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We present the inclusive cross section at next-to-next-to-next-to-leading order (N3LO) in perturbative
QCD for the production of a Higgs boson via bottom-quark fusion. We employ the five-flavor scheme,
treating the bottom quark as a massless parton while retaining a nonvanishing Yukawa coupling to the
Higgs boson. We find that the dependence of the hadronic cross section on the renormalization and
factorization scales is substantially reduced. For judicious choices of the scales the perturbative expansion
of the cross section shows a convergent behavior. We present results for the N3LO cross section at various
collider energies. In comparison to the cross section obtained from the Santander matching of the four- and
five-flavor schemes, we predict a slightly higher cross section, though the two predictions are consistent
within theoretical uncertainties.
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With the discovery of the Higgs boson by the experi-
ments at the Large Hadron Collider (LHC) at CERN [1,2]
particle physics has entered a new era. The last missing
degree of freedom of the standard model (SM) of particle
physics has been established, making the SM a fully
predictive theory without any free parameters. For the first
time we can now directly measure the properties of a
fundamental scalar boson. The remarkable performance of
the LHC during Run II brings the Yukawa interactions—
the interaction among fundamental fermions and the Higgs
boson—within reach of being probed by the experiments.
Clearly, exploring the Higgs sector and testing our under-
standing of the fundamental interactions of nature is one of
the main tasks for the LHC.
Since in the SM the coupling strength of the Higgs boson

to fermions is proportional to the fermion mass, prospects
for coupling measurements are most promising for third-
generation matter, i.e., bottom and top quarks and τ leptons.
Several models of new physics, including the minimal
supersymmetric standard model, predict enhanced cou-
plings of the Higgs boson to bottom quarks. Consequently,
studying the Yukawa coupling to bottom quarks is par-
ticularly interesting. The decay of a Higgs boson to pairs
of bottom quarks is known to high orders in perturbation

theory [3–14]. While this decay channel benefits from a
large branching fraction, it is overwhelmed by QCD
background and thus challenging to observe [15,16].
A viable alternative consists in probing the couplings of
the Higgs boson to bottom quarks via the production of a
Higgs through fusion of a bb̄ pair.
There exist two formally equivalent descriptions of the

cross section for the production of a Higgs boson from the
fusion of bottom quarks. In the four-flavor scheme (4FS),
the bottom quark is treated as a massive quark, which
decouples from the evolution of the strong coupling
constant and the parton density functions (PDFs) described
by the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
equation. At leading order (LO) in perturbative QCD in the
4FS bottom quarks are produced from gluon splitting. Since
the bottom quarks are treated as massive, the gluon splitting
is free of collinear divergences, but produces logarithms
logm2

b=Q
2 at every order in perturbation theory, where Q is

a characteristic scale of the hard process. These logarithms
may become large, thereby spoiling the convergence of the
perturbative series and requiring resummation. In the five-
flavor scheme (5FS), instead, the bottom quark is treated as
a massless parton and is included in the evolution of the
strong coupling and the PDFs. The collinear logarithms are
then de facto resummed into the PDF evolution, thereby
avoiding the appearance of large logarithms order by order in
perturbation theory. On the other hand, the inclusive cross
section in the 5FS neglects power-suppressed terms of order
m2

b=Q
2, which are automatically included in the 4FS where

all mass effects are taken into account. While both schemes
are formally equivalent nonperturbatively, the truncation of
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the perturbative series is necessary for practical calculations
and introduces a scheme dependence of the cross section.
Table I displays representative Feynman diagrams con-

tributing in the 4FS and 5FS, respectively. At LO, the 5FS
is described by a two-to-one process. The simple structure
of the LO process makes it possible to compute the
inclusive cross section to high orders in perturbation theory,
and both next-to-leading order (NLO) [17,18] and next-to-
next-to-leading order (NNLO) [19] results are available.
Computations in the 4FS are technically more involved,
due to the higher parton multiplicity and the fact that the
mass of the bottom quark is treated exactly. Currently the
inclusive cross section in the 4FS is only available through
NLO [20–22].
It is known that perturbative results may differ substan-

tially between both schemes, and various methods have
been proposed to combine the 4FS and 5FS into a single
prediction [23–27]. A direct comparison of the NLO
and NNLO results in the 4FS and 5FS, respectively, is,
however, not straightforward, because they correspond to
different orders in the perturbative expansion in the strong
coupling constant (see Table I). A consistent comparison
with the 4FS at NLO requires the knowledge of the
inclusive cross section in the 5FS at next-to-next-to-next-
to-leading order (N3LO) in the strong coupling. In this
Letter, we present for the first time the complete result for
the inclusive cross section for Higgs production in bottom-
quark fusion at N3LO in the 5FS and investigate its
phenomenological implications.
The N3LO cross section in the 5FS.—The inclusive

hadronic cross section for the production of a Higgs boson
can be written as

σ¼
X

i;j

Z
1

0

dx1dx2fiðx1;μfÞfjðx2;μfÞσ̂ijðz;μr;μfÞ; ð1Þ

where the sum runs over all parton flavors, fi are parton
densities and σ̂ij are partonic cross sections. The partonic
cross sections depend on the ratio z ¼ m2

