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ABSTRACT: We analyse the Weak Gravity Conjecture for chiral four-dimensional F-theory
compactifications with N = 1 supersymmetry. Extending our previous work on nearly ten-
sionless heterotic strings in six dimensions, we show that under certain assumptions a tower
of asymptotically massless states arises in the limit of vanishing coupling of a U(1) gauge
symmetry coupled to gravity. This tower contains super-extremal states whose charge-to-
mass ratios are larger than those of certain extremal dilatonic Reissner-Nordstrom black
holes, precisely as required by the Weak Gravity Conjecture. Unlike in six dimensions, the
tower of super-extremal states does not always populate a charge sub-lattice.

The main tool for our analysis is the elliptic genus of the emergent heterotic string in
the chiral N = 1 supersymmetric effective theories. This also governs situations where the
heterotic string is non-perturbative. We show how it can be computed in terms of BPS
invariants on elliptic four-folds, by making use of various dualities and mirror symmetry.
Compared to six dimensions, the geometry of the relevant elliptically fibered four-folds
is substantially richer than that of the three-folds, and we classify the possibilities for
obtaining critical, nearly tensionless heterotic strings. We find that the (quasi-)modular
properties of the elliptic genus crucially depend on the choice of flux background. Our
general results are illustrated in a detailed example.
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1 Introduction

It is one of the celebrated properties of string theory that it relates deep properties of
quantum gravity and field theory in dimensions lower than ten to the geometry of the
space on which the theory is compactified. Recently, various general conjectures about
the structure of any consistent theory of quantum gravity have attracted considerable
interest of string theorists and non-string theorists alike. String compactifications offer
an outstanding opportunity to test these conjectures and to uncover the mathematical
structures of the compactification space to which they point.

Among the earliest such conjectures is the Weak Gravity Conjecture (WGC) [1], which
asserts that in any gauge theory coupled to quantum gravity there should exist some set
of particles whose charge-to-mass ratio exceeds that of an extremal black hole. In various
stronger forms, the set of such particles must be an infinite tower of states, possibly even
populating a (sub-)lattice of the charge lattice [2-5]. The WGC is related to other con-
jectures, such as the Swampland Distance Conjecture [6], further refined and investigated
in [5, 7-13], in that the infinite tower of particles in question becomes light at infinite
distance in moduli space where the gauge coupling asymptotes to zero [11, 13-16]. In
turn, this can be viewed as a microscopic obstruction against the coexistence of a global
symmetry [17-19] with quantum gravity. Related versions of the WGC have potentially
important consequences for large-field inflation as studied e.g. in [12, 20-43] and many
other aspects of high energy physics including [39, 44-51].

Various general arguments have been put forward [5, 52-60] to prove the WGC beyond
the original heuristic idea that extremal black holes should be able to decay. Direct evidence
in string compactifications with more than eight supercharges has been given in [1, 4].

In [13, 14] we have started to quantitatively verify the WGC from the perspective
of string compactifications on non-trivial backgrounds with eight supercharges. In six-
dimensional compactifications of F-theory, the WGC can be proven to hold near the asymp-
totic weak coupling point, with the crucial help of modularity of the underlying theory [13].
The tower of states satisfying the conjecture indeed contains a sublattice of the charge lat-
tice, as conjectured in [4]. As additional input from string theory, the rank of the sublattice
is determined geometrically in terms of the height-pairing of a rational section of an elliptic
fibration. The states arise as excitations of a solitonic string in F-theory, which becomes
tensionless near the weak coupling point. In that limit, the string is dual to the critical,
weakly coupled heterotic string compactified to six dimensions. The tower of excitations
relevant for proving the WGC lies in a subsector of the spectrum, which is encoded in an
appropriately defined elliptic genus of the string. This elliptic genus is in general a ratio
of quasi-modular weak Jacobi forms, and extends the classic perturbative results of [61]
that are based on conformal field theory. Its (quasi-)modular properties are the key to
proving the WGC: a theta-function decomposition yields directly the charge-to-mass ratio
for a subset of the string excitations, which is in perfect agreement with the charge-to-mass
ratio of extremal dilatonic [3, 14] charged black holes. The latter point also reflects the
importance of taking into account the effect of scalar fields [8].

One aim in this paper is to extend our previous work to four-dimensional compact-
ifications with NV = 1 supersymmetry. While at first similar, the four-dimensional the-



ories turn out to be substantially different compared to the six-dimensional ones, and
this is why it is worthwhile to analyze them. A discussion of swampland conjectures in
four-dimensional, N = 1 supersymmetric compactifications has recently been given, with
different focus, in [62].

Specifically, we will consider compactifications of F-theory on elliptically fibered
Calabi-Yau four-folds, Yy, and identify solitonic strings that are obtained from D3-branes
wrapping certain curves Cy in their base, Bs. As we will show, such strings are guaranteed
to become asymptotically tensionless in the limit where the gauge coupling of a U(1) gauge
group vanishes (while the Planck mass is kept fixed). Under certain conditions, the curves
Cy are rational with trivial normal bundle; as a result, the solitonic strings correspond to
critical heterotic strings, now compactified to four dimensions. One of our goals is to show
that a subsector of their excitations, namely the one which is counted by the elliptic genus,
indeed satisfies the Weak Gravity Conjecture.

In view of the special role played by modularity in six dimensions, our first task
is therefore to analyze the modular properties of the elliptic genus of this kind of four-
dimensional, critical heterotic strings. Concretely, as compared to six dimensions, the
four-dimensional compactifications we consider have the following special features:

1. A non-trivial background flux is necessary to obtain a chiral four-dimensional, N =1
supersymmetric effective theory with non-vanishing elliptic genus. The possible fluxes
are constrained by the requirement that the theory can be uplifted from two to four
dimensions, and also by certain quantization and supersymmetry conditions.

2. The elliptic genus is proportional to Tr (), and so it can be non-vanishing only in
theories with an “anomalous” U(1) gauge group. For perturbative heterotic strings
based on conformal field theory, it must be a Jacobi modular form, ¢, ,, of weight
w = —1 and of some integral index m > 2 (which depends on the model). For a
more general, non-perturbative effective string arising from F-theory, the modular
properties of the elliptic genus crucially depend on the flux, potentially rendering it
quasi-modular or worse.

3. The fluxes induce a D-term potential, which may obstruct the weak coupling limit.
A special subset of those fluxes which do not lead to such an obstruction are the ones
which lead to a modular or quasi-modular elliptic genus. Viewed from a heterotic
duality frame, this means that the D-term potential is generated at one-loop only and
hence automatically vanishes in the weak coupling limit. Moreover, if the D-term is
independent of NS5-brane moduli [63, 64], the heterotic string becomes perturbative
and hence its elliptic genus is fully modular as opposed to only quasi-modular. A
tree-level involvement of the Kéhler moduli in the D-term, by contrast, leads to severe
distortions of modularity.

4. An important property of odd weight Jacobi forms is that they are anti-symmetric in
the fugacity parameter (i.e., the U(1) field strength). As a consequence, their theta-
expansion leads to certain gaps in the charge spectrum. Thus, for the special subset



of (quasi-)modular fluxes, the super-extremal states do not form a charge sublattice,
at least as far as their index is concerned, while they still form an infinite tower (see
also [5]). On the other hand, for generic non-modular fluxes, for which the elliptic
genus is not a weak Jacobi form, we expect these gaps to disappear, and we have
verified this in examples. Despite this fact, the super-extremal states generically
continue not to form a charge sublattice (though there can be exceptions).

The actual computation of the elliptic genus proceeds by exploiting the duality be-
tween F-theory on a circle and M-theory. This is similar to the logic for six-dimensional
compactifications of F-theory [65—67]. Indeed also in four dimensions the (non-BPS) exci-
tations of the string relate to BPS particles that appear when the theory is reduced on S*.
This theory in three dimensions is dual to M-theory compactified on Yy, and here the BPS
particles arise from M2-branes wrapping 2-cycles in the four-fold Y;. Counting (non-BPS)
string excitations in four dimensions is therefore equivalent to counting the BPS invariants
of these 2-cycles in three dimensions. Note that these invariants do crucially depend on the
background four-flux, which is the main new feature in going from six to four dimensions.
This computation is performed with the help of mirror symmetry, by considering Type ITA
string theory on Y in the presence of fluxes, and determining the flux-induced free energy
of the two-dimensional effective theory. The BPS invariants can then be inferred from the
instanton expansion of this free energy.

While the first part of this article is concerned with investigating the modular prop-
erties of the elliptic genus of a heterotic string that arises from F-theory, we will sub-
sequently make the connection between this string and the Weak Gravity Conjecture in
the four-dimensional N = 1 supersymmetric field theory. Despite similarities to the six-
dimensional analysis in [13, 14], we will find a number of important differences:

1. There are two qualitatively different ways to take the weak coupling limit of a gauge
theory in four-dimensional F-theory in the presence of gravity. In the first type, a
heterotic string becomes asymptotically tensionless and weakly coupled, similar to
the six-dimensional situation. We are able to prove that it contains an infinite tower
of states which satisfy the super-extremality condition with respect to certain charged
dilatonic black holes.

2. The second type of limit is guaranteed to contain a classically asymptotically ten-
sionless string, which in general need not be a heterotic string because it arises from
a D3-brane on a curve which can have a positive normal bundle. This phenomenon
has no analogue in six dimensions. Analysing this type of string is harder, because
it is a priori not clear if it is weakly coupled. Nevertheless, at the level of classical
geometry, the tensionless string leads to a breakdown of the effective field theory as
we approach the limit at infinite distance where the gauge coupling vanishes. Since
this is what is required by the swampland conjectures, it is therefore natural to spec-
ulate that this behaviour persists upon taking into account quantum corrections to
the volume of the wrapped curve.



3. The U(1) gauge field acquires a Stiickelberg mass via the Green-Schwarz anomaly
cancelling term, Sgg ~ [ B A F, which is related by supersymmetry to the D-
term [68]. Both terms necessarily appear at one-loop order, if the elliptic genus is
(quasi-)modular and non-zero. In this case the Stiickelberg mass is parametrically
smaller than the Kaluza-Klein scale in the asymptotic weak coupling limit, and for
the purpose of discussing the Weak Gravity Conjecture, we can consider the U(1)
gauge field as effectively being massless. On the other hand, for generic non-modular
fluxes, no such suppression occurs, and the Stiickelberg mass and D-terms may appear
already at tree level. The presence of an unsuppressed Stiickelberg mass for the
U(1) gauge field makes the interpretation of the Weak Gravity Conjecture bound
particularly interesting.

This article is structured as follows: in section 2.1 we give an overview of fluxes and
mirror symmetry pertinent to this discussion, followed by a recapitulation of the modular
properties of the four-dimensional elliptic genus in section 2.2. In section 3, we describe in
more detail the solitonic strings that arise in four-dimensional F-theory, which are dual to
critical heterotic strings. In particular, we will motivate the relation between their elliptic
genera and the flux-dependent Gromov-Witten invariants. In section 4, we discuss the
constraints on U(1) fluxes in order for the elliptic genus to be modular or quasi-modular.
These conditions are first analysed from the F-theory perspective and then translated to
the heterotic duality frame. We present a detailed example encompassing these aspects
of fluxes versus modularity in section 5. The relation to the Weak Gravity Conjecture
is analysed in section 6: after showing that — modulo the caveats above — the weak
coupling limit gives rise to an asymptotically tensionless, critical heterotic string, we use
the (quasi-)modularity properties of its elliptic genus to prove the Weak Gravity Conjecture
whenever a limit of this type is available. We then analyze the parametric behaviour of
the Stiickbelberg mass for the U(1) gauge field for different types of gauge fluxes. In the
interest of readability, many technical details and further illustrative examples are relegated
to appendices. We conclude with a discussion of open questions in section 7.

2 From mirror symmetry to the elliptic genus

We consider F-theory compactified on an elliptically fibered Calabi-Yau 4-fold Yy, whose
base space we denote by Bs. As is well-known, this leads to a theory in four dimensions
with IV = 1 supersymmetry; some aspects of this theory that are most relevant to our
discussion will be reviewed in section 3.1. Upon an additional compactification on a cir-
cle, the theory becomes dual to M-theory compactified on the same Yy. A further circle
compactification relates this to Type IIA string theory compactified on Yy, which yields
N = (2,2) supersymmetry in two dimensions:

F-theory on M-theory on Type ITA theory on
—
RLL x S x SL x Y, RLL x ST x Yy RN % Y,

Our primary goal is to compute the elliptic genus of a certain solitonic string in the
four-dimensional F-theory compactification. The string arises from a D3-brane wrapping



a distinguished curve in the base space Bs, and can be interpreted as a critical heterotic
string in four dimensions. More details on the solitonic string and its interpretation as a
heterotic string will be given in section 3.2. The elliptic genus represents a certain index of
(non-BPS) excitations of this four-dimensional string. Via the chain of dualities depicted
above, the index-like multiplicities of these (non-BPS) string excitations can be mapped
to certain BPS invariants of the two-dimensional theory shown on the right. These can in
turn be computed via mirror symmetry of the Type IIA string compactification [69].

In the next section, we will informally introduce the objects that are relevant for
this application of two-dimensional mirror symmetry. Subsequently we will introduce the
elliptic genus in a similar vein.

2.1 Mirror symmetry with fluxes and the free energy

As is well-known [70-73], in order to fully define the four-dimensional F-theory (or two-
dimensional Type ITA) compactification on Yy, we must specify a background four-form
flux, G € H*(Y;), in addition to the geometry of the elliptic fibration. In the sequel it
is always assumed that such a flux has been activated. Many properties of the effective
theory will depend on the choice of flux, in particular whether the theory is chiral and/or
supersymmertry is broken. The structure of H*(Y}) is quite intricate, and in particular
the piece that is relevant to us splits into a horizontal and a vertical part [69],

H**(Yy) = Hyni(Ya) ® Hyg(Ya), (2.1)

hor

Wthh exchange under mirror symmetry. A given horizontal flux G£ )r € Hh (Y) i =
hh’or, generates a superpotential [73]

both from the perspective of the four-dimensional F-theory and the two-dimensional Type
ITA theory. As indicated the superpotential is a function of the complex structure moduli,
a, of Yy, and the generation of such flux-induced potentials has been extensively discussed
in the literature (see e.g. [71-86]).

In this paper we will be interested in different fluxes, namely in vertical fluxes

GY e H22(vy),  j=1,...,h%2

vert vert *

(2.3)

More precisely, we will focus on vertical fluxes that are associated with extra U(1) factors
in the four-dimensional F-theory, and accordingly we split

Hvert(Y4) = Hvért 0(}/4) D H ert JU(1 )(}/4) . (24)

While both types of vertical fluxes can be switched on for compactification of Type
ITA string theory on Yy, only the second component of Vem(Y4) can be lifted to four-
dimensional F-theory, where it leads to a chiral spectrum and an anomalous U(1) gauge

!There may be a further part that is neither horizontal nor vertical [74], but this is not important for
our purposes.



symmetry. This will be reviewed in more detail in section 3.1. Moreover we can always
choose an integral basis of Hgéft(ﬂ) such that the intersection metric takes the following

symmetric, block diagonal form
*

n = | * , (2.5)

;

I

‘

‘

‘
L.
I
Lk

which matches the splitting (2.4). That is, H 27ft,U(1)(Y4> is equipped with a non-vanishing

ve

self-intersection form, while Hfﬁuo(ﬂ) splits into further pieces that have an off-diagonal
intersection form. The significance of this basis will be that it corresponds to an eigenbasis
under modular transformations. This was first observed in [87, 88] for fluxes in Hféft,o(n),
while the use of fluxes in ﬁfjt’U(l)(YZ;) has not been considered in the context of mirror
symmetry before.

As indicated at the beginning of this section, one of the goals in this paper is to
investigate the elliptic genus of a heterotic string in a chiral four-dimensional, N = 1
supersymmetric F-theory compactification in the presence of U(1) fluxes

— ) 72,2
J= Gvi)rt,U(l) € Hvert,U(l) (Y;l) : (26)

The multiplicities of string excitations that contribute to the elliptic genus are encoded in
a family of free energies, F¢,(t), which are labelled by these fluxes. In terms of the flat
Kahler moduli and their exponentials

ta, a=1,...,A%(vy), (o = 5™ (2.7)
any such flux-induced free energy has the following generic instanton expansion:

f(j)(t) = Fg,(t) = Z Ng) Lig(qﬁ) 7 j=1,... 7}~l\2/;2rt,U(1) . (2.8)
>0

Here Néj) denote the four-fold generalization [89] of the integral Gopakumar-Vafa [90, 91]

invariants, and the sum is over all effective classes, 5 = (%C,, where C,; denotes some basis
. rl1

of Hy(Y}). Furthermore ¢° = ¢ b qgu encodes the multi-degree of the respective curve

wrappings. In (2.8) we have omitted possible classical terms which are polynomial in ¢,.

The fundamental correlation functions of the two-dimensional N = (2,2) supersymmetric

theory are then given by [71, 72]
Ciap(t) = 84,0, FI (). (2.9)

Importantly, the free energy FU)(t) is the the A-model mirror of the flux superpoten-
tial (2.2), and can hence be computed by use of mirror symmetry, now applied to Type II
strings compactified on Calabi-Yau four-folds [69]. For the U(1) fluxes G; we consider, the
primary physical interpretation of the free energy (2.8) is therefore as a superpotential of
the two-dimensional Type ITA string compactification on the mirror, X4, of Y4, and not as a
superpotential in four dimensions. The four-dimensional precursors, or F-theory uplifts, of



the potentials F() (t) are the moduli independent Green-Schwarz anomaly cancelling terms,
B A FU)_ and their supersymmetric partners, the Fayet-Iliopoulos D-terms, DU). This is
why such two-dimensional prepotentials were dubbed Fayet-Iliopoulos potentials in [75].

The relevance of F (j)(t) in the context of obtaining the elliptic genus is as follows:
the family of free energies F\)(t), labelled by U(1) fluxes G}, is the two-dimensional ana-
log of the familiar free energy, or prepotential, F(t) of four-dimensional compatifications
with NV = 2 supersymmetry. All these free energies represent BPS saturated threshold
corrections (see e.g. [92]) whose dependence on continuous moduli arises from 72 compact-
ifications of chiral theories in two dimensions higher. In the present context the free energies
play the role of partition functions of nearly tensionless heterotic strings that emerge in
certain infinite distance limits in the moduli space of F-theory compactifications. These
are exactly the solitonic heterotic strings referred to at the beginning of this section.

For six-dimensional heterotic strings which arise in F-theory compactifications, this
has been discussed in ref. [13, 14]. When these strings are wrapped on S! or T2, they yield
BPS particles in five or four dimensions, and their appropriately defined partition function
Z(t) can be computed via mirror symmetry in terms of the BPS invariants encoded in
F(t) [65-67, 93]. By reinterpreting the modular parameter of 72 in terms the toroidal
world-sheet of a string, this partition function gains a dual interpretation as the elliptic
genus of a six-dimensional heterotic string compactification. Note that in the chiral six-
dimensional theory, there is neither a prepotential F(t), nor a concept of BPS particles,
and thus the elliptic genus does not encode BPS quantities, but rather a certain sub-
spectrum of non-BPS particles. This has been analyzed in [13, 14] in the context of Weak
Gravity Conjectures.

Our goal is to apply an analgous logic in two dimensions lower, where we deal with
the free energies FU )(t) in two dimensions and their F-theory uplifts to chiral, anomalous
U(1) theories in four dimensions. We will find an analogous relation between the invariants
encoded in the flux-induced free energies F)(t) and partition functions of certain emergent
nearly tensionless heterotic strings, which are given by elliptic genera.

2.2 General properties of the 4d elliptic genus

Let us now elucidate the relation between the free energies F)(t) and the elliptic genus of
the four-dimensional heterotic string arising in F-theory in more detail. The elliptic genus
is defined by taking the string world-sheet to be a torus 72 and performing the weighted
trace over the Ramond sector of its excitations:

Z(1,2z) = Trg(—1)F FgHrglre?mi=Q (2.10)

2mT and 7 is the modular parameter of the world-sheet torus 72, while z is an

Here ¢ = ¢
elliptic parameter which takes account of the refinement by weighting the excitations with
their U(1) charges; moreover @) denotes the generator of this symmetry. The elliptic genus
has an expansion
Z(1,2) = ¢ Z N(n,r)q"¢", (2.11)
n>0,r€Z

2miz

where ¢ = €2™%. The prefactor, ¢*°, reflects the zero-point energy [94, 95] and depends on

the particular geometry.



Recall that one of the most important properties of the elliptic genus is its behavior
under modular transformations. Specifically, it is known [61, 96] that for perturbative
chiral heterotic strings in d = 2p+ 2 dimensions, which are based on conformal field theory,
the elliptic genus must be a meromorphic modular form of weight w = —p, and Ey = —1.

On the other hand, if we consider a heterotic string as a solitonic string within F-theory,
it is a priori not clear to what extent this property should hold if the heterotic string is
non-perturbative. We will discuss this issue in the sequel, in particular in section 4.2.

