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We formulate supersymmetric non-Hermitian quantum field theories with P7 symmetry, starting with
free chiral boson/fermion models and then including trilinear superpotential interactions. We consider
models with both Dirac and Majorana fermions, analyzing them in terms of superfields and at the
component level. We also discuss the relation between the equations of motion, the (non)invariance of the
Lagrangian and the (non)conservation of the supercurrents in the two models. We exhibit a similarity
transformation that maps the free-field supersymmetric 7?7 -symmetric Dirac model to a supersymmetric
Hermitian theory, but there is, in general, no corresponding similarity transformation for the Majorana
model. In this model, we find generically a mass splitting between bosons and fermions, even though its
construction is explicitly supersymmetric, offering a novel non-Hermitian mechanism for soft supersym-

metry breaking.
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I. INTRODUCTION

Conventional quantum mechanics and quantum field
theory are formulated using Hermitian Hamiltonians and
Lagrangians, respectively. However, in recent years there
has been increasing interest in extensions to non-Hermitian
quantum theories [1], particularly those with P7" symmetry
[2,3], which have real spectra and find applications in many
areas such as optonics [4,5] and phase transitions [6,7]. It
has also been suggested that non-Hermitian quantum field
theory might also have applications in fundamental phys-
ics, e.g., to neutrino physics [8—11], dark matter [12], Higgs
decays [13], and particle mixing [14]. It has been shown
that it is possible to carry over to P7-symmetric non-
Hermitian theories familiar concepts from Hermitian quan-
tum field theory such as the spontaneous breaking of global
symmetries [15—17] and the Englert-Brout-Higgs mecha-
nism in gauge theories [16,18-21], despite the appearance
of subtleties [22,23] in the relationship between current
conservation, Lagrangian symmetries, and Noether’s theo-
rem [24] in non-Hermitian P7 -symmetric theories.
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Supersymmetry [25] is a very attractive framework
within the conventional Hermitian quantum field theory
paradigm, as it plays a key role in string theory and may
play interesting phenomenological roles by stabilizing the
hierarchies of mass scales [26], providing a candidate for
dark matter [27], aiding the grand unification of gauge
couplings [28], and stabilizing the electroweak vacuum
[29]. Moreover, approximate supersymmetry emerges in a
number of less fundamental physical systems in optonics
[30], condensed-matter physics [31], atomic physics,
and nuclear physics [32]. Hence, it is interesting to explore
whether and how the framework of supersymmetry can
be extended to P7 -symmetric non-Hermitian quantum
field theories, as we do here for the first time in 3 + 1
dimensions.'

We start by considering P7 -symmetric non-Hermitian
theories with free bosons and fermions, studying whether
they accommodate supersymmetry, as is the case for free
Hermitian theories. We recall that a necessary condition for
supersymmetry is that the fermionic and bosonic mass
spectra coincide. This is not a trivial issue, since a non-
Hermitian fermionic mass term o« yry y is possible for a

'See Ref. [33] for a pioneering discussion in 1 4 1 dimensions.
We note also that the appearance of supersymmetry in a P7 -
symmetric quantum-mechanical model was discovered in
Refs. [34,35]. Relations between Hermitian theories and P7 -
symmetric non-Hermitian theories have been derived in the
framework of supersymmetric quantum mechanics [36], see
Refs. [37,38] and references therein.
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single species of fermion, whereas a non-Hermitian
bosonic squared-mass term is possible only if there are
at least two complex bosons: o ¢z ¢, — ¢y, We discuss
the construction of P7 -symmetric supersymmetric theo-
ries with a pair of chiral superfields, using the superfield
representation and an appropriate superpotential, examin-
ing the conditions for the mass spectra to be real and
identical, and discussing the extension to interacting
theories. We present our discussion in two formulations
of the fermionic sector, one in terms of Dirac fermions and
the other in terms of Majorana fermions.

