PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: December 5, 2018
REVISED: February 15, 2019
ACCEPTED: March 11, 2019
PUBLISHED: March 18, 2019

Note on monopole operators in Chern-Simons-matter
theories

Benjamin Assel

Theory Department, CERN,
CH-1211, Geneva 23, Switzerland

E-mail: benjamin.assel@gmail.com

ABSTRACT: Monopole operators in Chern-Simons theories with charged matter have been
studied using the state-operator map in CFTs, as states on R x S? with background mag-
netic flux on S2?. Gauge invariance requires a dressing with matter modes which provides
non-zero spin to the monopoles. In this note we propose a description of the monopole op-
erators directly on R3, as a singular behavior of the gauge and matter fields in the vicinity
of the insertion point, with a dressing. We study abelian theories with a charged boson
or a charged fermion. We extend the discussion to abelian supersymmetric Chern-Simons-
matter theories and describe the BPS monopoles, which have spin and preserve a single
supercharge. We match our results against the prediction from the superconformal index.

KEYWORDS: Chern-Simons Theories, Field Theories in Lower Dimensions, Supersymmet-
ric Gauge Theory

ARrRX1v EPRINT: 1811.11111

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP03(2019)074


mailto:benjamin.assel@gmail.com
https://arxiv.org/abs/1811.11111
https://doi.org/10.1007/JHEP03(2019)074

Contents

1 Introduction 1
2 CS theory with a charged boson 4
3 CS theory with a charged fermion 9
4 BPS monopoles in N' = 2 Chern-Simons SQED 13
4.1 Quantum numbers and superconformal multiplets 18
4.2  Superconformal index 20
4.3 Extensions and ABJM monopoles 21
A Supersymmetry transformations 22

1 Introduction

Monopole operators in three-dimensional Euclidean gauge theories are local operators
whose insertion is defined by prescribing a Dirac monopole singularity at the insertion
point for a U(1) gauge field, with U(1) embedded into the gauge group [1-3]. In an abelian
theory with gauge field A, for an insertion at the origin in R?, the monopole configuration is

F_dA_—g*dG), g€z, (1.1)
with 7 the radial coordinate in R3. Dirac quantization of the magnetic flux imposes g €
Z. The monopole singularity is spherically symmetric and carries no spin. As a local
operator it has charge ¢ under the global U(1) topological symmetry whose conserved
current is j = xF". Monopole operators are rather ubiquitous in studies of three-dimensional
gauge theories. For instance, they can serve as order parameter for symmetry broken
phases in second order phase transitions [4-7], they are dual to elementary fields under
dualities [8-14], they are crucial to understanding the vacuum structure of supersymmetric
theories [15], they arise in non-perturbative corrections to superpotentials [16, 17], they
can be used to deform the action and trigger RG-flows leading to infrared dualities [18—
21], they participate in infrared symmetry enhancement mechanisms [22]. The higher
dimensional cousin of the monopole operator is the most studied 't Hooft loop in four
dimensional gauge theories. Although this is not necessary, one can “dress” a monopole
insertion with uncharged matter fields inserted at the same point. This plays an important
role in monopole operator counting problems in non-abelian theories [15].

In a theory with Chern-Simons term at level k € Z, a monopole of magnetic charge
q acquires a gauge charge kq. To obtain a gauge invariant operator one must dress the



monopole with the insertion of charged matter fields. This is usually understood by using
the state-operator map in a CFT. Under this map, monopole operators are described
as states of the theory on the cylinder R x S2, in the sector where there is a magnetic
flux of charge ¢ on S?. The dressing arises as excitations of the matter fields in this
monopole background [23]. Because of the monopole background, the spacetime spin of the
charged fields is modified. This phenomenon manifests itself in the form of the “monopole
spherical harmonics” studied in [24, 25], which are the spherical harmonics of a scalar
field of charge one in the g-monopole background. The smallest angular momentum of the
scalar field harmonics is %. In this context, the excitations of a scalar field dressing a
monopole background provide non-zero spin to the gauge invariant monopole states, and
the corresponding monopole operators of the CFT on R? have non-trivial spin.

It is not obvious how to realize these monopole operators as local operators on R3.
In particular we cannot simply insert charged fields ¢(x) at the insertion point, since on
one hand it would not account for the extra spin carried by the dressing, and on the other
hand regular solutions to the equation of motions have the charged fields set to zero at
the location of the monopole insertion. No such issue arises for dressing with uncharged
matter fields.

In this note we overcome these difficulties and propose a realization of the monopole
operator insertions by giving a singular behavior to the charged matter fields and dressing
the monopole with matter modes that appear in the singular expansion. We consider
abelian gauge theories with minimally coupled matter fields. Our primary example is the
theory of a single charged boson, which we study in section 2. Our prescription is to require
a profile for the scalar field ¢ that satisfies its equation of motion in the vicinity of the
insertion point and to impose Gauss’s law, which arises from the gauge field equation of
motion. We find that these constraints can be met only if one allows for profiles where ¢
and ¢ are related by a modified conjugation relation, with ¢ diverging at the origin and ¢
vanishing at the origin, or vice-versa. The relation between ¢ and ¢ can be understood as
inherited from the standard complex conjugation of the Lorentzian theory on R x S2. The
profiles for kg > 0 take the form

1
¢ = § ajmT_B] 2)qjm
— _17 .
(,b = § ajmrﬂj 2}/qjm
7,m

with 8; = % (27 4+ 1)? — ¢? and Yy, are the monopole harmonics with background mag-
netic charge ¢. The allowed values of the angular momentum are j = % +n, n € Z>o.
The moduli |ajm,| are constrained by Gauss’s law, while the phases eim  defined by
Ajm = |ajm|eim, are dynamical variables.

Removing a ball of radius € around the insertion point and requiring a boundary term
on the S? boundary that cancels the boundary piece of the bulk field variation, we find that
in the € — 0 limit the monopole insertion must be dressed with a factor [] j’m(e_i)‘fm)"fm,
where n;,, is a collection of positive integers satisfying ij Njm = kg and in terms of



which the |aj,| moduli are fixed (see Equations 2.26), (2.27), (2.28). This dressing term
also restores the gauge invariance of the monopole insertion in the Chern-Simons theory.

Because the dressing factors e~*m have spin j, the monopoles transform in non-trivial
Spin(3) representations, which are easily worked out in this simple theory. Our findings
mimic to a large extent the construction of monopole states of the theory on R x S? in
Hamiltonian quantization as presented in [23].

We extend our construction to the abelian theory with a charged fermion field in
section 3. The only qualitative difference with respect to the scalar field case is that
the “occupation numbers” n;,, of each fermion mode take values 0 or 1 only, due to the
fermionic statistic.