For the current section, we assume that the elliptic genus as defined in (2.10) has the
usual modular properties as they apply to the perturbative heterotic string. This implies
that in the presence of some U(1) background gauge field,? it turns into a meromorphic
Jacobi form ¢, (7, 2) of weight w = —p and some fugacity index m. Recall [97, 98] that
such Jacobi forms behave under the modular transformations as shown in eq. (A.1). The
fugacity parameter z plays the role of the U(1) field strength, and the associated fugacity
index, m, is model dependent. By standard arguments [94, 99-101], it can be identified
with the parameter m that enters the 't Hooft anomaly polynomial I4(G) of the string
world-sheet theory, which will be given in eq. (3.24). This implies that m is always a
positive integer in the present context.

For a heterotic string in four dimensions, the elliptic genus must thus have weight
w = —1. The (potential) pole due to ¢~! indicates that Z(r, z) is (possibly) a meromorphic
Jacobi form, and modularity suggests that Z (7, z) should contain a factor n~2*(7), where
n(7) is the Dedekind eta-function; physically this reflects, of course, the oscillator partition
function in the left-moving sector. Since 7?(7) transforms with weight w = 1 under the
modular group, one concludes that

Z(1,2) = 77724(7')(131_1,7”(7, z), (2.12)

where ®1; (7, 2) is some unspecified weak Jacobi form of indicated weight and index. This
means that it must be expressable as a polynomial of the given weight and index in the
generators of the ring of weak Jacobi forms, which (for integer m) we may take to be [97]

R = {Ey(7),Es(1), 0-12(7, 2),0-21(7, 2), 00.1(T, 2) }. (2.13)

Here Ey, Eg are the familiar Eisenstein series and ¢y, ,,, certain weak Jacobi forms of weight
w and index m that are defined in appendix A.

Note that Jacobi forms (I)i,m of even or odd weight are symmetric or antisymmetric in
z, respectively. This is mirrored by their theta-expansion [97, 102], which can be written as

E (r,2) = D h(T)OF ,(,2), (2.14)

{eZ modm
@Time(T, 2) 1= Oy (7,2) £ Oy (T, 2) ,

@m,K(Ta Z) — Z q(€+2mk)2/4mé—f—i—2mk )
keZ

2For more general, possibly non-abelian gauge fields one encounters certain Weyl invariant generalizations
but these are not of present interest.



Here the coefficients, hy(7), are unspecified vector-valued modular forms of weight w —1/2,
whose precise form is not important to us.

The four-dimensional elliptic genus is therefore proportional to z times an even function
of z. This reflects the fact that it vanishes if there is no anomalous U(1) gauge symmetry
present. Since the ring of weak Jacobi forms, as shown in (2.13), has only one generator of
odd weight and integer index, it follows that ®7; ,,, = (,0_172(13—{277%_2. Moreover, the constant
term of <I>1_17m(7, z) vanishes by anti-symmetry. This suggests the latter to be a cusp form,
and indeed one can prove (97], p. 110), that this is necessarily the case at least for m < 9.
Under this condition the Dedekind 7 function cancels out so that we can simplify (2.12) as

Z(1,2) = p_12(7,2) (I)atm72(7', z). (2.15)

It follows that for m = 1 the elliptic genus vanishes identically and for m = 2 it is unique,
up to normalization.

A related consequence of the theta expansion (2.14) of an odd weight Jacobi form is
that all dependence on ¢ is in terms of (§" —&™"), and moreover that all powers for r = km
cancel for k € Z. Therefore there are gaps in the charge spectrum, at least as far as its
contribution to the elliptic genus is concerned. This property of the elliptic genus will be
derived in more detail in section 6.3.

One of our main tasks in this paper is to determine the elliptic genus (2.10) of certain
four-dimensional, chiral N = 1 supersymmetric heterotic strings geometrically from F-
theory via mirror symmetry. As will be explained in more detail in section 3, this essentially
boils down to equating (2.11) with certain flux-induced free energies (2.8). In this way the
modular properties of the elliptic genus are inherited from the geometry of the elliptic
fibration of the compactification manifold, Yj.

This by itself is analogous to what has been done in six dimensions [65-67], where the
modular geometry of elliptic three-folds [103-105] becomes important. However, we will
see that the situation is much more complicated than in six dimensions. Indeed a crucial
new ingredient is the choice of fluxes, which control the chiral spectrum, supersymmetry
breaking, and non-perturbative sectors. As it will turn out, only in favorable circumstances
(e.g., for the perturbative heterotic string) will we obtain potentials with ‘good’” modular
modular properties. See section 4 for details.

At this point we may ask in which way Jacobi forms of weight w = —1 can possibly
pop out from elliptic four-fold geometries. Modular properties of correlators on elliptic
four-folds have been initially discussed in ref. [87] and extended in ref. [88]. The upshot
there was that four-point correlators are modular forms of weight —2. Now four-point
correlators are not fundamental but rather factorize into the three-point functions (2.9)
as [71, 72]

Cabed(T) = Cjap(T) (1Y *Clea(t) = Clac(m) (™) Crpa(7) (2.16)

where 7) denotes the intersection form (2.5) on H22 (Y3). Obviously a weight —2 modular

form can be obtained by pairing a weight 0 with a weight —2 form. This is what hap-
pens for the example discussed in ref. [88], where it was shown how a modular eigenbasis
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form (2.5).
On the other hand, we have argued that in chiral four-dimensional theores the elliptic

of H 2’§t,0(Y4) can be chosen such as to realize the off-diagonal part of the intersection

genus must have weight equal to —1, so we need to pair two copies if we want to obtain a
total modular weight —2. This implies that the relevant part of the 4-cohomology must have
a non-vanishing intersection pairing between weight —1 modular forms, which corresponds
to the block-diagonal part in 1 as shown in (2.5). As we will see below, this is a feature of
precisely the fluxes in ﬁjﬁt,Uu)(n) that we consider.
3 Elliptic genera from four-folds with flux

We now explain in more detail the relation between the elliptic genus of a four-dimensional
solitonic heterotic string in F-theory, and the BPS invariants of the underlying elliptic four-
fold Yy equipped with some chirality generating U(1) flux. We set the stage in section 3.1
by reviewing elements of F-theory of Yj pertinent to this discussion. The expert reader
may wish to jump directly to section 3.2, where we introduce the heterotic string we are
interested in. The relation between the index-like multiplicities of its excitations and flux-
dependent BPS invariants will be explained in section 3.3. This discussion will include a
new interpretation to the chiral index of massless charged matter in F-theory in terms of
certain Gromov-Witten invariants on Yj.

3.1 Geometric setup and U(1) fluxes

A four-dimensional, N = 1 supersymmetric F-theory compactification can be thought of as
non-perturbative Type IIB string theory compactified on a positively curved Kahler 3-fold,
Bs, in the presence of 7-branes. This data is encoded in the geometry of a Calabi-Yau
four-fold Y; which admits an elliptic fibration

m: E, — Y;

!
B3 ) (31)

and which serves as the compactification space of a formal twelve-dimensional F-theory.
A well-known duality relates the four-dimensional F-theory compactification on Yy to a
three-dimensional theory with N = 2 supersymmetry, which is obtained by compactifying
eleven-dimensional M-theory on the same Yj:

F-theory on R'"? x S} xY; <—  M-theory on R"? x V. (3.2)

The three-dimensional M-theory reduction is related upon further circle compactification
to Type ITA theory on Yy, which is the natural framework for studying mirror symmetry
as outlined in the previous section.

Of special importance to us are the abelian gauge symmetries that appear in the
three-dimensional M-theory action, and their counterpart in the dual F-theory.® Given

3Many more details can be found e.g in the recent reviews [106, 107], to which we also refer for the
original references.
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any element w € H'(Y}) we can expand the eleven-dimensional M-theory 3-form C3 as
C3=AsgANw+.... (3.3)

This yields a three-dimensional gauge potential Azq, and we will encounter three types
of such gauge symmetries. The first is the Kaluza-Klein U(1)kxk symmetry in the three-
dimensional M-theory effective action which arises by reduction of the four-dimensional
F-theory along Sil. Every elliptic fibration has a zero-section Sy, which defines a divisor
in H“1(Y}), and the gauge potential Asq obtained from it via

_ s _ 1 _
C3=A3gNSo+ ..., SoZSo—FiTr*lK, (3.4)

describes exactly this KK U(1) [108]. Here K is the anti-canonical class of Bs. This
symmetry becomes part of the four-dimensional metric in F-theory.

Second, taking w = 7~1(Dp), where D? form a basis of H!(Bj), gives rise to a set of
gauge potentials A?’fd which map to 2-form gauge potentials in F-theory: the gauge fields
A’gd arise from the expansion of the Type IIB 4-form Cy = C§ A DP| by reducing the
2-forms C§ on SY.

Third, there can be additional abelian gauge symmetries in the four-dimensional F-
theory, which are encoded in extra sections of Y; besides the zero section Sy.* For ease of
presentation we focus on situations with a single such extra abelian gauge group, associated
with some rational section S. This can easily be generalized to more complicated config-
urations. A basis of the cohomology group H!(Y}) is then spanned by the independent
sections Sy, S and the pullback divisors 7T71DE,

HYY(Y4) = (So, S, 7' Dy) - (3.5)

The extra abelian gauge potential is obtained by expanding the 3-form as C5 = Agd A
o(S) + .... Here, the Shioda map o(S) associates to the section S the following linear

combination of divisors®

0(8)=8—8y—n tm(S oSy € HY (V). (3.6)

The specific properties of the divisor o(.5) imply that Agd uplifts, under F/M-theory duality,
to an abelian gauge potential in the four-dimensional effective action. It can be interpreted
as a U(1) gauge symmetry that arises from a 7-brane which wraps a 4-cycle in Bs. The
properties responsible for this are the transversality conditions

o(S)oC =0, a(S)oE, =0, (3.7)

where the first condition holds for every curve C in the base. An equivalent way of putting
this is that

o(S) OSOOﬂ'_lDbOW_lD? =0, o(S) ow_lDbow_lD?OW_lDE =0. (3.8)

) %

*In addition, non-abelian gauge groups can be broken to their Cartan U(1)’s by gauge fluxes, but we do
not consider these here.

"We distinguish the intersection pairings within the rings H**(Y1) and H**(B3) by denoting them by
the two symbols, o and -, respectively. Integration of a top form over the space is understood.
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In presence of an extra section (assuming that all fibral singularities have been resolved)
the fiber E;, typically splits into two fibral components over various curves on the base
Bs. Depending on the details of the fibration, different splitting patterns may occur over
different curves C; on Bsg,

mip)—=ct+cl’,  peC. cBs, (3.9)
with the property that®

o(S)oCl = r, SpoCl =0;

) , (3.10)
o(S)oll = —r, SpoCl =1.

The second line follows in fact from the first and the transversality condition 0 =
o(S8)-E, = a(S) - (CL 4 ). Note that in homology, Ct = rCf_,.
Therefore, M2-branes wrapping holomorphic curves in the class

To(n,r) :=nE, +rC_, (3.11)

give rise to chiral multiplets in the three-dimensional effective action, with U(1) charge
q = r and U(1)kgk charge n. They become massless in the F-theory limit where the fiber
volume shrinks to zero. These states represent the familiar KK tower that arises from
a massless charged particle in the four-dimensional F-theory effective action, upon circle
reduction to M-theory.

An important geometrical quantity in studying the U(1) gauge theory is the height-
pairing

b= —m(c(S)oa(9)), (3.12)

which is a divisor on Bs. In particular, the U(1) gauge coupling is related to the Kéhler
volume of b. Indeed the four-dimensional effective action contains the terms

Mlgl 1 v
S="B | V=gR+— [ F,F", (3.13)
2 495
where
Mg, = 4 vol(Bs) LIS ivol(S) S=0b (3.14)
Pl — 3) g%M - o y =0. .

This is in conventions where the Type IIB string length is fixed and given by £5 = 27\/a = 1.
Gauge fluxes associated with U(1) gauge groups have a convenient description in M-

theory language in terms of 4-form fluxes G € ﬁfeft U(l)(Y4) as
G=Foo(9), F=n"Y(F"), (3.15)

5The split into fiber components with these properties is always guaranteed at the level of cycles.
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for some 2-form F® € HY1(B3). By definition these fluxes lie in the subspace f[geft U (Yy)

of H2? (Y;) which was introduced in (2.4). As a result of (3.8), they satisfy the orthogo-

vert
nality conditions

GoSyorn tDP =0, Gomn 'DYor 'D}=0. (3.16)

Since the 4-forms of type Spo 7 !DP and 7~1DP o 7r_1D§’ span Hféft,O(Yz;), this leads to
an intersection metric n of the form eq. (2.5).

Vertical gauge fluxes of this sort affect the effective action in several important and
interrelated ways: first, they are responsible for the appearance of net chirality in the
spectrum of massless charged four-dimensional N = 1 chiral multiplets. Fibering the curve
Cﬁ over C, gives rise to a matter surface S,, whose class likewise lies in ﬁfﬁtﬂ(l) and
which therefore has a non-zero intersection product with the U(1) flux G. The chiral index

of massless matter of charge r in the F-theory action is thus given by the overlap [82—

84, 109, 110]
S, C,

As a new observation, we will identify in section 3.3 this quantity as nothing else than the
lowest degree, genus-zero Gromov-Witten invariants of the fibral curve, in the presence of
the flux Gj see eq. (3.44).

Due to the induced net chirality, the abelian gauge symmetry generically exhibits both
an abelian cubic and a mixed abelian-gravitational anomaly at one loop order, which in
turn are cancelled by the Green-Schwarz mechanism. The anomaly cancellation relations
involve the height-pairing and take the form [111]

Y xer? =3Gor ! (b)or ' (b), (3.18)

ZX’”T =6Gon Y(b)or (K).

Relatedly, the G flux potentially induces a D-term in the effective action proportional to
(=J-F".b, (3.19)

and this has to vanish in a supersymmetric vacuum with unbroken U(1) gauge symmetry.
More precisely, a solution to ¢ = 0 for non-zero base Kéhler moduli must exist in the closure
of the Kahler cone of the base Bs. As a result of the D-term potential, the gauge field
acquires a Stiickelberg mass, at a scale below which the symmetry is realized as an effective
global symmetry in the effective action. It may be further broken to a discrete subgroup,
Zy, by D3-brane instanton effects [112-114]. We will return to discussing Stiickelberg mass
terns for the U(1) gauge fields later in section 6.4.

Note that in a globally consistent vacuum the flux background must satisfy the Freed-
Witten quantization condition [70]

1
G+ 5cQ(Y4) € H*(Y,,7), (3.20)
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and furthermore it is constrained by the D3-brane tadpole condition

1 1
-Go( = —x(Ya). 3.21
5 +np3 24X( 1) ( )
Here nps is the number of spacetime-filling D3-branes in F-theory and x(Y;) denotes the
Euler characteristic of Y;. Requiring that no anti-D3-branes are present translates into
demanding that np, > 0.

3.2 Quasi-perturbative heterotic strings from wrapped D3-branes

Our goal is to compute the elliptic genus of a specific, well-controlled solitonic string in
the extended dimensions R'3. In F-theory, this string is obtained by wrapping a D3-brane
along a holomorphic curve Cjp inside the base B3. Such a curve defines a “base curve” class

Cs=Spon 1(Cp) CYy. (3.22)

While string-like BPS objects do not exist in a four-dimensional theory with only N =1
supersymmetry, the effective theory on the string world-sheet can nonetheless be described
by a chiral 2d N = (0,2) supersymmetric theory. For a single wrapped D3-brane, this
world-sheet theory is found [115] by dimensionally reducing the abelian N = 4 gauge
theory theory along the D3-brane on Cjg with the help of a topological duality twist [116]
along Cg.

The zero mode structure of the effective string has been analyzed in detail in [115] and
is summarized in table 1. All N = (0,2) supersymmetry multiplets except the ones in the
last row originate in the N = 4 gauge multiplet along the D3-brane. Their fermionic fields
transform as spinors with respect to the structure group SO(2)7 of the normal bundle in
the two extended directions transverse to the string in R13. The Fermi multiplets A_ in
the last row represent the zero-mode excitations of fundamental 3-7 strings localised at
the pointlike intersection of Cg with the 7-branes in the F-theory background. These zero
modes are SO(2)r singlets, but charged under the 7-brane gauge group G, which in our
case is taken to be G = U(1). The 7-brane gauge symmetry hence acts as a global or flavour
symmetry from the perspective of the string world-sheet.

An important quantity of the string is the 't Hooft anomaly polynomial, I4. It encodes
the structure of the two-dimensional anomalies of the global symmetries SO(2)r and G =
U(1), under which the world-sheet fields are charged. It takes the form [115]

1 1 1 _

Iy = _itrF% (—4K . Cg) — Zpl(R) (K . Cg) -+ I4(g), (3.23)
where the second term encodes the gravitational anomaly along the string and I4(G) refers
to the 't Hooft anomaly for the global G = U(1) group inherited from the 7-brane gauge
symmetry. Extrapolating the results [117] for analogous world-sheet theories from D3-
branes wrapped on curves in Calabi-Yau 5-folds, the U(1) anomaly polynomial must take
the form

1
I4(9) = —5 mrFy gy (3.24)
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Fermions | Bosons | (0,2) Multiplet Multiplicity Multiplicity Cg = Cy
et % Chiral h°(Cs, Ney/B,) 2
1;_,_ o Chiral g—1+K Cp 1
o T Chiral hO(Cg) =1 1
P — Fermi ho(C,N¢,/B,) — K- Cg 0
B_ — Fermi h'(Cs) =g 0
A — Fermi 8K - Cs 16

Table 1. 2d (0,2) multiplets in the effective theory on R x Cp, where Cjg is a curve of genus
g with normal bundle N¢, /g, inside the base B3 of Y; (this is based on table 5 in [115]). The
subscripts of the fermions denote the chirality along the string world-sheet.

with 1 1
m = ib-Cg = —57['*(0'(3)00'(5)) -Cpg. (3.25)

Moreover, the gravitational anomaly is related to the net zero-point energy given by
1 _
Ey = —50/3 K, (3.26)

which arises from Casimir forces on the string [94, 95].

Our prime interest in this work is in a special type of solitonic strings, namely ones
which can be interpreted in terms of weakly coupled, critical heterotic strings compactified
to four dimensions. At the level of world-sheet fields, any such string must have the familiar
8 right-moving scalars plus fermionic partners, 8 left-moving scalars with no fermionic
partners and in addition 16 left-moving fermions. In view of table 1, this spectrum can
only be obtained for Cs a rational curve with Cz - K = 2 and normal bundle either
NCB = Ocﬁ(l) (5] Ocﬂ(—l) or NCB = Ocﬁ(()) D OCB (0)

For the solitonic string that arises from a D3-brane wrapped on Cg to be a critical
string, it must contain the massless graviton in its spectrum - at least in the asymptotically
weakly coupled limit: in this regime it defines the duality frame of the fundamental heterotic
string. This condition rules out a curve Cz with normal bundle N¢, = O¢, (1) ® O, (—1):
such a Cj is rigid at least along a divisor on Bs, as indicated by the negative degree of
one of the normal bundle summands. The string modes are therefore not free to move in
the entire bulk of the compactification, unlike what is required for a string that has the
graviton in its spectrum.

This leaves, as the only possibility, a holomorphic curve Cy with

Ney/s = Ocy @ Ocy Co-K =2. (3.27)

We furthermore demand that it be possible to obtain a parametrically weakly coupled and
tensionless critical string, by taking the limit

vol(Cp) = 0 for vol(Bs) finite. (3.28)

These requirements are motivated by the fact that the asymptotically weakly coupled
limit for a critical heterotic string coincides with the limit of vanishing tension in the
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Einstein frame, while at the same time criticality requires gravity not to be decoupled.”
The condition (3.27) is met, for instance, by any curve with the properties

Co=Jo-Jo, with J2-K>0, J3=0, (3.29)

where Jy is a generator of the Kéhler cone of Bs. The limit (3.28) can furthermore be
taken, for such curves, in a certain region in moduli space. A class of examples of this
type is where Bs is a P!'-fibration over a surface By or a blowup thereof, as considered
in conventional F-theory - heterotic duality: here Cy is simply the P! fiber. This will be
detailed in section 6 in the context of the Weak Gravity Conjecture.

Note, however, that the four-dimensional compactification involves U(1) flux data, and
the D-term constraints from the flux may obstruct taking the limit (3.28). The conditions
on the flux to allow for such a limit will be discussed in section 4.2.

To avoid confusion, let us stress that even if the weakly coupled limit (3.28) is possible,
this does not yet mean that the heterotic string is fully perturbative: non-perturbative
effects, in particular NS5-branes, can and in general do contribute to the string dynamics,
even at the level of the elliptic genus.

e We call a heterotic string which allows for a limit (3.28) quasi-perturbative, to the
extent that we can take the limit where Syt — oo (at least away from possible
non-perturbative defects such as NS5-branes).

e If at the same time the dynamics of the string, as far as its contribution to the
elliptic genus is concerned, does not involve any NS5-branes or other non-perturbative
elements, we call the string perturbative.

