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Abstract
Dissipation of nuclear many-body systems is studied by means of TDDFT+
Langevin model. Much attention is paid to the energy dependence of the fric-
tion coefficient, identifying the thermodynamic property of nuclear medium
for given nucleon numbers, neutron-richness, and energies. In this article, fol-
lowing the preceding work showing a systematics on Z = 92 to 100 nuclei,
macroscopic friction coefficients for Z = 50 nuclei are derived from a micro-
scopic framework. The comparison between Z = 92 and Z = 50 cases clar-
ifies the similarity and the difference of fissions between heavy and medium
mass nuclei. It is not only the completion of a systematic theoretical database,
but also pinning down the dissipative features of the r-process nuclei. In addi-
tion, the knowledge about the obtained fission probability and fission fragment
yields is expected to be useful for both nuclear synthesis and nuclear engineer-
ing.

1 Introduction
Nuclear friction arises from the dissipation effect. Indeed, the microscopic dissipation in quantum dy-
namics leads to the macroscopic friction effect to be found in the collective dynamics. Needless to say,
the dissipation is a concept to be associated with the time-reversal symmetry breaking. That is, the
sufficient understanding of nuclear dissipation is expected to be useful for clarifying not only the break-
ing mechanism of time reversal symmetry, but also the origin of friction-like effect in the sub-atomic
collective dynamics.

In this article, following the preceding work [1] showing the systematics on Z = 92 region (Ura-
nium, Plutonium isotopes and so on), the dissipation in many-nucleon systems is studied by the collective
friction effects. A systematics of friction coefficients for Tin isotopes (in the following, we call "Sn iso-
topes") is presented. As distinct from Z = 92 region, the investigation on Z = 50 region clarifies that
the energy dependence itself is complicated.

2 Proposed method
The analysis of quasi-fission events is made based on the TDDFT+Langevin model being introduced
in [1] after our preparatory works on nuclear fission [2–5], where the terminology "TDDFT" stands
for the time-dependent density functional theory. The TDDFT+Langevin model, at the present stage,
consists of three steps:

(i) calculate collision dynamics by the TDDFT to obtain the microscopic wave function,
(ii) using the wave function, the averaged friction coefficient is calculated,

(iii) using the friction coefficient, the fission fragment yields are calculated by the Langevin model,

where Sky3D [6] is employed for the TDDFT calculations, and fission dynamics is stochastically calcu-
lated by by 4D Langevin code [8].

By hybridizing the TDDFT and the Langevin calculations, the total amount of dissipation during
the reaction is calculated as the averaged friction coefficient in macroscopic dynamics. The averaged fric-
tion coefficient means that the friction (function of energy and time) is averaged for time. This treatment
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is practically reasonable in terms of providing a coefficient to the Langevin calculations and obtaining
dissipation effect comparable to experiments, because only the time-averaged value can be measured in
experiments. The outline of the above three steps is explained in the following (for details, see Ref. [1]).

(i) TDDFT calculation
For the TDDFT calculations, we employ three different effective nuclear interactions: SV-bas [9], SLy4
[10], and SkM* [11]. We carried out the TDDFT calculations of symmetric quasi-fission processes

AZ +A Z → 2A2Z → AZ +A Z , (1)

where A and Z are a mass number and a proton number respectively. In particular, Z is fixed to Z = 50
in this research, and several excitation energies for each choice of A are examined. Here the energy E
is taken as the initial energy of the collision, and E/A is from 3 MeV to 10 MeV. The value of A is
100, 104, 108, · · · 132. Consequently, the TDDFT wave function including all the information about
microscopic collision dynamics is obtained. The distance R(t) between the center-of-mass of two col-
liding nuclei is extracted from the TDDFT wave function. For the details of R(t), see Ref. [12]. It is
remarkable that the collective distance R(t) is affected by the microscopic quantum effect such as the
shell effect.

(ii) Friction coefficient
By substituting R(t) into the macroscopic equation of motion describing nuclear dynamics,

µR̈(t) +
dV (R(t), E)

dR
+ γ(R(t), E)Ṙ(t) = 0 , (2)

the master equation for the collective motion for a given energy E is obtained, where the reduced mass
µ is a constant, and the potential V can disappear by adjusting the initial time ti and final time tf to
satisfy V (R(ti), E) = V (R(tf ), E). Note that V (R(t), E) includes both the nuclear and the Coulomb
interactions. Though the determination scheme is not exactly the same, the combination of the TDDFT
and Eq. (2) has already been studied in Refs. [13, 14]. Consequently, for an input R(t), the friction
coefficient γ for the collective dynamics is obtained as an output, where the dissipation effect included
in the TDDFT is known as the quantum one-body dissipation. The averaged friction coefficient γ(E) =∫ tf
ti
γ(R(t), E){Ṙ(t)}2dt/

∫ tf
ti
{Ṙ(t)}2dt is obtained by

γ(E) =
{12µṘ2(ti) + V (ti)} − {12µṘ2(tf ) + V (tf )}∫ tf

ti
{Ṙ(t)}2dt

, (3)

where γ(E) is averaged for time t. ti and tf are usually taken as the initial and the final time of reac-
tion. Again, this treatment is practically reasonable in terms of introducing a coefficient to the Langevin
calculations and obtaining comparable theoretical results to experiments. Note that γ(E) values at extra-
ordinary energies, which are too low or too high to be treated by the TDDFT, are also obtained using the
extrapolation method being explained in Ref. [1].