We then carry on to study supersymmetric monopoles in section 4. The simplest in-
stance arises in supersymmetric N’ = 2 SQED theory with a single charged chiral multiplet
and Chern-Simons level k. To define a supersymmetric monopole insertion one starts by
requiring a half-BPS monopole singularity (4.2). In this background the singular profiles
for the boson and fermion fields are slightly modified (or rather simplified). By study-
ing the BPS conditions we find that i—BPS monopoles can be constructed if one restricts
the singular profiles and dressing factors to certain scalar and fermion modes which obey
BPS conditions (see Equation (4.15)). A schematic summary of the construction of BPS
monopoles is given in table 1. In an infrared CFT, the BPS monopoles belong to short mul-
tiplets at threshold A1, or Ay, in the language of [26]. We compute the quantum numbers
of the BPS monopoles, including their dimension, as a function of the infrared R-charges
of the fields. We compare our results with the superconformal index of the abelian SQED
theory and find an exact agreement.

The analysis in this paper should be understood as performed in a small coupling limit
of the theories, which is the large k limit (or the small gy coupling limit if one uses
a Yang-Mills UV regulating term). However most of the qualitative results, such as the
monopole operator content and their spin representations, does not change as continuous
couplings are turned on, including quadratic and quartic scalar potentials, which might be
fine-tuned to reach infrared interacting CFTs.! Because they can acquire large anomalous
dimensions, it is difficult to assess the fate of non-supersymmetric monopole operators
along RG-flows in strongly coupled theories (small k).

Although we study only simple abelian theories, the construction presented in
this note should generalize to other abelian theories and non-abelian theories without
major modifications.
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2 CS theory with a charged boson

We consider a U(1) Chern-Simons theory at level k € Z with a complex scalar field ¢ of
charge one. The action is

. -
S = jT ANdA + /dx?’D’%D“d), (2.1)

™

with D,¢ = (9, —iA,)¢. Often one introduces a Yang-Mills term which acts as a UV
regulator to the action. In this discussion we will not need it.> The equations of motion
(eom) are

k _ _

(@) S F+x(¢D¢—¢D¢) =0,
i

(i1) D?¢p=0.

(2.2)

To define a local monopole operator of magnetic charge g, we require that the gauge field
has a Dirac monopole singularity at the origin in Fuclidean space

1

— F=qeZ 2.3
2T 92 9 ’ ( )

which, in a convenient gauge, corresponds to the gauge field profile

A= %(il —cosf)dyp,
q q 1 (2.4)
F:dA:2sin9d0dcp:—2*d(T>, qE’Z,

where we used the spherical coordinates r > 0, § € [0,7], ¢ ~ ¢ + 2m. We will denote
wy = sin # dfdy the volume form of the unit S2.

The eom (i) implies Gauss’s law constraint on the magnetic flux emanating from
the origin

[ +@Do =005 =~ [ F=—ka. (2.5)

21 Jg2

Therefore we need to require a certain profile at the origin for the field ¢ as well, compatible
with Gauss’s law. We will require a profile compatible with the eom (i) close to the origin.

Equation (i7) is modified (compared to the free scalar theory) by the presence of the
non-trivial gauge connection. To solve for the eom (7i) we must use the so-called monopole
scalar harmonics Yy, on S? [24], which are not functions but sections of the gauge bundle
over S2. They are eigenfunctions of the modified Laplacian on the sphere with magnetic
background flux ¢,

LeYyim = G+ DYqm,  LezYajm = mYgjm,
. - 2 (2.6)
Ly.:=—i0, —q, L? .= —V§2 + ﬁ(cose —-1)L,,

2 Also we do not introduce potential terms in the action (mass term and quartic potential). The idea is
that we study the local operators in the limit of vanishing couplings, to make things simple. Our findings
however will not depend on continuous deformations of the action and will be valid, for instance, in the
critical theory with a quartic interaction, which flows to a non-trivial IR fixed point.



withm = —j,—j4+1,--- ,j—1, 7. They obey the orthonormal relations sz wg?qijq/j/m/ =
8qq/ 05 Ommy and Y g 1= Yiim = (=1)9t™Y_, ; _m. An important difference with respect
to the standard scalar harmonics is that the allowed values for j are j = % +n, forn € Z>g.
The smallest value is j = %.

Using the ansatz ¢ = ¢(r)Yyjm (0, ¢) and writing the Laplacian in spherical coordinates,

V2¢ = 50,(r*0:¢) + V%, the eom (ii) reduces to
2 ¢
0=—0:(r"0rg(r)) =~ 9(r) +3(j +1)g(r). (2.7)

This admits a singular and a regular solution g(r) = r=8i=3 and g(r) = rBi=3 respec-
tively, with

1 , 1
53':5 (25 +1)2—¢? > 5 (2.8)
We can thus solve the eom (i) with the scalar profiles
a
o= myqjm , (2.9)
or
¢ = ar® "2 Yy, (2.10)

with a € C. However, if we adopt the standard reality condition ¢ = ¢*, we find that no
such profile can solve Gauss’s law (2.5). Actually, with ¢ = ¢* the left-hand-side of (2.5)
is imaginary, whereas we need it real. Instead, if we think of ¢ and ¢ as independent fields
of charge 1 and —1 respectively, with the equations of motions D?¢ = 0, D?¢ = 0, we have
the solutions

b= —Yym, S=ar® 2V m, (2.11)
rBits
with

/S +(3Do — 6D3) = ~2p;a. (2.12)

Thus Gauss’s law is satisfied with L

_ q

aqa = — . 2.13
55 (213)

While we do satisfy Gauss’s law, we remark that the solutions do not satisfy the local
equations (i) in (2.2). Trying to impose a solution to (i) seems a too strong requirement
and we find that imposing only Gauss’s law, which is the integrated equation, will fit our
purposes.> We conclude that, assuming kq > 0, one should impose the profiles at the origin

P2 kq
¢ = 57T\ 2, Yo S
(2.14)

kg
25j

¢ = e~ApBim3 ?qjm + sub,

3See also section 3.1.4 in [23] for a comment and a possible explanation on this point.



where the phase e*, A ~ XA+ 27, is a fluctuating field and “sub” denotes subleading terms
in small . The angle A cannot be chosen as a fixed background because it transforms
under gauge transformations:

A= A+dA, A= XA+A®0), (2.15)

where A(0) is the evaluation at the origin of the gauge parameter. If kg < 0, one has to
exchange the roles of ¢ and ¢, i.e. changing 8; — —f; in the profiles (2.14).

The surprising feature of the profiles (2.14) is that the leading behavior of ¢ is related
to that of ¢ by an unusual reality condition ¢ = r2%¢*. In general one can think of
¢ and ¢ as independent complex fields and define a half-dimensional slice in field space
to integrate on in the path integral. The choice of slice should make the action positive
definite. The standard choice is ¢ = ¢*, but there could be other choices. We will not
study how to choose a slice, or define proper reality conditions, compatible with (2.14) and
simply assume that it can be done. We notice that if we perform a conformal map to the
cylinder R x S? and a Wick rotation to Lorentzian signature, the reality condition that we
observe in (2.14) becomes usual complex conjugation. We will also not study the precise
form of the subleading term “sub”.

