ln(z + 1)>pgg(z)
(325 42t 4353 4 422 - 32 4 4) 111(2)] Lin(—2)

2(2 1)

. -2 (623 + 18§i+ 82+11) | (—ln( )= 51n (Zi’zl)) pgg(z)] Lia(2)

+ :<4ln(z) ~3In(z+1)+ 31n(2))ng(Z) SRR DZ(Z 2 1)2]“2 C T i)

# o (25) - n@ o ()

1 2(z4+223—|—3z2—62—|—1) 11—z
| 1 —z)Li Li
+In(z + Dpgg(=2)Ld (22-1—2) (z—1)z 13 ( 2 >

L 2(2 28+ 327 62+ 1)

z—1)- Liz(1 — 2)
4 (24— 423432241 y—
* [ ( (z ——il_)z = + 2pgy(2 ]L13 < 22’1) Pgg(—2)Li3z(—22)

+ 305y (=2 )Lis(=2) + I () Lia(2) + g~ 51

z 2
_ AN S 1
3o Z)Ll?’( Z+1>+ 1pgy(2 (z+1>
z+1 1
— 3pgq(2)Lis 5 + pgg(—2)Li3 YD)

N
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a2 () (- () - (25

(z—i—l <z+1> +1n <22+Z1) (—ln2(z)—91n(1—z)ln(z)

)
—3In(z + 1) In(2) + In(2) In(z) + In® (1%)
(5

>+1n 2) — 7r2) B

+1In(1 —2) <2 In?(z) — 2In(z + 1) In(2) + 61n(2) ln(z)> — 2{3]

—21In(2

> 2,5 5 4 2.4
+ m {2403(32’ — 1747°2° — 9072° — 1485(32" — 18072

+3602% + 2403(32> + 1387222 + 93723 + 1485(322 + 1867222 + 31922
— 2403(3z + 3672z — 30z + 1485¢3 — 672 — 679}

N (=% + 724 +323 =722 =32 = 3) In*(2)  2(z—1)(z+1)2In?(2)

32(22-1) z
(47225 — 11m22* — 67223 4+ 117222 + 6722 + 372) In(2)
+
32(22-1)

AL (2)

_Cr { 5(z+1) (162°+52+4) Lip (j

z

-1
+1

+ Liz(—2) [;l (82° 62"+ 32 +2) — 4z(z + 1) In (1 i Zﬂ

2
) -3 (162°+212%+122+4) Liz(2)

—42(z + 1)Lis ( > +42(z + 1)Lig(1 — 2) + 42(z + 1)Lis (22—Zl>

1 1
+ g(z+ 1) (162° + 5z +4) In*(z + 1) + g(z +1) (162 + 5z + 4) In*(2)

+1In <1 i > E(z +1) (1627 + 52 +4) In(z + 1) — éwQZ(z + 1)]

1— 1

+621n(2)In ) I <72712z3 + 72523 + 817222 + 5722 + 45n22
z+1 27

2

— 741z + 187° — 41) — [3 (82% + 1527 + 92 + 2) + 4z(2 + 1) ln(2)] In?(2)
2 2

+1In(1 - 2) [—9 (372% — 322 — 212 —13) + 3 (162° +212* + 4) In(2)

+22(z + 1)1In?(2) + 42(z + 1) In(2) ln(z)]
2
+ [9 (8323 +1742% 4+ 752 + 7) —22(3z+1) ln(2)] In(z)

§(4Oz3+57z2+15z— )—5(162 +212° 4 4) In(2 )] In(z + 1)

—22(z 4+ 1) In3(2) — g(z +1) (402% + 17z — 2) 1n(2)} (C4)
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2(2)
Bo (ln ) < 2+Z1>qu(z)+c;A{3(z +9z —2) In*(z)

1
- [mn )2z = 1)+ ¢ (—162° — 122" — 722 + 9)] In?(z)

+ % (=22 =10z +2) In (f_:) In? (=)
+In(z) [—2 In%(2) (22° + 2 + 1)

+ 15 (8Sz — 15m%2% 4+ 152° — 18722 + 1862 — 1277 + 45)

z (827 + 152 + 48) ln(2)]

2z
zZ+

%( 727 + 22 — 10)1n3< 1>+é(—27z2+502—50)ln3(z+1)

1 1
+1n?(z +1) [ln(2)z2 +3 (42 — 32% + 242 + 25) + 3 (52* — 10z + 6) ln(z)]

2z 200,21 2 2
+1In (z—i—l) [2ln (2)z —1—5(—2 — 10z + 2) In*(z)

72 (522 + 14z 4+ 2) + (22 + 10z — 2) In(z) In (125Z>]

_|_
1
- <8 In(2)z + 3 (82° 4+ 92% + 60z + 59)) In(z)
1
5 (- 442° 4+ 97%2% — 1082% + 91?2 — 1532 + 67° — 89)
L1
T3

(=72* 410z — 18) In*(2) + % (—42° + 32> — 242 — 25) ln(Q)}

1
+ {2 In(2)z* + — 6 (—m22% 4 232° — 4%z + 142 — 37)
1
+ <3 (=42 — 322 — 242 — 25) — 2 (322 + 4) In(z )) In(z +1)
L]
§ (4z +32% 4 242 + 25) In(2 )] In(1 — 2) + zIn(z + 1) Pyg(—2)Lia(—22)