We discuss the model with Dirac fermions in Sec. II,
constructing the P7-symmetric non-Hermitian free-
particle model with Dirac fermions in Sec. II A and
showing in Sec. II B how it can be related by a similarity
transformation [39] to a free-particle Hermitian supersym-
metric model. We then discuss supersymmetry transforma-
tions in Sec. II C, introducing four possible definitions of
the supercurrent and discussing the corresponding (non)
invariance properties of the Lagrangian and the (non)
conservation of the corresponding supercurrents. Non-
Hermitian dimension-3 bosonic interactions are introduced
in Sec. IID. The free-particle model with Majorana
fermions is discussed in Sec. III, initially in its component
representation in Sec. III A and then in its superfield
representation in Sec. III B, after which we discuss the
particle spectrum of the Majorana model in Sec. III C. We
look for a similarity transformation to a Hermitian model in
Sec. III D, finding that it is not possible, in general, to map
the non-Hermitian Majorana model to a supersymmetric
Hermitian one. Supersymmetry transformations and the
supercurrent are discussed in Sec. III E. Finally, in Sec. 1V,
we discuss our conclusions and mention some directions
for future work.

II. P7-SYMMETRIC NON-HERMITIAN
SUPERSYMMETRIC MODEL
WITH DIRAC FERMIONS

A. Free-particle model construction

The minimal model we consider contains two AN = 1
scalar chiral superfields ®,: a = 1, 2, which can be written
as follows in conventional notation:

®, = ¢, + 20y, + 60F, — i06°0'8,,
i

V2

where the ¢, are the complex scalar components of the
superfields, the y, , are two-component Weyl fermions, the
F,, are complex auxiliary fields, and 6% and G(L are
Grassmann variables. Assuming a minimal Kéhler poten-
tial, the kinetic part Lx of the corresponding free
Lagrangian can be written in the usual way as

1
+—5000,7,00" ~ ;000'0'04,. (1)

Lo = [ @o@o(o + jos)
= 8I/¢Zay¢a + i)(j;,é(&ydﬂav)(a,ﬂ + FZFW (2)
up to surface terms. One can construct a free-field P7 -

symmetric model by postulating the following non-
Hermitian combination of superpotential terms:

Ly = [(@OW(1-9)+ [ €0 W1+, ()
where £ is a real parameter, with
W = m®,0,, (4)
which yields
Ly pire = m(1 = &)(h1F2 + Fi1y — xix20)
+m(1+&)(F3g) + ¢5F] = zh o). (5)

Due to the non-Hermiticity of the Lagrangian,

‘CDirac = ‘CK + ‘CW,Diram (6)
we have that
a'CDirac T
TFZ:Fa+m(1+<§)¢a:0
8£ irac i
@a—;u:Fl—Fm(l—tf)qﬁd:O, (7)

except for trivial solutions, where we use the notation } = 2
and 2 = 1. It would therefore appear that there is a four-fold
ambiguity in the choice of on-shell condition for the
auxiliary fields F; and F,. However, as first identified
in Ref. [22], we are, in fact, free to choose any one of the
Euler-Lagrange equations to define the equations of
motion; each choice leads to the same physics. In the
present case, we can readily convince ourselves that any
choice leads to the same Lagrangian for the remaining
scalar and fermionic fields:

‘C’gisrac = H¢Zav¢a - m2(1 - §2>|¢a|2
iyl P00 — m(1 = )y
—m(1+ &)y i (8)

where the superscript “OS” indicates that the auxiliary
fields have been evaluated on-shell. Alternatively, we could
have arrived at Eq. (8) directly and unambiguously via the
path integral by functionally integrating over the auxiliary
field, as shown in the Appendix.

Choosing the equations of motion for the scalar and
fermion fields by varying with respect to q’)f, and )(j,,
respectively, we have
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D¢a + m2(1 - 52)4741 = 0’ (921)
150,105 —m(1 + Eyf* =0, (9b)

along with their Hermitian conjugates.
The pair of two-component Weyl fermions can be
combined into a canonically normalised four-component

Dirac fermion
)(2,(1
W= < ta > (10)
X1
in terms of which the Lagrangian takes the form
LS. = 0,10 by — (m? = )| o[> + wighy
— Myy — pyrysy, (11)

where we have defined ¢ = m¢& and the gamma matrices are
understood in the Weyl basis:

0 <02 12> . < 02 6i> 5 (—12 02>
y = , }/’ — ) , = ,
12 02 —o! 02 02 12
(12)
in which ¢ (i = 1, 2, 3) are the Pauli matrices. The four

scalar and four fermion degrees of freedom all have the
same squared mass eigenvalues

M? = m? — u?, (13)
manifesting supersymmetry at the level of the mass

spectrum.
Considering only the transformations of the c-number

fields,” the Lagrangian is P7 -symmetric if we take [22]
Pry(t.x) = y'(t,-x) = Py(1,x),

w(1.x) = y'(t,—x) = w(1.X)P, (14a)
T:y(t,x) -y (-t,x) = Ty*(t,x),

w(t,x) = p'(=t,x) =y (1,x)T, (14b)

where P =y and T = iy'y? in 3 + 1 dimensions. The anti-
Hermitian mass term is then odd under both P and 7. We
note that the eigenvalues are independent of the sign of y,
and that the eigenvalues are real when
case the model is in the unbroken phase of P7 symmetry.