When introducing a diverging profile at the origin, a common procedure is to cut
a small ball B, of radius ¢ > 0 and allow for a boundary term on S? = dB.. Such a
boundary term is fixed, in principle, by requiring a well-defined variation principle, namely
the cancellation of boundary terms coming from the field variation of the action. The
variation of the scalar action produces the boundary term

68 hay = — /S 2 woe2(66 Dypp + 0,4 60)

. / waikq| Vgm0 + O(c) (2.16)
5’2

€

= —ikqoA + O(e%),
with a > 0. To cancel this term (in the limit ¢ — 0) we should thus add the boundary term?
Sbdy = ikQ/ wa| Yojm|*A = ikgA. (2.17)
52

Therefore we find that we should insert e~ 42

at the origin to complete the operator inser-
tion.> This result agrees nicely with the analysis of the gauge invariance of the monopole
operator. Let us explain this point.

Under a field variation A — A + JA the Chern-Simons action changes by a bulk plus

a boundary term

ik ik
0Scs = — [ JANF + — JANA. (2.18)
2m AT g2
“In our conventions the integrand of the path integral is e ™5~ 5pay

5 1. . . . . . . . .
°Describing this insertion as a local operator insertion in terms of ¢ and ¢ is not convenient.



In order for the boundary term dA A A to cancel we can fix one component of the gauge
field to zero, say Ay = 0, on the boundary [27]. This is compatible with the presence of
the Dirac monopole singularity. The variation §Scg reduces only to the bulk term

0Scs = — /(514 ANF. (2.19)

Specializing to a gauge transformation dA = dA, we find

ik ik
SaScs = ;7 /dA AF = —;7 AF. (2.20)

We see that dpScg is a boundary term which is non-vanishing in the presence of a non-zero
magnetic flux (2.4). In the limit e — 0, we have

IAScs = —ikqA(0) . (2.21)

Note that the transformation is compatible with A being 27-periodic, since kg € Z. This

gauge variation is nicely canceled by the gauge variation of the dressing factor e ",

op (e kare=5cs) = ., (2.22)

The insertion of e~ = (e7**)*¢ can be thought of as a dressing with kg modes of ¢ at
the origin.

To summarize, with kg > 0, a monopole insertion at the origin M,(0) is defined in
the path integral formulation by requiring the Dirac monopole singularity (2.4), the scalar
profiles (2.14) and the insertion of e~**9* with X the phase defined in (2.14). For kq < 0,
ikgh _ (eM)

the scalar profiles are exchanged (; — —f3;) and the dressing e~ ~ka can be

thought of as a dressing with —kqg modes of ¢ at the origin.

Generalization and spin of monopoles. As such this operator does not transform
nicely under Spin(3) rotations. If we label A\ = \j;,, the phase appearing in the profile (2.14),
we observe that ¢”m (or e"}im) transforms as a component of the spin j representation.
The dressing operators e~ *9Am = (¢~*Aim )k however do not transform in a representation
of the rotation group, or rather transform into operators that we have not yet discussed .
To find the missing operators, we need to generalize the monopole insertions.

The generalization goes as follows. Assuming kg > 0, we require, in addition to the
monopole flux singularity (2.4), the scalar field profile at the origin

¢ = Z Z ajm Yyjm +sub,

>4 lal m——] (2 23)
b Z Z ajmr % Y 4jm +sub,
j>lalm==j

with @jm, = (ajm)*, and with only a finite number of non-zero a;,, € C.



Gauss’s law (2.5) imposes the constraint

Z Z 25J|ajm| (2.24)

lal m=—j

The boundary contribution in the variation of the action is now canceled by adding the
boundary term

Shdy = Z Z / W2|Yqym‘ i 25])‘%771’ Ajm

j>1ldl \ql m=—j

(2.25)

Z Z i(25) ‘%m‘ Ajm -
j lal m=—j

Now recall that the phases A, are 27 periodic, so, for the boundary term exp(—Spdy) to
make sense, we must impose the quantization conditions 23;|ajm|? := njm € N for all j,m
To satisfy Gauss’s law (2.24) one must then choose a collection of non-negative integers
Njm, such that jm Ngm = kq. The scalar profiles become

J
et njm
b= > T%\/ 25, Yaim T sub.

]> ‘Q‘ m=-—7
; (2.26)
_ X 1 Moy —
¢ = Z Z e~z #é:yqjm%-sub,
§> > ldl m=—j
2
with
Gauss’s law : Z Z Nim =kq, (Njm € Z>0) (2.27)
j>lgm==J
and the monopole insertion is completed by the dressing operator
Dressing term : H H exp(—injmAjm) - (2.28)
.S lal m=—j

Once again the dressing operator restores the gauge invariance of the monopole insertion,
since the phases \j,, all transform as Ajy, — Ajp, + A(0) under a gauge transformation.

This defines the insertion at the origin of a monopole operator My, with n = (1)
with nj, > 0 and [nf := 37, njm = kg. As is sometimes done in the literature, one
can think heuristically of the dressing as the insertion of kq factors, where each factor is
thought of as a 9"¢ insertion at the origin, with ¢ an operator of spin ld and n = j— |q‘
This is however more of a book-keeping device rather than a correct statement.

For kq < 0 we need to invert the roles of ¢ and ¢ by exchanging the profiles in (2.26)

(this is implemented by 8; — —fj, njm — —njm) and dressing the insertion with —kg



factors e”’m. Heuristically we dress the monopole with modes of ¢ instead of ¢. Gauss’s

> ZJ: Njm = —kq > 0. (2.29)

jigm==i

law becomes in this case

We can now reconsider the question of the transformation under SU(2) = Spin(3)
rotations. From the definition of the profiles (2.26) we understand that the operators
e~?im for |m| < j form a spin j representation, which we denote j.

We deduce that the set of operators Mgy, with fixed n; := an:_j Njm (satisfy-
ing >, n; = kq), transform in the tensor product representation (8].2 lgl [i®"]sym, where

.. Jsym takes the symmetric product of the factors in the bracket.

j
M| > mjm=n;p — SUR)rep Q) [ ]sym - (2.30)

m==j j>ld

This is a reducible representation.® In the minimal case k = ¢ = 1, the occupation numbers
n of the monopoles My, have a single non-zero entry n;, = 1. In this case the 2j + 1
monopoles with n; = 1 form a spin j representation, the smallest spin being j = % = %
These monopole operators, with these spin quantum numbers, exist in the theory
deformed by a scalar mass term and scalar quartic potential, since continuous deformations
do not affect the SU(2) representations in which the monopole transform. We can think
about the monopole operators in the theory with critical quadratic and quartic interactions,
which flows to an infrared CFT. Ideally one would like to know the conformal dimension
of these monopoles in the CFT. Computing the dimension of the monopole operators
(or any unprotected operator) is a notoriously hard problem in a strongly coupled field
theory. In the limit of large number of charged fields Ny > 1 the infrared theory is
effectively weakly coupled and the monopole dimension can be computed pertubatively
in 1/Ny [1, 28] (see also a d = 4 — € approach in [29]). In the Chern-Simons theory, 't
Hooft-like limits were considered (with large k, Ny or large k, N. and fixed ratio). The
monopole dimension is then extracted from the leading contribution to the free energy of
the theory on Sé x S2 in the small temperature limit 3 — oo [23, 30, 31], sometimes relying
on numerical evaluations. These results are not directly applicable to the theory of a U(1)

gauge group with a single flavor.”

