
JLAB-THY-18-2878
CERN-TH-2018-263

Form factors of two-hadron states from a covariant finite-volume formalism

Alessandro Baroni,1, ∗ Raúl A. Briceño,2, 3, † Maxwell T. Hansen,4, ‡ and Felipe G. Ortega-Gama2, 5, §
1Department of Physics and Astronomy University of South Carolina,

712 Main Street, Columbia, South Carolina 29208, USA
2Thomas Jefferson National Accelerator Facility,

12000 Jefferson Avenue, Newport News, Virginia 23606, USA
3Department of Physics, Old Dominion University, Norfolk, Virginia 23529, USA

4Theoretical Physics Department, CERN, 1211 Geneva 23, Switzerland
5Department of Physics, College of William and Mary, Williamsburg, Virginia 23187, USA

(Dated: December 31, 2018)

In this work we develop a Lorentz-covariant version of the previously derived formalism for relating
finite-volume matrix elements to 2 + J → 2 transition amplitudes. We also give various details
relevant for the implementation of this formalism in a realistic numerical lattice QCD calculation.
Particular focus is given to the role of single-particle form factors in disentangling finite-volume
effects from the triangle diagram that arise when J couples to one of the two hadrons. This also
leads to a new finite-volume function, denoted G, the numerical evaluation of which is described in
detail. As an example we discuss the determination of the ππ+J → ππ amplitude in the ρ channel,
for which the single-pion form factor, Fπ(Q2), as well as the scattering phase, δππ, are required to
remove all power-law finite-volume effects. The formalism presented here holds for local currents
with arbitrary Lorentz structure, and we give specific examples of insertions with up to two Lorentz
indices.
Keywords: finite volume, lattice QCD

I. INTRODUCTION

In recent years, interest in hadron spectroscopy has increased significantly, primarily due to various experimental
discoveries of unconventional excitations.1 This has led to an abundance of theoretical proposals as to the underlying
nature of the unexpected states. Possible explanations range from multi-hadron molecules to compact multi-quark
configurations, to kinematic singularities arising from specific Feynman-diagram topologies [1–5]. In many cases,
experimental data alone is not sufficient to distinguish between available explanations, and thus many questions
remain unresolved.

In some cases, theoretical calculations can provide access to experimentally-unavailable quantities that may shed
light onto the structure of the QCD spectrum. With this goal in mind, in this work we present a detailed framework
that will allow for the rigorous lattice-QCD calculation of transition amplitudes, mediated by electroweak or other
external currents, involving two hadrons each in the initial and final states. We abbreviate our process of interest by
2 + J → 2, where each bold-faced 2 counts the QCD-stable hadrons in the state and J represents a generic, local
external current.

The approach discussed here is based on prior formalism developed by two of us in Ref. [6].2 In Sec. II we present a
slightly modified version of this formalism in which all infinite-volume quantities are Lorentz covariant and the single-
particle matrix elements that enter, abbreviated 1 + J → 1, are expressed in terms of standard Lorentz-invariant
form factors. After extracting the 2 + J → 2 transition amplitudes, one can proceed to determine form factors as
well as distribution functions3 of bound states or resonances that couple to the asymptotic states. From the form
factors and distribution functions, in turn, one can obtain various structural parameters, e.g. the charge or even the
gluonic [12, 13] radius of a given state.

The primary reason why a non-trivial formalism is required to extract multi-hadron observables from lattice QCD
calculations is that the latter are performed in a finite spatial volume, usually a cube defined with periodic boundary
conditions on the quark and gluon fields. This complicates the determination of scattering and transition amplitudes,
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1 For recent reviews of the experimental and theoretical understanding of these states we point the reader to Refs. [1–5].
2 This, in turn, was inspired and guided by the work of Refs. [7–9].
3 Distribution functions are accessed in lattice calculations via spatially non-local operator insertions [10]. These may suffer from further
finite-volume effects associated with the size of the operators as discussed in Ref. [11]. This class of effects is not addressed by the
present formalism and must be treated separately
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FIG. 1. Road map of the formal approach outlined in this work. See also Fig. 2 of Ref. [6]. The four red arrows merging
together represent how the present approach combines various finite- and infinite-volume information to extract the 2+J → 2
amplitudes. Analytically continuing these to the resonance-pole location gives a robust, model-independent definition of the
resonance form factor.

because there is no simple relation between the finite-volume QCD eigenstates and the asymptotic multi-particle
states that arise in the infinite-volume limit of the theory. However, in certain cases, it is possible to derive relations
between finite- and infinite-volume observables. These have been implemented with great success to access a wide
variety of scattering quantities directly from numerical LQCD calculations. See Ref. [14] for a recent review.

The most well-established such relation is that derived by Lüscher in Refs. [15, 16] over three decades ago. In these
seminal papers he showed how elastic two-particle scattering amplitudes can be extracted from the finite-volume
energy spectrum below the lowest lying three- or four-particle threshold. Since then, the idea has been generalized
to all possible two-body systems, in particular to multiple two-particle channels built form any number of particle
species, including particles with any intrinsic spin [7, 17–32]. These formal ideas, together with significant algorithmic
developments, have resulted in a proliferation of scattering amplitudes determined directly from lattice QCD [33–46].
A key limitation to the methods currently being implemented is the restriction to two-particle states, but the formal
extension to three-particle systems has received significant attention recently and is progressing [47–52].

Similar developments have resulted in both perturbative [53] non-perturbative [6–8, 22, 23, 28, 54–60] relations
between finite-volume matrix elements and electroweak amplitudes. These have already been implemented in a
variety of LQCD calculations [56, 61–68]. In particular, Refs. [66–68] extracted the ργ? → π electromagnetic form
factor by determining the energy dependence of the corresponding amplitude, ππγ? → π.

In this work we turn our attention to the prospect of determining 2+J → 2 transition amplitudes from finite-volume
matrix elements. This was previously considered in Ref. [6]. In contrast to that work, here we restrict attention to
kinematics such that only one two-particle channel is open, and take the two particles in the channel to be scalars. In
addition, we only consider flavor-conserving external currents, so that the initial and final two-particle states contain
the same particles. Just as in Ref. [6], the two-particle states are composed of QCD-stable (pseudo-)scalars. Relaxing
these restrictions to provide a Lorentz-covariant formalism for any number of two-particle channels, including those
with intrinsic spin, is expected to be straightforward.

As in Ref. [6] in this work we derive a mapping between finite-volume matrix elements of two-particle states and
the infinite-volume 2 +J → 2 amplitude. The result is summarized by the flow-chart shown in Fig. 1. We find that,
given the following quantities:

• the two-particle finite-volume spectrum,

• the 1 + J → 1 form factors,

• the finite-volume two-particle matrix elements of J ,

one can systematically constrain the 2+J → 2 amplitude in the kinematic window in which only the accommodated
channel contributes. Our relation requires the generalized Lellouch-Lüscher factors [6, 54, 60], that enter multiplica-
tively in the conversion, as well as a new finite-volume function, denoted G, that appears in an additive correction,
together with the single-particle form factor as well as the two-to-two scattering amplitude.
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A simple limiting case of our result is the one in which the single-particle form factors vanish. In this limit the
finite-volume artifacts associated with the G function also vanish and one recovers a Lellouch-Lüscher-like relation
in which the correction factor appears twice, once each for the initial and final two-particle states. However, when
the single-particle form factors are nonzero, the term containing G is expected to give the dominant finite-volume
effects. In particular, the analysis of Ref. [53] showed that, in the case of weak interactions, the finite-volume effects
on the ground-state 2 + J → 2 matrix element are given by an expansion in powers of 1/L.4 In these expressions,
the diagrams that appear as our G give 1/L2 corrections while all other terms contribute with additional powers of
1/L.

The purpose of this work is to improve certain technical details of the formalism and to provide more concrete
information on the implementation procedure. We begin by providing a covariant version of the formalism in Sec. II,
where we also discuss three key examples involving ππ states. Then, in Sec. III, we explain in detail our approach
for evaluating G and outline why this is more challenging than the more-standard finite-volume functions relevant for
two-to-two scattering. In addition to the standard threshold singularities, in this section we discuss and illustrate the
presence of triangle singularities in the G function. In Sec. IV we conclude and provide an outlook for future studies.
Finally we include two appendices: Appendix A gives various details relevant for the derivation of the improved
formalism used here. Appendix B includes various technical aspects regarding the evaluation of the finite-volume
functions discussed in the main text.

II. COVARIANT REPRESENTATION OF THE FORMALISM

In this section we revisit the formalism derived in Ref. [6] and present a modified form in which all infinite-volume
quantities are Lorentz covariant. We focus here only on the final result, and in Appendix A we explain the (minimal)
modifications to the original derivation that lead to this new form.

This section is divided into three subsections: In Sec. II A we review the required notation and give the quantization
condition, as well as the generalized Lellouch-Lüscher matrix, for two-particle states in a finite volume. Then, in
Sec. II B, we provide a full description of our covariant 2 + J → 2 formalism. Finally, in Sec. II C, we consider
a handful of specific examples to show how our general expressions reduce for a particular system with specified
quantum numbers.

A. Kinematics and the quantization condition

We denote the 4-momentum of the incoming state in the finite-volume frame by Pµi ≡ (Ei,Pi) and that of the
outgoing state by Pµf ≡ (Ef ,Pf ). The center-of-momentum (c.m.) energies corresponding to these are then given by

E?i ≡
√
P 2
i =

√
E2
i −P2

i , and E?f ≡
√
P 2
f =

√
E2
f −P2

f . (1)

This also defines the metric used for the Minkowski-signature 4-vector dot products throughout. Following the
notation of Ref. [22] we use ? to indicate quantities defined in either the incoming or the outgoing c.m. frame. As
explained below, we often use an i or an f index in addition to the ?, in order to completely specify the frame.

In this work we accommodate all values of 3-momenta allowed by the periodic boundary conditions, i.e. Pi = 2πdi/L
and Pf = 2πdf/L where di and df are 3-vectors of integers. The energies and 3-momenta can differ between the
initial and final states due to the momentum carried by the external current, Pµf − P

µ
i [see Fig. 2(a)]. The physical

quantities discussed below depend on Lorentz scalars. For most systems we will primarily be sensitive to spacelike
values of the momentum transfer, motivating us to introduce

Q2 ≡ −(Pf − Pi)2 , (2)

which is positive for spacelike Pµf − P
µ
i .

As mentioned above, we restrict our attention here to values of E?i and E?f such that only a single two-particle
channel can propagate. Within the single channel considered, we accommodate both identical and non-identical scalars

4 In fact, the authors of Ref. [53] consider n + J → n matrix elements.
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and allow these to be non-degenerate in the latter case, with physical masses m1 and m2. We assume, however, that
the current, J , is flavor conserving so that the same two particles appear in the initial and final state.5

We now turn to the kinematic variables describing individual particles within the two-particle channel. For the
remainder of this subsection, take Pµ ≡ (E,P) to simultaneously represent the initial and final state 4-momenta.
Denoting the 3-momentum of particle 2 (with mass m2) by k, the corresponding on-shell 4-vector is kµ = (ωk2,k),
where

ωk2 ≡
√
k2 +m2

2 , (3)

with k = |k|.
Next note that, in order to satisfy the specified total 4-momentum (Pµ), particle 1 must carry Pµ − kµ ≡ (E −

ωk2,P − k). Thus, for general k, one cannot simultaneously require that the particle momenta sum to Pµ and that
particle 1 is on shell. The latter holds only when the temporal component, E − ωk2, is equal to

ωPk1 ≡
√

(P− k)2 +m2
1 . (4)

To better understand when the on-shell condition (E − ωk2 = ωPk1) is satisfied, it is useful to introduce [Λβββ ]µ
ν
≡

Λµν(βββ) as a boost matrix with boost velocity βββ ≡ P/E. We then define

k?µ ≡ (ω?k2,k
?) ≡ [Λβββ ]µ

ν
kν , (5)

and observe

ω?k2 =
√
k?2 +m2

2 , (6)

where k? ≡ |k?|.6 By contrast, the 4-momentum of particle 1 boosts to

P ?µ − k?µ = (E? − ω?k2,−k?) ≡ [Λβββ ]µ
ν
(P ν − kν) , (7)

where we have used [Λβββ ]µ
ν
P ν = (E?,0). We deduce that the c.m. frame on-shell condition is E? = ω?k1 + ω?k2 where

ω?k1 ≡
√
k?2 +m2

1 . (8)

The advantage of working in this frame is that the on-shell condition reduces to a constraint on the value of k?. In
particular the particle pair is on shell if and only if k? = q? with the latter defined by

E? ≡
√
q?2 +m2

1 +
√
q?2 +m2

2 . (9)

Finally, the initial or final state-indices must be applied to all of these quantities once the total 4-momentum is
associated with a particular state. In particular if we take Pµ → Pµi , then the corresponding quantities above
become ωPik2, [Λβββi ]

µ
ν
, k?µi , k?i , k?i , ω?k1i, ω

?
k2i, E

?
i , q?i . The only quantities that do not inherit a frame index are the

finite-volume frame momentum, k, and the corresponding energy, ωk2.

With this notation in hand we now give the quantization condition for two scalar particles in a finite volume. This
is written as a determinant condition involving the on-shell two-particle scattering amplitude,M(P 2), represented as
a diagonal matrix in angular-momentum space. For any fixed values of P and L, the finite-volume energy spectrum
is given by solutions to [22, 28, 32]

det[M(P 2)−1 + F (P,L)] = 0 . (10)

This holds in the region 0 < E? < E?th, where E
?
th is the energy of the lowest-lying multi-particle threshold that we

ignore, which could be a two-, three-, or four-particle threshold. The relation holds up to neglected corrections of the
form e−mL, where m is the physical mass of the lightest degree of freedom in the theory.

5 Given the results presented below, implementing the covariant modification to the multi-channel expressions of Ref. [6] with flavor-
changing currents should be straightforward, albeit tedious and likely leading to index-heavy notation.

6 It is worth emphasizing that the definitions of k? and k? depend on (E,P), k and m2 but not on m1. This asymmetry in the definition
is removed when both particles are on shell.
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<latexit sha1_base64="SZk5LnPonUPohVbP2eUGsVQzThc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFe0HtKFsNpt26WYTdidCKf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNUCoOu++0U1tY3NreK26Wd3b39g/LhUcskmWa8yRKZ6E5ADZdC8SYKlLyTak7jQPJ2MLqd1dtPXBuRqEccp9yP6UCJSDCK1nqohuf9csWtuXORVfByqECuRr/81QsTlsVcIZPUmK7npuhPqEbBJJ+WepnhKWUjOuBdi4rG3PiT+apTcmadkESJtk8hmbu/JyY0NmYcB7Yzpjg0y7WZ+V+tm2F07U+ESjPkii0+ijJJMCGzu0koNGcoxxYo08LuStiQasrQplOyIXjLJ69C66LmWb6/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwDO8wpsjnRfn3flYtBacfOYY/sj5/AGNPI1N</latexit><latexit sha1_base64="SZk5LnPonUPohVbP2eUGsVQzThc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFe0HtKFsNpt26WYTdidCKf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNUCoOu++0U1tY3NreK26Wd3b39g/LhUcskmWa8yRKZ6E5ADZdC8SYKlLyTak7jQPJ2MLqd1dtPXBuRqEccp9yP6UCJSDCK1nqohuf9csWtuXORVfByqECuRr/81QsTlsVcIZPUmK7npuhPqEbBJJ+WepnhKWUjOuBdi4rG3PiT+apTcmadkESJtk8hmbu/JyY0NmYcB7Yzpjg0y7WZ+V+tm2F07U+ESjPkii0+ijJJMCGzu0koNGcoxxYo08LuStiQasrQplOyIXjLJ69C66LmWb6/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwDO8wpsjnRfn3flYtBacfOYY/sj5/AGNPI1N</latexit><latexit sha1_base64="SZk5LnPonUPohVbP2eUGsVQzThc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFe0HtKFsNpt26WYTdidCKf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNUCoOu++0U1tY3NreK26Wd3b39g/LhUcskmWa8yRKZ6E5ADZdC8SYKlLyTak7jQPJ2MLqd1dtPXBuRqEccp9yP6UCJSDCK1nqohuf9csWtuXORVfByqECuRr/81QsTlsVcIZPUmK7npuhPqEbBJJ+WepnhKWUjOuBdi4rG3PiT+apTcmadkESJtk8hmbu/JyY0NmYcB7Yzpjg0y7WZ+V+tm2F07U+ESjPkii0+ijJJMCGzu0koNGcoxxYo08LuStiQasrQplOyIXjLJ69C66LmWb6/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwDO8wpsjnRfn3flYtBacfOYY/sj5/AGNPI1N</latexit><latexit sha1_base64="SZk5LnPonUPohVbP2eUGsVQzThc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFe0HtKFsNpt26WYTdidCKf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNUCoOu++0U1tY3NreK26Wd3b39g/LhUcskmWa8yRKZ6E5ADZdC8SYKlLyTak7jQPJ2MLqd1dtPXBuRqEccp9yP6UCJSDCK1nqohuf9csWtuXORVfByqECuRr/81QsTlsVcIZPUmK7npuhPqEbBJJ+WepnhKWUjOuBdi4rG3PiT+apTcmadkESJtk8hmbu/JyY0NmYcB7Yzpjg0y7WZ+V+tm2F07U+ESjPkii0+ijJJMCGzu0koNGcoxxYo08LuStiQasrQplOyIXjLJ69C66LmWb6/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwDO8wpsjnRfn3flYtBacfOYY/sj5/AGNPI1N</latexit>

Pf � k0, 1
<latexit sha1_base64="bbKapyHJbTA8G7tcEzkpDH2CH/U=">AAAB73icbZBNS8NAEIYnftb6VfXoZbGIHrQkIuix6MVjBfsBbSib7aZdutnE3YlQQv+EFw+KePXvePPfuG1z0NYXFh7emWFn3iCRwqDrfjtLyyura+uFjeLm1vbObmlvv2HiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGN5O6s0nro2I1QOOEu5HtK9EKBhFa7Vq3fB8eHLmdUtlt+JORRbBy6EMuWrd0lenF7M04gqZpMa0PTdBP6MaBZN8XOykhieUDWmfty0qGnHjZ9N9x+TYOj0Sxto+hWTq/p7IaGTMKApsZ0RxYOZrE/O/WjvF8NrPhEpS5IrNPgpTSTAmk+NJT2jOUI4sUKaF3ZWwAdWUoY2oaEPw5k9ehMZFxbN8f1mu3uRxFOAQjuAUPLiCKtxBDerAQMIzvMKb8+i8OO/Ox6x1yclnDuCPnM8fjhiO+w==</latexit><latexit sha1_base64="bbKapyHJbTA8G7tcEzkpDH2CH/U=">AAAB73icbZBNS8NAEIYnftb6VfXoZbGIHrQkIuix6MVjBfsBbSib7aZdutnE3YlQQv+EFw+KePXvePPfuG1z0NYXFh7emWFn3iCRwqDrfjtLyyura+uFjeLm1vbObmlvv2HiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGN5O6s0nro2I1QOOEu5HtK9EKBhFa7Vq3fB8eHLmdUtlt+JORRbBy6EMuWrd0lenF7M04gqZpMa0PTdBP6MaBZN8XOykhieUDWmfty0qGnHjZ9N9x+TYOj0Sxto+hWTq/p7IaGTMKApsZ0RxYOZrE/O/WjvF8NrPhEpS5IrNPgpTSTAmk+NJT2jOUI4sUKaF3ZWwAdWUoY2oaEPw5k9ehMZFxbN8f1mu3uRxFOAQjuAUPLiCKtxBDerAQMIzvMKb8+i8OO/Ox6x1yclnDuCPnM8fjhiO+w==</latexit><latexit sha1_base64="bbKapyHJbTA8G7tcEzkpDH2CH/U=">AAAB73icbZBNS8NAEIYnftb6VfXoZbGIHrQkIuix6MVjBfsBbSib7aZdutnE3YlQQv+EFw+KePXvePPfuG1z0NYXFh7emWFn3iCRwqDrfjtLyyura+uFjeLm1vbObmlvv2HiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGN5O6s0nro2I1QOOEu5HtK9EKBhFa7Vq3fB8eHLmdUtlt+JORRbBy6EMuWrd0lenF7M04gqZpMa0PTdBP6MaBZN8XOykhieUDWmfty0qGnHjZ9N9x+TYOj0Sxto+hWTq/p7IaGTMKApsZ0RxYOZrE/O/WjvF8NrPhEpS5IrNPgpTSTAmk+NJT2jOUI4sUKaF3ZWwAdWUoY2oaEPw5k9ehMZFxbN8f1mu3uRxFOAQjuAUPLiCKtxBDerAQMIzvMKb8+i8OO/Ox6x1yclnDuCPnM8fjhiO+w==</latexit><latexit sha1_base64="bbKapyHJbTA8G7tcEzkpDH2CH/U=">AAAB73icbZBNS8NAEIYnftb6VfXoZbGIHrQkIuix6MVjBfsBbSib7aZdutnE3YlQQv+EFw+KePXvePPfuG1z0NYXFh7emWFn3iCRwqDrfjtLyyura+uFjeLm1vbObmlvv2HiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGN5O6s0nro2I1QOOEu5HtK9EKBhFa7Vq3fB8eHLmdUtlt+JORRbBy6EMuWrd0lenF7M04gqZpMa0PTdBP6MaBZN8XOykhieUDWmfty0qGnHjZ9N9x+TYOj0Sxto+hWTq/p7IaGTMKApsZ0RxYOZrE/O/WjvF8NrPhEpS5IrNPgpTSTAmk+NJT2jOUI4sUKaF3ZWwAdWUoY2oaEPw5k9ehMZFxbN8f1mu3uRxFOAQjuAUPLiCKtxBDerAQMIzvMKb8+i8OO/Ox6x1yclnDuCPnM8fjhiO+w==</latexit>

Pi � k, 1
<latexit sha1_base64="AmzLQuH8idzpz8DUH8bp48f9vPI=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8KAlEUGPRS8eK1hbaEPZbCftks0m7G6EEvojvHhQxKu/x5v/xm2bg7a+sPDwzgw78wap4Nq47rdTWlldW98ob1a2tnd296r7B486yRTDFktEojoB1Si4xJbhRmAnVUjjQGA7iG6n9fYTKs0T+WDGKfoxHUoeckaNtdrNPj+Pzrx+tebW3ZnIMngF1KBQs1/96g0SlsUoDRNU667npsbPqTKcCZxUepnGlLKIDrFrUdIYtZ/P1p2QE+sMSJgo+6QhM/f3RE5jrcdxYDtjakZ6sTY1/6t1MxNe+zmXaWZQsvlHYSaIScj0djLgCpkRYwuUKW53JWxEFWXGJlSxIXiLJy/D40Xds3x/WWvcFHGU4QiO4RQ8uIIG3EETWsAggmd4hTcndV6cd+dj3lpyiplD+CPn8wcwqY7N</latexit><latexit sha1_base64="AmzLQuH8idzpz8DUH8bp48f9vPI=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8KAlEUGPRS8eK1hbaEPZbCftks0m7G6EEvojvHhQxKu/x5v/xm2bg7a+sPDwzgw78wap4Nq47rdTWlldW98ob1a2tnd296r7B486yRTDFktEojoB1Si4xJbhRmAnVUjjQGA7iG6n9fYTKs0T+WDGKfoxHUoeckaNtdrNPj+Pzrx+tebW3ZnIMngF1KBQs1/96g0SlsUoDRNU667npsbPqTKcCZxUepnGlLKIDrFrUdIYtZ/P1p2QE+sMSJgo+6QhM/f3RE5jrcdxYDtjakZ6sTY1/6t1MxNe+zmXaWZQsvlHYSaIScj0djLgCpkRYwuUKW53JWxEFWXGJlSxIXiLJy/D40Xds3x/WWvcFHGU4QiO4RQ8uIIG3EETWsAggmd4hTcndV6cd+dj3lpyiplD+CPn8wcwqY7N</latexit><latexit sha1_base64="AmzLQuH8idzpz8DUH8bp48f9vPI=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8KAlEUGPRS8eK1hbaEPZbCftks0m7G6EEvojvHhQxKu/x5v/xm2bg7a+sPDwzgw78wap4Nq47rdTWlldW98ob1a2tnd296r7B486yRTDFktEojoB1Si4xJbhRmAnVUjjQGA7iG6n9fYTKs0T+WDGKfoxHUoeckaNtdrNPj+Pzrx+tebW3ZnIMngF1KBQs1/96g0SlsUoDRNU667npsbPqTKcCZxUepnGlLKIDrFrUdIYtZ/P1p2QE+sMSJgo+6QhM/f3RE5jrcdxYDtjakZ6sTY1/6t1MxNe+zmXaWZQsvlHYSaIScj0djLgCpkRYwuUKW53JWxEFWXGJlSxIXiLJy/D40Xds3x/WWvcFHGU4QiO4RQ8uIIG3EETWsAggmd4hTcndV6cd+dj3lpyiplD+CPn8wcwqY7N</latexit><latexit sha1_base64="AmzLQuH8idzpz8DUH8bp48f9vPI=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8KAlEUGPRS8eK1hbaEPZbCftks0m7G6EEvojvHhQxKu/x5v/xm2bg7a+sPDwzgw78wap4Nq47rdTWlldW98ob1a2tnd296r7B486yRTDFktEojoB1Si4xJbhRmAnVUjjQGA7iG6n9fYTKs0T+WDGKfoxHUoeckaNtdrNPj+Pzrx+tebW3ZnIMngF1KBQs1/96g0SlsUoDRNU667npsbPqTKcCZxUepnGlLKIDrFrUdIYtZ/P1p2QE+sMSJgo+6QhM/f3RE5jrcdxYDtjakZ6sTY1/6t1MxNe+zmXaWZQsvlHYSaIScj0djLgCpkRYwuUKW53JWxEFWXGJlSxIXiLJy/D40Xds3x/WWvcFHGU4QiO4RQ8uIIG3EETWsAggmd4hTcndV6cd+dj3lpyiplD+CPn8wcwqY7N</latexit>

k0, 2
<latexit sha1_base64="7eBSiKX6QDSBpZF/VRQwHMp4JIw=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSL6ELKTBF0WXTjsoLTFtqhZNJMG5pkhiQjlKGv4MaFIm59IXe+jZl2Ftp6IPBx7r3k3hMmnGnjut9OaW19Y3OrvF3Z2d3bP6geHrV1nCpCfRLzWHVDrClnkvqGGU67iaJYhJx2wsldXu88UaVZLB/NNKGBwCPJIkawya3J+WVjUK25dXcutApeATUo1BpUv/rDmKSCSkM41rrnuYkJMqwMI5zOKv1U0wSTCR7RnkWJBdVBNt91hs6sM0RRrOyTBs3d3xMZFlpPRWg7BTZjvVzLzf9qvdREN0HGZJIaKsnioyjlyMQoPxwNmaLE8KkFTBSzuyIyxgoTY+Op2BC85ZNXod2oe5YfrmrN2yKOMpzAKVyAB9fQhHtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9yPn8ADKaNkg==</latexit><latexit sha1_base64="7eBSiKX6QDSBpZF/VRQwHMp4JIw=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSL6ELKTBF0WXTjsoLTFtqhZNJMG5pkhiQjlKGv4MaFIm59IXe+jZl2Ftp6IPBx7r3k3hMmnGnjut9OaW19Y3OrvF3Z2d3bP6geHrV1nCpCfRLzWHVDrClnkvqGGU67iaJYhJx2wsldXu88UaVZLB/NNKGBwCPJIkawya3J+WVjUK25dXcutApeATUo1BpUv/rDmKSCSkM41rrnuYkJMqwMI5zOKv1U0wSTCR7RnkWJBdVBNt91hs6sM0RRrOyTBs3d3xMZFlpPRWg7BTZjvVzLzf9qvdREN0HGZJIaKsnioyjlyMQoPxwNmaLE8KkFTBSzuyIyxgoTY+Op2BC85ZNXod2oe5YfrmrN2yKOMpzAKVyAB9fQhHtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9yPn8ADKaNkg==</latexit><latexit sha1_base64="7eBSiKX6QDSBpZF/VRQwHMp4JIw=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSL6ELKTBF0WXTjsoLTFtqhZNJMG5pkhiQjlKGv4MaFIm59IXe+jZl2Ftp6IPBx7r3k3hMmnGnjut9OaW19Y3OrvF3Z2d3bP6geHrV1nCpCfRLzWHVDrClnkvqGGU67iaJYhJx2wsldXu88UaVZLB/NNKGBwCPJIkawya3J+WVjUK25dXcutApeATUo1BpUv/rDmKSCSkM41rrnuYkJMqwMI5zOKv1U0wSTCR7RnkWJBdVBNt91hs6sM0RRrOyTBs3d3xMZFlpPRWg7BTZjvVzLzf9qvdREN0HGZJIaKsnioyjlyMQoPxwNmaLE8KkFTBSzuyIyxgoTY+Op2BC85ZNXod2oe5YfrmrN2yKOMpzAKVyAB9fQhHtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9yPn8ADKaNkg==</latexit><latexit sha1_base64="7eBSiKX6QDSBpZF/VRQwHMp4JIw=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSL6ELKTBF0WXTjsoLTFtqhZNJMG5pkhiQjlKGv4MaFIm59IXe+jZl2Ftp6IPBx7r3k3hMmnGnjut9OaW19Y3OrvF3Z2d3bP6geHrV1nCpCfRLzWHVDrClnkvqGGU67iaJYhJx2wsldXu88UaVZLB/NNKGBwCPJIkawya3J+WVjUK25dXcutApeATUo1BpUv/rDmKSCSkM41rrnuYkJMqwMI5zOKv1U0wSTCR7RnkWJBdVBNt91hs6sM0RRrOyTBs3d3xMZFlpPRWg7BTZjvVzLzf9qvdREN0HGZJIaKsnioyjlyMQoPxwNmaLE8KkFTBSzuyIyxgoTY+Op2BC85ZNXod2oe5YfrmrN2yKOMpzAKVyAB9fQhHtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9yPn8ADKaNkg==</latexit>