Exceptional points occur at ¢ = =£m, corresponding to
& = +£1. In these cases, the theory becomes massless and
we lose either the left- or the right-chiral Weyl fermion

*More generally, the viability of non-Hermitian theories may
rely on the existence of a discrete antilinear symmetry of the
Hamiltonian [40].

on-shell [9,10]. We note that, by virtue of the supersym-
metry, the scalar sector inherits the masslessness in spite of
having an entirely Hermitian Lagrangian. In addition,
beyond the exceptional point in the P7 -broken phase,
where || > 1 and |u| > |m|, both the scalar and fermion
mass eigenspectra become complex. The scalar sector
inherits the P7 phase transition from the fermion sector
by virtue of the supersymmetry.

B. Mapping to a Hermitian theory via
a similarity transformation

The Lagrangian in Eq. (8) can be mapped to that of a
Hermitian theory by the following similarity transforma-
tion [39]:

oS osr  _ 0S - (N 0OS
£D1rac - £D1r;c S‘chraCS £D1r;1c - (ﬁDlrlac) ’ ( 1 5)
with

S = exp [—arctanhf/ dBx(yi (1, %)y, (1, %)
A0R0000)] (16)
Noting that (wherein there is no summation over a and b)

/ Py Y70 (1Y) a1 X7 (6.%)]

(14 80 )za(t X070 (1, %). (17a)
/ Pyl (1 V)70 (7). 20 %752, %)
= (1 + 8, )13, (£. )i (1. %), (17b)

/ Sy ()2t ¥) 1 (6 X)5 06 X)] =0, (17)

and using the identities

> 1+ 1/2
;E +arctanhé)” = exp (farctanhé) = < 1—:|:§ ) ’

(18a)
we then find
‘Cgﬁ'/ac = av(ﬁzab(ba - m2(1 - 52)|¢a|2

+ i)(z,(‘l&ydﬂau)(a.ﬂ —my I- 52()(01[)(2,61 +I;(}z){ld)’
(19)

which is Hermitian, as required. We note that this
Lagrangian is isospectral to the original non-Hermitian one.
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The Lagrangian in Eq. (19) can be expressed (off-shell)
in terms of chiral superfields as

Lhie =Lx+V1-& [/ d2ow + /d29T WT}, (20)

and we obtain

;)irac = al/¢zav¢a + i)(z,da-ydﬂay)(aﬁ + F:gFa
M\ 1= E(pF = X020+ Fols — 15 :01).
(21)

For the Hermitian Lagrangian, there is no ambiguity in
choosing the on-shell condition for the auxiliary fields,
which are

F,=-m\1-&¢), (22)

and we immediately recover the Lagrangian in Eq. (19).

C. Supersymmetry transformations
and supercurrents

Turning to the supersymmetry transformations, we can
readily confirm that the Lagrangian given by Eqgs. (2) and
(5) is invariant under the following transformations, up to
total derivatives:

8y = V2 0ar Ok =V2eLyi".  (23a)
5)(a,(1 = \/EeaFu - \/Ei(ayeT)aabql)a’
8! o = V2L FlL + V2i(ec”),0, 1. (23b)

SF! = —\/Ei(ea”)dﬁl,)(j}d.
(23c¢)

5Fa = _\/Ei(ayeT)aav)(u,(z’

Specifically, we obtain
8Lt = —iV20,{€"0" ! [Fy + m(1 + )]

el [—ixk 0 o+ m(1 = )Py 5]} (24)

This is as we would expect, given that Egs. (2) and (5) are
constructed, respectively, from D and F terms. The corre-
sponding supercurrent is

Tine = V260! 5110, 0,0k + im(1 + )0y P ]
+ V2[5 64y 0, + im(1 = E)5 Py 5ib).
(25)