(iii) Langevin calculation
Fission dynamics is obtained by the Langevin model equations:

dqµ
dt

= m−1
ij pj ,

dqµ
dt

= − dV
dqµ
− 1

2

d

dqµ
m−1
ij qiqj − γijm−1

ij pj − gijRj ,
(4)

where a part of γij , more precisely γ11, is replaced with γ(E), and the values obtained by the Wall-and-
Window formula [7] are employed for the other components. Indices i, j (1 ≤ i, j ≤ 4) mean collective
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Fig. 1: (Color online) Fission fragment yield (FFY) calculated by the TDDFT+Langevin model (SV-bas). The
FFYs at 0.5 MeV and 1 MeV per nucleon are shown for 100Sn and 120Sn. The corresponding fission probability
is 0.006 % for 0.5 MeV, and 2.61 % for 1.0 MeV in case of 100Sn, and 0.004 % for 0.5 MeV, and 2.67 % for 1.0
MeV in case of 120Sn.

Table 1: The friction coefficient γ(E) of unit ~ is calculated for Sn isotopes (Z=50) using three effective nuclear
interactions (SV-bas, SLy4, and SkM*). The energy is E = 20 MeV (E/A ∼0.17 MeV) being calculated by the
extrapolation method. In the column "Average", the averaged values for those three interactions are shown.

N SV-bas SLy4 SkM* Average
54 52.0 41.0 50.9 48.0
58 52.6 44.8 43.9 47.1
62 55.1 47.3 45.2 49.2
66 57.7 49.9 52.1 53.2
70 60.7 52.0 53.8 55.5
74 63.7 53.9 57.4 58.3
78 67.6 57.6 57.4 60.9
82 61.1 54.3 56.0 57.1

coordinate. Detailed explanation is shown in Ref [8]. Although the stochastic aspect of the dynamics is
introduced in the Langevin model, its dynamics accounts only for the nucleus degrees of freedom. The
Langevin calculations enable us to incorporate the stochastic aspect of reaction dynamics resulting in
both fission and fusion dynamics.

As a result, the refined friction coefficients for 2A2Z are obtained in an energy dependent manner,
and they are employed in the Langevin calculation. The coefficient is refined in terms of including
the microscopic quantum effect obtained by a less phenomenological and time-dependent theoretical
framework.
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Fig. 2: (Color online) Energy and mass dependence of friction coefficient γ per nucleon, where A denotes the
mass number. The amplitude of γ stands for the amount of dissipated energy at a given excitation energy.

3 Result
Figure 1 shows the fission fragment yield (FFY) for 100Sn and 120Sn. The transitions from symmetric
fission to asymmetric fission are well described. In this case, the mass number is too small for low-energy
fission events including spontaneous fission to take place, while collision-fissions such as fusion-fission
and quasi-fission appear by giving a sufficient high energy. In this case, we found no corresponding
experimental fission data to compare, so that the calculation is carried out as the prediction for future
research in the context of figuring out the role of collision-fission events in nuclear synthesis, as well as
for the completion of the theoretical γ database. By comparing low and high energy cases, the energy
dependence is remarkable in which asymmetric fissions are favored for lower energies and symmetric
fissions are favored for higher energies. The shell effect is seen in the mass yield A = N + Z = 40
or 48. A = 40 nuclei are more produced in the fission of 100Sn, while A = 48 nuclei are mainly
obtained in the fission of 120Sn. For the higher energies, fission probabilities are calculated to be around
3% for both 100Sn and 120Sn. Fission events with quite small fission probability are calculated based
on the microscopic TDDFT dynamics. The present prediction is worth believing by accounting for the
agreement between the TDDFT+Langevin result and the experimental FFY in Uranium and Plutonium
isotopes [1].

The coefficient γ at the energy closed to the Coulomb barrier is shown in Table 1. Fission at
or around the barrier energy is useful to analyze the low-energy fission events such as quasi-fission,
photo-fission, neutron-induced fission and so on.