Wdf;µ1···µn
<latexit sha1_base64="1ClvM+0xmPd5kSVxyfLfycDn8B8=">AAACEnicbVDNS8MwHE39nPOr6tFLcAh6Ga0ICl6GXjxOcB+wlpKm6RaWpCVJhVH6N3jxX/HiQRGvnrz535huPejmg8DLe78fyXthyqjSjvNtLS2vrK6t1zbqm1vbO7v23n5XJZnEpIMTlsh+iBRhVJCOppqRfioJ4iEjvXB8U/q9ByIVTcS9nqTE52goaEwx0kYK7FOPIz3CiOW9IshzT3IYxcWVx7PAhR6OEq1geRFFYDecpjMFXCRuRRqgQjuwv7wowRknQmOGlBq4Tqr9HElNMSNF3csUSREeoyEZGCoQJ8rPp5EKeGyUCMaJNEdoOFV/b+SIKzXhoZksA6h5rxT/8waZji/9nIo000Tg2UNxxqBOYNkPjKgkWLOJIQhLav4K8QhJhLVpsW5KcOcjL5LuWdM1/O680bqu6qiBQ3AEToALLkAL3II26AAMHsEzeAVv1pP1Yr1bH7PRJavaOQB/YH3+AJ8zngs=</latexit><latexit sha1_base64="1ClvM+0xmPd5kSVxyfLfycDn8B8=">AAACEnicbVDNS8MwHE39nPOr6tFLcAh6Ga0ICl6GXjxOcB+wlpKm6RaWpCVJhVH6N3jxX/HiQRGvnrz535huPejmg8DLe78fyXthyqjSjvNtLS2vrK6t1zbqm1vbO7v23n5XJZnEpIMTlsh+iBRhVJCOppqRfioJ4iEjvXB8U/q9ByIVTcS9nqTE52goaEwx0kYK7FOPIz3CiOW9IshzT3IYxcWVx7PAhR6OEq1geRFFYDecpjMFXCRuRRqgQjuwv7wowRknQmOGlBq4Tqr9HElNMSNF3csUSREeoyEZGCoQJ8rPp5EKeGyUCMaJNEdoOFV/b+SIKzXhoZksA6h5rxT/8waZji/9nIo000Tg2UNxxqBOYNkPjKgkWLOJIQhLav4K8QhJhLVpsW5KcOcjL5LuWdM1/O680bqu6qiBQ3AEToALLkAL3II26AAMHsEzeAVv1pP1Yr1bH7PRJavaOQB/YH3+AJ8zngs=</latexit><latexit sha1_base64="1ClvM+0xmPd5kSVxyfLfycDn8B8=">AAACEnicbVDNS8MwHE39nPOr6tFLcAh6Ga0ICl6GXjxOcB+wlpKm6RaWpCVJhVH6N3jxX/HiQRGvnrz535huPejmg8DLe78fyXthyqjSjvNtLS2vrK6t1zbqm1vbO7v23n5XJZnEpIMTlsh+iBRhVJCOppqRfioJ4iEjvXB8U/q9ByIVTcS9nqTE52goaEwx0kYK7FOPIz3CiOW9IshzT3IYxcWVx7PAhR6OEq1geRFFYDecpjMFXCRuRRqgQjuwv7wowRknQmOGlBq4Tqr9HElNMSNF3csUSREeoyEZGCoQJ8rPp5EKeGyUCMaJNEdoOFV/b+SIKzXhoZksA6h5rxT/8waZji/9nIo000Tg2UNxxqBOYNkPjKgkWLOJIQhLav4K8QhJhLVpsW5KcOcjL5LuWdM1/O680bqu6qiBQ3AEToALLkAL3II26AAMHsEzeAVv1pP1Yr1bH7PRJavaOQB/YH3+AJ8zngs=</latexit><latexit sha1_base64="1ClvM+0xmPd5kSVxyfLfycDn8B8=">AAACEnicbVDNS8MwHE39nPOr6tFLcAh6Ga0ICl6GXjxOcB+wlpKm6RaWpCVJhVH6N3jxX/HiQRGvnrz535huPejmg8DLe78fyXthyqjSjvNtLS2vrK6t1zbqm1vbO7v23n5XJZnEpIMTlsh+iBRhVJCOppqRfioJ4iEjvXB8U/q9ByIVTcS9nqTE52goaEwx0kYK7FOPIz3CiOW9IshzT3IYxcWVx7PAhR6OEq1geRFFYDecpjMFXCRuRRqgQjuwv7wowRknQmOGlBq4Tqr9HElNMSNF3csUSREeoyEZGCoQJ8rPp5EKeGyUCMaJNEdoOFV/b+SIKzXhoZksA6h5rxT/8waZji/9nIo000Tg2UNxxqBOYNkPjKgkWLOJIQhLav4K8QhJhLVpsW5KcOcjL5LuWdM1/O680bqu6qiBQ3AEToALLkAL3II26AAMHsEzeAVv1pP1Yr1bH7PRJavaOQB/YH3+AJ8zngs=</latexit>

Wµ1···µn
=

<latexit sha1_base64="O+VPcKNloVCQDCIgNWfLVymBfww=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiKCboSiG5cV7AOaECaTSTt0MhNmJkIJWbvxV9y4UMStX+DOv3HSZqGtBwbOnHMv994Tpowq7Tjf1tLyyuraem2jvrm1vbNr7+13lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLxTen3HohUVPB7PUmJn6AhpzHFSBspsI+8BOkRRizvFUHuJVngQg9HQitYfnhxFdgNp+lMAReJW5EGqNAO7C8vEjhLCNeYIaUGrpNqP0dSU8xIUfcyRVKEx2hIBoZylBDl59NTCnhilAjGQprHNZyqvztylCg1SUJTWS6u5r1S/M8bZDq+9HPK00wTjmeD4oxBLWCZC4yoJFiziSEIS2p2hXiEJMLapFc3IbjzJy+S7lnTNfzuvNG6ruKogUNwDE6BCy5AC9yCNugADB7BM3gFb9aT9WK9Wx+z0iWr6jkAf2B9/gBODpqg</latexit><latexit sha1_base64="O+VPcKNloVCQDCIgNWfLVymBfww=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiKCboSiG5cV7AOaECaTSTt0MhNmJkIJWbvxV9y4UMStX+DOv3HSZqGtBwbOnHMv994Tpowq7Tjf1tLyyuraem2jvrm1vbNr7+13lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLxTen3HohUVPB7PUmJn6AhpzHFSBspsI+8BOkRRizvFUHuJVngQg9HQitYfnhxFdgNp+lMAReJW5EGqNAO7C8vEjhLCNeYIaUGrpNqP0dSU8xIUfcyRVKEx2hIBoZylBDl59NTCnhilAjGQprHNZyqvztylCg1SUJTWS6u5r1S/M8bZDq+9HPK00wTjmeD4oxBLWCZC4yoJFiziSEIS2p2hXiEJMLapFc3IbjzJy+S7lnTNfzuvNG6ruKogUNwDE6BCy5AC9yCNugADB7BM3gFb9aT9WK9Wx+z0iWr6jkAf2B9/gBODpqg</latexit><latexit sha1_base64="O+VPcKNloVCQDCIgNWfLVymBfww=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiKCboSiG5cV7AOaECaTSTt0MhNmJkIJWbvxV9y4UMStX+DOv3HSZqGtBwbOnHMv994Tpowq7Tjf1tLyyuraem2jvrm1vbNr7+13lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLxTen3HohUVPB7PUmJn6AhpzHFSBspsI+8BOkRRizvFUHuJVngQg9HQitYfnhxFdgNp+lMAReJW5EGqNAO7C8vEjhLCNeYIaUGrpNqP0dSU8xIUfcyRVKEx2hIBoZylBDl59NTCnhilAjGQprHNZyqvztylCg1SUJTWS6u5r1S/M8bZDq+9HPK00wTjmeD4oxBLWCZC4yoJFiziSEIS2p2hXiEJMLapFc3IbjzJy+S7lnTNfzuvNG6ruKogUNwDE6BCy5AC9yCNugADB7BM3gFb9aT9WK9Wx+z0iWr6jkAf2B9/gBODpqg</latexit><latexit sha1_base64="O+VPcKNloVCQDCIgNWfLVymBfww=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiKCboSiG5cV7AOaECaTSTt0MhNmJkIJWbvxV9y4UMStX+DOv3HSZqGtBwbOnHMv994Tpowq7Tjf1tLyyuraem2jvrm1vbNr7+13lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLxTen3HohUVPB7PUmJn6AhpzHFSBspsI+8BOkRRizvFUHuJVngQg9HQitYfnhxFdgNp+lMAReJW5EGqNAO7C8vEjhLCNeYIaUGrpNqP0dSU8xIUfcyRVKEx2hIBoZylBDl59NTCnhilAjGQprHNZyqvztylCg1SUJTWS6u5r1S/M8bZDq+9HPK00wTjmeD4oxBLWCZC4yoJFiziSEIS2p2hXiEJMLapFc3IbjzJy+S7lnTNfzuvNG6ruKogUNwDE6BCy5AC9yCNugADB7BM3gFb9aT9WK9Wx+z0iWr6jkAf2B9/gBODpqg</latexit>

FIG. 2. (a) The kinematics of the process considered, as described in the text. (b) The triangle diagram that appears due
to the single insertion of the external current. (c) The diagrammatic representation of the 2 + J → 2 transition amplitude.
The black circles depict the 2 → 2 scattering amplitude in the absence of the current. The crossed circles represent various
couplings of the external current. Those with two hadronic external legs correspond to the standard 1 + J → 1 matrix
element, while those with four external hadrons represent diagrams that are two-particle irreducible in the channel carrying
the total momentum. The solid lines denote fully-dressed propagators of the low-energy degrees of freedom (the hadrons). In
the second line we separate this into a contribution with on-shell singularities together with the divergence-free amplitude. (d)
The diagrammatic representation of the new finite-volume function Gµ1...µn , defined in Eq. (27).

The precise definition ofM(P 2) is given by

M`m;`′m′(P
2) = δ``′δmm′M(`)(P 2) , with M(`)(s) =

8πE?

ξ

1

q? cot δ(`)(q?)− iq?
∣∣∣∣
E?2=s

, (11)

where δ(`)(q?) is the scattering phase shift, and ξ = 1/2 if the particles are identical and ξ = 1 otherwise.
The remaining ingredient is F (P,L), a matrix of finite-volume geometric functions defined by

F`m;`′m′(P,L) ≡ ξ
[

1

L3

∑

k

−
ˆ

d3k
(2π)3

] Y`m(k?) Y∗`′m′(k?)
2ωPk12ωk2(E − ωk2 − ωPk1 + iε)

, (12)

where

Y`m(k?) ≡
√

4πY`m(k̂
?
)

(
k?

q?

)`
. (13)

In Appendix B 2 we review an efficient method to evaluate this, based on analytic expressions for the integrals defined
using the cutoff functions introduced in Ref. [22].

To close this subsection, we introduce one additional finite-volume matrix

R(En,P) ≡ lim
E→En

[
(E − En)

F−1(P,L) +M(P 2)

]
. (14)

This object, introduced in this form in Ref. [60], is the generalization of the Lellouch-Lüscher factor [54] that re-
lates finite-volume matrix elements of two-particle states to the corresponding infinite-volume decay and transition
amplitudes.

B. Relating finite-volume matrix elements with 2 + J → 2 transition amplitudes

We are now ready to present our improved finite-volume formalism. The approach that we advocate here differs
from that of Ref. [6] in two key ways.
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First, the separation of singularities, required to disentangle finite-volume effects in the 2 + J → 2 amplitude, is
done here using Lorentz invariant poles of the form 1/(k2−m2). In the previous work we instead used 1/[2ωk(k0−ωk)].
As long as we consistently modify the pole form everywhere, it turns out that either choice is valid. The advantage of
the present approach is that it ensures all infinite-volume quantities are Lorentz covariant and also simplifies the form
of the new finite-volume function, G, arising due to the triangle diagram shown in Fig. 2(b) and defined explicitly in
Fig. 2(d) and in Eq. (27) below.

Second, we treat the single-particle matrix elements in a simpler way here than we did in Ref. [6]. Our approach
requires isolating the 1 + J → 1 matrix element in order to express the finite-volume effects of the triangle diagram
[Fig. 2(b)]. In our previous publication, a complicated scheme was presented to project the matrix element on shell.
Though correct, we have come to realize that this procedure is unnecessary. The reason, as we explain in more detail
below, is that one can decompose the matrix elements into kinematically determined tensor structures and form
factors. Projecting the kinematic factors on shell is unnecessary, and removing this step gives a simpler approach that
leads to the same infinite-volume observables.

We begin by introducing notation for the physical 2 + J → 2 matrix element that we are after [see also Fig. 2(c)]

Wµ1···µn(Pf , k
′;Pi, k) ≡ 〈Pf , k′; out|Jµ1···µn(0)|Pi, k; in〉conn. . (15)

Here the initial and final states are standard two-particle asymptotic states with the usual relativistic normalization
convention and Jµ1···µn(0) is a generic local current insertion. As is shown in Fig. 2(a), the initial state is built from
particle 1 [with mass m1 and on-shell momentum (Pi − k)µ satisfying (Pi − k)2 = m2

1] and particle 2 [mass m2,
momentum k2 = m2

2]. The final state is built from the same pair, now carrying momenta Pf − k′ and k′. Following
the discussion of the previous sub-section, the c.m. frame 3-momenta are denoted by k?i and k?f and have magnitudes
equal to q?i and q?f respectively. The label “conn.” emphasizes that only fully connected diagrams, those shown in
Fig. 2(c), contribute to the definition of the 2 + J → 2 matrix element.

A consequence of the on-shell constraints is that, once total energy and momenta are fixed, the two-particle states
only have directional degrees of freedom, k̂

?

i and k̂
?

f . However, in contrast to the scattering amplitude, M, for W a
decomposition in spherical harmonics is not useful. The directional degrees of freedom sweep across pole singularities
due to the diagrams in the second line of Fig. 2(c), implying that the decomposition is only defined in the sense
of distributions. More importantly, these long-distance singularities guarantee that higher partial waves will not be
suppressed.

The issue is easily resolved by removing the singular terms before decomposing in harmonics. This was already
discussed in detail in Ref. [6] where the quantity Wdf was first introduced. In this work we define an alternative,
Lorentz-covariant version of the divergence-free amplitude with the same symbol [see again the second line of Fig. 2(c)]7

Wdf;µ1···µn ≡ Wµ1···µn − iM(Pf , k
′, k)

i

(Pf − k)2 −m2
1

wµ1···µn − wµ1···µn
i

(Pi − k′)2 −m2
1

iM′(Pi, k′, k) , (16)

where wµ1···µn is the single-particle matrix element of the external current, defined in detail below, and

M(Pf , k
′, k) ≡

∑

`

M(`)(P 2
f )
(
2`+ 1

)
P`
(
k̂
′?
f · k̂

?

f

)(k?f
q?f

)`
, (17)

M′(Pi, k′, k) ≡
∑

`

M(`)(P 2
i )

(
k′?i
q?i

)` (
2`+ 1

)
P`
(
k̂
′?
i · k̂

?

i

)
. (18)

Here P`(cos θ) are the standard Legendre polynomials, satisfying
∑`
m=−` 4πY ∗`m(x̂)Y`m(ŷ) = (2`+ 1)P`(x̂ · ŷ). Unlike

W, Wdf admits a uniformly convergent decomposition in spherical harmonics

Wdf;µ1···µn(Pf , k
′;Pi, k) ≡ 4πY ∗`′m′

(
k̂
′?
f

)
Wdf;µ1···µn;`′m′;`m(sf , si, Q

2) Y`m
(
k̂
?

i

)
, (19)

where si ≡ P 2
i = E?2i , sf ≡ P 2

f = E?2f , and the repeated harmonic indices on the right-hand side are summed.
The subscript “df”, short for divergence-free, refers only to the lack of kinematic singularities arising from a long

lived state between the 2 → 2 and 1 + J → 1 transitions. In particular, as we show in Sec. III B 2 below, Wdf

7 This subtraction assumes that the current couples only to particle 1. In the case that the current couple to both particles, two additional
terms must be subtracted. In particular, if the particles are identical one must always subtract four terms in which the propagators
carry the four possible values of external momenta. See Eq. (A19) as well as Ref. [6] for explicit expressions.
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does have so-called triangle singularities as a function of E?i and E?f associated with diagram of the kind depicted
in Fig. 2(b). These pose no problem to the harmonic decomposition but must, of course, be understood in order to
successfully extract and interpret both Wdf and W.

The scattering amplitude, M, is defined with powers of (k?/q?), referred to as barrier factors. These must be
included due to the manner in which the factors of wµ1···µn and M arise in the triangle diagram of Fig. 2(b). In
particular, the loop is summed over all finite-volume momenta in such a way that the current insertion, wµ1···µn , as well
as the external factors ofM, are sampled at off-shell values of momenta (i.e. values for which k2 6= m2

i ). Nonetheless,
the power-law finite-volume effects are governed by the on-shell values of wµ1···µn and M only, and the off-shell
contributions can be absorbed into other infinite-volume quantities. The catch here is that the on-shell projection,
effected via k? → q?, amounts to replacing k?`Y`m(k̂?) with q?`Y`m(k̂?). The latter has spurious singularities near
k? = 0 and thus more care is needed. The inclusion of barrier factors resolves the issue.

The single-particle matrix element, wµ1···µn , appearing in Eq. (16), is a function of (Pf − k, Pi− k) in the first term
and (Pf − k′, Pi − k′) in the second. Using the first term as a reference, the explicit definition is given in a three step
processes. First, the fully on-shell version is defined via a single-particle matrix element

won
µ1···µn(Pf − k, Pi − k) ≡ 〈Pf − k,m1|Jµ1···µn(0)|Pi − k,m1〉 . (20)

Second, this is formally continued to an off-shell quantity in the context of some generic effective field-theory. The
latter object is then decomposed into kinematic tensors and form factors

woff
µ1···µn(Pf − k, Pi − k) =

∑

j

K(j)
µ1···µn(k, Pf , Pi) f

(j)[Q2; (Pf − k)2; (Pi − k)2] , (21)

where the sum runs over all possible tensor structures for the given current. Third, and finally, a partial on-shell
projection is performed to define the version of wµ1···µn that appears in Eq. (16). In this step we set the virtualities
within the form factors to be on shell [(Pf − k)2, (Pi − k)2 −→ m2

1] and also set k0 = ωk2 everywhere. We reach

wµ1···µn(Pf − k, Pi − k) ≡
∑

j

K(j)
µ1···µn(m,k, Pf , Pi)

∣∣∣∣
k0=ωk2

f (j)(Q2) . (22)

This definition is not completely on shell because, within K(j)
µ1···µn only, the virtualities (Pi − k)2 and (Pf − k)2 may

differ from m2
1.

In what follows we will consider sums and integrals over the spectator momentum, k. With this in mind, it is
convenient to rewrite K(j)

µ1···µn as a sum of terms that isolate the dependence on this quantity

K(j)
µ1···µn(m,k, Pf , Pi) ≡

n∑

n′=0

Kω
µ1···µn′ (m,k) C(j)

µn′+1...µn
(Pf , Pi) , (23)

where C(j)
µn′+1...µn(Pf , Pi) has no indices for n′ = n and

Kω
µ1···µn(m,k) ≡ kµ1

· · · kµn
∣∣∣∣
k0=ωk2

. (24)

Here the superscript ω indicates that the 4-momenta in Kω are on shell. This will be important in Sec. III below,
where we introduce various off-shell versions of K in our formulas for evaluating G.

Having defined all of the infinite-volume quantities that enter our formalism, we now turn our attention to the finite
volume. As mentioned in the introduction, we restrict attention to a finite cubic spatial volume, with periodicity L
applied to the fields in each of the three spatial directions. In this set-up, we consider a matrix element in which
the local current J is sandwiched between two finite-volume states, each of which has the quantum numbers of the
two-particle system. As we demonstrate in Appendix A, following the derivation of Ref. [6], this LQCD observable is
related to the infinite-volume 2 + J → 2 transition amplitude via

∣∣∣〈Pf , L|J µ1···µn(0)|Pi, L〉
∣∣∣
2

=
1

L6
Tr
[
R(Pi)Wµ1···µn

L,df (Pi, Pf , L)R(Pf )Wµ1···µn
L,df (Pf , Pi, L)

]
, (25)
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where WL,df directly determines Wdf via

Wµ1···µn
L,df (Pf , Pi, L)−Wµ1···µn

df (sf , si, Q
2) ≡

∑

j

n∑

n′=0

C(j),µn′+1...µn(Pf , Pi)f
(j)(Q2)

×M(sf ) Gµ1···µn′ (Pf , Pi, L) M(si) . (26)

In the case of distinct particles that both couple to the current one must subtract two terms. In the second the
particle labels 1 and 2 are swapped everywhere in the definition of G. In addition, the f (j)(Q2) will take on different
values if the particle species differs. These should be given a species label in the case that the current couples to both.
See Eq. (A22) as well as Ref. [6] for explicit expressions.

In these expressions we have suppressed angular-momentum indices onR,Wµ1···µn
L,df ,Wµ1···µn

df ,M andGµ1···µn′ . Each
object carries the set `′m′; `m and these are contracted between adjacent factors in the usual matrix multiplication.
The trace in Eq. (25) is also over this angular-momentum space. Note, by contrast, that the index set µ1 · · ·µn is not
summed but rather fixed to common values for all objects appearing in these equations.

Finally, the matrix Gµ1···µn′ (Pf , Pi, L) is defined diagrammatically in Fig. 2(d) and has the explicit form

Gµ1···µn;`fmf ;`imi(Pf , Pi, L) ≡
[

1

L3

∑

k

−
ˆ

d3k
(2π)3

]
Y`fmf (k?f )D(m,k)Kω

µ1···µn(m,k)Y∗`imi(k
?
i ) , (27)

where

D(m,k) ≡ 1

2ωk2

1

(Pf − k)2 −m2
1 + iε

1

(Pi − k)2 −m2
1 + iε

∣∣∣∣
k0=ωk2

. (28)

This differs from the form presented in Ref. [6] due to the aforementioned modifications: The poles are Lorentz
invariant and the 1 + J → 1 matrix element is expressed in terms of tensor structures leading to Kω. Note that
the modifications to G are directly connected to those in the definition of Wdf , Eq. (16). We have altered these two
intermediate objects in such a way that W is unchanged.

C. Examples

In this final subsection we show how the construction outlined above may be applied to specific, phenomenologically
well-motivated examples.

1. (π+π0)J=1 + jµ → (π+π0)J=1

We begin with the electro-magnetic form factors of a charged ρ meson. The ρ decays predominantly to the vector-
isovector ππ state. Indeed for heavier than physical light-quark masses (such that 4Mπ > Mρ) and in the iso-spin
symmetric theory, this is the only possible QCD decay channel. If the light-quark mass is further increased, the
two-pion threshold eventually exceeds the ρ mass (2Mπ > Mρ) and the latter becomes a stable particle. In this case,
one can extract the form factors of the ρ directly from finite-volume matrix elements. See, for example, Ref. [69].

To determine the analogous observable at quark masses for which the ρ→ ππ decay occurs, it is necessary to first
extract the (π+π0)J=1 + jµ → (π+π0)J=1 amplitude for a wide range of kinematic points. As depicted in Fig. 1, by
fitting the dependence of the initial- and final-state energies to a functional ansatz, one may analytically continue
these amplitudes to the complex-valued pole to obtain the ρ form factors. Detailing the steps of this continuation will
be the focus of future work. Here we focus on the extraction of the (π+π0)J=1 + jµ → (π+π0)J=1 amplitude for real
ππ energies.

By interpolating isospin-one initial and final states (I = 1,mI = ±1), we project the system to a sector where all
even angular momenta vanish. Thus, regardless of the values of Pf and Pi, we will always have a finite-volume irrep
that contains JP = 1−, with the next contamination coming from J ≥ 3. Taking the latter to be negligible, we can
approximate total angular momentum as a good quantum number. However, even in this simple case, the azimuthal
component, mJ , is not a good quantum number in the finite volume. In general the positive and negative helicity
states mix, but one can readily construct linear combinations of these that are invariant under transformations of the
cubic group or its little groups [70].

Considering first the incoming state, we restrict attention to a specified set of finite-volume quantum numbers: Λi
and µi, labeling the irrep and row respectively, of the little group defined by Pi. In addition we assume that, within
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this irrep, the interactions are dominated by `i = 1 and a particular mi value so that the matrices can be truncated
to single entries. Doing the same for the final-state, Eq. (25) becomes8

Wµ
L,df;Λfµf ;Λiµi

(Pf , Pi, L) = eiδ
I=1
ππ (q?f ) 〈Ef,n′ ,Pf , L; Λfµf |jµ(0)|Ei,n,Pi, L; Λiµi〉

|RI=1
Λfµf

(Pf , L)RI=1
Λiµi

(Pi, L)|1/2 eiδ
I=1
ππ (q?i ) , (29)

where δI=1
ππ is the elastic scattering phase shift for ππ → ππ in the ρ channel and

|RI=1
Λµ (P,L)|1/2 ≡ 1

L3

√
q?

16πE?

[
E?

E

∂

∂E?

(
φd

Λµ(E?, L) + δI=1
ππ (q?)