This current is not Hermitian, and is not conserved, ex-
cept in the Hermitian limit £ — 0. Specifically, using the
equations of motion in Eq. (9), we find

8Iz‘llf)ir'clc = \/56“[2m2§(1 + é))(aﬂqs‘u

+ V26 [~2imEa Py, 50,h4] 0. (26)

The latter is, however, not unexpected, since we know that
conserved currents are not related to transformations that
leave the Lagrangian invariant in the case of non-Hermitian
theories, see Ref. [22].3

We have seen already that there is a four-fold freedom in
choosing the on-shell condition for the auxiliary fields F,.
While each choice leads to the same Lagrangian, it is clear
from Eq. (23) that these choices lead to distinct supersym-
metry transformations. In general, and as we will show,
there are 16 possible sets of supersymmetry transforma-
tions, which we summarize as follows by introducing the
independent parameters s,,5, = +1 fora =1,2:

Sy = V26 Y0y Su =2yl (27a)
Haw = —V2leam(1 + 5,8)p} + i(c°€") 0, 4]
!y = —V2leim(1 +5,8) ¢y — i(ec”),0,¢].  (27b)

The variation of the Lagrangian under these transforma-
tions is

8L, = V2 {=im&(1 = 5,)0" 10,4

—mE(1 = &) (1 = s )X aatbi}

+ V26l {0, i 0y — imE Py, yep)

+ im§5mﬁb(a,ﬂ(au¢a) —5,(00p) Pl
+m2E(1+ &) (1 + 5,7k ba}- (28)

We see that this reduces to a total derivative: (i) in the
Hermitian limit £ — 0 and (ii) for s, = +1 and 5, = —1.
The latter case corresponds to making the following
replacements in the off-shell transformations in Eq. (23):

F = (F,) = -m(1+ &)}, (29a)

Fi = (Fi) = —m(1 = &)¢,. (29b)

where we reiterate that (F,) # (Fj)*, see the Appendix.

*We remark that we are working here with the field variables
and not their expectation values; since, as illustrated in the
Appendix, we have that (O) # (O")* in general for non-
Hermitian theories, the divergence of the expectation value of
the current may still vanish. We leave further study of this, and the
subtleties of the classical limit/background-field method for non-
Hermitian quantum field theories, to future work.
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D. Extension to include interactions

It is possible to extend the non-Hermitian superpotential
(3) to include interactions by adding trilinear terms:

ALY Dirac = / d2ow, + / 20t wi, (30)

where W, is an arbitrary third-order polynomial function
of @, ,, and we have assumed for simplicity that ALy piryc
is Hermitian, which is not necessarily the case in general.
With this modification, Eq. (5) acquires extra terms:

MWy 0w
a¢a ¢ a¢aa¢b

where w; is the same arbitrary third-order polynomial
function of the complex scalar fields ¢, ,, and summations
over the indices a,b are to be understood. The two
equivalent extremum conditions for the auxiliary fields
become

A‘CW,Dirac = )(a)(b « t+He, (31)

oL ow]
g~ Fatm (lié)qﬁ,ﬂ—%—o, (32)

leading to the following on-shell Lagrangian:

EOS

Dirac

= u¢1-ay¢a - m2(1 - ‘}:2)|¢a|2

+ iyt o8 P0ay — m(1 = Epiur e — m(1+ Eyb i
ow! ow; | ow! ow,
- é ! a 1 +§ Z—_‘ —1
=8 ggr e T Py, | agt 04,
0wy Pw)
- @y, . 33
36,00, 5 gl 33)

We make two key observations: first, the interacting
Lagrangian remains independent of the choice of extremum
condition for the auxiliary fields, as in the free case;
and second, the non-Hermiticity of the free part of the
Lagrangian has metastasized into the interactions.”
Specifically, the Lagrangian (33) contains non-Hermitian
bosonic interactions of dimension 3, whereas the dimen-
sion-4 bosonic interactions are Hermitian, as are the
dimension-4 fermion-boson Yukawa interactions in
Eq. (31), by virtue of the assumption that ALy piac (30)
is Hermitian. We expect that the renormalization properties
of this softly-non-Hermitian model are similar to those
of a Hermitian supersymmetric model, i.e., the Lagrangian

“The corollary of this observation is that, unlike the case of a
purely scalar field theory, where non-Hermiticity may be re-
stricted to dimension-2 mass terms, non-Hermiticity in such a
supersymmetric field theory cannot be limited to mass terms
alone, but must include also dimension-3 terms.

parameters undergo wave-function renormalization only. In
this case, the non-Hermitian parameters could be naturally
small, by analogy with soft supersymmetry-breaking
parameters in a Hermitian supersymmetric model.