3.3 Elliptic genus and Gromov-Witten invariants of four-folds

Let us now assume that the forementioned conditions for the emergence of a critical,
perturbative (or quasi-perturbative) four-dimensional heterotic string are fulfilled. In this
case we can easily compute the elliptic genus (2.10). The degeneracies N(n,r) that appear
in the expansion (2.11) count the number of left-moving excitations weighted with signs as
in (2.10), at level n and with U(1) charge r. These can be level-matched against oscillator
excitations of the right-moving Ramond ground state, to yield physical, albeit non-BPS
states at the given excitation and charge levels.

As we now discuss, these degeneracies of non-BPS states in four dimensions coincide
with certain BPS degeneracies of the three dimensional theory obtained by Si reduction;
these correspond, via the M/F duality sketched in eq. (3.2), to Gopakumar-Vafa invariants
of the compactification of M-theory on Y;. The logic is analogous to the reasoning un-
derlying the duality between elliptic genera of 6d strings and BPS invariants of M-theory

"More precisely, in the heterotic four-dimensional Einstein frame, the fundamental string tension is given

by Thet = Zf e?® | where the dependence on the ten-dimensional dilaton ® arises from the Weyl rescaling
from string lte(; Einstein frame (cf. the discussion around eq. (6.38)). Hence the tensionless limit requires us
to take e?*® — 0, while at the same time the volume of the heterotic compactification space Zs3 is fixed to
keep Mp; finite. As a result, the four-dimensional dilaton Shet = cf?q)vol(Zg,)/é?]et — oo diverges in the

tensionless limit (3.28).
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compactified on elliptically fibered three-folds to five dimensions [65-67]. However, for the
time being we are careful to apply it only to the well-controlled quasi-perturbative critical
heterotic strings as defined above.

More precisely, wrapping the solitonic string & times around S}l produces a tower of
particles in d = 3. Even though both the string and its excitations are not BPS saturated
in the d = 4, N = 1 supersymmetric theory, the wrapped string gives rise to BPS states
in the d = 3 theory with NV = 2 supersymmetry. Since the string is charged with respect
to a 2-form in the d = 4 theory, all particles in the tower carry some charge k with respect
to the abelian gauge symmetry to which the 2-form symmetry is reduced after reduction
on 5’114. As long as we are dealing with a weakly coupled critical heterotic string, the usual
quantization rules can safely be applied, similar to the 6d/5d context [65]. In particular,
the left-moving excitation number of the wrapped string is related to the wrapping number
n and KK momentum number w along the Si as

n=wk. (3.30)

For the singly wrapped string with £ = 1, the left-moving excitation number of the wrapped
string hence equals the KK momentum along the 5114. Even though this is a priori a
statement about the excitations of the wrapped string, the number of purely left-moving
excitations at level n is unchanged in the unwrapped situation. The problem of counting
the left-moving excitations at level n and charge r in four dimensions is therefore reduced
to counting BPS particles in three dimensions, with KK momentum w = n, U(1) charge
q = r, and with charge £ = 1 with respect to the gauge field inherited from the 2-form
tensor in four dimensions. In light of the discussion of section 3.1, such particles are due
to M2-branes wrapping the curve class

Toy(n,7) =Co+nE, +rCl_, C Yy, (3.31)

where E, is the class of the generic fiber on the 4-fold Yy, while Cf_; is the fibral curve
class of U(1) charge r = 1. An M2-brane along this curve carries a total KK charge of

Soolg,(n,7)=n—1=n+ Ey. (3.32)

Here we are using the U(1)kk generator Sy as given in (3.4) along with the fact Spo Co =
Spo Soom1(Cy) = —K - Cy. The shift by the zero-point energy Ejy is the same as the
prefactor of the elliptic genus (2.11), and is as given in (3.26).

By the above reasoning, the degeneracies N(n,r) defined via the index (2.10), (2.11)
coincide with the generalization to four-folds [89] of the familiar, integral Gopakumar-Vafa
invariants [90, 91]. They count the BPS invariants of M2-branes wrapped on holomor-
phic curves in the presence of 4-form flux. For singly wrapped curves, these general-
ized Gopakumar-Vafa invariants are identical to the respective Gromov-Witten invariants.
Therefore, while focusing on k& = 1, our task is to compute the genus-zero Gromov-Witten
invariants N¢,.q(n,r) of the curve (3.31) in the presence of U(1) four-flux, G. In terms of
these, the degeneracies of the elliptic genus are then simply

N(n,r) = Ney.a(n,r). (3.33)
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The actual computation proceeds via mirror symmetry, as indicated in section 2.1.
A further circle reduction on Sll; brings us from the three-dimensional M-theory to the
two-dimensional Type ITA theory in which this mirror symmetry computation is set. More

explicitly, let us define an integral basis of H> and expand the four-flux into it:

etU()

G = Z ¢; Gy, {Gj integral basis of Veft U(l)} (3.34)

We can then expand the genus-zero free energy Fg into the corresponding flux components
as given in (2.8). Corresponding to eq. (3.31) we now distinguish the various Ké&hler
parameters by defining

q=e"", (=" (3.35)

as the expontentials of the Kéahler parameter 7 of [E; and of the Kéahler parameter z
of the fibral curve CTf,:l on Yy, respectively. We denote the remaining Kahler parameters
associated with generic curves Cg € Ho(Bs,Z) by tg, and their exponentials by Qg = e?mits
Since we will be interested in an at most linear order in the (g, we write the expansion of
the genus-zero free energy (again omitting classical terms) as follows:

= ¢ FI), (3.36)

]—"(j)(t) = Z f(j (1,2) Qs + O(Q5%) . (3.37)

CﬁEHQ(Bg, )

The Gromov-Witten invariants we are interested in,

Newa(nr) = ¢; N (n, ) (3.38)
are then obtained by linearly combining the integral expansion parameters of

Frz)= Y NPmr)ge. (3.39)
n>0,reZ

All this is summarized by identifying the elliptic genus of the nearly tensionless heterotic
string associated with the shrinking curve Cp, in the presence of flux G, as follows:

Zco; (T Z) =q FCO ! ch (340)

This expression for the elliptic genus is determined entirely by the F-theory compactifi-
cation geometry and the choice of flux, and as written no reference is being made as to
whether the emerging heterotic string is perturbative or not. Thus one may be tempted
to view it as the definition of a non-perturbative version of the elliptic genus. This would
be similar to the six-dimensional theories [65-67, 93], where this reasoning has proved to
be a valid strategy. In particular, it leads to a (quasi-)modular elliptic genus for the string
associated with any heterotic curve Cp with comparable properties [13].

In four dimensions, as we will see in the next section, certain extra conditions need to
be satisfied by the choice of flux in order for Z¢,.¢(7, z) to have distinguished properties
under modular transformations.
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Before delving into this discussion, we conclude this section by pointing out an interest-
ing interpretation of the genus-zero Gromov-Witten invariants in the context of F-theory.
This will also lead to a powerful check of the above assertions. A geometric definition of
the Gromov-Witten invariants on a Calabi-Yau 4-fold Y proceeds in terms of the moduli
space ﬂ% s of stable holomorphic maps from a curve class Cg € Ha(Ys,Z) to Yy, of genus
g and with s marked points. The mathematical concepts underlying this definition can
be found in [118] and are further discussed and applied e.g. in [87-89]. In particular, the
so-called virtual dimension of M%S is

dimvirM, s = (1 —g) +s. (3.41)

For ¢ = 0 and s = 1, dimvirM,, = 2, and these are the relevant values for us. The
genus-zero Gromov-Witten invariants for some Cg € Hy(Yy,Z) with respect to some flux
G € H*(Yy) are then defined as the pullback

Ncﬂ;(; :—/eV*G, (3.42)
m

where 4 is the class in the moduli space My ; associated with Cg (with one point fixed),
and ev*G is the pullback of the 4-form class G onto p.

As a simple illustration, consider the fibral curve class [o(n,r) = nE, +rC!_; defined
in (3.11), and recall that M2-branes wrapping this class in M-theory produce a KK tower of
charged matter fields. These are associated with chiral N = 1 multiplets in four dimensions.
Since the curve class Cﬁzl is a component of the fiber over the curve C,—; C Bs, it can move
freely over this curve. The moduli space of the curve I'g(n,r) can therefore be identified
with the curve C,—; in the base. To obtain the moduli space MOJ, we must fix one point
on I'y(n, ). Since the moduli space of a point on a curve is the curve itself, we end up with
a 2-complex dimensional moduli space. Its embedding into Y, can be identified with the
surface Sy, , obtained by fibering I'g(n, ) over Cy—;. Then the genus-zero Gromov-Witten
invariants (3.42) for I'g(n,r) reduce to the integral of the 4-form flux G over this surface,

Nronry:a = g G. (3.43)
As a consequence of the transversality condition (3.16), this integral is independent of n.
In particular, the chiral index of charged matter fields in four dimensions, (3.17), is nothing
but the genus-zero Gromov-Witten invariant of I'g(n,r), evaluated for any n > 0,

Xr = Nro(n,r);g . (344)

Apart from providing a beautiful mathematical interpretation of the expression for the
chiral index, this allows for a non-trivial consistency check of the relation (3.40). It is
based on the following observation: consider a situation in which a D3 brane wrapped
around Cj indeed corresponds to a critical heterotic string, and assume that there is only
one such curve class Cjy. The chiral index of the massless charged matter fields in F-theory
must then agree with the n = 1, charge r degeneracies of the elliptic genus Z(q, 7), i.e., with
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the numbers N¢,.¢(1,7). This is because the latter count the index of massless charged
excitations in the dual heterotic theory, and the two must match by duality. This gives
the prediction

Nro(n’r);G = NFQ(LT);G = NCO;G(L 7’) . (3.45)

We will confirm this relation in the example studied in section 5.

4 Constraints on four-form fluxes for (quasi-)modularity

Even if a curve Cy with the properties (3.27) exists that moreover allows for a weak coupling
limit (3.28) at the level of geometry, additional constraints must be imposed on the U(1)
flux background in order that the elliptic genus is a modular or quasi-modular Jacobi form,
as already announced in section 2.2.

More precisely, we say that the elliptic genus is modular if it is of the form (2.12)
or (2.15), where ®, (7, 2) is a meromorphic or weak Jacobi form of weight w and index
m, respectively. This in turn implies that it can be written as a polynomial in the generators
given in eq. (2.13). We say it is quasi-modular if the quasi-modular Eisenstein series Fo(7)
needs to be included as well.

All other cases will be referred to as non-modular, even though the elliptic genus may
still possess more subtle non-trivial transformation properties under the modular group.
Indeed, we do observe hints for this to be case. A major difference between (quasi-)modular
and more general elliptic genera is the appearance of certain gaps in the charge spectrum,
as far as its contribution to the index is concerned. The origin of these gaps, which are not
observed in the non-modular case, has been explained on general grounds in section 2.2.

In this section we motivate the constraints on the flux G € ﬁféft,U(l)(Y‘l) for obtaining
modularity or quasi-modularity of the elliptic genus. The quasi-modular property will be
seen to be intimately tied to the presence of certain non-perturbative branes in the dual
heterotic geometry. The upshot of this discussion is the criterion stated in section 4.2.3.

To understand the origin of this criterion, we first have to recall some aspects of the
duality between four-dimensional, N = 1 supersymmetric compactifications of F-theory
and the heterotic string, and especially the role of the NS5-brane in the Green-Schwarz
mechanism [63, 64]. The reader familiar with this material is invited to jump directly to
section 4.2.

4.1 Aspects of F-theory - heterotic duality in four dimensions

Our starting point is the standard duality between F-theory compactified on the elliptic
fibration Y; over the base Bs, and the heterotic string compactified on an elliptic Calabi-
Yau 3-fold Z3, where B3 and Z3 are related as follows:

p: CO — Bg p: ET/ — Zg
i — i
By By

The structure of the elliptic fibration p of Zs is inherited from the elliptic fibration
7 of Yy as defined in eq. (3.1). In particular, if Y, contains extra rational sections S; in
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addition to the zero section Sy, then the same is true for the heterotic fibration Z3 [119]
(see also [120]). We will denote the zero-section and the extra rational sections on the
heterotic side by Sj and S}, respectively, or collectively by S7.

If the rational fibration p of B3 and the elliptic fibration = of Y, are compatible, Y} is
in itself also an elliptic K3-fibration over Bs. Let us first describe this special situation.

At a microscopic level, the duality relates the solitonic string obtained by wrapping a
D3-brane along the fiber Cy = }P’} to the fundamental heterotic string. This fits with the
fact that the rational fiber Cj satisfies the property (3.27). Similarly, a D3-brane instanton
along a divisor p~1(C), where C is a curve on Bs, dualises to a fundamental heterotic
world-sheet instanton wrapped on C' in the base of Zs.

In addition to the geometric data, both the F-theory and the heterotic duality frames
contain gauge backgrounds as crucial ingredients. The gauge background on the F-theory
side has already been specified in section 3.1 for the type of models studied in this article.
On the heterotic side, the gauge background is encoded in a polystable vector bundle

w=wlaw®, (4.1)

whose structure group H) x H®) is embedded into the 10d heterotic gauge group Eg x Fg.
The four-dimensional gauge group, G = G x G emerges as the commutant of H1) x H(2)
inside Fg x Eg. Each of the two vector bundles W may in turn be a polystable sum of
vector bundles

w =gV, (4.2)

If cl(Vj(i)) = 0, the actual gauge group contains an extra factor of U(l)g-i). On the F-theory

side, abelian gauge groups are associated with rational sections and map to certain linear
(@)
J

The spacetime-filling D3-branes that are required to cancel the tadpoles in F-theory

combinations of such heterotic U(1):".
translate into spacetime-filling heterotic NS5-branes, partially wrapping certain holomor-
phic curves 7, on Z3. The class of the curves v, on Z3 is constrained by the Bianchi identity

ChQ(W) + CQ(TZ?)) = Z Na'Va 5 (4'3)

where N, denote the number of 5-branes in the stacks on 7,. The identity (4.3) is the
heterotic dual of the D3-brane tadpole cancellation condition (3.21). In models of the
type described so far, where the F-theory fibration Yy is also elliptically K3-fibered, the
only NS5-branes present on the heterotic side wrap the elliptic fiber, i.e. 7, = E,». This
constrains the gauge bundle W accordingly. More general configurations will be described
below. In the presence of NS5-branes, the heterotic compactification is best thought of as
M-theory on Z3 x S1/Zs [121]. The NS5-branes then correspond to M5-branes located at
points along the interval S*/Zy while wrapped around 7.

Heterotic NS5—bran(e? participate in the anomaly cancellation mechanism of the abelian
(2
terms in the effective acjtion, as found in [63] and [64] for compactifications to six and four

gauge symmetries U(1):’. This is due to the appearance of two types of Green-Schwarz

dimensions, respectively. In the context of four-dimensional models, these terms result
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by dimensional reduction of two interaction terms in the presence of NS5-branes wrapped
on v, [64]:

ZN / B A (trFE 4 trFf — trR?), (4.4)

S8 = ZN / A (trF? —trF3) . (4.5)

Here B denotes the universal heterotic 2-form, B® refers to the chiral tensor field on each
5-brane stack, and Fy, F5 are the field strengths of the two Eg factors of the heterotic gauge
group. The numerical constants A and A® play no important role for us. The additional
anomaly cancelling terms contribute Stiickelberg mass terms of the form me B A F; or
fRLS B® A F; in the four-dimensional effective action, however obviously only so for abelian
gauge groups. Furthermore they appear only if the internal part of the gauge field has a
non-zero overlap with the curve =, that is wrapped by the NS5-brane.

Starting from such a configuration, we can consider blowing up a curve I', on By C Bs
into a divisor FE, of the blown-up space Bs. This means that there exists a contraction
map from Bg onto Bs

f : Bg — Bs, (46)

which is an isomorphism away from I',, with the additional property that
fﬁl(Fa) = Ea . (47)

This process destroys the global compatibility of the rational fibration of Bs and of the
elliptic fibration of Yj. As has been studied in detail in [122], the effect on the dual
heterotic side is to leave the Calabi-Yau geometry Z3 unchanged, but to include additional
NS5-branes along the curve I'; on Bs.

More precisely, the inverse image of each point @) on I', is a rational curve C,

f_l(Q) = Ca7 Q € Faa (48)

which we call the fiber of the (exceptional) blow up divisor E, on Bs. On Bs, the rational
curve® () is still fibered over every point of By away from the blow-up locus, where it splits
into two components, C, and C/. The solitonic heterotic string obtained by wrapping a
D3-brane along Cy on Bs hence splits into two other types of strings as it sweeps out its
moduli space, namely strings obtained from wrapping the D3-brane on either C, or C’.
Neither of these can be a critical heterotic string. Rather, from the properties of C; and
C/ it follows that they must be non-critical strings, and in the dual heterotic geometry
this signals the presence of NS5-branes that wrap the curve I',. That is, they can be
interpreted as solitonic strings coupling to the chiral tensor fields B¢ on the NS5-branes,
or, in Horava-Witten language, as M2-branes stretched between the M5-brane and each of
the two Fg planes. This is closely related to the six-dimensional phenomenon of fusion,

8Strictly speaking, we should refer to the rational curve on Bjs as F71(Co), and similarly for all other
curves on Bz which are inherited from Bs, but we omit this for notational simplicity.
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‘E+ FE = H, where a heterotic string splits into two copies of non-critical E-strings [123].
Specifically, the Kahler volume of the blow-up fiber C, on Bs maps to the position modulus
Aq of these NS5-branes along the Horava-Witten interval.

Above we have focused on a special set of geometries for Bz, P!'-fibrations and their
blowups over curves in the base of Bs. This is sufficient to develop some intuition on which
conditions we must impose on the gauge background such that the elliptic genus is (quasi-
Jmodular. These conditions will momentarily be formulated in full generality. Nonetheless
it is interesting to remark that while in six dimensions, the geometries of the type studied
in this section exhaust the list of possible F-theory bases (except for P2?), the space of
Kahler three-fold bases Bs for four dimensional F-theory compactifications is considerably
richer. This is true even at the level of blowups: in addition to blowing up a curve on
the base of Bs, one can blow up the rational fiber itself. This option does not exist for a
rationally fibered surface. In appendix C we will exemplify this construction.

4.2 Conditions for (quasi-)modularity

We are now in a position to determine the criteria on the F-theory U(1) flux, G €
Hggt,U(l)(Y‘l)? to yield a modular, or quasi-modular, elliptic genus for a heterotic string
that arises from a D3-brane wrapping a curve Cy of type (3.27).

4.2.1 F-theory on P! fibrations

To gain some intuition, we first assume that the base on the F-theory side is the blowup
of a P!-fibration over By along various curves I'y C By. For notational simplicity, suppose
furthermore that the F-theory elliptic fibration has only one extra section .5, leading to a
single abelian gauge group associated with the U(1) flux G = F o ¢(S) with F' = 7~ (FP)
for some F® in H%(Bs).

According to our discussion of the previous section, this type of geometries has a het-
erotic dual defined on an elliptic fibration Z3 over the same base space Bs, and we are
therefore facing the question which modular properties the elliptic genus for the funda-
mental heterotic string of this theory has. From the classic analysis of [61] follows that
the elliptic genus of a heterotic string is modular whenever the string has a perturbative
worldsheet formulation, which is defined entirely at the level of conformal field theory. In
particular, in the four-dimensional effective theory defined by this heterotic string theory,
the only axion participating in the Green-Schwarz anomaly cancellation mechanism is the
universal axion, which is dual to the heterotic 2-form field. Given the close correlation
between anomaly cancellation and the modular properties of the elliptic genus revealed
in [61, 96, 124], our conjecture is that this is indeed the characteristic property which is
responsible for modularity of the string, also in situations where the theory is defined as
a geometric compactification rather than directly at the level of conformal field theory. In
other words, we expect that the elliptic genus is fully modular whenever the anomaly can-
cellation mechanism receives contributions only from the universal axion in the heterotic
duality frame, and thus is independent of the axionic partners of the Kéhler moduli of the
base space Bs, as well as of those of the NS5-brane moduli, A,.
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Under F-theory-heterotic duality, the axions paired with the Ké&hler moduli of By
arise from the expansion of the M-theory 3-form C3 with respect to the divisor classes
D, = p*(C,), where C, are curves on By. The F-theory dual of the NS5-brane axions
arise by expanding C3 in terms of the blowup divisor classes E,. The condition for these
not to participate in the anomaly cancellation mechanism is equivalent to the condition
that their non-axionic partners do not enter the flux-induced D-term (3.19), i.e.

FP.b-p*(Cy) =0 V' C, € Hy(Bo)

4.9
F*.b.E,=0 V E,. (49)

Under these conditions, the elliptic genus of the string associated with Cj is expected to be
modular, and we refer to U(1) fluxes, G = F o ¢(5), with this property as modular fluzes.
From experience with the six-dimensional heterotic string we know [13] that any in-
volvement of the NS5-brane axions in the anomaly-cancellation mechanism leads to a quasi-
modular, as opposed to a modular, elliptic genus. This suggests that flux which satisfies

FP . b-p*(C,) =0 vV C, € Hy(By)

b (4.10)
F*-b-E,#0 for some E,

leads only to a quasi-modular elliptic genus. The underlying fluxes are thus called quasi-
modular fluzes.