3 CS theory with a charged fermion

We consider a U(1) gauge theory with Chern-Simons kinetic term at level & € Z and a
fermion ¢ of U(1) charge 1. The Euclidean action is

. B
S:;r/A/\dA+/d3a:i1/;lD1/;, (3.1)

STt contain the symmetric traceless representations and the traces.

"In the large k limit, the saddle point analysis of [23] should be valid, even with a single charged scalar,
which corresponds to taking large «. The results presented for the bosonic theory are numerical. We were
not able to isolate a result which applies to our situation.



with D,y = (V, — iA,)y. The fermions 1,1 have two complex components g, ¥,
= 1,2. In the path integral formulation of the theory, we adopt a regularization of
the fermion determinant in the background of the gauge field A that produces a phase
exp(—2n(A)), where n(A) is the APS eta invariant [32-34]. We refer to [35] for an in-
depth discussion. If we add a mass term with parameter m and integrate out the fermion
field, the low-energy effective Chern-Simons level is kjgp = k — 5 + sgn(m)3 [9]. This
corresponds to a one-loop quantum correction to the bare Chern-Simons level and should
be understood as the physical Chern-Simons level. For a massless fermion we have a bare
Chern-Simons term at level k and the phase given by the APS eta invariant. This is often

imprecisely referred to as the theory at level k — %

The equation of motions (eom) are
~ ik —
(@) o (F)u+ ¥yt =0,

(3.2)

(il) By =0.

We define the Dirac monopole singularity with magnetic charge ¢ € Z as in (2.4). In the
fermionic theory Gauss’s law stems from eom (i) and is given by®

kq = LS F= i/SQ * Yy dat) = i/SQ war? Py . (3.3)

2w S2
Therefore we should supplement the Dirac monopole singularity with a singular fermion
profile such that this constraint is satisfied. To accomplish this, we study the solutions
of the eom (i) is the vicinity of the monopole insertion. The solutions are expressed in
terms of the so-called spin 3 monopole harmonics on S?, which were studied in [1, 31].
In the notation of [31] (appendix A), there are two types of spin % harmonics, explicitly

9,10
\/ Y 1 1 ) 1
¢j—3m—3 , for ] > 2l -,
CI]m [ Y l ) 2 9
+3

—m+1
Y 1
qum( )_ 2]+2 ,J+2,m 5 ) > ‘Q|

1
, for j =,
j+m+1 N ("fL) 2 2
Vo242 7J+2,m+§
where 7 is a unit vector parametrizing S? (replacing (6, ¢)), and |m| < j. In the notation
of [1] they correspond to ¢, 1 ;.. = Tgjm, ¢j+%7j7m = Sgjm, obeying EQngjm =L(l+1)Pejm,

5,],771

given by

3

J_ngﬁgjm = j(J + 1)oejm, J30ejm = moejm. Importantly the Tyj, harmonics exist only

8If we had considered a massive fermion, the Chern-Simons level appearing in Gauss’s law should be
replaced by the one-loop corrected level krr € Z discussed above. For a massless fermion the situation is
more subtle. Consistency with the monopole spectrum obtained in radial quantization indicates a posteriori
that the bare Chern-Simons level k is the one appearing in Gauss’s law (and not the half-integer k — % for
instance). We do not fully understand this point.

9We correct here some typos in [31].

10This form assumes a frame where 4%, a = 1,2, 3, are the standard Pauli matrices.

~10 -



for j > % + %, and the Sgj, harmonics only for j > ld 1" with the understanding

2 T
that j — 4 + 1 € .
A solution to the eom with total angular momentum (j,m) is of the form

¥ = t(r)Tyjm + 5(7)Sqjm (3.5)
for j > % + %, or simply 1 = s(r)Sgjm for j = % — % Solving the eom in cylindrical

coordinates around the origin is a little tedious. Fortunately this was accomplished in [1].
The final result is'?

a
S Y= ;qumv (3'6)
with @ € C and |m| < j (this corresponds to zero-modes of the theory on R x S2), and

, 1
J>g‘+'

_ o1
> 5" 1/12047”6] 1[_qqum+<J+_5j)qum]

2 2 (3.7)

—B8:—114 o1
+ asgr Bi—1 |:2TQjm + (] + 5 +Bj> qum:| ,

with |m| < j, B; given in (2.8), and a1,as € C two constants. The solution with as = 0
goes to zero at r = 0, while the solution with a; = 0 diverges at r = 0.
As in the bosonic case, the standard conjugation relation ¢ = 1! does not lead to

solutions of Gauss’s law (3.3). For j = |4| — 1, we can solve (3.3) close to the origin by
requiring a profile
w="28 4 1 +sub, ¥=—it. (3.8)
r q$|2| 3,Mm

For j > % + %, it is not possible to solve (3.3) by assuming a profile solving the eom and
having v o ¢'. Instead we can consider the profiles

PR— N 1
¢ =arFi7! [gTQJm + (J Tt 5]’) qum] +sub,

_ a _ ) 1 _
¢ = iar’i~t [;Iqum - (g +35- ﬁj)sqjm] + sub,
with Tgjm =T}, and Sgjm = S},

1/2

The modulus |a| = (aa)"/* is fixed by solving Gauss’s law as a function of k, ¢ and j.

Using the computations of the appendix of [1],'? we find that the fermion profile is

N k o1
= e Pt I Bqum‘F <.7 +2+ﬁj>5qjm} +sub,
2

- _—in -1 |k 4= 1 _
e j+1[gqum_ <]+2_,8j>5qjm:| + sub,
2

where it is understood that T}, = 0 for j = %‘ — %

"The equations are solved for the theory on the cylinder in [1]. The solutions in flat space are easily
obtained by performing the Weyl rescaling back from R x S? to R3, taking into account that ¢ has scaling
dimension one, Yps = %1/JRX52.

1276 reproduce these computations, one would need at some point to compute integrals of three Y
functions which are given in terms of Wigner 3j symbols, as found in [25].
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Because the profile of 9 is divergent we can think of regularizing the operator by
cutting a ball B, of radius € > 0 around the origin and study the limit ¢ — 0. Varying the

fermion action at finite € produces a boundary term

SStamionloy = [ w752
5e (3.11)
20 ikgoN,
where S? = 9B, and we have used the fact that the fermion background satisfies Gauss’s
law (3.3) to reach the final result in the limit e — 0. To cancel this boundary term (in the
limit € — 0) we add to the operator insertion the dressing term

e thaA (3.12)

As in the scalar theory, the dressing factor has gauge charge —kq, compensating for the
gauge transformation of the Chern-Simons term and restoring the full gauge invariance of
the monopole operator insertion.