Finally, we remark that the similarity transformation in
Sec. II B does not map this theory to a Hermitian one. The
reasons are two-fold: first, we have that

(1 _ + f 1/2
St .S~ = ( = 5) XiX2.a (34a)
o o— 1 - f 12 a
SXZ W1 S <1—_’_§> Z;,(})(T ’ (34b)

which leaves the Yukawa interactions non-Hermitian; and
second, this similarity transformation acts only on the
fermion fields and therefore leaves the dimension-3
bosonic interactions non-Hermitian. Any similarity trans-
formation of the interacting theory to a Hermitian one
would depend on the specific form of the interactions,” and
we leave further investigation to future work.

III. P7-SYMMETRIC NON-HERMITIAN
SUPERSYMMETRIC MODEL WITH
MAJORANA FERMIONS

A. Component representation

We consider first a minimal free-particle model contain-
ing two complex scalar fields ¢, ¢, and two Majorana
fermions w,y,, with mass terms that include both
Hermitian and anti-Hermitian mixing [9,10,39,43].
Notice that this amounts to four bosonic and four fermionic
degrees of freedom.

The  P7-symmetric,
Lagrangian is (a = 1,2)

) mi 5\ (¢
scal l/¢a8 d)a <¢Jlr 45; ) ( —/4]% Wl% ) (¢; ) ’

(35)

non-Hermitian  free-boson

where m?, m3 and p? are real. The eigenvalues of the mass
matrix are

1 1

M2y =2+ md) & Omh = md)? — it (36)

and these are real as long as

(mf = m3)? > 4us. (37)

>For a discussion of similarity transformations linking quan-
tum mechanical systems with different physical properties, see,
e.g., Refs. [41,42].
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The scalar Lagrangian is P7 symmetric with respect to
transformations of the c-number fields, if these transform
as [22]

P gi(t,x) = ¢/ (1, —x) = +¢, (1, x),

(1, X) = ) (1, —X) = =, (1, X), (38a)
T: ¢1(t,x) = @)/ (=1,x) = +¢7(1, %),
a2 (1,X) = ¢y (—1,x) = +¢5(1, %), (38b)

1.e., if one of the fields transforms as a scalar and the other
as a pseudoscalar.

The spin-zero bilinear combinations of the Majorana
fermions have the following Hermiticity properties:

VW =VpWa = (l/_/alllb)# — Hermitian,
li’aysl//b = lpbysl//a = _(lpaysl//b)T - anti'HemitiaIL
(39)

and the P7-symmetric, non-Hermitian free-fermion

Lagrangian is

1_ . 1 _ I _
Eferm = _Wal@l//a —AMaaVa¥a — _,ufllllySWZ
2 2 2
|
- 5/"f‘/’275’//1- (40)

The corresponding c-number Lagrangian is P7 symmetric
with respect to the transformations in Eq. (14). The fermion
mass terms can be written in terms of the conjugate

variables v, z//Z as

1 . myy° ﬂf}’o}’s 51
-5 (wi w}) . (41
2270 T2 % may® )\

and the mass eigenvalues are

1
My, ==(my +mp) £ 3 \/(mu —myp)* —4uz, (42

SR

up to an overall minus sign. These are real as long as

(myy = mp)? > 4ps. (43)

B. Superfield representation

We use the same two N = 1 scalar chiral superfields
(®, = 1,2) as in the Dirac model. In order to incorporate
mass terms for the fields in the Majorana model, we
introduce the following two superpotentials:

1 1 1
W, = Em”q)% + 3 (myy + my) PP, + 5’"22‘1)%7 (44)

where m,;, are real and symmetric, and we consider the
following non-Hermitian Lagrangian:

Lz =L‘,K+/dzew++/d29T Wi, (45)

