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In this paper we analyze in detail an S;-symmetric three-Higgs-doublet model with a specific vacuum
configuration. This analysis allows us to illustrate important features of models with several Higgs doublets,
such as the possibility of having spontaneous CP violation. We start with a real potential and pick a
particularly interesting complex vacuum configuration, which does not violate CP before adding soft
breaking terms to the potential. We study the role played by different soft symmetry breaking terms. These are
essential for our choice of vacuum in order to remove unwanted massless scalars that arise from the
spontaneous breaking of an accidental continuous symmetry. We list scalar sector and scalar-gauge sector
couplings for the particular case we consider in detail in this work. Results presented in this paper will be
useful for model building, in particular for implementations of models with S; symmetry and spontaneous
CP violation, extensions of the fermionic sector with realistic Yukawa couplings and for dark matter studies.
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I. INTRODUCTION

In the Standard Model there is only one Higgs doublet,
leading, through the Higgs mechanism [1-4], to the exist-
ence of one Higgs boson. Such a particle was discovered in
2012 at the LHC [5,6]. The question remains of whether
there are additional Higgs bosons in nature. Multi-Higgs
extensions of the Standard Model (SM) are very well
motivated. In particular, a lot of work has been done in
the context of models with two Higgs doublets; for reviews
see [7,8] as well as in the context of models with three or
more Higgs doublets [9]. As the complexity of the Higgs
sector grows, the number of free parameters increases [10].

Symmetries play an important role in controlling
the number of free parameters, therefore increasing the
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predictability of such extensions. In these scenarios some
of the problems of the SM, such as the need for new sources
of CP violation, can be addressed. These models have a
rich phenomenology and will be tested at the LHC and
future colliders. An important feature of multi-Higgs
extensions of the SM is the possibility of having sponta-
neous CP violation. It was shown by T. D. Lee [11] that
models with two Higgs doublets can violate CP sponta-
neously. Imposing additional symmetries may eliminate the
possibility of having spontaneous CP violation. On the
other hand, continuous symmetries broken by vacuum
expectation values (VEVs) lead to the existence of massless
scalars [12—14]. These are ruled out by experiment. There
are also strong experimental constraints that have to be
taken into consideration when extending the Higgs sector
of the SM [15].

In this paper, we revisit the different vacuum solutions
for the S3-symmetric potential with three Higgs doublets
which were studied previously in Ref. [16]. The S;-
symmetric scalar sector with three Higgs doublets was
studied in the past by several authors, starting in 1977 by
Pakvasa and Sugawara [17] who worked with irreducible
representations consisting of a doublet and singlet of S5 and
also analyzed couplings to fermions. Derman and Tsao
[18,19] shortly afterwards discussed several properties of
these models in terms of the defining representation of S;.

Published by the American Physical Society
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In Ref. [16], special attention was paid to the possibility of
having spontaneous CP violation. However, it was also
pointed out that several potentially interesting vacua led to
the existence of massless scalars [16,20]. These massless
states are due to the spontaneous breaking of accidental
continuous symmetries resulting from constraints imposed
on the region of parameters arising from the minimization
conditions, with a few rare exceptions that will be pointed
out in the paper. The identification of such symmetries is of
great relevance and has been dealt with in the context of
general three-Higgs-doublet models (3HDMs) by several
authors [21,22] (see also Ref. [23]).

Here, we work with the irreducible representations,
doublet and singlet, and we introduce soft breaking terms
(terms bilinear in the fields) in the potential, which break
the symmetries leading to massless scalars. First, we
consider all possible forms for the soft breaking terms,
and we separate the vacuum solutions according to whether
they are real or complex. Next, we classify them according
to the number of zero vacuum expectation values and their
positions. The rest of our analysis centers on the study of a
specific vacuum solution of the unbroken S5 symmetry that
suffers from unwanted massless bosons. This we call the
C-III-c solution.

Before introducing soft breaking terms, the C-IIl-c
vacuum displays very curious properties. It is the only
vacuum allowing for a nontrivial phase, which is not
determined by any of the parameters of the potential and
remains free. However, there is a term in the potential that is
sensitive to this phase, denoted 4; below. This term accounts
for a coupling between two fields from the S5 doublet and
two fields from the S5 singlet. Since the C-III-c vacuum and
its generalizations when soft breaking terms are included
have a vanishing singlet VEV, this dependence on the phase
will enter the mass-squared matrix for the singlet states.

|

V:V2+V4,

with [24-26]

This phase will also enter in trilinear couplings. When soft
breaking terms are introduced, this phase will also have an
impact on other parts of the potential.

This paper is organized as follows. In Sec. II we explain
the general framework together with a brief discussion
of some of the vacuum solutions obtained in [16]. In
Sec. III we discuss the origin of the massless states and
in Sec. IV we review some properties of the C-III-c model.
In Sec. V we list all possible forms for the vacua in terms of
zero VEVs, and we discuss the effects of each allowed soft
breaking term. Next, in Sec. VI we focus our attention on
the discussion of a class of Ss-inspired 3HDMs with a
complex vacuum characterized by having zero VEV for the
S; singlet and with the two other VEVs being arbitrary
complex. Previously, we called this vacuum C-III-c before
introducing soft breaking terms. In Ref. [16] we had shown
that without soft breaking terms this vacuum did not violate
CP spontaneously, despite being complex. We now show
what effect the introduction of the different soft breaking
terms can have on the CP properties of this complex
vacuum. Finally, in the last section, we present our
summary. Results presented in this paper will be important
for model building, in particular for implementations of
models with S5 symmetry and spontaneous CP violation,
extensions of the fermionic sector with realistic Yukawa
couplings and for dark matter studies.

II. FRAMEWORK

The S; symmetry is a symmetry for the permutation of
three objects, in this case three Higgs doublet fields, ¢, ¢»,
and ¢5.

The scalar potential expressed in terms of the S3
irreducible representation singlet and doublet fields,
respectively, (hg) and (hy, h,), can be written as

V= (B hy 4 hihy)? + 2o (Wi hy — WSy 4 A3 [(Wihy — RS ho)? 4 (B Ry + RSy )]
+ A [(R5hy ) (R hy + h5hy) + (R§hy) (R{hy = h3hy) + Hec] + As(hhg) (R hy + hhy)

+ Ao[(h§hy) (Wi hg) + (hhs) (WS hs)] + Aq[(hhy ) (Rshy) + (hha) (hshy) + ] + Ag(hhs)?,

(2.2b)

where we are taking all coefficients to be real. Therefore, there is no explicit CP violation.

For the SU(2) doublets we use the notation

Ky K
hi:< b > i=1.2, h5:< >
(Wi +mi + ixi)/ V2 (ws + 15 + ixs)/ V2

In some cases, it is also convenient to extract an overall phase.
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The irreducible representations can be related to the
defining set of Higgs doublets ¢;, ¢,, and ¢, by

L =L 90
hy V2 V2 &
=% v Z||®| @9
1 1 1
hs 7o)\

Early papers studying this potential were written in terms
of the defining representation [18,19]. Notice that Eq. (2.4)
chooses a particular direction in the space of doublets of the
defining representation. There is no freedom in the direc-
tion of hg, where they all play an equal role. However, for
hy, any permutation of (1, —1,0) is equally valid, implying
the corresponding changes in the definition of /,. There is
no physics content in any of these arbitrary choices, but
they translate differently in terms of consistency conditions
when going from the defining representation to the irre-
ducible representation. This should be clear from the
discussion in Sec. 4 of Ref. [16]. Further comments will
be presented below.

A full classification of all possible vacua, together with
the necessary constraints on the parameters of the potential
coming from the minimization conditions, was given in
Ref. [16]. In Appendix A we present a summary of some of
their properties. There are 11 vacua with all VEVs real
(Table VI), which were denoted R followed by a further
specification, and 17 vacua with at least one complex VEV
(Table VII), for which the letter C is used. Each vacuum is
labeled by R or C followed by a Roman number and
possibly another alphabetic index. The Roman number
indicates how many constraints on the parameters are
required by the minimization conditions. The additional
alphabetic index is used to distinguish different (real or
complex) vacua with the same number of constraints.

It is instructive to summarize some properties of the
possible vacua of the S3-symmetric potential. Table VI in
Appendix A lists all possible real vacuum solutions, with 4,
defined by

Ay = As + Ag + 247, (2.5a)
/1[, - /15 + /16 - 217 (25b)

(the quantity 4, is to be used in the discussion of the
complex vacua).

All real vacuum solutions other than R-0 and R-I-1 vio-
late the S5 symmetry spontaneously. For these solutions, the
residual symmetries were discussed by Derman and Tsao [19].