There is however an issue with the dressing factor. The phase e, as defined by the
fermion profile (3.10), is a Grassmann-odd field. Therefore it vanishes when raised to a
power two or bigger. Thus the dressing term (e~**)*¢ vanishes, except for kg = 1. To be
able to define monopole operators with higher values of k¢ we need more fermion modes.

Generalization. The monopole insertion can be generalized. We assume kg > 0. Since
this is analogous to the scalar field case, we only go through the main lines, skipping details.
We can require a singular profile of the fermion field

Y= Z Z eM]mriﬁjil\/ q(;lj_k 1) Bqum + <J + 5 + 53’) SQjm] + sub,
. gl i 2

2= m==J
2 ; (3.13)
— i _ n; q= o1 —
Y= Z Z eyt ﬁ [Qqum - (.7 + 5 Bj) S(Ijm:| +sub,
j>U_l m=—j Y 2
= 2 2
where it is understood that Tgm, = 0 if j = 12| — %, and nj,, are positive and satisfy
Zj>m,; Zin:_j njm = kq. The required dressing term is then
=2 2
J
Dressing term : H H exp(—injmAjm) , (3.14)
'>U_l m=—j
JZ5 73

The periodicity of the phases \j;, = Ajm, + 27 implies njp, € Z>o. Because exp(—i\jy,) are
Grassmann-odd fields, there should at most one power of each such factor in the dressing
operator. This means that n;,, € {0,1}.

This defines the insertion of the monopole operator qu with n = (n;,), satisfying

J
Gauss’s law : Z Z Njm = kq, njm € {0,1}. (3.15)
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Spin of the monopoles. From the definition of the fermion profile we observe that

the phases e*m transform in the spin j representation. It follows that the set of
monopole operators My, with fixed n; := >/ _ ;jnjm transform in the SU(2) represen-
tation ®j> 1o 1 3% ]anti—sym, where [.. .]Janti—sym takes the anti-symmetric product of the

factors in the bracket. In the minimal case where k = ¢ = 1, the bare monopole has gauge
charge one and a single occupation number n;,, is non-zero for each dressed monopole.
The 25 + 1 monopoles qu with n; = 1 transform in the spin j representation, and the
minimal spin is j = % - % = 0 corresponding to a scalar operator.

For kq < 0, we must exchange the roles of 1) and v, by exchanging the profiles in (3.13)
and dress the monopole singularity with —kq factors of e**m. Heuristically we dress the
monopole with modes of 1, instead of ¥». Gauss’s law becomes in this case

> Y njm=—kq, njm<{0,1}. (3.16)

4 BPS monopoles in N/ = 2 Chern-Simons SQED

Supersymmetric Chern-Simons theories with charged matter admit many monopole op-
erators which can defined by allowing bosonic and fermionic singular profiles. With the
minimal amount of supersymmetry, 3d A/ = 1 gauge theories do not admit monopole
operators preserving supersymmetries. This is simply because the Dirac monopole back-
ground (2.4) breaks all supercharges. With N' = 2 supersymmetry, it is still true that the
gauge field monopole background breaks all supersymmetries, but it is possible to preserve
half of them by requiring a singular behavior for the scalar field in the vector multiplet.
An N = 2 vector multiplet is composed of the fields (4,0, A, A, D): a gauge field 4, a
real scalar o, a two-components fermion A\ and a real auxiliary scalar D. We provide the
supersymmetry transformations of the abelian vector multiplet in appendix A. The BPS
equations are

0=06)\= %eﬂymer — De + inted,o

= iy'e((xF) + do), — De, (4.1)

0=0\= %e“”p%ng + De —iyVed,0
= iy'e((xF') — do), + DE,

where ¢ and € are two independent two-component complex spinors, parametrizing the
N = 2 supersymmetry transformations with generators Q, and Q,, o = 1, 2.

A half-BPS monopole operator of magnetic charge ¢ € Z is defined by imposing the
Dirac monopole singularity for the gauge field and a singular profile for o [2]:

1
BPS monopole : F = —g *d<r> +0(1),

q
—ul 1o
o u2r—|—0( ),

(4.2)
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withu € {41, —1} and D = 0. This profile obeys xF+udo = 0, preserving the supercharges
Qo, a=1,2 for u=+1and Q,, a = 1,2, for u = —1.

In the absence of a Chern-Simons term the monopole profile (4.2) defines a gauge
invariant local half-BPS chiral operator.'® We now consider an abelian theory with Chern-
Simons term at level k. The A/ = 2 Chern-Simons action is

SHs? = % /d% [e’“”’Aua,,Ap — A\ +2Do| . (4.3)

In the absence of Yang-Mills (or rather Maxwell) kinetic term, o and A are auxiliary
fields. We consider the theory with a single chiral multiplet with matter fields (¢, ¢, F') of
U(1) charge 41, comprising a complex scalar ¢, a two-component complex spinor ¢ and a
complex auxiliary scalar F', with action

Sem = / &2 [ DFGD,6 — ity Dy + FF

+ (02 +iD)p + ithorp + i — ip )| .

(4.4)

To define the insertion of a monopole operator of magnetic charge ¢ we can proceed as
described in the previous sections by requiring a Dirac monopole singularity for the gauge
field and a singular profile for the charged matter fields ¢ and/or ¢. This leads to a variety
of monopole operators with various spins that we do not analyze here. All these monopole
break all supersymmetries as explained.

To find a supersymmetric monopole in the A/ = 2 Chern-Simons theory, we start by
requiring a half-BPS singular profile (4.2) with magnetic charge ¢ € Z, for the vector
multiplet fields. We take u = —1 and look for monopole operators that preserve Q.

To define the monopole operators we must require a singular profile for matter fields.
The analysis of the scalar field profiles is only slightly modified compared to section 2.
The modification arises because of the coupling of ¢ to o. In the vicinity of the origin the
equation of motion for ¢ is now

2
q
DMDM(b - @fb =0, (4.5)

due to the singularity (4.2) of 0. The effect of the extra term is to simplify the parameter
Bj to j + %, making the radial profiles of the solutions that of a free scalar field. The rest
of the analysis is unaffected.!?

A similar modification occurs for the fermion modes, which are analysed as in section 3.
The equation of motion for v in the supersymmetric background becomes

i+ %w —0. (4.6)

13The generalization to a non-abelian Yang-Mills theory does not present difficulties and is well-known [3].

1 When we regularize the insertion by removing a ball B., we must add extra boundary terms to preserve
supersymmetry. A standard calculation shows that we must add Spyy = [ 52 w22 (ihyrp — ¢Dr). This
term evaluates to a constant in the limit e — 0 and its variation dSy ;" is subleading in e compared to the
other boundary terms entering in our discussion, therefore we can neglect it.
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The solutions are then of the form ¢ = a;r? _%qum + asr™d _%qum. This can be worked
out from a small modification of the analysis in [1].15
We thus find that the supersymmetrization of the monopole singularity simplifies the

expressions, as one might have expected. To solve Gauss’s law, we must choose the boson

backgrounds
i ly ’
Pim - am (4.7)
¢jm =Y gjm
or permutations of ¢ and ¢, with j > M’ and the fermion backgrounds
R
Yim o (4.8)

_ i39G
wjm_r / /SQjm’

or permutations of 1 and v, with j > %' + % For j = 4| - % there is only the Sy, mode
for v which is not paired with a T4jm mode for 1, therefore we do not allow this mode.
We are interested in monopole operators preserving supercharges @Q,,, so we must select
the bosonic and fermionic profiles solving the Q-BPS equations in the background of a BPS
monopole singularity (4.2). Let us look at the scalar field. The BPS equations are

0 = d=p = EF,
0 = 6z = iv*eD ¢ + (0.