The scalar sector derived from the expressions (2)
and (45) is

Lo = 0,50 by + FLF , + myy(puF oy + GiFY)
- mad(¢aFd - F;(Ii)’ (46)

and the fermion sector derived from the same is given by

g 1 t o ta
ﬁferm = l)(a,g',ayaﬁau)(a,ﬁ - 5 mgyq ()(g)(a,a +)(a‘o',)(aa)
+ nip ()((11)(2,(1 - )(;g',)('{a) . (47)
As in the case of the Dirac model, we have a four-fold

freedom in choosing the on-shell conditions for the
auxiliary fields, e.g., we might take

0Ly

8—FI, = Fa + maaqﬁz =+ mad¢; =0. (48)

However, the result of integrating out the auxiliary fields is
unique, and, whichever choice we make, we arrive at the
following Lagrangian for the scalar sector:

Loca = 0,080 by — m2pliby — 12(d\bs — b1b3),  (49)

where
I’I’l% = mga - mzﬂ’ (503.)
ﬂ? = m12(m22 - m11)~ (5Ob)

Choosing the equations of motion for the scalar and
fermion fields by varying with respect to ¢, and )(I,,
respectively, we have

Oy + migy + iy =0, (51a)
Oy + m3¢hy — iy = 0, (51b)
i,y 5 — mllﬂd - mlzZ;d =0, (Slc)
iavdﬂay;m,. - mzzj(;d - mlzﬂd =0, (51d)

along with their Hermitian conjugates.
The fermion Lagrangian can be recast in terms of two
Majorana fermions
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=) a=12), (52)

ca
Xa

where the charge-conjugate spinor is y$ = —ic’y% and o>
is the second Pauli matrix. Making use of the follow-
ing dictionary between the Weyl and Majorana fermion
bilinears:

1 — —_ —_
Xidva =5 Wa¥p = War’ V), (53a)

v _ Lo s
Yailly =5 Wa¥p + W W), (53b)

we obtain
S L U

Lrenm =5Vl =5 MaalVa¥a =5 M2 (W17 y2 +02r°1),
(54)

and identifying the latter expression with the fermionic
mass terms in the Lagrangian (40), we associate

Ky = my;. (55)

C. (Non)supersymmetric spectrum

Given the expressions (50) for the scalar mass param-
eters and (55) for the fermion mass parameter, one can
check that the eigenvalues (36) and (42) can be written as

1
5\ = mdy)? = 4ty (myy =, (56)

and

1
szf,i =3 (m%l + m%z) - m%z

+ \/(m% = m3,)* = Ami, (myy + my)?.
We see immediately that

M?,i(mu, —my) = M; (=myy, my) = M%”,i(mllﬁ my).

(57)

Hence, although the non-Hermitian Lagrangian itself was
written entirely in terms of chiral superfields, the spectrum
is not supersymmetric, except in the limiting cases m;; = 0
or my, = 0 (or the Hermitian limit m,, = 0).

This nonsupersymmetric spectrum was to be expected,
in view of the different signs in the superpotentials (44).
Indeed, mass terms mix coefficients appearing in the

superpotentials W, and WZ: the equation of motion for
the auxiliary fields F', are obtained from taking functional
derivatives with respect to F Z and therefore involve
coefficients from WT. The resulting expression for F, is
then inserted in terms arising from W., hence mixing
coefficients from W, and W', and so failing to ensure a
supersymmetric spectrum when W, # W_. However, if we
assume that one of the diagonal mass terms vanishes, say
my, = 0, we can understand why a supersymmetric spec-
trum is recovered. For a quadratic superpotential, the mass
terms do not depend on the overall sign of the super-
potential, and physical quantities do not depend on the
sign of m,. As a consequence all of the combinations
(miy,mip), (myy, —myy), (=myy,my) and (=myy, —my;)
lead to the same spectrum, and Eq. (57) shows that we
recover identical scalar and fermionic masses. If one
switches on the mass term m,, though, the above properties
are still valid but we are left with an additional relative
physical sign between m; and m,,, and we cannot expect a
supersymmetric spectrum anymore.

In order to give another interpretation of the non-
supersymmetric spectrum, we can make the supersymmetry
breaking explicit by implementing a phase rotation of the
fermion sector via the unitary transformation

X2 =2 =~ x5 = 75 = +ixh. (58)

which gives the fermionic Lagrangian

- L4 s 1 "
'Cferm = l)(a,ao-mﬁav)(a,ﬁ - 5 mll()((f)(l,a +)(;a)(1( )

1 .
=+ 5 M2 a2+ X ;a)( ")

— imp (A2 +I£,(l)(1a)
1 1 1

= zl/_/aial//a - 5’”111/711//1 + zmzzlf/zlllz
1 _ . _ .
- Emm(lﬂl ir’wa + Wairyy). (59)

Putting back the scalar sector, the spectrum is now super-
symmetric, but the Lagrangian itself can no longer be
written entirely in terms of chiral superfields.