)]−1/2

, (30)

with φd
Λµ(E?, L) defined for the irreps that couple to ` = 1 ππ in, for example, Ref. [60]. We stress that all instances

of Ef and Ei in these expressions are to be evaluated at any pair of finite-volume energies, Ef,n′(L) and Ei,n(L)
respectively, satisfying Eq. (10). In Eq. (29), Wµ

L,df;Λfµf ;Λiµi
is the subduced version of Wµ

L,df . As discussed in
Ref. [6], this can be obtained from Wµ

L,df;`fmf ;`imi
by rotating these into the helicity basis and then using the

subduction matrices [70]. This subduction procedure requires no approximation. However each irrep couples to an
infinite tower of partial waves, and only by neglecting these above a certain maximum value does one reach useful
expressions.

Compared to Eq. (25), in Eq. (29) we have dropped the trace, since we are ignoring all but one partial wave,
and have solved for Wµ

L,df . For the latter step there is a potential sign ambiguity that one must address. Note
that RI=1

Λµ (P,L) = |RI=1
Λµ (P,L)|e−2iδI=1

ππ (q?) as is shown, for example, in Eqs. (132)-(134) of Ref. [59]. The phases in
RI=1

Λµ (Pf , L) and RI=1
Λµ (Pi, L) precisely generate the Watson phases within Wµ

L,df(Pf , Pi, L) as they must, since the
finite-volume matrix element is real. The remaining ± ambiguity is constrained by the known value in the Q2 → 0
limit, but in certain cases a remaining ambiguity may survive.

The final step is to convert this to the infinite-volume quantity Wµ
df via

Wµ
df;Λfµf ;Λiµi

(sf , si, Q
2) =Wµ

L,df;Λfµf ;Λiµi
(Pf , Pi, L)

− fπ+(Q2)MI=1(sf )
[
(Pf + Pi)

µGΛfµf ;Λiµi(Pf , Pi, L)− 2GµΛfµf ;Λiµi
(Pf , Pi, L)

]
MI=1(si) . (31)

The general form of Eq. (26) is overly complicated for this application but still applies with f (1)(Q2) = f (2)(Q2) =
fπ+(Q2) corresponding to the usual (spacelike) pion form factor. Here we have also used the standard relation

〈Pf − k;Mπ|jµ(0)|Pi − k;Mπ〉 = (Pf + Pi − 2k)µ fπ+(Q2) . (32)

In these expressions we are neglecting the electro-magnetic form factor of the neutral pion which is expected to be
small but non-zero for Q2 6= 0. Finally we remark that a factor of i may appear in this relation depending on the
conventions for Euclidean or Minkowski gamma matrices. As the same gamma factors appear in all terms of our
formalism changing conventions just amounts to multiplying both sides of µ-indexed equations by a common factor.

2. (π+π0)Ii + jµ → (π+π0)If

The electromagnetic current has both I = 0 and I = 1 components, but G parity guarantees that all matrix elements
of the iso-scalar part between two ππ states must vanish. If we take the angular momentum to be unconstrained then
the incoming ππ state may, in general carry isospin Ii = 0, 1, 2. The iso-vector current then couples the fixed incoming
isospin as follows: 0→ 1, 1→ 0, 1, 2 and 2→ 1, 2. If we further restrict attention to |mI | = 1 states (i.e. π+π0 states)
then this reduces to 1 → 1, 2 and 2 → 1, 2. An alternative way to distinguish these possibilities is by fixing orbital
angular momentum: J = 0⇔ I = 2 and J = 1⇔ I = 1.

In this way we identify four possible transitions involving π+π0 states, the p-wave to p-wave matrix element
considered above as well as s to s, s to p and p to s. It turns out that all four of these transitions are described
by Eqs. (29) to (31) provided that we can neglect the effects of finite-volume mixing with J ≥ 2 states. The only

8 Note, the procedure for subducing the matrix elements onto the appropriate symmetry group is discussed in detail in Ref. [6]. Although
some of the details of the formalism has changed, this aspect remains the same.
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modifications are that one must generally project to different irreps Λ to access the J = 0 components and that the
scattering amplitudes must correspond to the isospin of the state

Wµ
L,df;Λfµf ,Λiµi

(Pf , Pi, L) = eiδ
If
ππ(q?f ) 〈Ef,n′ ,Pf , L; Λfµf |jµ(0)|Ei,n,Pi, L; Λiµi〉

|RIfΛfµf (Pf , L)RIiΛiµi(Pi, L)|1/2
eiδ

Ii
ππ(q?i ) , (33)

with

Wµ
df;Λfµf ,Λiµi

(sf , si, Q
2) =Wµ

L,df;Λfµf ,Λiµi
(Pf , Pi, L)

− fπ+(Q2)MIf (sf )
[
(Pf + Pi)

µGΛfµf ,Λiµi(Pf , Pi, L)− 2GµΛfµf ,Λiµi(Pf , Pi, L)
]
MIi(si) . (34)

3. Gluonic structure

Thirty years ago, Jaffe and Manohar identified a structure function that provides a measure of the gluon distribution
within hadrons [71]. This has since lead to lattice calculations of the leading moments of these distributions, for
example within the φ-meson. Thus far, the calculations are restricted to heavy quark masses where the φ is stable
within QCD [13, 72]. Similarly, calculations of gluonic moments for light nuclei are already underway, again for values
of the light quark masses that lead to the nuclei being deeply bound [12]. The formalism presented here will allow for
future calculations closer to the physical point by accommodating the finite-volume effects of loosely-bound as well
as resonant states.

In order to extract the leading moment of the gluon structure function, one must evaluate the traceless part of
the product of two gluon energy-momentum tensors [Oµν ∼ Gµβ Gβν ]. As one might expect, this is more complicated
than the case considered above in part because it is a rank-two tensor. A starting point in extracting gluonic
moments of resonances from LQCD would likely be to consider the ρ, discussed in Sec. II C 1 above. In this case, the
relation between the finite-volume matrix elements and the transition amplitude is very similar to Eq. (29). The only
distinction arises in relating Wµν

df and Wµν
L,df . To do so one must determine the scalar (G), vector (Gµ), and tensor

(Gµν) contributions to the finite-volume G-function and combine these with the relevant gluonic form-factors of the
single-pion state.

This concludes our discussion of the covariant formalism. The aim of the section was to provide a procedure by
which three inputs: (i) single-particle form factors, (ii) 2→ 2 scattering amplitudes and (iii) finite-volume kinematic
functions, can be combined with finite-volume two-particle matrix elements to extract the infinite-volume 2 +J → 2
transition amplitudes. In this recipe the ingredient that remains most obscure is the new finite-volume function
Gµ1···µn(Pf , Pi, L), defined in Eq. (27). Thus, in the next section, we give a detailed description of how this can be
efficiently evaluated numerically.

III. EVALUATING G(Pf , Pi, L)

Our aim is to evaluate

Gσ(Pf , Pi, L) ≡
[

1

L3

∑

k

−
ˆ

d3k
(2π)3

]
Y`fmf (k?f )D(m,k)Kω

µ1···µn(m,k)Y∗`imi(k
?
i ) , (35)

where we have introduced the collective index σ ≡ [µ1 · · ·µn; `fmf ; `imi]. We also take the convention that if σ is
written as a low (high) index, then all of the Lorentz indices it contains are also understood to be low (high). The
sum is straightforward to calculate numerically once a cutoff function has been included. We comment here that the
ultraviolet divergences match between the sum and the integral, meaning that the difference has an unambiguous
limit as the cutoff is removed and thus that Gσ is a universal quantity with no scheme dependence.

Evaluating the integral part ofGσ turns out to be significantly more challenging. The integrand contains singularities
associated with on-shell intermediate states and, although these are perfectly integrable given the iε pole prescription,
numerical evaluations converge very slowly for standard numerical techniques. Thus it is highly advantageous to find
analytical representations to the extent possible.

For the case of Pi = Pf , it turns out that one can provide exact analytical expressions for the integral, as discussed
in the following subsection. For the generic case, with Pi 6= Pf , we have not managed to obtain fully analytic results.
Instead, we write the integral as the sum of two terms. The first includes all singularities and can be evaluated
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analytically to the level of Feynman parameters. The second is defined with a smooth integrand such that standard
numerical integration is effective. Our approach for evaluating Gσ in the case of Pi 6= Pf case is detailed in Sec. III B
below.

A. Pi = Pf

The function Gσ simplifies considerably when the initial and final momenta coincide, Pi = Pf ≡ P , i.e. when
the momentum transfer vanishes, Pµf − P

µ
i = 0. A particularly helpful feature of these kinematics is that a natural

preferred frame emerges: the simultaneous rest frame of the incoming and outgoing particles, in which the spatial
part of P vanishes.

Another consequence of Pi = Pf is that the product of poles within D(m,k) becomes a double pole of the form

D(m,k) =
1

2ωk2

(
1

(P − k)2 −m2
1 + iε

)2

k0=ωk2

. (36)

Focusing on the factor within parenthesis, note that this can be rewritten as

1

(P − k)2 −m2
1 + iε

=
ω?q2
E?

1

(q?2 − k?2 + iε)
− 1

4ω?q2E
?

+O(q?2 − k?2) , (37)

where k? and q? are defined with respect to the P rest frame.
If D(m,k) were to only contain a single pole, then, after acting with the sum-integral difference, only the leading-

order, singular term would be relevant. This is because the sum-integral difference of smooth functions leads only
to exponentially suppressed volume dependence that we neglect. However, in this case the first two terms in the
expansion are important as they generate double and single poles upon squaring. This leads to

Gσ(P, P, L) =

[
1

L3

∑

k

−
ˆ

d3k
(2π)3

]
1

2ωk2
Y`fmf (k?)Kω

µ1···µn(m,k)Y∗`imi(k
?)D(m, k?, q?) , (38)

where

D(m, k?, q?) ≡ ω?2q2
E?2

1

(q?2 − k?2 + iε)2
− 1

2E?2
1

(q?2 − k?2 + iε)
. (39)

At this stage it is useful to decompose the angular dependence within the tensors into a single set of spherical
harmonics

Y`fmf (k?)Kω
µ1···µn(m,k)Y∗`imi(k

?) ≡
√

4π

(q?)`i+`f

∑

JM

Cσ,JM (βββ, k?) k?JYJM (k̂
?
) . (40)

As we explain in Appendix B 1, Cσ,JM (βββ, k?) can be efficiently calculated by writing the factors within Kω as boosted
c.m. frame vectors, kµ = [Λ−βββ ]µ

ν
k?ν . Such factors can then be written as spherical harmonics and, using Clebsch-

Gordon coefficients, these can be combined with the external factors of Y`fmf (k?) and Y∗`imi(k
?) to identify the

a final harmonic basis. As a final note, we stress that it is possible to unambiguously separate the dependence on
βββ = P/E and k? within Cσ, i.e. one can vary k? while holding βββ constant. This will be important for the manipulations
performed below.

The construction of Cσ,JM (βββ, k?) is discussed in detail in Appendix B 1. As a specific simple example, here we
consider the case σ = [µ; 10; 10]. The numerator within Gσ is then

(q?)2Y10(k?)kµY∗10(k?) = 3(kz?)2[Λ−βββ ]µ
ν
k?ν . (41)

The current insertion, kµ, can be written as a combination of ` = 0 and ` = 1 spherical harmonics. Combining this
with the two ` = 1 harmonics from the external states, one finds that Cσ,JM is zero for J > 3.

The JM = 00 component only has a non-zero contribution in the k?0 component. Isolating this contribution and
substituting the definition of the boost matrix, we reach

Cσ00(βββ, k?) = k?2ω?k2

Pµ

E?
. (42)
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The remaining nonzero coefficients, arising for J ≤ 3, take a more complicated form in general, but simplify for P ∝ ẑ.
If we additionally focus on the µ = z component, then only three coefficients survive

Cσ10(βββ, k?) =
3
√

3

5

E

E?
k?2 , Cσ20(βββ, k?) =

2
√

5

5

P z

E?
ω?k2 , Cσ30(βββ, k?) =

6
√

7

35

E

E?
. (43)

We revisit this case below to show how it enters our final construction for Gµ10;10.
Returning to the main line of argument, we now substitute Eq. (40) into the expression for Gσ(P, P, L), Eq. (38),

to reach

Gσ(P, P, L) =

√
4π

(q?)`i+`f

∑

JM

[
1

L3

∑

k

ω?k2

ωk2
−
ˆ
d3k?

(2π)3

]Cσ,JM (βββ, k?)

2ω?k2

k?JYJM (k̂
?
)D(m, k?, q?) . (44)

The next step is to expand the k? dependence in the first factor within the summand about the pole location

Cσ,JM (βββ, k?)

2ω?k2

=
Cσ,JM (βββ, q?)

2ω?q2
− (q?2 − k?2)

∂

∂q?2
Cσ,JM (βββ, q?)

2ω?q2
+O

[
(q?2 − k?2)2

]
. (45)

In the second term we have rewritten the derivative with respect to k?2 (to be evaluated afterwards at k?2 = q?2)
directly as a derivative with respect to q?2. This is possible because Cσ,JM (βββ, k?) has no implicit q?2 dependence and
it is formally possible to vary q?, and thus E?, while holding βββ constant.

Combining this with the definition of D(m, k?, q?) one can show

Cσ,JM (βββ, k?)

2ω?k2

D(m, k?, q?) =
ω?q2

2E?2
Cσ,JM (βββ, q?)

(q?2 − k?2 + iε)2
−
[(

1

2E?2
+
ω?2q2
E?2

∂

∂q?2

)Cσ,JM (βββ, q?)

2ω?q2

]
1

q?2 − k?2 + iε

+O
[
(q?2 − k?2)0

]
. (46)

Remarkably, the operator in parenthesis vanishes when acting on 1/ω?q2 so that this reduces to

Cσ,JM (βββ, k?)

2ω?k2

D(m, k?, q?) =
ω?q2

2E?2
Cσ,JM (βββ, q?)

(q?2 − k?2 + iε)2
− ω?q2

2E?2
∂q?2Cσ,JM (βββ, q?)

q?2 − k?2 + iε
+O

[
(q?2 − k?2)0

]
, (47)

=
ω?q2

2E?2

2∑

n=1

(−∂q?2)2−nCσ,JM (βββ, q?)

(q?2 − k?2 + iε)n
+O

[
(q?2 − k?2)0

]
. (48)

It follows that Eq. (44) can be rewritten as

Gσ(P, P, L) =
1

(q?)`i+`f

ω?q2
2E?2

2∑

n=1

∑

JM

[
(−∂q?2)2−nCσ,JM (βββ, q?)

][ 1

L3

∑

k

ω?k2

ωk2
−
ˆ
d3k?

(2π)3

]√
4πk?JYJM (k̂

?
)

(q?2 − k?2 + iε)n
. (49)

To reach our final form we make two additional modifications. First we introduce a cutoff function on the sum-
integral difference to enable effective numerical evaluation. Second, we re-express our results in terms of dimensionless
quantities r? = k?L/(2π) and x = q?L/(2π). Then, shuffling around terms and introducing a new geometric function,
we conclude

Gσ(P, P, L) =
1

(q?)`i+`f

ω?q2
2E?2

2∑

n=1

L2n−3

(2π)2n

∑

JM

(2π)J

LJ
lim
α→0
Z(n)
JM (P,L, α) (−∂q?2)2−nCσ,JM (βββ, q?) , (50)

where

Z(n)
JM (P,L, α) =

[∑

r

ω?k2

ωk2
−
ˆ
d3r?

] √
4π r?JYJM (r̂?)

(x2 − r?2 + iε)n
e−α(r?2−x2)n . (51)

These two equations give the main result of this sub-section. In Appendix B 4 we give some details about the
evaluation of Z(n)

JM (P,L, α). In Fig. 3 we plot Z(n)
JM (P,L, α) for P = (2π/L)[001], for various values of J and two

different volumes.
We give two final comments concerning the new kinematic function, Z(n). First we note an advantage of the

decomposition over a single spherical harmonic performed in Eq. (40). It is now straightforward to use the symmetries
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FIG. 3. Example plots for Z(1)
JM (top two panels) and Z(2)

JM (bottom two). All curves show the function plotted versus E? for
fixed spatial momentum, P = (2π/L)[001], for which only the M = 0 components are non-zero (up to M = 4). The real parts
are shown as solid curves and, for J = 0, the imaginary part is indicated with the dashed curve. As discussed in detail in
Appendix B 5, for n = 1 the odd J are exponentially suppressed and indistinguishable from zero on the plotted scale.
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FIG. 4. Example plots forGσ(Pf , Pi, L) for the case of Pi = Pf = (E,P) withP = (2π/L)[001]. The real parts are shown as solid
curves and the imaginary parts (multiplied by a factor to make the functional form visible) are dashed. At all non-interacting
energy levels the function diverges as a double pole with a positive coefficient.

of the finite-volume system to identify for which values of JM , Z(n)
JM will be nonzero. This is discussed in detail in

Appendix B 5.

Second, we remark that the cutoff function used here is designed with the property that the O(α) correction cancels
the pole, and thus generates a smooth quantity within the sum-integral difference. If, for example, one were to instead
use e−α(r?2−x2) for all n values, this would still be formally valid, but would lead to corrections of the form α/Lk,
making it more difficult to estimate the α→ 0 limit. In fact these can be systematically subtracted and, as we shown
in Appendix B 3, this proves to be an efficient alternative approach for evaluating limα→0Z(n)

JM .

We close this sub-section by returning to the specific case discussed above, σ = [µ = z; 10; 10] and P = (2π/L)[00dz].
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Suppressing the arguments of Z(n), the final result for Gσ can be written as

Gσ(P, P, L) = − 1

q?2
ω?q2

2E?2
1

4π2L

[
Z(1)

00

P z

E?

(
ω?q2 +

q?2

2ω?q2

)
+

2π

L
Z(1)

10

3
√

3

5

E

E?
+

(2π)2

L2
Z(1)

20

2
√

5

5

P z

E?
1

2ω?q2

]

+
1

q?2
ω?q2

2E?2
L

(2π)4

[
Z(2)

00

P z

E?
q?2ω?q2 +

2π

L
Z(2)

10

3
√

3

5

E

E?
q?2 +

(2π)2

L2
Z(2)

20

2
√

5

5

P z

E?
ω?q2 +

(2π)3

L3
Z(2)

30

6
√

7

35

E

E?

]
. (52)

Note that, in the case of mass-degenerate particles, Z(1)
JM = 0 for all odd J . If the particles are at rest in the

finite-volume frame then all odd-J functions vanish as does J = 2. This holds for both n = 1 and n = 2 for both
degenerate and non-degenerate particles. [See again Appendix B 5.] In Fig. 4 we plot the real and imaginary parts of
Gµ10;10(P, P, L) for P = (2π/L)[001].

B. Pi 6= Pf

We now turn our attention to the more challenging general case of Pi 6= Pf . Note that this is realized if any of
the four components of the 4-vectors differ, in particular also for Pi = Pf but Ei 6= Ef . As with Pi = Pf , here
the evaluation of the sum is straightforward, while the integral is significantly more challenging. One of the major
complications is that the two poles do not coincide in general as one varies the integration variable, k, but may
overlap on a two-dimensional subspace for certain choices of external momenta. The contribution of this double-pole
submanifold to the integral must be treated with care.

Though we have not found a fully analytic determination of the integral entering Gσ, we do have a recipe that gives
the desired quantity accurately and with high efficiency. The approach is to rewrite the three-dimensional integral in
terms of a d4k integral plus a second d3k integral with a smooth, singularity-free integrand. The four-dimensional
integral, which carries all of the singularity structure, can then be reduced to a one-dimensional integral over a
Feynman parameter. The second, smooth term can directly be evaluated using standard numerical integrators.

To give the relevant expressions, we first introduce an extension of the cutoff function entering the definition of
Z(n)
JM in the previous subsection

H(ᾱ,k) ≡ e−ᾱ(k?2i −q?2i )(k?2f −q?2f ) = e−α(r?2i −x2
i )(r

?2
f −x2

f ) , (53)

where ᾱ = L4/(2π)4α and r?2i (2π/L)2 = k?2i , x2
i (2π/L)2 = q?2i , etc. We then write

Gσ(Pf , Pi, L) = lim
ᾱ→0

[
Sσ(ᾱ, Pf , Pi, L)− Iσ(ᾱ, Pf , Pi)

]
, (54)

where

Sσ(ᾱ, Pf , Pi, L) ≡ 1

L3

∑

k

H(ᾱ,k)Y`fmf (k?f )D(m,k)Kω
µ1···µn(m,k)Y∗`imi(k

?
i ) , (55)

Iσ(ᾱ, Pf , Pi) ≡
ˆ

d3k
(2π)3

H(ᾱ,k)Y`fmf (k?f )D(m,k)Kω
µ1···µn(m,k)Y∗`imi(k

?
i ) . (56)

The sum can be evaluated directly as written, and thus we make no further modifications to Sσ. The remainder of
this section is dedicated to Iσ.

1. Separation into IA;σ(Pf , Pi) and IN ;σ(ᾱ, Pf , Pi)

As summarized above, our approach is to split the integral into a singular part that can be evaluated semi-
analytically, denoted IA;σ(Pf , Pi), and a smooth remainder that is well-suited to numerical evaluation, denoted
IN ;σ(ᾱ, Pf , Pi). To proceed we define

Dc(m, k) ≡ i

k2 −m2
2 + iε

1

(Pf − k)2 −m2
1 + iε

1

(Pi − k)2 −m2
1 + iε

, (57)

and then introduce Dr(m,k) via
ˆ
dk0

2π
Dc(m, k) ≡ D(m,k) +Dr(m,k) . (58)
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In Appendix B 6 we give an explicit expression for Dr. This term mops up the contributions from the two P -dependent
poles in Dc. Here the subscripts c and r stand for covariant and remainder, respectively. The idea is to perform the
integral of Dc semi-analytically and that of Dr numerically, and then to take the difference.

In these relations we have neglected the possible factors of kµ and the spherical harmonics multiplying D(m,k).
To include these, we first introduce a tensor, M , defined such that

Mν1···νN
[µ1···µn;`fmf ;`imi]

Kω
ν1···νN (m,k) ≡ Y`fmf (k?f )Kω

µ1···µn(m,k)Y∗`imi(k
?
i ) , (59)

where N = n + `f + `i. A more explicit definition, together with various examples, is given in Appendix B 1. This
simply amounts to recasting the factors of k? within the harmonics as boosted factors of kµ.

To incorporate Kω
ν1···νN , note that Dr receives two contributions, one each from the poles at k0 = Ef + ωPfk1 − iε

and k0 = Ei+ωPik1− iε. (The third pole, at k0 = ωk2− iε, generates the term we are after, D(m,k).) We thus define

Drf (m,k) ≡

Ef+ωPfk1

dk0

2π
Dc(m, k) , (60)

Kf
ν1···νN (m,k) ≡ kν1 · · · kνN

∣∣∣∣
k0=Ef+ωPfk1

, (61)

where the integral here is a closed clockwise contour encircling the pole indicated. The definitions with an i subscript
are given by making the replacement f → i everywhere, and explicit expressions for Dri(m,k) and Drf (m,k) are
given in App. B 6. With these quantities in hand, Eq. (57) generalizes to


dk0

2π
Dc(m, k)Kν1···νN (k) = D(m,k)Kω

ν1···νN (m,k) +Kr;ν1···νN (m,k) . (62)

Here the integral on the left-hand side is a closed clockwise contour encircling the three poles below the real axis and
we have also introduced

Kr;ν1···νN (m,k) ≡ Drf (m,k)Kf
ν1···νN (m,k) +Dri(m,k)Ki

ν1···νN (m,k) . (63)

The next step is to address the issue of ultraviolet convergence for these integrals. Equation (56) is manifestly
convergent, due to the inclusion of the cutoff function H(ᾱ,k). But to reach an integral that can be evaluated
analytically it is convenient to introduce a second form of ultraviolet regularization. We explain the approach first for
the special case of two indices, N = 2. Here the integral has a logarithmic divergence that can be removed by taking
Eq. (62) and subtracting from this the same equation defined with m1,2 → Λ

ˆ
dk0

2π

[
Dc(m, k)−Dc(Λ, k)

]
Kν1ν2(k) =

[
D(m,k)Kω

ν1ν2(m,k)−D(Λ,k)Kω
ν1ν2(Λ,k)

]

+
[
Kr;ν1ν2(m,k)−Kr;ν1ν2(Λ,k)

]
. (64)

The regularization scale, Λ, is chosen so that the integrands that depend on it are smooth functions of k with no need
for an iε prescription. This holds for any Λ satisfying 2Λ > max[E?f , E

?
i ] though in practice it is useful to take the

cutoff well above this minimum value. On the left-hand side of Eq. (64) we have used that, for N = 2, the k0 integral
can be extended to the entire real axis, with a vanishing arc at negative complex infinity. We additionally note that,
as a result of the subtraction, the left-hand side and also both square bracketed terms on the right-hand side vanish
as 1/|k|5 in the limit |k| → ∞. These thus give convergent integrals with respect to d3k.

This approach can be extended to any number of kµ factors, simply by forming more complicated linear combinations
to cancel all divergent powers

ˆ
dk0

2π

nj∑

j=0

cjDc(Λj , k)Kν1···νN (k) =

nj∑

j=0

cjD(Λj ,k)Kω
ν1···νN (Λj ,k) +

nj∑

j=0

cjKr;ν1···νN (Λj ,k) , (65)

where we have introduced c0 = 1 and Λ0 = {m1,m2}. As above, for j > 0 we take Λj such that the corresponding
integrands are smooth functions of k (Λj>0 > max[E?f , E

?
i ]). In all cases, the linear combinations are constructed

such that (i) the k0 integral extends to the entire real axis with a vanishing contribution from the arc at negative
complex infinity, and (ii) the left-hand side and each of the two sums on the right-hand side give convergent integrals
with respect to d3k. In the following we sometimes refer to this as a Pauli-Villars-like regulator. We give a general
algorithm for forming these linear combinations in Appendix B 8.
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The final step is to multiply both sides of Eq. (65) by the cutoff function, and solve for the desired integral, defined
in Eq. (56). We deduce

Iσ(ᾱ, Pf , Pi) = IA;σ(Pf , Pi) + IN ;σ(ᾱ, Pf , Pi) , (66)

where

IA;σ(Pf , Pi) ≡Mν1···νN
σ

ˆ
d4k

(2π)4
Kν1···νN (k)

nj∑

j=0

cjDc(Λj , k) , (67)

IN ;σ(ᾱ, Pf , Pi) ≡Mν1···νN
σ

[ˆ
d3k

(2π)3
[H(ᾱ,k)− 1]

nj∑

j=0

cj

[
D(Λj ,k)Kω

ν1···νN (Λj ,k) +Kr;ν1···νN (Λj ,k)
]

−
ˆ

d3k
(2π)3

H(ᾱ,k)

nj∑

j=1

cjD(Λj ,k)Kω
ν1···νN (Λj ,k)

−
ˆ

d3k
(2π)3

H(ᾱ,k)

nj∑

j=0

cjKr;ν1···νN (Λj ,k)

]
.

(68)

Equations (66)-(68) are the main results of this subsection.
We emphasize here that the integrands in the definition of IN are smooth for all real k, and the integrals are

ultraviolet convergent. For the second and third terms this follows from the fact that H(ᾱ,k) decays exponentially,
together with the observation that Kr is a smooth function, as is D(Λj ,k) for j > 0. For the first term, smoothness is
guaranteed because [H(ᾱ,k)−1] vanishes at the pole and ultraviolet convergence follows from the careful construction
of the linear combination. As the integrands are smooth and the integrals are convergent, IN ;σ(ᾱ, Pf , Pi) is well suited
to numerical evaluation.