H=s, where
ffiffiffi
s

p
is

the partonic center-of-mass energy, related to the hadronic
center-of-mass energy

ffiffiffi
S

p
by s ¼ x1x2S through the two

Bjorken momentum fractions x1;2. μr and μf denote the
renormalization and factorization scales, respectively. We
work in the 5FS with five massless quark flavors. We
assume that the Higgs boson has a nonzero Yukawa
coupling yb to the bottom quark, and we neglect couplings
of the Higgs boson to all other quark flavors. This implies
that we focus on terms in the cross section proportional
to y2b. The partonic cross sections σ̂ij are expanded through
N3LO in the strong coupling αs. The complete set of initial
state configurations that contribute to the cross section
through N3LO are shown in Table I. The NLO and NNLO
corrections to the cross section have been computed in
Refs. [17–19]. In the remainder of this Letter, we present
for the first time N3LO corrections.
In order to compute the partonic cross sections at N3LO,

we follow the same steps that have been employed in the
computation of the N3LO corrections to Higgs production
in gluon fusion in Refs. [28–30]. We have generated all
relevant Feynman diagrams with QGRAF [31]. Individual
Feynamn diagrams are sorted into scalar integral topol-
ogies, which are then reduced to a set of master integrals via
integration-by-parts identities [32,33] using an in-house
code. Finally, the master integrals are computed analyti-
cally using the differential equations method [34–38]. All
the relevant master integrals are known analytically as a
function of z and have been evaluated in the context of the
N3LO corrections to the gluon-fusion cross section. In
particular at N3LO three-loop corrections to the Born
process contribute, which have been computed for the first
time in Ref. [39] using the master integrals computed in
Refs. [40–46] and the results of Ref. [39] agree with our
computation. In addition, the N3LO cross section receives
contributions from partonic subprocesses involving fewer
loops but additional real emissions in the final state. Single-
real emission contributions from two-loop and squared
one-loop diagrams have been considered in Refs. [47–52].
The master integrals for double-real virtual and triple-real
contributions have been computed in Refs. [28,53–57] as
an expansion around the production threshold of the Higgs
boson and exactly as a function of z in Ref. [30]. Here we
work exclusively with the master integrals of Ref. [30].

TABLE I. Representative diagrams contributing at different orders in perturbation theory in the 4FS and 5FS. The last line summarizes
the partonic channels in the 5FS. Channels related by charge conjugation are not shown explicitly and q denotes a light quark that does
not couple directly to the Higgs boson. The partonic channels in the 4FS are obtained by ignoring initial states involving a bottom quark.

q

g

H

b

b

4FS … … LO NLO
5FS LO NLO NNLO N3LO
Partonic channels (5FS) bb̄ bb̄; bg bb̄; bg; bb; bq; bq̄; gg; qq̄ bb̄; bg; bb; bq; bq̄; gg; qq̄; qg
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Contributions from different initial states and/or parton
multiplicities are individually ultraviolet (UV) and infrared
(IR) divergent. We regulate the divergences by working in
dimensional regularization in D ¼ 4 − 2ϵ dimensions. UV
divergences can be canceled by replacing both the bare
strong and Yukawa couplings by their renormalized values
in the MS scheme. The UV counterterm for the strong
coupling constant has been determined through five loops
in Refs. [58–62]. The renormalization constant for the
Yukawa coupling is identical to the quark mass renorm-
alization constant of QCD in the MS scheme [19,60,
63–65]. IR divergences are absorbed into the definition of
the PDFs using mass factorization at N3LO [66–68]. The
mass factorization involves convoluting lower-order par-
tonic cross sections with the three-loop splitting functions
of Refs. [69–71]. We have computed all the convolutions
analytically in z space using the PolyLogTools package [72].
We observe that all divergences cancel after UV renorm-
alization and mass factorization. We emphasize that this is
not only a strong cross check of our result, but, together
with the results of Ref. [28] for gluon-initiated processes,
this is the first time that the complete set of three-loop
splitting functions of Refs. [69,70] has been confirmed by
an independent analytic computation. Moreover, this is
the first time that the universality of QCD factorization
has been confirmed for hadron collisions for all partonic
initial states.
The analytic cancellation of all ultraviolet and infrared