The constraints given in Table VI come from the
stationary-point conditions’

'While all consistent solutions correspond to local minima of
the potential, it is not yet known whether they all correspond to
global minima. This issue has been addressed in the context of
2HDMs [27,28], whereas for 3HDMs [29] it is not yet fully
analyzed. Such results would give an important contribution to
the understanding of 3HDMs.

2udws + 443wt — wws + 4, (W + wi)wg + 24gwi = 0,
(2.6a)

26} +2(4) + A3) (Wi + w3) + 64swrws + A,wElwy = 0,
(2.6b)

2uiwy +2(A1 + A3) (Wi + w3)wy + 324 (W] — w3)ws

+ Agwyw: = 0, (2.6¢)
which were discussed in Ref. [16]. We see that in order to
classify all possible solutions to these equations, one must
consider all configurations of the vacuum parameters w;, in
particular, all possible situations where two of the VEVs
vanish as well as all the possible situations where only one
VEV vanishes, and finally the situation where none of the
VEVs vanishes (R-III). For each configuration of vacuum
parameters, we determine the resulting constraints on the
parameters of the potential, in each case solving for y3 and
u? (if possible). In particular, since both Egs. (2.6b) and
(2.6¢) contain y?, in order to solve them simultaneously we
will get an additional constraint either on the parameters
of the VEVs or on the parameters of the potential. For
all vacua other than R-III, this translates into restrictions
on the parameter space as well as restrictions on the
allowed VEVs.

For w; =0, the derivative given by Eq. (2.6b) is
automatically zero and there is no clash. Otherwise, the
terms proportional to 44 in Egs. (2.6b) and (2.6¢) must be
restricted, requiring

24(3w3 —wHwg = 0. (2.7)
This can be achieved by having A, = 0 or w; = 4/3w, or
wg = 0. For wg = 0, an additional condition arises from
Eq. (2.6a),

243w —wiw, =0, (2.8)
which implies that either 4, =0 or w, = +v3w; or
else wy, = 0.

The cases R-1-2 satisfy both Egs. (2.7) and (2.8) without
requiring 44, = 0. In terms of the defining representation
they are obviously equivalent. In terms of the irreducible
representation they obey Eq. (2.8) by having w, = 0 in case
a, wy, = \/§w1 in case b, and w, = —\/§w1 in case c. This
difference is the result of having chosen a particular
direction for h;, as pointed out above. In this case, the
residual symmetry is S,. Another interesting set of cases
with residual symmetry S, are the R-II-1 vacua, which are
also equivalent in terms of the defining representation and
obey the consistency conditions with w; = 0 in case a,
w; = —/3w, in case b, and w; = v/3w, in case c. The
vacua R-1I-2, R-1I-3, and R-III all require 144, = O.
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TABLE I. Real vacua, for the unbroken S5 case, with massless states and degeneracies indicated. The first entry in
the parentheses refers to the charged sector, and the second one to the neutral sector.

Vacuum Name n Symmetry Number of massless states Degeneracies
Roox R-I-1 v None (1, 2)
Roxo R-11-2 0 0Q2) (None, 1) None
R0 R-1-2a v None None
Ry R-II-1a v None None
R0, 0 0®2) (None, 1) None
R0 R-1-2b,2¢ v None None
R,y R-11-3 0 02) (None, 1) None
Ry, R-1I-1b,1c¢ v None None
Ry, R-II1 0 0Q2) (None, 1) None

A particularly interesting vacuum is the one identified as
case C-Ill-c,
(2.9)

(le Wa, WS) = (‘;\Vleh71 ’ W2eio-z’ 0)’

with W, and W, real and positive. The three stationary-point
constraints are

#i = =4+ 43) (W] +143), (2.10a)
dy+ 23 =0, (2.10b)
Ay = 0. (2.10c)

In this solution, A, is required to be zero. It should be
pointed out that 14 plays a very important role in this
potential. Whenever 4, # 0, the only independent Higgs-
family symmetries of the potential are the global U(1)
symmetry and the symmetry under which %, changes sign.
The combination of these two symmetries also yields a
potential that is symmetric under the simultaneous change
of sign of both %, and hg. On the other hand, whenever
A4 = 0, the potential acquires an additional (continuous)
independent O(2) symmetry between the fields /; and h,.
Combining this symmetry with the two symmetries that
were already present without a vanishing A4, one finds that
now, with 44 = 0, the potential is also symmetric under the
independent sign changes of either /, or hg.

This O(2) symmetry allows for the rotation between #,
and &, in such a way that, together with an appropriate
overall rephasing, this vacuum can be transformed into [30]

(Wi, wy, wg) = (Wel®/2 Wwe™i/2.0), (2.11)
so that it can easily be shown [30,31] that it does not violate
CP spontaneously.

The continuous O(2) symmetry is spontaneously broken
by the C-III-c vacuum, giving rise to a massless neutral
scalar field. However, we have one more massless neutral
scalar for which there is no explanation in terms of a

spontaneously broken continuous symmetry. We shall
comment on its origin below. In all, for the C-IlI-c case,
we have two massless neutral scalars that need to be
removed in order to construct a physical model. One
way to achieve this is by adding one or more terms that
break the S3 symmetry softly.

III. GOLDSTONE BOSONS

Several of the possible vacuum solutions of the
S3-symmetric potential have massless scalars. These result
from the spontaneous breakdown of accidental continuous
symmetries that arise when we impose the constraints
required for these solutions. In Tables I and II we list the
number of massless scalars for each case, together with
whether 4, is required to be zero.

For 1, =0 the potential acquires an additional O(2)
symmetry between the two members of the S; doublet.
When this symmetry is broken by the vacuum, one
massless scalar state appears. In some cases, 4; is also
required to be zero, together with 1, = 0, and the potential
acquires an additional U(1) symmetry that we denote by
U(1),, . This corresponds to the freedom of rephasing g
independently from h; and h,. Once again, an additional
massless scalar state appears when this symmetry is
spontaneously broken. In the C-IIlI-c case, the condition
A4 = 0 is accompanied by 1, + 43 = 0. This last condition
does not increase the symmetry, and therefore it may not be
exactly preserved at all energy scales.” However, there are
two massless states in the C-III-c case, as discussed in
Sec. IV. Note that there is no vacuum that requires 4, +
A3 =0 or A; = 0 without also having 1, = 0.

In the C-V case, all of these are required to be zero, in
this case we can independently rephase any of the doublets
hi, h,, and hg, and therefore there are three U(1) sym-
metries which we denote by U(1),, U(1),,, and U(1),_.

The spontaneous breakdown of the resulting symmetry

*We thank Pedro Ferreira for illustrating this feature in a
private discussion.
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TABLE II.

Complex vacua, for the unbroken S5 case, with massless states and degeneracies indicated, not taking

into account would-be Goldstone bosons. The first entry in the parentheses refers to the charged sector, the second
one to the neutral sector. Degeneracies only refer to massive pairs. In the footnotes below, L indicates that a linear

expression in its arguments vanishes.

Vacuum Name n Symmetry Number of massless states  Degeneracies
Coxy C-IlI-a v None None
Coy C-1II-b 0Q2) (None, 1) None
Cyoy C-IV-a 0 0(2) ® U(1),,, (None, 2) None
Ciyo C-l-a v None (None, 2)
Cio Clll< 0O 0(2) (None, 2) None
C,y C-1lI-d,e v None None
Ciy. C-llI-f,g 0 0(2) (None, 1) None
Cyy; C-1II-h,i v None None
Cyy: C-IV-b 0 0(2) (None, 1) None
Cyy. C-IV-c ¢ (None, 1) None
Cyy: c-lvd 0 0(2) ® U(1),, (None, 2) None
Cyy, C-IV-e 012) (None, 1) None
Cyy. C-1V-f ¢ (None, 1) None
Cyye c-v.  0* 0(2)®U(l), ®U(1), ®U(1), (None, 3) None
*Also 4; = 0.

PAlso 4, + 43 = 0.
‘L2 + 23, 24), L(Ay + A3, 27).

0(2) ® U(1),, ® U(1),, ® U(1),, is responsible for the
three massless states that appear in addition to the would-be
Goldstone boson. Note that with an overall phase rotation
of the three doublets one can always reduce an independent
rephasing of the three doublets to an independent rephasing
of any two of them. Additional U(1) symmetries only arise
in cases with 1, = 0.

Tables I and II illustrate the fact that there are several
vacua of the same generic form, when expressed, for
instance, in terms of VEVs of the irreducible representa-
tions, as specified in the first column, which have different
physical implications. This is due to the fact that the same
generic solution can be obtained for different regions of
parameters. Different regions may also lead to different
accidental symmetries.