It is instructive to consider a few specific examples of this construction, beginning with n = 0, `i = `f = 0, in which
no factors of kµ appear in the numerator of Iσ. In this case the integrals are directly convergent, without any need
for additional subtraction terms (i.e. the sum over j in Eq. (65) reduces to the j = 0 term). Equations (67) and (68)
then reduce to

IA(Pf , Pi) ≡
ˆ

d4k

(2π)4
Dc(m, k) , (69)

IN (ᾱ, Pf , Pi) ≡
ˆ

d3k
(2π)3

[
D(m,k) +Drf (m,k) +Dri(m,k)

]
[H(ᾱ,k)− 1]

−
ˆ

d3k
(2π)3

H(ᾱ,k)
[
Drf (m,k) +Dri(m,k)

]
.

(70)

This no-index version of IN is plotted in the left panel of Fig. 5.
We emphasize here that IN , and thus also the original integral, diverges in the ᾱ→ 0 limit. This is because in the

original integral the covariant propagators are evaluated at on-shell k (k2 = m2), so the propagators scale as 1/|k|
and the integrand as d3k/|k|3. In other words the convergence of IA is always better than that of the original integral
by two powers of k, resulting from the off-shell integration of kµ. For fixing the subtraction scheme in Eqs. (67) and
(68), it is only necessary that IA be rendered finite. [See also Appendix B 8.]

We close with one final example: σ = [µ = 0; 10; 10], corresponding to a factor of Y10k0Y∗10 in the numerator.
This leads to an IA;σ integral with an integrand scaling as d4kk2/k6, i.e. diverging as log Λ. Performing a single
subtraction of the same integral with m→ Λ is therefore sufficient to render the result finite. In fact, to improve the
numerical evaluation of IN ;σ, and to test our general method, here we choose to make two subtractions. As explained
in Appendix B 8, one possible choice is to add an integral evaluated at Λ = 3m (with coefficient −35/27) and a second
at Λ = 6m (with coefficient 8/27). Implementing this in Eqs. (67) and (68) leads to convergent forms of IA;σ and
IN ;σ respectively, with integrands scaling as dk/k5. IN ;σ in this scheme is plotted in the right panel of Fig. 5.

As we include additional factors of kµ the expressions complicate, first because we need additional terms in the
sum over j (to maintain convergent integrals) and second because the numerical integrals depend on multiple vector
components. However, we find that no conceptual issues arise and the task amounts to coding Eq. (68) with an
efficient numerical integrator. We give some details on our approach in Appendix B 6, but consider IN ;σ(ᾱ, Pf , Pi) as
a numerically known function for the remainder of the main text.

Thus it remains only to evaluate IA;ν1···νN (Pf , Pi), to which we now turn.
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FIG. 5. Examples of the numerical integral IσN (ᾱ, Pf , Pi), plotted as a function of E?f with all other arguments fixed. In the left
panel we consider the case of `f ,mf = `i,mi = 00 with no factors of kµ in the numerator. For these kinematics the function
requires no subtractions and we directly evaluate IN at ᾱ = 1/34, for fixed external 3-momenta and evenly spaced values
of E?i , as indicated. In the right panel we plot the function with a numerator factor of 3(kz?)2k0. In this case one requires
Pauli-Villars-like subtractions, as described in the main text and summarized in the caption.

2. Evaluating IA;σ(Pf , Pi)

We first use the tensor Mν1···νN
σ , introduced in Eq. (59) above, to define a version of IA with no spherical-harmonic

indices

IA;σ(Pf , Pi) ≡Mν1···νN
σ IA;ν1···νN (Pf , Pi) . (71)

The integrals on the right-hand side can then be written as

IA;ν1···νN (Pf , Pi) ≡ lim
δ→0

nj∑

j=0

cjIA;ν1···νN (Pf , Pi,Λj , δ) , (72)

where

IA;ν1···νN (Pf , Pi,m, δ) ≡
ˆ

d4−δk
(2π)4−δ

i

k2 −m2
2 + iε

1

(Pf − k)2 −m2
1 + iε

1

(Pi − k)2 −m2
1 + iε

kν1 · · · kνN . (73)

Here we have used the fact that the sum over j gives a convergent integral, and is thus equal to the δ → 0 limit of the
integral in 4− δ dimensions. Then, at fixed delta, one can exchange the orders of summation and integration, leading
to Eq. (72).

To evaluate the integral in Eq. (73), we first perform the standard Wick rotation on the k0 integration contour
(counter-clockwise to the imaginary axis), and similarly rotate the time components Pi,0 and Pf,0. We then make the
variable redefinitions

k0 ≡ ikE,0, Pf,0 ≡ iPE,f,0, Pi,0 = iPE,i,0 , (74)

to reach

IA;ν1···νN (Pf , Pi,m, δ) = ξν1···νN

ˆ
d4−δkE
(2π)4−δ

1

k2
E +m2

2

1

(PE,f − kE)2 +m2
1

1

(PE,i − kE)2 +m2
1

kE,ν1 · · · kE,νN , (75)

= ξν1···νN
∂

i∂χν1E
· · · ∂

i∂χνNE
Iχ(Pf , Pi,m, δ)

∣∣∣∣
χ=0

, (76)

where ξν1···νN ≡ (i)δν1,0+···+δνN ,0 . Note here that the indices are not contracted between ξν1···νN and the momenta
but rather are held fixed on both sides of the equation.

In the second step we have introduced the generating functional

Iχ(Pf , Pi,m, δ) ≡
ˆ

d4−δkE
(2π)4−δ

eiχE ·kE

k2
E +m2

2

1

(PE,f − kE)2 +m2
1

1

(PE,i − kE)2 +m2
1

. (77)
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As we show in Appendix B 7, this reduces to

Iχ(Pf , Pi,m, δ) =

ˆ 1

0

dx

ˆ 1−x

0

dy e−iχ·(xPf+yPi)
∞∑

n=0

(χ2)n

4nn!

Γ(1− n+ δ/2)

(4π)2−δ/2 M(m,x, y)2n−2−δ , (78)

where

M(m,x, y)2 = (1− x− y)m2
2 + (x+ y)m2

1 − x(1− x)sf − y(1− y)si + xy (Q2 + sf + si)− iε . (79)

In these results we have analytically continued back to real Pi,0 and Pf,0 and expressed all quantities in terms of the
4-vectors Pf amd Pi as well as the Lorentz invariants Q2 = −(Pi − Pf )2, si = P 2

i , and sf = P 2
f . The corresponding

analytic continuation of Eq. (76) is given by

Iν1···νNA (Pf , Pi,m, δ) =
∂

−i∂χν1
· · · ∂

−i∂χνN
Iχ(Pf , Pi,m, δ)

∣∣∣∣
χ=0

. (80)

Taken together, Eqs. (78)-(80) give the main result of this subsection.
As above, it is instructive to consider IA for N = 0, i.e. with no factors of kµ in the numerator. In this case Eq. (80)

is evaluated with no χ-derivatives and gives

IA(Pf , Pi,m, δ) =
Γ(1 + δ/2)

(4π)2−δ/2

ˆ 1

0

dx

ˆ 1−x

0

dy
1

M(m,x, y)2+δ
. (81)

As noted at the end of the previous subsection, this integral is convergent in the δ → 0 limit, and simplifies to

IA(Pf , Pi,m, 0) =
1

(4π)2

1

si

ˆ 1

0

dx

ˆ 1−x

0

dy
1

[y − y+(x)][y − y−(x)]
, (82)

where we have substituted

M(m,x, y)2 = si[y − y+(x)][y − y−(x)] , (83)

with

y±(x) ≡ 1

2

(
A±

√
A2 +B + iε

)
, (84)

A ≡ 1 +
m2

2 −m2
1 + x(q2 − sf − si)

si
, (85)

B ≡ −4
m2

2 − x(m2
2 −m2

1)− x(1− x) sf
si

. (86)

The final analytic step is to evaluate the integral with respect to y. We do so via the identity
ˆ 1−x

0

dy

y − (f(x)± iε) = log

∣∣∣∣
1− x− f(x)

f(x)

∣∣∣∣+ i arctan

(
1− x− Ref(x)

Imf(x)± ε

)
+ i arctan

(
Ref(x)

Imf(x)± ε

)
≡ L±ε[f(x)] , (87)

where in the second equality we have introduced a short-hand for the result of the integral. Note that, as long as
Imf(x) is nonzero, we can safely set ε = 0 in these expressions. In the case that the imaginary part does vanish, then
we use the relation limε→0 arctan(a/ε) = sign[a]π/2.

Applying this to Eq. (82) we deduce

IA(Pf , Pi,m, 0) =

ˆ 1

0

dxF (1)(x) , (88)

where F (1)(x) [also given in Eq. (B98)] is

F (1)(x) ≡ 1

(4π)2si

L+ε[y+(x)]− L−ε[y−(x)]

y+(x)− y−(x)
. (89)
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FIG. 6. The real and imaginary parts of IA, generated using the single-parameter integral of Eq. (88), with m1 = m2 and
all other kinematics as indicated in the legend. The fixed external coordinates are chosen such that a singularity arises at
E?f,c ≈ 2.07. As explained in the text, the discontinuity is induced when a pole in the Feynman parameter, x, crosses into the
integrated region. We vary the value of ε (in the iε pole prescription) to illustrate how the singularity arises as ε→ 0.

In this case Imy+(x) = −Imy−(x) = Im
√
A2 +B/2. Thus the substitution limε→0 arctan(a/ε) = sign[a]π/2 is only

needed when the argument of the square root is positive. As we explain in detail in Appendix B 9, evaluating the
remaining integral over x reveals that IA(Pf , Pi) has triangle singularities that arise whenever Pf and Pi take on
values for which all three particles in the triangle of Fig. 2(b) can go on shell.

More precisely, we show in Appendix B 9 that the singularity locations are governed by the discriminant of the
polynomial A2 +B ≡ ax2 + bx+ c, given by

X(sf , si, Q
2) ≡ b2 − 4ac = m2

1

(
(sf − si)2 +Q2(2m2

2 −m2
1 + sf + si)

)
−Q2

(
m4

2 −m2
2

(
Q2 + sf + si

)
+ sfsi

)
. (90)

Critical kinematics are realized whenever X(sf , si, Q
2) = 0, so that A2 + B = (x − xc)2, and in addition, xc and

yc ≡ y+(xc) fall in the integrated range. It can be shown that these conditions are equivalent to the ones found using
Landau’s singularity classification [73].

At values of Pf and Pi satisfying these conditions, the real part of IA has a step-function discontinuity of height

Disc(IA) =
1

16
√

(Pi · Pf )2 − sfsi
, (91)

and the imaginary part shows a logarithmic divergence. In Fig. 6 we illustrate how these singularities form in the
ε→ 0 limit of the iε pole prescription. In Fig. 7 we show the singularity structure as a function of E?f for various fixed
values of E?i . In particular one sees that, for sub-thresold E?i , IA is a smooth function away from the two-particle
production threshold. As E?i approaches 2m a step forms in ReIA and ImIA develops a log divergence. Then, as E?i
is further increased, the location of the singularity in E?f moves towards and eventually collides with the two-particle
threshold.

To complete this subsection we would like to comment on the behavior of this singularity for some special set of
kinematics. First, in the case of identical initial and final 3-momenta, i.e. Pi = Pf , IA does not have any other
singularities apart from those arising at threshold, and therefore the G-function will not exhibit a triangle singularity.
This is consistent with our analysis of the Pf = Pi case, and with the numerical example shown in Fig. 8. In other
words, given that all the external momenta in the triangle diagram are time-like, the condition of all three internal
propagators to be on shell cannot be realized. A second example is the special case of m1 = m2 and si = sf = s.
Solving X(s, s,Q2) = 0 in this simple case leads to a singular manifold given by

Q2 = −4s
(

1− s

4m2

)
. (92)
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FIG. 7. The real and imaginary parts of IA, generated using the single-parameter integral of Eq. (88), evaluated piecewise in
order to work exactly at ε = 0 as described in the paragraph containing Eq. (87). As indicated, the various curves correspond
to fixed values of E?i , chosen to illustrate the behavior of the triangle singularity. For E?i < 2m, IA is a smooth function of E?f
away from threshold. As E?i approaches threshold from below, ReIA forms a step-function singularity and ImIA a logarithmic
divergence. When E?i is then further increased, this singularity moves to lower values of E?f , eventually colliding with the
threshold cusp.

In this case it is easier to visualize that this condition is equivalent to that of all three intermediate particles in the
triangle diagram, Fig 2(b), going on-shell. (See also Refs. [74, 75].)

This concludes our discussion of IA within the main text. In Appendix B 10 we extend the results here by explicitly
evaluating IA;ν1 , IA;ν1ν2 and IA;ν1ν3ν3 . For these integrals we find that the above-threshold discontinuities persist,
but are milder when factors of kµ appear in the numerator.

3. Examples of Gσ(Pf , Pi, L)

Having discussed the integral entering Gσ(Pf , Pi, L) in great detail we are now ready to put everything together
and evaluate the complete function. We do so for two different examples of external kinematics. First, in Fig. 8,
we consider the case of Pi = Pf = (2π/L)[001] with σ = [µ = 0; 10; 10]. Then, in Fig. 9 we take Pi = [000] and
Pf = (2π/L)[001] with σ = [00; 00], i.e. with no numerator factors. In both cases we fix mL = 6 and plot ReGσ for
all values of E?i and E?f in the region of interest.

As explained in the figure captions, each example illustrates important issues and features that arise. In Fig. 8 we
consider various diagonal slices of the E?i , E?f plane. We find that the result for E?i = E?f is in perfect agreement with
the Pi = Pf result determined by combining the various ZJM functions. This provides a strong check on the two
different methods. Figure 8 also illustrates that double poles arise along the E?i = E?f line, but these split to single
poles as the slice is rotated away from this singular choice.

In addition, Fig. 8 illustrates the results of using the Pauli-Villars-like regulator to separate the integral into IA
and IN . As discussed towards the end of Sec. III B 1, the original integral contains a factor scaling as Y10k

µY10 ∼ |k|3
in the numerator leading to a log Λ divergence in IA. Following Appendix B 8 we handle this by evaluating Eqs. (67)
and (68) with {Λ1,Λ2} = {3m, 6m} and {c1, c2} = {−35/27, 8/27}. This removes not only the divergence but also a
dk/k3 term in the integrand to further optimize the numerical convergence of IN . We already gave the result for IN
in this prescription in the right panel of Fig. 5. Here the result is combined with the sum and IA to reach Gσ. With
all building blocks summed together, the dependence on the Pauli-Villars parameters, Λi, cancels (between IA and
IN ) as does the dependence on the smooth cutoff parameter, ᾱ, (between IN and the sum).

Turning now to Fig. 9, this result displays two additional features of Gσ. First we see that, when Pi and Pf differ,
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[�0.05,�✏]
<latexit sha1_base64="6LPBxKXCrUYyra5G+yKMJblfguI=">AAAB/HicdZDLSgMxFIYz9VbrbbRLN8EiuLBDRqq2u6IblxXsBaZDyaSZNjSTGZKMMJT6Km5cKOLWB3Hn25heKCr6Q+Dw/edwTv4g4UxphD6t3Mrq2vpGfrOwtb2zu2fvH7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyup377nkrFYnGns4T6ER4IFjKCtUE9u+iVkYPO4WkZdmmiGI+F37NLyKnVatXqBXQdNBOckwpakhJYqNGzP7r9mKQRFZpwrJTnokT7Yyw1I5xOCt1U0QSTER5Qz5QCR1T549nxE3hsSB+GsTRPaDij3yfGOFIqiwLTGWE9VL+9KfzL81IdVv0xE0mqqSDzRWHKoY7hNAnYZ5ISzTNTYCKZuRWSIZaYaJNXwYSw/Pv/RevMcZHj3lZK9atFHHlwCI7ACXDBJaiDG9AATUBABh7BM3ixHqwn69V6m7fmrMVMEfyQ9f4FZguTWQ==</latexit><latexit sha1_base64="6LPBxKXCrUYyra5G+yKMJblfguI=">AAAB/HicdZDLSgMxFIYz9VbrbbRLN8EiuLBDRqq2u6IblxXsBaZDyaSZNjSTGZKMMJT6Km5cKOLWB3Hn25heKCr6Q+Dw/edwTv4g4UxphD6t3Mrq2vpGfrOwtb2zu2fvH7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyup377nkrFYnGns4T6ER4IFjKCtUE9u+iVkYPO4WkZdmmiGI+F37NLyKnVatXqBXQdNBOckwpakhJYqNGzP7r9mKQRFZpwrJTnokT7Yyw1I5xOCt1U0QSTER5Qz5QCR1T549nxE3hsSB+GsTRPaDij3yfGOFIqiwLTGWE9VL+9KfzL81IdVv0xE0mqqSDzRWHKoY7hNAnYZ5ISzTNTYCKZuRWSIZaYaJNXwYSw/Pv/RevMcZHj3lZK9atFHHlwCI7ACXDBJaiDG9AATUBABh7BM3ixHqwn69V6m7fmrMVMEfyQ9f4FZguTWQ==</latexit><latexit sha1_base64="6LPBxKXCrUYyra5G+yKMJblfguI=">AAAB/HicdZDLSgMxFIYz9VbrbbRLN8EiuLBDRqq2u6IblxXsBaZDyaSZNjSTGZKMMJT6Km5cKOLWB3Hn25heKCr6Q+Dw/edwTv4g4UxphD6t3Mrq2vpGfrOwtb2zu2fvH7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyup377nkrFYnGns4T6ER4IFjKCtUE9u+iVkYPO4WkZdmmiGI+F37NLyKnVatXqBXQdNBOckwpakhJYqNGzP7r9mKQRFZpwrJTnokT7Yyw1I5xOCt1U0QSTER5Qz5QCR1T549nxE3hsSB+GsTRPaDij3yfGOFIqiwLTGWE9VL+9KfzL81IdVv0xE0mqqSDzRWHKoY7hNAnYZ5ISzTNTYCKZuRWSIZaYaJNXwYSw/Pv/RevMcZHj3lZK9atFHHlwCI7ACXDBJaiDG9AATUBABh7BM3ixHqwn69V6m7fmrMVMEfyQ9f4FZguTWQ==</latexit><latexit sha1_base64="6LPBxKXCrUYyra5G+yKMJblfguI=">AAAB/HicdZDLSgMxFIYz9VbrbbRLN8EiuLBDRqq2u6IblxXsBaZDyaSZNjSTGZKMMJT6Km5cKOLWB3Hn25heKCr6Q+Dw/edwTv4g4UxphD6t3Mrq2vpGfrOwtb2zu2fvH7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyup377nkrFYnGns4T6ER4IFjKCtUE9u+iVkYPO4WkZdmmiGI+F37NLyKnVatXqBXQdNBOckwpakhJYqNGzP7r9mKQRFZpwrJTnokT7Yyw1I5xOCt1U0QSTER5Qz5QCR1T549nxE3hsSB+GsTRPaDij3yfGOFIqiwLTGWE9VL+9KfzL81IdVv0xE0mqqSDzRWHKoY7hNAnYZ5ISzTNTYCKZuRWSIZaYaJNXwYSw/Pv/RevMcZHj3lZK9atFHHlwCI7ACXDBJaiDG9AATUBABh7BM3ixHqwn69V6m7fmrMVMEfyQ9f4FZguTWQ==</latexit>

[�0.25,�0.15]
<latexit sha1_base64="V4BKK0TY/8v1F0s2Lh/oyJTCaNE=">AAAB+HicdZDLSgMxFIYz9VbrpaMu3QSL4MIOmdJquyu6cVnBXmA6lEyaaUMzmSHJCLX0Sdy4UMStj+LOtzG9UFT0h8Dh+8/hnPxBwpnSCH1ambX1jc2t7HZuZ3dvP28fHLZUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyuZ377nkrFYnGnxwn1IzwQLGQEa4N6dt4rIqdUgedFiBy34vfsAnJqtVq1egFdB80FF6SMVqQAlmr07I9uPyZpRIUmHCvluSjR/gRLzQin01w3VTTBZIQH1DOlwBFV/mR++BSeGtKHYSzNExrO6feJCY6UGkeB6YywHqrf3gz+5XmpDqv+hIkk1VSQxaIw5VDHcJYC7DNJieZjU2AimbkVkiGWmGiTVc6EsPr7/0Wr5Lgms9tyoX61jCMLjsEJOAMuuAR1cAMaoAkISMEjeAYv1oP1ZL1ab4vWjLWcOQI/ZL1/AdqnkKE=</latexit><latexit sha1_base64="V4BKK0TY/8v1F0s2Lh/oyJTCaNE=">AAAB+HicdZDLSgMxFIYz9VbrpaMu3QSL4MIOmdJquyu6cVnBXmA6lEyaaUMzmSHJCLX0Sdy4UMStj+LOtzG9UFT0h8Dh+8/hnPxBwpnSCH1ambX1jc2t7HZuZ3dvP28fHLZUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyuZ377nkrFYnGnxwn1IzwQLGQEa4N6dt4rIqdUgedFiBy34vfsAnJqtVq1egFdB80FF6SMVqQAlmr07I9uPyZpRIUmHCvluSjR/gRLzQin01w3VTTBZIQH1DOlwBFV/mR++BSeGtKHYSzNExrO6feJCY6UGkeB6YywHqrf3gz+5XmpDqv+hIkk1VSQxaIw5VDHcJYC7DNJieZjU2AimbkVkiGWmGiTVc6EsPr7/0Wr5Lgms9tyoX61jCMLjsEJOAMuuAR1cAMaoAkISMEjeAYv1oP1ZL1ab4vWjLWcOQI/ZL1/AdqnkKE=</latexit><latexit sha1_base64="V4BKK0TY/8v1F0s2Lh/oyJTCaNE=">AAAB+HicdZDLSgMxFIYz9VbrpaMu3QSL4MIOmdJquyu6cVnBXmA6lEyaaUMzmSHJCLX0Sdy4UMStj+LOtzG9UFT0h8Dh+8/hnPxBwpnSCH1ambX1jc2t7HZuZ3dvP28fHLZUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyuZ377nkrFYnGnxwn1IzwQLGQEa4N6dt4rIqdUgedFiBy34vfsAnJqtVq1egFdB80FF6SMVqQAlmr07I9uPyZpRIUmHCvluSjR/gRLzQin01w3VTTBZIQH1DOlwBFV/mR++BSeGtKHYSzNExrO6feJCY6UGkeB6YywHqrf3gz+5XmpDqv+hIkk1VSQxaIw5VDHcJYC7DNJieZjU2AimbkVkiGWmGiTVc6EsPr7/0Wr5Lgms9tyoX61jCMLjsEJOAMuuAR1cAMaoAkISMEjeAYv1oP1ZL1ab4vWjLWcOQI/ZL1/AdqnkKE=</latexit><latexit sha1_base64="V4BKK0TY/8v1F0s2Lh/oyJTCaNE=">AAAB+HicdZDLSgMxFIYz9VbrpaMu3QSL4MIOmdJquyu6cVnBXmA6lEyaaUMzmSHJCLX0Sdy4UMStj+LOtzG9UFT0h8Dh+8/hnPxBwpnSCH1ambX1jc2t7HZuZ3dvP28fHLZUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyuZ377nkrFYnGnxwn1IzwQLGQEa4N6dt4rIqdUgedFiBy34vfsAnJqtVq1egFdB80FF6SMVqQAlmr07I9uPyZpRIUmHCvluSjR/gRLzQin01w3VTTBZIQH1DOlwBFV/mR++BSeGtKHYSzNExrO6feJCY6UGkeB6YywHqrf3gz+5XmpDqv+hIkk1VSQxaIw5VDHcJYC7DNJieZjU2AimbkVkiGWmGiTVc6EsPr7/0Wr5Lgms9tyoX61jCMLjsEJOAMuuAR1cAMaoAkISMEjeAYv1oP1ZL1ab4vWjLWcOQI/ZL1/AdqnkKE=</latexit>
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[+0.20, +0.25]
<latexit sha1_base64="dRrCnC0aSyRL2Ap7Zg8UiYo9en8=">AAAB/3icdVDNSgMxGMzWv1r/VgUvXoJFEJQlW6q2t6IXjxVsLbRLyabZNjSbXZKsUNYefBUvHhTx6mt4823MtqWo6EDCMPN9ZDJ+zJnSCH1auYXFpeWV/GphbX1jc8ve3mmqKJGENkjEI9nysaKcCdrQTHPaiiXFoc/prT+8zPzbOyoVi8SNHsXUC3FfsIARrI3Utfc6IdYDP0jbx8gpoZPsPvXGXbuInGq1WqmcQddBE8CpUkZzpQhmqHftj04vIklIhSYcK9V2Uay9FEvNCKfjQidRNMZkiPu0bajAIVVeOsk/hodG6cEgkuYIDSfq940Uh0qNQt9MZmnVby8T//LaiQ4qXspEnGgqyPShIOFQRzArA/aYpETzkSGYSGayQjLAEhNtKiuYEuZ//580S46LHPe6XKxdzOrIg31wAI6AC85BDVyBOmgAAu7BI3gGL9aD9WS9Wm/T0Zw129kFP2C9fwFhHZRl</latexit><latexit sha1_base64="dRrCnC0aSyRL2Ap7Zg8UiYo9en8=">AAAB/3icdVDNSgMxGMzWv1r/VgUvXoJFEJQlW6q2t6IXjxVsLbRLyabZNjSbXZKsUNYefBUvHhTx6mt4823MtqWo6EDCMPN9ZDJ+zJnSCH1auYXFpeWV/GphbX1jc8ve3mmqKJGENkjEI9nysaKcCdrQTHPaiiXFoc/prT+8zPzbOyoVi8SNHsXUC3FfsIARrI3Utfc6IdYDP0jbx8gpoZPsPvXGXbuInGq1WqmcQddBE8CpUkZzpQhmqHftj04vIklIhSYcK9V2Uay9FEvNCKfjQidRNMZkiPu0bajAIVVeOsk/hodG6cEgkuYIDSfq940Uh0qNQt9MZmnVby8T//LaiQ4qXspEnGgqyPShIOFQRzArA/aYpETzkSGYSGayQjLAEhNtKiuYEuZ//580S46LHPe6XKxdzOrIg31wAI6AC85BDVyBOmgAAu7BI3gGL9aD9WS9Wm/T0Zw129kFP2C9fwFhHZRl</latexit><latexit sha1_base64="dRrCnC0aSyRL2Ap7Zg8UiYo9en8=">AAAB/3icdVDNSgMxGMzWv1r/VgUvXoJFEJQlW6q2t6IXjxVsLbRLyabZNjSbXZKsUNYefBUvHhTx6mt4823MtqWo6EDCMPN9ZDJ+zJnSCH1auYXFpeWV/GphbX1jc8ve3mmqKJGENkjEI9nysaKcCdrQTHPaiiXFoc/prT+8zPzbOyoVi8SNHsXUC3FfsIARrI3Utfc6IdYDP0jbx8gpoZPsPvXGXbuInGq1WqmcQddBE8CpUkZzpQhmqHftj04vIklIhSYcK9V2Uay9FEvNCKfjQidRNMZkiPu0bajAIVVeOsk/hodG6cEgkuYIDSfq940Uh0qNQt9MZmnVby8T//LaiQ4qXspEnGgqyPShIOFQRzArA/aYpETzkSGYSGayQjLAEhNtKiuYEuZ//580S46LHPe6XKxdzOrIg31wAI6AC85BDVyBOmgAAu7BI3gGL9aD9WS9Wm/T0Zw129kFP2C9fwFhHZRl</latexit><latexit sha1_base64="dRrCnC0aSyRL2Ap7Zg8UiYo9en8=">AAAB/3icdVDNSgMxGMzWv1r/VgUvXoJFEJQlW6q2t6IXjxVsLbRLyabZNjSbXZKsUNYefBUvHhTx6mt4823MtqWo6EDCMPN9ZDJ+zJnSCH1auYXFpeWV/GphbX1jc8ve3mmqKJGENkjEI9nysaKcCdrQTHPaiiXFoc/prT+8zPzbOyoVi8SNHsXUC3FfsIARrI3Utfc6IdYDP0jbx8gpoZPsPvXGXbuInGq1WqmcQddBE8CpUkZzpQhmqHftj04vIklIhSYcK9V2Uay9FEvNCKfjQidRNMZkiPu0bajAIVVeOsk/hodG6cEgkuYIDSfq940Uh0qNQt9MZmnVby8T//LaiQ4qXspEnGgqyPShIOFQRzArA/aYpETzkSGYSGayQjLAEhNtKiuYEuZ//580S46LHPe6XKxdzOrIg31wAI6AC85BDVyBOmgAAu7BI3gGL9aD9WS9Wm/T0Zw129kFP2C9fwFhHZRl</latexit>