Finally, giving up even on this constraint, the elliptic genus will in general have much
less distinguished modular properties. Such generic fluxes will be called non-modular. They
have the property that

FP . b-p*(C,) #0 for some p*(Cy) . (4.11)

The conditions (4.9) and (4.10) can be equivalently characterised as follows: if the flux
obeys the condition (4.9), then the D-term (3.19) vanishes identically in the weak coupling
limit (3.28), in which vol(Cp) = 0. To see this, we expand the Kéahler form of B3 in terms
of the Kéahler cone generators J; as J = t;.J;, where each J; can be written as a linear
combination of the basis of divisors

{D1} ={Do, Do = p*(Ca), Eu} - (4.12)

Here Dg a section of the P!-fibration B3 and C, is a basis of H?(Bs). Altogether the
Kahler form becomes
J=tJ;=tia;;Dy. (4.13)

The flux induced D-term (3.19) follows as
(:tiaiJDJ-Fb~b:tiai0(D0.Fb.b), (4.14)

where we have made use of (4.9). To compare this to the volume of Cy, note that p*(Cl,) -
Cp = 0 because Cj is a fiber of p*(C,), and E, - Cy = 0 because the fiber of the blow-up
divisor FE, is contained in Cy, while Cy - Dy = 1. As a result,

VOI(C()) = CO -J = C() . tiai]DJ = ti a;o , (4.15)
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and so
Clvol(c)=0 =0 for flux of type (4.9). (4.16)

By similar reasoning, for a flux obeying (4.10), the D-term vanishes identically as a
function of the moduli, only when we set vol(Cp) = 0 and also vol(C,) = 0 for all fibers C,
of the blow-up divisors F, over I'y. In order words:

Clvol(co)=0 =0, but  (lyoicy)=0 0 for flux of type (4.10). (4.17)
vol(Cq)=0VC,

To avoid potential confusion, we emphasize that the alternative characterization (4.16)
and (4.17) of modular and quasi-modular fluxes, respectively, are based only on the func-
tional form of the flux-induced D-term in the K&hler moduli. In other words, although
vol(Cp) = 0 guarantees that vol(C,) = 0 for all C, due to the Kéhler geometry, the cri-
teria (4.16) and (4.17) should be understood without imposing that the moduli lie in the
Kahler cone.

4.2.2 Interpretation via D3-brane/non-critical worldsheet instantons

Before widening the scope of this discussion, let us point out that the conditions (4.9)
and (4.10) have an interesting interpretation in F-theory in terms of D3-brane instantons
wrapping the respective divisors p*(C,) and E,. In presence of gauge flux, G = F o o(S),
a D3-brane instanton along a general divisor Djpst can carry a net U(1) charge [112, 113,
125, 126]. At the microscopic level, this is due to charged zero-modes localised on the
intersection curve of the D3-brane instanton and the 7-brane divisor. For a U(1) gauge
group, the role of the 7-brane divisor is played by the height-pairing b. The net instanton
charge is proportional to the chiral index of charged zero modes on b N Dj,g;, which for
vanishing instanton flux [127] takes the form

QDinst - / Fb = b Dinst Fb . (4.18)
meinst

If @p,,.. # 0, the instanton generates couplings that violate the U(1) selection rule by an
amount of Qp, .-

Such a violation of the U(1) symmetry by instantons along the divisors p*(C,) and E,
is particularly drastic in the weak coupling limit: as it turns out, in this limit the volume
of these divisors vanishes and the resulting instanton effects are unsuppressed. We can
therefore rephrase the conditions for (quasi-)modularity of the elliptic genus by saying that

this must not happen. More precisely, a flux is quasi-modular if

QDinst =0 for all Dinst c {p*(Ca)} X (419)
Qpye 70 for some Dipst € {Eq},

and modular if

Qp,.. =0  forall Dy € {p*(Ca), Ea} . (4.20)
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To understand the significance of these two conditions on the dual heterotic side, note
that the F-theory U(1) symmetry maps, in general, to a linear combination of several
abelian gauge group factors if the heterotic model involves several sub-bundles Vj(i) with
Nnon-zero cl(Vj(i)). All other linear combinations of abelian gauge group factors can only
dualize to so-called geometrically massive U(1) factors [128] on the F-theory side. We can
therefore discard these combinations for the purpose of our analysis and parameterize the
relevant linear combination of abelian gauge factors as

U = aqumP + 3 5 umi?. (4.21)
J J

This U(1) is the commutant within Eél) X EéQ) of the structure group of the bundle V with
a(V) = aa(VW) + e (V) (4.22)

= Z a; Cl(‘/j(l)) + Z bj 61(1/3(2)) . (423)
J J
In order for this bundle to map to an F-theory background, it must satisfy the condition

/ (V) =0. (4.24)
E,
One way to understand this well-known constraint is that otherwise the NS5-branes along
the fiber E,» would participate in the Green-Schwarz cancellation mechanism. This is not
possible, however, since the NS5-branes along the elliptic fiber of Z3 dualize to D3-branes.
Indeed, on the F-theory side, D3-branes do not participate in the anomaly cancellation
mechanism of 7-brane gauge group factors. Since by assumption we are dealing with a
situation with two independent sections on both the F-theory and the heterotic side, (4.24)
implies that
(V) =x(S" = S)) + p*c1(N), (4.25)

where ¢;(N) € HYY(By) and z is a suitably quantized parameter. This ansatz is easily
seen to obey the constraint (4.24) because fEr' p*c1(N) =0 and fET/ S'=1= fET/ Sp-

A D3-instanton on p*(C,) maps to a heterotic world-sheet instanton on Cy,, which can
likewise carry U(1) charge given by

QWS; e :/C a(V). (4.26)

We hence conclude that for the elliptic genus to be at least quasi-modular, we must im-
pose that

/ a(V)=0 ¥ CoC Bs. (4.27)
Ca

This is the heterotic dual of the condition (4.19). If the parameter z in (4.25) vanishes,
this requires ¢;(N) = 0 and hence ¢;(V) = 0. In such a case the U(1) gauge theory is
non-anomalous and the resulting elliptic genus vanishes identically. For non-zero x, on the
other hand, a non-trivial result is possible.
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As reviewed in section 4.1, the worldsheet of a heterotic string over a curve I', splits
into two non-critical E-string worldsheets, each of which couples to a different Eéi) factor.
Correspondingly, the D3-brane instanton on p*(I',) thus maps to the sum of two non-critical
E-string instantons on the heterotic side. The analogue of the modularity condition (4.20)
is therefore that in addition to (4.27), each individual E-string instanton over all curves I',

must be uncharged, rather than only their sum. In other words we must have

/cl(V(l)):0:/ a(V®y v T, (4.28)

in order to maintain modularity. Note that the conditions for modularity and quasi-
modularity only differ provided the U(1) arises as a non-trivial combination of abelian
gauge groups from both Ejg factors.

4.2.3 Generalisation

We now propose a generalisation of the two criteria (4.19) and (4.20) to situations where
the F-theory base Bz is not simply the blowup of a P!-fibration over some base curves I',.
On a general base Bs that contains a curve Cj of type (3.27), we can still investigate the
criterion (4.16) for modular flux, by checking if the flux-induced D-term vanishes identically
in the limit of vanishing vol(Cp). Furthermore, the analogue of the blowup fiber classes
C, appearing in (4.17) are all curves into which Cj can split as it moves along its moduli
space in Bs.
This motivates the following;:

Conjecture. Consider F-theory on an elliptic fibration over base Bs with gauge group
U(1), height-pairing b as in (3.12) and U(1) flur G = F o 0(S). Assume that Bs contains
a rational curve Cy of type (3.27). Denote by C, all curve classes into which Cy can
split as it sweeps out its moduli space on Bs. If there exists a geometric limit which takes
vol(Cy) — 0 while keeping the volume of Bs finite, a D3-brane wrapped on Cy gives rise to
a quasi-perturbative, critical heterotic string. The elliptic genus of this string is

quasi-modular: — if J-b- Fb|vol(Co):0 =0, but  J b FP|iocp)=0 # 0
vol(Ca)=0VCq
modular: if J-b- Fb‘vol(Co):O =0 .

5 Example of a (quasi-)modular flux compactification

In this section we will present, as an explicit example, a four-dimensional, N = 1 super-
symmetric F-theory compactification on a definite four-fold Yy, with a single U(1) gauge
group.” In particular we will confirm our criteria on the flux to obtain a modular or
quasi-modular elliptic genus, as proposed in the previous section.

The elliptic four-fold, Yy, is constructed by fibering elliptic curves over a base three-
fold, Bs. For better readability, we have relegated the definition of Y; and Bs3 as well as a
detailed presentation of their toric data to appendix B.

9We have computed a number of further examples with analogous results; thus it suffices to present just
a representative one here.
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The data given there are sufficient for computing, to any given order, the Gromov-
Witten invariants, N¢,.c(n,r), of the curve classes (3.31)

Te,(n,r)=Co+nE, +7rC_,, (5.1)

in the presence of some U(1) flux G. Here, the fibral curves classes E, and Cf«:1 correspond
to the full fiber and the U(1) fibral curve, respectively. They are uniquely determined by
their intersection properties

SpoE, =1, SoRE, =1 = 0(S)oE, =0, (5.2)
SpoCl_,=0, SoCl_, =1 — o(S)oCl_, =

Written in terms of the Mori cone generators 1D, 10) defined in (B.17), the classes E.
and C{_; take the form

E, = 310) +2/0) (5.3)
¢, =1® 410,

On Bj there exists a curve class Cy = Jy - Jo with the properties (3.27), which admits a
limit (3.28). Its lift Cp to a curve class in Ho(Y4,Z) can be expressed as

Co=1% 414 1), (5.4)
This, together with (5.3), leads to
Loy(n,r) =1 + Bn+ )13 1@ 4 2n +r 4+ 1)10) (5.5)

As a last ingredient we need to specify a basis G; of U(1) fluxes, which we take to be

Gj =7 (Dj)oa(S) € Hyn, yry(Ya)- (5.6)
Here D; denote the basis elements (B.15) of H"!(Bs,Z). In this basis, the intersection
form on erft U(1)(Kl) can be computed as
12 0 -6
n=10 16 —18|. (5.7)
—6 —18 12

This corresponds to the right-most non-vanishing block in the full intersection metric (2.5).
With these data, we can apply standard methods of mirror symmetry [129] for four-
folds [71, 72, 87-89] and compute the expansion of the generating functions (3.39),

Fa.€) =33 NP (n,r)g e, (5.8)

n>0 r
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to some given order as follows:

Fid(a,€) = 12¢ (632 + €51) 1+ 18¢% (51+ 4 9106™° + 32166+ + 38946+
+12¢° (14670 4+21816*° + 3146464 4 152648¢™3 + 339150672 +336111¢*1)
+0(¢"),

fgo)(% €) = 12¢ (€*2 + 11651) + 6¢2 (516 + 942¢F3 4 29606*2 + 4310¢*1)
+12¢° (4670 + T11€¥5 4 10488 + 514966™3 + 1107482 + 114885¢6+)
+0(q"),

F(q,6) = 48¢ (6¥2 + €51) 1 18¢% (51 4 868¢™2 + 33126+ + 3828¢+1)
+12¢% (116F0+22446F5 + 31464651 4 151628¢5% + 34175162 + 333672 1)
+0(q"). (5.9)

The appearance of £ = ¢ — ¢ reflects that the generating functions are parity-odd in
the U(1) fugacity z.

As a first consistency check we confirm that the pieces with g-degree n = 1 correctly
reproduce the chiral indices of the zero modes in F-theory with respect to each of the
basis fluxes. Recall from the discussion at the end of section 3.3 that these chiral indices
are given by the invariants Néj )(n, r) for the purely fibral curve classes nE, +rCf_;. We
explicitly confirm for n = 1,...,5 that the only non-vanishing invariants are

N, +2) = 212, NP (n,£1) = £12,
NP (n,+2) = 412, NP (n,+1) = +£132, (5.10)
N (n,+2) = £48, N(n,£1) = +48.

These match the degeneracies at order ¢! in (5.9), precisely as predicted in (3.45).
We now assemble the generating functions ]-"go) for the elliptic genus by specifying the
four-flux in terms of the basis (5.6) as

G=> ¢Gj. (5.11)

The integrality properties of ¢; are constrained by the flux quantization condition (3.20); in
terms of a minimal integral basis of H*(Y}) the coefficients must be integral or half-integral,
but finding such a minimal integral basis is not needed for our discussion. We therefore
continue with the basis (5.6) and the understanding that the expansion coefficients must
be chosen well-quantized.

The generalized elliptic genus, Z(q,&,c), associated to the flux G is then the corre-

sponding linear combination of the generating functions .7-"((;3 (¢,€) in (5.9):

3
i 1
Z(Qvgvcj) = q_l ZC] ‘Fgo)(q7£) = nT((])(I)Il(q7£7C]) . (512)

=1
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Upon inspection, we do not observe any obvious modular properties of Z(q, ¢, ¢;) for generic
cj, other than that the expansion coefficients in odd powers of z appear to be quasi-
modular forms:

1 1
(€06) @11 (0,€, )y = —F,3(48¢1 + 28¢o + 57c3) 4+ = F6?(57cy + Teg + 48¢3)

72 72
1
_E(?’Cl + ¢ + 3c3) Eo (B2 Ey* — 34E4E) (5.13)
1
(€0e)°@11(a,€,¢5) |-y = s (E4*(219¢; + 89cp + 246¢3) + Eg°(195¢1 + 49¢; + 168¢3))
1
— 35 (8e1 + 2 + 3c) (Es*E4® + 33F2E4Eg + 35E4° )

and so on. Despite this property, ®;(7,2,¢;) cannot be expanded - for general c; - in
terms of the generators (2.13) of weak Jacobi forms, even if the quasi-modular form FE(7)
is included. Equivalently, it does not have a theta expansion (2.14) of definite index
m. Functions whose expansion is (quasi)-modular order-by-order in a formal power series
in z, but which fail to have standard periodicity properties in z are called Jacobi-like
forms [98, 130, 131], and this is what we seem to encounter here.'’ Indeed we have argued
in section 4.2 that generic fluxes would be in tension with standard modular or quasi-
modular transformation properties, and this observation confirms our expectations. On
the other hand, if we restrict the flux such as to obey the constraints (4.9) and (4.10),
we will momentarily show that Z(q, , ¢;) has the expected, well-defined modular or quasi-
modular properties.

To this end, we first determine the divisors of B3 of the form p*(C,) and the exceptional
divisors E,. In the geometry under consideration, these sets of divisors are generated by

(r*(Ca)) = <dy1> = (j1), (5.14)
(Ea) = (de) = (1 + J3 — Ja) - (5.15)

Here d,, and d. refer to the toric divisors in table 2, and j; are the Kéhler cone genera-
tors (B.6) of the base, with triple intersection numbers (B.7).
To check for quasi-modular fluxes, we require eq. (4.10) to hold, i.e.

3
0=dy, F* b= ¢jdy, - Dj-b=6c; +2¢; +6c;. (5.16)
j=1

Before identifying the elliptic genus on this sub-family of fluxes as a modular or quasi-
modular Jacobi form, we first need to determine the fugacity index m from the geometry
of Y. In the basis (B.15), the divisor of the height pairing takes the form

b=6K—283 (5.17)
= (12 —-2x)Dy + (24 — 2y)D2 + (30 — 2z) D3 ,

Tn fact [131], Jacobi-like forms are a natural next step in the sequence of liftings: modular — quasi-
modular — Jacobi-like. This suggests that good modular properties might be recovered once we attribute
suitable transformation properties to the fluxes as well.
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with (x,y,2) = (2,2,4) in this example. The U(1) fugacity index of the heterotic elliptic
genus is therefore computed as

1
mzib-C():G—X:él, (5.18)

where we used Cy = Jy - Jyp and Jy = j1 as per appendix B.

After eliminating c3 via (5.16), it is now easy to verify that the elliptic genus (5.12) is
indeed quasi-modular of weight w = —1 and index m = 4. By matching a sufficient number
of Gromov-Witten invariants to a general ansatz in terms of the generating functions (2.13)
augmented by Fs(7), we find that the denominator 7?* cancels out as expected, and obtain
the following quasi-modular expansion into weak Jacobi forms:

C2

Z<q,§,01,02763 = —c1 — 3> =g (a1 FY(q,€) + 2 FP(q,€) - (Cl + 032> FO(q,€))

3 1
= p_12 <4 (c2—c1) o1 + EE4 (27c1 + 13¢a) p_21°

1
—EEQ (901 + 1162) (p_271g00’1> . (519)

In addition we can impose the extra condition (4.9) to decouple the NS5-brane axions from
the Green-Schwarz mechanism,

Oéde'Fb'b261+3CQ—2C3. (5.20)
When combined with (5.16), this yields
9c1 + 11ca = 0. (5.21)

Precisely this combination makes the quasi-modular piece proportional to Fo disappear,
rendering the elliptic genus into a genuine weak Jacobi form of weight w = —1 and index

m = 4:

9 9 3

The first terms of its expansion are

11 8 5
Z<q,§7 €1 =——cg,C2,03 = 02) = Scap-12(01% — Eap_21?). (5.22)

11 8
Z<q,§, €1 = =5 C2,C2,03 = 902> = 40co (4§i1 + §i2) +480c¢s g (3§il — §i3) (5.23)
+40co ¢? (2046F! + 362 — 88¢13 4 12¢%5 — ¢*6)

+0(¢%).

Here, as anticipated purely based on modularity in section 2.2, we observe a gap at charge
level ¢ = £m = +4.

The charge pattern encoded in (5.22) over an extended range of excitation levels n is
depicted in figure 1. We clearly see charge gaps at q = mk, k € Z, which follow already
on general grounds from the theta expansion (2.14) of the elliptic genus. Note that for a
perturbative heterotic string we can identify the excitation level n — 1 with the mass M?
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Fully modular Flux

lql

T T MP/(8aT)
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16=n_1

Figure 1. Shown is the charge-mass spectrum encoded in the fully modular elliptic genus (5.22).
The fat red dots indicate super-extremal states, which lie above the solid blue line encoding the
charge-to-mass ratio of classical extremal black holes as discussed in section 6.3. Note the gaps
at charges q = 4Z; in particular the open dots, which would correspond to the possible maximal
super-extremal states and which would form a charge sublattice by themselves, are not populated.
Qualitatively this picture does not only apply to the present example, but to the generic situa-
tion with modular fluxes. We will come back to it in the next section in the context of Weak
Gravity Conjectures.

of the physical states associated with the excitations, more precisely M?2/(87T) = n — 1,
where T' denotes the string tension. The solid blue curve is defined by ¢2/(M?/87T) = 4m
and characterizes the charge-to-mass ratio of extremal dilatonic black holes which play a
role in the context of the Weak Gravity Conjecture. This will be explained in section 6.3.
The open dots correspond to the possible, but not populated maximally super-extremal
states which would lie on the dashed red line that corresponds to the leading orbit of
£ =0, m in the theta expansion.

We also have exhibited, as red fat dots, the existence of super-extremal states, whose
charges just barely lie above the blue curve. There are also other gaps in the part of spec-
trum encoded in the elliptic genus, for example at (M?2 /87T, q) = (5, 6) in figure 1. It turns
out that these intermediate locations become populated for quasi-modular fluxes leading
to (5.19). Moreover, all gaps are fully populated for the non-modular elliptic genus (5.12)
for a generic choice for the ¢;. This is what we have shown in figure 2. Thus, morally
speaking, the better behaved under modular transformations the elliptic genus becomes
upon judiciously choosing the flux configuration, the more non-trivial cancellations occur.

At this point one may worry whether the criterion of completeness of the charge lat-
tice [18, 132], which is part of the lore of quantum gravity conjectures, may be violated
due to the gaps. And relatedly, whether the sublattice conjecture of the super-extremal
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Quasi—-modular Flux Non-modular Flux

M?/(87T) M?/(8T)
o 1 2 3 4 5 =n-1 0 1 2 3 4 5 =n-1

Figure 2. Same as figure 1, except for quasi-modular (5.19), and generic non-modular background
fluxes, for which there are fewer and fewer cancellations in the spectrum. Note that in the last case,
some super-extremal states do appear to form a sublattice, ¢ = 2k. However, for other models this
is generically not the case.

states [4] is violated too, since in general the charges of the super-extremal states do not
appear to form a sublattice. We just note here the obvious fact that the absence of contri-
butions of certain charges to the elliptic genus does not necessarily imply that the states
do not exist, and refer to the concluding section 7 for a further discussion.

6 Weak gravity conjectures in four dimensions

We are now in the position to quantitatively address the Weak Gravity Conjectures for
F-theory, when compactified on an elliptically fibered four-fold Y; to four dimensions,
additionally equipped with activated gauge fluxes. We assume that an unbroken gauge
group G arises from a stack of 7-branes along some divisor S on the base, Bs, of the fibration.
As reviewed in section 3.1, if G = U(1), this divisor is the height-pairing associated with the
U(1) symmetry, whereas for non-abelian gauge groups S is a component of the discriminant
locus of the elliptic fibration Y.

