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ABSTRACT: The extraction of the Cabibbo-Kobayashi-Maskawa (CKM) matrix from
flavour observables can be affected by physics beyond the Standard Model (SM). We
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Standard Model Effective Field Theory (SMEFT). We choose a set of four input ob-
servables that determine the four Wolfenstein parameters, and discuss how the effects of
dimension-six operators can be included in their definition. We provide numerical values
and confidence intervals for the CKM parameters, and compare them with the results
of CKM fits obtained in the SM context. Our approach allows one to perform general
SMEFT analyses in a consistent fashion, independently of any assumptions about the way
new physics affects flavour observables. We discuss a few examples illustrating how our
approach can be implemented in practice.
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1 Introduction

Quark flavour-changing transitions have been used to probe high-energy scales since several
decades, with many successes along the way, such as predicting the existence and prop-
erties of the charm and top quarks. They are particularly well suited for this purpose in
the context of the Standard Model (SM), where flavour transitions are controlled by the
unitary Cabibbo-Kobayashi-Maskawa (CKM) matrix defined by only 4 real parameters.
Over the last decades, the improvement in measurements has been matched by theoretical
progress in computing accurately SM contributions, from the high-energy side (electroweak
and perturbative QCD contributions) but also from the low-energy side (hadronic matrix



elements involving QCD in the non-perturbative regime). Global fits to the wealth of ex-
perimental data on flavour transitions show an overall excellent agreement with the SM
picture, leading also to a precise determination of the CKM parameters [1].

Such a precise determination of the CKM parameters is essential for precise predictions
of many flavour observables, used to set bounds on beyond-the-SM (BSM) physics. Some
of these bounds are among the most stringent BSM constraints available, and can be
translated to lower bounds on the BSM scale much above the reach of present and near-
future colliders. However, these bounds must be extracted with great care, because the
presence of new physics may well invalidate the assumptions implicit in the extraction of
the CKM parameters in a SM-based analysis. The goal of this article is to address, in a
systematic and model-independent way, how new physics (NP) will affect the global CKM
fit and what is the best way to fix the full CKM matrix in a generic BSM context.

Direct searches for new heavy particles at the LHC have not been conclusive, which
suggests a significant gap between the electroweak (EW) and BSM scales. In this context,
the Standard Model Effective Field Theory (SMEFT) [2, 3] represents an appropriate
theoretical framework to analyse flavour data. Such data analysis is done once and for all in
the SMEFT and the subsequent correlated bounds on the relevant Wilson coefficients can be
applied to a plethora of NP models in a simple way. This is true whether one is addressing
anomalies in the data, or just setting bounds on BSM physics. Moreover, the SMEFT
allows one to account for non-trivial correlations between different classes of observables,
such as quark-flavour transitions, leptonic processes, and EW precision measurements. In
addition it embeds resummations that are needed to tame large logarithms in the presence
of large scale hierarchies through Renormalisation Group Evolutions (RGEs).

The SMEFT is the effective theory of any fundamental theory that contains the SM
supplemented by a set of heavy particles with masses M ~ A > myz, and in which the
EW symmetry is linearly realised. Technically speaking, it extends the SM Lagrangian
with higher-dimensional operators built from SM fields, with the assumption that these
operators also obey the gauge symmetry of the SM. The leading NP effects are typically
encoded in the Wilson coefficients of operators of dimension six, and thus the primary
goal is to establish confidence intervals for these parameters. However, it is important
to realise that the free parameters of the SMEFT are not only the Wilson coefficients,
but also the parameters already present in the SM Lagrangian (or the “SM parameters”
with a slight abuse of language): the gauge and Yukawa couplings, the Higgs mass and its
vacuum expectation value (VEV). In a consistent analysis one needs to take into account
the presence of the NP contributions affecting the input observables from which the SM
parameters are extracted.

The issue of NP “contamination” has been carefully studied in the context of EW preci-
sion observables (see e.g. ref. [4]), where the relevant SM parameters are the SU(2)7, xU(1)y
gauge couplings g1, gy, and the Higgs VEV v. In the SM their numerical values are de-
termined from three very precisely measured experimental inputs (see e.g. ref. [5]): the
fine-structure constant aem (0) (from the Rydberg constant), the Z-boson mass (from the Z
lineshape in LEP-1), and the Fermi constant G (from the muon lifetime). In the SMEFT,
the relation between these observables and gy, gy, and v is affected by dimension-six op-



erators, and a straightforward extraction of the SM parameters is thus not possible. For
example, the Fermi constant is given by Gr = (v/2v%)7! (1 4+ 6Gr/GF) where 6GF is a
linear combination of several dimension-six Wilson coefficients (see section 3.2 for details).
One option would be to perform a global fit simultaneously to the Wilson coefficients
and the SM parameters. A more convenient and practical approach, however, consists
in absorbing dGr into a redefinition of the SM parameters, in a procedure akin to the
renormalisation of the SM at one loop. Namely, one can define the “tilde VEV” param-
eter § = v (14 0Gr/Gr) /% such that it relates to the Fermi constant in the same way
as the Higgs VEV in the SM: Gr = (v/292)~!, and has a well-defined numerical value,
0 = 246.21965(6) GeV. Although dGF has been redefined away here, it does not disappear.
Instead, NP corrections proportional to 6Gr emerge in SMEFT predictions of other elec-
troweak observables (such as the W boson mass) that depend on the Higgs VEV in the SM
limit, once v is traded for ©. This kind of approach was followed in some previous global
analyses of EW precision observables within the SMEFT, see e.g. refs. [6-10].

We want to develop an analogous approach to deal with the CKM parameters in
the SMEFT consistently. This task is much more challenging than in the EW sector
where a small set of precisely measured and theoretically clean input observables can be
distinguished. On the contrary, SM CKM fits rely on many distinct observables, often
measured in elaborate experimental set-ups and displaying a complicated dependence on
non-perturbative hadronic inputs. These require more involved theoretical approaches,
sometimes relying on assumptions only justified within the SM. For this reason the current
global CKM fits developed within the SM cannot be used without a careful adaptation in
a general BSM framework such as the SMEFT. Perhaps for these reasons there is, in
fact, no complete SMEFT analysis of flavour data available in the literature to this day.!
Model-independent analyses available in the literature (and also many model-dependent
ones) involve different classes of assumptions. A usual approach, motivated by setups with
a very high NP scale and an arbitrary flavour structure, is to use AF = 2 processes to
extract NP bounds [14-19], with the implicit or explicit assumption that the extraction of
the CKM parameters themselves (which are used to calculate the SM prediction of these
AF = 2 processes) is not affected by NP [16]. Moreover, it is sometimes assumed that the
“PDG values” of the CKM parameters (obtained from the global SM CKM fits) can still
be used in such BSM setups. Such assumptions are highly non-trivial and they greatly
reduce the model-independent nature of these studies. The goal of this work is to provide
the necessary results so that such assumptions are not needed.

In this article we propose a consistent framework to use the CKM parameters in the
SMEFT. To this end, we will select a number of input observables, and identify specific
combinations of the CKM parameters and Wilson coefficients that are determined by these
observables. These combinations will define the “tilde Wolfenstein parameters” which, in
analogy to the tilde VEV, can be used to predict numerical values and NP dependence of

!Consistent analyses of smaller flavour sub-sectors do exist, such as e.g. refs. [11-13], which study
semileptonic light quark transitions. These processes only involve the Wolfenstein parameter A\, which is
treated as a floating parameter in these references. The non-trivial extension of this approach to the full
flavour sector is the subject of this work.



other flavour observables. The outline of the article is the following. Section 2 introduces
the theory framework and notation. In section 3 we describe our strategy to extract the
CKM parameters in the general context of the SMEFT, and justify our choice of the input
observables. In section 4 we extract numerical values for the tilde Wolfenstein parame-
ters from the input observables, and give the necessary formulas to apply our results in
phenomenological SMEFT applications. In section 5 with discuss some examples of appli-

cations of our formalism. Section 6 contains our conclusions and some future perspectives.

2 Theoretical framework

2.1 Fermion masses and CKM matrix beyond the SM

We assume that there is a hierarchy between the EW and NP scales (ugw < Axp), and
that EW symmetry breaking is linearly realised. In that case the physics at the EW scale
is described by the SMEFT (2, 3]:

Lomert = Lsv + Lpsa = Lom + Y Ci QY+, (2.1)

where Qgﬁ) and C; are respectively the dimension-six effective operators and their Wilson
coefficients, and the dots include operators that violate lepton or baryon number and
operators of dimension larger than six, which we will not consider. We will use the Warsaw
basis and the notation and conventions in ref. [20] except for the fact that we include 1/A?
in the coefficients C;.