[+0.10, +0.15]
<latexit sha1_base64="uEvJJ5K7dFRSu7rl7StyZBP+PkI=">AAAB/3icdVBLSwMxGMzWV62vVcGLl2ARBKVkpWp7K3rxWME+YLuUbJptQ7PZJckKZe3Bv+LFgyJe/Rve/Ddm21JUdCBhmPk+Mhk/5kxphD6t3MLi0vJKfrWwtr6xuWVv7zRVlEhCGyTikWz7WFHOBG1opjltx5Li0Oe05Q+vMr91R6VikbjVo5h6Ie4LFjCCtZG69l4nxHrgB6l7jEoOOsnuM2/ctYuoVK1WK5Vz6JTQBHCqlNFcKYIZ6l37o9OLSBJSoQnHSrkOirWXYqkZ4XRc6CSKxpgMcZ+6hgocUuWlk/xjeGiUHgwiaY7QcKJ+30hxqNQo9M1kllb99jLxL89NdFDxUibiRFNBpg8FCYc6glkZsMckJZqPDMFEMpMVkgGWmGhTWcGUMP/7/6R5anorOTflYu1yVkce7IMDcAQccAFq4BrUQQMQcA8ewTN4sR6sJ+vVepuO5qzZzi74Aev9C14JlGM=</latexit><latexit sha1_base64="uEvJJ5K7dFRSu7rl7StyZBP+PkI=">AAAB/3icdVBLSwMxGMzWV62vVcGLl2ARBKVkpWp7K3rxWME+YLuUbJptQ7PZJckKZe3Bv+LFgyJe/Rve/Ddm21JUdCBhmPk+Mhk/5kxphD6t3MLi0vJKfrWwtr6xuWVv7zRVlEhCGyTikWz7WFHOBG1opjltx5Li0Oe05Q+vMr91R6VikbjVo5h6Ie4LFjCCtZG69l4nxHrgB6l7jEoOOsnuM2/ctYuoVK1WK5Vz6JTQBHCqlNFcKYIZ6l37o9OLSBJSoQnHSrkOirWXYqkZ4XRc6CSKxpgMcZ+6hgocUuWlk/xjeGiUHgwiaY7QcKJ+30hxqNQo9M1kllb99jLxL89NdFDxUibiRFNBpg8FCYc6glkZsMckJZqPDMFEMpMVkgGWmGhTWcGUMP/7/6R5anorOTflYu1yVkce7IMDcAQccAFq4BrUQQMQcA8ewTN4sR6sJ+vVepuO5qzZzi74Aev9C14JlGM=</latexit><latexit sha1_base64="uEvJJ5K7dFRSu7rl7StyZBP+PkI=">AAAB/3icdVBLSwMxGMzWV62vVcGLl2ARBKVkpWp7K3rxWME+YLuUbJptQ7PZJckKZe3Bv+LFgyJe/Rve/Ddm21JUdCBhmPk+Mhk/5kxphD6t3MLi0vJKfrWwtr6xuWVv7zRVlEhCGyTikWz7WFHOBG1opjltx5Li0Oe05Q+vMr91R6VikbjVo5h6Ie4LFjCCtZG69l4nxHrgB6l7jEoOOsnuM2/ctYuoVK1WK5Vz6JTQBHCqlNFcKYIZ6l37o9OLSBJSoQnHSrkOirWXYqkZ4XRc6CSKxpgMcZ+6hgocUuWlk/xjeGiUHgwiaY7QcKJ+30hxqNQo9M1kllb99jLxL89NdFDxUibiRFNBpg8FCYc6glkZsMckJZqPDMFEMpMVkgGWmGhTWcGUMP/7/6R5anorOTflYu1yVkce7IMDcAQccAFq4BrUQQMQcA8ewTN4sR6sJ+vVepuO5qzZzi74Aev9C14JlGM=</latexit><latexit sha1_base64="uEvJJ5K7dFRSu7rl7StyZBP+PkI=">AAAB/3icdVBLSwMxGMzWV62vVcGLl2ARBKVkpWp7K3rxWME+YLuUbJptQ7PZJckKZe3Bv+LFgyJe/Rve/Ddm21JUdCBhmPk+Mhk/5kxphD6t3MLi0vJKfrWwtr6xuWVv7zRVlEhCGyTikWz7WFHOBG1opjltx5Li0Oe05Q+vMr91R6VikbjVo5h6Ie4LFjCCtZG69l4nxHrgB6l7jEoOOsnuM2/ctYuoVK1WK5Vz6JTQBHCqlNFcKYIZ6l37o9OLSBJSoQnHSrkOirWXYqkZ4XRc6CSKxpgMcZ+6hgocUuWlk/xjeGiUHgwiaY7QcKJ+30hxqNQo9M1kllb99jLxL89NdFDxUibiRFNBpg8FCYc6glkZsMckJZqPDMFEMpMVkgGWmGhTWcGUMP/7/6R5anorOTflYu1yVkce7IMDcAQccAFq4BrUQQMQcA8ewTN4sR6sJ+vVepuO5qzZzi74Aev9C14JlGM=</latexit>

[+✏, +0.05]
<latexit sha1_base64="Fbt5+CSV1t1bQbp0ro+VhJfbVEA=">AAACA3icdZDLSgMxFIYzXmu9Vd3pJlgEoTJkpGq7K7pxWcFeYGYomTTThmYyQ5IRylBw46u4caGIW1/CnW9jeqGo6A+Bw/efQ875g4QzpRH6tBYWl5ZXVnNr+fWNza3tws5uU8WpJLRBYh7LdoAV5UzQhmaa03YiKY4CTlvB4Grst+6oVCwWt3qYUD/CPcFCRrA2qFPY9yKs+0GYuSWPJorxWJyUkI3O/FGnUER2tVqtVM6hY6OJ4JSU0ZwUwUz1TuHD68YkjajQhGOlXAcl2s+w1IxwOsp7qaIJJgPco64pBY6o8rPJDSN4ZEgXhrE0T2g4od8nMhwpNYwC0zneWP32xvAvz011WPEzJpJUU0GmH4UphzqG40Bgl0lKNB+aAhPJzK6Q9LHERJvY8iaE+e3/F81T20G2c1Mu1i5nceTAATgEx8ABF6AGrkEdNAAB9+ARPIMX68F6sl6tt2nrgjWb2QM/ZL1/AQyglyE=</latexit><latexit sha1_base64="Fbt5+CSV1t1bQbp0ro+VhJfbVEA=">AAACA3icdZDLSgMxFIYzXmu9Vd3pJlgEoTJkpGq7K7pxWcFeYGYomTTThmYyQ5IRylBw46u4caGIW1/CnW9jeqGo6A+Bw/efQ875g4QzpRH6tBYWl5ZXVnNr+fWNza3tws5uU8WpJLRBYh7LdoAV5UzQhmaa03YiKY4CTlvB4Grst+6oVCwWt3qYUD/CPcFCRrA2qFPY9yKs+0GYuSWPJorxWJyUkI3O/FGnUER2tVqtVM6hY6OJ4JSU0ZwUwUz1TuHD68YkjajQhGOlXAcl2s+w1IxwOsp7qaIJJgPco64pBY6o8rPJDSN4ZEgXhrE0T2g4od8nMhwpNYwC0zneWP32xvAvz011WPEzJpJUU0GmH4UphzqG40Bgl0lKNB+aAhPJzK6Q9LHERJvY8iaE+e3/F81T20G2c1Mu1i5nceTAATgEx8ABF6AGrkEdNAAB9+ARPIMX68F6sl6tt2nrgjWb2QM/ZL1/AQyglyE=</latexit><latexit sha1_base64="Fbt5+CSV1t1bQbp0ro+VhJfbVEA=">AAACA3icdZDLSgMxFIYzXmu9Vd3pJlgEoTJkpGq7K7pxWcFeYGYomTTThmYyQ5IRylBw46u4caGIW1/CnW9jeqGo6A+Bw/efQ875g4QzpRH6tBYWl5ZXVnNr+fWNza3tws5uU8WpJLRBYh7LdoAV5UzQhmaa03YiKY4CTlvB4Grst+6oVCwWt3qYUD/CPcFCRrA2qFPY9yKs+0GYuSWPJorxWJyUkI3O/FGnUER2tVqtVM6hY6OJ4JSU0ZwUwUz1TuHD68YkjajQhGOlXAcl2s+w1IxwOsp7qaIJJgPco64pBY6o8rPJDSN4ZEgXhrE0T2g4od8nMhwpNYwC0zneWP32xvAvz011WPEzJpJUU0GmH4UphzqG40Bgl0lKNB+aAhPJzK6Q9LHERJvY8iaE+e3/F81T20G2c1Mu1i5nceTAATgEx8ABF6AGrkEdNAAB9+ARPIMX68F6sl6tt2nrgjWb2QM/ZL1/AQyglyE=</latexit><latexit sha1_base64="Fbt5+CSV1t1bQbp0ro+VhJfbVEA=">AAACA3icdZDLSgMxFIYzXmu9Vd3pJlgEoTJkpGq7K7pxWcFeYGYomTTThmYyQ5IRylBw46u4caGIW1/CnW9jeqGo6A+Bw/efQ875g4QzpRH6tBYWl5ZXVnNr+fWNza3tws5uU8WpJLRBYh7LdoAV5UzQhmaa03YiKY4CTlvB4Grst+6oVCwWt3qYUD/CPcFCRrA2qFPY9yKs+0GYuSWPJorxWJyUkI3O/FGnUER2tVqtVM6hY6OJ4JSU0ZwUwUz1TuHD68YkjajQhGOlXAcl2s+w1IxwOsp7qaIJJgPco64pBY6o8rPJDSN4ZEgXhrE0T2g4od8nMhwpNYwC0zneWP32xvAvz011WPEzJpJUU0GmH4UphzqG40Bgl0lKNB+aAhPJzK6Q9LHERJvY8iaE+e3/F81T20G2c1Mu1i5nceTAATgEx8ABF6AGrkEdNAAB9+ARPIMX68F6sl6tt2nrgjWb2QM/ZL1/AQyglyE=</latexit>

[�0.05,�✏]
<latexit sha1_base64="66ZXk13Pw0s8Fz0yuPryDHmX2Ys=">AAACA3icdZDLSgMxFIYzXmu9Vd3pJlgEF3bISNV2V3TjsoK9wMxQMmmmDc1khiQjlKHgxldx40IRt76EO9/G9EJR0R8Ch+8/h5zzBwlnSiP0aS0sLi2vrObW8usbm1vbhZ3dpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaCwdXYb91RqVgsbvUwoX6Ee4KFjGBtUKew70VY94Mwc0vIRmcnJY8mivFY+KNOoYjsarVaqZxDx0YTwSkpozkpgpnqncKH141JGlGhCcdKuQ5KtJ9hqRnhdJT3UkUTTAa4R11TChxR5WeTG0bwyJAuDGNpntBwQr9PZDhSahgFpnO8sfrtjeFfnpvqsOJnTCSppoJMPwpTDnUMx4HALpOUaD40BSaSmV0h6WOJiTax5U0I89v/L5qntoNs56ZcrF3O4siBA3AIjoEDLkANXIM6aAAC7sEjeAYv1oP1ZL1ab9PWBWs2swd+yHr/AgfalyU=</latexit><latexit sha1_base64="66ZXk13Pw0s8Fz0yuPryDHmX2Ys=">AAACA3icdZDLSgMxFIYzXmu9Vd3pJlgEF3bISNV2V3TjsoK9wMxQMmmmDc1khiQjlKHgxldx40IRt76EO9/G9EJR0R8Ch+8/h5zzBwlnSiP0aS0sLi2vrObW8usbm1vbhZ3dpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaCwdXYb91RqVgsbvUwoX6Ee4KFjGBtUKew70VY94Mwc0vIRmcnJY8mivFY+KNOoYjsarVaqZxDx0YTwSkpozkpgpnqncKH141JGlGhCcdKuQ5KtJ9hqRnhdJT3UkUTTAa4R11TChxR5WeTG0bwyJAuDGNpntBwQr9PZDhSahgFpnO8sfrtjeFfnpvqsOJnTCSppoJMPwpTDnUMx4HALpOUaD40BSaSmV0h6WOJiTax5U0I89v/L5qntoNs56ZcrF3O4siBA3AIjoEDLkANXIM6aAAC7sEjeAYv1oP1ZL1ab9PWBWs2swd+yHr/AgfalyU=</latexit><latexit sha1_base64="66ZXk13Pw0s8Fz0yuPryDHmX2Ys=">AAACA3icdZDLSgMxFIYzXmu9Vd3pJlgEF3bISNV2V3TjsoK9wMxQMmmmDc1khiQjlKHgxldx40IRt76EO9/G9EJR0R8Ch+8/h5zzBwlnSiP0aS0sLi2vrObW8usbm1vbhZ3dpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaCwdXYb91RqVgsbvUwoX6Ee4KFjGBtUKew70VY94Mwc0vIRmcnJY8mivFY+KNOoYjsarVaqZxDx0YTwSkpozkpgpnqncKH141JGlGhCcdKuQ5KtJ9hqRnhdJT3UkUTTAa4R11TChxR5WeTG0bwyJAuDGNpntBwQr9PZDhSahgFpnO8sfrtjeFfnpvqsOJnTCSppoJMPwpTDnUMx4HALpOUaD40BSaSmV0h6WOJiTax5U0I89v/L5qntoNs56ZcrF3O4siBA3AIjoEDLkANXIM6aAAC7sEjeAYv1oP1ZL1ab9PWBWs2swd+yHr/AgfalyU=</latexit><latexit sha1_base64="66ZXk13Pw0s8Fz0yuPryDHmX2Ys=">AAACA3icdZDLSgMxFIYzXmu9Vd3pJlgEF3bISNV2V3TjsoK9wMxQMmmmDc1khiQjlKHgxldx40IRt76EO9/G9EJR0R8Ch+8/h5zzBwlnSiP0aS0sLi2vrObW8usbm1vbhZ3dpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaCwdXYb91RqVgsbvUwoX6Ee4KFjGBtUKew70VY94Mwc0vIRmcnJY8mivFY+KNOoYjsarVaqZxDx0YTwSkpozkpgpnqncKH141JGlGhCcdKuQ5KtJ9hqRnhdJT3UkUTTAa4R11TChxR5WeTG0bwyJAuDGNpntBwQr9PZDhSahgFpnO8sfrtjeFfnpvqsOJnTCSppoJMPwpTDnUMx4HALpOUaD40BSaSmV0h6WOJiTax5U0I89v/L5qntoNs56ZcrF3O4siBA3AIjoEDLkANXIM6aAAC7sEjeAYv1oP1ZL1ab9PWBWs2swd+yHr/AgfalyU=</latexit>

[�0.15,�0.10]
<latexit sha1_base64="BnzvU4Cexx+YYCnD3HjyLO2XHfs=">AAAB/3icdVBLSwMxGMzWV62vVcGLl2ARPGjJStX2VvTisYJ9wHYp2TTbhmazS5IVytqDf8WLB0W8+je8+W/MtqWo6EDCMPN9ZDJ+zJnSCH1auYXFpeWV/GphbX1jc8ve3mmqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx9eZX7rjkrFInGrRzH1QtwXLGAEayN17b1OiPXAD1L3BJWcs+PsRt64axdRqVqtVirn0CmhCeBUKaO5UgQz1Lv2R6cXkSSkQhOOlXIdFGsvxVIzwum40EkUjTEZ4j51DRU4pMpLJ/nH8NAoPRhE0hyh4UT9vpHiUKlR6JvJLK367WXiX56b6KDipUzEiaaCTB8KEg51BLMyYI9JSjQfGYKJZCYrJAMsMdGmsoIpYf73/0nz1DRWcm7KxdrlrI482AcH4Ag44ALUwDWogwYg4B48gmfwYj1YT9ar9TYdzVmznV3wA9b7F2RblGc=</latexit><latexit sha1_base64="BnzvU4Cexx+YYCnD3HjyLO2XHfs=">AAAB/3icdVBLSwMxGMzWV62vVcGLl2ARPGjJStX2VvTisYJ9wHYp2TTbhmazS5IVytqDf8WLB0W8+je8+W/MtqWo6EDCMPN9ZDJ+zJnSCH1auYXFpeWV/GphbX1jc8ve3mmqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx9eZX7rjkrFInGrRzH1QtwXLGAEayN17b1OiPXAD1L3BJWcs+PsRt64axdRqVqtVirn0CmhCeBUKaO5UgQz1Lv2R6cXkSSkQhOOlXIdFGsvxVIzwum40EkUjTEZ4j51DRU4pMpLJ/nH8NAoPRhE0hyh4UT9vpHiUKlR6JvJLK367WXiX56b6KDipUzEiaaCTB8KEg51BLMyYI9JSjQfGYKJZCYrJAMsMdGmsoIpYf73/0nz1DRWcm7KxdrlrI482AcH4Ag44ALUwDWogwYg4B48gmfwYj1YT9ar9TYdzVmznV3wA9b7F2RblGc=</latexit><latexit sha1_base64="BnzvU4Cexx+YYCnD3HjyLO2XHfs=">AAAB/3icdVBLSwMxGMzWV62vVcGLl2ARPGjJStX2VvTisYJ9wHYp2TTbhmazS5IVytqDf8WLB0W8+je8+W/MtqWo6EDCMPN9ZDJ+zJnSCH1auYXFpeWV/GphbX1jc8ve3mmqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx9eZX7rjkrFInGrRzH1QtwXLGAEayN17b1OiPXAD1L3BJWcs+PsRt64axdRqVqtVirn0CmhCeBUKaO5UgQz1Lv2R6cXkSSkQhOOlXIdFGsvxVIzwum40EkUjTEZ4j51DRU4pMpLJ/nH8NAoPRhE0hyh4UT9vpHiUKlR6JvJLK367WXiX56b6KDipUzEiaaCTB8KEg51BLMyYI9JSjQfGYKJZCYrJAMsMdGmsoIpYf73/0nz1DRWcm7KxdrlrI482AcH4Ag44ALUwDWogwYg4B48gmfwYj1YT9ar9TYdzVmznV3wA9b7F2RblGc=</latexit><latexit sha1_base64="BnzvU4Cexx+YYCnD3HjyLO2XHfs=">AAAB/3icdVBLSwMxGMzWV62vVcGLl2ARPGjJStX2VvTisYJ9wHYp2TTbhmazS5IVytqDf8WLB0W8+je8+W/MtqWo6EDCMPN9ZDJ+zJnSCH1auYXFpeWV/GphbX1jc8ve3mmqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx9eZX7rjkrFInGrRzH1QtwXLGAEayN17b1OiPXAD1L3BJWcs+PsRt64axdRqVqtVirn0CmhCeBUKaO5UgQz1Lv2R6cXkSSkQhOOlXIdFGsvxVIzwum40EkUjTEZ4j51DRU4pMpLJ/nH8NAoPRhE0hyh4UT9vpHiUKlR6JvJLK367WXiX56b6KDipUzEiaaCTB8KEg51BLMyYI9JSjQfGYKJZCYrJAMsMdGmsoIpYf73/0nz1DRWcm7KxdrlrI482AcH4Ag44ALUwDWogwYg4B48gmfwYj1YT9ar9TYdzVmznV3wA9b7F2RblGc=</latexit>

[�0.25,�0.20]
<latexit sha1_base64="Cm2nRbL45ZucpREPcp63xe+vlsA=">AAAB/3icdVDNSgMxGMzWv1r/VgUvXoJF8KBLtlRtb0UvHivYWmiXkk2zbWg2uyRZoaw9+CpePCji1dfw5tuYbUtR0YGEYeb7yGT8mDOlEfq0cguLS8sr+dXC2vrG5pa9vdNUUSIJbZCIR7LlY0U5E7Shmea0FUuKQ5/TW394mfm3d1QqFokbPYqpF+K+YAEjWBupa+91QqwHfpC2T5BTOj3ObuSNu3YROdVqtVI5g66DJoBTpYzmShHMUO/aH51eRJKQCk04Vqrtolh7KZaaEU7HhU6iaIzJEPdp21CBQ6q8dJJ/DA+N0oNBJM0RGk7U7xspDpUahb6ZzNKq314m/uW1Ex1UvJSJONFUkOlDQcKhjmBWBuwxSYnmI0MwkcxkhWSAJSbaVFYwJcz//j9plhwXOe51uVi7mNWRB/vgABwBF5yDGrgCddAABNyDR/AMXqwH68l6td6mozlrtrMLfsB6/wJnb5Rp</latexit><latexit sha1_base64="Cm2nRbL45ZucpREPcp63xe+vlsA=">AAAB/3icdVDNSgMxGMzWv1r/VgUvXoJF8KBLtlRtb0UvHivYWmiXkk2zbWg2uyRZoaw9+CpePCji1dfw5tuYbUtR0YGEYeb7yGT8mDOlEfq0cguLS8sr+dXC2vrG5pa9vdNUUSIJbZCIR7LlY0U5E7Shmea0FUuKQ5/TW394mfm3d1QqFokbPYqpF+K+YAEjWBupa+91QqwHfpC2T5BTOj3ObuSNu3YROdVqtVI5g66DJoBTpYzmShHMUO/aH51eRJKQCk04Vqrtolh7KZaaEU7HhU6iaIzJEPdp21CBQ6q8dJJ/DA+N0oNBJM0RGk7U7xspDpUahb6ZzNKq314m/uW1Ex1UvJSJONFUkOlDQcKhjmBWBuwxSYnmI0MwkcxkhWSAJSbaVFYwJcz//j9plhwXOe51uVi7mNWRB/vgABwBF5yDGrgCddAABNyDR/AMXqwH68l6td6mozlrtrMLfsB6/wJnb5Rp</latexit><latexit sha1_base64="Cm2nRbL45ZucpREPcp63xe+vlsA=">AAAB/3icdVDNSgMxGMzWv1r/VgUvXoJF8KBLtlRtb0UvHivYWmiXkk2zbWg2uyRZoaw9+CpePCji1dfw5tuYbUtR0YGEYeb7yGT8mDOlEfq0cguLS8sr+dXC2vrG5pa9vdNUUSIJbZCIR7LlY0U5E7Shmea0FUuKQ5/TW394mfm3d1QqFokbPYqpF+K+YAEjWBupa+91QqwHfpC2T5BTOj3ObuSNu3YROdVqtVI5g66DJoBTpYzmShHMUO/aH51eRJKQCk04Vqrtolh7KZaaEU7HhU6iaIzJEPdp21CBQ6q8dJJ/DA+N0oNBJM0RGk7U7xspDpUahb6ZzNKq314m/uW1Ex1UvJSJONFUkOlDQcKhjmBWBuwxSYnmI0MwkcxkhWSAJSbaVFYwJcz//j9plhwXOe51uVi7mNWRB/vgABwBF5yDGrgCddAABNyDR/AMXqwH68l6td6mozlrtrMLfsB6/wJnb5Rp</latexit><latexit sha1_base64="Cm2nRbL45ZucpREPcp63xe+vlsA=">AAAB/3icdVDNSgMxGMzWv1r/VgUvXoJF8KBLtlRtb0UvHivYWmiXkk2zbWg2uyRZoaw9+CpePCji1dfw5tuYbUtR0YGEYeb7yGT8mDOlEfq0cguLS8sr+dXC2vrG5pa9vdNUUSIJbZCIR7LlY0U5E7Shmea0FUuKQ5/TW394mfm3d1QqFokbPYqpF+K+YAEjWBupa+91QqwHfpC2T5BTOj3ObuSNu3YROdVqtVI5g66DJoBTpYzmShHMUO/aH51eRJKQCk04Vqrtolh7KZaaEU7HhU6iaIzJEPdp21CBQ6q8dJJ/DA+N0oNBJM0RGk7U7xspDpUahb6ZzNKq314m/uW1Ex1UvJSJONFUkOlDQcKhjmBWBuwxSYnmI0MwkcxkhWSAJSbaVFYwJcz//j9plhwXOe51uVi7mNWRB/vgABwBF5yDGrgCddAABNyDR/AMXqwH68l6td6mozlrtrMLfsB6/wJnb5Rp</latexit>

mL = 6

� = [10; 10; µ = 0]

Pi = Pf = [001]
<latexit sha1_base64="7t0ByXg6VIFsGIjr07CXsA3J1uw=">AAACDnicbVDLSsNAFJ3UV62vqEs3o6XgqiQi6EYounFZwT4gCWEynbRDJw9mbsQS+gVu/BU3LhRx69qdf+O0DaitBy6cOede5t4TpIIrsKwvo7S0vLK6Vl6vbGxube+Yu3ttlWSSshZNRCK7AVFM8Ji1gINg3VQyEgWCdYLh1cTv3DGpeBLfwihlXkT6MQ85JaAl36y5wO4hCHHT5/gC/7xy9zAca8WxLNvzzapVt6bAi8QuSBUVaPrmp9tLaBaxGKggSjm2lYKXEwmcCjauuJliKaFD0meOpjGJmPLy6TljXNNKD4eJ1BUDnqq/J3ISKTWKAt0ZERioeW8i/uc5GYTnXs7jNAMW09lHYSYwJHiSDe5xySiIkSaESq53xXRAJKGgE6zoEOz5kxdJ+6RuW3X75rTauCziKKMDdISOkY3OUANdoyZqIYoe0BN6Qa/Go/FsvBnvs9aSUczsoz8wPr4B6o+aFA==</latexit><latexit sha1_base64="7t0ByXg6VIFsGIjr07CXsA3J1uw=">AAACDnicbVDLSsNAFJ3UV62vqEs3o6XgqiQi6EYounFZwT4gCWEynbRDJw9mbsQS+gVu/BU3LhRx69qdf+O0DaitBy6cOede5t4TpIIrsKwvo7S0vLK6Vl6vbGxube+Yu3ttlWSSshZNRCK7AVFM8Ji1gINg3VQyEgWCdYLh1cTv3DGpeBLfwihlXkT6MQ85JaAl36y5wO4hCHHT5/gC/7xy9zAca8WxLNvzzapVt6bAi8QuSBUVaPrmp9tLaBaxGKggSjm2lYKXEwmcCjauuJliKaFD0meOpjGJmPLy6TljXNNKD4eJ1BUDnqq/J3ISKTWKAt0ZERioeW8i/uc5GYTnXs7jNAMW09lHYSYwJHiSDe5xySiIkSaESq53xXRAJKGgE6zoEOz5kxdJ+6RuW3X75rTauCziKKMDdISOkY3OUANdoyZqIYoe0BN6Qa/Go/FsvBnvs9aSUczsoz8wPr4B6o+aFA==</latexit><latexit sha1_base64="7t0ByXg6VIFsGIjr07CXsA3J1uw=">AAACDnicbVDLSsNAFJ3UV62vqEs3o6XgqiQi6EYounFZwT4gCWEynbRDJw9mbsQS+gVu/BU3LhRx69qdf+O0DaitBy6cOede5t4TpIIrsKwvo7S0vLK6Vl6vbGxube+Yu3ttlWSSshZNRCK7AVFM8Ji1gINg3VQyEgWCdYLh1cTv3DGpeBLfwihlXkT6MQ85JaAl36y5wO4hCHHT5/gC/7xy9zAca8WxLNvzzapVt6bAi8QuSBUVaPrmp9tLaBaxGKggSjm2lYKXEwmcCjauuJliKaFD0meOpjGJmPLy6TljXNNKD4eJ1BUDnqq/J3ISKTWKAt0ZERioeW8i/uc5GYTnXs7jNAMW09lHYSYwJHiSDe5xySiIkSaESq53xXRAJKGgE6zoEOz5kxdJ+6RuW3X75rTauCziKKMDdISOkY3OUANdoyZqIYoe0BN6Qa/Go/FsvBnvs9aSUczsoz8wPr4B6o+aFA==</latexit><latexit sha1_base64="7t0ByXg6VIFsGIjr07CXsA3J1uw=">AAACDnicbVDLSsNAFJ3UV62vqEs3o6XgqiQi6EYounFZwT4gCWEynbRDJw9mbsQS+gVu/BU3LhRx69qdf+O0DaitBy6cOede5t4TpIIrsKwvo7S0vLK6Vl6vbGxube+Yu3ttlWSSshZNRCK7AVFM8Ji1gINg3VQyEgWCdYLh1cTv3DGpeBLfwihlXkT6MQ85JaAl36y5wO4hCHHT5/gC/7xy9zAca8WxLNvzzapVt6bAi8QuSBUVaPrmp9tLaBaxGKggSjm2lYKXEwmcCjauuJliKaFD0meOpjGJmPLy6TljXNNKD4eJ1BUDnqq/J3ISKTWKAt0ZERioeW8i/uc5GYTnXs7jNAMW09lHYSYwJHiSDe5xySiIkSaESq53xXRAJKGgE6zoEOz5kxdJ+6RuW3X75rTauCziKKMDdISOkY3OUANdoyZqIYoe0BN6Qa/Go/FsvBnvs9aSUczsoz8wPr4B6o+aFA==</latexit>

