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A miniaturized Printed Circuit Board (PCB) sensing coil, jointly developed by CERN and Fermilab for
measuring the field of small-gap (less than 10 mm) accelerator magnets, is illustrated. A sensing coil
array, with a scheme for compensating the main field when measuring the harmonic error components,
hosted on a synthetic sapphire-based transducer, is presented. Key innovating features are (i) very-small
size, both for the sensing coil array (thickness of 1.380 mm) and for the transducer (overall diameter of
7.350 mm), (ii) metrological performance, namely accuracy (more than five times better than state of the
art), and 1-sigma repeatability (ten times better on harmonics with amplitude less than 100 ppm), and (iii)
manufacturing technology of both the coil array (13 double layers aligned within 10 �m), and the sapphire
support (concentricity, the most important uncertainty source for rotating coils, 3 �m of uncertainty,
namely one order of magnitude better than fiberglass support). After stating the measurement problem,

FERMILAB-PUB-18-209-TD
ACCEPTED
gnetic field in
netism

the design of the transducer and a case study of a two-layer PCB sensor array are illustrated. Then,
the prototyping and quality control of both the sensor and the transducer are discussed. Furthermore,
the calibration and the results obtained with a prototype setup at Fermilab are presented. Finally, in the
appendix, the theory of the rotating coil, the sensor geometry, and the harmonic compensation are briefly
reviewed for the reader easiness.

Published by Elsevier B.V.
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g induction coils have been used in several different appli-
], such as food quality control [2], high-frequency drive
micro-magnetic devices [3], portable navigation systems
rial characterization [5], magnetic tracking systems [6],
earch [7], and proximity sensors and detectors [8].
arch and development field, where sensing induction coils
a significant technological impulse, has been beam-line
of particle accelerators. In fact, magnet quality depends
lly upon uncertainty sources, such as mechanical and
tolerances, and material properties, that they must be
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ortant properties to be measured are strength and direc-
e main magnetic field component, the field errors, usually
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d in terms of high-order harmonics [11], and the offset of
etic center in case of multipoles [12,13]. Different experi-
chniques exist to perform a full magnet characterization.
e preeminent and most reliable techniques is the rotat-
rmonic coil method [12,14–18]. This method, based on
bly of induction coils rotating inside the magnet bore,
lly capable of providing field error measurements with a
ility of a few ppm [19] [20]. However, especially in the case
-long coils and small diameters, mechanical imperfections
tions can induce spurious harmonics that compromise the
f the final result [21].
, fabrication, and testing of coil assemblies able to
vibration and geometry nonideality, while maintaining
sensitivity, even in the case of extreme length/diameter

tios, turns out to be a challenging issue compared to bore
er that 10 mm [22–24]. At CERN, a prototype of PCB coil

], with diameter of 8 mm and tangential windings geom-

previously developed to gain experience with PCB coil

gy. It was optimized to have the largest number of wind-
in the smallest possible space. Initially, this sensor was
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Fig. 1. PCB rotating coil section, with equivalent tracks.
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est the relatively weak permanent magnet quadrupoles
w accelerator Linac4 at CERN (up to 4 Tm/m of inte-
ld gradient) [26]. Then, this sensor proved to be up to the
aracterizing the magnets of the Swiss XFEL, an advanced
on light source currently under construction at the Paul

Institute (PSI), Villigen, CH [25]. However, its capability to
rious harmonics arising from mechanical imperfections

y satisfactory. Hence, a new design able to tackle this issue
d.
context of the European project PACMAN [27] at CERN, the
er to develop small-diameter rotating coils has been the
st the field quality of prototype final focusing quadrupoles
IC project [28]. The prototype of the final-focus magnet

 compact hybrid magnet, with four permanent magnet
ach composed by 4 blocks glued together, and classical
agnetic coils. It has a very-small size of the bore, with a

 of only 8.25 mm,  necessary to get the very-high gradient
 (about 70 Tm/m integrated gradient).

ind of last-generation magnets, with very small bore and
 field quality, poses metrological challenges to PCB sensor
d manufacturing. Promising performance was obtained at

 by a radial array of coils [29], capable of improving state-
t separated coils by a unique PCB compensation. This coil
s exploited successfully for the cryogenic measurements