We will analyze the Weak Gravity Conjecture in the weak coupling limit of the gauge
theory in the presence of gravity, i.e. in the limit

1 9 .

—— ~vol(S) — oo, Mg, ~ vol(Bs) finite. (6.1)

2
9ym

To this end, we will show in section 6.1 quite generally that whenever a limit of the
form (6.1) can be taken, there exists a curve Cj in Bs whose classical volume goes to zero.
The string associated with a D3-brane wrapped on Cjy hence becomes tensionless in the
limit (6.1).

The crucial question is then which precise type of tensionless string will arise, and this
depends on the specific properties the shrinking curve Cy. The analogous problem in six
dimensions allowed for a complete classification of the possibilities [13, 14]: in this case, the
curve Cy on the base By of the elliptic threefold Y3 is a rational curve with trivial normal
bundle, i.e. Cy-Cy = 0. A D3-brane wrapped on any such Cy gives rise to an asymptotically
tensionless, weakly coupled heterotic string. Its excitations, as characterized by the elliptic
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genus, contain states satisfying the Weak Gravity Conjecture [1] in its sublattice version [4].
A complementary recent study of infinite distance and weak coupling limits in the Kéahler
moduli space of Calabi-Yau three-folds, with or without elliptic fibration, has furthermore
been performed in [16].

As we will see, for F-theory on an elliptic four-fold fibration, Yy, there is a considerably
richer set of possibilities to realize the limit (6.1) in the Kéhler moduli space of the base
Bs. We will identify two classes of weak coupling limits: the first class is similar to the
situation in six dimensions in that Cy is guaranteed to be a rational curve with trivial
normal bundle, i.e. of type (3.27). It therefore leads again to an asymptotically tensionless,
weakly coupled heterotic string. Combining this with the results of the previous sections,
we will show in section 6.3 that its spectrum contains states that satisfy the original Weak
Gravity Conjecture. On the other hand, we show that the related sub-lattice conjecture,
which posits that the super-extremal states should include a charge sublattice, is in general
not satisfied, at least at the level of the index.

The second class of weak coupling limit, by contrast, corresponds to a qualitatively
new situation with no analogue in six dimensions: here Cy may give rise to a non-critical
string because Cj is not necessarily of the form (3.27). In this situation an explicit analysis
of the string spectrum remains a particularly exciting challenge for future work.

6.1 Geometry of the weak coupling limit

To describe the limit (6.1), consider the most general ansatz for the Kéhler form of Bs,

J=> tii, (6.2)

€L

in terms of the generators J; of the Kéhler cone, with ¢; > 0 for all ¢ € Z. The Kéahler
cone generators have the important property that their mutual intersection numbers are
non-negative,

Clijk = Ji . Jj . Jk > 0. (63)

Since the Kahler cone generators are nef, they are guaranteed to be pseudo-effective, i.e.
they lie in the closure of the cone of effective divisors. Throughout this paper we are
making the technical assumption'!' that all generators J; are in fact effective and that the
generators are furthermore irreducible.

To take vol(S) — oo, at least one of the generators, called Jy, must have a coeffi-
cient ¢t which scales to infinity. We can hence split the index set Z for the Kéhler cone
generators into

IT=ToUZL1 ULy UT;3, (64)

" he effectiveness of J; follows if the cone of effective divisors is closed. The latter may fail as illustrated
in an example by Mumford (see e.g. [133]); however this geometry is a surface with b1 # 0 and can hence
not serve as an F-theory base. While we are not aware of any example with a non-closed cone of effective
divisors which can be the base of an elliptically fibered Calabi-Yau manifold, it would be interesting to
investigate this possibility further.
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and write

J=th+ Y a,J,+ > VJ+> el (6.5)

vely neLs rels

Here Jj is the only K&hler cone generator of type Zy. The remaining generators are divided
into sets with the respective properties

J-J,#£0, vel, (6.6)
JZ - J,=0, peZy, andthereexists ' € Zy: Jo-Jy  Jyw #0, (6.7
J-J, =0, reTy, andforallicZoyUZz: Jo-J,-J;=0. (6.8
In order for 1
vol(B3) = 6Jf” (6.9)
to remain finite in the limit ¢ — oo, the generator Jy must obey
J3=0. (6.10)

This is because (6.3) makes cancellations among the contributions from the different Kahler

moduli impossible. If no such Kéhler cone generator Jy exists, the base Bs does not admit

the limit (6.1). An example of such a geometry without a weak coupling limit is By = P3.
The two qualitatively different cases to consider are now distinguished as follows:

Class A : Jo-Jo#0 (6.11)
Class B : Jo-Jo=0. (6.12)

Depending on the geometry of the base space B3 and the choice of the divisor S on it,
the weak coupling limit (6.1) might be realizable both for an ansatz (6.5) of Class A or of
Class B, each for a different choice of Kahler cone generator Jy in (6.5). An example of this
phenomenon is discussed in detail in appendix E. For other pairs (B3, S), the ansatz (6.5)
may always be of the same Class A or Class B. Of course, as noted already, (B3, S) might
also not admit a weak coupling limit (6.1) at all.

We will now turn to discussing the two classes of weak coupling limits in more detail.

Class A: Jg - Jo # 0. In appendix D.1 we prove the following properties of geometries
for which the weak coupling limit (6.1) is realized as in (6.5) with Jy - Jy # 0:

1. The index set Zy of Kéahler cone generators is empty, and the weak coupling limit
must take the form

J=th+ Y Fd+ Y el (6.13)
vel rels

where the Kahler parameters a, and < must be finite as ¢ — oo in order for the

volume of B3 to remain finite.

2. The non-trivial cycle
Co=Jo-Jo (6.14)
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on Bj is a rational holomorphic curve with trivial normal bundle N¢, /Bs = Op,®0p,.
The proof of this makes use of Mori’s cone theorem together with the fact that Cy
intersects the divisor S non-trivially,

1 1
m:=§Co-S:§J0-J0-S7é0. (6.15)

The fact that m # 0 follows from the fact that vol(S) — oo as ¢ — oco. Triviality
of the normal bundle is a consequence of Jg’ = 0, which is a defining property of
the Kahler cone generator Jy responsible for the presence of gravity in the weak
coupling limit.

3. In the weak coupling limit (6.1), the classical volume of Cy shrinks as

ay
vol(Cp) — thdooy for t — co. (6.16)

A D3-brane on Cy hence gives rise to an asymptotically tensionless, weakly coupled
heterotic string as ¢ — oc.

Furthermore,
vol(S) vol(Cp) = 2m vol(Bs3) ast — 00. (6.17)

This will play a crucial role in our quantitative proof of the Weak Gravity Conjecture
in section 6.3.

The above results are a direct generalization of the findings for the weak coupling limit
in six-dimensional F-theory models [13]. In that case, the curve Cy supporting a heterotic
string can easily be proven to be the only curve with this property which shrinks in the
limit. This reflects the fact that there exists a unique heterotic duality frame in which the
dynamics of the weak coupling limit is described. On the other hand, for four-dimensional
compactifications with 3-fold base spaces, B3, proving the analogous statement would be
more involved because of the considerably richer structure of the Mori cone of Kéhler 3-
folds. We are not aware of a counter-example to the conjecture that also in this case, for
limits of Class A, the shrinking heterotic curve Cj is unique, and in fact illustrate this for
the example of section 5 in appendix B.

All statements so far are in the realm of classical geometry. In the context of nearly
tensionless strings in four dimensions with N = 1 supersymmetry, one might worry that
quantum corrections modify these findings because the quantum volume of a curve need in
general not vanish even if the classical volume does [71]. However, the classical zero-volume
limit of Cy coincides with the limit where the dual heterotic string is weakly coupled, i.e.
Shet — 00 with Sper the heterotic dilaton (see footnote 7). This limit is not expected to
be obstructed by quantum corrections. We therefore advocate that the statements under
point 3 above survive potential quantum corrections, at least to leading order.

Class B: Jg - Jg = 0. Suppose, by contrast, that the weak coupling limit is realized
by a Kéhler form (6.5) in a setting where the Kéhler cone generator Jy obeys Jy - Jy = 0.
As an immediate consequence, the cycle (6.14) ceases to exist. While one can still show
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that there is a holomorphic curve Cy which shrinks in the weak coupling limit, it is no
longer guaranteed that it is a rational curve with trivial normal bundle. Rather its normal
bundle in Bj is of the form O¢, @& O¢,(d) for some d > 0. More precisely, we will show in
appendix D.2 that for Jy - Jg = 0, the weak coupling limit has the following properties:

1. There are no generators of type Z; since Jy - Jog = 0, and furthermore one finds that
there cannot be any generators of type Zs. The limit (6.5) hence takes the form

J=1tJy+ b;LJM , wely, (6.18)
for suitably constrained parameters bL.

2. The fact that vol(S) — oo implies that there must exist some Kéhler cone generators
Juos Juy With pg,v9 € I such that do,g,, 7 0 and

b, = by, t 1T (6.19)
by = bugt "0 2o (6.20)

for a,, > 0 and A, > 0. The parameters b,, and b, stay finite in the limit ¢ — oo.

3. The cycle Cy, := Jo - J,, is a non-trivial holomorphic curve which classically shrinks
in the limit as

vol(Cyy) = doyypub, S O(t™0) as t— 00. (6.21)

4. The normal bundle of the shrinking curve C,, takes the form
Ne,, /85 = Oc,, ® Oc,, (dy,) (6.22)

with
dyy = dovyy > 0. (6.23)

If d,, = 0, then a D3-brane along C,, gives rise to an asymptotically tensionless
critical heterotic string. An example of this type is discussed in appendix F, where
we also verify the analogue of relation (6.17) for Cy,.

For non-zero d,,, the effective string from a D3-brane on C,, is a more exotic, non-
critical string. An example where in fact no rational curve class with trivial normal
bundle shrinks in the limit (6.5) with ¢ — oo is discussed in appendix E. The Weak
Gravity Conjecture strongly suggests that a tower of massless states arises also from
such strings in the tensionless limit, but a quantitative proof of this conjecture is
beyond the scope of this article.

Two more comments are in order: First, unlike for limits of Class A, we do know of
examples where several heterotic curves shrink simultaneously in the weak coupling limit.
This is exemplified in appendix F and represents a striking phenomenon from the perspec-
tive of string duality. In such exotic situations, the dual theory is in a self-dual regime
where a ‘fundamental’ and a ‘solitonic’ heterotic string become equally important. Clearly,
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this impedes a conclusive quantitative analysis of the spectrum. As stressed already, such
complications are a novelty in four dimensions with no analogue in six-dimensional models.

Second, since for d,,, > 0 the curve C,,, does not give rise to a critical heterotic string,
the question of quantum corrections modifying its tension becomes even more pressing.
From the perspective of the Swampland Distance conjecture, the appearance of a tensionless
string in the limit of gy — 0 is a natural expectation: such a tensionless string would in
particular explain the breakdown of the effective field theory in the infinite distance limit
where a global symmetry emerges in presence of gravity. We take this as suggestive that the
limit of vanishing volume of C,, is indeed attained even after taking quantum corrections
into account. Note that C,, always has non-negative normal bundle. The string it supports
is therefore fundamentally different from what we would call the four-dimensional analogue
of E-strings and their cousins in six dimensions: the latter are inherently strongly coupled
and become tensionless at finite distance points in moduli space. It is not implausible that
the structure of quantum corrections distinguishes between curves of positive and negative
normal bundle, and in particular the former case of curves is more protected.

6.2 Compatibility of the weak coupling limit with D-terms

In four-dimensional compactifications with N = 1 supersymmetry, the scalar potential can
in principle obstruct a weak coupling limit of the form (6.1) even if it is attainable at the
level of pure geometry. F-term obstructions have recently been discussed from the perspec-
tive of various quantum gravity conjectures in [62]. In our context, even if we ignore the
possibility of a non-perturbatively generated superpotential, the D-term potential (3.19)
induced by gauge fluxes may not be compatible with the weak coupling limit.

From the general analysis in section 4.2, we deduce, on the other hand, that both
quasi-modular and modular fluxes are automatically compatible with a vanishing D-term,
when taking the limit (6.1) and hence vol(Cy) — 0.'2 Indeed, for modular fluxes the
induced D-term vanishes identically for vol(Cp) — 0, and the induced scalar potential
dynamically drives the system to the weak coupling limit. When the flux is only quasi-
modular, corresponding to (4.10), the D-term depends not only on vol(Cp), but also on the
Kahler moduli of the fibers C, of the blow-up divisors; however, to stay within the closure
of the Kahler cone of B3, we must also take their volume to zero whenever vol(Cy) — 0,
since the blow-up fibers lie inside the fiber Cy of Bs. In this sense, the D-term constraint
is again automatically satisfied in the limit vol(Cpy) — 0.

Beyond the realm of (quasi-)modularity, the question of whether or not the D-term is
compatible with taking vol(Cp) — 0 depends on the concrete choice of fluxes. As long as
the D-term can be set to zero for a non-zero Kahler form on the boundary of the Kéahler
cone, the weak coupling limit is compatible with the choice of flux. For fluxes other than
the (quasi-) modular ones discussed above, this requires h''*(B3) > 3 because it rests on a
cancellation of the contributions of two or more Kahler moduli different from vol(Cp) and
vol(Cly).

12The discussion of (quasi-) modular fluxes is of course only sensible in limits of Class A, or of Class B
for an asymptotically tensionless rational curve Cj of trivial normal bundle.
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It is understood from now on that we restrict ourselves to gauge fluxes whose associated
D-term is indeed compatible with taking the weak coupling limit. According to the above
considerations, the most generic such fluxes will not lead to a quasi-modular or modular
elliptic genus for the asymptotically tensionless heterotic string, but may nonetheless define
a bona fide weak coupling limit in F-theory.

6.3 WGC bounds: elliptic genus versus supergravity

We now provide a quantitative proof of the Weak Gravity Conjecture in the weak coupling
limit (6.1), under the assumption that a single curve Cp with the properties (3.27) and (6.17)
exists in the geometry. As one of our main results we will exemplify that a tower of super-
extremal states exists, even though it does in general not form a charge sublattice.

As an initial step, we assume that the gauge flux leads to a modular or quasi-modular
elliptic genus. Despite some important differences, the proof of the Weak Gravity Conjec-
ture is analogous to the analysis in six dimensions [13, 14], and rests on the properties of
the elliptic genus as a Jacobi form, in connection with a shift of the vacuum energy. Let
us first recapitulate the situation in six dimensions. Here the elliptic genus has the generic
form Z(r,z) = 7]_24(T)<I>To7m(7',z), where @Bm(ﬂ z) is some weak Jacobi form of weight
w = 10. It is necessarily symmetric under z — —z. Thus there can be a non-vanishing con-
stant term and in fact there will be always one, namely corresponding to the (unphysical)
tachyon of the heterotic string. Therefore the term with £ = 0 in the theta expansion (2.14)
of <I>1+0’m,

ho(T)O¢

0,m

(1,2) = (const. + O(q)) Z q(2mH)? Am g2mi (6.24)
keZ

is always present and encodes a lattice orbit of states with qr = 2mk and n; = q% /4m,
which trivially satisfy
qi = 4mny, . (6.25)

These “maximally super-extremal” states are always populated and automatically satisfy
the condition q2 > 4m(ny — 1), which lies at the heart of the proof of the Weak Gravity
Conjecture. Indeed, after identifying the excitation level with the squared mass, ny — 1 ~
Mﬁk (including the shift by the vacuum energy), this eventually translates into the bound
q%g%M > Mgk /M3, which is what the Weak Gravity Conjecture postulates.

The situation in four dimensions is different in that the elliptic genus has weight w = —1
and thus is of the form Z(r,z) = n_24(7)<1>1*17m(7, z). As we pointed out in section 2.2, this
means that ®1; (7, 2) is odd under z — —z and so cannot have a constant term. Therefore
Z (1, z) is not a meromorphic but actually a holomorphic Jacobi form. Moreover, the terms
with £ = 0, m cancel in the theta expansion (2.14). This implies that the previously leading
terms in the theta expansion are absent, and that the corresponding orbit of maximally
super-extremal states is missing in the elliptic genus (signified by the open dots in figure 1
for our example).

On the other hand, massless physical states must necessarily show up at order ¢! in the
expansion of @y, ., (q,&). Therefore, for each pair of massless states with charges q = %/,
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the theta-function expansion (2.14) must contain non-vanishing terms of the form

he(T)0y,,(T,2) = (q1*€2/4m (const. + O(Q))) Z q(2Mk+e)2/4m§2mkH — (= =0
keZ

~ e — e+ (6.26)

The theta function then implies that for each such massless pair there must exist lattice
orbits of states with

qr = 2mk + £, ng =k(mk+4)+1, kelZ, (6.27)

which therefore obey
qe? = dm(ng — 1) + 2. (6.28)

These states are less super-extremal than the ones in (6.25) which arise from the ¢ = 0
orbit, which is why we have called the latter maximally super-extremal. Since these do
not show up in the elliptic genus in four dimensions, we need to test the Weak Gravity
Bound for the states with ¢ 0 that satisfy the weaker equation (6.28). Despite the shift
ng — ng — 1, which a priori tends to create tension with the conjectured bound, the day is
saved by the extra contribution of £2; in effect the modification is to trade the loss of the
offset by 1 against a gain of ¢2/4m, which is still positive for £ # 0.

Note that from equation (6.27) it is evident that the super-extremal states do not form
a sublattice of the charge lattice, rather they lie on sublattices Aq = 2km shifted by +/.
This has been visualized for our example in figure 1, where we have depicted some of these
super-extremal states by fat red dots. They belong to the four lattice orbits that originate
from the massless states with ¢ = £1,£2.

Moreover, as pointed out before, figure 1 shows charge gaps at q = mk," which gen-
erally follow from the cancellation of the theta functions for £ = 0, m. One can understand
this physically by describing the lattice sector of the world-sheet theory in terms of a free
boson, by writing the U(1) current as Jy(;) = —iy/2mOH. Then the lattice charge sector
labelled by ¢ is generated by a vertex operator given by V, = e?H/ vam (the physical ver-
tex operators contain in general additional holomorphic and anti-holomorphic pieces). On
the other hand, lattice shifts are generated by conserved, holomorphic symmetry currents,
Viom, of conformal dimensions (m,0) and charges ¢ = £2m. These may be viewed as gen-
erating a spectral flow symmetry that links together pairs of states, Vi,,, which contribute
with opposite signs to the elliptic genus.

Up to now, we have assumed that the U(1) flux is chosen such that it gives rise to a
fully modular or quasi-modular elliptic genus, in line with our considerations of section 4.
As we have been arguing, more generic choices of U(1) fluxes do not lead to (quasi-)modular
Jacobi forms. Note that such fluxes satisfy the D-term conditions at best on a subspace
of the closure of the Kéhler moduli space, even in the weak coupling regime. For such
fluxes the elliptic genus generically does not enjoy a theta expansion of the form discussed

3Figure 1 displays a further Z; sub-structure of gaps, which arises in an analogous way and which is tied
to the fact that m = 4 is not prime in our example.
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above. As a result, the above charge gaps do not need to occur. Indeed this is what we
have demonstrated in our example in section 5. We have found that the charge spectrum is
nevertheless bounded by the curve (6.25) and just differs from the (quasi-)modular spectra
in that all the gaps become populated. We do not have a precise understanding of this
general situation, given that we have much less a rigid mathematical structure at our
disposal and are lacking a closed expression for the elliptic genus. However in view of our
observations, it seems reasonable to assume that this pattern holds in general, which would
allow us to extend the discussion of the Weak Gravity Conjecture also to cover these more
general situations.

In order to complete the proof of the WGC, we now put the dimensionful quantities
back in order to obtain expressions that are directly relevant for physics. Dropping the
subscript k, we thus obtain

(6.29)

M2 2
+ R 9
8T  4m

0° gym = (Am(n— 1) + %) gy = 4m gy <

where we have traded the excitation number n for the spacetime mass M, via the stan-
dard relation
M? =8rT(n—1), T = 27 vol(Cy) . (6.30)

This relation is valid for the critical string associated with the curve Cy at least in the
weak coupling limit. As a consequence of the offset by ¢2/4m, we have

9 o 4m M2 M? M?
q9° 9ym = = =—,
8mvol(S)vol(Cy)  4mvol(Bs) Mg,

(6.31)

where we have used (3.14). The second step crucially depends on the relation (6.17).

The remaining task in testing the Weak Gravity Conjecture is to compare this relation
to the precise bound that takes the contribution of the scalar fields into account [3, 8]. The
requirement is that a set of particles must be super-extremal with respect to all non-BPS
extremal charged black holes in the same theory, that is

q° Q%H

2 = > g2 . .32
M2 _gYMMiDM (6.32)

As discussed in detail for six-dimensional theories [13], the relevant black holes in the weak
coupling limit (6.1) are extremal dilatonic Reissner-Nordstrom black holes [3], and the
same logic applies to the situation in d = 4.