In the broken phase, the Lagrangian at the EW scale contains the fermion mass terms:

L, =— Z ER,@' [Mylijbr,j +hec., (2.2)
Y=u,d,e

where the mass matrices include contributions from the SM Yukawa couplings as well as
from dimension-six operators:

My =~ [t - Y 2.3

v==7 |t 3% (2.3)

where v denotes the VEV of the Higgs doublet in the presence of dimension-six operators.
It is always possible to define the Lagrangian in a “weak” basis for the fermion fields

where the mass matrices are given by
M. = diag(me, my, ms), M, = diag(my, me, mg), Mg = diag(mg, ms,mp) - VT7 (2.4)

with V a unitary matrix. We will adopt this convention, in line with refs. [21, 22]. Thus, the
right- and left-handed lepton and up-quark fields, as well as the right-handed down-quark
fields are the same in the weak and mass eigenstate bases: er 1 = ey, eg2 = R, U2 = cr,
dRr3 = br, etc., while the translation from weak to mass eigenstate flavour indices for the
left-handed down quarks is given by the V' matrix:

dpi = Viedpe = Viadr + Vissp + Vip br 1=1,2,3. (2.5)



Formally, Vj, has a weak index ¢ = {1,2,3} and a mass-eigenstate index x = {d, s,b} [22].
Since in our convention the weak and mass bases for up-type quarks are the same, it holds
that Vip = Ve, Vor = Vep and Vi, = Vi, and from now on we can use V., with both
mass-eigenstates indices r = u,c,t and x = d, s,b. In this article we use the Wolfenstein
parameterization for V:

Vud Vus Vub
V=1 Vea Ves Ve
Via Vis Vi
1—IX2—Lx A AX3(1+42%)(p—in)
= | —AA2N(3—p—in) 1—3A2—LiN4(1+442) AN? +0O(X\%). (2.6)

AN (1—p—in)  —AN+AN(5—p—in) 1142\

We refer to the unitary matrix V' as the CKM matriz. Its definition is affected by the pres-
ence of certain dimension-six operators, cf. eq. (2.3). Moreover, and contrary to the SM,
the flavour structure of charged currents is not uniquely determined by the CKM matrix,
but is also affected by the presence of dimension-six operators with generic flavour struc-
ture.? In the following we discuss the consistent extraction of V from flavour observables
within the general context of the SMEFT.

2.2 Effective theory below the EW scale

While it is possible that, in the future, precision high-energy measurements at the EW scale
might be used to extract the parameters of the CKM matrix (see e.g. [23]), low-energy
flavour-violating observables remain currently the best window to CKM physics. These
observables are calculated in an effective theory where particles with EW-scale masses
have been integrated out [22, 24-26]. Low-energy flavour observables probe directly the
Wilson coefficients of the operators in this Low-energy EFT (LEFT) at the appropriate
hadronic scale, which can be related to the SMEFT through RGE together with a matching
at the EW scale.
In this article we will use the LEFT basis and notation of ref. [22]:

LirrT = LQED+QCD + Z L; 01(5’6) +oe (2.7)

(2

where we have kept lepton- and baryon-number conserving operators of dimension five
(5,6)
i

EFT includes all quarks and leptons except the top quark [26], while for physics at lower

and six, 0,7, with L; denoting the respective Wilson coefficients. For B physics, this
energies one may integrate out additional fields such as the b quark. Anticipating the
relevant observables that will be chosen in section 3.3 to fix the CKM matrix, we focus on
the semileptonic and AF = 2 operators (mediating d — upu™v,, s = up™ vy, b = ur~ U;
transitions as well as By and Bs mixings). The relevant LEFT operators are collected for
convenience in table 1.

2A tacit assumption throughout this article is that the numerical values of the Wolfenstein parameters
in the SMEFT are not far from the ones determined in the SM context; in particular that A is small enough
to serve as an expansion parameter in eq. (2.6).



Semileptonic AF =9
(Opian i = P er)dryune) | 1O iy = (i dr ) (i dr)
(O Lisge = P er)(drymurs) | [Ogi ijij = (driv*dr ;) (drivudr ;)
(OpeauLisge = (Prier)(dr jur) (Oda™ igis = (driv"deg)(drivudr,;)
(OLA) i = Frio™en)dngowun) | O5 " hjis = (Ao Todr;) AT dr)
Oveiuige = (Pricni) (dnus) (03 Vs = (Ar4dr ;) (d1idr)
(OB i = (A, T dp ) (A T dR,)

Table 1. Operators in the LEFT [22] relevant for semileptonic charged-current transitions and
By s mixing.

The tree-level matching conditions for the full set of Wilson coefficients L; in terms
of the SMEFT Wilson coefficients can be found in ref. [22]. The matching conditions in
the SM are known to much higher orders (see e.g. [24, 27]), while some one-loop contribu-
tions from non-SM operators are also known [28-30]. We will consider the state-of-the-art
SM matching conditions but only tree-level matching from dimension-six operators in the
SMEFT, as given in ref. [22]. A typical matching condition has the structure:

- 6) /= =
Li(pew) = FPN(F, 1, pew) + ZFZS (7,7, uew) Cj(uew) (2.8)
J
where FiSM(ﬁ,ﬁz’,uEw) are the SM matching conditions as functions of the set of cou-
plings and masses in the SMEFT (collectively called g and m), and the product
Fi(jG) (g, m, ppw) Cj(prw) denotes the contribution from the dimension-six SMEFT opera-

tor Q;G). The relevant expressions for the specific SMEFT operators needed in the analysis
of section 4 are given in appendix A.

The low-energy amplitudes used to compute the processes of interest for the CKM
parameters are given by default in terms of LEFT Wilson coefficients at a low, hadronic
scale, where non-perturbative matrix elements are computed: L;(up ~ 4.3GeV) in the
case of B physics and L;(us ~ 2GeV) in the case of K physics. In order to relate the
coefficients at these scales with the matching conditions at the EW scale without generating
large logarithms one needs to use RGEs. As in the case of the matching conditions, the
anomalous dimensions of the SM operators are known to high orders in as. For some
sets of BSM operators, two- or three-loop anomalous dimensions in QCD are also known,
including the operators that will be relevant in section 4 [31, 32]. One-loop anomalous
dimensions in QED+QCD are known for the full set of LEFT operators [26, 33|, which are
implemented in publicly available software tools [10, 34]. The RG evolution, which can be
implemented matricially as

Li(p) = Z (s p2)lij Lj(p2) (2.9)
J
is included in the relevant formulas given in appendix B.



3 Model-independent determination of the CKM matrix

3.1 Basics of the CKM fit in the SM

In the SM, the numerical values of the Wolfenstein parameters W; = {\, A, p, 7} are ex-
tracted from a global fit to a long list of experimental observables (see e.g. [1]) that are
accurately measured and whose SM predictions are well understood. They can be separated
in four broad categories:

e Leptonic decays (AF = 1 branching ratios): the branching ratios provide
information on the modulus of a CKM matrix element, provided that one knows
the corresponding decay constant, i.e. the coupling between the axial current and
the relevant meson. Currently, the main observables with accurate theoretical and
experimental inputs are

™ — U, K —ev, K — v, T— Kv, T — TV,
D — uv, Dy — uv, Dy, — 1v, B—Tv. (3.1)
e Semileptonic decays (AF = 1 branching ratios): these measurements pro-

vide information on the modulus of a CKM matrix element, provided that one
knows the corresponding form factors, i.e. the couplings between the vector/axial
and scalar/pseudoscalar currents and the relevant mesons. Currently, observables
with accurate theoretical and experimental inputs are:

K —»rmev, D—mev, D— Kev, B—mev, B— Dev, B— D*ev. (3.2)

Also in this category we can include the superallowed nuclear transitions, which pro-
vide a precise value for |V,,4| and rely on a detailed description of nuclei and their weak
transitions. There are also determinations of |Vy;| and |Vp| from inclusive b — cfv
and b — ulv transitions, which are however not fully compatible with the determi-
nations from exclusive transitions (hinting at underestimated systematics). We can
also include in this category |V,s| determinations from inclusive 7 — usv decays.

e CP-asymmetries (AF = 1 CP-violating observables): these measurements
allow one to extract CP-violating phases («, § and +, see ref. [1] for their definition).
They typically combine information from different channels or exploit time-dependent
asymmetries involving the same hadronic matrix elements, so that the latter can be
determined from the data or cancel out in ratios depending only on the CKM ele-
ments. The presence of the same hadronic matrix elements may hinge on SM flavour
symmetries (isospin symmetry for the angle «), the hierarchy of CKM contributions
(neglect of penguins for the angles 5 and ) or the knowledge of hadronic matrix
elements from other sources (hadronic D decays for the angle v). The main current
processes of interest are:

B — 7, pm,pp  (for o), B — J/YK® (ce)K  (for B),
B—DWK® (fory),  Bs— J/vs, (2S¢ (for Bi). (3.3)



e Neutral-meson mixing (AF = 2 observables): these measurements deal with
the time evolution of the system composed by a neutral-meson flavour state and its
CP-conjugate. They measure properties of the transition from one mass eigenstate
of a neutral-meson system to the other (difference of masses, CP violation). They
rely on the knowledge of the matrix element of the relevant AF = 2 operator in the
SM between both neutral mesons. The main current observables of interest are

ex (KK), AMy (BgBg), AM, (BsBsy). (3.4)

All these measurements show a remarkable agreement with the CKM picture for the quark-
flavour transitions embedded in the SM, leading to an accurate determination of the four
CKM parameters [1]. However, these results have to be reassessed in the presence of NP,
as non-SM contributions may not respect the assumptions implicit in their derivation. In
the remainder of this article we propose an algorithm for extracting the CKM parameters
in a general SMEFT framework, and discuss how to translate the measurements of flavour
observables into constraints on NP in a consistent way.