P high-gradient HQ magnet program [29]. However, this
s not applicable yet to diameter scales less than of 10 mm.

 paper, an enhancement of the coil sensor based on PCB
y, originally developed at Fermilab [29,30] and further
is proposed. An innovative, ultra-thin (less than 2 mm)
oil array, with a compensation scheme for the main
ponents, and a synthetic sapphire support of the trans-
ntly developed by CERN and Fermilab, are presented. The
ms to minimize the impact of the finite thickness on the

ent accuracy, in particular of the harmonic field error
nts. In Section 2, after stating the measurement problem,
n of the transducer and a case study of a two-layer PCB sen-

 are illustrated. In Sections 3 and 4, the prototyping and
ontrol of the sensor and of the transducer, respectively,
ly optimized for such a small diameter, are discussed. In
, the calibration and the results obtained with a proto-
p at Fermilab are presented. Finally, in the appendix, the

 the rotating coil, the sensor geometry, and the harmonic
ation concepts are briefly reviewed.

n of a miniaturized PCB rotating coil

surement problem

sducer based on a rotating coil array is required for test-
rupole magnets with very small size of the magnet bore
r less than 10 mm),  and very high field quality (undesired

 content with amplitude less than 100 ppm of the nom-
rupole). The miniaturization should not affect both the
ent accuracy and the sensor sensitivity, in particular for

onic field error components, in line of principle reduced
rading coil area and thickness.

her key improvement concerns the compensation of the
d quadrupole components, in the order of at least two

 magnitude with respect to traditional designs.
fore, main aim is to design an array of ideally identical coils
nected to provide (i) an absolute output (unbucked, abso-
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nt (expressed as the coefficient �2, see Appendix A.2), (ii) a
ated channel (dipole-bucked, DB signal), with the smallest
y to dipole (�1 in Appendix A.2) and highest to quadrupole

2.3. Case

Ideally
the rotati
Un-bucked (absolute) (# 1)
Dipole-bucked (# 1–3)
Dipole- and quadrupole-bucked (# 1-3+4-2)

ible, and (iii) a further compensated channel (dipole-and
le-bucked, DQB signal), with the smallest �1 and �2 and
ensitivity to sextupole component (�3 in Appendix A.2).

sducer design

esign aims at minimizing the impact of the coil thickness
easurement accuracy, in particular for the harmonic field
ponents, while preserving adequate sensitivity. The coil
ade to be mounted on the diameter of a cylindrical shaft, at

 precisely defined by two  matching pin holes. The section
ted in Fig. 1, with four equal rectangular coils with hard-

pensation.
s arising from multiple series combinations of the same
sidered as voltage sources with a typical resistance of a

can be acquired with differential input impedance of the
0 M�.
ain features of this design can be summarized as follows:

ality of the compensation is determined mainly by the
ry  of the tracks on the PCB, namely by the accuracy of
face and the distance of the coils;
king factor will be less sensitive to vibrations if the PCB is
d radially by minimizing transverse offset or tilt angle;
ity  can be tuned during both the design (by choosing the
B thickness) and the assembly (by adjusting the trans-

ffset in the shaft);
ensity obtainable by the present optimized PCB design can

 times lower than conventional 30 �m gauge wire [25],
e  in the same cross section 2–3 times less turns can be
;  however, high effective areas are only a secondary goal

 field magnets;
CB fully-optimized in space results in very thick copper
ith high resistance, in the range of several k�;

e obtainable output signals are highlighted in Table 1 with
responding connections.
 study: two-layer PCB

, all the coils on the PCB lie on the same plane passing by
on axis. Therefore, according to Eq. (7) in Appendix A.2, all
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o-Pa
 represents a rather extreme case for this kind of transducers,
use the array is to be installed in a shaft with a diameter of

 7.45 mm.  The design parameters of the coils are reported in
e 2 and main manufacturing parameters of the PCB in Table 3.