It is in fact illuminating to perform the computation for an arbitrary number d of
spacetime dimensions. Consider therefore d-dimensional Einstein-Maxwell-dilaton theory
with action

d—2

s= [ M (yTGR—do ds) -

Rl,d-1

— e’ F N xF, (6.33)
29ym

where o € R determines the coupling of the massless dilaton ¢ to the gauge kinetic term.
The charge-to-mass ratio of an extremal dilatonic Reissner-Nordstrom black hole solution
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in this theory is [3, 134]

Q% g2 1 d—3 a?
]\]3[% YM _ =l + =) (6.34)
ADM Pl

The first, d-dependent term is the purely gravitational contribution, while the second term
is due to the scalar charge of the black hole with respect to the massless dilaton ¢.

In the present setup, the gauge coupling scales with the volume modulus vol(Cy) in
the F-theory duality frame. The situation is, however, most simply described directly in
the dual heterotic frame, which is the physically relevant duality frame in the asymptotic
weak coupling limit (6.1). In the heterotic frame, the inverse gauge coupling square is
proportional to the dilaton field, which in d = 4 dimensions takes the form

Sd=4 — ¢=2%y0](B3), (6.35)

where @ is the ten dimensional string frame dilaton. The weak coupling limit hence trans-
lates into the limit
Shet — 00, Mp1 finite . (6.36)

The relevant pieces of the dynamics follow by straightforward dimensional reduction
of the 10d heterotic string frame action

1
Si0a = / — (V=gR+4d® A *d®) — e 2*F AxF. (6.37)
R

2
Lo 2K1g 9vyM,10
The important information for us is the precise normalization of the kinetic term of the
dilaton ® and how it enters the exponential in the gauge kinetic term. After dimensional
reduction to d dimensions all terms pick up a factor of vol(Z5_g/), which for the present
purpose we can simply normalize to one. The relevant step consists in the usual Weyl

rescaling of the d-dimensional metric

4

gun — €22 gy, M,N=0,1,...,d—1, (6.38)

to remove the ®-dependence of the Einstein-Hilbert term. After this rescaling we obtain
the action

MI%I 4 1 _ 4 %
S — —V—9(R———FdPA*d® | — —5—e T2 F NxF. (6.39)
R1.d—1 2 d—2 QQYM

Comparison with the canonically normalised action (6.33) identifies

4 [ 4

In particular, the charge-to-mass ratio (6.34) of an extremal dilatonic charged black hole
is independent of the number of spacetime dimensions, and universally given by

2 9
Qeugym 1

5 = — .
Mipm ME2

(6.41)
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This is a result of the interplay between the purely gravitational and the dilaton-
dependent [3] contribution in (6.34). The latter can equivalently be interpreted in terms
of the Yukawa interactions between the charged particles in the weak coupling limit [8], as
further discussed also in [14].

To conclude, the tower of charged states satisfying the inequality (6.31) are in precise
agreement with the super-extremality condition, as required by the Weak Gravity Conjec-
ture. Furthermore, the tower of super-extremal states does in general not form a charge
sublattice. To the best of our understanding, such a sublattice of super-extremal states
is a sufficient condition for the Weak Gravity Conjecture to be stable under dimensional
reduction [3, 4] and also a necessity for AdSs gravity theories to have a dual CF Ty descrip-
tion [56]; it is moreover realized in a number of string theoretic models such as [4, 13, 56].
That the sublattice version of the conjecture might in principle be allowed to fail (as long
as a suitable tower of super-extremal states exists) has been pointed in [5], however, based
on consistency arguments for the effective field theory. Our four-dimensional N = 1 super-
symmetric setup provides explicit examples for this, at least at the level of the index for
the unique heterotic string becoming tensionless in the weak coupling limit.

6.4 Stiickelberg masses and the Weak Gravity Conjecture

We now interpret our results on the Weak Gravity Conjecture in four dimensions in light
of the phenomenon that in the presence of gauge fluxes, the U(1) gauge boson generically
acquires a Stiickelberg mass. As is well known, this is a consequence of the Green-Schwarz
anomaly cancelling term, which is given by [ B A F' in four dimensions and necessarily
appears [124, 135] whenever the elliptic genus is nonzero. More generally it arises from the
flux-induced gauging of the shift symmetry of a certain linear combination of axions. That
is, if we denote the specific linear combination of axions participating in the Stiickelberg

mechanism by a, the four-dimensional effective action contains a term!?
1 1
S = §F A *F + ifa(da — gyMA) A x(da — gymA) + ..., (6.42)
RL,3

from which one deduces
M, = g f?. (6.43)

At energy scales below Mg, the abelian gauge symmetry is broken to a global U(1) symme-
try, which by itself is in general further broken by instanton effects [112-114] to a discrete
symmetry. Interesting consequences of the Weak Gravity Conjecture for Stiickelberg mas-
sive U(1)s have been pointed out in [39].

For generic values of gyn and f, of order one, the mass of the U(1) gauge field sits
near the compactification scale Mgk of the theory. However, in the weak coupling limit
we consider, the Stilickelberg mass term tends to zero unless at the same time the decay
constant f, for the Stiickelberg axion diverges such as to compensate for the vanishing
of g%M. To determine the parametric behaviour of MS2t in the weak coupling limit, note

1476 read off the physical Stiickelberg mass, we have rescaled the gauge potential compared to the
action (6.39) such as to arrive at a canonically normalised gauge kinetic term.
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that in the Type IIB/F-theory frame, the Stiickelberg axion is a linear combination of the
axionic partners of the Kéhler moduli of the base Bs. At general points in Kéhler moduli
space, the mass is given by (up to numbers of order one which we neglect, see e.g. [136-138])

M3, = g3y GOPTI, 10, (6.44)
Here G*? is the inverse of the metric
3/2 3/2\?
Gog = ——K, ——— ) KK 6.45
8 i Kas + ( e > 3 (6.45)

on the Kéhler moduli space of Type IIB compactified on Bs [139, 140]. It is defined in
terms of the Kihler metric J = v%w, in some basis, ws, of H%!(Bs), with intersection
numbers Kng, = wq - wg - w, and

Kag = ]Cagq,v’y, (6.46)
Ko = KagyvPu7, (6.47)
K = Kuog,v®vPv? = 6vol(Bs). (6.48)
The quantity
My =we-S-FP, (6.49)

on the other hand, is purely topological. Here FP € H!(Bj3) defines the U(1) four-flux
G =771 (FP) o o(S), as before.

Even without entering a detailed analysis of the Kahler metric G, we can deduce
the following parametric behavior of MS?t in the weak coupling limit:

1
G modular: ]\482t ~ EMI%K
: 2 L 2 1
G quasi-modular: Mg, ~ tFMKK B gym "~ for t = oo .
G generic: ]\482t ~ MIQ{K

To see this, let us identify the basis w, with the generators of the Kéhler cone (or a
subset thereof if the Kéhler cone is non-simplicial). Assume first that the flux G is chosen
such as to give rise to a modular elliptic genus. According to the criterion (4.9) this means
that the only non-vanishing contribution to Il is from the overlap with the direction in
Kahler moduli space that is dual to the heterotic dilaton, Spet. The Stiickelberg axion
a, which is its axionic partner, is hence dual to the universal heterotic 2-form field, Bo,
dBsy = fg x da. The kinetic term of By in the four-dimensional Einstein frame follows by
dimensional reduction of the ten-dimensional kinetic term in the string frame:

1 VO](Bg)

—20
—_— e dBa A xdBo
4;1%0 R1L,9 4&%0

/ e 1®dBy A xdB; . (6.50)
RL3

—20

The extra scale factor of e appears in going from the four-dimensional string to Einstein

frame via the Weyl rescaling (6.38). In view of (6.39), we can furthermore identify the
dilaton with the Kéhler parameter that implements the weak coupling limit,

t~e ®, (6.51)

45 —



and conclude f2 ~ %4.15 This combines with 9\2(1\/[ ~ t% to the parametric behaviour of
MSQt ~ t%MI%K

For quasi-modular fluxes, the Stiickelberg axion is a linear combination of the universal
axion and the axions dual to the chiral 2-forms Bf associated with the heterotic NS5-branes.
The kinetic term of B§ in the four-dimensional Einstein frame follows from the pseudo-
action of the NS5-brane wrapped along a curve I' E, where the index H reminds us that this
curve is viewed as a curve on the base of the heterotic elliptically fibered three-fold Z3. Up
to numerical prefactors, and taking into account again the rescaling to four-dimensional
Einstein frame, this gives:

/R B3 A xdBj = vol (T /R » e 2P dBS A xdBS . (6.52)

Note that unlike for the universal axion, the six-dimensional kinetic term of B$ carries no
prefactor of e72®. The volume of the curve T}l generically scales like

1
vol(T') ~ . (6.53)

To see this, consider the corresponding curve in the dual F-theory geometry Bs, which
we denote by T for clarity. A D3-brane instanton on p*(I't) C B3 on the F-theory side
maps to a heterotic worldsheet instanton on FE. Both instanton suppression factors must
coincide. On the F-theory side, Sp3 ~ vol(p*(I'k)) ~ ¢ x & = 1, where the first factor of ¢
is the volume of the curve I'!' and the second factor comes from the fiber Cy. The scaling
of vol(T'Y) ~ ¢t in turn follows from the scaling of the Kihler cone generators in the weak
coupling limit. On the other hand, the worldsheet instanton action on the heterotic side
scales like vol(I'l!), leading to (6.53).' Combining (6.53) with (6.52) implies f2 ~ 1 for
the axions dual to B, which dominates over the contribution from the universal axion and
results in the following scaling: MSZt ~ t%MI%K

The remaining case corresponds to generic, i.e. non-modular fluxes, for which also the
Kahler moduli axions in the dual heterotic frame may mix into the Stiickelberg axion. It
is now easier to analyze the system in the Type IIB frame. The generic behaviour of Gg
can be deduced by inspection of (6.45) for the weak coupling limit under consideration.
The leading component of its inverse G’ turns out to scale as t2. For generic Il,, this
leading term in the axion decay constant together with g%M ~ 1/t? implies that MSQt ~
t% X 12 M2y ~ MZy, which is in marked contrast as compared to the (quasi-)modular fluxes.

This behaviour is indeed explicity confirmed by direct evaluation of (6.44) for the three
different types of fluxes, in particular for the specific model presented in section 5.

The suppression pattern of the Stiickelberg mass for quasi-modular versus generic
fluxes resonates perfectly with the results of section 4.2.2: whenever the Stiickelberg mass

5Note that the kinetic term of the 2-form dual to an axion with kinetic term (6.42) scales as
% Jg1.3 dB2 A %dBay.

16Note that there are no further factors of €% in the heterotic worldsheet instanton action even in the
four-dimensional heterotic string frame, since going from the four-dimensional string to Einstein frame
leaves the metric on Z3 unchanged.
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is parametrically vanishing in the weak coupling limit because the fluxes obey the (quasi-
)modularity constraints, all unsuppressed instanton effects respect the U(1) symmetry, as
expected for an intact gauge symmetry.

The parametric behaviour of Mg is particularly interesting in the context of the
Weak Gravity Conjecture. For the special case of (quasi-)modular fluxes, we see that the
Stiickelberg mass is parametrically suppressed with respect to the compactification scale
Mxkxk, at least in the weak coupling regime ¢ — oo where we are testing the Weak Gravity
Conjecture. In this sense, there exists a broad energy range Mg ~ t%MKK < F < Mgk
(with s = 3 or s = 3/2 for modular or quasi-modular fluxes) where the abelian symme-
try effectively acts as a gauge symmetry, and hence the Weak Gravity Conjecture must
clearly hold. This is the type of fluxes for which we are explicitly observing a tower of
super-extremal states with the expected properties, albeit not a charge sublattice.

On the other hand, for more generic non-modular fluxes, the U(1) symmetry behaves
like a global symmetry at all energies below Mkxk, even in the limit where gy — 0. One
might wonder if in such a situation the super-extremality bound is actually required to
be satisfied in the four-dimensional effective theory. Our take on this interesting question
is that the U(1) symmetry should be viewed as part of the gauge symmetry in the ultra-
violet, in particular at all energies above Mxkyk. In this regime, the theory becomes higher-
dimensional by definition, and the effective gauge symmetry may enhance from U(1) to
a bigger gauge group. Nonetheless the theory must obey the higher-dimensional super-
extremality condition with respect to this abelian subgroup of the full gauge symmetry.
As we have discussed in the previous section, the quantitative bound is the same across
all dimensions. In this sense, the observed super-extremality may be seen as the four-
dimensional shadow of the higher dimensional Weak Gravity Conjecture.

For non-modular fluxes there is no closed expression for the elliptic genus as a weak
Jacobi form, but in all examples we have studied the predictions of the Weak Gravity
Conjecture are satisfied for a tower of states. More precisely, this statement holds by
extrapolation of the low-excitation spectrum which we are explicitly computing via mirror
symmetry. It would be extremely interesting to understand if there is any deeper meaning
to the appearance of gaps in the tower of super-extremal states for (quasi-) modular fluxes,
in view of the special scaling behaviour of the Stiickelberg mass as compared to more

generic fluxes.

7 Conclusions and outlook

In this work we have launched a quantitative analysis of the Weak Gravity Conjecture in
string compactifications to four dimensions with only N = 1 supersymmetry. Despite major
differences compared to six-dimensional compactifications with eight supercharges [13, 14],
we have again been able to confirm, under certain assumptions, the predictions of the
Weak Gravity Conjecture combined with the Swampland Distance Conjecture: modulo
some caveats that were discussed in section 6.1, in the vicinity of a weak coupling point of
a gauge theory coupled to gravity (here for gauge group U(1)), a tower of charged states
becomes light. It contains, as a subset, a tower of states whose charge-to-mass ratio exceeds
that of certain charged dilatonic extremal black holes.
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We have reached this conclusion in the framework of F-theory compactified on Calabi-
Yau four-folds Y; with specific four-form fluxes activated. The tower of states forms a
subset of the excitations of a solitonic string that arises from a D3-brane wrapping a
distinguished, shrinking curve Cy on Y,. In favorable situations this string is identified
as a critical heterotic string, which is not necessarily perturbative, and its elliptic genus
provides valuable information about its charged spectrum.

At a technical level, what makes the non-perturbative computation of the elliptic genus
possible is the duality with M-theory/Type ITA theory on the same elliptic fibration. This
is similar to the situation in six dimensions [65-67]. The elliptic genus can be inferred
from the genus-zero free energy of the topological string on Yy, in the presence of the four-
flux. This free energy in turn is computable via standard methods of mirror symmetry on
four-folds [71, 72, 87-89].

The new feature that we had to take into account in this work is the flux background,
which lies in a particular component of the primary vertical subspace of H?2(Y;). The
fluxes contained in this subspace lift to chirality generating U(1) gauge fluxes in F-theory.
Their intersection form is in agreement with the fact that the induced genus-zero free
energy is, under suitable conditions, a quasi-modular Jacobi form of weight w = —1, in
contradistinction with different types of vertical fluxes which do not lift to gauge fluxes in
F-theory [87, 88].

More precisely, we have found that only a subset of the a priori possible gauge fluxes
leads to a quasi-modular or fully modular elliptic genus. The quasi-modular and the
modular fluxes are in turn distinguished by whether or not NS5-branes [63, 64] (in the dual
heterotic frame) contribute to anomaly cancellation. In this sense, we have provided a non-
perturbative generalisation of the classical, conformal field theoretical elliptic genus. The
behaviour for more general fluxes is a particularly exciting direction for future research:
the elliptic genus is still anti-symmetric in the U(1) field strength fugacity, albeit not a
standard Jacobi form, and it is tempting to investigate to what extent it obeys distinguished
arithmetic properties.

To be more specific, let us recapitulate the meaning of the charge spectrum as encoded
in the elliptic genus. In contrast to its reductions to three or two dimensions, this spectrum
is not BPS saturated. Rather it consists of level-matched pairs of the left-moving tower of
charged states, as encoded in the elliptic genus, with right-moving oscillator excitations of
the Ramond ground states. In the parity-odd sector of the partition function, these states
necessarily cancel out at massive levels due to world-sheet supersymmetry. Nevertheless,
individually these massive states must exist, at least at weak coupling where the description
in terms of conformal field theory is accurate. Note that these states are protected, at tree
level, against deformations by moduli, due to holomorphic factorization, modularity and
their pairing with oscillator excitations. This observation is sufficient for proving, at tree
level, the Weak Gravity Conjecture in the presence of U(1) flux, which posits that at
least some states with a charge-to-mass ratio larger than that of certain extremal black
holes exist.

Moreover, we have found that if the elliptic genus is modular or quasi-modular, it
contains gaps in the charge spectrum (see figure 1). This issue is more drastic for a
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non-chiral theory where the elliptic genus vanishes identically, and even in an otherwise
chiral four-dimensional F-theory compactification it necessarily vanishes if the U(1) four-
flux vanishes. The question is whether this jeopardizes some of the Quantum Gravity
Conjectures, in particular the Completeness Conjecture [18, 132] or the sublattice Weak
Gravity Conjecture [4].'7 All we can safely say is that these states are not visible in the
parity odd, RR sector of the theory, though they may well appear in the other sectors. Note
that those other sectors are not protected by holomorphic factorization and modularity,
and so may in general depend on moduli already at tree level. In particular the masses of
some of these states may become arbitrarily large in certain regions of the moduli space, so
that they effectively decouple from the theory. Thus, for quantities that are not encoded
in the elliptic genus, it is unclear to us how to draw conclusions about the Weak Gravity
Conjecture for N = 1 supersymmetric theories; it would be interesting to explore the
physical implications further, in particular also in light of refs. [5, 62].

A significant distinction between theories with (quasi-)modular fluxes and generic non-
modular fluxes concerns the Stiickelberg mass that the U(1) gauge field necessarily acquires
whenever the elliptic genus does not vanish. In the former case, the mass is parametri-
cally suppressed in the weak coupling regime, and we can consider the gauge field as being
massless as far as the WGC is concerned. On the other hand, for non-(quasi-)modular
fluxes, the Stiickelberg mass is generically not suppressed with respect to the compactifi-
cation scale, even in the weak coupling limit. A deeper understanding of this phenomenon,
possibly in conjunction with the presence or absence of the gaps in the spectrum observed
for (quasi-)modular fluxes, is clearly desirable.

As a cautionary remark, we are certainly aware that since we have only four super-
charges at our disposal, our analysis is necessarily less robust as compared to the previously
studied models with more supersymmetries. A priori, many of our statements are strictly
valid only in the limit of weak coupling. On the other hand, we expect the elliptic genus,
as geometrically determined via mirror symmetry from F-theory, to be robust beyond per-
turbation theory. This should hold at least as far as charged state counting is concerned,
even though these states are not BPS in four dimensions. An indication for this to be
true is that the quasi-modular elliptic genus we found confirms the expected predictions,
despite the fact that it does not correspond to a fully perturbative heterotic string. This
is not to say that numerical charge-to-mass ratios will not be renormalized as soon as we
leave the regime of weak coupling. Subleading corrections both to the stringy analysis
and to the black hole solution are expected to modify our classical results for the super-
extremality condition and its realisation on a tower of states, but an order-one deviation
seems implausible.

Another new feature is that the three-fold base Bs of the elliptic four-fold Y; enjoys a
considerably richer Kahler geometry, as compared to the base By of an elliptic three-fold
Y3 that is relevant for six-dimensional compactifications. For the latter, the behaviour
near the weak coupling region of the F-theory compactification can be determined in full

17 At a heuristic level we could say that the gaps occur only for specific choices of flux while they disappear
for generic fluxes, so computing the elliptic genus for a generic background samples the maximal set of
possible string excitations at given charge and mass level.

— 49 —



generality [13, 14]. In particular, the weak coupling limit is governed by a single Kéhler
modulus becoming infinite.

By contrast, for the elliptic four-folds under consideration with three-dimensional bases
Bs, we have identified two different classes of weak coupling limits. While in the first class
the appearance of a heterotic string of the type discussed above is ensured, the second
class of limit may only give rise to an asymptotically tensionless non-critical string from
a D3-brane wrapping a vanishing rational curve of positive normal bundle. It would be
extremely interesting to understand the charge spectrum of this type of strings, at a level
comparable to the analysis performed in this paper for the heterotic string.
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A Jacobi forms

For reference we briefly list a few properties and definitions of certain weak Jacobi forms.
More details can be found for instance in [97, 98]. Recall that by definition a Jacobi form
of weight w and index m is a holomorphic function from H x C to C, which transforms
under the modular group as follows:

at +b z me 2
b (50 5 = (e b T (1,2), (A1)
Owm (T, 2 + AT + ) = 6_2mm(22T+2)\2)%0w,m(7'7 z), \MpeEl.

For integer m, the ring of such Jacobi forms is generated by the elements of R shown in
eq. (2.13). Explicitly we have in terms of the standard theta and eta-functions:

_ v (Ta 2)2 Y (Ta 2)2 194(Ta 2)2
#0,(7:2) ‘4(192@,0)2 50t o>2) ’
(1,22
O 19(T,2) = 177(3(7)) (A.2)

91 (T, 2)?