IV. THE C-1II-c MODEL WITHOUT SOFT
BREAKING TERMS

The C-III-c model (based on the “c vacuum™) has some
peculiar properties. As mentioned above, it has two
massless states in the neutral sector (apart from the
would-be Goldstone boson). Removing them is the main
purpose of introducing soft S3-breaking terms. This will be
done in the next section. As pointed out before, in the C-III-
c case the condition 44, = 0 is accompanied by 4, + 13 = 0.
This last condition does not increase the symmetry. If, in
addition, we were to have A; = 0, then new continuous
symmetries of the potential would exist just as in case C-V.

One may wonder then why, in this case, one has two
massless scalars rather then only one. The reason has to do
with the fact that there is no A; term in the mass terms of the
scalar fields coming from the S3; doublet. This fact is
accidental; it results from this vacuum configuration having
wg = 0. The mass terms for these fields of the S5 doublet
mimic the existence of a larger symmetry under which #,
and h, may be independently rephased, since we have
A> + 43 = 0 and 4 = 0. The vacuum is not invariant under
this rephasing of h; and h,. However, rephasing of hg
independently from the other doublets leaves the vacuum
invariant. Invariance under an overall rephasing of the three
scalars implies that only one of these former two U(1)
transformations is independent.

The technique proposed in Ref. [21] is a useful tool to
search for symmetries, in the context of three-Higgs-
doublet models, that are not explicit. That method applied
to this case confirms the nonexistence of an additional
continuous symmetry. In Secs. IVA and IV C we shall be
confronted with the fact that the mass splitting of the
neutral scalars in the S3 singlet sector and some trilinear
couplings will depend on o, the relative phase of the two
VEVs, which seems to be unrelated to the coefficients of
the potential. This apparent paradox is addressed in
Sec. IVD.

Examples of the connection between symmetries and
mass degeneracies in two- and three-Higgs-doublet models
with vanishing VEVs can be found in Ref. [32].
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A. Masses
Since 4, =0 and wg = 0, the S5 doublet and the S,
singlet do not mix in the mass terms. In the charged sector,
we have

mi. =207, (4.1)

1
méi = p3 + =502, (4.2)

2
where v> =W} + W3 and H* and S* refer to the charged
states of the doublet and singlet sector, respectively.

In the neutral sector of the S5 doublet, there is only one
massive (CP-even) state,

ms = 2(A; — Ay) 02, (4.3)

which would have to be identified with the SM-like Higgs,

since it appears in the doublet where the would-be

Goldstone bosons are. There is no further mixing with

the other fields. The S5 singlet sector has two massive states
(Sl and Sz),

1
mg, = pg + 3 (As + Ag) > — A7 cosov?,  (4.4a)

1
m3, = 3+ 5 (s + ) 0> + dycosov’.  (4.4b)

Thus, the phase o, which is left undetermined by the
potential, is related to the mass splitting of the neutral
scalars in the S5 singlet sector.

g
2 cos Oy

Lynn = ieAM[(H0,H") + (S+9,57)] -

<>

+%9{Wﬂ[(H3ﬂH—) +i(AD,H) + (5,0,57) +i(S,9,57)] — Hee.},

B. Gauge couplings

For the different couplings, we should define the
degenerate fields carefully. Thus, rather than adopting
the decomposition (2.3), we take

+
h1=ei"/2< g >,
(W +n1 +ix1)/vV2

h+
hy = e~/ ? : 45
’ ((W+nz+iﬂfz)/ﬁ> (43)
and
S+
s = ((Sl +i8,)/V2 ) +0

with W? = v?/2. Since the S5 singlet has a vanishing VEV,
it is straightforward to transform to the Higgs basis [33,34].
A convenient choice is to leave the singlet fields as they are
and take

hE = (G* — H®)/V2, hi=(G*+H*)/V2, (4.7)
n = (h—H)/\/E’ N = (h+H)/\/i (4.8)
xn=(G° —A)/\/i 21 =(G° +A)/\/§‘ (4.9)

This choice fixes the definitions of the degenerate,
massless bosons H and A (any orthogonal basis would
be equally good).

The covariant derivatives induce gauge couplings, and
those linear in the gauge fields are

ZM{(HD,A) + (5,0,8,) — icos 20y [(H* 0, H) + (5+9,57)]}

<>

(4.10)

where 6y, is the weak mixing angle. Furthermore, H and A denote the CP-even and -odd massless states. Next, the terms

bilinear in gauge fields are

Loy =2
YVH ™ 4 cos? Oy

and

gcos 20y,

L = A
vviH [(e * 2cos Oy

2
+ 92
8cos Oy

IVt
Z,2'h +TW,,W/‘h,

Z> (eA n g cos 20y,
u 2 cos Oy

i (4.11)

ﬂ 2
z> + % W;Wﬂ] (H-H* + 5-S)

2
7,7 + %WZW"] (W + H? + A2+ §2 + 52)

eg . , _ ;
+?{A#W”[H (H +iA) + S~ (S, +iS;)] + He.}

g*sin’0y,
2 cos By

{(Z,WHH™(H + iA) + S~(S) +iS,)] + H.c.}.

(4.12)
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Note that Ly contains no term linear in the singlet fields
since it has a vanishing VEV.

C. Trilinear couplings

The nonzero trilinear couplings are (as coefficients of the
potential)

hhh: oA — o), (4.13a)
hAA: v(A) — Ay), (4.13b)
hHH: v(2 — 1), (4.13¢)
hHYH™: 202, + 1), (4.13d)
hStS™: vis, (4.13e)
1SS, %[/15 g +2cosody],  (4.13f)
hS,S,: g[AS +lg—2coscls),  (4.13g)
AS,S,: vsinociy, (4.13h)
AS,Sy: — vsinod, (4.13i)
HS,Sy: —2vsinois, (4.13j)
H*S™S,: —ivsinok, (4.13K)
H*S™S,: —wvsinol;. (4.131)

We have left out here couplings involving the would-be
Goldstone bosons. Couplings involving H~S™ are obtained
from those involving H™S~ by complex conjugation. The
AAA, HHH, hhA, hhH, AAH, HYH~A, H"H™H, STS™A,
and STS™H couplings all vanish. The dependence on the
phase o only appears in couplings involving 1; and two
fields from the S5 singlet sector.

D. The phase o

The phase o governs the mass splitting between the two
neutral fields coming from the S5 singlet Higgs doublet,
and it also appears in some of the trilinear couplings. This
phase is always associated with 1, since in the C-III-c case
this is the only coupling in the potential that is sensitive to a
phase. Since the minimization conditions do not constrain
this phase, and this phase was also not included in the
Lagrangian, it looks as if there are physical quantities that
depend on parameters that are not physical. This apparent
paradox can be solved by noticing that o can be promoted
to a parameter of the potential by just rephasing the fields
h; and h, in such a way that their VEVs become real. What
is special in this case is that there is a parameter that can
appear either in the scalar potential or in the specification of

the vacuum, depending on the choice of scalar basis. This
parameter has physical implications and, in particular,
contributes to the mass splitting of some scalars. This
corresponds to the transformation given by Egs. (4.5). The
C-1lI-c vacuum differs from all other complex S5 vacua,
since in those cases the phases appear in the minimization
conditions and therefore cannot be considered as free
parameters [16].

As mentioned above, in a basis where W, = W,, it is
convenient to define 6 = 6| — 6,. We recall that this phase
o is not determined by the potential. However, it para-
metrizes correlations among certain physical couplings,
and among those couplings and the mass splitting in the
neutral S5 singlet sector. The mass splitting and couplings
given above, by Egs. (4.4) and (4.13), assume a basis
where W = W, = v/\/i.

Clearly,

A2 2 2

= mys, — mj, (4.14)

is a physical quantity, expressed as 2coscd;v> in the
adopted basis. Next, if we denote the AS;S; coupling
(vsin ;) by the abbreviation g, then we can identify the
modulus of 1; as a physical quamtity,3

=)+ ()

whereas o (in the chosen basis) parametrizes the ratio of the
two physical quantities A> and § by

(4.15)

(4.16)

V. THE SOFTLY BROKEN POTENTIAL
We now replace the potential (2.1) by

allowing for terms V/ that softly break the S; symmetry.
The most general form of these terms is

. N 1 .
Vi = p3(h{hy — hihy) + EV%z(h{hz +H.c.)

1 1
+ =13, (hkhy + Hee.) + Eugz(hghz +Hec). (52

2

The vacua studied in Ref. [16] will then be modified. In
the following we shall briefly discuss some general proper-
ties of the different vacua that result from the inclusion of

*It can be readily seen that this result does not depend on the
basis chosen for the definition of H and A.