E?
i /m

<latexit sha1_base64="YHXFUh1tYUPW0uhhyQL2aXR8umU=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKe6KoMegCB4jmAcka5idzCZD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHdFieAWfP/bK6ysrq1vFDdLW9s7u3vl/YOm1amhrEG10KYdEcsEV6wBHARrJ4YRGQnWikY3U7/1xIzlWj3AOGGhJAPFY04JOKlz2+OPXQvEnMleueJX/RnwMglyUkE56r3yV7evaSqZAiqItZ3ATyDMiAFOBZuUuqllCaEjMmAdRxWRzIbZ7OQJPnFKH8fauFKAZ+rviYxIa8cycp2SwNAuelPxP6+TQnwVZlwlKTBF54viVGDQePo/7nPDKIixI4Qa7m7FdEgMoeBSKrkQgsWXl0nzvBr41eD+olK7zuMooiN0jE5RgC5RDd2hOmogijR6Rq/ozQPvxXv3PuatBS+fOUR/4H3+APJIkQU=</latexit><latexit sha1_base64="YHXFUh1tYUPW0uhhyQL2aXR8umU=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKe6KoMegCB4jmAcka5idzCZD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHdFieAWfP/bK6ysrq1vFDdLW9s7u3vl/YOm1amhrEG10KYdEcsEV6wBHARrJ4YRGQnWikY3U7/1xIzlWj3AOGGhJAPFY04JOKlz2+OPXQvEnMleueJX/RnwMglyUkE56r3yV7evaSqZAiqItZ3ATyDMiAFOBZuUuqllCaEjMmAdRxWRzIbZ7OQJPnFKH8fauFKAZ+rviYxIa8cycp2SwNAuelPxP6+TQnwVZlwlKTBF54viVGDQePo/7nPDKIixI4Qa7m7FdEgMoeBSKrkQgsWXl0nzvBr41eD+olK7zuMooiN0jE5RgC5RDd2hOmogijR6Rq/ozQPvxXv3PuatBS+fOUR/4H3+APJIkQU=</latexit><latexit sha1_base64="YHXFUh1tYUPW0uhhyQL2aXR8umU=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKe6KoMegCB4jmAcka5idzCZD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHdFieAWfP/bK6ysrq1vFDdLW9s7u3vl/YOm1amhrEG10KYdEcsEV6wBHARrJ4YRGQnWikY3U7/1xIzlWj3AOGGhJAPFY04JOKlz2+OPXQvEnMleueJX/RnwMglyUkE56r3yV7evaSqZAiqItZ3ATyDMiAFOBZuUuqllCaEjMmAdRxWRzIbZ7OQJPnFKH8fauFKAZ+rviYxIa8cycp2SwNAuelPxP6+TQnwVZlwlKTBF54viVGDQePo/7nPDKIixI4Qa7m7FdEgMoeBSKrkQgsWXl0nzvBr41eD+olK7zuMooiN0jE5RgC5RDd2hOmogijR6Rq/ozQPvxXv3PuatBS+fOUR/4H3+APJIkQU=</latexit><latexit sha1_base64="YHXFUh1tYUPW0uhhyQL2aXR8umU=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKe6KoMegCB4jmAcka5idzCZD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHdFieAWfP/bK6ysrq1vFDdLW9s7u3vl/YOm1amhrEG10KYdEcsEV6wBHARrJ4YRGQnWikY3U7/1xIzlWj3AOGGhJAPFY04JOKlz2+OPXQvEnMleueJX/RnwMglyUkE56r3yV7evaSqZAiqItZ3ATyDMiAFOBZuUuqllCaEjMmAdRxWRzIbZ7OQJPnFKH8fauFKAZ+rviYxIa8cycp2SwNAuelPxP6+TQnwVZlwlKTBF54viVGDQePo/7nPDKIixI4Qa7m7FdEgMoeBSKrkQgsWXl0nzvBr41eD+olK7zuMooiN0jE5RgC5RDd2hOmogijR6Rq/ozQPvxXv3PuatBS+fOUR/4H3+APJIkQU=</latexit>

FIG. 8. Contour plot representation of ReGµ=0
10;10(Pf , Pi, L) for Pf = Pi = [001] and mL = 6. The grey diagonal dashed lines

in the left panel indicate slices defined by E?f = s(E?i − 2m) + 2m, for s = 1.0, 0.8, 0.6. We plot ReGσ along these slices in the
right panel as indicated. The top right panel corresponds to Pf = Pf and the plot matches Fig. 4 well within the expected
e−mL discrepancies. Here we also separately show the contributions from IA (dashed orange) and the remaining contribution
to ReGσ (dashed red).

the non-interacting two-particle poles appear in different locations for E?i and E?f . Interactions shift the finite-volume
energies away from these singularities so that Gσ, like the Lellouch-Lüscher factors, will generally be evaluated away
from the divergent locations. However, as with all finite-volume kinematic functions, this implicit knowledge of the
non-interacting spectrum is a key ingredient in the all-orders correction of the scattering-state volume effects.

Second, we see the appearance of triangle singularities inherited through IA. Such features are simply part of the
correct definition of Gσ. Indeed, because the singularity structure is directly induced by the infinite-volume diagram
of Fig. 2(b), it also appears within the infinite-volume 2 + J → 2 transition amplitude itself. The steps, cusps and
log divergences of Gσ are present in both W and Wdf for exactly the same kinematics. Thus, understanding the
features is crucial to extracting and interpreting the infinite-volume observables that we are after. We discuss the role
of discontinuities within the transition amplitude in more detail in future work.

IV. CONCLUSION

In this work we have presented a modified version of the finite-volume formalism for studying 2+J → 2 transition
amplitudes. This is closely related to the approach of Ref. [6], but differs in that all infinite-volume quantities are
Lorentz covariant and the 1 + J → 1 matrix elements have been reformulated in terms of standard form factors.
As explained in Sec. II B and Appendix A, the new result is reached by making minor adjustments to the derivation
presented in Ref. [6]. For example, in that work finite-volume effects are expressed as sums over poles of the form
1/[2ωk(k0 − ωk)], and here the same effects are expressed via invariant poles, 1/(k2 −m2).

These changes lead to a modified form of the finite-volume function, denoted G, with an added benefit that the
new form is easier to evaluate numerically. As described in Sec. III B 2, the Lorentz covariant structure allow us to
write the integral appearing in G in terms of Feynman parameters. This reduction is also crucial to revealing the
analytic structure of G, including the triangle singularities described in great detail Sec. III B 2 and Appendix B 9,
and illustrated in Figs. 6, 7 and 9. We also recall that the form of G presented in Ref. [6] carries four sets of spherical
harmonic indices, resulting from a cumbersome description of the 1 + J → 1 matrix elements. By contrast, our
improved expression carries only the angular momentum indices of the external states, together with Lorentz indices
to describe the current insertion.

To avoid proliferation of flavor and channel indices, in this work we restricted attention to kinematics for which a
single channel of two scalar particles is open. Accommodating multiple channels is straightforward given the results
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FIG. 9. Contour plot representation of ReG00;00(Pf , Pi, L) for Pi = [000], Pf = [001] and mL = 6. Allowing the spatial
momenta to differ means that the finite-volume spectrum must be different for the incoming and outgoing states, as is apparent
from the different positions of the poles, corresponding to non-interacting levels (vertical and horizontal dashed lines in the left
panel). Another feature of differing spatial momenta is the appearance of triangular singularities, emphasized in the middle
and right panels. On the far right we plot three slices, running over the step discontinuity in ReGσ.

of Ref. [6]. Incorporating particles with spin has yet to be considered for these types of observables and is the subject
of future work. This final generalization is of great importance given the phenomenological interest in two-nucleon
matrix elements [76, 77]. From our previous experience with spinning particles [6, 32], we expect that the extension
will be relatively straightforward.

Looking to less trivial extensions, it would be of great interest to extended these ideas in order to develop an
approach for extracting non-local matrix elements of two-particle systems. This would make it possible to extract
distribution functions of resonant states, following the methods of Refs. [10], and would open the possibility for lattice
QCD calculations of two-body contributions to double-beta decays [78, 79]. Matrix elements of non-local operators
suffer from different types of finite-volume artifacts. These depend crucially on whether the operators are displaced
in Euclidean time, as in Ref. [80], or in a spatial direction, as considered for example in Ref. [11]. Finally, extensions
of this work to energies for which three or more particles can go on-shell should be feasible in the future, especially
given the recent progress in understanding the finite-volume spectrum of three-particle states [47–52].

Returning to the present formalism, several open questions persist that we plan to address in future work. For
example, Wdf is defined using the partial-wave basis, while the form factors of resonances or bound states are more
naturally described using Lorentz decomposition. It is always possible to relate the partial-wave and Lorentz bases.
However, due to the reduction of rotational symmetry in the finite-volume, we do not expect a one-to-one correspon-
dence between the finite-volume matrix elements and the different Lorentz components of Wdf . For example, in the ρ
channel with nonzero spatial momenta in the finite-volume frame, the different helicity components mix to different
finite-volume irreps. This means that the components are sampled by different finite-volume quantization conditions
and thus at different energies. As a result, just as is done in the analysis of coupled-channel scattering [40–45], it will
be necessary to perform global fits of the matrix elements using Eq. (25). This requires a detailed understanding of
the analytic structure of these amplitudes in which triangle singularities play a crucial role.
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FIG. 10. (a) The finite-volume three-point correlator used to derive the 2+J → 2 formalism. All symbols common to Fig. 2
have the same definition. The open circles, new to this figure, denote Bethe-Salpeter kernels, defined to include all diagrams
besides the s-channel two-particle reducible set, shown explicitly. The two-particle loops shown explicitly are evaluated in a
finite volume as indicated with the V label. (b) The finite-volume loop within the correlator that leads to the appearance of
the G-function.

Appendix A: Derivation of the covariant formalism

In this appendix we describe how the derivation of Ref. [6] must be modified to give the covariant version of the
formalism, presented in Sec. II B above. As in our previous derivation, we restrict attention to a finite cubic spatial
volume, implemented by requiring all fields to have periodicity L in the three spatial directions.

Within this set-up we introduce a finite-volume three-point function, C2→2
L (Pf , Pi), defined as the sum over all

possible diagrams connecting the initial and final states to the inserted current. See also Fig. 10(a). For E?i , E?f below
the next multi-hadron threshold (such that only a single two-particle channel can propagate), all volume effects scaling
as a power of 1/L are captured by the skeleton expansion shown in the figure. Here the label V within the loops
stands for volume and denotes that the diagrams are defined with the spatial momenta summed over the discrete set
allowed by the periodic boundary conditions, k = 2πn/L with n a 3-vector of integers. The corresponding diagrams
in an infinite volume are given by replacing these sums with integrals and are represented by a loop with no label.

The power-like volume effects of C2→2
L (Pf , Pi) are encoded in the skeleton expansion of Fig. 10(a), built from fully

dressed hadron propagators (indicated by the simple black lines) and two-particle Bethe-Salpeter kernels (indicated
by open circles). The vertices with a current insertion are given by the same diagrammatic set defining propagators
and kernels, but with the current attached at all possible locations. In the kinematic window of interest, the difference
between the finite- and infinite-volume definitions of propagators and kernels as e−mL.

The set-up here is identical to that of Ref. [6]. Indeed the only modifications required are in the evaluation of
the two-particle loop, in which the current couples to one of the two particles. The relevant diagram is shown in
Fig. 10(b). To explain how the analysis is altered, we begin by recalling the finite-volume reside of this diagram, given
in Eq. (27) of Ref. [6]

GL,µ1···µn ≡
[

1

L3

∑

k

−
ˆ

d3k
(2π)3

]
1

2ωk2
iL(Pf , k) ∆(Pf − k)woff

µ1···µn(Pf − k, Pi − k) ∆(Pi − k) iR†(Pi, k)

∣∣∣∣
k0=ωk2

.

(A1)

Here L(Pf , k) and R†(Pf , k) are generic endcap functions to be replaced with Bethe-Salpeter kernels or the overlap
to the interpolators in the final derivation. In contrast to Ref. [6], we define GL,µ1···µn with these endcaps accompanied
by factors of i. The difference arises because we formulate the derivation here with Minkowski momenta (in contrast
to the Euclidean conventions of the previous publication). In this set-up the i factors give a more natural extension
to the Bethe-Salpeter kernels, multiplied by this factor due to the weight, eiS , in the quantum path integral. Our
second notational modification is to represent the 1 + J → 1 insertion with a set of Lorentz indices, and to make
explicit that the quantity is off-shell, i.e. that (Pf − k)2, (Pi − k)2 6= m2

1. [See also Eq. (21) above.] Our third and
final alteration is to restrict attention to a single channel, thus removing the a and b indices from Eq. (27) or Ref. [6].

We now express L(Pf , k), R†(Pf , k) and woff
µ1···µn(Pf − k, Pi − k) in terms of their on-shell counterparts, plus

corrections. For the endcap functions this is done exactly as in Ref. [6], by first defining

L(Pf , q
?
f k̂

?

f ) =
∑

`fmf

√
4πY`fmf (k̂

?

f )L`fmf (Pf ), R†(Pi, q?i k̂
?

i ) =
∑

`imi

√
4πY ∗`imi(k̂

?

i )R†`imi(Pi) , (A2)

and then recombining the components with the Y`m harmonics defined in Eq. (13)

Lon(Pf ,k?f ) ≡
∑

`fmf

Y`fmf (k?f )L`fmf (Pf ) , R†on(Pi,k?i ) ≡
∑

`imi

Y∗`imi(k
?
i )R†`m(Pi) . (A3)
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With these in hand we introduce the δ operator as follows

L(Pf , k)

∣∣∣∣
k0=ωk2

= Lon(Pf ,k?f ) + [Lδ](Pf , k) , (A4)

R†(Pi, k)

∣∣∣∣
k0=ωk2

= R†on(Pi,k?i ) + [δR†](Pi, k) . (A5)

These results match Eqs. (41) and (42) of Ref. [6], up to the minor notational differences discussed above. A key
property that we will use below is that [Lδ](Pf , k) vanishes like (Pf − k)2 −m2

1 in the on-shell limit, and [δR†](Pi, k)
vanishes like (Pi − k)2 −m2

1.
We now imitate this separation with the 1 + J → 1 insertion, and in doing so introduce the first major difference

as compared to our earlier work. Beginning with Eq. (21) of the main text, above, we introduce the shorthand
kf ≡ Pf − k and ki ≡ Pi − k to write

woff
µ1···µn(kf , ki) =

∑

j

K(j)
µ1···µn(k, Pf , Pi) f

(j)(Q2, k2
f , k

2
i ) . (A6)

We now follow the approach introduced in the main text by only projecting the scalar form factors, f (j), to their
on-shell values. To understand the idea note that

f (j)(Q2, k2
f , k

2
i ) = f (j)

[
Q2; P 2

f + k2 − 2E?fω
?f
k2 ; P 2

i + k2 − 2E?i ω
?i
k2

]
, (A7)

where ω?fk2 is the temporal component of kµ?f , given by boosting kµ = (ωk2,k) to the Pf = 0 frame, and ω?ik2 is the
f → i analog.

The key point is that, when expressed in this way, f (j) has no dependence on k̂
?

f or k̂
?

i . Thus there is no need to
decompose in harmonics, nor to include barrier factors. The on-shell projection is simply

f (j)(Q2) ≡ f (j)(Q2,m2
1,m

2
1) = f (j)

[
· · ·
]∣∣∣∣
k?f=q?f ,k

?
i=q?i

, (A8)

f
(j)
off,on(Q2, k2

f ) ≡ f (j)(Q2, k2
f ,m

2
1) = f (j)

[
· · ·
]∣∣∣∣
k?i=q?i

, (A9)

f
(j)
on,off(Q2, k2

i ) ≡ f (j)(Q2,m2
1, k

2
i ) = f (j)

[
· · ·
]∣∣∣∣
k?f=q?f

. (A10)

To avoid clutter we have suppressed the arguments on the right-hand side, identical to those of Eq. (A7). We stress
here that the on-shell projections are subtle in that k is used to define two separate variables k?f and k?i . The separation
is unambiguously given by whether the original k appears in kf = Pf − k or ki = Pi − k. With the induced k?f and
k?i dependence, it is possible to separately project the initial and final states on shell via k?i → q?i and k?f → q?f
respectively.

We next form linear combinations of the on- and partially-off-shell form factors in direct analogy to Eq. (37) of
Ref. [6] to reach

f (j)(Q2, k2
f , k

2
i ) = f (j)(Q2) + δf (j)(Q2) + f (j)(Q2)δ + δf (j)(Q2)δ . (A11)

The individual terms on the right-hand side are defined by analogy to Eqs. (38)-(40) of Ref. [6] and have the explicit
form

δf (j)(Q2) ≡ f (j)
off,on(Q2, k2

f )− f (j)(Q2) , (A12)

f (j)(Q2)δ ≡ f (j)
on,off(Q2, k2

i )− f (j)(Q2) , (A13)

δf (j)(Q2)δ ≡ f (j)(Q2, k2
f , k

2
i ) + f (j)(Q2)− f (j)

off,on(Q2, k2
f )− f (j)

on,off(Q2, k2
i )− f (j)(Q2) . (A14)

Note that functions with a δ on the left side (right side) also depend on k2
f (k2

i ), but we keep this dependence implicit
to avoid clutter. As in Ref. [6], the key point here is that δ appearing on either side of the function indicates that the
latter vanishes in the on-shell limit, scaling as k2

f −m2
1 (for δ on the left) and as k2

i −m2
1 (for delta on the right).
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It now remains only to separate the propagators by defining

∆(k2) ≡ D(k2) + S(k2) , (A15)

where

D(k2) ≡ i

k2 −m2
1 + iε

, (A16)

is the non-interacting covariant propagator. Our conventions are such that ∆(k2) has unit residue at the single particle
pole, implying S(k2) is smooth and finite near k2 = m2

1. This form of separation, in which D(k2) remains Lorentz
invariant, is the second key distinction relative to our earlier formalism.

At this stage we have separated the endcaps [Eqs. (A4), (A5)] the single-particle form factor [Eq. (A11)] and the
covariant propagator [Eq. (A15)] into on-shell terms plus corrections. Substituting these four identities into Eq. (A1)
then gives the analog of Eq. (43) of Ref. [6]. The final step is to rearrange terms according to singularity structure.
Of the 64 terms (reach by multiplying 4 binomials as well as the form-term separation of f (j)) all but 17 are smooth
at both poles, and thus give only exponentially suppressed contributions to the sum-integral difference. Those that
are singular break into three classes, 8 with only the 1/(k2

f +m2− iε) singularity, 8 with 1/(k2
i +m2− iε), and a single

maximally singular term that leads to the appearance of Gσ(Pf , Pi, L).
To give an explicit form for the single-pole terms we need to introduce one final piece of notation. We define the

operator δdf via
[[
L(Pf , k)∆(k2

f )wµ1···µn(kf , ki)
]
δdf

]
≡
∑

j

K(j)
µ1···µn(m,k, Pf , Pi)

×
[
L(Pf , k)∆(k2

f )f (j)(Q2, k2
f , k

2
i )− Lon(Pf ,k?f )D(k2

f )f
(j)
on,off(Q2, k2

i )

]
, (A17)

and similarly for δdf acting on the left.
We can make use of this to rewrite Eq. (A1) as

GL,µ1···µn = −
∑

j

f (j)(Q2)iL`fmf
([

1

L3

∑

k

−
ˆ

d3k
(2π)3

]
Y`fmf (k?f )D(m,k)K(j)

µ1···µn(m,k, Pf , Pi)Y∗`imi(k
?
i )

)
iR†`imi

+
[[
iL(Pf , k)∆(k2

f )wµ1···µn(kf , ki)ξ
−1
]
δdf

]
iF (Pi, L)iR†

+ iLiF (Pf , L)
[
δdf

[
ξ−1wµ1···µn(kf , ki)∆(k2

i )iR†(Pi, k)
]]
, (A18)

where D(m,k) is defined in Eq. (28). On the second line the square bracketed quantities have been decomposed
in spherical harmonics and carry implicit indices that are contracted with F (P,L), defined in Eq. (12). We have
included the inverted symmetry factor, ξ−1 = 2 for identical particles, to compensate the factor in the definition of
F . Note that this arises naturally from the fact that the current couples to each of the two particles when these
are identical. This implies that Wdf is defined with four subtraction terms, given by coupling the current to each
of the four external propagators. When Wdf is then projected to definite angular momenta, these terms become
pairwise redundant leading to the factors of 2. In the case of non-identical particles that both couple one must
sum over the two choices of species mass within ∆(k2

f ) as well as the alternative mass assignments within D(m,k),
i.e. {m1,m2} → {m2,m1}.

Using Eq. (23), we can write the first term on the right-hand side in terms of Gµ1···µn;`fmf ;`imi(Pf , Pi, L), defined in
Eq. (27). Following the steps outlined in Ref. [6], one finally arrives at Eq. (25) – the relationship between the finite-
volume matrix element and iWdf;µ1···µn , defined in Eq. (16). The latter emerges through the identity δdfWδdf ≡ Wdf.

We close by giving explicit expressions for the case that the current has a non-negligible coupling to both of the two
particles. When two distinct species, 1 6= 2, each admit a 1 + J → 1 transition, then the definition of Wdf , Eq. (16),
is replaced by an expression with four subtractions

Wdf;µ1···µn ≡ Wµ1···µn − iM(Pf , k
′, k)

i

(Pf − k)2 −m2
1

w1;µ1···µn − w1;µ1···µn
i

(Pi − k′)2 −m2
1

iM′(Pi, k′, k)

− iM(Pf , k
′, Pf − Pi + k)

i

(Pf − Pi + k)2 −m2
2

w2;µ1···µn −w2;µ1···µn
i

(Pi − Pf + k′)2 −m2
2

iM′(Pi, Pi − Pf + k′, k) .

(A19)
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Here the w2;µ1···µn in the bottom line have arguments (k′, Pi − Pf + k′) and (k′, Pi − Pf + k′) respectively. We have
no freedom to choose these once the external momenta are fixed.

The extra subtractions also lead to an additional G-dependent term in the relation between WL,df and Wdf . But
in this expression, as a result of the sum, we do have the freedom to re-label the coordinates. With this in mind it is
most convenient to rewrite w2;µ1···µn as a function of (Pf − k, Pi − k) and decompose exactly as in the main text

w2;µ1···µn(Pf − k, Pi − k) ≡
∑

j

K(j)
2;µ1···µn(m,k, Pf , Pi)

∣∣∣∣
k0=ωk1

f
(j)
2 (Q2) , (A20)

K(j)
2;µ1···µn(m,k, Pf , Pi) ≡

n∑

n′=0

Kω
2;µ1···µn′ (m,k) C

(j)
2;µn′+1...µn

(Pf , Pi) . (A21)

This then allows us to write

Wµ1···µn
L,df (Pf , Pi, L)−Wµ1···µn

df (si, sf , Q
2) ≡

∑

j

n∑

n′=0

C
(j),µn′+1...µn
1 (Pf , Pi)f

(j)
1 (Q2)

[
M(sf )G

µ1···µn′
12 (Pf , Pi, L)M(si)

]

+
∑

j

n∑

n′=0

C
(j),µn′+1...µn
2 (Pf , Pi)f

(j)
2 (Q2)

[
M(sf )G

µ1···µn′
21 (Pf , Pi, L)M(si)

]
, (A22)

where G12 is exactly equal to the quantity defined in Eqs. (27) and (28) of the main text and G21 is the same but
with m1 ↔ m2 everywhere.

Turning to the case of identical particles here the relation between betweenWdf andW again has four subtractions,
exactly as in Eq. (A19). The four terms continue to be distinct due to the four different momentum assignments.
However, the relation betweenWL,df andWdf is exactly as Eq. (26) of the main text, a single G-dependent term with
no symmetry factors. This follows from the fact that identical particles lead to a unique diagram of the form shown
in Fig. 10(b), and that this has no symmetry factor, even in the case that the three hadrons in the loop are identical.

Appendix B: Details for evaluating the finite-volume functions

In the following subsections we collect various details relevant for the evaluation of the two finite-volume functions
that enter our formalism F`m;`′m′(P,L) and Gσ(Pf , Pi, L).

1. Index gymnastics

We first discuss various identities for rearranging spherical-harmonic and Lorentz indices in the evaluation of
Gσ(Pf , Pi, L). Begin with the case of Pi = Pf , in particular with Eq. (40) of the main text. Multiplying both sides
by (q?)`i+`f and substituting the definition of Y`m(k?), this reduces to

4π(k?)`i+`fY`fmf (k̂
?
)kµ1 · · · kµnY ∗`imi(k̂

?
)

∣∣∣∣
k0=ωk2

=
√

4π
∑

JM

Cσ,JM (βββ, k?) k?JYJM (k̂
?
) . (B1)

The first aim of this subsection is to use this result to derive a useful expression for evaluating Cσ,JM (βββ, k?).
Substituting the relation kµ = [Λ−βββ ]µ

ν
k?ν , we reach

[Λ−βββ ]µ1

ν1 · · · [Λ−βββ ]µn
νn
[
4π(k?)`i+`fY`fmf (k̂

?
)k?ν1 · · · k?νnY ∗`imi(k̂

?
)
]∣∣∣∣
k0=ωk2

=
√

4π
∑

JM

Cσ,JM (βββ, k?) k?JYJM (k̂
?
) .