These generators are not free but satisfy the following relation:

432@2—172 =p-21 (903,1 - 3E4<P2—2,1<P0,1 + 2E6<P?12,1) - (A.3)

B Details of the four-fold Y, discussed in section 5

We start by introducing the geometry of the three-fold base, Bj, of the elliptic four-fold,
Yy, in question. Let us first consider a P!-fibered three-fold Hy over P?,

H; = P(Op2 ® Opa(t)), teZ, (B.1)
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Ul)s. | 1 1 0 0 0
Ul)y | 0 t=1 1 1 1
Ulg | -1 0 -1 0 0

Table 2. GLSM charges of the toric coordinates of the internal manifold Bs, obtained by blowing
up the P!-fibered three-fold H;,—; along a hyperplane curve in its P? base.

where the parameter ¢ characterises how the P! fibration is twisted. The two-dimensional
cohomology, H''!(H;), is spanned by the pull-back H of the hyperplane class in P? and the
section S, of the rational fibration ‘at infinity,” with the intersection property

Soo - Soo = —1 S50 H. (B.2)

Note that H; can be thought of as a three-fold generalisation of the Hirzebruch surface
F,, where H is the analogue of the fibral class, and S, that of the section class. Alto-
gether (B.2) leads to the intersection polynomial

I(Hy) =283 —tS% H+ S, H?, (B.3)
and its first Chern class is given by
c1(Hy) =250+ (3+t)H . (B.4)

In order to fully explore the different types of fluxes discussed in section 4, we specialise
to a base Bz which is the blowup of H;—; along a hyperplane in the P?, i.e., along Su - H.
To be specific, the toric coordinates of B3 can be described as in table 2, in terms of the
charges of a gauged linear sigma model (GLSM). The first two and the next three columns
in the table represent the fiber and the base coordinates of the Hy, respectively, while the
last column is introduced as the blow-up divisor.

To characterise the emergent weakly-coupled heterotic string, it is necessary to analyse
the topological and geometrical properties of Bj itself. Given the toric description in
table 2, this proceeds via appropriate combinatorial computations, e.g., by making use of
PALP [141] and SAGE [142]. The result of such an analysis is as follows. Firstly, the
Mori cone M(Bs) is spanned by three generators (@) which we describe in terms of their
intersection numbers with the 6 base toric divisors d, := {v, = 0}, for p = xo, 1, Yo, y1,
Y2, and e, as follows:

(M =(-2,0, 01,1, 1),
6(2) = ( 17 07 17 07 07 _1)7 <B5)
(B =( 0,1,-1,0,0, 1).

Then, in turn, (the closure of) the Kéahler cone K(Bj3) is spanned by the three divi-

sor classes,

jl = dyl )
j2 — dml + dy1 - d€> (Bﬁ)
j3 - dCtlu
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where fg(@ Jb = 0y for a,b = 1,2,3. Note that d,, is the pullback of a curve class from By
to Bs. Other relevant topological properties are the triple intersection numbers, which we
list in terms of an intersection polynomial as follows:

I(Bs) = jija + jijs + 27173 + 2j1jas + j1js + 455 + 45353 + 27275 + 5 (B.7)

As discussed in section 6.1, a weakly-coupled, nearly tensionless heterotic string is
obtained by wrapping a D3-brane on a curve Cy C Bs that shrinks asymptotically to zero
volume. Recall that one of the various important properties (6.14) of Cj is that it takes

the form®®
Co=Jy-Jo, (B.S)

where Jy is one of the Kéhler cone generators with Jy - Jy # 0 and Jg’ = 0. From the
intersection polynomial (B.7), we immediately identify it as

Jo :jl(: dy1)’ (B'g)

which leads to weak coupling limits of Class A defined in section 6.1. Note that this is the
only choice for Jy and in particular that weak coupling limits of Class B are not available
for the present base three-fold Bj, given that the other two Kéahler cone generators have
non-trivial triple self-intersections.

Having defined the base Bjs of the elliptic fibration, we now turn to the geometry of
Yy itself. To realise a U(1) gauge symmetry, we will take the elliptic fiber over Bj to
be a general hypersurface of degree 4 in BljP%,,. Fibrations of this type have a rank-1
Mordell-Weil group of rational sections [143] and are obtained as a hypersurface of the
form

2,3

Pup = sw’+ b032u2w + by suvw + bov?w + cos3u4 + 18200 + cosu®v? + 03uv3 =0. (B.10)

Here, u, v, w and s are the four homogeneous coordinates of the fibral ambient space
BlﬂP%lQ, while the coefficients b; and ¢; are sections of line bundles on the base B3, whose
classes are described in terms of the anti-canonical class K and a class 8 € H?(Bs,Z)
as follows:

Coefficients in Pyp bo | b1 by co c1 Co c3 C4

Classes in H*(Bs3,Z) | B | K |2K -8 |28 | K+ B8 | 2K | 3K — B | 4K — 23

Given the three-fold base Bs discussed above, one can therefore specify a model via a choice
of B, which necessarily has to lie in the range

0<B<2K. (B.11)

8 Furthermore, one can also show that (B.8) is the only curve that can lead to a weakly-coupled tensionless
heterotic string. This can be seen, for example, by writing a most general curve class as a non-negative
linear combination C = Z?:1 ciém of the Mori cone generators and demanding that K-C=ci+cotes =2.
For C' to shrink in the weak coupling limit with respect to (B.9), one immediately learns that ¢; = 0. Then,
the only possible choices for the other coefficients are (c2,c3) = (2,0), (1,1), and (0,2). However, the first
and the third are shrinkable at a finite distance in the moduli space with J = j1 + €j2 + j3 and ji1 + j2 + €J3
(as € — 01), respectively, both of which leave vol(Bs) finite, and hence cannot lead to a heterotic string.
The second choice on the other hand can easily be seen to correspond to (B.9).
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Vgo Viy Vyo Uy, Vyy Ve | Uy Uy Vw Vs

Ul)s.-z| 1 1 0 0 0 0|0 x—2 x 0
Ulg-g | 0O 1 1 1 1 0[]0 y—4 y 0
U(l)g 0 2 0 1 1 1[0 z-=5 2z 0
U(1)y 0O 0 0 0 0 0]1 1 2 0
U(1)s 0 0 0 0 0 o01]o0 1 11

Table 3. GLSM charges of the toric coordinates of the four-fold Y, that is an elliptic fibration over
the base three-fold Bs, which by itself is described in table 2.

The inequalities mean that the difference of two classes is an effective class. Denoting by
L, and L, the line bundles for which

ue H(Yy, L,), sc H(Yy L), (B.12)

we see that due to (B.10) the other two fibral ambient coordinates must be a section of the
following line bundles

veE HNY1, Ly ® L@ OB~ K)), we H(Y1,L2® L 0(B)). (B.13)

The toric coordinates of Yy can thus be described as in table 3, where 8 has been parame-

terized as
B=xD1+yDy+zD3. (B.14)

This refers to a basis of H'!(B3,Z) defined as follows:
Dy =d,,, Ds=dy,, D3z=d.. (B.15)
The model analyzed in section 5 is then specified by the choice
x=2, y=2, z=4. (B.16)

Given the toric data in table 3, we can perform similar computations as we did for
the three-fold base B3 before. This yields 18 triangulations of the lattice polytope and one
of them turns out to be compatible with a flat elliptic fibration.!® The Mori cone M(Y})
associated with this phase is generated by the five curves

M =(-2,0, 0,1,1, 1, 0,-1,0, 0),
1®=( 1,0, 1,0,0, -1, 0,-1,0, 0),
I®=( 0,0, 0,0,0, 0, 1, 0,1, 1), (B.17)
I =( 01,-1,0,0, 1,—-1, 0,0, 0),
1) =( 0,0, 0,0,0, 0,—1, 1,0, 2).

19 A criterion for a flat elliptic fibration is that a 2 x 6 sub-block of zeros exists in the 5 x 10 Mori cone
matrix. This singles out the phase whose properties are listed below.
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Here, each of the generators is described in terms of its intersection numbers with the 10

toric divisors d, := {v, = 0}, for

p = xg, - ,S, where we keep the same ordering as in

table 3. The (closure of the) Kéahler cone K(Y4) is then spanned by the divisor classes,

where [, Jp = 0 for a,b=1,...

J1 = dy,,

Jo = dy, +dy, —de,

Ty = dy, (B.18)
Jy = dy,

J5:dw_da:1_dU7

,5. Note that three of the generators Ji, Jo, and Jy of

K(Yy) are respectively pull-backs of the generators ji, j2, and js in (B.6) of K(B3), where,

by slight abuse of notation, the base toric divisors and their pull-backs are denoted by the

same symbols. Finally, the intersection polynomial is given as

I(Yy) = 10J12 152 + 46092 J3% 4 26231 + 16752 J4% + 4112 J52 + 20152 J5% 4 134132 J5>
+8J42 052 + 52J5% + 5753 ) + 160531 + 11703305 4 34J53J5 + 237520, Jo
+10J52 01y 4+ 1253 J3 + 3J43 J5 + 91J53 J5 + 6.J52 01 J3 + 342 Ty J5 + 2875201 J5
+3J12 0203 + 642 JoJ3 4+ 5952 JoJ3 + 7203304 + 2605304 + 16.J32.01 J4
48521y + 32032 Jody 4 1652 o Jy + 312 T3y + 12052 J3Jy + 43J5% J3.J4
6.1 Jo 3Ty + 853 J5 + 19033 J5 + 2J,3J5 + 4Jo2 01 J5 + 41152 J1 J5
4202 1 5 + 2012 JoJs + 85032 JoJs + 4042 JoJs + TJ12 J3J5 + 34.05% J3.J5
+13J42J3J5 4+ 171 JaJ3Js + 212 JuJs + 8J22 JuJs + 56.J32 T4 J5 + 4J1 Jo s Js
+13J1J3J4 5 + 26J0J3.J4.J5 . (B.19)

From this the intersection ideal, or principal part of the Picard-Fuchs operators, can be

read off as (0, = 2,0,)

392 — 0105 — 0205 — 0405 + 9? =0,
30204 — 20105 — 20205 — 20465 + 263 =0,
30104 — 0105 — 0205 — 0405 + 952) =0,

03 — 0304 — 0305 =

0,

0165 + 0203 — 20105 — 20205 — 0505 + 265% =0,

20160, — 63 =0,

48030405 — 80102 — 80202 — 300302 — 650407 + 5305 =0,
96020305 — 320102 — 1760202 — 660302 + 0462 + 13163 = 0,
30305 — 46102 — 60207 + 403 =0, (B.20)

30705 — 46163 + 03

=0,

14460303 — 4160107 — 5600207 — 660502 + 0402 + 51505 = 0,
9603 — 160102 — 166202 — 40,02 + 1663 =0,

63 =0,
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Ul)s.| 1 1 0 0 0 0
Uy | 0 1 1 1 1 0
Ulg | 0 0 -1 -1 0

Table 4. GLSM charges of the toric coordinates of the base Bjs, obtained by blowing up the
P!-fibered three-fold H; along its fiber P!.

20462 — 02 =0,
46503 — 705 = 0,
260203 — 1762 =0,
136,03 — 4603 =0,
02 =0.

C Weak coupling limits of Class A for another example base Bj

In this appendix we will analyze weak coupling limits of vanishing gauge coupling of Class
A, as defined in section 6.1, for F-theory on a specific base three-fold, Bs. This will serve
as an illustrative example for the base three-folds whose Kéhler cone has a more general
structure than that of the main example in section 5. More specifically, for the weak
coupling limits of Class A explored here, both the Z;-type and the Zs-type (1,1)-forms,
as defined in (6.6) and (6.8), respectively, will be present amongst the cone generators.
In particular, we will verify that the asymptotic expression (6.17) indeed applies to this
example as well.

Like we did in appendix B, let us first consider a P'-fibered three-fold H;—; over P2,
with twist + = 1 in (B.1). Its H"! cohomology is spanned by H and S,, which have the
intersection property (B.2). The base space, Bs, of our interest is then constructed by
blowing H;—; up along the P! fiber, i.e., along H - H. Specifically, the toric coordinates of
Bs can be described as in table 4; the first two and the next three columns in the table
represent the fiber and the base coordinates of Hlj, respectively, while the last column is
introduced as the blow-up divisor.

Given this toric description, the relevant topological and geometrical properties of Bg
can be easily determined. The Mori cone has three generators, which we describe in terms
of their intersections with the 6 base toric divisors d, := {v, = 0}, for p = o, x1, Yo, 1,
Y2, and e, as follows:

(M =(-1,0,00,1, 1),
(@ =( 0,0,1,1,0, —1), (C.1)
(3 =( 1,1,0,0,0, 0).

The (closure of the) Kéhler cone has the three generators,

jl = dy27
J2 = dy, , (C.2)
j3 — dxla
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which are dual to the Mori cone generators, £(9. Finally, the intersection polynomial is
given by

I(Bs) = jijs + jijads + jijs + jajz + J3 - (C.3)
Note that two of the generators, j; and jo, have a vanishing triple self-intersection,

ji=0=75. (C4)

On the other hand, j; - j2 turns out to be a trivial element of Hy(Bs,Z) as ja - jo - j; = 0
for all ¢+ = 1,2,3. Therefore, the weak coupling limits of Class A are obtained via the
identification

Jo=7j1. (C.5)

Associated to this is the curve Cy = Jy - Jy whose shrinking leads to the tensionless het-
erotic string.

Furthermore, from the intersection polynomial (C.3) we immediately learn that jo and
j3 are generators of type Zs and of type Z;, respectively. Therefore, the weak coupling
limit (6.13) of the base geometry should take the form

J = t1j1 + tajo + 353
. a . .
=tj + t—2]3 + ¢jo (C.6)

where {1 = ¢ is the large parameter that determines the weak coupling limit, and {3 = ;5 is
a small parameter for which a is of order one, while to = ¢ is yet to be constrained further.
From the Mori cone data shown in table (C.1), the anti-canonical class can be deter-

mined as
K =j1 + j2 + 2j3, (C.7)

and for appropriate choices of 3 = xj1+yj2+2j3 we can specify a family of elliptic fibrations
for F-theory models. For these, the divisor of the height pairing takes the form

b=6K — 28 = (6 —2x)j1 + (6 — 2y)j2 + (12 — 22)j3. (C.8)

The U(1) fugacity index m is then computed as
1
m:§CO'b:6—Z, (Cg)

where z needs to satisfy z < 4 so that m > 2. This follows if we require an F-theory
background that is compatible with anomaly cancellation.

In terms of the Kéhler form (C.6) we then proceed to compute the volumes of Bs, b
and Cj in turn. First, the volume of the three-fold Bs,

a ac GQC (12 a3

1
(Bs)==-J> ==+ — 4 — 4 — + — C.10

vol(Bs) =5 2t T T T (C.10)
must remain finite in the weak coupling limit. Given that a is a finite parameter, ¢ must
thus be constrained so that « := § be finite in the limit. The volume is then further

simplified as

vol(B3) — (;—i—a)a, (C.11)
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with 0 < a < co. Next, the volumes of b and Cj are computed, respectively, as

where the ellipsis indicates subleading pieces that vanish in the limit. Therefore, in the
weak coupling limit, the product of the two volumes obey

vol(b) vol(Cy) = ma(l + 2a) = 2mvol(Bs) , (C.12)

again in precise agreement with (6.17).

It can also be shown easily that no other curve class on Bs contains a rational curve
with trivial normal bundle that shrinks in the limit (C.6). Therefore, the asymptotically
tensionless heterotic string associated with the Cjy is unique and leads to a well-defined
effective theory in the weakly-coupled heterotic duality frame.

D General properties of weak coupling limits

As discussed in section 6.1, for every weak coupling limit (6.1) the Kéahler form of the base
space B3 must take the general form

T=tlo+ Y ad,+ Y WJut+ Y cdy, (D.1)
vely HELo rels

where t is the large parameter that contributes an infinite amount to the volume of S.

In this appendix, we prove some general properties of the weak coupling limit that we
have announced in section 6.1. Our proof relies on the technical assumption that the Kahler
cone of Bg is closed, i.e., that the Kahler cone generators are not merely pseudo-effective,
but effective, as well as that they are irreducible.

As a preparation let us recall the following simple

Lemma 1. On a Kahler surface X, suppose two mnon-trivial cycle classes V,V' €
HYY(X) satisfy

V.V =0, (D.2)
V-V =0. (D.3)

Then
VI.V'<0 and V'-V'=0 iff V=aV'. (D.4)

Proof. Introduce an orthogonal basis {wg,w;} of H%!(X) for which only wp - wg = 1 and
wj - wj = —0;; are non-zero. Such a basis always exists because the intersection form has
signature (1,h?(X) —1). Expand V = vowo + viw; and V' = vjwo + viw;. Then by the
assumed properties of V and V,

vg = v;0; VoUh = V] (D.5)
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with vy # 0 because V is non-trivial. By the Cauchy-Schwarz inequality therefore

)2 ;) (Vi
V'V =yl — vivl = (UZ:Q’) — vl < W — v, =0 (D.6)
0 0

and equality holds if and only if v; = av] for some « and therefore, since v% = v;v;, also

V =aV'. O
We will furthermore make use of

Lemma 2. Any pair of distinct divisors D and D' that lie in the closure of the Kahler
cone of a Kahler surface ¥ must have a non-trivial intersection.

Proof. In the same orthogonal basis {wg,w;} of HY(X) we expand D = agwp + a;w; and
D' = aywo + ajw;. Since D and D’ are in the closure of the Kéhler cone of X,

OSD-D:a%—Za?, (D.7)
0< DD =(ap)’ =Y (a)?, (D.8)
0<D-D =apaj— Zaia;. (D.9)

7
By the Cauchy-Schwarz inequality we have
2
<Zaia§> < <Za3> (Za?) < (apap)?, (D.10)
where the last inequality uses (D.7) and (D.8). The inequality (D.9) can hence be saturated

only for D = 8D’ (and in addition D? = 0, D2 = 0). Therefore, two distinct Kihler cone
generators D, D’ must intersect. O

We now discuss the two different classes of the weak coupling limits in turn.

D.1 Class A: Jg-Jg #0

We now discuss in detail the weak coupling limit for the situation where Jy - Jy # 0.

Proposition 1. To take the weak coupling limit (6.1), the Kdhler form on Bs must be of
the form (D.1), which for Jy - Jy # 0 reduces further to

J=th+ Y CZ—;’JV +3 ey (D.11)
vely rcls

Proof. 1t has already been argued that the Kahler form must have an expansion as shown
in (D.1). Furthermore we now show that Zy is empty if Jy - Jo # 0, i.e. there are no Kéhler
generators with the property (6.7): Let Sy € Bs be the irreducible subvariety of B3 with
the class [So] = Jo. Its existence is guaranteed by our technical assumptions on the Kéhler
cone. Let

CLO = Ji|50 S HQ(S()) (D.12)
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be the two-cycle class obtained by restricting the Kéhler cone generator J; to Sg. Then,
Co,0 and C, 0 are non-trivial since Jo - Jo # 0 and Jy - J, # 0 for p € Zp. Furthermore
by (6.10) and (6.7) we have?

Coo-Copo =Jo-Jo-Jo=0, (D.13)
Cmo : CO’() =Jo-Jy- J# =0. (D.14)

Lemma 1 then implies that
Cuo-Cuo <0, (D.15)

where the equality can only hold if C), ¢ is proportional to C. On the other hand, because
of (6.3)
CIMO'CIMOZ Jo-Ju-Ju >0 (D.16)

the equality must hold and consequently
Cuo=mn,Cop. (D.17)
However, this indicates for all 4/ € Zy that
Jo-Jy-Jyw =Cpupo-Cupo=nun,Coo-Coo=0, (D.18)

which contradicts the assumption that there exists /' € Zy with a nontrivial triple intersec-
tion Jo - J, - Jyv, i.e. that there are no generators of type 7. Hence, in order for vol(B3) to
remain finite in the limit, the ansatz (6.5) for the asymptotic Kahler form reduces to (D.11),
where a;, = % for some finite a,. O

Proposition 2. In the weak coupling limit (D.11) with t — oo,

1 1
vol(S) = <2t2J0 -Jo+ §crchr - Js+tepJo - I+ (IV%J,, . Jr> S+, (D.19)
1 1 c 1 ¢c 1 c
VOI(B?)) = gcrcsctdrst + iaudOOV + au?rd[)m‘ + iau%durs + iauay’%dm/l/ + -

(D.QO)

where
Jo-Jr = n.Jdo - Jy fOT ny >0 (D.21)
Jr o Js = npsdy - Jog for mes >0 (D.22)

and

drst =0 Vr,s,t € I3. (D23)

Finiteness of B3 then requires that
c
Vr eIy ?T finite as t — oo, (D.24)
and moreover demanding vol(S) — oo for t — oo implies

Jo-Jo-S>0. (D.25)

20We use the same symbol for the intersection form on Sy and Bs and trust that this does not lead to

any confusion.