The first equation imposes F' = 0 at the origin.! To evaluate the right-hand-side of the

(4.9)

second equation we need the explicit form of the monopole scalar harmonics Yy, given
in [24]. With z := cos @, we have!'”

Yoim(@,0) = Cje ™ P(1 = 2) 375 (14 2) 37500 ((1 - 2) 2 M (14 2)3Y], (4.10)

with Cj,, real constants. We take the gamma matrices to be Yl=73 42 =71 43 =12,

with 7¢ the standard Pauli matrices, and we look for solutions preserving the supercharge
Q, generated by g = ((1]) We find the two BPS equations

(1—2)1+4+=z)

— 0.3 s+ 17
(@) 0=+ 05 + 570

i - q —
0 =(1— .

A o) %P Tig(—2)9)

We now evaluate these BPS equations on the (j,m)-component of the ¢ profile, Ejm =

erQjm. We find

(4.11)

(b) 0=0,6— 0,6~

) — Cyi
(@) 0=Ygm(i—m)+Ygjmp

rT(1 - 2)2(1+ )3,
qu,m—&-l

(4.12)

— ) — Cyi 1 _1
(0) 0=Ygm(j —m)— Yqj,m+1cﬂw(1 —z) 2(1+z) 2e”.
qj,m+1

5Mapping these solutions to the theory on R x S2, we reproduce the spectrum of fermion mode energies
of N'=2 SQED computed in [2].

16We must only require that the BPS equations hold as we approach the origin.

Y7Y,m are not functions but sections of the gauge line bundle on S?. This is the value on a patch covering

one hemisphere of S?: the patch where A = %(1 — cos0)dp. On the other patch the value is multiplied by
1%,
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These equations are solved for m = j, in which case ?qj7m+1 = 0. We conclude that the
profile with m = j preserves the supercharge Q5. The other values m # j do not solve the
BPS equation for Q.

Alternatively we may look for solutions preserving the supercharge @, generated with
€ = (é) The analysis goes along the same lines and we find that among the profiles
%-m = rj?qjm, only the choice m = —j solves the BPS equations for Q;. There is no
background ¢,,,, preserving both @), supercharges.

Let us turn to fermion field. The BPS equations are

0=0:¢ =29,
0 = 6zF = (in"Dytp — iv)o).

(4.13)

The equations on the second line are solved for all v profiles since they are the equations
of motion for ¢ and the profiles are defined as solutions to the equations of motion. The
equation on the first line is very simple. It admits solutions for some € only if the two
components in ¢ are proportional. The background ;,, in (4.8) is explicitly

- )
VT Yo tm-1 (1)

2 Yo tmis (M)

Yjm X Tgjm(n) = (4.14)

We observe that the two components of 1, are independent except when one is vanishing.
This happens for m = j, when the lower component vanishes, and for m = —j when the
upper component vanishes. Explicity the profiles 1);; preserve Q5 and the profiles Vi _j
preserve ;. Here again there is no solution preservmg both @, supercharges.

If we had chosen the diverging backgrounds r 7~ 3 Sqjm for ¢ (instead of the converging
ri- 2qum), we would have found no solution to the BPS equation. Similarly if we had
exchanged the roles of ¢;,, and ajm in (4.7) we would have found no Q-BPS solutions.

Finally we should ask whether the dressing factors preserve supersymmetries or not.
—iXjm

“X\jm which arise as the coefficients

—iA

The dressing operator is a product of terms e and e «
of the modes ajm and 1)y, respectively. The supercharges act on e and eim as they
act on the modes ¢;,, and ;. Since dz¢ = 0 and dz¢p = EF = 0 (at the origin), the
dressing factors are () -invariant for both o = 1, 2.

From the BPS computations above one can also conclude that the profiles ¢;; and v;;
(and thus the modes e™*»s and eixﬂ'j) are not Q,-exact, and that similarly the profiles j—j
and v; _; (and the modes e~*.—i and e i) are not Q;-exact.

We conclude that the matter profiles can preserve at most one supercharge and, in

order to do so, one should allow only for boson and fermion fields with m = j, or only

those with m = —j. For instance the proﬁles preserving @, are
Q,-BPS les : Y, sub,
Q2 profiles ¢ = z; rJ+1\/2]+1 gjj T 8u
5>
¢ = e il g Y ,ii 4+ sub
2] + 1 q37 )
j>1d
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+
Z iXji = 1/ i ‘7 T(m +sub,
L
_ n; j —|—
b= Z i+3 \/ = SQJJ +sub. (4.15)

J2+

l\)\»—\

w‘m
N

The integers nj; € Z and nj; € {0,1} satisfy Gauss’s law

Z nj; — Z ﬁjj = sz)q, (4.16)

-~ la o~ lal 1
327 J27+§

with 1 "

éu) :kz—i—sgn(q)g, ue{-1,1}. (4.17)
k!, is the “infrared” Chern-Simons level. The shift of the bare Chern-Simons level & arises
from the regularization of the fermion determinants. For a fermion of mass m, the IR level
isk—35 + sgn(m ) as discussed in section 3. Here the role of the mass m is played by the
background —0 = —ug-, and sgn(o) = sgn(q)u.

Notice that the (mod 2) integers n;; are weighted with a minus sign in Gauss’s law.
This is because we imposed a diverging profile for ¢ (instead of 1) and thus we are dressing
with modes of v instead of . Gauss’s law imposes that the gauge charge of the dressing
compensates for the gauge charge of the bare monopole, and the modes of ¥ have opposite
gauge charge compared to the modes of 1.

The dressing factor is

H e~ MiiNij H o (4.18)

-~ lal -~ lal
Jjz5 jz5+

N[

This describes the insertion of supersymmetric monopole operators anﬁ, which are Q,-

BPS operators. The same construction with the selection of the m = —j modes, leads to
the definition of Q,-BPS operators.
In this calculation we have chosen uw = —1 for the supersymmetric monopole singu-

larity (4.2) and found BPS monopoles preserving one @ supercharge. We can also pick
the other choice w = 1, in which case the BPS monopole singularity (4.2) preserves the
two supercharges @),. The appropriate bosonic and fermionic backgrounds in that case are
obtained by exchanging the roles of ¢ and ¢ in (4.7), and of ¢ and v in (4.8), namely the
diverging backgrounds are those of ¢ and 9. From the BPS equations we find that allow-
ing only the modes with m = j defines monopole operators preserving )1, while allowing
the modes m = —j defines monopole operators preserving (Jo. Gauss’s law imposes the
constraint on the bosonic numbers n; 1; and fermionic numbers 7; 45,

= > it > Ty = ks (4.19)

- la o~ lal 1
JZT J27+§

where the =+ sign is + for monopoles preserving @}; and — for those preserving Q5.
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BPS monop. | behavior at r =0 BPS modes Gauss’s law
AE=do o i, B Qim=—j _
(U, = —1) .9 div; 6,9 =0 @12 tm=j Zj Njm — Njm = kE—)q
sE=—do | oo e uim= o _w
(u=1) PUD VA G i = 225 Mgm = Tgm = —k(1)q

Table 1. Main features of BPS monopoles. Each monopole preserves a single supercharge.