(B2)
At this stage, the factor in square brackets is a simple polynomial in the coordinates k?x, k?y and k?z with additional
dependence on the magnitude entering through ω?k2. Thus, for a given set of indices, one can readily determine an
explicit expression, and then use the orthogonality of the Y`ms, to deduce

Cσ,JM (βββ, k?) = [Λ−βββ ]µ1

ν1 · · · [Λ−βββ ]µn
νn
√

4π(k?)`i+`f−J
ˆ
dΩ?Y ∗JM (k̂

?
)
[
Y`fmf (k̂

?
)k?ν1 · · · k?νnY ∗`imi(k̂

?
)
]∣∣∣∣
k0=ωk2

.

(B3)
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As a specific example, we return to the case of σ = [µ = z; 10; 10] and P = [00dz], already discussed in the main
text. For these indices, Eq. (B3) reduces to

CσJM (βββ, k?) =
3√
4π

(k?)2−J2πδM,0

ˆ 1

−1

d cos θ? Y ∗J0(θ?)
[

cos2θ?
(
βzγ ω?k2 + γ k? cos θ?

)]
. (B4)

Here we have used the fact that, with µ fixed to z, we only need to sum over one row of the boost matrix, [Λ−βββ ]z
ν

=
(βzγ, 0, 0, γ). The integrals are now trivial to evaluate. For example, the JM = 00 component reduces to

Cσ00(βββ, k?) = βzγω?k2

3

4π
(k?)22π

ˆ 1

−1

d cos θ? cos2 θ? = k?2ω?k2

P z

E∗
, (B5)

where we have used βz = P z/E and γ = E/E?. This matches Eq. (42) of the main text.
An alternative approach for determining Cσ,JM (βββ, k?) is to note that the product of two spherical harmonics can

be written in terms of Clebsch-Gordon coefficients

Y`1m1
(k?)Y`2m2

(k?) =
∑

`3m3

√
(2`1 + 1)(2`2 + 1)

(2`3 + 1) 4π
〈`10`20|`30〉〈`1m1`2m2|`3m3〉Y`3m3

(k?) , (B6)

and that each factor of k?ν can be rewritten using the identity

k?ν =
√

4π

(
ω?k2Y00(k̂

?
), k?

Y1−1(k̂
?
)− Y11(k̂

?
)√

6
, k?

Y1−1(k̂
?
) + Y11(k̂

?
)

−i
√

6
, k?

Y10(k̂
?
)√

3

)
≡
∑

`m<2

T ν`m(k?)Y`m(k̂
?
) , (B7)

where the last equality defines T ν`m(k?). Substituting this into the left-hand side of Eq. (B2) leads to sums over
products of spherical harmonics on that side of the equation. These can be pairwise combined using Clebsch-Gordon
coefficients, until the left-hand side is reduced to a sum over a single harmonic. Then one can use the orthogonality
of spherical harmonics to match this, term by term, to the right-hand side and thereby determine the values of
Cσ,JM (βββ, k?).

We next consider the case of Pi 6= Pf . As explained in the main text, here we find it more useful to convert indices
in the other direction, i.e. to trade all dependence on spherical harmonics for additional momentum 4-vectors. The
key distinction between this case and that discussed above is that we no longer have a natural c.m. frame. The rest
frames of Pi and Pf differ, and expressing the integrand in either frame leads to ugly expressions. This, together
with the need to reach covariant expressions that we can evaluate semi-analytically, led us to introduce Mν1···νN

σ , in
Eq. (71) above. The definition can be re-expressed as

Mν1···νN
[µ1···µn;`fmf ;`imi]

kν1 · · · kνN =
4π

(q?f )`f (q?i )`i

[
(k?f )`fY`fmf (k̂

?

f )
]
kµ1
· · · kµn

[
(k?i )`iY ∗`imi(k̂i)

]
. (B8)

The second, and final aim of this subsection, is to derive a useful expression for Mν1···νN
σ .

First we introduce a new set of tensors, denoted T , that allow us to express the right-hand side in terms of 4-vectors

Mν1···νN
[µ1···µn;`fmf ;`imi]

kν1 · · · kνN = T α1···α`f
[`fmf ] T

∗γ1···γ`i
[`imi]

k?fα1
· · · k?fα`f kµ1 · · · kµnk?iγ1 · · · k?iα`i . (B9)

The exact definition of the T α1···α`f
[`m] can be inferred by comparing Eqs. (B8) and (B9). Note that they contain

the
√

4π/(q?)` prefactors and also encode the combinations of k? components needed to form the various spherical
harmonics. For example

√
4πk?Y ∗10(k̂

?
)/q? = −

√
3k?µ=3/q

? implies T µ[10] =
√

3(0, 0, 0,−1)/q?, since k?µ = (ω?k2,−k?).
The single-index tensor, T α[`m], is closely related to T ν`m, introduced above.

The final step is to boost all 4-vectors to the finite-volume frame. We deduce

Mν1···νN
[µ1···µn;`fmf ;`imi]

= T α1···α`f
[`fmf ] T

∗γ1···γ`i
[`imi]

× [Λβββf ]α1

ν1 · · · [Λβββf ]α`f
ν`f × δν`f+1

µ1 · · · δν`f+n

µn × [Λβββi ]γ1
ν`f+n+1 · · · [Λβββi ]γ`i

νN . (B10)
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2. Evaluating F`m;`′m′(P,L)

We next turn to the finite-volume matrix, F (P,L). For convenience we repeat the definition given in Eq. (12) above

F`m;`′m′(P,L) ≡ ξ
[

1

L3

∑

k

−
ˆ

d3k
(2π)3

] Y`m(k?)Y∗`′m′(k?)
2ωPk12ωk2(E − ωPk1 − ωk2 + iε)

. (B11)

Our aim here is to rewrite this in terms of Z(1). With this in mind, we first observe

F`m;`′m′(P,L) =
ξ

2E?

∑

JM

B
[`m;`′m′]
JM

1

(q?)J

[
1

L3

∑

k

−
ˆ

d3k
(2π)3

](
k?

q?

)̀+`′−J
2ω?k2

2ωk2

√
4π(k?)JYJM (k̂

?
)

q?2 − k?2 + iε
, (B12)

where we have used the fact that 2ωPk1(E − ωPk1 − ωk2 + iε) can be replaced with 2E?(q?2 − k?2 + iε)/2ω?k2 up to
smooth terms in the integrand that lead to exponentially suppressed volume dependence. The definition of B[`m;`′m′]

JM
can be inferred by comparing Eqs. (B11) and (B12) and is given more explicitly by

B
[`m;`′m′]
JM ≡

√
4π

ˆ
dΩ? Y ∗JM (k̂

?
)
[
Y`m(k̂

?
)Y ∗`′m′(k̂

?
)
]
,

= (−1)m
′

√
(2`+ 1)(2`′ + 1)

(2J + 1)
〈`0`′0|J0〉〈`m`−m′|JM〉, (B13)

where we have used Eq. (B6) to reach the last equality.
The final step here is to note that the additional barrier factor, (k?/q?)`+`

′−J , appearing in Eq. (B12), can in fact
be set to 1. This is justified because (k?)JYJM (k̂

?
) is an analytic function and because `+ `′ − J ≥ 0 for all nonzero

B
[`m;`′m′]
JM . The latter point directly follows from the explicit expression of the B[`m;`′m′]

JM in terms of the Clebsch-
Gordon coefficients. As a result, the difference (k?/q?)`+`

′−J − 1 cancels the pole, leading to a smooth summand and
a suppressed sum-integral difference.

Removing this extra factor, and re-expressing the sum and integral with dimensionless coordinates, we conclude

F`m;`′m′(P,L) =
ξ

8π2LE?

∑

JM

B
[`m;`′m′]
JM

(2π)J

(q?L)J
lim
α→0
Z(1)
JM (P,L, α) . (B14)

3. α-dependence of Z(n)
JM

Here we explain our choice of cut-off function used in the definition of Z(n)
JM , Eq. (51), recalled here for convenience

Z(n)
JM (P,L, α) =

[∑

r

ω?k2

ωk2
−
ˆ
d3r?

] √
4π r?JYJM (r̂?)

(x2 − r?2 + iε)n
e−α(r?2−x2)n . (B15)

For n ≥ 2 the integral and sum are individually convergent in the limit α → 0. Nonetheless, evaluating the sums
for various non-zero α and extrapolating α → 0 turns out to be more efficient than saturating the α = 0 expression
directly.

By including the power of n in the cutoff function, e−α(r?2−x2)n , we ensure that differentiating with respect to α
gives a smooth summand. This, in turn, implies that ∂αZ(n) vanishes up to terms that are exponentially suppressed
in the volume

∂Z(n)
JM (P,L, α)

∂α
= −(−1)n

[∑

r

ω?k2

ωk2
−
ˆ
d3r?

]√
4π r?JYJM (r̂?) , (B16)

= −(−1)n
(
L

2π

)J∑

n6=0

ˆ
d3k

(2π)3

ω?k2

ωk2
eiLn·k√4πk?JYJM (k̂

?
) = O(e−mL) . (B17)

Using this result in an expansion about α = 0 then gives

Z(n)
JM (P,L, α) = Z(n)

JM (P,L, 0) +O(α e−mL) . (B18)
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FIG. 11. Dependence of Z(n)
00 on the cutoff parameter α. Here we plot the log of the magnitude of the residual where

∆Z(α) ≡ [Z(α) − Z(0)]/Z(0). Comparing the top two curves clearly shows that the cut-off function advocated in the main
text, Eq. (51), has a milder α dependence than the alternative form, denoted Z̃(2)

JM and defined in Eq. (B19). The reason is
that the latter has α depence with power-law L scaling. In fact, the leading α behavior of Z̃(2)

JM is exactly given by Z(1)
JM and

subtracting this gives a highly improved result, as shown.

Of course, it is possible to define the Z(n)
JM functions with a milder cutoff function, for example

Z̃(n)
JM (P,L, α) ≡

[∑

r

ω?k2

ωk2
−
ˆ
d3r?

] √
4π r?JYJM (r̂?)

(x2 − r?2 + iε)n
e−α(r?2−x2) . (B19)

For n = 1 this equivalent to Z(n)
JM (P,L, α), but for n > 1 it is a less useful prescription, due to an enhancement of the

α corrections

Z̃(n)
JM (P,L, α)−Z(n)

JM (P,L, 0) = α

[∑

r

ω?k2

ωk2
−
ˆ
d3r?

] √
4π r?JYJM (r̂?)

(x2 − r?2 + iε)n−1
+O(α2) ,

= αZ(n−1)
JM (P,L, 0) +O(α2) . (B20)

As Z(n−1)
JM (P,L, 0) is itself a singular function for n > 1, we deduce that the difference between the optimal version,

Z(n)
JM (P,L, α), and the alternative, Z̃(n)

JM (P,L, α) can take on arbitrarily large values for any finite α.
In Fig. 11 we compare the α-dependence of Z(n)

JM (P,L, α) and Z̃(n)
JM (P,L, α) for n = 1, 2, and show that the large

α-dependence of the latter is well described by Eq. (B20). In the α → 0 limit the two prescriptions agree, but to
optimize the numerical evaluation we advocate the form of Eq. (B15) and use only this definition throughout the
remainder of the text.

4. Evaluating Z(n)
JM (P,L, α)

In this section we discuss the evaluation of Z(n)
JM (P,L, α), in particular the integral part of this quantity. As already

mentioned in Sec. III A, the integral entering Z(n) vanishes for all entries besides JM = 00, implying

Z(n)
JM (P,L, α) =

∑

r

ω?k2

ωk2

√
4π(r?)JYJM (r̂?)

(x2 − r?2 + iε)n
e−α(r?2−x2)n − δJ0δM0Ξ(n)(x, α) , (B21)

where

Ξ(n)(x, α) ≡ 4π

ˆ ∞
0

dr?r?2
e−α(r?2−x2)n

(x2 − r?2 + iε)n
. (B22)

For the single-pole function, Z(1), this can be evaluated analytically and takes the form

Ξ(1)(x, α) = 4π

[
−
√

π

4α
eαx

2

+
πx

2
Erfi

(√
αx2

)
− iπx

2

]
, (B23)
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P (n) m1,m2 Z(n)
JM = 0 comments

[000] all general for all M 6∈ 4Z, all J 6∈ 2Z, JM = 20 also Z(n)
J,M = Z(n)

J,−M

[00dz] all general for all M 6∈ 4Z also Z(n)
J,M = Z(n)

J,−M

[0dydz] all general Z(n)
J,M = Z(n)

J,−M

general 1 m1 = m2 for all J 6∈ 2Z only up to O(e−mL)

TABLE I. Summary of the conditions under which Z(n)
JM = 0.

where Erfi(x) is the imaginary error function function, defined by dErfi(z)/dz = 2ez
2

/
√
π and Erfi(0) = 0.

We now consider n > 1. Although we only require n = 2 for the present work, we find it instructive to consider
all values together. A consequence of the cutoff function, together with the higher pole factors, is that we are not
able to evaluate Ξ(n)(x, α) analytically for n > 1. Instead, following our usual trick, we separate the expression into
two terms: one that can be evaluated analytically and another that is smooth and converges rapidly under numerical
integration

Ξ(n)(x, α) = 4π

ˆ ∞
0

dr?r?2
1

(x2 − r?2 + iε)n
+ δΞ(n)(x, α) , (B24)

= −i 2π2

(n− 1)!

(
− ∂

∂x2

)n−1√
x2 + δΞ(n)(x, α) , (B25)

where

δΞ(n)(x, α) ≡ 4π

ˆ ∞
0

dr?r?2
e−α(r?2−x2)n − 1

(x2 − r?2)n
. (B26)

We close with a final remark concerning the n = 2 case, of direct relevance for 2 + J → 2 transition amplitudes.
Here the relevant integral is

Ξ(2)(x, α) =
iπ2

x
+ δΞ(2)(x, α) . (B27)

Recalling x ∝ q? ∝ √s− sth, where s = P 2 is the c.m. energy and sth = (m1 +m2)2, we deduce that for Pi = Pf , Gσ
generically has an inverse square-root singularity at two-particle production threshold. This implies that Wdf, as well
as W, must have the same singularity. This behavior is visible in the values of Z(2)

JM plotted in Fig. 3. In particular,
we observe that Z(1)

JM has milder behavior near threshold.

5. Symmetry contraints on Z(n)
JM

To efficiently implement the formalism it is useful to identify, based on symmetry arguments, the values of JM for
which Z(n)

JM (P,L, α) = 0. In this subsection we review these constraints and discuss subtleties that arise for n > 1.
Our results are summarized in Table I.

We begin with P = [000]. The properties of the zero-momentum zeta function are well-known [16, 17], but we still
think it useful to review the arguments here, in order to better understand the generalization to P 6= [000] and n > 1.
Note that the zero-momentum zeta function must be unchanged if we flip r everywhere in the summand. Taking the
expression for JM 6= 00 we write

Z(n)
JM ((E,0), L, α) =

∑

r

√
4π(|−r|)JYJM (−r̂)

(x2 − (−r)2)n
e−α((−r)2−x2)n . (B28)

Substituting YJM (−r̂) = (−1)JYJM (r̂) then gives Z(n)
JM ((E,0), L, α) = (−1)JZ(n)

JM ((E,0), L, α) implying that the
zeta function vanishes for all odd J . We can further rewrite the summand with (rx, ry, rz) −→ (−rx, ry, rz) and use
YJM (θ, π − φ) = YJ,−M (θ, φ) to show that Z(n)

JM ((E,0), L, α) = Z(n)
J,−M ((E,0), L, α). Similarly, a π/2 rotation about
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the z-axis, together with the identity YJM (θ, φ− π/2) = e−iMπ/2YJM (θ, φ) implies that M must be divisible by 4 for
the zeta function to be non-zero.

A final zero-momentum case worth mentioning is JM = 20. To see that this vanishes as well, note that the
corresponding spherical harmonic is proportional to 3r2

z − r2. The sum of this structure (times a function of r2) over
the integer set, r ∈ Z3, is clearly identical to the same with 3r2

x−r2 or with 3r2
y−r2. Thus Z(n)

20 is equally well defined
by averaging the three possibilities. But this gives a summand proportional to 3(r2

x + r2
y + r2

z) − 3r2 = 0, implying
Z(n)

20 = 0 as claimed. The conditions under which Z(n)
JM = 0 for P = [000] are summarized in the first line of Table I.

We now turn to non-zero momenta of type P = [00dz]. As this momentum type only breaks the symmetry in the
z direction, the invariance under (rx, ry, rz) −→ (−rx, ry, rz), as well as the π/2 rotation around the z-axis, give the
same constraints as for P = [000].9 Similarly, for P = [0dydz], flipping only rx gives the same relation as above.

By contrast, parity is broken for any non-zero momentum so that the argument based on r→ −r no longer holds.
For example, for m1 = m2 and P = [00dz], the summand defining Z(n)

JM now depends on

r? =

(
rx, ry, −

2πdz
E?L

[
m2L2

4π2
+ r2

]1/2

+
E

E?
rz

)
. (B29)

This vector does not transform in a useful way under a flip of r. Remarkably, in the degenerate-mass case, the single
pole functions, Z(1)

JM , continue to vanish for all odd J . More precisely, these are smooth functions with exponentially
suppressed volume dependence and thus scale as terms that have been dropped in the derivation. As we now explain,
this is due to an accidental symmetry inherited from the non-relativistic system.

The following argument holds for all values of P = (2π/L)d and so we present the results for the general case. The
approach is based on the results of Ref. [22] and we begin by recalling Eqs. (62) and (66) from that work

r?‖ = R?
‖ −

P
E

L

2π

k?2 − q?2
ω?k + E?/2

, r?⊥ = R?
⊥ , (B30)

(x2 − r?2 + iε) = γω?k2/ωk2(x2 −R?2 + iε) +O[(x2 −R?2)2] . (B31)

where R? = γ̂−1(r− d/2). Here r?‖ and r?⊥ are the vector components parallel and perpendicular to d. We have also

introduced the operator γ̂−1(r?‖, r
?
⊥) = (γ−1r?‖, r

?
⊥). Substituting these results into our definition of Z(n)

JM we find

Z(n)
JM (P,L, α) =

∑

r

[
ω?k2

ωk2

(
γω?k2

ωk2

)−n√
4π(R?)JYJM (R̂

?
)

(x2 −R?2 + iε)n
+O((x2 − r?2)1−n)

]
. (B32)

Now note that, for n = 1, this function exhibits two special features, both unique to the single-pole case. First, the
factors of ωk2/ω

?
k2 multiplying the pole exactly cancel; second, the subleading term becomes a smooth function of the

summed coordinate, r. We thus reach

Z(1)
JM (P,L, α) =

1

γ

∑

r

√
4π(R?)JYJM (R̂

?
)

(x2 −R?2 + iε)
+O(e−mL) . (B33)

This simplified form, incidentally the form first derived for the moving frame quantization condition [17], makes the
accidental symmetry that we are after manifest. In particular, we can now use that the sum over r ∈ Z3 is invariant
under r −→ d − r. Under this transformation R? → −R? leaving R? = |R?| unchanged. Thus every factor in the
summand is invariant except for YJM (−R̂

?
) = (−1)JYJM (R̂

?
). We deduce that, for odd J and degenerate masses,

Z(1)
JM = O(e−mL). However, the remaining symmetries do not survive due to the factor of γ̂−1 in the definition of R?.
Finally we stress that the vanishing of odd J due to the accidental symmetry only holds for n = 1. As is clear from

Eq. (B32), for all other n values, the ratio of omegas does not cancel, leading to another factor that changes under
the r→ d− r transformation. Thus, while the odd-J Z(1)

JM have no poles, for n = 2 the functions already exhibit the
full double-pole behavior. [See also Fig. 3.] In addition, for n > 1, the subleading term contains a (n − 1)th order
pole that also generates an important contribution to the zeta function.

At this stage we have completed all details relevant for Pi = Pf and therefore turn to the more complicated case of
Pi 6= Pf , beginning with the numerical integral denoted IN ;σ(α, Pf , Pi).

9 Of course, it is true in all cases that the sum over r ∈ Z3 is invariant under any octahedral transformation on r. The relevant question
is whether this leads to a useful constraint on Z(n)

JM .
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6. Evaluating IN ;σ(α, Pf , Pi)

Here we give some further details on the evaluation of IN ;σ(α, Pf , Pi), defined in Eq. (68) of the main text. Recall
that this is a 3-dimensional integral with a smooth integrand, to be evaluated numerically. When added to the
semi-analytic expression, IA;σ, it gives the full integral entering the definition of Gσ.

The complication we wish to address here is that the definition in the main text requires evaluating a large number
of integrals defined with factors of kµ (but with no spherical harmonics) in the integrand. These are then contracted
with the tensor Mν1···νN

σ to reach the final expression. While highly advantageous for the analytic integral, the
Lorentz-index-based expressions lead to a costly determination of IN ;σ. For example, for `f = `i = 1 and a single
current index, the covariant form contains factors of kν1kν2kν3 that naively require the evaluation of 64 terms.

To improve this situation, it is preferable to move Mν1···νN
σ back inside the integrals defining IN ;σ, and thereby

rewrite the integrands to only carry the final σ index. This procedure is a bit subtle, because the time components of
the kµ are evaluated at various values. To proceed we first recall that IN ,σ generally involves terms evaluated at the
physical masses, m1,m2, together with regulating integrals evaluated at some higher scale Λj . For the physical-mass
terms, time components are evaluated at k0 ∈

{
ωk2, Ef + ωPfk1, Ei + ωPik1

}
, and for the regulating integrals at

k0 ∈
{√

k2 + Λ2
j , Ef +

√
(Pf − k)2 + Λ2

j , Ei+
√

(Pi − k)2 + Λ2
j

}
. Some of these four vectors are recombined into the

harmonics, Y`m(k?), and, because the time and space components mix upon boosting k?µ = [Λβββ ]µ
ν
kν , we end up with

strange spatial components in some of the harmonics.
To give concrete expressions it is convenient to define

Nσ(Ωk,Λ,k) ≡Mν1···νN
σ

[
kν1 · · · kνN

∣∣∣
k0=Ωk

]
= Y`fmf (k?,Ωf )

[
kµ1
· · · kµn

∣∣∣
k0=Ωk

]
Y∗`imi(k

?,Ω
i ) . (B34)

Here Ωk represents any of the possible choices made for the temporal component of the 4-vectors. In each of these
three cases, an implicit mass dependence enters and the second argument, Λ, refers to this mass dependence. In the
following we will use m or Λ0 to indicate that the ωs are evaluated at their physical masses and Λj>0 to indicate
evaluation at an unphysical value m1 = m2 = Λj>0. In short, the first two entries in Nσ simply serve to indicate the
value at which all k0 are evaluated. We stress that the tensor Mν1···νN

σ does not depend on these parameters but only
on the c.m. frame energies E?i and E?f as well as the boost velocities βββi and βββf . Thus, the only modification to the
spherical harmonics is that they now depend on k?,Ω, defined via

(Ω?k, k?,Ω)µ ≡ [Λβββ ]µ
ν

(
Ωk, k

)ν
. (B35)

If we set Ωk = ωk2 and Λ = m, then we exactly recover the spherical harmonic definitions used everywhere else in
this work.

With our new numerator function in hand, we are ready to give our final form for IN ;σ

IN ;σ(α, Pf , Pi) ≡
ˆ

d3k
(2π)3

[H(α,k)− 1]

nj∑

j=0

cj

[
D(Λj ,k)Nσ(ωk,Λj ,k) +Kr;σ(Λj ,k)

]

−
ˆ

d3k
(2π)3

H(α,k)

nj∑

j=1

cjD(Λj ,k)Nσ(ωk,Λj ,k)

−
ˆ

d3k
(2π)3

H(α,k)

nj∑

j=0

cjKr;σ(Λj ,k) ,

(B36)

where

Kr;σ(Λ,k) ≡ Drf (Λ,k)Nσ(Ef + ωPfk1,Λ,k) +Dri(Λ,k)Nσ(Ei + ωPik1,Λ,k) . (B37)

This is identically equal to the quantity defined in Eq. (68) of the main text. The only difference is that we have
absorbed Mν1···νN

σ inside the integrands, via the new function Nσ.
To complete the specification we require explicit expressions for Drf (m,k) and Dri(m,k)

Drf (m,k) =
1

2ωPfk1

1

(Ef + ωPfk1)2 − ω2
k2

1

(Ei − Ef − ωPfk1)2 − ω2
Pik1

, (B38)

Dri(m,k) =
1

2ωPik1

1

(Ei + ωPik1)2 − ω2
k2

1

(Ef − Ei − ωPik1)2 − ω2
Pfk1

. (B39)
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The motivation for these quantities is discussed in the text around Eq. (60), where an implicit definition is also given.
We close this subsection with one final simplification to IN . We show that it is always possible to simplify the

numerical evaluation from a three- down to a two-dimensional integral. To show this we must prove the following key
identity

Iµ1···µn
N ;`fmf ;`imi

(α, Pf , Pi) = [Λ−βββ ]µ1

ν1
· · · [Λ−βββ ]µn

νn
Iν1···νnN ;`fmf ;`imi

(α,ΛβββPf ,ΛβββPi) . (B40)

Begin the proof by considering the generic integral

X µ1···µn(Pf , Pi) ≡
ˆ

d4k

(2π)4
F(Pf , Pi, k)G(k?i ,k

?
f )kµ1 · · · kµn , (B41)

assumed to be convergent. Here we have separated the integrand into a Lorentz-scalar function, F , together with an
arbitrary function of the c.m. frame momenta, G. The latter is also Lorentz invariant in the vacuous sense, i.e. because
its arguments carry a frame label. Now act on both sides with Λβββ , on each index

[Λβββ ]µ1

ν1
· · · [Λβββ ]µn

νn
X ν1···νn(Pf , Pi) ≡

ˆ
d4k

(2π)4
F(Pf , Pi, k)G(k?i ,k

?
f ) [Λβββ ]µ1

ν1
· · · [Λβββ ]µn

νn
kν1 · · · kνn . (B42)

To simplify the right-hand side we perform a change of integration variable k′µ ≡ [Λβββ ]µ
ν
kν and also define P ′µf ≡

[Λβββ ]µ
ν
P νf and P ′µi ≡ [Λβββ ]µ

ν
P νi

[Λβββ ]µ1

ν1
· · · [Λβββ ]µn

νn
X ν1···νn(Pf , Pi) ≡

ˆ
d4k′

(2π)4
F(P ′f , P

′
i , k
′)G(k?i ,k

?
f ) k′ν1 · · · k′νn . (B43)

Here we have used the Lorentz-invariance of the various building blocks, including the fact that k?i and k?i must be
unchanged if we replace k, Pf and Pi with their boosted counterparts. This result, which can be rewritten as

[Λβββ ]µ1

ν1
· · · [Λβββ ]µn

νn
X ν1···νn(Pf , Pi) ≡ X ν1···νn(P ′f , P

′
i ) , (B44)

is just a statement of Lorentz-covariance for X .
To conclude our demonstration of Eq. (B40) we note that IN ≡ I − IA and that the two terms on the right-hand

side each satisfy the functional form of X , shown in Eq. (B41). In the case of I, the original integral defining G, one
takes

F(Pf , Pi, k) = Θ(k0)(2π)δ(k2 −m2
2)

1

(Pf − k)2 −m2
1 + iε

1

(Pi − k)2 −m2
1 + iε

. (B45)

This function is only invariant under orthochronous transformations, as is standard when one discards the anti-particle
pole, but this is sufficient for the present argument. For both I and IA the spherical harmonics, as well as the cutoff
function H(α,k) can be absorbed into the definition of G. Again the key point is that these objects are frame-
independent because they carry a frame label, k?(k, P ) = k?(k′, P ′). We deduce that IN must satisfy Eq. (B44).
Multiplying both sides by Λ−βββ , we conclude Eq. (B40).