3.2 Interlude: Higgs VEV in the SMEFT

Before embarking on the extraction of the CKM parameters in the SMEFT, it is worth
recalling how parameters in the EW sector can be defined to illustrate this strategy. We
take as an example the Higgs VEV in the SMEFT. In the SM, v is related to the Fermi
constant G, which in turn can be defined as a coefficient of the 4-fermion interaction
between muons, electrons and neutrinos in the effective theory at a scale y ~ my,:

Leg D —2\/§Gp(ﬂlﬁa pr)(Ery*ve) + h.c. (3.5)

Integrating out the tree-level W exchange in the SM one finds G = (v/2v?)~!. Given the
experimental value Gy = 1.1663787(6) x 107> GeV 2 [5] precisely measured in muon decay,
one can assign the numerical value to the Higgs VEV, v = 246.21965(6) GeV. However,
this logic is perturbed if the SMEFT (and not the SM) is the relevant theory at p 2 myy.
In that case one finds that dimension-six operators affect the Fermi constant as?

1

1
#0300y~ 5[l ) + O, (30)

where v is the VEV of the Higgs field in the presence of dimension-six operators, and Cyy,
01(513 are Wilson coefficients of the corresponding operators in the Warsaw basis [20]. At

3Summing over the 4-lepton terms Zijkl [Cu]ij_klzmejzkw& in the SMEFT Lagrangian, the Wilson

coefficients [C’u]mi and [C”L'iij are indistinguishable because they multiply exactly the same operator.
In the literature one often encounters the convention that the two Wilson coefficients in this pair are equal,
or that one of them is zero. Our eq. (3.6) is valid regardless of the convention.



this stage we cannot assign a numerical value to v without knowing the Wilson coefficients.
Instead, it is convenient to define the tilde VEV parameter ¢ via the relation

1
b= ; v <1+(5’U> , 571) :—7(5(;7}74—0(/\_4). (37)

V11 0Gr/Gr v v 2Gp

With this definition we recover Ggp = (\@62)*1, and we can assign a numerical value to
0, which is equal to that of v in the SM context, © = 246.21965(6) GeV. In fact, this
procedure is similar to the renormalisation of the SM at one loop. Let us however stress
that we are dealing with finite tree-level corrections in the present situation.

At this point the dependence of the muon decay width on the SMEFT Wilson coef-
ficients has been absorbed into the definition of o, hence this observable alone does not
constrain NP. However, the physical effect of G is not void. Using eq. (3.7), we should re-
place v with ¢ in the expression for any other EW observable sensitive to the Higgs VEV in
the SM limit, in order to isolate the SM prediction for that observable. This way, dGp will
modify the linear combination of Wilson coefficients to which the observable is sensitive:

O = Osni(v) + SORF" = Osn(0) + SORE™™ + SORE™
©6Gp 00sm (D)

50%\1}13irect _ G or + O(A_4) ) (38)

The “direct” contribution comes from the computation using the initial SMEFT parame-
ters, whereas the “indirect” part comes from the redefinition of the Higgs VEV. We remark
that the separation between direct and indirect NP effects is semantic. Both effects are in
general equally large and physical, namely O(A~2) in the SMEFT expansion.

3.3 Strategy for the extraction of the CKM parameters in the SMEFT

We turn to the determination of CKM parameters in the general context of the SMEFT.
There are two distinct strategies one could envisage here. One could aim at performing
a global fit to all available flavour observables where not only the dimension-six Wilson
coefficients but also the 4 independent CKM parameters are considered free parameters.
Treating the unknown Wilson coefficients as nuisance parameters would return confidence
intervals for the Wolfenstein parameters. This is a formidable task, and a much greater
challenge than the SM CKM fit considering the number of parameters involved. An illus-
tration of this strategy in the more limited case of NP only in the AF = 2 sector can be
found in refs. [17-19].

In this article we opt for a simpler strategy. We will identify a minimal set of four
optimal observables constraining specific combinations of CKM and SMEFT parameters.
These observables will define the 4 Wolfenstein parameters to which we will assign numeri-
cal values and errors. These in turn can be used to predict numerical values of other flavour
observables, which can be compared with the experimental values in order to constrain NP.
Note that our strategy can be embedded in the former one at a later stage, by using the
results obtained in this article as “pseudo-observables” in a global fit.

In line with the discussion in section 3.2, we will denote the combinations of Wolfenstein
parameters and SMEFT Wilson coeflicients extracted from the selected observables by



(denoting p = p and 71 = 1)
WJ - {)\7147167 ﬁ}a (39)

with the understanding that in the SM limit Wj —{\, A, p,n}. We will often refer to these
quantities as tilde Wolfenstein parameters, or simply tilde parameters.

In order to determine Wj one should choose a quartet of observables from the pool
of observables listed in section 3.1. Ideally, we want the input observables to satisfy the
following rather constraining conditions:

1. The set of observables must have a good sensitivity to all the four Wolfenstein pa-
rameters;

2. Each observable should be accurately measured and its theoretical prediction (in the
general BSM case) should be well understood and non-controversial;

3. The general SMEFT expression for the observables should involve as few SMEFT
Wilson coefficients as possible, in order to minimize the number of correlated observ-
ables needed in phenomenological applications.

This greatly reduces the available choices from the list in section 3.1. Condition #1 is
obviously mandatory and can be checked in the SM limit. Condition #2 rules out b — clvy
(¢ = e, ) transitions due to the tensions observed between exclusive vs. inclusive deter-

4 Condition #3 is needed to select observables that can be used in the

minations [1].
general SMEFT framework while depending only on a limited set of theoretical inputs and
unknown parameters.

Let us now discuss some classes of the observables from the CKM fit in the SM in sec-
tion 3.1 in more detail. Observables from non-leptonic decays in eq. (3.3) involve a limited
set of hadronic matrix elements in the SM, which can be determined or eliminated thanks
to additional observables and symmetries. Beyond the SM, however, these observables
involve a much wider set of hadronic matrix elements that are currently not known and, in
a general SMEFT context, cannot be related to other hadronic quantities through flavour
symmetries. A similar issue affects e, which can be extracted from K — w7 decays only
under specific assumptions about the weak amplitudes.

Concerning the semileptonic decays such as K — wlv, D — K{v, or B — wlv, the
rates depend on form factors whose momentum dependence is usually extracted from the
measurement of the differential distributions, which are themselves modified by BSM ef-
fects. Thus in order to use this information, a new BSM analysis of both differential
distribution and rate is required (see e.g. ref. [11]). This is in contrast to the leptonic de-
cays, whose hadronic input is limited to decay constants, well known from lattice QCD. In
addition, semileptonic decays are often sensitive to a larger set of BSM operators than lep-
tonic decays, disfavouring semileptonic decays on the basis of condition #3. Overall these
arguments favor using leptonic as opposed to semileptonic decays as our input observables.

It has been noted that using the so-called BGL parameterization for the form factors ameliorates this
tension [35, 36]. However, a recent analysis performed by BaBar employing the BGL parameterization
found again tension between exclusive and inclusive determinations [37]. We therefore prefer not to include
the exclusive determination of V., as an input observable until the issue gets clarified definitely.

~10 -



We can now determine the most appropriate observables for the determination of the
CKM parameters. Concerning observables sensitive (only) to A, condition #2 suggests to
disfavour D and D, meson decays compared to K decays. The latter are measured with
a better accuracy and thus exhibit better sensitivity to A. One technical complication,
however, arises due to the dependence of the leptonic K decays on the decay constant fr+,
as its most recent determinations rely on the “experimental” value of f; from © — uv
to set the reference scale in the lattice QCD calculations [38]. This reintroduces an SM
assumption (i.e., that the pion leptonic decay is completely dominated by SM contributions)
that is not appropriate for a general analysis in the SMEFT setup [11]. To avoid this
complication, we take the ratio I'(K — uv) to I'(m — ) as our input observable, as
the lattice determinations of fx+/f+ are free from this problem (and known with higher
accuracy). Concerning the parameter A, we may consider observables sensitive to Vi, Vep,
Vid, or Vs, while the highest sensitivity to p and 77 comes from V,; and Vi4. All in all, the
remaining observables satisfying our criteria and sensitive to these three CKM parameters
are B — v (for Vi), AMy (for Vi), and AM; (for Vis).

This leaves us with the following set of input observables that we consider optimal:

NK — pv,)/T(m = pvy), (B —71vr), AMg, AM,. (3.10)

These four observables indeed obey the criteria listed above. In section 4 we will show
that they provide an accurate determination of the four Wolfenstein parameters Wj in the
generic SMEFT case, with only a moderate loss of accuracy compared the SM case. One
should stress that our choice is not set in stone, and some variations on the input observables
are of course possible, similarly to different input schemes used in EW precision physics.
Furthermore, we emphasise that the “optimal choice” may vary over time. For example, if
the inclusive-vs-exclusive tensions for b — ¢ or b — wu transitions disappear, or (theoretical
or experimental) progress is achieved in some of the flavour transitions that we dismissed,
our input observables may need to be appropriately reconsidered.

Summarizing, our approach to constraining NP in the SMEFT using flavour observ-
ables adheres to the following algorithm:

1. We identify the dependence of the input observables O]rlput in eq. (3.10) on the
LEFT Wilson coefficients Ly and, given the LEFT-to-SMEFT map, on the Wilson
coefficients of dimension-six operators in the SMEFT Cy:

(2

O™ = i W[+ f(La)] = OfT (W) [L+g(Cy)] . (311)

where we keep the dependence of the f and g functions on the CKM parameters
W; ={\ A, p,n} as implicit.