This supersymmetry breaking is entirely a consequence
of the non-Hermiticity. In contrast, the supersymmetry
remains unbroken in spite of the non-Hermiticity in the
1 + 1 dimensional model of Ref. [33]. Had we taken a
model with an analogous Hermitian mass mixing, arising
from either of the superpotentials,6 i.e., taking

Losj pierm = Lk + / d2ow. + / 2ot wi, (60)

6 . ..
The sign of m, is irrelevant.
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we would have found that the spectrum was fully super-
symmetric, with squared masses given by

(mi) +m3,) + mi,

N =

2 —
MHerm,i -

1
+5 \/(m% —m3,)* +4mty (myy + my)?,
(61)

cf. Egs. (36) and (42). We note that the mass spectrum
remains sensitive to the relative sign of the diagonal
fermion mass terms also for the Hermitian mass mixing,
such that the fermion phase rotation in Eq. (58) again leads
to a nonsupersymmetric model, but where this is manifest
in both the Lagrangian and the spectrum.

D. Similarity transformation
The scalar part of the Lagrangian can be mapped to that
of a Hermitian theory via the following similarity trans-
formation [16]:
Lca = ['gcaj = S(/,ESCE[]S; ’ (62)

with

Sy =exp [g [ Ex e x)a(n.30 + alle0dk0) |
(63)

where 7,(1, X) :(ﬁ;(t,x) is the conjugate momentum
operator. This transforms

2~ —ify and ¢ — ~igs), (64)
leading to
‘c/scal = au¢]+ab¢l - m%ld)l'Z - 8y¢£3”¢2 + m%|¢2|2
+ i (D12 = dah). (65)
This Lagrangian can be obtained from

;cal = ay¢§ay¢l + FTFI - ay¢;ay¢2 - F;FZ

+ my (¢ Fy + FMD — my (o Fr + F§¢§)
+imyy (1 Fo + o Fy — szﬂ - FIC’%) (66)

which itself arises from the supersymmetric Lagrangian
with the Kéhler potential

cp = / P0'¢20 (|,  |@32) (67)

and the superpotential

Lo = / LOW + / 2o Wt (68)
where
, 1 o 1. 1 2
w :zmllq)1 +§l(m12+m21)‘b1‘b2—5m22q’2- (69)

However, the resulting fermionic Lagrangian is

/ _ o —vap
‘Cferm - l)(ljzo-

—my (e +)(I,a)(rl) +myn(5x.a +)(;o'()(2&)
— imp (A2 —)(;;,)(Td)’ (70)

which cannot be reached by a similarity transformation of
the non-Hermitian Lagrangian in Eq. (47).

Before concluding this section, we remark on the wrong
sign of the kinetic term in Eq. (67). While in the context of
Hermitian quantization this would lead to negative-norm
modes, the presence of P7 symmetry is sufficient to ensure
that one can always construct a positive-definite inner
product consistent with unitary evolution [1].

Oxip— l')(;,ﬁ”aﬂay)( 28

E. Supersymmetry transformations
and supercurrents

We can readily confirm that the Lagrangian composed of
Eqgs. (46) and (47) is invariant under the supersymmetry
transformations given in Eq. (23) up to total derivatives.
Specifically, we find

5Ly = V2 {=i0, [0 ] (Fo + Mot + maath})]}
+ V2l {0,y b,
— Maath)]}- (71)

Analogously to the Dirac model, the on-shell Lagrangian is
invariant under the transformations in Eq. (23), again up to
total derivatives, as long as we make the replacement

- i6ydﬂ)(a,ﬂ(maa¢a

Fu - <Fa> = _maad)z - madqs;’ (723)

FZ - <F1§> = _maa¢a + mad¢d- (72b)