 2
n parameters of the coil prototype for CLIC quadrupoles (UB: un-bucked -
ute-, DB: dipole-bucked, and DQB: dipole- and quadrupole-bucked).

al thickness (nominal) 1.38 mm
al  thickness (measured) 1.28 mm
al  width 7.35 mm
l  width (outer tracks) 0.55 mm
l  width (inner tracks) 1.15 mm
l  inter-distance 1.30 mm
l  length 0.152 m
l  area 0.01324 m2

ers 26
ers with coils 24
ns/layer 4
al number of turns 96
istance UB 2022 �
istance  DB 4045 �
istance  DQB 8089 �

 3
anufacturing parameters of a coil array prototype for CLIC quadrupoles (pre-

 pre-impregnated, FR-4: cured epoxy resin).

tance between coil trace and cut 0.25 mm
 diameter <0.20 mm
rnal  pad width 0.25 mm

ernal  pad width 0.50 mm
4  sheet thickness 50 �m
me of a two-double-layer PCB coil array (red and blue dots indicate track polarity)
o the web version of this article.)

y coefficients �n are not null. However, the finite thickness
B affects significantly the actual design performance. The

 this non-ideality was studied numerically on a simplified
 the array, shown in Fig. 2 (red and blue dots indicate the
f the tracks).
rray includes four equal coils printed on two PCB layers,
gle turn on each layer. The width of the array is 10 mm,

 of 2 mm of width, spaced by 2.1 mm.  The normalized sen-
efficients of the quadrupole-bucked coil (�∗

n in Appendix
 calculated as a function of the distance �y between the
s. �y was varied in the range (0.4, 4.0) mm,  i.e. from 4% to
e reference radius Rref. The reference radius is set equal to
ssa of the outermost track. The sensitivity coefficients �n

alized with respect to the reference radius (�∗
n), in order

ll the dimension of an area (m2) and a comparable order
ude, according to Eq. (9) in Appendix A.2.
sults in Fig. 3 show clearly that, as the thickness of the PCB
, the compensated coil approaches the qualitative behav-
ngential coil array, characterized by low-order sensitivity

inima.
ticular, at the minimum thickness (0.4 mm),  the magni-
he calibration coefficients drops very slowly with n and
ppreciably high even at n = 20. On the other hand, at the

 thickness (4.0 mm),  �6 is nearly zero, and thus the cor-
g measured harmonic will be under the noise floor. (The
le, i.e. n = 6, is the lowest harmonic allowed by the sym-

 a quadrupole; therefore, it is expected to be correctly
 by computer simulation and so is often used to validate a
ent system). The lowest-order harmonics, most impor-

eam dynamics, are degraded only marginally when the
 increases up to 1.9 mm,  the biggest loss being about 30%
bove 2.0 mm,  however, only the sextupole and octupole
ain unaffected. The sensitivity to higher orders n ≥ 10

 greatly according to the PCB thickness, although these
s have an interest only in very special cases. As an exam-

armonic n = 11 was used in superconducting dipoles of the
ge Hadron Collider to define a magnetic axis for alignment

 [31].
thesis, this study confirms that the total thickness of the

 must be below a certain fraction of the reference radius,
%, in order to keep a satisfying sensitivity over a typi-
nic range of interest. This problem is exacerbated in the
all magnet apertures, where the available gap is of the
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nt case, a special manufacturing effort is needed to limit
ess as much as possible. In practice, coils usually include

re layers, sometimes up to several dozens. If so, the total

Pre-preg  

Copper  tr
Copper  tr
Copper  tr
interpretation of the references to color in this figure legend, the reader

f winding turns is equal for each of the four coil connected
nsation scheme, and the impact of higher thickness will
ted with respect to the results shown here. At any rate, the
f turns per layer should always be maximized taking into
he manufacturing limitations (module manufacturing) in
eep the thickness at a reasonable level.