2. We define the parameters W = {5\ A, p,

i}
(1 + ) (3.12)

where 6W;/W; are functions of the LEFT (or SMEFT) Wilson coefficients. They
are defined such that the input observables depend explicitly only on W; in a way
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similar to the SM expression and involving no additional LEFT or SMEFT Wilson
coefficients:

input input

077" = Ojan (W) (3.13)

3. We extract the numerical value of the tilde parameters Wj using eq. (3.13) along with
the necessary experimental and theoretical inputs (as described above), keeping full
track of correlations. These values, their correlated uncertainties, and the contribu-
tion from BSM operators, given in eq. (3.12), will be the main result of this work.

4. At this point we can translate any other flavour measurement, O, into a model-
independent NP constraint:

Ou = Ousn(W;) + 6038 = O, sni(W;) + dOBdst 1 sodieet (3.14)

where 5021711"\?19_? stands for a combination of Wilson coefficients contributing directly

to the observable, and the indirect contribution is®

5Oindirect _ _aoast

; AT, 1
,NP oW, Wi + O(A™%) (3.15)

Eq. (3.14) is the flavour analogue of eq. (3.8) relevant for EW precision observables.

Once the tilde Wolfenstein parameters have been determined, it is convenient to in-
troduce the tilde CKM matrix V. Given the SM expression V (A, 4, 5,7) in eq. (2.6), we
define V by

V=V\Ap7). (3.16)

The elements of this matrix can be used to calculate the numerical SM predictions for
observables depending on the CKM parameters. The NP effects included in them should
be taken into account through the method described above. The V matrix defined above
is unitary by construction. This does not entail any loss of generality, because we do not
define the nine elements of V as the elements extracted from nine different measurements
(such matrix would not be unitary in the SMEFT). Unitarity is a key and necessary
ingredient, since we only have four independent CKM parameters to fix, and thus we only
need to “lose” four measurements (and not nine) to fix them. Any additional observable
becomes in this way a NP probe, as it should be.

A last comment is in order concerning the choice of the hadronic inputs related to these
observables. Lattice QCD provides a self-consistent theoretical framework to compute these
inputs in global CKM analysis, but it still requires phenomenological inputs to determine
the values of the parameters of the Lagrangian: the quark masses and the strong coupling
constant (i.e. the lattice scale in physical units). However, as discussed above for fx,
the “experimental” value of f; from m — pv is often used to set the scale in the lattice

®These expressions are valid at the linear order in the NP contributions. In general eq. (3.14) contains
also higher order terms in 0W;, or cross terms of order §W; x 603%? that should be included if one wants

to trace NP effects beyond the leading order.
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QCD calculations. This reintroduces an SM assumption (i.e., the pion leptonic decay
is completely dominated by SM contributions), which will propagate in all dimensionful
lattice QCD inputs and which is thus not appropriate for a general analysis in the SMEFT
setup. From this point of view it is thus better to use determinations of the scale where an
observable dominated by strong dynamics is used to set the scale (for instance the masses
of hadrons, or the quark-antiquark potential).

4 Analysis and results

41 K — pvy, m — pvy, and B — 1,

We start with the leptonic decay rates T'(PT — ¢*1y), with P = {r, K, B}, and £ = {u, 7}.
For an exhaustive study of V,s from K — uv, along the lines of the present article, we
refer to ref. [11]. The decay rate for the process P~ — ¢~ can be written as

2\ 2
_ _ m pm m
L(P™ = py) = |qu|2le ‘ <1 - mf) (1+6pe) (14 Ape2) , (4.1)

P

where fp is the decay constant defined by (0|gy*vsu|P*(k)) = ik* fp, and the quantity dpy

accounts for all electromagnetic corrections in the SM (see e.g. [39]),% as well as isospin-

breaking corrections if they are not already included in the decay constants [40]. The full

and linearized expressions for the NP corrections are given by

A 2 2

A _ 1 Zuq L Lug| 1
pe2 = te (M, + mg)my P

2
2 mp

— 2 Re(e™y - =P
e(€a”) (my + mg)my

u 0 -
Re(eX7) + 4 7” + O™, (4.2)
The definitions of ¥ and dv/v can be found in eq. (3.7). The parameters eﬁ‘q are O(A~2)

in the SMEFT expansion, and they are connected to the LEFT Wilson coefficients at the
hadronic scale by:

2
Euq _ v V,LL s V,LR *
€A = 2qu <[Ll/edu (MQ)] lqu [Luedu (lu’q)]ééqu> ’
2
luq v S,RR * S,RL *
6;‘1 = _2V <[Luedu (MQ)] Loqu [Lyedu (/j’q)]%qu> ) (43)
uq

where p1y = {2,2,4.3} GeV for ¢ = {d, s,b}. Using eq. (B.1) we can express eA 7 and ezuq

in terms of the LEFT Wilson coefficients at the EW scale, which in turn are matched to
the SMEFT Wilson coefficients by means of eq. (A.1).
Using the input values collected in table 2, from the input observable I'(B — 7v)
we obtain
[Vis)? = Vi (1 + Apra) = 0.00425 -+ 0.00049 , (4.4)

SFactoring out the SM corrections induces (tiny) NP x QED corrections, which may not be the correct
ones but which are beyond the current theoretical precision.
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where we neglected the electromagnetic correction (i.e., dps =~ 0) since it induces an effect
much smaller that the current experimental sensitivity (see ref. [41] for further detail on
this issue). The error in |Vyy| (12%) is dominated by the experimental uncertainty on
B(B — 7v;). The value used for the decay constant fp+ [42] and quoted in table 2 does
not rely on the experimental value for fr, cf. the discussion in section 3.3.

In a similar fashion we could determine |V,4| from the observable I'(K — pv), which
would translate directly into a determination of the tilde Wolfenstein parameter A. How-
ever, as discussed in section 3.3, this choice would lead to a relatively large uncertainty on
X, which come in particular come from the lattice input for fx: the MILC09 calculation [43]
is the most precise lattice determination of fx not relying on the pion leptonic width to set
the lattice scale, with fairly large uncertainties. A more precise value of A can be obtained
by considering instead the ratio I'(K' — pv,)/I'(m — pi,), which allows one to extract the
ratio |Vys/Vua| given the ratio of decay constants fx/fr. The latter can be consistently
taken from the FLAG average [38], which combines several lattice determinations for this
ratio of decay constants without introducing any uncontrollable dependence on NP via the
pion leptonic width [38, 44-46].

In this case we have:

(K™ = p ) |Visl? foe g (1= m2 /m2 )

— = = 14+ 6x/x), 4.5
T o ) [T £ e (L= m 2, )% T Ok/m) (4.5)
with N
Vas|* _ [Vaus|?
~ = 1+ Ak, 4.6
|Vud’2 ‘Vud|2( K/ ) ( )
and
1+Aku0
A =_———F_1
K/m 1+A7r,u2

=2 Re(e"" — eiu‘i) —

2 < m3.. Re(ep)  m2. Re (el

- )> +OA™. (47

mi,vb (Mmy+ms) (my+mgq)

Given the inputs in table 2, we find
Vs /Viua| = 0.23131 4 0.00050 (4.8)

with a relative error of 0.2%, dominated by the uncertainty on the lattice determination
on the decay constant ratio.

4.2 AMg and AM,

The mass differences AM, of neutral B, mesons (¢ = {d, s}) are given by [47, 48]

'mqu]zgqm2

5 5 w
AM, = |Vip Vi 5351 B1 51 (my) , (4.9)
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where B are the so-called bag parameters, defined e.g. in ref. [49].7 The quantities ‘~/tb and
Viq have been defined such that:

“N/tb‘qu = |V2bv}/q|2 (1+ AAMq) ) (4.10)
with the BSM effects contained in
7|9 o 5 a; B c@ a; BY c@
A TR L) D oy U Dy i
Cism i=2 1 Uygm i—23 1 Cidy
(@) ~(a) 5 (q) q ~(a)
v 01,NP+01 a; B} C; a;B; C; —4
_4?+Re T qu BY C(q) Bq' BY (@) +O(A ):
1,SM i=2 1 Ligm i=2,3 1 Ligm
(4.11)

where we have defined C%?IZIP = qu) - Cf?S)M, and the definition of dv/v can be found
in eq. (3.7). Here a; = (1,-5/8,1/8,3/4,1/4), and Rp, = [mp,/(my + mgq)]*, where the
quark masses my, and mg are running MS masses at the scale ji, = 4.3 GeV, as are all other
scale-dependent parameters in eq. (4.11). Numerical values for the bag parameters By can
be found in table 2 of ref. [49].8 It is well known that the combination

_ f5.Bi
- JB,BY

is more precisely determined in the lattice than numerator and denominator separately

&2 (4.12)

due to the presence of parametric correlations. Often this is exploited by trading one
mass difference by the observable AMs/AM,. Instead, we will take into account these
parametric correlations by writing f%dBf = f%s B$ /&% in the expression for AMj.