These features are qualitatively summarized in table 1.

Notice that the supersymmetric monopoles of the Chern-Simons theory always pre-
serve a single supercharge and are therefore %—BPS local operators. This is different from
supersymmetric monopoles of Yang-Mills theories (with zero infrared Chern-Simons term)
which preserve two supercharges and are half-BPS chiral operators.

4.1 Quantum numbers and superconformal multiplets

Having understood which monopole operators are BPS, we would like to describe their
quantum numbers and to explain to which short superconformal multiplet they belong, in
the SCFT that is believed to exist in the infrared limit.

We focus on the “bosonic “ monopoles ﬂqn, defined with the © = —1 BPS monopole
background and a dressing by bosonic modes (i.e. modes of ¢) only, with occupation num-
bers n = (n;jy,). The fermion modes are all set to zero for these monopoles, n = 0. These
monopoles exist only for k’_)q > 0, since Gauss’s law is in this case ijm Njm = kz_)q.
We will use here k' := k:(_) and assume £’ > 0 and ¢ > 0 for simplicity. Generically the
monopoles My, do not preserve any supersymmetry, but some of them preserve Q)1 or Q).

A simple class of monopoles preserving @, has nj; = k'q for a chosen j, and njy, =0
for all other j,m pairs. Their counterpart monopoles preserving @, have nj—j = k'q and
njm = 0 for all other j,m pairs.

They both belong to the same irreducible spin representation [j®k/q]gym of SU(2), where
denotes the symmetric traceless product of the representations. This is simply
the spin k’qj representation. Let us denote J = k'qj and sz(ﬂ%), with |m| < J, the

. . . Y . . . ]
monopoles in this representation. The @), invariant monopole is V;] 7

[+ Joym

and the Q) invariant

J)

monopole is Vq( 7+ The other monopoles Vq(Jm) are built out of the monopoles M, with

nj =y Njm = k'q and ny = 0 for j' #J
The dimension of the monopoles Vq(#z) can be computed using the BPS properties of

the BPS operators. It is a sum of two contributions
A(Vq(rjn)) = Apare + Adressing . (4.20)

The contribution from the dressing factor is the sum of the dimension of each indi-
vidual factor e~*m. This is easily extracted from the definition of the (j,m) mode:
¢ ~ e_i)‘jmerqjm. In an N' = 2 SCFT, the dimension of the anti-chiral field ¢ is re-

lated to its R-charge'® —r: A(¢) = —R(¢) = r. It follows that the dimension of the

8Hopefully there will be no confusion between the R-charge r and the radial coordinate . Both notations
are fairly standard.
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dressing mode is
Ae™im) = j +r. (4.21)

The dressing has k’q modes of \jp,, leading to
Adressing = kIQ(j =+ 7") =J+ k,qr' (422)

The contribution Ap.e from the bare anti-chiral monopole is also related to its R-charge
by the BPS condition and can be computed as a sum of zero point energy of all oscillators
in the theory on the cylinder [2]. It is given by [36, 37]

1—r
2

Apare = q, (423)

and the total dimension is
A(Vgm) = J + (k’ - ) ar+ o (4.24)

Similarly the U(1) R-charge of the BPS monopoles are computed as the sum of the
R-charge of the bare monopole Rpre = —IQ;Tq and the R-charge of the dressing Rgressing =

K'qR(¢) = —kqr,
RV = - <k’ - 1)qr _ 1, (4.25)

The exact values of the R-charge and dimension of such BPS operators at the infrared fixed
point depend on the U(1) R-charge at this fixed point. This may not coincide with the UV
R-charge, but rather is a combination of U(1) g uv with the U(1) global symmetries of the
IR fixed point. The parameter r refers to the charge of ¢ under this infrared R-symmetry.
This can be determined by extremizing the S® partition function of the N/ = 2 theory
under consideration [38].

We recover that the BPS monopoles obey the BPS condition A = J3 — R for Vq(

and A = —Js — R for Vq(i) ;- This follows from the fact that the bare monopole and the
dressing factors all obey the corresponding BPS condition. Another way to find the BPS

7)
J

monopoles is to consider only those dressed with modes ajm, Yjm (OF Pjm, ﬂjm) which obey
such BPS conditions.

The fact that these monopoles obey the BPS condition means that they define non-
trivial elements of the @, or @, cohomologies and therefore contribute to the superconfor-
mal index defined with @, or with Q.

The monopoles VZ]%) are only the simplest BPS monopoles. These considerations ap-
ply in general to the BPS monopoles dressed with both bosonic and fermionic modes, as
described in the previous subsection. We leave as a exercise to work out the quantum
numbers in this general case.

Superconformal multiplet. In the infrared SCFT the Q,-BPS monopoles belong to
short superconformal mulitplets called A; in the classification of [26] (or xg in [39]). These
are the only short superconformal multiplets in 3d N = 2 SCFTs which accommodate
for non-zero spin. They are % BPS operators in the sense that they are non-trivial in Q,
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cohomology or in @, cohomology, but not in both. Moreover they are not the bottom
component of the Ay multiplet, but rather descendants. Indeed the bottom component C
in this multiplet satisfies A = J — R + 1, where J is the SU(2) spin and R is the U(1) R-
charge. In components we can write it Cy, ...a,;, for the operator with spin j. It satisfies the
shortening condition @50/3&1...&%1 = 0.!9 The descendants Doy, o950 = @(QIC@...QZHI)
obeys A = J — R. The BPS monopoles are identified with the components Dq;...; and
Das...5, which are non-trivial in @, and @, cohomology respectively. They are the only
operators in the full multiplet contributing to the superconformal index defined with Q,
or with @ (see [39] for details).

There is a mirror discussion for Q,-BPS monopoles defined with v = +1 backgrounds
and ¢, dressing modes.

Note in particular that this is different from supersymmetric monopoles in Maxwell
(or Yang-Mills) theory without Chern-Simons term, which are not dressed with charged
matter field. There, the monopoles are chiral (3-BPS) operators with no spin. They are
the bottom components of By (or Bj) superconformal multiplets [26] and are non-trivial
in both Q, (or both Q,) cohomologies.