As for the unbroken case, we restrict ourselves to terms with
real coefficients. The analysis of the S3-symmetric model with
complex parameters and with the addition of complex soft
breaking terms would give an important contribution to the
understanding of such models.
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TABLE III. Real vacua compatible with the most general soft S5-breaking terms, Eq. (5.2), together with the
minimization conditions.
Label Wi, Wa, Wg Constraints
Roox (0,0, ws) U = —Igw?,
2 _ 2
Vor = Uy =0
Roxo (0.w,0) 1= 5 = (A + A3)w?,
123, =0, 1%, =wHy
R0 (w,0.,0) W =5 = (4 +A3)w?,
2 2
v = Vm =0
Roxy (0w, wy) Ho =3V +3 L,z = 3 AW = Agw3,
i = p3 =3V »:: (A1 + 23)w* + 3 Agwws — 34,5,
2 2w
Vi) = —Vo1
R,y (w,0, wg) = 11/01 = 2w — 2gw3,
ﬂ2 //‘2_‘1/01 - (’11 + A3)w? _‘)‘ Ws’
2 P
Viy = U 5y — 3hawws
R, wi, wo, 0 2 _ 2 Wit 2 2
%0 (w1, w2, 0) HT = =V Ty — (A +/13)(W1 +w3),
2
2 W —W:
B3 =V
2 __,2
Vor = [~ + (w3 = 3"’1)/14} 2
R., Wi, Wo, W 2 _ 2w 2wy 1g waBwi-wi) 2 2 2
e (s, ws) By =—3Voit =3 ozz_i_i 4 = 3 A (W] + w3) — Agws,
2 2 Witw owg o 3, (witwhws 2 2y _ 1y .2
Hi =~ 4wy 4w§| Yor — 4%7 1/02 14 Wy ( + /13)(W1 + WZ) - EJ’GWS’
2 2 2
2 2 wimw 2 3, ws(Bwy—wi)
Hy = V) B — 4w1 Vi + s Ty Y02 — 2’14#

soft S;-breaking terms, employing a more generic termi-
nology to label them. The labeling will specify how many
and which VEVs vanish, and our focus will be on massless
states and mass degeneracies. Our approach is to fix the
zero VEVs in all possible positions and derive the resulting
constraints.

A. Real vacua

We summarize in Table III the different real vacua for the
softly broken S;-symmetric potential. In the following, we list
some further properties, commenting also on the degeneracies
that arise in the limit of no soft S;-breaking terms. This
classification is based on considering all vacua with two, or
one or with no vanishing VEVs, where the labels are self-
explanatory. In Table VI we did not include the case
corresponding to R, because w, =0 only appeared in
the consistency conditions together with wg = 0. However,
this could obviously be a limit of the general case R-IIL

Below, we briefly comment on some of the properties of
the different categories of real vacua, allowing for soft
breaking terms.

1. (0,0,Ws)

Soft breaking terms 13, and 13, do not survive mini-
mization. If no soft breaking terms are present, there is

mass degeneracy among the charged scalars, as well as two
pairs of mass degenerate neutral scalars. If either 22, or pi3 is
present, there is no mass degeneracy.

2. (0,w,0)

The soft breaking term v?, does not survive minimization.
All masses are nondegenerate with or without soft breaking
terms. If no soft breaking terms are present (R-1I-2), this
vacuum requires A, = 0 and it has one massless state. If 1,
is the only soft breaking term, it requires 44 # 0, and we still
have one neutral massless state. This massless state results
from the condition relating 23, and 4, in Table I1L. If either y3
or 13, is present, then all neutral scalars become massive.

3. (9.0.0)
Soft breaking terms 2%, and 1§, do not survive mini-

mization. There are no massless scalars and no mass
degeneracy with or without the soft breaking terms.

4. (0,w,wg)

All soft breaking terms survive minimization. There are
no massless scalars and no mass degeneracy with or
without the soft breaking terms. Note that the soft terms
v?, and v}, are proportional; i.e., they have to coexist.
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5. (w,0,wg)

All soft breaking terms survive minimization. There is no
mass degeneracy with or without soft breaking terms. If no
soft breaking term is present (requiring for consistency
A4 = 0), one of the neutral masses vanishes. If there is at
least one soft breaking term present, then all neutral scalars
become massive.

6. (w1.,w2.,0)

All soft breaking terms survive minimization. There is no
mass degeneracy with or without soft breaking terms. If no
soft breaking term is present (requiring for consistency

A4 = 0), one of the neutral masses vanishes. If there is at
least one soft breaking term present, then all neutral scalars
become massive. Note that the 43 term cannot be the only
soft term.

7. (Wi.wa,wg)

All soft breaking terms survive minimization. There is no
mass degeneracy with or without soft breaking terms. If no
soft breaking term is present (requiring for consistency
A4 = 0), one of the neutral masses vanishes. If there is at
least one soft breaking term present, then all neutral scalars
become massive.

TABLE IV. Complex vacua compatible with the most general soft S3 breaking terms, Eq. (5.2), together with the minimization

conditions. The following abbreviations are introduced: S, = sin® alwl + sin® oW,

~2

Wi, Wy, Wg

Constraints

(O’ erioz ’ WS)COX_V

(Wl eiﬁl ,0, WS)C.XO}’

(Wl e, WZemz s 0) ny()

(Wl e, erzo'z ’ l'/i}S)nyz
provided.

pi = {2058 i —

—{2wis_ /40 + 4w1w2(
+ 4 cos o, W3 Wesin (02 —01) A4 + WES_[(W? + W3) Ay, + 2032 25]}/

Ho = =5 ApW3 — AgiWs,
/Jl% = //l% — (/11 + ),3)12/% + cos (72\;1\/212/514 - %Abﬁ%,
V3, = Wy(Waldy — 4 cosoyighy),
v =15 =0

2 _1g a2 A2
/10 = —zihwl —/18WS,

2 2 A2 _1g A2
pi = =3 — (A + A3)W) — 3405,
D%Z = —2COS01W1WS/14,

V3, = —4cos oW Wweld
01 = W1 WsA7,

2 )

Vop = —AaWy

H == (4 = ) (W7 + W3),
5 = —(Wi = 3) (A + 4a),
Vi, = =4, cos(oy — 07) (A + 43),
U(z)l = —217\/1‘/’{12 COS(O'2 - 0'1)24,
Vo = —(W] — W3)Ay
A% W3 (Wi + W3)sin® (o = 01) (A1 = 42)
— W3 2Win3sin® (63 — 61) — (W} + W3)S, A, + 2W5S, Ag}/
[4w w2s1n2(62 -0,
—W3)sin® (6, — a1) (4, + 43)

[4W2W3sin® (o, — 01)],

12, = —{2sino, sino, W33 + 43 cos(o, — o)sin? (63 — 61) (A + 43)
+2 cos 61 Wi, Wesin? (6, — 61)A4 + sin oy sin o, (W2 + W3)w2a,
—+ 2 sin (3] sin O'2V’|\/§Ag}/ [WIWZSiHZ(O'Z — 0] )],

2

(W, e, £ive’, WS)nyz
provided sin o # 0.

o1

= —{2 Sin 62WSﬂ(% + VAV%\:{/Z Sin[z(ﬂz — 0] )]24 + Sin O'szVs(‘:i/% + W%)ﬂb

+ 4COS G]\;I\/%VAVS Sin(Uz — 01 )27 —+ 2 Sin 62‘:{)?5‘)'8}/[@] Sin(O'z — 0] )],

IJ%Z = {2 Sin GIWS/J% —+ \212(\2/% - VAV%) Sin(Gz — 0] )14 + Sin (2] VAVs(W% —+ VAV%)AI,

—4 cos 6, Wi sin(oy — 61)A; + 2sin o, Wildg }/[W, sin(o; — 61)]
py = =5 (W7 +W3)A, — AsW5.
M =5 {4W1W2(W| +W3) (A + 43)
+ ZWIWS[(WI + W3) cos 6y + WyWgdy)
£ (W + w3}
p; = 4W1W {2441 (W — 3W3) cos o & (W} — Wi)ups ),
v, =F 2w1(l4wz + 24;Wg cos o),
V3, = 24(W3 — W3) — 427, Wg cos 6.
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B. Complex vacua

Below, we briefly comment on some of the properties of
the different categories of complex vacua, allowing for soft
breaking terms.

1. (0,‘@28’62,‘@5)
Soft breaking terms v?, and 3, do not survive mini-

mization. There are no massless scalars and no mass
degeneracy with or without the soft breaking terms.