The contributions of various effective operators are parametrized by CZ»(q), 51-((1). In the
SM only C%q) is generated, with C%?S)M known at NLO in QCD, and given in eq. (A.3). The
relation of the coefficients C'-(q),G(q) to the LEFT Wilson coefficients at upw is defined

(2 7
in eq. (B.2), which in turn can be matched to the SMEFT Wilson coefficients by means
of eq. (A.2). For the NP contributions, we give explicitly in eq. (A.2) only the tree-level
matching conditions between the LEFT and the SMEFT, but higher order corrections can
be included trivially, once they are known (e.g. [29]). This might be relevant since non-
log-enhanced GIM-violating contributions may be numerically large in observables such

as AM,. This is an important issue to keep in mind.

"The bag parameters BY are the matrix elements (Bq|O; ()| By) up to a normalization factor. With our
conventions, BY denote the bag parameters in the renormalisation scheme of ref. [31] at a scale u, = 4.3 GeV,
as given table 2 of ref. [49], and in agreement with the RGE factors used in appendix B. It is worth
mentioning that fr has been used to set the scale in ref. [49]; however, this choice induces a subleading effect
on the determination of the (dimensionless) bag parameters, such that we can safely use this computation
given the current uncertainties.

$We cannot use the more recent calculation of the bag parameters by the MILC collaboration [50] because

they calculate the dimensionful combinations fg, \/375 , setting the QCD scale with fr. The presence of
fB, in their results induces non-negligible effects coming from the use of fr, contrary to what happens for
the dimensionless quantity computed by ETMC [49]. This is also the reason why we do not employ more
recent computations of fp_, but we rely on ref. [42].
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I(K* — pfy,) = 3.3793(79) - 1078 eV [5] | 65/ = —0.0069(17) [51]
D(rt — pty,) =2.5281(5) - 1078eV [5] | fx=/fr = 1.1932(19) [38, 44-46]
(BT — 771,) = 4.38(96) - 10-%eV [5] fp+ = 184(4) MeV [42]
AMy = 3.333(13) - 10712 MeV [5] fB, = 224(4) MeV [42]

AM; = 1.1688(14) - 1078 MeV [5] B3 =0.86(3) [49]

Sp(mp) ~ 1.9848 (cf. appendix A) ¢ = 1.206(17) [38, 50, 52]

b = 246.21965(6) GeV [5] my = 80.379(12) GeV [5]
m,, = 105.6583745(24) MeV [5] m, = 1.77686(12) GeV [5]
my+ = 139.57061(24) MeV [5] my+ = 493.677(16) MeV [5]
mp+ = 5.27932(14) GeV [5] mp, = 5.27963(15) GeV [5]
mp, = 5.36689(19) GeV [5]

Table 2. Set of inputs used in the numerical analysis.

Using the numerical inputs from table 2, we obtain
[VisVia| = 0.00851 4+ 0.00025,  and  |ViVis| = 0.0414 £ 0.0010. (4.13)

The errors in |VipVia| (2.9%) and |ViVis| (2.5%) are both dominated by the uncertainties
of the f%fo combinations. Again, the fp, value [42] quoted in table 2 does not rely on
the experimental value for f;, according to the discussion in section 3.3.

4.3 Summary and results

To summarise, we have obtained the following numerical constraints on the tilde CKM
elements:

Vius/ Vaua = 0.23131 £ 0.00050 , V| = 0.00425 + 0.00049 ,
[VisVia| = 0.00851 + 0.00025 , VipVis| = 0.0414 + 0.0010, (4.14)

with negligible correlations, except for the last two elements that present a correlation of
+87%. Moreover, we have identified the new physics contributions to the above quantities,
which can be found in egs. (4.2), (4.7), and (4.11).

It is now possible to write our results in terms of the tilde Wolfenstein parameters Wi,
making use of the following relations:

~ o~ - 1- 3~
‘Vus/Vud| = A+ 5)‘3 + g)‘s + O()\7),
~ - - 1~
Vo = A/ 5% + 72 | X3 + 5»” + O\

VisVia| = NAV/ (L = 52 + 72+ O\T) |

~ ~ o~ 1y -
VisVis| = A2 A — 5A4A(1 —2p)+0(\9). (4.15)
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Given these definitions, one can translate eq. (4.14) into correlated constraints on the CKM
parameters W;. We find the following results:

A=A+0X 0.22537 =+ 0.00046 1 -0.16 0.05 —0.03
A=A+5A | _ | 082840021 | 1 —0.25 —0.24 (4.16)
p=p+dp 0.194+£0.024 |’ : 1 0.83 '

il = i + 67] 0.391 + 0.048 : : : 1

Our choice of input observables leads to moderate correlations between the numerical
values of the tilde parameters, except in the (p,7) case. Note also that the accuracy of the
determination of A justifies retaining O(A%) terms in eq. (2.6), and neglecting O(X\%) ones.

At leading order in the EFT expansion the NP shifts to the Wolfenstein parameters
0W; correspond to the following combinations of NP Wilson coefficients:

5\ Ak /e
Al B VCW Rl B (4.17)
5p AAMd
57 A,

where Ay, Apro, Aany,, and Aapy, are the (linearized) NP contributions to the four
chosen observables, which can be found in egs. (4.2), (4.7), and (4.11), and the matrix M
is given by

I 1IN 0 0 0
- —A+ AN 4 AN —ceA be A %fl—ae[l 00
N a—b:\2+@:\4 c¢(l1—2ae) —b(1—2ae) a(l—2ae) +O,
5y2  c(2d4+3(5—1)) 34 ¢ ~ ~
—%4—%)\2—%/\4 s(1-p+de) %(p—de) —%(1—2&6)
(4.18)
with
1-95 52 4 (1 — 5)2 =2 | =2 B B
= 2p’ bzw, czn;—p, d=7 —p*+p, e=X\(1-a)?).
(4.19)
The numerical value of M is given by
0.1070(2 0 0 0
v~ —0. 20) —0.004 .01 402(1
MO A i) = 0.786(20) —0.0040(9) 0.0167(6) 0.402(10 (4.20)

—

)

) )
0.286(24) 0.094(22) —0.390(

) )

) )
0) 0.296(23)
—0.385(18)  0.200(19 ) )

0.184(10) —0.384(19
Eqgs. (4.16)—(4.20) represent the main results of this work.

Table 3 summarises our results for the Wolfenstein parameters in the presence of
NP, and compares them to the results of the canonical SM fits. As could be expected, our

procedure of using only four input observables to determine the four Wolfenstein parameter
leads to some loss of accuracy in the limit where BSM corrections are absent, compared
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CKMfitter (SM) [14] | UTfit (SM) [15] This work (SMEFT)

A = 0.22474710:000254 | X = 0.2250 + 0.0005 | A = 0.22537 & 0.00046

A = 0.840315:0900 A=0826+0012 | A=0.828+0.021
p=0.157775:009% p=01484+0.013 | = 0.194+0.024
7 = 0.349370-009% 7=0.348+0.010 | = 0.391 4 0.048

Table 3. Results for the Wolfenstein parameters Wz extracted here compared to the Wolfenstein
parameters extracted from the canonical SM fits.

to the SM fits using a much larger set of observables.” Nevertheless, in most physical
applications the error bars of our tilde parameters will be anyway a subleading effect
compared to other sources of experimental or theoretical uncertainties (as illustrated in
a few concrete examples in the next section). On the other hand our tilde parameters
can be consistently used for generic NP frameworks described by the SMEFT, unlike the
results of the SM fits. We remark that our input observables allow other solutions than
the one displayed in eq. (4.16); in particular, there is another solution with the opposite
sign of 7. This discrete ambiguity will lead to “mirror solutions” in global fits, where the
CKM parameters differ significantly from the ones obtained in the SM context, but the
resulting shift of precisely measured flavour observables is canceled by a relatively large
(and fine-tuned) contribution from SMEFT Wilson coefficients. In this article we will not
discuss the mirror solutions any further, and focus on the SM-like solution in eq. (4.16)
where the NP effects are subleading compared to the SM contributions.

With the likelihood function in eq. (4.16) we find the following 1o intervals for the
elements of the tilde CKM matrix defined in eq. (3.16):

0.97428(11) 0.22537(46) 0.00189(23)—i 0.00380(45)
V= —0.22524(46)—i 0.000156(19) 0.97340(12) 0.0421(11)
0.00764(34)—i 0.00370(44)  —0.0414(10)—i 0.00083(10) 0.999114(45)
(4.21)

We do not give here the (non-trivial) correlations between the various tilde CKM elements,
but they are encoded in the likelihood in eq. (4.16). The NP effects absorbed in these
CKM elements should be taken into account through the method described in section 3.3;
see section 5.2 for an example. The numerical form of the matrix V s given here for
illustration purposes only: ideally one should always express all CKM input in terms
of Wolfenstein parameters if one wishes to use the approach and results of this paper
appropriately, including correlations.

9The difference of precision between our determination of A and the SM CKMfitter determination of A
is partially due to the use of a larger set of constraints in the latter case, but mainly due to current internal
tensions between some of the constraints on A (within the SM), which generate a smaller error on \ in the
CKMfitter statistical approach. Compared to UTfit, we obtain a more precise X because we use the new
FLAG average for fx/fr [38].
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5 Applications

In this section we discuss through a few examples how to use the tilde parameters to
analyze, in a consistent fashion, other flavour processes and set bounds on NP.