— 59 —



Proof. The expressions (D.19) and (D.20) follow by expanding vol(S) = 4J - J - S and
vol(B3) = %J -J - J, and keeping only those terms which do not obviously vanish in the
limit ¢ — oo.

e To show (D.21) observe first that Jy - J, is non-trivial for every r. This can be seen
by considering the very ample divisor S with class

[S]=m (Jo + Z J, + Z Jr> , (D.26)

for an appropriate m € Z. Indeed, the expression in the brackets is a Kéahler form
and hence ample, and therefore for m sufficiently large [S] is very ample. By Bertini’s
theorem (see e.g. [133]), S is irreducible and connected. Furthermore, the restrictions

Co = Jols, Cr=Jrls (D.27)

are non-trivial classes on S. This is because [S] is in the interior of the K&hler cone
of B3 and hence (D.27) represents non-vanishing volumes of the effective divisors Jy
and J, with respect to [S]. Furthermore, Lefschetz’s hyperplane theorem guarantees
that Cp and C, are distinct classes on [S]. They lie in the closure of the Kéhler cone
of § because Jy and J, are in the closure of the Kéahler cone of the ambient space
Bjs. By Lemma 2, Cy and C, must therefore intersect on S, i.e.

0#£Co-Cp=1[S]-Jo- Jr. (D.28)

It follows that .Jy - J, must be non-trivial on Bs.

To arrive at (D.21), we consider again the surface Sy = [Jp] and the cycles

Coo = Jols, (D.29)
CT,O = Jr’SO . (D30)

Since JoJy # 0 and Jy - J, # 0, both are non-trivial cycles. A similar application of
Lemma 1 as in the proof of Proposition 1 yields that C, o = n,Cpo with n, # 0 and
therefore n, > 0.

e Likewise we can show that J.s = n.sJy - Joy for n.s > 0. To see this, we first ob-

serve that
Jr o Js =mnlgJo - Js (D.31)

by applying Lemma 1 to the two-cycles Cps and C, s in Ss; = [Js], where Cp s is
non-trivial again thanks to (D.21). Therefore,

J,« : Js = n;sJ() . Js = n;snsjo . J() = TLTSJ() . Jo . (D.32)

This implies that
drst =Jp-Jg- Sy = nrsJO : JO - Jy=0 (D33)

by the defining property (6.8) of the generators J,.
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e Finally we prove (D.24). Counsider the third term in the expression (D.20) for vol(Bs).
In order that vol(B3) remain finite in the limit, this expression must be finite. Now,
we have for the intersection number

dOur = JO . Jr . Jy = Ny Jo . Jo . Jl, = Ny dOOy > 1, (D.34)

because, by definition of J,,, we know that Jy-Jy-J, # 0 for all v. Hence in the above

ayCr

t
be finite. Since a, is finite by itself and since for at least one v, the parameter a,, is of

expression for vol(Bs), there must exist a contribution not less than , which must

order 1 so that vol(Bs3) is not zero, we conclude that for all r also ¢, /t must be finite.

These results indeed imply (D.25): in the expression (D.19) the last term vanishes in
the limit ¢ — oo because % is finite. The other remaining terms are all proportional to

Jo - Jo - S. In order to obtain vol(S) — oo as t — oo, we therefore have Jy - Jy-S # 0. O
Proposition 3. The cycle Cy := Jy - Jy is a rational curve with a trivial normal bundle.

Proof. If Cy is an effective curve, it is clear that the normal bundle is trivial by adjunction
because Jy - Jy - Jp = 0. To establish that it is a rational curve, we make use of the fact
that Jg - Jo - S > 0, as shown above, as well as Mori’s Cone Theorem, which holds for any
smooth projective variety: there are countably many rational curves C; on Bs, satisfying
0 < K -C; < dim(B3) + 1 = 4, such that the closure of the Mori cone has the structure

NE(Bs) = NE(B3)g<o+ Y _Rx0Ci. (D.35)

Note first that J2 € NE(B3). This is the case because Jy is in the closure of the cone of
effective divisors, which implies that Jg must lie in the closure of the Mori cone.

If Cp belongs to the second part of the decomposition (D.35) then it is effective. In
this case we may apply the Adjunction formula to compute its Euler number,

2—2g=/ (K —2J0)J; =K -Cy >0, (D.36)
Bs

where the last inequality follows from the assumption that Cj lies in the second part
of (D.35). We thus have g = 0 with K - Cp = 2.

Suppose now that Cy belongs to the first part of the decomposition (D.35). If the
gauge symmetry supported on S is non-abelian, we have

12K =S+¥9, (D.37)

where S’ is the remainder of the residual piece of the discriminant, which also has to be
effective. Upon intersecting with Cj, we obtain

12K -Co=S-J3+8S-J3, (D.38)

where both terms S - J§ and S’ - J¢ are non-negative. Since we have shown above that
S- Jg > 0, we conclude
K-Cy>0, (D.39)
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contradicting that Cj belongs to the first part of (D.35). When S supports a U(1) gauge
group in the sense that it is the height-pairing divisor of a section, it has already been
conjectured in [13] that there exists an integer n > 0 such that S < n K. Morally speaking,
the height-pairing is a linear combination of 7-brane divisors (in Type IIB language),
whose total class is constrained by the 7-brane tadpole condition, and the O7-plane class is
proportional to K. The relation S < n K is indeed satisfied for all classes of U(1) models
in the literature that we know of. O

Proposition 4. In the weak coupling limit, we have
vol(S) vol(Cp) = 2m vol(Bs3) as t— 00, (D.40)

where 1
szCo-S>O. (D.41)

Proof. Let us expand the surface S as
S:=hoJo+ h,Jy, + by, (D.42)

where the parameters are not necessarily positive.
We can now express the volumes of C, S and B3, up to terms which vanish as ¢ — oo, as

VOl(Co) = fdool,,
1 1 -
vol(S) = <2t2J0 -Jo + §crchr - Js+tepJo - I+ CLV%JV . J,«> -S4+
1, 1
= it hydooy, + §hycrcsdrsu + thycrdory | +

1 1
— hudOOlI <2t2 + §Crcsnr3 + tnT'CT‘) —|— cee

1 1 c 1 cec Cr
VOl(B?)) = 6crcsctd7"st + EaudOOV + aV%dDm" + 2(11/ ;ZSdl/TS + 2auay’ A dryu’ +--
1 c 1 c¢ec
= iaudOOV + al/?rd()m" + iau%durs + -
1 nqc. 1ngscrcs
= al,doo,, (2 + t + 5 tQ + - 5 (D43)

Here we have made use of egs. (D.21), (D.22) and (D.23). Furthermore,
1 1
m = §S : Jo . J() = §hyd00y . (D.44)
Altogether, we conclude that for ¢ — oo:

1 Lep r rCr
vol(S)vol(Cp) = (Zh dOOll) <Za,,d00y) (2 n 5c ctSQn s o ntc > — Smvol(Bs)

(D.45)
0
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D.2 ClassB: Jy-Jp =0

If Jy - Jo = 0, the weak coupling limit takes a rather different form. Specifically we have
the following

Proposition 5. There are no generators of type I3 and in the weak coupling limit the
Kahler form looks
J=tJo+b,J,, w eIy, (D.46)

for suitably constrained parameters b;. In particular there exists some vy such that
b, = bug t1tav for a,, >0 (D.47)
with by, finite as t — oo and

Vi with  dop, #0: b, = bt~ %02 A, >0 (D.48)

for by, finite ast — oo.
Proof. To see that no generators of type Z3 can exist, we first note that these generators
would have to satisfy Jy - J, # 0: this follows as in the proof of Proposition 2 by restricting

Jo and J; to the very ample divisor [S] = m(Jo+ >, Ju+>_, Jp), with p € T and r € I3
(assuming the latter exist). On the other hand, by definition of Z3,

Jo-Jp-Jo=0, (D.49)
Jo-Jp-J,=0 Vpel, (D.50)
Jo-Jp-Jo=0 VseTI. (D.51)

Since in the present situation there are no generators of type Zi, the class Jy - J, now
vanishes: Jy - J, = 0. This contradiction can only be resolved by concluding that no
generators of 73 exist.

We now expand S = hoJy + h,J, for p € Iy and observe that

1

vol(8) = S hyubi b dywp + thyb,doy (D.52)
1 1

vol(Bs) = St b douw + bbby (D.53)

By assumption, in the weak coupling limit where ¢t — oo, vol(S) receives an infinite con-
tribution from the terms involving a factor of Jy - otherwise we relabel the Kéahler cone
generators accordingly. This means that there must exist some subset of 7y € Z, such that

Jo - Jf/o -S>0, (D.54)

and moreover a further subset {vp} C {Pp} exists that leads to an infinite contribution
to vol(S):
b, Jo- Juyy - S — o0 as t— 00. (D.55)
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This guarantees that for this subset, 1, the Kéhler parameters scale as in (D.47). At the
same time, vol(B3) contains the term

Aoy, by t = dopugb), by 190 . (D.56)
Thus, in order for vol(Bs) to remain finite, we must impose eq. (D.48).
O
Proposition 6. There exists a holomorphic curve Cy,, = Jo - Jy, with normal bundle
Ne,,/Bs = Oc,, ® Oc,, (du,) , dyy = dovery = 0, (D.57)

whose volume vanishes in the weak coupling limit.

Proof. 1f the cycle C, = Jy - Jy, is a holomorphic curve, its normal bundle must be of the
form (D.57) because Jy - Jo = 0. The proof that C,, is a holomorphic curve is analogous
to the proof of Proposition 3: this time we use Mori’s cone theorem together with the fact
that C,, - S > 0 as established in (D.54). By the same reasoning as in Proposition 3, we
conclude that C,, - K cannot vanish and hence by Mori’s cone theorem C,, is a holomorphic
curve. Note that the adjunction formula now gives

2-29=(K—Jy—Jy) Jo-Jyy =K -Co—dy,, (D.58)
so that altogether
K- -Cy=2+d, —2g, Ne,, /85 = Oc,, @ Oc, (du,) - (D.59)
Finally, the volume of C,, is computed as
vol(Co) = b, dovep = bt~ ™0 ®doyy,  — 0 as t— o0. (D.60)
O

It is interesting to note that d,, = 0 is required if the only way to take the limit is for
the exponent in b, = by, t*o to lie in the regime a,, > 3: in this case finiteness of vol(Bs)
requires that do,,.,, = 0. But we cannot draw this conclusion in full generality, and hence
we cannot exclude situations where the only shrinking curves are rational, while having a
non-trivial normal bundle.

E Example of a base B3z admitting both Class A and Class B weak
coupling limits

We will present in this appendix a complete analysis of the weak coupling limits for F-theory
models, where the base three-fold of the elliptic fibration has the form:

By = P! x P2, (E.1)

We are interested in this geometry because it supports weak coupling limits of both Class
A and Class B, as defined in section 6.1, in two different regimes of its Kahler moduli space.
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The Kihler cone of Bs is generated by the hyperplane classes jo of P! and j; of P2.
Since the weak coupling limit must involve at least one large parameter in the expansion
of the Kahler form in terms of these two generators, there arise two qualitatively different
scenarios by identifying the large-parameter direction, Jy, as jo and ji, respectively. We
will analyze these two cases in turn.

E.1 Class A: Jg = 7J1

The choice
Jo = J1-, (E.2)

with Jy - Jo # 0, realizes the scenario of Class A in the classification of section 6.1. Our
general discussion hence assures that the WGC is satisfied in the weak coupling limit thanks
to the excitation modes of the emergent tensionless heterotic string. In what follows we
illustrate the geometric underpinnings of this general result by verifying the relation (6.17)
explicitly. The importance of this relation for the WGC is explained in section 6.3.

To this end, observe that the remaining Kéahler cone generator, J' = jj, has the
following non-zero triple intersection number: Jy - Jy - J' = 1. According to (6.6), it is of
type Z;. The weak coupling limit must then take the form

a
J=tJy+ t—2J', (E.3)
where a is a finite order-one constant such that the base volume,
1
vol(Bs3) = 2% (E.4)
is fixed to be finite in the limit ¢ — co. The volume of a general gauge divisor
S = hoJo + hJ’ (E.5)
can be expressed as
1 1
vol(S) = §t2h + %ho — §t2h ast — o0o. (E.6)
Let us now consider the curve
Co=Jop-Jo#0, (E.7)
which represents the first factor of the product By = P! x P2. Its volume is
a
vol(Cp) = 2 (E.8)

and the normal bundle of the curve is
N =0O¢, ®Oc, , (E.9)
as J§ = 0. Therefore, the tensionless string obtained by wrapping a D3 brane on the

shrinking curve Cy must be the heterotic string. Moreover, the U(1) fugacity index of this

string is expressed as

1 h
m 2CO 97

and this confirms the advertised relation (6.17) between the volumes in the weak cou-

(E.10)

pling limit,
h
vol(S) vol(Cp) = % = 2mvol(Bs) . (E.11)
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E.2 Class B: Jg = jo

Alternatively, let
Jo=1Jo- (E.12)

With Jy - Jo = 0, this case corresponds to a limit of Class B as defined in section 6.1. As
discussed there, it is not guaranteed that a heterotic string emerges in this case, but we
have shown generally that a tensionless effective string must nevertheless appear, which
causes a breakdown of the effective theory description in the limit. To illustrate this, we
now explicitly identify the asymptotically shrinking holomorphic curve which gives rise to
such a tensionless non-critical string when wrapped by a D3 brane.

The remaining Kahler cone generator, J' = j1, satisfies Jy-J' - J = 1 and is thus
of type Zy according to (6.7). In the weak coupling limit the Kéhler generator must take
the form

b
J=tJo+ —=J, E.13
o+ 7 (E.13)

where b is a finite order-one constant such that the base volume,

1
vol(B3) = 552, (E.14)

is fixed to be finite in the limit. The volume of a gauge divisor

S = hoJo + hJ' (E.15)
is computed as
b2
vol(S) = V/tbh + 5t = Vitbh ast — 00. (E.16)
Let us now consider the curve
Co=Jo-J #0, (E.17)
which represents the hyperplane P! in the P? of the product Bz = P! x P2. Its volume is
given as
b
vol(Cp) = — (E.18)

\/% )
and hence, the curve shrinks in the limit ¢ — co. The normal bundle on the other hand is
not trivial but rather

N = OC’O @ OCo(l) ) (E'lg)

because of JZ - J' = 0 and Jy - J’2 = 1. Therefore, we expect that the resulting effective
string is non-critical. Interestingly, upon defining the fugacity index m as

1 h
=_C,.-S=2= E.2
m 2C'0 5 (E.20)

we observe an analogous relationship amongst the volumes in the weak coupling limit

vol(S)vol(Cy) = b*h = 4mvol(Bs). (E.21)
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Notably, this differs by a factor of 2 as compared to the relation (6.17), which has played
a crucial role in our quantitative proof of the WGC for limits of Class A.

No other curve class on Bz exists which would contain a rational curve with trivial
normal bundle, and which shrinks in the limit considered here. Unless the weak coupling
limit is obstructed dynamically, the WGC would imply that the non-critical string has
likewise massless excitations that satisfy the super-extremality bound. The numerical
discrepancy between (E.21) and (6.17) could e.g. be compensated by a modified mass-shell
condition for the light excitations. It would be very interesting to investigate this further.

F Example of an emergent critical string in a Class B weak coupling
limit

While the tensionless string that emerges in weak coupling limits of Class B as defined in
section 6.1 is not necessarily the heterotic string, this possibility is not excluded either.
In this appendix we provide an explicit example where such a heterotic string becomes
asymptotically tensionless in a Class B weak coupling limit. As we will see, in special
regions in the moduli space, we can even encounter several of such ‘heterotic string’ curves

shrinking at the same time — a phenomenon which deserves further investigation.
Let us consider the base three-fold By = IP’(I) X ]P’% X IP’%. The Kéahler cone of Bj is

generated by the hyperplane classes j; of the P! factors (i = 0, 1,2), which satisfy
Ji Ji=0,  Jo-ji-ja=1. (F.1)

Since every generator self-intersects trivially, this geometry only admits a weak coupling
of Class B. Without loss of generality we identify

JO = jOa (F2)
Jy=ju, n=12€1,. (F.3)

In the weak coupling limit the Kéhler form must then take the form

J=tlh+ Y b,Jy, (F.4)
w

where b; should be chosen such that the base volume
vol(Bsg) = b} (F.5)

remains finite in the limit ¢ — co. Denoting the gauge divisor S as

S=hoJo+ > hudy, (F.6)
w
we can express its volume as
vol(S) = bibyhg + t(bihe + byhy) — t(Viha + bhhy) ast — oo, (F.7)

where the first term is dropped in the limit as the volume (F.5) of Bs is finite.
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Let us now consider the two curves
c =Jo-J,#0), (F.8)

i.e. the curves IP’% and IP’% for u = 1 and 2, respectively. Their volumes take the form

by for p=1
ey = 2 F.9
vol(Go™) by for p=2 (-9)
and they both have trivial normal bundle,
NW = O © O » (F.10)

because Jy-J),-J, = 0. Therefore, two different types of heterotic strings arise by wrapping

a D3 brane on C’(()“ ). Their respective U(1) fugacity indices are given as

1 % forp=1
mt) = 505” s=9 (F.11)
?1 for p=2.

To make the limiting behavior of the various volumes clearer, let us define the two ratios
of the parameters

= — (F.12)

Ty =

2
7
bl

and compute the product of the volumes of S and Cé“ ) in the limit:

(b ho + byhy )bl = 2<1 + m)m(l)vol(Bg) for p=1
Th

vol(S)vol(C) = (F.13)

t(by hy + by )by = 2(1 + ”>m<2>vol(B3) for p=2.
T
Recall from section 6 that a proof of the WGC relation for the excitation modes of these
strings would require that the r.h.s. takes the form 2m(vol(B3). As we see, our geometric
findings so far differ from this by the respective prefactors

14+7r forpu=1
ol = 1 (F.14)
14— for p=2,
r
where r = :—Z is the ratio of 7, and r},.

The ratio 7, of the two parameters h, in the divisor class S is some fixed positive
number of order one, since h, are positive integers that are fixed in a given F-theory
background.?’ On the other hand, the two parameters b and b, are positive numbers
constrained only by the requirement that the product tb)b,(= vol(Bs)) is finite in the

21Both h, have to be strictly positive for S to be the divisor of a height pairing, which corresponds to
a gauge group G = U(1), whether or not there exist additional non-abelian gauge group factors. This is
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limit. In a generic weak coupling limit, b} and b do not scale with the same power of ¢,
and the ratio r, for a generic such limit therefore satisfies either r, — 0 or r, — oo. Hence

in such a generic limit either r or % vanishes for t — oo, and precisely one of the two types

of the curves CO(“ ) asymptotically satisfies the relationship

Vol(S)Vol(C’(()“)) = 2mMvol(Bs) . (F.16)

The heterotic string associated with this curve is the one whose tension vanishes para-
metrically faster and which is parametrically more weakly coupled. Furthermore, there
exists no other class of a shrinking rational curve on B3 with trivial normal bundle. Its
quantisation thus gives rise to a required tower of massless particles, supporting the WGC
at the quantitative level.

In the light of F-/heterotic duality we interpret the respective curve Cé“ ) which vanishes
at the parametrically faster rate as the fiber of a (trivial) P!-fibration over a base Ba. The
D3-brane along this fiber dualises to the critical fundamental string in a dual heterotic
description. The other vanishing curve then defines a P! on the base Bs. The D3-brane
along it dualises to an NS5-brane on the elliptic fibration over this curve on the heterotic
side. Since this surface is a K3, we indeed recover a string whose worldsheet theory coincides
with that of the heterotic string. However, the ratio of the tensions of the fundamental to
this effective string vanishes, which determines the first to be the string defining the duality
frame. In particular, the effective string is parametrically more strongly coupled than the
fundamental string, and we cannot trust its spectrum. This explains why there is no
doubling of e.g. massless modes in this regime in moduli space. The situation is analogous
to the co-existence of a fundamental Type I string and an effective SO(32) heterotic string
in 10d Type I, where the role of the effective heterotic string is played by the D1-brane.

Interestingly, the moduli space does allow for a non-generic “symmetric” weak coupling
limit where both b}, take the form,

L
i
for finite positive numbers b,,. In this situation, r is a finite positive number and hence, none

of the two curves C'(()” ) obey the desired relationship (F.16). The dual heterotic model is at a

b, = (F.17)

self-dual point, where the tension and coupling of both the ‘fundamental’ and the ‘effective’
heterotic string are parametrically comparable and hence no distinction between the two
makes sense. It is clear that due to the appearance of such tensionless strings the effective
theory description must break down, but a quantitative analysis of the WGC relation is
not possible with our present methods. This is why the mismatch between (F.13) and the
desired value does not yet indicate a violation of the WGC. It would be very interesting to
further study how such a non-generic regime in the moduli space has to be interpreted.

because the height pairing can be written as [144]
1
nl
where s denotes the section to the elliptic fibration that generates the Mordell-Weil lattice. Morevoer N is

S = 2K + 27, (div(Ns) - So)), (F.15)

a fixed positive integer determined by the geometry of the F-theory background (note that N = 1 in the
absence of additional non-abelian group factors). Given that the cone of effective divisors is spanned by Jo,
J1 and Jo and that 2K = 4Jy + 4J1 + 4.J2, we immediately learn that ho, hi and hso are all larger than or
equal to % and hence positive.
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