typing and quality control of the sensor

or prototyping

ding to the above design principles, a prototype of a coil
the CLIC quadrupoles was  produced at CERN by the service
ttern Technologies (EP-DT-DD MPT). This CLIC applica-
sheet thickness 50 �m
ack thickness 5 �m
ack width 50 �m
ack distance 50 �m
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Fig. 3. Normalized sensitivity coefficients (�∗
n , Eq. (9) in Appendix A.2) of the quadrupole-bucked coil as a function of the harmonic order n at varying the distance �y between

the  two layers, varying from 0.4 to 4.0 mm,  i.e. from 4% to 40% of the reference radius Rref , set equal to the array width.
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ller internal width (multiple turns). These parameters

ual and could be achieved only by optimizing aggres-
 production. For comparison, standard copper tracks are
icker than 10 �m,  the cured epoxy resin (FR-4) and pre-
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nd so can image electric circuits without a photo-tool or
he PCB design emphasizes the minimization of the total
. The double layers are made of FR-4 with copper on both
y are insulated and held together by pre-preg layers, made

 of fiberglass with uncured epoxy resin (Fig. 4A).
 PCB layers, where the copper is only on one side, could
ed as an alternative to improve track alignment and over-
ess, as shown in Fig. 4B. In this case, the role of insulation
lternately to the pre-preg and FR-4 sheets. Alignment is
ly done by hand using special tooling in a clean room, to
urities between layers. The clean room is equipped with
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ssive iteration.
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uality inspection and calibration of the first miniatur-
sensor prototype was carried out at Fermilab, where the
assembled in a G-10 shaft produced in-house. The sen-

this issue
usual opt
cial holes
tracks on
ing quality.

 inspected through a microscope to verify the quality of
facturing process, by paying particular attention to the
etry of the coil turns (Fig. 5). The microscopic inspection

hat the 26 PCB layers (13 double layers) are aligned within

t, a possible problem with the LDI machine is the mis-
t of the top and bottom images, as seen for example in

ay  arise from errors in the panel fiducialization. To face
, mechanical fiducial markers were used instead of the

ical targets. On each double layer, a matrix of nine fidu-

 was  used at the four corners of each coil set to align the
 the top and the bottom faces. Additionally, larger fiducial
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Fig. 6. Example of typical misalignment between tracks on top and bottom of the FR-4 layer.
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ontrol tracks to be examined precisely at microscope.
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aspects such as the correct stacking order of the dou-
, the quality of the etching process, and the longitudinal
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hows the double layer stacking coupon. The red windows
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f inter-turn short-circuits (Fig. 7). For a given track cross-

he resistance of a winding is proportional to the number
hile the inductance to the square. Therefore, the relative

The  sh
synthetic
using op
lignment pins to pile-up the PCB FR-4 and pre-preg layers in the clean

f a short that eliminates a small number of turns should
ly double on the inductance than on the resistance: this
a criterion to judge the consistency of the measurements.
ductance was  measured with the RLC-meter Agilent
quipped with micro-probes (due to the reduced size of

 and pads) at the frequency of 100 kHz. The average value
 for each single coil on a layer is 4.1 �H. The acceptance

was set at 1% of difference for the coils on the same layer
r those on different layers. This takes into account that
tance decreases logarithmically with the conductor cross-

 area, which in turn may  be different from layer to layer,
 variations in the etching process. About 50% of the pro-
ad to be rejected.

typing and quality control of the transducer

t prototyping
aft for the final version of the sensor (Fig. 10) is made of
 sapphire [32], manufactured by Insaco, Quakertown, PA,
tical-quality sapphire crystal, grown with the Kyropou-
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Fig. 8. The frame used as coupon board for microscope inspection and the miniaturized PCB coil.

Fig. 9. PCB side view with control tracks of different length (red windows show the control traces removal due to the cut stress). (For interpretation of the references to color
in  this figure legend, the reader is referred to the web  version of this article.)

Fig. 10. PCB sensor synthetic sapphire shafts: strong-back (A), cover (B), and alignment pins (C).
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tainty between 1 and 4 �m.  The straightness of the shaft
d with the method of the generating line) is between 5
.