5.1 Leptonic decays of pions and D mesons

Consider the pion decay m — pv. The goal is to compare the precisely measured branching
fraction to the SM predictions so as to place constraints on effective interactions beyond
the SM. The SM prediction is proportional to |V,4|. In the presence of generic NP we
cannot use |V,4| determined by fits performed in the SM context, such as the ones provided
by CKMfitter or the PDG, as the observables used in those analyses may themselves be
affected by new physics, which might even have the same underlying effective operators.
Instead, we can use our results in eq. (4.16) where the NP effects have been absorbed
into the definition of the tilde parameters. All we need to do is to express the theoretical
prediction for B(m — pv) in terms of A defined in eq. (4.17).
The m — pv decay width can thus be written as

mwi

2 49 2 2\ 2
m ~
— (1— 2“) (1+ 62p) [1+AW2} . (5.)

where the decay constant is fr+ = 130.2(8) MeV (from the average of ref. [38] with a
lattice scale set using QCD observables [53-55]), the electromagnetic radiative corrections
are encoded in 0, = 0.0176(21) [39], and A2 is given by

2
Qmwi

~ 5 - - -
Anu2 = 2Re(e4) — Re(eh) + 47“ +2A(1+ AN+ OA4 X0 . (5.2)

(M + mg)my,

The NP quantities efﬁi, dv/v and O\ have been defined in eqs. (4.3), (3.7), (4.17). The
terms proportional to A are due to NP affecting the observables used to determine the
CKM parameters in our approach; note that they depend on the same Wilson coefficients
that also enter into eff;fg. Their effect is to change the linear combination of Wilson co-
efficients Awg probed by m — uv decays. Given the current experimental measurement,
B(r — pv) = 0.9998770(4) [5], combined with 7, = 2.6033(5) - 10~%s, we obtain the

following constraints on the linear combinations of Wilson coefficients in eq. (5.2):

Az = 0.004 + 0.013. (5.3)

The error is totally dominated by the lattice uncertainty on f,+. The error of our deter-
mination of \ in eq. (4.16) is completely negligible for this constraint.

Up to small O(A*) corrections, the CKM elements Vud,us,cd,cs are only functions of
A in the Wolfenstein parameterization. Thus, besides pion decays, there is a long list of
observables which are only functions of A and NP parameters. A global fit to d — ufr and
d — wlv transitions was performed ref. [11], where simultaneous constraints were derived
on A and the relevant LEFT Wilson coefficients. We note that such a global approach
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obviates the need to define the tilde CKM parameters;'? however, so far it was realised
only for observables depending on A, and extending it to the full set of the CKM parameters
will involve considerable technical difficulties. The approach in this article bypasses this
problem when setting constraints from individual observables, as has been exemplified here.

Going beyond the analysis of ref. [11], we consider the decay D — fv. Analogously to
m — fv, we write

+Mp+ m%
16704

2 2\ 2 -
(D = tv) = 7212 (1— i ) (1+ 6py) [1+AD@} , (5.4)

mh.
where fpe = 212.7 (6) MeV [46], and Apy, is given by

ov o\

2m2Di led 4 34
Re(eff”) +4°- =2+ O(ATLAY), - (55)

& — 2R, bedy 2 ""DE
be2 e(EA ) (mc + md)mg

where the NP quantities efﬁ; can be found again in eq. (4.3). The experimental measure-

ment B(D — uv) = 3.74 (17) - 10~* [5] combined with the lifetime 7+ = 1.040(7) - 10~'2s,
and dp, = 0.007 (6) [46], results in the following constraint:

Appus = —0.089 + 0.043, (5.6)

showing a small 2.1 ¢ tension with the SM. Our analysis affects the NP interpretation of
this result, adding the J\ term in eq. (5.5). In this case this correction is enhanced by A
(unlike for m — fv where it is suppressed).
One comment about the lattice input for fp+ is in order in connection with the dis-
cussion in section 3.3. The value of fp+ obtained in [46] is normalised to the PDG value
P which in principle propagates the NP contribution in 7 — puv into the D — uv
constraints. However, the comparison of flattice and f2* limits these NP effects to the 1%
level, cf. eq. (5.3), which makes them subdominant compared to the 4% error in eq. (5.6)
mainly due to the experimental uncertainty on B(D — uv). To avoid this issue altogether,
lattice collaborations should quote fp+ setting the scale using a QCD-dominated observ-
able free of NP. These considerations may be relevant in the future, when the experimental
error on B(D — uv) is reduced.

5.2 [Exclusive hadronic W decays

We now consider the processes W — w;dy, where u; = (u,c) and d, = (d, s,b) denote
particular quark flavours. We assume that flavour tagging allows one to separate the
distinct exclusive hadronic W decays, and that it is possible to measure the partial widths
with a good precision. In the SM, the measurement of I'(W — w;dj) can be interpreted
as an alternative probe of the CKM element Vj;. Beyond the SM, the coupling strength
of the W boson to quarks may be affected by new physics. In the SMEFT, the leading

OMore precisely, the definition of A is implicit in ref. [11]. Indeed, Vg and Vi are introduced (al-
though the definition is different to this work) and the use of CKM unitarity amounts to defining the
corresponding A.
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order effects can be described by the vertex corrections 5gzvq to the couplings between the
left-handed quarks and W':

LSMEFT D %WWF@LJ‘% (Vﬂc + [59?/(1]%) drk + h.c. (5.7)

The right-handed vertex correction 5g};‘/q does not affect W decays at O(A~2), and will be
neglected in this discussion. g, gy are the SU(2)r, x U(1)z gauge couplings extracted from
the EW input observables «, myz in the presence of dimension-6 operators, in analogy to
¥ extracted from G discussed in section 3.2. The left-handed vertex correction is related
to the parameters in the Warsaw basis as [9]

1

Wq (3) g2 0° gy
697, ]jk = [CrglitVir + e I ECHWB - ZCHD

1 1 1 1 _
+ Z[CM]@NIW + Z[CM]Meeu - i[cg)g]ee - 5[0552]## V}k + O(A 4) . (58)

Naively, from eq. (5.7) one could conclude that each exclusive W decays probes sim-
ply [5gzvq]jk and thus constrains the particular combination of the Wilson coefficients
given in eq. (5.8). However, to constrain new physics, the experimentally measured partial
width has to be compared with the corresponding SM prediction. The exclusive decay
widths predicted in the SM depend on the numerical value for the specific CKM matrix
element Vj; extracted from experiment, which in turn may be affected by NP. This effect
can be disentangled in our scheme by trading Vj; in egs. (5.7) and (5.8) for the tilde CKM
element ‘Zk defined in eq. (3.16), i.e. Vj — ‘N/]k — 6Vj. We then have

SgV9 . — 5V
:1+2Re |: L ]ik J :
Vj

F(W — Ujdk)
F(W — ujdk>SM

(5.9)

where I'(W — wjdy)sm is the SM prediction calculated using the numerical values of
the tilde CKM elements in eq. (4.21). In this approach, the combination probed by the
exclusive decay W — wu;dj, is [5gzvq]jk — 0Vji. The CKM shifts relevant for W decays, up

to O(A~*) and at leading order in A, are given by

Vg = 0Ves = =AGX+ O(NY),

Vs = —0Vog = 0N+ O(N%)

OV = 3AN2(p — i) 6N + N2 (p — i) 6A 4+ AX3(6p — idn) + O(N°),

SVep = 2AN0N + N2 6A + O(N5). (5.10)

The corrections to the Wolfenstein parameters oA, A, dn and Jp in terms of EFT Wilson
coefficients are defined in eq. (4.17). If needed, (more lengthy) O(A*) corrections to the
expressions in eq. (5.10) can be easily calculated, but we do not list them here for the sake
of simplicity.

The data on exclusive W decays are presently very limited. We are only aware of the
Delphi measurement of I'(W — ¢s) [56] with the relative precision of ~ 40%. However,
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progress in flavour tagging should enable more precise measurements of I'(W — u;dy,) in
the near future. For example, ref. [23] argues that the measurement of I'(W — ¢b) with the
relative precision of order ~ 15% should be possible in ATLAS or CMS using the existing
data sets. In the scheme proposed in the present article, an LHC measurement of I'(W —
cb) probes not only the vertex correction [692@] o Put also 4-quark operators affecting
the Bs meson mass difference AM,. Our formalism allows for a consistent interpretation
of these measurements as model-independent constraints in the SMEFT.

5.3 A Z’ model for b — s€f anomalies

To close this section, we discuss an application of our formalism in the context of a toy
model addressing b — sl (¢ = e, u) anomalies, and in particular the ratios Rx and R~
violating lepton-flavour universality [57-60]. Let us consider a simple BSM toy model
featuring a massive Z’ boson coupled in an SU(3) x SU(2) x U(1) invariant way to left-
handed b and s quarks and to left-handed muons:

LD gsz; ((jg’ypqg + h.C.) — gMMZ;ZQ’YPEQ. (5.11)

Here ¢3 = (vu,pur) is the second-generation lepton doublet, and ¢z = (V;xu L SL),
g3 = (V‘sTqu,x’ br) are the second- and third-generation quark doublets in the down-type
basis. Integrating out Z’ yields new contributions to four-fermion contact interactions in
the effective theory below the scale my/. In particular, we generate a new contribution
to the effective interaction (brv,sr)(fir ¥ pr) that adds to the SM loop-level contribution
and may help to explain the Ry ) anomalies, as pointed out by several independent anal-
yses [61-69]. Our model corresponds to the scenario Cé\LP = —C%l; in the formalism of the
effective Hamiltonian used in these references. In the LEFT notation, we have

) Josun _ 1.00 & 0.21 (5.12)

AL )]sy = (1 + pog ™ )
ed phs «d 7 m?, (313 TeV)?

on top of the SM one-loop contribution [L;/C’ILL (mb)]ii\f{gb ~ (12 TeV)~2. We have used the
results of ref. [61] for the best fit to b — s¢¢ flavour observables. The small correction p(‘:c’lLL
takes into account the running from the Z’ mass to the b mass.