singularities provides a strong check of our results. In
addition, we have reproduced the soft-virtual N3LO cross
section of Ref. [73] and the physical kernel constraints of
Ref. [74–76] for the next-to-soft term of the bottom-quark-
initiated cross section. We have also checked that all
logarithmic terms in the renormalization and factorization
scales produced from the cancellation of the UV and IR
poles satisfy the DGLAP evolution equation. Finally, we
have also recomputed the NLO and NNLO cross sections,
and we have checked that through NNLO our results are in
perfect agreement with the literature results implemented in
the code SUSHI [77]. Analytic results for the partonic
coefficient functions are presented in Ref. [78].
Bottom-quark fusion at N3LO in QCD.—In this section

we present our phenomenological results for inclusive cross
section for bottom-quark fusion at N3LO in QCD. We
assume a Higgs mass of mH ¼ 125.09 GeV. The strong
coupling is αsðm2

ZÞ ¼ 0.118 and is evolved to the renorm-
alization scale μr using the four-loop QCD beta function
in the MS scheme assuming five massless quark flavors.
The Yukawa coupling between the Higgs boson and the
bottom quark is proportional to the bottom-quark mass
in the MS scheme, and we evolve it from mbðmbÞ ¼
4.18 GeV [79] to the same renormalization scale μr using
four-loop running [65].
Figure 1 shows the inclusive cross section at a proton-

proton collider as a function of the hadronic center-of-mass

energy. The predictions are obtained by convoluting the
partonic cross sections with the PDF4LHC15 NNLO PDFs in
the 5FS [80] as in Eq. (1). It was pointed out in Ref. [24]
that multiple different values for the bottom quark mass
were used in the construction of the PDF4LHC15 sets
and an alternative PDF was derived. A PDF set where
bottom mass effects are consistently included into the
PDF4LHC_NNLO_MC set is available from Ref. [81] (see
also Ref. [82]). We find that using the PDF set of Ref. [81]
introduces a Oð1%Þ shift of the central value of our cross
section. Since the modification using the alternative PDF
set is small we choose to use the official PDF4LHC15 sets of
Ref. [80] in our predictions for generality. For further
discussion of bottom quark mass effects, we refer readers
to Ref. [78].
The central value corresponds to the commonly

used choice of the renormalization and factorization
scales ðμr; μfÞ ¼ ðmH;mH=4Þ following for example
Refs. [19,83]. The band is obtained by varying μr and
μf independently within the intervals μr ∈ ½mh; 2mh�
and μf ∈ ½mh=8; mh=2� with the restriction that 1=2 ≤
4μf=μr ≤ 2. We observe that cross section predictions
based on successive perturbative orders are contained
within the bands of the lower order predictions over a
wide range of hadronic center-of-mass energies. The
dependence on the renormalization and factorization scales
of the hadronic cross section is reduced as the perturbative
order is increased. We therefore believe that the residual
scale dependence provides a reliable estimate of the
missing higher orders beyond N3LO. Let us comment
on the unconventionally small choice of the factorization

FIG. 1. Variation of the hadronic cross section with the
hadronic center-of-mass energy. The upper figure shows nominal
values, in the lower figure all predictions are normalized to the
central value of the N3LO prediction. LO, NLO, NNLO, and
N3LO corrections are shown in green, yellow, blue, and red,
respectively. The bands correspond to scale variation uncertain-
ties as described in the text.
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scale, μf ¼ mH=4. At NLO it was observed [83–86] that
the t-channel singularity in the gluon-initiated process
gb → bH leads to a collinear logarithm of the form
logð4μf=mHÞ in the inclusive cross section. Based on this
observation, it was argued that is natural to vary to
factorization scale at NLO in an interval around the central
scale μf ¼ mH=4 [83–86]. This choice is corroborated by
the fact that it reduces the size of the NLO corrections. An
improved convergence of the perturbative expansion for
μf ¼ mH=4 was later also observed at NNLO [19,77,82].
We see from our calculation that this trend continues at
N3LO. We observe that for higher values of μf, the
convergence behavior of the cross section with the
perturbative order deteriorates. In particular, choosing
μf ¼ μr ¼ mH reduces the overlap of the scale variation
bands between NNLO and N3LO. We therefore conclude
that μf ¼ mH=4 remains a good choice for the factorization
scale even at N3LO.
Table II presents results for the inclusive cross section for

a proton collider for various hadronic center-of-mass
energies, and we show the main uncertainties affecting
the cross section. To obtain central values and PDF
uncertainties we use the Monte Carlo replica method
following the PDF4LHC recommendation [80]. All other
uncertainties are computed with a fixed PDF set, namely
the zeroth member of the PDF4LHC15_NNLO_MC set.
The QCD scale uncertainty is estimated by varying μr and
μf as described in the previous paragraph. We also include
an uncertainty reflecting the fact that currently there are no
N3LO PDF sets available. The estimate of this uncertainty
was obtained following the recipe introduced in Ref. [29].
The bottom quark mass is affected by an uncertainty of
þ0.04
−0.03 GeV [79] and we display the resulting uncertainty
of our cross section. A more detailed discussion of the
uncertainties, including a more comprehensive study of the
impact of different PDF sets, is presented in Ref. [78].
Comparison to the Santander-matching.—While the