 results show that synthetic sapphire shafts reach indeed
 geometrical accuracy and mechanical performance very
o achieve with more traditional materials. The main draw-
presented by the high cost and by the extreme difficulty,
sent-day technologies, to manufacture items longer than
dred millimeters, as would be required by several appli-

ation and test results

ration

fectiveness of a compensated coil in suppressing a given
ponent n is assessed by means of the so-called “bucking
n [21]. They are defined by Eq. (12) in Appendix A.3, as
between the absolute and compensated values of the nth

 component of the measured magnetic flux.
ucking ratios for the dipole and quadrupole components
o  miniaturized PCB coils (mounted on the G10 and on the

 sapphire shaft) were measured in a reference permanent
le at Fermilab. At this aim, the miniaturized sensor was

inside a provisional G10 shaft (Fig. 12).
sembly was wrapped with adhesive kapton tape in order
a degree of flexibility.
ensitivity factors �n were calibrated with a permanent
le magnet (Fig. 13), using the method described in [39].
ethod uses DB and UB signals to calibrate the horizontal

cal position of the PCB sensor inside the shaft. As a matter
e quadrupole measured from the DB signal is independent
ius, whilst the UB signal is radius dependent. The offset is

d by comparing the modulus and phase of the UB and DB

odulus of nominal (uncalibrated) and calibrated normal-
itivity values �∗

n are compared for the UB, DB, and DQB
 Fig. 14, while in Fig. 15 the calibrated UB, DB and DQB
e reported.
sign and actual board positions in the sapphire shaft dif-

 to the manufacturing tolerances. In fact, the final PCB
 (1.28 mm)  is different from the design one (1.38 mm).
ore, the space left in the shaft was chosen by considering

erance and the adhesive tape. The results of calibrations
s that the board was  shifted of −22 �m radially and

horizontally. The PCB position can be shifted using adhe-
ision layer of suitable thickness.

onic measurement results

measured harmonics of the Fermilab permanent
le magnet are shown in Fig. 16: namely, normal on
nd skew on the right.
sigma repeatability of the normal (bn) and (an) skew har-

s shown in Table 4: it turns out to be not greater than
−4 through n = 7.

shaft.
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Fig. 13. Test-bench used at Fermilab to calibrate the synthetic sapphire rotating coil.

Fig. 14. Normalized sensitivity factors �∗
n before and after calibration of the signals: (a) unbucked (U

Table 4
1-Sigma repeatabiity on five turns of normal (bn) and skew (an) harmonics.

Harmonic Standard deviation Harmonic Standard deviation
b(n)  (10−4) a(n) (10−4)

3 0.15 3 0.18
4 0.18 4 0.07
5 0.19 5 0.14
6 0.17 6 0.10
7 0.20 7 0.16

The G
turns, sho
in the DB
the less-t
order-of-
sors. The
(Table 5)
in the DQ
B), (b) dipole-bucked (DB), and (c) dipole-quadrupole bucked (DBQ).

-10 sensor version results, averaged over 10 consecutive
w a dipole bucking ratio of 120 in the DB signal and 138
Q, while the quadrupole bucking ratio is 106. Despite

han-ideal initial mechanical setup, these results show an
magnitude improvement with respect to the earlier sen-
 synthetic sapphire version has even better performance
. The dipole bucking ratio is 230 in the DB signal and 480
B, while the quadrupole bucking ratio 175.
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Fig. 15. Calibrated normalized sensitivity factors �∗
n of the signals: unbucked (UB,

orange), dipole-bucked (DB, green), and dipole-quadrupole bucked (DBQ, blue). (For
interpretation of the references to color in this figure legend, the reader is referred
to  the web version of this article.)

Table 5
Bucking ratios single-turn results and 1-sigma repeatability (DBR1: dipole buck-
ing ratio of the DB signal, DBR2: dipole bucking ratio of DQB signal, and DQBR:
quadrupole  bucking ratio of DQB signal).

Turn DBR1 DBR2 DQBR

1 260.8 420.8 175.3
2 213.1 445.4 175.3
3 208.6 426.9 174.0
4 252.9 401.9 175.1
5 278.9 476.8 175.2

Mean 242.9 434.4 175.0
1-Sigma 27.5 25.3 0.5

The bu
the tolera

Curren
Paul Sche
check. Pr
this point
presented
mance of
expected

Table 6
Comparison between state-of-the-art mono-block PCB coil and new sapphire-based
transducer  coil transducers.

Parameter Old PCB coil New sapphire coil

DQB bucking ratio <30 >175
DB bucking ratio – >400
On-board bucking No Yes
1-Sigma repeatability on harmonics
with amp
Sensitivit
Possibilit

5.3. Com
transduce

The  s
sapphire-
Table 6.