This constrains one combination of the three toy-model parameters gys, g,, and mz.
In addition, other operators generated by integrating out the Z’ boson lead to further
constraints on these parameters. First, the low-energy theory contains new contributions
to four-lepton interactions that can be probed by the trident muon production in neutrino

scattering [70-72]. Namely

9pu  —0.0240.21

AJLV-LL -1 V,LL _
Lo (o N = =1+ P0™) 5 = o5 Gy

(5.13)

where pXéLL accounts for the running from myz to the EW scale. The numerical value in
the r.h.s. was taken from the global fit in ref. [9].

Furthermore, we generate the contribution to the AF = 2 operator responsible for B
mixing C}S) — C’%M = —g2./(2m%,), which adds up to the loop SM contribution C’f‘(’gM
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defined in eq. (A.3). The Z’ contribution to the B; meson mass difference reads

ot — O gbs \2 (100 GeV\2 /()
Aang, = ReW ~ 2.3 (10_3) < o ) <1 +p ) . (5.14)

where pgs) accounts for RG running from myz to the EW scale. One may be tempted

to derive a constraint on the combination g7, /m?%, using the measured value of AM; [5]
together with its SM prediction calculated using the CKM elements extracted within the
SM [73], namely Aan, = (AMSP — AMPM) JAMEM. There is however one conceptual
difficulty. The SM prediction for A M crucially depends on the numerical value of the CKM
matrix element Vis. In the SM context this value is extracted from a global fit to multiple
observables (including AM;) and it may be shifted in the presence of NP contributions.
Our approach allows us to solve this conundrum. Since the AM, measurement has been
selected as one of our input observables, it serves as an input to fix the tilde Wolfenstein
parameters and by itself it does not constrain new physics. Of course, this does not mean
that there is no possibility to probe C’%s), but we need to use other observables than AM,
such as the B — D™y (¢ = e, 1) decays. Following the analysis of ref. [74] in the SM limit,
B — D*{v yields the 68% CL constraint on the CKM parameter |V,;| = (3.9040.07) x 1072,
while from B — D/{v one obtains |Vy| = (3.96 4- 0.09) x 1072. These extractions happen
to be valid also in our model, since it does not introduce NP contributions to b — cfv
transitions. Following the scheme proposed in this article, we can then relate the extracted
|Vep| to its tilde value, which gives us the following constraint on the model:

Vi) = AN2 4+ O(\) = AN? {1 - 2‘5; - ‘iﬂ + O =V [1 — 0485 Apans] + O(N)

2 2
11 ( Gbs ) 100 GeV
1073 my

where we used eq. (4.17) to relate §A to Aans,. We used as well that Ag /. (and thus also

+0(\9), (5.15)

~
~ Cb

0A), Aprg, and Ay, are zero in this model. Illustrative limits on our model are shown
in figure 1 in the case my = 100 GeV. Together with the trident constraints, B — D™y
leaves a corner of allowed parameter space in the g,,,-gps plane where the Z’ couplings are
small enough. In our approach, B — D*{v provides the strongest constraint on gps, which
is however weaker than what would be found if we (incorrectly) used AMj, to set limits.
The outcome of the two approaches could differ even more significantly in more general
situations, for example when an extra gauge boson also generates bcly effective operators
at low energies.

6 Conclusions and outlook

In the present article we have discussed the role played by the CKM matrix in the search for
NP in the model-independent context of the SMEFT. We recall that the determination of
the CKM parameters themselves are then affected by the presence of dimension-6 operators,
and that the results from SM global fits combining all available observables performed by
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Figure 1. Left: the parameter space in the (g,,, gss) plane for mz = 100 GeV preferred at 68% CL
by the b — s¢¢ anomalies (parabolic green band), compared to the regions excluded at 99% CL. by
trident neutrino production (vertical orange band), and B — D) ¢v (horizontal blue bands). We
also show (dotted blue line) where the naive AM, constraints would lie as applied e.g. in ref. [75].
Right: the 68% (dark green) and 95% CL (light green) regions preferred by the combination of
inputs from the B-meson anomalies, trident, the B — D)y constraints. The dotted blue contour
shows the 68% contour when B — D)/v constraints are replaced by the naive AM, ones.

CKMfitter [14] or UTfit [15] cannot be used directly to exploit other flavour constraints
involving the CKM matrix.
We have identified a set of four observables:

'K = pv,)/T(m = pvy), T(B—=71v.), AMg, AM,, (6.1)

which are deemed appropriate to determine the CKM parameters in the context of the
SMEFT, based on the accuracy of the measurements, the theoretical understanding of
their computation, the precision reached on the hadronic inputs, and the simplicity of
their calculation within the SMEFT. We have determined the NP corrections to these four
processes in the low-energy EFT (below the weak scale), and expressed these corrections
in terms of SMEFT contributions by running from the low hadronic scale to the weak scale
and performing a matching at the latter. The corrections from dimension-six operators
can then be included in the definition of the “tilde parameters” Wj = {:\,fl, p,m} (in a
procedure similar to one-loop renormalisation), and constraints on V[N/j can be extracted.
Our results for the tilde Wolfenstein parameters are:

A =0.22537(46), A =0.828(21), j=0.194(24), ij=0.391(48). (6.2)

In this exercise, particular attention must be paid to hadronic inputs from lattice QCD
simulations: we select data with a lattice scale set by pure QCD quantities (such as bound-
state masses) and not by quantities involving the weak interaction (such as decay constants)
and potentially modified by NP.
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We have also discussed several applications (leptonic meson decays, hadronic W de-
cays, and constraints on a Z’ model) to illustrate how our approach leads to a clear inter-
pretation of the measurements of quark-flavour observables and a separation between NP
contributions coming from the determination of the CKM parameters and those linked to
the process of interest.

The result of our analysis is a set of observables that differs from more usual choices.
Indeed, the generality of our approach prevents us from using a rather common option, i.e.
using only tree-level processes to extract the CKM parameters. It is often advocated that
SM loop-level transitions are much more sensitive than SM tree-level transitions to NP
effects, so that tree-level transitions should be used preferentially to determine the CKM
parameters. One cannot assume this premise in the general SMEFT set-up. In addition,
a hierarchy of NP effects between SM tree- and loop-level transitions is not supported
by the current B-anomalies — where the (potential) BSM contribution relative to the
SM is of the same order in b — crv (SM tree) and b — sup (SM loop) transitions (see
e.g. [60]). It is also not present in well-known theoretical frameworks such as Minimal
Flavour Violation [76-78|.

The present article outlines the procedure to determine the CKM parameters in
SMEFT analyses where only a subset of all flavour observables is taken into account. We
have proposed a choice of input observables that we consider optimal at this point. This
might change in the future if, e.g., new theory developments appear and/or if experimental
measurements improve the consistency or the accuracy of some of the other constraints.
Moreover, this choice among observables is not needed in a fit that includes all the measure-
ments that are most sensitive to the CKM parameters, taking into account all correlations.
In this case, all observables contribute to the bounds on all the parameters of the fit, and
the separation between the processes (mainly) used to extract the CKM parameters and
processes (mainly) used to set NP bounds is only useful in order to illustrate their different
sensitivities to each type of parameters. This approach was illustrated in studies of NP
restricted to AF = 2 transitions performed by UTfit [15] and CKMfitter [14, 17-19]. But
such analysis was possible because of the very simple structure of the NP scenario con-
sidered. In more general settings, and in particular in the full SMEFT case, it is at the
moment not possible to proceed in the same way. Indeed, in global SMEFT analyses so
far the CKM parameters are not treated as free variables, and NP effects affecting their
extraction are not taken into account, as discussed in refs. [79, 80]. Our work allows one to
overcome this limitation, providing an appropriate framework to consistently include such
NP effects as well as the uncertainty on the CKM parameters.

We have discarded here some of the observables because in the general SMEFT they
have complicated expressions involving unknown BSM hadronic matrix elements that can-
not be easily computed or connected to other hadronic inputs through symmetries. There
are however more specific cases of NP where the expressions of these observables are simple
and could provide interesting alternatives to the subset chosen here. The simplest example
consists in the case of NP contributions with an SM-like structure for the additional oper-
ators so that only (V — A) x (V — A) charged currents are generated (see, e.g., ref. [81]).
In practical terms, it would then be useful to include these simplified expressions to be
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used only if the necessary assumptions are satisfied by the underlying NP operators. One
would thus be able to recover in a trivial algorithmic way the setup described above where
tree-level processes are approximately free of NP, or to recover the most accurate results
from the SM global fit when the SM case is considered.