+ Lig(—2) [?1) (—62% + 122 +59) — 22(z + 4) In(1 — z) + (112% — 2z + 18) In(2)
+ <—2 In(1—2)z—5In(z+1)z — 21n(2)z> Pyy(z) +4(22° — 32+ 4) ln(2)]
+ B (—42° +92% — 62 +9)

+ (21n(1 —2)z—8In(z)z+5In(z+ 1)z —5 ln(2)z) qu(z)] Lis(z)
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+ Lis <z - i) K—mnu )2+ 6In(2)z — 3In(z+ 1) + 31n(2)z> Pyo(2)

—_

_l’_

+ {Qz In (:jl> - zln@)} Pyq(—2)Li2 <_z i 1>

. 1
+ zIn(z + 1) Pyy(—2)Liz (2 n 2)

(24102 - 2) [ng (1; ) —Lig(l—z>] ~4(F e+ ) Lis <22_1>

z

(42 — 3% + 24z + 25)]

— 2Pyq(—2)Li3(—22) 4+ 32P;q(—2)Li3(—2) + 32P,4(2)Li3(2)

. 1
+ Zqu(—Z)ng <Z—i-1> 32qu( L13 ( + >
. 2z 1
+ 112P,4(z)Li3 P 32P,,(z)Li3 z)Lis )

+ Pyq(2) [;zln:g(z) + 2In(2) In?(2) 4 22 1n%(1 — 2) In(2)

1 2 1
~ 5 (—14 + 7r2) zIn(z) = 7zIn(1 — 2) In (Z f1> In(z) — gzlng(z +1)

7 3 2z 9 [ 2z
+ <2zln(1 —2z)+ Qzln (1—z>> In <z—|— 1)

+1n?(z 4 1) (4 In(z)z +8 ln(2)z)

+ (—221112(2) —42z1In(2)In(2) + % (=7+2m ) z+ zln2(2)> In(z+1)

+1In(1 —2) (;)ZIHQ(Z) —2zIn(z+1)In(2) + 421n(2) In(z) — 7r2,z>

— 4203 — §z1n3(2) - % (-7+ 2772) zln(Q)}

+ = (167r 351322 — 487222 — 32622 + 1314(32 + 48722

1
1722 — T02¢; + 8202 + 154) +- (—9z2 4102 + 2) In(2)

6
1

+z (423 — 3224+ 242 + 25) In%(2)
1
+ 15 <8Sz — 217222 + 2162% — 24722 + 3062 — 187 + 178) ln(2)}

+ CF{3(z —2)zIn3(2) + [;(2 —2)In(2)z + i (2% + 62 + 6)] In®(2)

- %(z ~9)21n (12";) n2(2)

1 1
+ [Qzln@)(&z + 8) + 1 (—=m22% — 1627 + 27m%2 — 42 + 46)

17 -



—2(47z — 44) ln2(2)] In(z)
1

— é(z — 2)zln3 (22—51> — E(Z — 2)21113(2 +1)
+ ;(z —2)In(z)z + %(z —2)In(2)z + % (222 — 2 — 3)} In?(z 4 1)

1
+ 7[ 177222 + 16222 + 6722 — 4202 — 1872 +258}
1

(2= 2)2In2(2) + (= — 2)zln<12_zz>1n(z)

; (7?2 —27%) + %2(3,2—1—4)111 (2)] In (sz1>

1 1
+1In(z+1) [—6421112( )(17z — 84) + G (27%2% + 392% — dn?2 — 152 — 54)

-3

+
+ (222 — 2= 3) In(2) + (-2 + 2 + 3) 111(2)]

+In(1 - 2) [ln(2) (22— 2 —3) + % (—71'22'2 — 3022 + 2722 + 602 — 30)
+ (—2,22 —(2=2)In(2)z + 2+ 3) In(z + 1)]

2 2 2 2 2 2
+ | ZzIn? )2 © ) In? ) - Zr%m :
3 z+1 1-2 z+1 3 z+1

+zInd(z +1) - zzan(z) + (—21n(z)z —2In(2)z + Eif) In?(z +1)

7T2Z
38—ﬁJW+w%um>+(ﬁmﬂa+1@umm—w)m@

_%(—27—1—271' )Z—i—zln (2 )—len( )> In(z + 1)

+ln2(1—z)(—ln( )z —In(z + 1)z +In(2)z

22

+1In(1 —2) <—21n( )In(z)z — %ln( )z + % <4ln( )2—1—32 > In(z + 1))
+ §zln?(z) (27 + 2n )zln(2)] Pyol2)

*5
+[3(3z +22—2) — (2 —2)zIn(l — 2) + (2 — 2)z In(2)

+(-2m () s+ 2m)s - ) )| Lia(-2

o ()~ ) s

+ Li <z;1> [22 — 2t <—21n<12_zz>z+21n( )2—322> qu(z)—?)]

~ 18 —



+ (2 — 2)2Lis <1;Z> (2 — 2)2Lig(1 - 2)

+ [22qu(z) —(z— 2)2] Lis (22;1> - %z(li’)z + 124) 1n(2)

1 |
+5 (222 - 3) In?(2) + (—27r2z2 — 3922 4 4n%2 1 152 + 54) ln(2)} (C.5)
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