Energy and mass dependence of γ can be found in Fig. 2. As a trend, the amplitude of γ becomes
smaller for higher energies. Such a trend is reasonable, because the shorter duration time in higher energy
collisions should lead to the smaller amount of dissipated energy in reaction processes. As a more weak
dependence, the value of γ becomes smaller for more neutron-rich cases. However, Note that the neutron
number dependence is not definitely monotonous. Although some local extremal values can be found in
Fig. 2: e.g., maximum at N = 54 and E/A = 3 MeV, their origins are not easy to be identified, because
many factors such as shell effect and/or pauli effect may contribute in certain complicated manners. The
detail investigation on the energy and mass dependence of γ(E) is a future problem in which the different
properties of effective nuclear interaction should be investigated more carefully. Consequently, for Sn
isotopes, the energy dependence (∼0.1 ~ difference in γ/A) is more prominent than the neutron-richness
or mass dependence (∼0.05 ~ difference in γ/A). With respect to the total amount of dissipated energy
during the fission process, the most dissipative isotope can be different depending on the energy. In
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Table 2: The friction coefficient γ(E) of unit ~ calculated for Sn isotopes (Z=50) using three effective nuclear
interactions (SV-bas, SLy4, and SkM*). The energy is taken for 3 MeV, 5 MeV and 7 MeV per nucleon. In the
column "Average", the averaged values for those three interactions are shown.

a) E/A = 3 MeV
N SV-bas SLy4 SkM* Average
50 46.9 43.0 49.0 46.3
54 51.9 44.2 50.5 48.8
58 50.7 47.8 50.8 49.8
62 53.6 48.3 52.1 51.3
66 55.6 49.2 53.4 52.7
70 57.6 50.3 55.5 54.5
74 58.5 51.1 56.2 55.3
78 59.0 51.9 57.1 56.0
82 54.9 48.8 53.3 52.4

b) E/A = 5 MeV
N SV-bas SLy4 SkM* Average
50 39.4 32.7 36.4 36.1
54 41.7 35.3 39.5 38.8
58 44.2 37.4 41.7 41.1
62 46.8 39.0 43.7 43.1
66 48.3 40.2 44.9 44.5
70 49.8 41.3 45.9 45.7
74 51.2 41.7 46.7 46.5
78 52.7 40.2 46.3 46.4
82 48.8 37.1 43.1 43.0

c) E/A = 7 MeV
N SV-bas SLy4 SkM* Average
50 39.3 30.0 35.1 34.8
54 45.6 30.8 39.6 38.7
58 47.6 31.9 38.0 39.2
62 45.6 33.7 39.2 39.5
66 46.6 34.4 40.1 40.4
70 47.5 34.6 40.8 41.0
74 47.8 33.1 40.0 40.3
78 47.4 31.6 38.4 39.1
82 47.7 30.9 37.8 38.8

fact, 128Sn (N = 78) is the most dissipative for low energies up to E/A = 6.0 MeV (SV-bas), while
isotopes with smaller neutron numbers are rather dissipative for higher energies; 124Sn (N = 74), 120Sn
(N = 70), and 116Sn (N = 66) are the most dissipative nuclei for E/A = 7.0, 8.0 and 9.0 MeV,
respectively. This fact implies that the neutron-richness contributes to the dissipation (leading to fission)
rather prominently for higher energies. Accordingly, the energy and mass dependences of γ are shown.
It will provide us a clue to discover the origin of quantum one-body dissipation.
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4 Summary
The friction coefficients utilizable to the Langevin calculations have been obtained based on the TDDFT
framework. In a more microscopic point of view, possible dissipation for a given excitation energy is
systematically obtained for Sn isotopes. Since the low-energy heavy-ion reactions (∼ E/A < 10MeV)
have known to be well described by the TDDFT(for a review, see [15]), the reliability of proposed method
is expected to be sufficiently high.

The obtained coefficient has been used in the TDDFT+Langevin model calculation. It is the first
time attempt to carry out the TDDFT+Langevin model calculations for medium-mass nuclei. Even based
on the quantum and less-phenomenological input, it will open-up a new way to study the stability and
the related stochastic dynamics of medium and heavy mass nuclei. The proposed method requires only
a system of light-weight calculations, so that it is advantageous to make up a large-scale theoretical
database.

In terms of the future utility in nuclear engineering, the obtained coefficients are summarized in
Table 2. Table 2 shows the calculated coefficient γ for Sn isotopes (Z = 50). The γ values depend
more prominently on the energy than on neutron-richness. The smaller γ is calculated for a heavier case
(N = 82), where such a trend can be found for Z = 92 region. According to the preceding result [1],
γ values distribute from 110 to 120 for the uranium isotopes (N = 142 to 150). It also tells us another
aspect of the mass dependence; i.e., Z dependence. Table 2 provides a part of theoretical database of
systematic friction coefficients.

Sn isotopes are regarded as the fission product of U and Pu isotopes. From this point of view,
calculating the FFY of Sn is the product of the secondary fission. Asymmetric fission producing A = 40
or 48 nucleus occurs for low energy, while symmetric fission producing A = 50 ∼ 60 occurs for high
energy. Because the secondary fission can occur when the energy in the field of nuclear synthesis or
nuclear reactor is sufficiently high, the FFYs of Sn isotopes constrain a possible scenario of nuclear
synthesis, as well as a possible control of nuclear reactors.
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