In connection with the flavour anomalies currently observed, the constraints on NP
coming for flavour physics should be assessed with a particular attention. These deviations
constitute essential probes of the physics at play at energies beyond the current LHC
frontier, and one should aim at exploiting current and forthcoming data in global analyses
combining large sets of observables from different sectors of particle physics. A careful
determination of the CKM parameters in the SMEFT will thus play an important role in
this strategy, which should ultimately provide us with new insights in the structure of the
physics at higher energies, beyond the Standard Model.
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A Matching the LEFT to the SMEFT

The relevant SMEFT operators in the Warsaw basis [20] onto which the LEFT operators
from table 1 match are collected in table 4. Here, ¢ is a Higgs field, ¢(e) is a left-(right-
Jhanded lepton field, ¢ is a left-handed quark field and u(d) is an up-(down-)type right-
handed quark field, with {4, j, k,} family indices, D, is the covariant derivative, and TA
are the Gell-Mann matrices.

We consider first the matching conditions for the LEFT operators relevant for the
semileptonic charged-current transitions collected in the left column in table 1. The tree-
level matching conditions to the SMEFT at the EW scale are given by [22, 25, 26]:

[L‘u/ésqf(”EW)] dizk 2 Vlfﬂ? + QV* [C( )]lek’ o 2‘/3*1 [CS()I] Z] o 2Vk*33 [CI(":ISZ?]M ’
[Lfejjf(/’LEW :|uajk; = V* [ Eequ] u]k; ? [LI‘J/SSQIL%(/’LEW)] iig;k; - - [OHU‘d] Z‘a} ?
[Lfégf(/‘EW ]zzmk - V* [ eg qu] dijh [Lfegf(MEW)]mk = [Cfedq] ik (A1)
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where we assume all SMEFT parameters given at the EW scale by default. These matching
conditions refer to the coefficients of the LEFT operators in the mass basis (where x =
{d,s,b}, 1 = {e,u, 7} and k = {u,c}), which are related to the ones in the weak basis by
the CKM matrix, by virtue of eq. (2.5).

The LEFT operators relevant for B, — B, mixing are collected in the second column
of table 1. The tree-level matching to the SMEFT at order 1/A? is given by [22]:

[LXQLL(MEW)]dbdb = [L:l/;iLL('uEW)]dbdb + VdVJkadVéb ([C( )]Z]kl + [%?]q’kl) )
[L;/QJRR(MEW)] dbdb — [Cad] 13137

[Lc‘l/dLLR(MEW)]dbdb = ViaVjy [Cécll)]iﬂs ’ [L(‘i/d&LR(MEW)]dbdb = VidVj [Ctgz)]ijli’»’

(L0 ew)] gy, = (L3 )]y = [Liaa ™ mw)] gy, = (L™ (1w )] g = 0

(A.2)

and analogously for d — s. Some 1/A* terms are known [22, 28], but have been dropped

S1,RR
de

here. In addition, one-loop matching corrections give non-zero contributions to and

Lg(?’RR, which we have also ignored, for simplicity. Some of these can be found in ref. [28].

In the SM limit only the operator L;/C’lLL is non-zero, starting at one loop. The two-loop
result [82] is given by (for ¢ = {d, s}):

SM M3,
Oy = (L™ (1w)] gy = — 550 (ViaVid)” 1w (A.3)

where!! S; (upw) =~ 2.3124 contains the NLO (two-loop) QCD correction to the SM match-
ing [82] at the matching scale ugw = My (correcting the well-known one-loop result
So(wy) ~ 2.369, where So(z) = (2% — 1223+ 1522 — 4z + 623 Inx) /4(z — 1) is the Inami-Lin
function [83]).

In the computation of the mass differences we will use the traditional “SUSY basis”
for the AF = 2 operators [47], for which the matrix elements are explicitly known. These
are denoted by O&?_)._j, 6&‘273, and their relation to the LEFT basis (in d = 4) is given by

[ VLL] abgb — =0 q) [ VRR] gbgb — O q)
[@ VlLR]bb__QO 8 [@ V8LR]bb _O(q +O()/
q0q q0q
S ,RR S ,RR
[ ! ]qbqb_oq) [ ; ]bqbq_oq)
[OSS RR] _— _ _O(q /(2Nc) + O:gQ)/2’ [OSS RR] bqbq /(2N ) + O(Q)/ . (A.4)

"The function S; evaluated at the low scale y is S1(ps) = U1 (pew, me) S1(pew) ~ 0.8583 x 2.3124 =
1.985, and corresponds to what is traditionally denoted by g So(z+) =~ 0.83798 x 2.36853 = 1.985, where
the factor 75 encodes NLO QCD matching corrections and running effects simultaneously (see e.g. ref. [73]).
In this way we have made the separation between EW matching and RGE running explicit. Note that in
our conventions the sign of the Wilson coefficients C; is opposite than that in ref. [47].
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Semileptonic u decay

()], = (i DLo)Tia'y4;) Q] 0 = (T 5) (Bryuls)
Q] = (¢1i D L) (@io'vq;) AF =2

[Qurud] ; = i@ Do) (mirdy) + hie. | [Qhg] 5 = (@70 @)
[Q],m = Evr o ) @uo’ ) Q] 50 = (@0 4) @vu @)
[ gg}u]z]kl (7" e5)emn (@) [Qdd]ijkl = (diy"d;)(diydr)
Q)] = (P owe)) emn(@io ) | [QU] 5 = (@7 a) (diyudh)
[Qedq) 5, = (lies)(diar) [Qfﬁ}]w (@ TAq;) (dpy, TAdy)

Table 4. Operators in the SMEFT relevant for pu decay, semileptonic and AF = 2 transitions.

B Renormalisation group evolution

We start with the leptonic decays P — iy discussed in section 4.1. Using three-loop QCD
running plus one-loop QED running [26, 32], the parameters el)?y defined in eq. (4.3) are
given by

2

d v V,LL V,.LR *
ff‘u — —1.0094— p (1 0094 [Lz/edu (NEW)} —1.0047 [Luedu (,UEW)] Mulu) )
U
2
d S,RR S,RL T,RR *
e’léu =37 » (1 73 [Luedu (MEW)] ppdu 1.73 [Lyedu (MEW)] ppdu —0.024 [Ll/edu ('U’EW)] pudu) ’

2
us __ v ? W *
i’ = —1.0094— (1.0094[ Lo (ew)] o, —1.0047 [Ly 0 (i )]Mm)’

vedu vedu
us

2
Hus S,RR * S,RL T,RR *
EP - 2Vus (1 73 [Luedu (MEW)] Husu_l 73 [Ll/edu (’UEW)] /,L;LSU_O 024 [Luedu (MEW)]#“su) ’
2

v V,LL V.LR
= L0075~ 5 (1.0075 (L2 (uow) ], —1:0038 [LL2 5 (uw) ) (B.1)
u

2
b S,RR S,RL T,RR *
671;“ - 2Vub (1 45 [Luedu ('U’EW)] TTbU —1.45 [Luedu (#EW)] TTbu —0.018 [Ll/edu (,UEW)] ’TTb’lL) ’

in terms of the LEFT Wilson coefficients at the EW scale. These are, in turn, related to
the SMEFT coefficients via eq. (A.1).
To describe B, — B, mixing we use the Wilson coefficients in the SUSY basis (see
eq. (A.2)) in the MS scheme of ref. [31], at the scale u, = 4.3 GeV, in accordance Witlg ;che
q

matrix elements of the operators provided in [49]. We call these Wilson coefficients C} 7 5,

C~'£q2) 3. In order to relate these coefficients to the ones at the EW scale, we use the NLO
evolution matrix given in ref. [31] (in the same scheme but different basis — see section 3
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of ref. [84] for detail), running «y at four loops [85]. In the end we find, for ppw = Mz:

V,LL
O = 0.858 [L" (ew)]

8 = 1.545 [L5) ™ (upw)]},, — 0387 (Lo ™ (upw)];

bgbq ’
CS0 = —0.047 [L5VFR ()]

babg T 0-312 (LS R (pw)];
Oy = —0.755 [LY " (upw )]

babq’
o — 1:940 L3 ()]

O = —1.856 [Ly " (new)] 4 + 0-237 (L) ™ ()] oy
C1? = 0.858 [Liy™ (1pw)] 1y
O3 = 1.545 [Lyy ™ (upw)]

OS = —0.047 [L5 R (upw )]

qbgb’

—0.387 [Lyg ™ (1w )] 1y

+0.312 [L5 ™ (upw)] (B.2)

gbgb gbgb’

for ¢ = {d, s}.

C NP shifts to the CKM parameters beyond linear order

The relation between the NP shifts in the Wolfenstein parameters, W = {0, 04, 07, Ip},
and the NP contributions to the chosen observables, denoted by A = {A K/ ABro, Aanm,,
Aanr,}, is in general a complicated non-linear equation. However, assuming that NP is a
small perturbation one can expand that equation around the SM point to any given order,
and obtain its unique solution. Let us note that, by construction, this approach discards
possible additional solutions where the NP correction is comparable to or larger than the
SM contribution.
The generalization of eq. (4.17) to include quadratic NP terms is the following

SW = (1-MA"+F)MA - MA?, (C.1)

where the NP corrections to the observables, A, should include quadratic corrections. We
have introduced the quantities

Aj =00 )OW;, A2 = (A% AL ARy, ARy}, M= (0)710, F=(0)7'P,

where M corresponds to the matrix in eq. (4.18), and
O = diag(P(K — ) /T(x = pv),D(B = 7v), AMg, AM;) g\, (C.3)

are the SM expressions of the input observables. The matrices @' and P are defined by

1 020y
ij = §W (MANP)k : (C-5)

All quantities above are implicitly evaluated at W = W.
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