4.2 Superconformal index

We can compare our findings with the superconformal index of the theory [40], which
counts BPS operators in the theory. For a given choice of supercharge Q one can define
an index as a trace over the Hilbert space H of the theory on the cylinder R x S2, refined
with fugacities associated to generators that commute with {Q, Qf}. For 3d A = 2 theories
there are two indices [39], that can be defined with the choices @ = @1 or @ = Q2 (choosing
Q,, supercharges yield the same indices). To adapt to common conventions, we consider
the index selecting states which obey H —J3— R = 0. This is achieved by choosing @ = Q1

I= TrH(—I)Fe_ﬁ{Q“QI}xH‘hthm , (4.26)

with H the energy generator, J3 the Cartan generator of the Spin(3) = SU(2) rotations
on S2, F the fermion number, and Q,, the generator of the topological symmetry, which
counts the magnetic flux on S2. There is no other global symmetry in our SQED theory
with a single chiral multiplet, because the flavor symmetry is gauged in this model. Only
states satisfying with {Q, QJ{} = H — J3 — R = 0 contribute to this index, so that it is
independent of .

Under the state-operator correspondence, the index Z counts BPS operators of the
theory on R? which are non-trivial elements of the Q1 cohomology. They satisfy A = Js+R,
where the dilatation operator A is identified with the Hamitonian H of the cylinder theory.

The superconformal index can be computed elegantly by supersymmetric localization
as the partition function of the theory on S' x $? with periodic boundary conditions for
the fermions around S' and some background deformations accounting for the parameters

191f j = 0, C is rather the bottom component of an A, multiplet with shortening condition CQQQC =0.
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z,w [36, 41]. For the SQED theory with a single chiral multiplet it takes the form

1— Z—1x|q\+2—r+2n

/ dz . la|
_ _1\K.ia,,q kg ,.(1-1)
I= g (—1)"+w %2m,zz +4 g 2 | I TR e (4.27)

q€Z n>0

where k¥, = k — § — sgn(q)3 is the infrared effective Chern-Simons level.

This is a sum over magnetic sectors weighted with w?. The variable z is to be inter-
preted as a U(1) gauge symmetry fugacity. We recognize the contribution zk;qx(lf’")%
as the factors of the bare BPS monopole, which has gauge charge G = k/ ¢, dimension
A = L57|g| and angular momentum J3 = 0. The factor (1 — zzl#7+27)=1 matches
the contribution of the BPS modes ¢;;, with j = % 4+ n. Indeed these modes obey
A+ J3 =2j+r = |q +r+ 2n, and have gauge charge G = 1. Similarly the fac-
tor (1 — 2z~ 'gld+2-7+27) matches the contribution of the fermionic BPS mode s, with
j= %4—%4—71, which have A+ J3 =2j+1—r = |q|+2—7r+2n and gauge charge G = —1.
In the sector of magnetic charge ¢, the index receives contribution from gauge invariant
BPS monopoles, which are associated with the terms of order z~! in the Laurent expansion
in powers of z of the integrand. It is not hard to see that this reproduces the constraint
from Gauss’s law k' g = ij% njj — ij%l-‘r% njj, where nj; € Z>( counts the dressing
by bosonic modes ¢;; and nj; € {0,1} counts the dressing by fermionic modes Ejj.

We conclude that the BPS monopoles that we have described cover all the BPS local

operators appearing in the superconformal index.?0:2!

4.3 Extensions and ABJM monopoles

It is straightforward to extend the discussion to SQED theories with any number Ny
of chiral multiplets, with various gauge charges. The construction of monopoles can a
priori be extended to non-abelian theories without conceptual novelty, however the match
with the superconformal index is less trivial in this case, as there can be cancelations
between the contributions of different monopoles. As observed in [42], in non-abelian
N = 2 Chern-Simons theories there are monopoles dressed with gaugino modes which
contribute oppositely to the index as the same monopoles without the gaugino dressing.
More precisely, monopoles can recombine into long multiplets, which do not contribute to
the index. Indeed the A; (or Aj) superconformal multiplets to which the BPS monopoles
belong are short multiplets at threshold, but are not isolated, in the language of [26], and
two A; multiplets with appropriate quantum numbers can recombine.

Finally we would like make a comment on BPS monopoles in quiver Chern-Simons
theories such as the ABJM theory [43]. In the ABJM theory the gauge group is U(N); X
U(N)_g, with the subscript indicating the Chern-Simons levels in each node, and the
matter fields are four bifundamental chiral multiplets: A1, As in the representation (N, N)

20In the sector of zero magnetic charge ¢ = 0, the index simply counts the chiral operators which are
gauge invariant polynomials of ¢;; ~ 87¢ and Ej i~ 874 (meaning the component with J3 = j).

2Tn principle we expect other BPS monopoles whose contribution to the index cancel. These would
be constructed with gaugino dressings and derivatives of the bare BPS monopole operator (whose precise
meaning needs to be defined). It would be interesting to clarify this point in a future work.
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and Bj, B in the representation (N, N). The theory has N' = 6 supersymmetry but we
can regard it as an N = 2 theory. Let us think about the abelian theory, with gauge
group U(1); x U(1)_, for simplicity. A bare monopole vy, 4, has gauge charge (kqi, —kg2)
under U(1); x U(1)_g. To built a gauge invariant operator one must dress the monopole
with matter modes. Because matter fields are in (anti)bifundamental representations, this
can be done only for bare monopoles of the form v, 4. In that case a bifundamental field
sees an effectively vanishing magnetic charge,?? it is not charged under the U(1) ¢ U(N)?
that has the monopole singularity. Therefore the monopole singularity is dressed with
standard insertions &’ A, (), 3’ B,(z). One finds half-BPS (chiral) monopole operators
7 = VgqBay -+ - Bay, for kg > 0, and V,;, = VgqAa, -+ A for kq < 0, with

a1 ag Q1 Qg Xkq]

zero spin. This was described in [44].

We find that, despite having Chern-Simons terms, the monopoles in ABJM theory are
half-BPS chiral operators. In particular they have no spin. This phenomenon carries on to
other quiver Chern-Simons theories of a similar nature and in particular in Chern-Simons
theories with extended N > 3 supersymmetry, as studied in [45]. In these theories the
Chern-Simons levels and matter content are constrained in such a way as to allow for such
half-BPS monopoles [46, 47 (in addition to 2-BPS monopoles).

A Supersymmetry transformations

In this appendix we review the 3d N' = 2 supersymmetry transformations. We extract
them from the S supersymmetry tranformations of [48] by taking the flat space limit. For

the abelian vector multiplet we have

0A, = — = (B — Myue)
1
do = —(EX — Xe)
2
0N = %e“”p’yuaFl,p — De +in'e0,0 (A1)

o\ = %ew’/}%gF,,p + Dz — iy"gd,0

A/ W Y
2 2

and for the (anti)chiral multiplet we have

0p =€

0 =iteD,¢ +icop +EF
OF = e(iv!' Dpp — io) — idg)
8¢ = et

§¢ = iv"eD,¢ + iEgo + eF
§F = e(in"Dytp — ivpo + id)) .

*2Tn general a field with charges (1, —1) under U(1)? in the background of a (g1, ¢2) monopole couples
only to a U(1) monopole of magnetic charge g1 — go.

(A.2)
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