2. (Wlei"l ,O,Ws)

All soft breaking terms survive minimization.

Let us first assume 6| # +7 (C-IV-a). If there are no soft
breaking terms (requiring A4 = A; =0), we have two
massless neutral scalars. With 1, and 4; both equal to
zero, the scalar potential acquires an O(2) ® U(1),,
symmetry, where U(1), refers to the independent rephas-
ing of hg. Vacua that break these two continuous sym-
metries lead to two massless neutral scalars.

It is impossible to have 13, or 13, as the only soft
breaking term. If the 3 term is the only soft breaking term,
we have one massless neutral scalar. If the 13, term is
present, there are no massless neutral scalars.

Possible situations where we have only two soft breaking
terms are when we have 13, and 13, (this situation requires
A4 # 0) or when we have 43 and 23, (this situation requires
A7 #0). In both these situations there are no massless
neutral scalars.

Possible situations where we have three soft breaking
terms are when we have v?,, 3, and 3, or when we have
v3,, V3, and 3,. In either of these two situations there are
no massless neutral scalars. If all four soft breaking terms
are present, there are no massless neutral scalars.

Next, let us assume o) = £7 (C-III-b). In this case
we immediately get 3, =13, =0, so the only possible
soft breaking terms are u3 and v3,. If there are no soft
breaking terms (this requires A, =0), we have one
massless scalar. If the 3 or v3, term is present, there
are no massless scalars.

3. (Wlei"l ,ﬁlzei"z,())

All soft breaking terms survive minimization.

Let us first assume o) — o, # +5 (C-1ll-c). If there are
no soft breaking terms (this requires 4, + 13 =0 and
44 = 0), we have two massless neutral scalars. Not all
combinations of soft breaking terms are allowed, but if at
least one soft breaking term is present, we have no massless
neutral scalars.

Next, let us assume o; —o, = +5. In this case we
immediately get v}, = 3, = 0, so the only possible soft
breaking terms are y3 and v3,. If W, # £W; and no soft
breaking terms are present, we have two massless scalars. If

either of the soft breaking terms are present, we have no
massless neutral scalars.

Finally, if 6; — 0, = &% and W, = +W; (C-l-a), there
are no soft breaking terms and also no massless neutral

scalars.

4. (ﬁ)lei"l,wzei"z,ws)

All four soft breaking terms survive minimization. The
case sin(o, —o;) = 0 requires special attention and is
listed separately in Table IV. Finally, if 61 — 0, # 0, then
all soft terms are constrained by the parameters of the
unbroken potential, together with the VEVs (moduli W,
Wy, Wy, and the phases o, and o,).

VI. THE C-1II-c MODEL WITH
SOFT S;-BREAKING

The C-III-c vacuum was characterized [16] as a vacuum
with Wwg =0 and with the other two VEVs arbitrary
complex, (We®, W,e,0). It is worth stressing that the
C-I-a vacuum (W, +iw,0) is not a particular case of
C-IlI-c. This is clearly seen by comparing the constraints
arising from the stationary-point equations. Whereas there
are three constraints attached to C-III-c [see Eq. (2.10)],
there is only one constraint attached to C-I-a, namely u% =
—(A4; = A)v?%. The C-lll-c vacuum requires A, = 0,
Ao+ 23 =0, and u7 = —(4; — 4,)v* and can, in fact, be
simplified to (We”,w,0) due to the O(2) symmetry
resulting from A4 = 0.

The C-I-a case was studied by Derman and Tsao [19]
and by Branco, Gérard, and Grimus [31]. It has the
property of being geometrical in the sense that it is
complex with the phases fixed by the symmetry rather
than by the parameters of the potential. In the defining
representation this vacuum appears as (x, xe>*/3, x=271/3),
It was shown [31] that this vacuum does not violate CP
in spite of being complex.

One of the constraints of C-IIlI-c is 1, = 0. Whenever
A4 = 0 the potential acquires an additional O(2) sym-
metry that is continuous. This symmetry is broken by the
VEVs, and therefore there will be massless scalars. There
will, in fact, be two massless scalars, as discussed above.
One way of avoiding massless scalars is to include soft
breaking terms. Soft breaking terms combining g with
one of the h; are not consistent with 4, = 0.

It was shown [16,30] that the presence of the O(2)
symmetry allows one to transform the C-III-c vacuum into
(We'®/2 \v=ie/2 0), and therefore it can readily be shown
that it also preserves CP. Actually, the introduction of soft
breaking terms can only introduce CP violation in the mass
part of the potential, not in the interactions. Thus, if the
mass-squared matrices split into CP-even and CP-odd
parts, then CP is conserved.

The C-IlI-c vacuum with soft breaking terms is denoted
as Cyyo in Table IV. The minimization constraints are
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6.1a)
6.1b)

6.1d)

(
(
Vi, = =AWy cos(oy — 01) (A + 43).  (6.1c¢)
V3, = =2\, cos(o, — 61) Ay, (
(

V%z = _(W% - VAV%)/M-

6.1e)
It is clear from these expressions that 43 and 13, can be
different from zero only if 4, + 43 # 0. Likewise, 13, and
v3, can only be present for 4 # 0.
We shall here present three avenues to the introduction of
modifications to C-1II-c:
(i) Models with VEVs (W€, nei®2,0),
and /12 + /13 ;é O,
(ii) Models with VEVs (e, W,ei,0),
and ),2 + ﬂ3 = O,
(iii) Models with VEVs (e, e, 0),
and /12 + /13 ?é O

1420,
Ay # 0,

Ay #0,

A. Models with VEVs (W €1 19,e"2,0), A4 =0,
and Az +A,3 * 0

It is clear from expressions (5.2), (6.1d), and (6.1e) that
the condition 44 = 0 is not consistent with having soft
breaking terms involving Ag and either one of the 4;. Soft
breaking terms involving /, and A, are possible only if we
relax the condition 4, + 43 = 0.

The introduction of soft breaking terms of S5 also breaks
the O(2) symmetry that resulted from having A4 equal to
zero. As a result, in this case we cannot use this symmetry
to write this set of vacua with equal moduli for the first two
entries.

In general, CP is spontaneously broken in this case,
provided that cos(o, — 1) # 0. It can readily be seen that,
if cos(6, — o)) = 0, then 12, must be zero and only the soft
breaking term proportional to /4% survives. The vacuum will
have the form (£iw,W,,0), the initial symmetry h; —
—h; is not broken, and CP is conserved by the vacuum,
since the following condition [31]

1s satisfied for
-1 0 O
U= 0O 1 0 (6.3)
0O 0 1

It can be checked that by going to the Higgs basis,
according to the method proposed in Ref. [30], that CP is
conserved when the following four conditions are met:

* sin2(6, —07)] =0, (6.4a)

* };(sin26; —sin20,) = 0, (6.4b)
e 2;(W}sin 26, + W3 sin 26,) = 0, (6.4¢)
* 27(W? sin 26, + W3 sin20;) = 0. (6.4d)

Clearly, if 6; = 6, = 0, there is no CP violation. Actually,
these conditions are sufficient, not necessary for CP
conservation. This distinction will be illustrated by Case
4 discussed in Appendixes B and C.

If cos(6, — 01) # 0 and W, = W5, the term in 3 is forced
to be zero and only the soft breaking term in v2, survives.
The vacuum will have the form (We1,ve2, 0) which can
be rephased into (We'®, we™?,0). The potential will have
symmetry for h; <> h, and CP is conserved with the
following choice of U in Eq. (6.2):

01 0
u=|[10 0 (6.5)
00 1

In Case 4 of Table V one might expect CP to be violated.
However, this is not the case as will be shown in
Appendix C. To prove it one can go to the Higgs basis
where only one of the fields acquires a nonzero real VEV
and use the freedom to rephase the fields with zero VEV in
order to make all the coefficients of the potential real [30].
This set of transformations changes the form of the
potential but does not change the physics. In its final
version both the potential and the VEVs are real.

B. Models with VEVs (#,¢1 ip,ei.0), 44 # 0,
and ).2 + 13 =0

These are also models denoted by Cy, in Table IV. In the
particular case of cos(6, — ;) = 0 and W; = W,, no soft
breaking term survives; we fall into the case C-I-a, and
there is no spontaneous CP violation.