The corresponding supercurrent is
Ihag
= \/Ee"[ag ﬁz‘;”/’y;(a,y('),,rbl +io* ﬁzzﬁ (Maaths + Maghy)]
+ V2el 6Pl 0y + 18P 0y (Maatba = Maathid)]:
(73)

which is again neither Hermitian nor conserved. Using the
equations of motion in Eq. (51), along with their Hermitian
conjugates, we find that the divergence of the current is
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0T = V26 210 0 (Mot + M)
+ \/563;[—2im125'”dﬁ)(a,ﬂ8y¢d], (74)

which vanishes, as it should, in the Hermitian limit
m]2 d 0

IV. CONCLUSIONS

In this paper, we have constructed P7 -symmetric
N =1 supersymmetric quantum field theories for the first
time in 3+ 1 dimensions. We have presented models
incorporating a pair of chiral supermultiplets and either
Dirac or Majorana fermions. We have shown that the free-
field supersymmetric Dirac model is equivalent via a
similarity transformation to a Hermitian supersymmetric
model, but we have found that there is no such equivalence
in the general Majorana case. As we have described in both
models, there is an ambiguity in the definition of the
supercurrent, and we have discussed the (non)invariance
of the Lagrangian and the (non)conservation of the Noether
current, which are analogous to the corresponding
properties of P7 -symmetric models with purely bosonic
symmetries [22]. We have also extended the Dirac
model to include Hermitian trilinear superpotential
interactions,7 in which case the model contains non-
Hermitian trilinear bosonic interactions as well as non-
Hermitian bilinear terms, whereas the dimension-4
interactions are Hermitian.

This work is only a first step towards the exploration of
‘PT -symmetric supersymmetric quantum field theories.
One interesting topic to explore will be the general structure
of PT-symmetric quantum field theories with A =1
supersymmetry, extending models containing only chiral
superfields to models including vector superfields. Another
interesting topic will be the study of possible generalization
of models with rigid " = 1 supersymmetry to those with
local N' =1 supersymmetry, i.e., supergravity theories.
Extensions to A/ > 1 supersymmetric models also warrant
attention.

The construction of P7-symmetric supersymmetric
quantum field theories is all well and good, but do they
have any practical applications? As was mentioned in the
Introduction, nonsupersymmetric P7 -symmetric quantum
field theories have found many applications in nonfunda-
mental areas such as optonics [4,5], and approximate
supersymmetry also emerges in many nonfundamental
areas such as optonics, condensed-matter physics, atomic
and nuclear physics [30-32]. Might it be possible to find
applications of P7 -symmetric supersymmetric quantum
field theories in nonfundamental areas such as optonics?

"The Majorana model may be extended in a similar way, which
we leave for further work.

A more ambitious, longer-term hope is that these theories
may find applications in fundamental physics.
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APPENDIX: DIRECT INTEGRATION

Let us take the Dirac model as an example. Assuming
constant field configurations, the contribution to the
Euclidean path integral from each of the auxiliary fields
is (no summation over a implied)

T [ DFDF,expl-V(Fif, + m(1 = )F,
T m(1 -+ OFLFS), (A1)

where V is the volume of R*. This is integrable, and we find

2
I=Nexp[-Vm(1-2)g,[).  (A2)

where A is an irrelevant constant that depends on the
normalization of the functional measure. We can also
obtain Eq. (A2) by expanding around/setting

Fo=-m(l+&)¢, or F,=-m(l-&)¢,. (A3)

corresponding to setting the variation of the exponent with
respect to F, to zero or the variation of the exponent with
respect to F, to zero, respectively.

In addition, we can calculate the expectation values of F,
and F7:

1
(F) =7 [ DFDFF el Vi, + m(1 = OF,

+m(l+&)guF;)]

= _m(l + g)ﬁb:i’ (A4a)

1
(F2) = 7 | DEDFLF expl-V{FLF, + m(1 = )F,

+m(l+ &)daFa)]
= —m(l = &), (A4D)
We see immediately that

(Fo) # (Fi)*, (A5)
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that is, the vacuum state is not invariant under complex
conjugation, i.e.,

(Fa) = (QF,|Q) # (QIF|Q)" = (Q[F,[Q7).  (A6)
In this way, choosing the on-shell condition for F, is

equivalent to choosing whether we work with the vacuum
Q or QF, that is whether we choose

(F) = (QIF,|Q) = -m(1+ &) or
(F.) = (@|F,Q) = ~m(1 - ).

(A7)

Since these differ only in the sign of the non-
Hermitian terms, this choice is irrelevant, as we have seen
previously.
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