5FS resums collinear logarithms to all orders, it neglects
power-suppressed terms of the order ðmb=QÞ2, whereQ is a
characteristic hard scale of the process. For the inclusive
cross section typically Q ∼mH, so that ðmb=QÞ2 ∼ 10−3,

and the 5FS is expected to give reliable predictions.
Nevertheless, it has been observed that results in the
5FS at NNLO and in the 4FS at NLO may differ
substantially. However, this naïve comparison is not sat-
isfactory, because results in the 5FS at NNLO and in the
4FS at NLO correspond to different orders in perturbation
theory. In particular, the 4FS at NLO includes terms
proportional to α3s which are not captured by the 5FS at
NNLO (see Table I). For this reason various methods have
been proposed to combine the 4FS and 5FS into a single
prediction [23–27]. In this section we present for the first
time a comparison of the two schemes that includes
partonic cross sections consistently computed through α3s .
The so-called Santander-matching (S-M) scheme [23] is

widely used in the literature (see for example Ref. [82]) and
the focus of this section. It represents a pragmatic way of
combining the 4FS and 5FS computations into a single
prediction through a weighted average:

σS−Ma;b ¼ σ4FS;N
aLO þ wσ5FS;N

bLO

1þ w
; ð2Þ

where the weighting factor is w ¼ logðmH=mbÞ − 2.
Figure 2 shows the inclusive cross section computed in

the S-M scheme compared to the results in the 5FS at
NNLO and N3LO. The values of the cross section in the
S-M scheme for ða; bÞ ¼ ð1; 2Þ have been obtained from
the reference values published in Ref. [82] based on
Refs. [22,26,77]. We see that the N3LO corrections lower
the value of the cross section in the 5FS, bringing it closer
to the results in the S-M scheme. Moreover, we see that our
N3LO results and the S-M results agree within scale and
PDF uncertainties. Since the S-M scheme is a pragmatic but
very ad hoc prescription, we do not see any compelling
argument to work with this scheme, given that now the 4FS
and 5FS are known to the same order in the strong coupling

TABLE II. The hadronic bottom-quark-fusion Higgs boson
production cross section at various center-of-mass energies.
For a description of the uncertainties, see main text.

S [TeV] σbbH [pb] scale PDFþ αs mb N3LO PDFs

7 0.174 þ3.0%
−3.3% �9.2% þ2.3%

−1.7% �3.9%

8 0.226 þ3.0%
−3.6% �9.2% þ2.3%

−1.7% �3.5%

13 0.542 þ3.0%
−4.8% �8.5% þ2.3%

−1.7% �2.5%

14 0.614 þ3.0%
−5.0% �8.5% þ2.3%

−1.7% �2.3%

27 1.69 þ3.2%
−6.8% �7.7% þ2.3%

−1.7% �1.2%

100 9.20 þ3.8%
−11:% �6.8% þ2.3%

−1.7% �0.76%

FIG. 2. Comparison of σS-M1;2 (blue) and the cross section
computed in the 5FS at N3LO (red) and NNLO (green). The
bands represent a linear sum of PDF, scale variation and bottom
quark mass uncertainties. For the five-flavor scheme also an
uncertainty for the mismatch of the PDF order and the order of the
partonic cross section is included.
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constant and that power-suppressed terms in the 4FS
are expected to give small contributions to the inclusive
cross section.
Conclusions.—We have presented for the first time the

complete computation of the inclusive cross section for the
production of a Higgs boson through bottom-quark fusion
at N3LO. We observe a substantial reduction of the residual
scale uncertainty and a good convergence of the perturba-
tive series, provided that the factorization scale is set to a
small value around mH=4, in agreement with previous
studies. We have also compared the value of the inclusive
cross section at N3LO in the 5FS to the S-M of Ref. [82].
We find that the two results agree within uncertainties.
Since finite power-suppressed effects due to the bottom-
mass are expected to give only small contributions to the
cross section, we believe that our result in the 5FS provides
the most reliable prediction of the perturbative QCD
corrections to the inclusive cross section of Higgs produc-
tion to date, including consistently all higher-order con-
tributions through α3s .
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