We now find that CP is violated unless Egs. (6.4b)—
(6.4d) are satisfied, together with

e Wisin(26) — 0,) + (2w — W3)sino, =0,  (6.6a)
e W25in(20, — 0,) + (202 — #2)sino, =0,  (6.6b)
s W}sin(26, — 6,) — 3W}sing, =0, (6.6¢)
e W3sin(20, — 0,) — 3W3 sing, = 0, (6.6d)

which replace Eq. (6.4a). Clearly, if 6, = 0, = 0, there is
no CP violation. There are two special cases worth
considering:

(i) cos(oy —o1) =0, and Wy # Wy,

(i) cos(oy —06y) #0, and W = Wy.
In the first case, the vacuum can be written as (£iW, W, 0),
where we chose o, = 0 by the freedom to rephase. In this
case, the term proportional to 13, does not survive, and the
potential is symmetric under #; — —h;. CP is therefore
conserved since Eq. (6.3) is satisfied.
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TABLE V. Summary of softly broken C-IlI-c-like vacua. Here, “SBT” stands for “soft breaking terms.” When the
two moduli are equal, we denote it . In the last column we listed the symmetry responsible for no spontaneous CP

violation.

Case Constraints Allowed SBT Vacuum CP

1 =0,4+23=0 None (Wi e Wye®, 0) Conserving

C-Mlc =(We'®/2, Wwe™/2,0) 0(2)

2 =0+ #0 (i, W5, 0) Conserving
COS((FZ - (71) = 0, Wl # Wz hl - _hl

3 A =0,4+23#0 (We'er,welo2, 0) Conserving
cos(oy —01) #0, W) =W, =(We'®/?, wei/2,0) hy < hy

4 A=0,2+23#0 U3, v (W e, e, 0) Conserving

No other conditions

5 M#0, 1 +4 =0 None (i, W, 0) Conserving

COS(GZ - 61) = 0, Wl = WZ hl d _hl
C-l-a

6 A#0, L +43=0 (i, W, 0) Conserving
COS(GZ - (71) = 0, Wl # Wz hl - _hl

7 A#0, Hh+43=0 (We'e, W, 0) Violating
COS(UQ - 0'1) ?é 0, Wl = Wz

8 M#F0, L +43=0 1/(2)1, 1/(2)2 (Wi e Wye®,0) Violating

No other conditions

9 A #0, 4+ 43 #0 U3, Vs (Fiwy, w,,0) Conserving
COS(UZ—O'l) :0, W] ?EWQ h] d —h]

10 Iy #0, A+ 43 #0 V3, v (We', w,0) Violating
COS(GZ - 61) Sé O, Wl = WZ

11 A#0, 1 +23#0 (Wyer, ye, 0) Violating

02—51¢0,W1¢W2

In the second case, only the term proportional to 13,
survives, and in general CP will be violated (unless both
phases vanish). This phenomenon illustrates the fact that soft
breaking terms can introduce spontaneous CP violation [35].

C. Models with VEVs (€ ¢ 0), 4, # 0,
and A‘Z +)u3 * 0

In this general case, going to the Higgs basis, we see that
the full set of conditions, including Egs. (6.4) and (6.6),
must be satisfied. Obviously, for 6, — 6, = 0, these equa-
tions can be verified after a suitable rephasing. Otherwise,
CP is violated.

Table V summarizes the results obtained in this section.
In Cases 3, 7, and 10 the vacuum can be written in the same
form, but Case 3 is CP conserving, while the other two are
CP violating.

In Appendix B we collect some information on the mass
spectra of these different models.

VII. SUMMARY

We have presented a detailed discussion of some 3HDM
vacua obtained from an S;-symmetric potential with soft

symmetry breaking. The S3-symmetric potential, for certain
VEV alignments, is plagued with massless states and
degeneracies, whose origins have been identified. In fact,
all possible vacua, except (x, x, x), expressed in the defin-
ing representation, break the S; symmetry spontaneously.
We have shown that some vacuum solutions require
conditions on the parameters of the potential that lead to
accidental continuous symmetries that in turn are broken by
the vacuum. Allowing for soft S5 breaking terms, all states
become massive.

The case of a vanishing singlet VEV, without the
introduction of soft breaking terms, which we denoted as
C-III-c is particularly interesting. It exhibits an unfamiliar
feature: the minimum of the potential allows for a relative
phase between the two nonzero VEVs, whose value is
not constrained by the minimization conditions [16]. For
all other complex S5 vacua the phases always appear in
the minimization conditions and therefore cannot be
considered as free parameters [16]. In the C-IlI-c case
the phase appearing in the VEVs is an additional free
parameter which determines the mass splitting in the
neutral S; singlet sector. This phase also shows up in
certain couplings. Whenever this phase is chosen to be
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zero the two neutral scalars from the S5 singlet sector are
degenerate in mass. It is possible to remove this phase
from the VEVs by a rephasing giving rise to a CP
conserving potential with A; complex. In this basis all
free parameters appear in the potential.

This work focuses on the C-1II-c vacuum as well as on its
versions with soft breaking terms. It is beyond the scope of
this paper to discuss other possible vacua with soft breaking
terms. However, models with Wg nonzero may also provide
interesting possibilities from the phenomenological point
of view.

Furthermore, we have seen that the form of the vacuum
does not determine whether CP is violated spontaneously.
One and the same form of the vacuum may conserve or
violate CP, depending on which soft S; breaking terms
(and corresponding constraints) are present.

The results presented in this paper should be useful for
model building, providing guidelines for various interest-
ing scenarios. The S;-symmetric potential with three
Higgs doublets has been analyzed by several authors
in the past few years with many different aims [36],
such as looking for realistic Yukawa couplings [37—40],
looking for dark matter candidates [41-44], looking for
CP violation [45,46], as well as many other studies.
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APPENDIX A: REAL AND COMPLEX VACUA OF
THE S3-SYMMETRIC POTENTIAL

For convenience, we include Tables VI and VII that
summarize some of the properties of the possible real and
complex vacuum solutions [16].

TABLE VI. Possible real vacua (partly after Derman and Tsao [19]). This classification of vacua [16] uses the
notation R-X-y, explained in the text. The VEVs of the ¢; are denoted by p,.
Vacuum Pls P2s P3 Wi, Wy, Wg Comment
R-0 0,0,0 0,0,0 Not interesting
R-I-1 X, X, X 0,0, wg Ui = —dgwi
R-1-2a x,—x,0 w,0,0 w == + A3)w?
R-I-2b x,0,—x w.v/3w,0 pui = =30 +4)w3
R-1-2¢ 0,x,—x w, —v3w, 0 M% = —% (4 + ﬂs)W%
w3

R-l-1a X, X,y 0,w,wg g = 3457 = 5 AaW3 = AgW3,

i = = (A + 233 + 3 dawaws — 3 AW
R-II-1b X, y, X w, —w/v/3,wg Wy = —4iy W—S = 20,W3 = 28w,

u = —4(Ay + A3)w3 = 3dwows — S A, w3
RIl-le ¥ X wow/ V3w = =424 = 20,05 = dgwd,

,Ll% = —4(11 + A3)W% - 3/14W2WS - %Aawg
R-TI-2 X, x,—2x 0,w,0 wr=—=( +23)w3, 44 =0
R-11-3 X, =X = Wi, Wy, 0 ==+ )W +w3), 44 =0
R-11T Pls P2s P3 Wi, Wa, W w3 = —=32,(wt + w3) — Agw3,

Ui = =1+ 23) (W] + w3) = 3A,w5,
/’{4 = 0
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TABLE VII. Complex vacua. Notation:

e=1 and

—1 for C-IlI-d and C-III-e, respectively; &=

\/=3sin2p,/sin2p,, w = /[3+3cos(ps —2p;)]/(2cosp,). Imposing the vacuum constraints [16], the

vacua labeled with an asterisk (*) are in fact real.

Irreducible Representation

Defining Representation

Wi, Wa, Wy P1> P2 P3
C-I-a \211, :tiVAVI, 0 X, xei%, xe:F%
C-l-a 0, W,e'2, g y,y,xe’®
C-ll-b +ify, 0, g X4y, x—iy.x
C-llLc Wrel® iel® 0 xel? =3, —xe” =3,y
C-lll-d,e Wy, €Wy, Wy xe', xe™",y
C-II-f iy, iy, Wy re’ +ix,re” F ix,3re7 —Lre
C-ll-g iy, —iwy, W re”* +ix,re” F ix,3re —jre7
C-1II-h V31ei® |t el g xe', y.y
y.xe,y
C-III-i 3<1+[an22()‘] )erim x,ve'®, ye i
1+9tan” o, ’
iwze—iarctan(.%tan nl)’ Wy yeir, X, ye—ir
C-IV-a* Wie', 0, W re’? + x,—re’ + x, x
C-IV-b Wy, £y, Wy re? + x,—re” P + x,—re' + re”? + x
C-IV-c V14 2cos? 6,0, re’ + r\/3(1 + 2 cos?p) + x,
el g re’ —ry/3(1 +2cos?p) + x, —2re” + x
C-IV-d* Wi e, £ye g rie” +x,(ry—r))e’ + x,—rye? +x
C-IV-e —Z::;ZZWQei"I, reif2 4 reP & 4 x, reif? — ref & 4 x,
E 1
W,el® Vi —2reifr 4 x
C-IV-f 24 cosﬁg;;?oz)wze,‘gl , reii + rei/’zw + x,
Woel®2 g re’ — retPry + x, —2re' + x
C-V* Wie el g xe'™, ye'™, z

APPENDIX B: MASSES IN THE SOFTLY
BROKEN C-1II-c MODELS

Regardless of the softly broken S; parameters, the
charged mass eigenstates are of the same form in every
softly broken C-III-c model. Therefore, only the neutral
states are analyzed here. Also, since wg = 0, the masses
will only depend on the relative phase,

(B1)

0 =0] — 0y,
not on o, and o, separately.