To see the power of this identity we take βββ = βββi, implying

[Λβββi ]
µ
νP

ν
f ≡ P ′f ν = (E′f ,P

′
f ), [Λβββi ]

µ
νP

ν
i = (E?i ,0), (B46)

and thus that only one external direction enters the integral. In this case the integration coordinate is simply
transformed to k?i . We are then left with

Iµ1···µn
N ;`fmf ;`imi

(α, Pf , Pi) = [Λ−βββi ]
µ1

ν1
· · · [Λ−βββi ]µnνn

×
∑

k

ˆ
d3k?i
(2π)3

Qk(|k?i |,k?i ·P′f )Y`fmf (k?f )k?ν1i · · · k?νni Y∗`imi(k
?
i )

∣∣∣∣
k?0i =Ωk

, (B47)

where the sum over k runs over all possible choices for the temporal component, as discussed above. The key point
here is that, once the spherical harmonics and the factors of k?µi are factored out, the remaining integrand can only
depend on k?i through its magnitude and a single angle. This is because no other direction is defined in the system
once we have expressed all coordinates in the rest frame of the incoming state.
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Defining cos θ ≡ k̂
?

i · P̂
′
f and picking an aribtrary orientation for the azimuthal angle φ, we reach

Iµ1···µn
N ;`fmf ;`imi

(α, Pf , Pi) = [Λ−βββi ]
µ1

ν1
· · · [Λ−βββi ]µnνn

×
∑

k

ˆ
dk?i k

?2
i d cos θ

(2π)3
Qk(k?i , cos θ)

ˆ 2π

0

dφY`fmf (k?f )k?ν1i · · · k?νni Y∗`imi(k
?
i )

∣∣∣∣
k?0i =Ωk

. (B48)

Here the φ integral can be evaluated analytically using the rotation properties of the spherical harmonics. Thus only
the k?i and θ integrals need to be performed numerically.

7. Evaluating Iχ(Pf , Pi,m, δ)

In this subsection we show how the the generating functional, Iχ(Pf , Pi,m, δ), defined in Eq. (77) of the main text,
reduces to the results given in Eqs. (78)-(79). We begin by inserting Feynman-parameter integrals into the definition
to reach

Iχ(Pf , Pi,m, δ) = 2

ˆ 1

0

dx

ˆ 1−x

0

dy

ˆ
d4−δkE
(2π)4−δ

eiχE ·kE

[k2
E +m2 − 2 kE · (xPf,E + yPi,E) + xP 2

f,E + yP 2
i,E ]3

, (B49)

= 2

ˆ 1

0

dx

ˆ 1−x

0

dy eiχE ·(xPf,E+yPi,E)

ˆ
d4−δkE
(2π)4−δ

eiχE ·kE

[k2
E +M(m,x, y)2]3

, (B50)

where in the second line we have performed the shift kE → kE + (xPf,E + yPi,E) and have introduced

M(m,x, y)2 ≡ m2 + x(1− x)P 2
f,E + y(1− y)P 2

i,E − 2xyPf,E · Pi,E . (B51)

Next note that the denominator of the integrand of Eq. (B50) is invariant under kE → −kE , implying that only
even terms in kE contribute to the integral. Expanding the exponential and keeping only the even powers, we find

Iχ(Pf , Pi,m, δ) = 2

ˆ 1

0

dx

ˆ 1−x

0

dy eiχE ·(xPf,E+yPi,E)

ˆ
d4−δkE
(2π)4−δ

1

[k2
E +M(m,x, y)2]3

∞∑

n=0

(iχE · kE)2n

(2n)!
. (B52)

To further reduce the expression note that we can make the substitution (iχE · kE)2n −→ An(−χ2
E)n(k2

E)n, where
An is a normalization constant, to be determined. This holds because the integral over kE,µ1

· · · kE,µ2n
(multiplied by

a function of k2
E) must be proportional to δµ1µ2

· · · δµ2n−1µ2n
+ · · · where the second ellipsis indicates a sum over all

possible pairings. Contracting with χE,µ1
· · ·χE,µ2n

then gives the claimed form.
To determine the normalization, first consider the case of n = 1, corresponding to kE,µkE,ν −→ A1δµνk

2
E . Taking

the trace on both sides then gives A1 = 1/(4− δ), where we are careful to consistently perform the calculation in 4− δ
dimensions. Similarly, for n = 2 one finds

kE,µ1
kE,µ2

kE,µ3
kE,µ4

−→ A2(k2
E)2 δµ1µ2

δµ3µ4
+ δµ1µ3

δµ2µ4
+ δµ1µ4

δµ2µ3

3
. (B53)

First summing over µ1 = µ2 and then over µ3 = µ4 gives A−1
2 = (1/3)[(4− δ)2 + 2(4− δ)].

The result for general n can be derived by first writing

An

ˆ
dΩ3−δ ≡

ˆ
dΩ3−δ

(iχE · kE)2n

(k2
E)n(−χ2

E)n
= ∂2n

α

ˆ
dΩ3−δ

exp[α(iχE · kE)]

(k2
E)n(−χ2

E)n

∣∣∣∣
α=0

, (B54)

where in the second equality we have rewritten the integral with a dummy parameter α, to be set to zero after
differentiation. Next we multiply both sides by exp[−k2

E ] and integrate with respect to dkEk4−δ
E to write

An

ˆ
d4−δkE exp[−k2

E ] = An π
2−δ/2 = ∂2n

α

ˆ
d4−δkE

exp[−k2
E + iαχE · kE ]

(k2
E)n(−χ2

E)n

∣∣∣∣
α=0

. (B55)



35

Solving for An and evaluating the remaining integral using Schwinger parameters, we deduce

An =
1

π2−δ/2(−χ2
E)n

∂2n
α

ˆ
d4−δkE

ˆ ∞
0

dβ
βn−1

Γ(n)
exp[−βk2

E ] exp[−k2
E + iαχE · kE ]

∣∣∣∣
α=0

, (B56)

=
1

π2−δ/2(−χ2
E)n

∂2n
α

ˆ ∞
0

dβ
βn−1

Γ(n)

ˆ
d4−δkE exp

[
− (1 + β)

(
kE + i

αχE
2(β + 1)

)2

− α2χ2
E

4(β + 1)

]∣∣∣∣
α=0

, (B57)

=
(2n)!

Γ(n)4nn!

ˆ ∞
0

dββn−1(β + 1)−n−2+δ/2 , (B58)

=
(2n)!

4n n!

Γ(2− δ/2)

Γ(2 + n− δ/2)
. (B59)

In the second equality we have completed the square in kE and in the third we have integrated with respect to kE
and also evaluated the α derivative and set α = 0.

Substituting into Eq. (B52) then gives

Iχ(Pf , Pi,m, δ) = 2

ˆ 1

0

dx

ˆ 1−x

0

dy e−iχ·(xPf+yPi)
∞∑

n=0

An
(χ2)n

(2n)!
J n(Pf , Pi,m, δ) , (B60)

where we have returned to the Minkowski signature for χ, Pf and Pi and have also defined

J n(Pf , Pi,m, δ) ≡
ˆ

d4−δkE
(2π)4−δ

k2n
E

[k2
E +M(m,x, y)2]3

. (B61)

To conclude we simplify J n(Pf , Pi,m, δ) by evaluating the momentum integral

J n(Pf , Pi,m, δ) =

ˆ
dΩ3−δ

(2π)4−δ

ˆ ∞
0

dkE k
3−δ
E

k2n
E

[k2
E +M(m,x, y)2]3

, (B62)

=
2π2−δ/2

(2π)4−δ Γ(2− δ/2)

ˆ 1

0

dζM(m,x, y)2

2ζ2
M(m,x, y)2n+2−δ(1/ζ − 1)n+1−δ/2 ζ3

M(m,x, y)6
. (B63)

In the second step we have integrated over dΩ3−δ and then changed variables via k2
E ≡M2/ζ −M2. The measure is

modified as 2kEdkE = −M2dζ/ζ2 with the integral now running from ζ = 0 to ζ = 1. The final factor in the second
line is just ζ3/M6 = [k2

E +M2]−3.
Evalauting the ζ integral via

ˆ 1

0

dζ(1− ζ)α−1 ζβ−1 =
Γ(α) Γ(β)

Γ(α+ β)
, (B64)

we conclude

J n(Pf , Pi,m, δ) =
1

2(4π)2−δ/2
Γ(n+ 2− δ/2)Γ(1− n+ δ/2)

Γ(2− δ/2)
M(m,x, y)2n−2−δ . (B65)

This directly gives Eq. (78) in the main text.

8. Determining cj and Λj

As discussed in Secs. II C 1 and IIC 2, an immediate application of the proposed formalism is electromagnetic
reactions coupling two-pion states: (π+π0)Ii + jµ → (π+π0)If . For this case we require the function Gσ for σ =
[`fmf ; `imi] (no current index) as well as σ = [µ; `fmf ; `imi] (one index) for `i, `f ≤ 1. This requires evaluating IA
(with no indices) through IA;ν1ν2ν3 . This set depends on only two scalar integrals, J 0 and J 1. The integral defining
J 0 is convergent so that we only need the c0 = 1, Λ0 = m term, i.e. no subtraction is required. The integral defining
J 1, by contrast, has a logarithmic divergence (arising from d4kEk

2
E/k

6
E). This is removed using the subtraction given

in Eq. (64), corresponding to c1 = −1 with Λ1 = Λ equal to any value exceeding 2m.
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Though the integrals of direct interest are rendered convergent by (up to) one simple subtraction, we think it useful
here to give the recipe for general IA,ν1···νN . In a nut shell the approach requires identifying the divergent part of J n
and, by substituting this into the relation to IA,ν1···νN , to identify an expression of the form

IdivA;ν1···νN (Pf , Pi, δ) ≡
bN/2c∑

j=0

cjIdivA;ν1···νN (Pf , Pi,Λj , δ) . (B66)

The coefficients cj and the scales Λj are then tuned such that this quantity vanishes. Note that bN/2c terms must be
tuned to vanish. This is because the integral IA;ν1···νN depends on the scalar integrals up to n = bN/2c. The integral
then scales as d4kEk

2n
E /k6

E and generates a series of divergences of the form Λ2n−2,Λ2n−4, · · · , log(Λ), so a total of
n = bN/2c terms.

It turns out that one does not need to tune both the regularization scales Λj and the coefficients cj . We thus choose
the recipe of setting Λj = 2j−1Λ [Λ1 = Λ , Λ2 = 2Λ , Λ3 = 4Λ , · · · ] and tuning only the n different cj terms.

The latter is achieved by studying the 1/δ terms. In particular one can show that J n ∼M(m,x, y)2n−2/δ. Thus, for
n = 1 the divergence is M(m,x, y)-independent and is removed by setting c1 = −1 as explained above. For n = 2 the
divergence scales as M(m,x, y)2 leading to the linear combination M(m,x, y)2 + c1M(Λ, x, y)2− (1 + c1)M(2Λ, x, y)2

where we have already enforced 1 + c1 + c2 = 0. This leads to a cancellation in all terms except for the explicit mass
and Λ dependence

M(m,x, y)2 + c1M(Λ, x, y)2 − (1 + c1)M(2Λ, x, y)2 = m2 + c1Λ2 − 4(1 + c1)Λ2 , (B67)

and requiring this to vanish gives c1 = [m2 − 4Λ2]/[3Λ2]. Here we restrict our attention to the degenerate case,
m1 = m2 = m. While the subtraction is always mass-independent for integrals up to IA;ν1ν2ν3 , beyond this the
scheme in the non-degenerate case becomes more complicated.

Note that the choices of coefficients that remove J 2 divergences also automatically remove those in J 1. This is be-
cause

∑
j cjM(Λj , x, y)2 contains both Λj-dependent and independent pieces. Thus the vanishing of

∑
j cjM(Λj , x, y)2

guarantees that the same holds for
∑
j cj , and the latter is the condition for removing divergences in J 0.

As we now show, this pattern continues to all orders, so that it is always sufficient to determine cj by tuning away
the highest J n divergences. For the general-n, degenerate case, the system that we need to solve is

n∑

j=1

cj
[
M(0, x, y)2 + 4j−1Λ2

]n
= −

[
M(0, x, y)2 +m2

]n
, (B68)

or equivalently

n∑

j=1

cj

n∑

k=0

C(n, k)M(0, x, y)2k4(j−1)(n−k)Λ2(n−k) = −
n∑

k=0

C(n, k)M(0, x, y)2km2(n−k) , (B69)

where C(n, k) = n!
(n−k)!k! is the binomial coefficient. Defining vk ≡ C(n, k)M(0, x, y)2k and Akj ≡ 4(j−1)(n−k)Λ2(n−k),

the above relation becomes vkAkjcj = vk(−m2k) with repeated indices summed. Dropping the vk from both sides,
we conclude that a solution is given by




1 1 1 · · · 1

Λ2 (2Λ)2 (4Λ)2 · · · (2n−1Λ)2

Λ4 (2Λ)4 (4Λ)4 · · · (2n−1Λ)4

...
...

...
. . .

...

Λ2n (2Λ)2n (4Λ)2n · · · (2n−1Λ)2n







c1

c2

c3

...

cn




=




−1

−m2

−m4

...

−m2n




. (B70)

It is straightforward to invert this matrix and read-off the values of ci to regulate an integral with any number of
indices. In Table II we give the values up to n = 5, assuming Λj = 2j−1(3m).

Returning to the case of different masses, here one must instead solve

n∑

j=1

cj

n∑

k=0

C(n, k)〈〈M(0, x, y)2k〉〉4(j−1)(n−k)Λ2(n−k) = −〈〈
[
M(0, x, y)2 + (1− x− y)m2

2 + (x+ y)m2
1

]n〉〉 , (B71)
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n c1 c2 c3 c4 c5
1 −1

2 − 35
27

8
27

3 − 1001
729

286
729

− 14
729

4 − 82225
59049

16445
39366

− 4025
157464

143
472392

5 − 37872835
27103491

5410405
12754584

− 1853915
68024448

329329
816293376

− 16445
13876987392

TABLE II. Values of cj up to n = 5, assuming Λj = 2j−1(3m). This information is sufficient to calculate G[µ1···µn;`fmf ;`im1]

for all indices satisfying n+ `f + `i ≤ 10.

where

〈〈f(x, y)〉〉 ≡ 2

ˆ 1

0

dx

ˆ 1−x

0

dyf(x, y)eiχ·(xPf,E+yPi,E) . (B72)

The key distinction is that x and y dependence now appears in bothM(0, x, y)2 and the mass terms on the right-hand
side. Thus it is not possible to express the right-hand side in terms of a matrix product in which 〈〈M(0, x, y)2k〉〉 is
factored off. The upshot is that, in this case, the cj depend on the kinematics si, sf , q2, the masses m1, m2 and the
generating parameter χ. Again we stress that this is not of immediate concern as it is only relevant for form factors
with many indices.

9. Triangle singularities within IA(Pf , Pi)

In this appendix we give a more detailed discussion of the singularities that arise away from threshold in IA(Pf , Pi),
as summarized around Eqs. (90) and (91) of the main text and in Figs. 6 and 7. The task is to study discontinuities
of the integral

IA(Pf , Pi,m, 0) =
1

(4π)2

ˆ 1

0

dx

ˆ 1−x

0

dy
1

M(m,x, y)2
. (B73)

These arise when the three particles in the triangle loop of Fig. 2(b) can all go on shell. As Landau described
in Ref. [73], the on-shell condition is realized at critical points (xc, yc) of M(m,x, y)2 defined by three conditions:
∂M(m,xc, yc)

2/∂x = 0, ∂M(m,xc, yc)
2/∂y = 0, and M(m,xc, yc)

2 = 0. Since M(m,x, y)2 is, at most, a second
degree polynomial in x and y, solutions to the three conditions can be found analytically.

To see the role of these critical points in practice, we integrate Eq. (B73) with respect to y, to reach

IA(Pf , Pi,m, 0) =

ˆ 1

0

dxF (1)(x) , (B74)

where

F (1)(x) ≡ 1

(4π)2si

L+ε[y+(x)]− L−ε[y−(x)]

y+(x)− y−(x)
, (B75)

L±ε[f(x)] ≡ log

∣∣∣∣
1− x− f(x)

f(x)

∣∣∣∣+ i arctan

(
1− x− Ref(x)

Imf(x)± ε

)
+ i arctan

(
Ref(x)

Imf(x)± ε

)
, (B76)

with y±(x) ≡ (1/2)(A ±
√
A2 +B + iε). Here A and B are known functions of the kinematic variables and the

Feynman parameter x, defined in Eqs. (85) and (86).
We next note that the three Landau conditions given above are satisfied whenever A2 + B = 0 and, in addition

d[A2 + B]/dx = 0. Noting that A2 + B is a quadratic polynomial in x we see that the conditions are equivalent
to A2 + B ∝ (x − xc)

2. Before considering this special case we take our general form and substitute A2 + B =
2[(Pi · Pf )2/s2

i − sf/si](x− x1)(x− x2)

IA(Pf , Pi,m, 0) =
1

32π2
√
|(Pi · Pf )2 − sfsi|

[ˆ x1

0

+

ˆ x2

x1

+

ˆ 1

x2

]L+ε[y+(x)]− L−ε[y−(x)]√
(x− x1)(x− x2)

. (B77)
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For concreteness, here we have assumed (Pi · Pf )2/s2
i − sf/si > 0. In addition we have split the integral in x into a

sum over regions where Im
√
A2 +B = 0 (x ∈ [0, x1] ∪ [x2, 1]) as well as the region where it is non-zero (x ∈ [x1, x2]).

This separation assumes 0 < x1 < x2 < 1. If these are instead complex valued, or outside the range of integration,
then one can directly evaluate the integral over the entire range. For general values of x1 and x2, the integral over
each region is well defined even with ε = 0 and can be directly evaluated.

The final case to consider is when the external kinematics are tuned to critical values Pf = Pf,c and Pi = Pi,c
for which x1 = x2 = xc ∈ [0, 1]. This is equivalent to the Landau conditions mentioned above, and corresponds to
the apex of the (x − x1)(x − x2) parabola sitting on the x-axis. Perturbing the kinematics in one direction shifts
the parabola down, opening a finite region of [x1, x2] that must be integrated in isolation. Perturbing the kinematics
in the other direction shifts the parabola upwards, causing the roots to become complex such that we can directly
integrate x from 0 to 1. We now demonstrate that, as one approaches Pf,c and Pi,c from the side of real x1, x2, the
integral

´ x2

x1
dx has a nonzero limit due to a singularity in the integration range. As a consequence, the limit has a

different value when approached from opposite sides. This manifests as a step singularity in the real part of IA. In
addition, the imaginary part diverges as log|Pf(i) − Pf(i),c|.

The magnitude of the discontinuity is given by evaluating the integral between x1 and x2, for kinematics such that
0 < x1 < x2 < 1, and then taking the limit x1, x2 → xc. This can easily be done by noting that, in this region, y+(x)
and y−(x) are complex conjugates of each other so that the integrand simplifies to

Disc(IA) =

ˆ x2

x1

dxF (1)(x) =
1

(4π)2

1

si

ˆ x2

x1

dx
1

iImy+
i

(
arctan

[
1− x− Rey+

Imy+

]
+ arctan

[
Rey+

Imy+

])
. (B78)

Next we note that, as x1 approaches x2, Imy+ goes to zero. Thus it is natural to expand in this quantity

Disc(IA) =
1

(4π)2

1

si

ˆ x2

x1

dx
1

Imy+

(
π − Imy+

1− x− Rey+
− Imy+

Rey+
+O

(
(Imy+)2

))
. (B79)

We see that only the first term will contribute in the limit x1 → x2, and that it only contributes when yc = y+(xc) is
in the y integration region, i.e. 0 < yc < 1− xc. Evaluating the remaining integral, we conclude

Disc(IA) =
1

(4π)2

1

si

ˆ x2

x1

dx
π

Imy+
=

1

(4π)2

1√
(Pi · Pf )2 − sfsi

ˆ x2

x1

dx
π√

(x− x1)(x2 − x)
, (B80)

=
1

16
√

(Pi · Pf )2 − sfsi
. (B81)

10. Evaluating IA(Pf , Pi) through IA;ν1ν2ν3(Pf , Pi)

Here we provide compact expressions here for the IA;σ(Pf , Pi) integrals with up to three Lorentz indices. Starting
with Eqs. (78) and (80) one can show

IA;ν1(Pf , Pi,m) = Pf,ν1 I(1,1)(Pf , Pi,m) + Pi,ν1I(1,2)(Pf , Pi,m) , (B82)

IA;ν1ν2(Pf , Pi,m) = Pf,ν1Pf,ν2I(2,1)(Pf , Pi,m) + Pi,ν1Pi,ν2I(2,2)(Pf , Pi,m)

+ P[i,ν1Pf,ν2]I(2,3)(Pf , Pi,m)− gν1ν2
4
I(2,4)(Pf , Pi,m) ,

(B83)

IA;ν1ν2ν3(Pf , Pi,m) = Pf,ν1Pf,ν2Pf,ν3I(3,1)(Pf , Pi,m) + Pi,ν1Pi,ν2Pi,ν3I(3,2)(Pf , Pi,m)

+
1

2
P[f,ν1Pf,ν2Pi,ν3]I(3,3)(Pf , Pi,m) +

1

2
P[i,ν1Pi,ν2Pf,ν3]I(3,4)(Pf , Pi,m)

− 1

8
g[ν1ν2Pf,ν3]I(3,5)(Pf , Pi,m)− 1

8
g[ν1ν2Pi,ν3]I(3,6)(Pf , Pi,m) ,

(B84)

where the brackets in the indices denote a sum over permutations, even when the indices are identical. The definition
is such that, for n indices within a pair of square brackets, the sum runs over n! terms (some of which may vanish).
Some examples include

P[f,0Pi,0] = 2Pf,0Pi,0,

P[f,0Pf,0Pi,0] = 6P 2
f,0Pi,0,

P[f,1Pi,2] = Pf,1Pi,2 + Pf,2Pi,1,

g[00Pi,1] = 2g00Pi,1. (B85)
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Here we have introduced the notation I(n,m) where the indices just index the integrals needed and do not describe
a property of the integrand (i.e. I(n,m) is just the mth integral needed to evaluate the n-index version of IA). We
now define the set of relevant quantities and also give useful expressions for evaluation.

To evaluate IA;ν1(Pf , Pi,m) we require

I(1,1)(Pf , Pi,m) = Γ(3)

ˆ 1

0

dx

ˆ 1−x

0

dy xJ 0(Pf , Pi,m, 0) =

ˆ 1

0

dxxF (1)(x) , (B86)

I(1,2)(Pf , Pi,m) = Γ(3)

ˆ 1

0

dx

ˆ 1−x

0

dy yJ 0(Pf , Pi,m, 0) =

ˆ 1

0

dxF (2)(x). (B87)

For IA;ν1ν2(Pf , Pi,m) we need

I(2,1)(Pf , Pi,m) = Γ(3)

ˆ 1

0

dx

ˆ 1−x

0

dy x2 J 0(Pf , Pi,m, 0) =

ˆ 1

0

dxx2F (1)(x) , (B88)

I(2,2)(Pf , Pi,m) = Γ(3)

ˆ 1

0

dx

ˆ 1−x

0

dy y2 J 0(Pf , Pi,m, 0) =

ˆ 1

0

dxF (3)(x) , (B89)

I(2,3)(Pf , Pi,m) = Γ(3)

ˆ 1

0

dx

ˆ 1−x

0

dy y xJ 0(Pf , Pi,m, 0) =

ˆ 1

0

dxxF (2)(x) , (B90)

I(2,4)(Pf , Pi,m) = Γ(3)

ˆ 1

0

dx

ˆ 1−x

0

dyJ 1(Pf , Pi,m, 0) =

ˆ 1

0

dxF (5)(x) + · · · , (B91)

where the ellipses denote terms that will be canceled by the Pauli-Villars-like subtractions. These are terms that are
independent of m. For example, in the last line above we are ignoring a term proportional to

´
dx dy y.

Finally, for IA;ν1ν2ν3(Pf , Pi,m), six integrals appear

I(3,1)(Pf , Pi,m) = Γ(3)

ˆ 1

0

dxx3

ˆ 1−x

0

dyJ 0(Pf , Pi,m, 0) =

ˆ 1

0

dxx3 F (1)(x) , (B92)

I(3,2)(Pf , Pi,m) = Γ(3)

ˆ 1

0

dx

ˆ 1−x

0

dy y3 J 0(Pf , Pi,m, 0) =

ˆ 1

0

dx F (4)(x) , (B93)

I(3,3)(Pf , Pi,m) = Γ(3)

ˆ 1

0

dxx2

ˆ 1−x

0

dy yJ 0(Pf , Pi,m, 0) =

ˆ 1

0

dxx2 F (2)(x) , (B94)

I(3,4)(Pf , Pi,m) = Γ(3)

ˆ 1

0

dxx

ˆ 1−x

0

dy y2 J 0(Pf , Pi,m, 0) =

ˆ 1

0

dxxF (3)(x) , (B95)

I(3,5)(Pf , Pi,m) = Γ(3)

ˆ 1

0

dxx

ˆ 1−x

0

dyJ 1(Pf , Pi,m, 0) =

ˆ 1

0

dxxF (5)(x) + · · · , (B96)

I(3,6)(Pf , Pi,m) = Γ(3)

ˆ 1

0

dx

ˆ 1−x

0

dy yJ 1(Pf , Pi,m, 0) =

ˆ 1

0

dxF (6)(x) + · · · . (B97)

Again, we have ignored terms that cancel after the Pauli-Villars-like subtraction. This includes terms that are
proportional to the external momenta but independent of m, e.g. P νf

´
dx dy x.

In the final steps we have evaluated the y-integrals analytically and expressed the remaining x-integral in terms of
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F (n)(x). These, in turn, can be written

F (1)(x) =
1

(4π)2si

L+ε[y+(x)]− L−ε[y−(x)]

y+(x)− y−(x)
, (B98)

F (2)(x) =
1

(4π)2si

y+(x)L+ε[y+(x)]− y−(x)L−ε[y−(x)]

y+(x)− y−(x)
, (B99)

F (3)(x) =
1

(4π)2si

(
y+(x)2L+ε[y+(x)]− y−(x)2L−ε[y−(x)]

y+(x)− y−(x)

)
, (B100)

F (4)(x) =
1

(4π)2si

(
(1− x) (y+(x) + y−(x)) +

y+(x)3L+ε[y+(x)]− y−(x)3L−ε[y−(x)]

y+(x)− y−(x)

)
, (B101)

F (5)(x) =
−1

8π2

(
(1− x− y−(x)) logε (1− x− y−(x)) + (1− x− y+(x)) log−ε (1− x− y+(x))

+ y−(x) logε (−y−(x)) + y+(x) log−ε (−y+(x))

)
, (B102)

F (6)(x) =
−1

(4π)2

(
− (1− x)(y−(x) + y+(x)) + ((1− x)2 − y2

−(x)) logε (1− x− y−(x))

+ ((1− x)2 − y2
+(x)) log−ε (1− x− y+(x)) + y2

−(x) logε (−y−(x)) + y2
+(x) log−ε (−y+(x))

)
, (B103)

where L±ε[f(x)] is defined in Eq. (87). logε(f(x)) is defined to be the standard log with its branch-cut aligned on
the negative real axis. Except if f(x) is purely real and negative, in which case log±ε(f(x)) = ±i π + log(|f(x)|). As
discussed in the main text, these expressions allow one to work identically at ε = 0 in the numerical evaluation of the
integrals with respect to x. The only memory of the non-zero value of ε that these functions carry are the sign.
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