1. Models with A,=0 and 4, +43 # 0

These are the models discussed in Sec. VI A. The softly
broken parameters consistent with the 4, = 0 constraint are
43 and v7,. Because of the fact that 44, =0 and Wg = 0,
there is no mixing between the S5 doublet and singlet at the
level of masses. These models might provide possible dark
matter candidates. Since the S; singlet possesses zero

vacuum value, it could be associated with an inert doublet.
Moreover, the 1, =0 constraint results in a discrete
symmetry Z,:hg — —hg, which could stabilize the scalar
dark matter sector.

a. Case 2. C-Ill-c3

CP is conserved, and the squared masses are given by

m%fm.z) = (4 +43)0* F A, (B2a)
my = 2(dy + A3) 0%, (B2b)
1 A A
Ms10 = Mo+ 2 (25 +26)0* F A7(W] —w3),  (B2c)
where
A? = (A + 43)%0* = 16(4) — b)) (A2 + A3)W1W3.  (B3)

In the limit 4, + A3 — 0, both mj; and m3 vanish linearly.
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b. Case 3. C-IlI-c-23,

CP is conserved, and the squared masses are given by

m%,m) = (A + 43 F A2, (B4a)
m%,z = 2(/12 + /13)1)2, (B4b)
Sua = 2+1(/1 +26)0> F A 2 (Bdc)
ms(m) = Uy 5 5 6)V" F A7COSOV”, C
where
A? = (A =)+ (h + 4)?
+2(4; = ) (4 + 43) cos(206). (B5)

The above terminology is determined by my; <mj, <mj,,

valid for 47 < 0. In the limit A, + 43 — 0, both mj; and

2 . .
my;, vanish linearly.

c. Case 4. C-IlI-c-pu3 13,

CP is conserved, illustrating that the conditions (6.4) are
not necessary. This is explained in Appendix C. The
squared masses are given by

m%l(l‘z) = (4 +’13)02 F Ay, (B6a)
m%_]3 = 2(Ay + A3)0°, (B6b)

1
mg(l.z) = ﬂ(z) + B (’15 + /16)7]2 F HAg, (B6C)

where

A2 = (A + 23)20* = 16(A, = 1) (Ay + A3) sin® 022,
(B7)

A% = v* — 4sin? oWi3. (B8)

The above terminology is determined by my; <mj; <mj,

valid for 7 < 0. In the limit 4, + 43 — 0, both m7; and

2

my;, vanish linearly.

2. Models with 44 # 0 and A, +1;=0

These are the models discussed in Sec. VIB. They
actually contain states of negative squared mass, but are
described here as limits to be avoided in any discussion of
realistic versions of Cases 9, 10, and 11.

The softly broken parameters consistent with the A3 +
Jy = 0 constraint are 13, and v3,. Because of the fact that
A4 # 0, there is mixing between the S5 doublet and singlet.

a. Case 6. C-1lI-c-13,

Because of the mixing between the doublet and singlet
sectors, the neutral mass-squared matrix is now 6 x 6.
Transforming to the Higgs basis and removing the would-
be Goldstone boson, it is reduced to a 5 X 5 matrix spanned
by the fields

HB _HB ,HB ,HB ,HB
om0 )

The 5 x 5 mass-squared matrix is block diagonal, a 3 x 3
“n” block and a 2 x 2 “y” block [see Eq. (2.3)], reflecting
the fact that CP is conserved. The 7 block has the following
properties:

(B9)

det(M2) = 8(Ay — A1) 230303, (B10)
Tr(M3) = p§ + 2(4 — A)v?
1
+ E(AS +26) 0% + A (W3 — 7). (B11)

For the product of the three squared masses to be positive,
we must have 4, > ;. For the y block we may solve
explicitly for the squared masses in terms of a square root:

mi =R+ F ), (BI2)

(1.2)

e

where

A = 1625W30° + (243 + A, W% + A, W3)% (B13)

We note that the product of these two masses is negative,

2 2

my my = —Awiv? <0, (B14)

so Case 6 must be abandoned. Actually, with 4; — 4,
positive (as follows from u? being negative), also the
determinant (B10) is negative, signaling the fact that not
one, but fwo masses squared are negative.

b. Case 7. C-IlI-c13,

In this case, the 5 x 5 matrix spanned by the fields (B9)
has the following structure:

(B15)

S

I
X © X © X
© o X © o
X X X X X
X © X © o
X X X © X

While individual elements (denoted “x’’) also depend on
,u(%, As, A¢, and A4, the product of all five masses squared is
very simple,
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MIMAMEMIM? = det(M?) = = (4 — Ap) 4] sin* 60'°.

| =

(B16)

However, the sum of all masses squared depends on these
additional parameters,

Te(M2) = 243 +2(4) — 1) 0* + (4s + 4e)0*.  (B17)
A necessary condition for positive squared masses
is Ay > 4.

One might be tempted to conclude from Eq. (B16) that
four of the squared masses vanish as 4, — 0. This is not

necessarily the case, as illustrated by the following exam-
ple. Let a toy model have the two squared masses:

m?, = [/10 /2 —/Lﬂ v

While the product is given by m2m2 = Ajv*
masses squared are for A,/4, — O given as

(B18)

, the individual

22
2 ~
M !

2

m? =~ 20 (B19)

As mentioned above, in Case 7 and for A; > 4,, the
overall determinant is positive, allowing for an even
number of negative squared masses. A numerical explora-
tion shows that two of them are negative, as for Case 6.

c. Case 8. C-lI-c13, -12,

The Higgs basis rotation and reduction to a 5 x 5 matrix
yields the following structure:

x 0 x 0 x

0 0 x 0 x
M= x x x x x|, (B20)

0 0 x 0 x

X X X X X

with

det(M?) = 8(4; — Ay) A4 sin* odfW3e?,  (B21)
Tr(M?) = 2p3 + (24 — 245 + A5 + A¢)0? (B22)

For positive squared masses we must have 1; > 1,.

The mass eigenstates are all mixtures of the gauge fields
of Eq. (B9), and CP is violated.

The overall determinant is positive, allowing for an even
number of negative squared masses. A numerical explora-
tion shows that two of them are negative, as for Case 6.

3. Models with 44 # 0 and A, +43; # 0

These are the models discussed in Sec. VIC. In these
models there is mixing between the S; doublet and singlet.

a. Case 9. C-Ill-c-u3-13,
The 5 x 5 neutral mass-squared matrix is block diagonal,
a3 x 3 5 block and a 2 x 2 y block, reflecting the fact that
CP is conserved. The following properties can be extracted:

det(M3) = 8(4 — 1) [(A + 43) (2§ + ApWi + 2,W3)

— 3W3Wins, (B23)
1
Tr(M3) = p§ + 2(A4 + A3)v* + 3 (ApW? + A,W3).  (B24)
The masses squared of the y sector are given by
2 1 2 1 ~D
mA(l.z) = Z 2/,{0 +4 /12 +/13 +Z/1a w
1
where
2 2 1 )
A = 2,Lto+4 /12-1‘/13 +Z/1a W]
1 2
+ 4(12 + 23+ Z@,) wg]
= 16[(2u5 + A W7 + 4pW3) (A + A3) — 2302
(B26)
For the y sector we have
det(M3) = [(2 + 43) (245 + 2] + ApW3) — W7]0?
(B27)

Necessary conditions to have all squared masses positive is
then
(A2 + 43) (2u5 + Ap Wi + A7) —

242 >0, (B28)

(A2 + 43) (244 + 2aW7 + 2, W3) = 3%7 > 0. (B29)

b. Case 10. C-IlI-c-v3,13,

In this case, the 5 x 5 neutral mass-squared matrix takes
the form
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x 0 x x X
0 x x 0 0
Mi=]x x x x x|, (B30)
x 0 x x X
x 0 x x X

with

det(M?) = sin® 6(2; — 42)[A4(15)* + Agpg + A0,

(B31)
where
Ay = 8(ia + )2, (B32a)
— 40k + )20 + J) (s + 46) — 2%, (B32b)
Ao = {12002 + 4s) s + ) ~ B
— cos2 a4 (Ay + A3)0y — 2P} 0 (B32¢)

1
=5 sin? cAjv* — 2(dy + A3)A3 (A5 + Ag — 247 cos? o) v*

200 + 23)2[(As + Ag)* — 422 cos? o]v*,  (B32d)

and

Tr(M?) = 2pd + (24) + 22, + 443 + A5 + 4g)v*.  (B33)

The mass eigenstates are a mixture of all five gauge
fields, and CP is violated.

c. Case 11. C-Il-c-p3-v3,v3, 13,

In this case, all elements of the 5 x5 neutral mass-
squared matrix are nonzero, CP is violated, and the
determinant is rather complex,

det(M?) = 85in® oAy — 12)[A4(43)? + Aopid + Ao 2,

with

=42 +4)%, (B35a)

Ay =2(2y + 43)[2(Ay + A3) (A5 + Ag) — 2302 (B35b)

AO = sm axlﬁw WZ (/12 + 13)/1 [(15 —+ 16)
—2(v* — 4sin? 6W3) 4]
+ (12 + 13)2[(15 + }“6)204 - 4(’[74 - 4Sin GV}{/ZW%)ﬂz]

(B35¢)

TABLE VIII. Contributions to sums of masses squared.

Case CPC ﬂ(2) IM% % (12 + 13) % (/15 + /16) /17

1 v 1+1 =240 0 1+1 +aFa
2 Vo141 =240 444 1+1  +bTb
3 v 1+1 =240 444 1+1 +aFa
4 v 1+1 =240 444 1+1 +cFc
5 v 1+1 =240 0 1+1 -b+b
6 v 1+1 =240 0 I1+1 -b+b
7 2 =2 0 2 0
8 2 -2 0 2 0
9 v 1+1 =240 444 1+1 -b+D
10 2 -2 8 2 0
11 2 -2 8 2 0
a=cosov?, b= (W —W3}), c = Ag.
= (b +1)[(4 + 43)4, — Az]lb”“
+ Sin2 0[4(/12 + /13)/1 - /12] , (B35d)

whereas the trace has the familiar value, given by
Eq. (B33).

4. Sums of masses squared

The contributions to the trace of the mass-squared matrix
in the neutral sector, i.e., the sum of all squared masses of
the neutral scalars, can be expressed in terms of u3, ui,
Ay 4+ A3, A5 + A6, and 45 as

1
Tr(M?) = #ud + #u3 + #5 (A + A3)0?
1
#5 (/15 + /16)1)2 + #1702, (B36)
where we use the minimization condition y? = —(4; —

A2)v? and trade A3 for p? and (A + 43).

We summarize in Table VIII the coefficients denoted “#”
above. Where CP is conserved, contributions to the CP-
even and CP-odd parts are given separately, as x + y. The
singlet sector contributes to the u3, (15 + 4¢), and 4, terms
(the latter cancel among CP-even and -odd terms), whereas
the doublet sector contributes to the 7 and (4, + 43) terms.

Expressed in these terms, the structure is remarkably
simple and regular.

APPENDIX C: CP CONSERVATION IN CASE 4

For Case 4, when the two soft breaking terms y3 and 17,
are present, the vacuum configuration (W;e’!,W,e2,0)
does not result in a CP-violating model. This can be shown
explicitly by constructing a basis transformation that results
in both a real potential and a real vacuum, thereby
eliminating the possibility of having spontaneous CP
violation. We start by simultaneously rephasing all three
doublets to get a vacuum configuration of the form
(W€, ,,0), leaving all parameters of the potential
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V= H%hghs + ﬂ%(h];hl + h;hz) + H%(hIhl - h;hz)

with

1 + N
~ 13, (hyhy + hih Cl g
+2y'2( 2+ ha) (1) 0= arctan(ﬁ), (C4)
Wi
+ A (h{hy + hyhy)? + Ay (hihy — hihy )
2
+ /13[(}’]1711 - h;h2)2 + (hihz + h;hl)2 X = —arctan <ﬁ> ) (C5)
. W5 —Wi)tano
+ As(hhs) (W hy + hShy) + A6[(h§hy ) (hihs)
+ (h§hy) (Rhs)] + 2 [(hhy ) (h§hy) ¢=-o, (Co)
+ (h§hy) (Hshy) + Hee.] + Ag(hhg)? (C2)
y = —o, (C7)
unchanged. Consider now the change of basis given by
. ‘ 7z o 1 v? o8
i_zl | cos 6 e"®sind 0 hy T—Z+§—§arctan (W2 —#?) tano (C8)
hy | =e¥ | —esind et cosd 0 hy |,
I 0 0 it hy This takes us to the Higgs basis, with the real vacuum

where all the 7; and A; become real when imposing
Eq. (6.1), thus implying a CP conserving model.

APPENDIX D: CONTINUOUS SYMMETRIES OF
THE POTENTIAL

Symmetries of multi-Higgs-doublet models are only
manifest in particular bases. Reference [21] provides a
very useful prescription to identify the symmetries present
in specific implementations of three-Higgs-doublet models
when written in bases where these symmetries are not
manifest. It is well known that a Z, symmetry acting on one

configuration (v, 0, 0) along with a transformed potential of
the form

(C9)

Higgs doublet in models with two Higgs doublets may
manifest itself as a symmetry for the interchange of the two
doublets. Here we show how a continuous O(2) symmetry
of an S5-symmetric potential corresponding to the C-1II-c
vacuum can explicitly appear as a different continuous
symmetry.

Let us consider the C-IlI-c vacuum configuration
(W€, Wye'@,0) in the framework of the S3-symmetric
3HDM potential without soft breaking terms. The sta-
tionary-point equations require 4, = 0 and 13 = —1,, so the
quartic part of the potential simplifies to

Vi = A (hi{hy + hihy)? = [(h{hy = hihy)? + 4(h{hy) (Ryhy)] + As(hshs) (R hy + hYhs)
+ /16[(h§h1)(hihs) + (hghz)(hzhs)] + /17[(h§h1)2 + (h§h2)2 + (hIhs)2 + (h;hs)z]
+ Ag(hshs)?.
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Using the basis-independent checks given in [21], we find
that our potential satisfies the constraints for both O(2) and
U(1), symmetries. The O(2) symmetry is manifest in the
basis in which we start out because the potential is
symmetric now under the change of basis given by

hy hy
h2 -0 h2 ) (D2)
hg hg
where
cosa —sina 0 cosa sina O
0 e sina  cosa O |,| sina —cosa O
0 0 1 0 0 1
(D3)

The U(1), symmetry does not manifest itself in this basis,
so it must be a hidden symmetry which manifests itself in
another basis. Let us therefore change into another basis
using

hy ¢
h | =8| 0 |, (D4)
hs b3
where
Bk
B = _\/Li ﬁ o1l. (D5)
0 0 1

The transformed potential in the new basis is given by

Vo = i3dids + 13 (diy + b3ho). (D6)

Vi =1 + ¢12)* — hal(] 1 — diho)?
+4(d12) (D5h1)] + A5 (Bibs) (Pl b1 + Bibo)
+ A6[(931) (D1 3) + (9ih2) (h3¢h3))]
+20((0163) (D3h3) + (D5h1) (B5h2)] + A5 (33 )*.
(D7)
Applying the transformation (D5) to the vacuum (2.11), it is
seen to become real.

In this new basis, the potential is manifestly symmetric
under the U(1), transformation given by

&1 e 0 0 o
¢ | =] 0 e 0 3 (D8)
b3 0 0 1 b3

This U(1), symmetry is not an additional continuous
symmetry, it is just the way the original O(2) symmetry
manifests itself after the change of basis. If the potential
possesses a symmetry in the original basis represented by a
matrix S, then after changing to a new basis, the potential
will possess a symmetry represented by the matrix B'SB.
Applying this to the matrices in (D3), we find that the O(2)
matrices are transformed into the following two matrices in
the new basis

e” 0 0 0 €2 0
0 e Of,le™ 0 0]f,, (D9
0 0 1 0 0 1

thus showing that this U(1), symmetry is just the original
O(2) symmetry expressed in the new basis.
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