With  

based tra
more tha
monic err
>175), an
with amp

Furthe
embedde
DB, and D
able to be

The st
for the b
the relati
after man

The  s
on relativ
transduc
160 �m [
the synth

turin

oncl

n inn
ation
ERN 

e, m
th th
tate of the art of magnetic measurements. The problem of har-
ic coils thickness with unacceptable sensitivity loss to some
onics for small magnet gaps (when the ratio of the thickness

Fig. 16. No
referred  to 
cking ratios of the DB and DQB signals are stable within
nce in Table 2.
tly, the same sapphire-based transducer is under test at
rrer Institute (PSI) in Switzerland for the planned cross-
eliminary results show a quad bucking ratio over 1000:
s out that the Fermilab measurements of the bucking ratio

 here were affected by the magnet end fields, and perfor-
 the proposed sensor could be significantly higher than

ufac

6. C

A
pens
by C
rang
of bo
the s
mon
harm
. to the ro

rmal (left) and skew (right) harmonics over five coil turns (in different colors). (For inte
the web  version of this article.)
litude less than 100 ppm >5 <0.5
y up to harmonic order (n) 4 8
y to modify coils radii No Yes

parison with state-of-the-art mono-block PCB coil
r

tate-of-the-art mono-block PCB coil [25] and the new
based transducer coil transducers are compared in

respect to the state-of-the-art transducer, the sapphire-
nsducer has better metrological performance, namely (i)
n five times better accuracy, arising from on-board har-
or compensation (higher Dipole quadrupole bucking ratio
d (ii) 1-sigma repeatability ten times better on harmonics
litude less than 100 ppm.
rmore, the sapphire-based transducer is designed with
d compensation, with three output bucking signals, UB,
QB. The DB signal is radius independent and thus is suit-

 calibrated by the Fermilab procedure.
ate-of-the-art transducer has an inferior DQB ratio (<30
est case [37]) is not designed for on-board bucking, and
ve position of coils inside the shaft cannot be modified
ufacturing.

apphire-based transducer has a maximum uncertainty
e coils position below <5 �m,  while the state-of-the-art

er had a maximum uncertainty from 65 �m [37] up to
25]. Finally, the position of the four PCB assemblies inside
etic sapphire can be adjusted opportunely after the man-
g using layers of precision epoxy.

usions

ovative, ultra-thin (less than 2 mm)  coil array, with a com-
 scheme for the main field components, jointly developed

and Fermilab, has been presented. In this very-small size
anufacturing technology and metrological quality control
e array sensor and the transducer turn out to be beyond
tation radius exceeds a few percent) has been success-

rpretation of the references to color in this figure legend, the reader is
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come by the proposed sensor. This was proved in extreme
h as the PCB coil for 10 mm diameter of circular bore of
rupoles discussed in this paper. A practical way  to do so

 successfully demonstrated by pushing the envelope of
ailable PCB fabrication techniques.

ation arises from both the design and the manufactur-
ery-small size, both for the sensing coil array (thickness

m)  and for the transducer as a whole (overall diame-
50 mm),  (ii) metrological performance, namely accuracy
an five times better than state of the art), arising from

 harmonic error compensation, and 1-sigma repeatability
s better than state of the art on harmonics with ampli-

 than 100 ppm), (iii) and manufacturing technology and
ical quality control of both the PCB coil array (13 double

 aligned within 10 �m),  and the synthetic sapphire sup-
concentricity, the most important uncertainty source for
oils transducers, 3 �m of uncertainty, namely one order

tude better than fiberglass). The most striking improve-
cerns the bucking factor of the dipole and quadrupole
nts, which has been improved by more than two orders
ude with respect to more traditional designs.
sue is expected to gain more importance in future because
nd towards smaller magnet apertures and higher field

 the domain of linear particle accelerators, both for phys-
rch or for medical purposes. Further development of

ated PCB coil arrays, especially focused on innovative coil
aterials and longer coils, is planned in the context of

collaboration between CERN, FermiLab, and PSI. Future
clude the evaluation of systematic calibration errors via
arison of measurements carried out with the new PCB coil
r instruments, such as other coils of the same type and a

 wire, on a suitable reference magnet.
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 A. The harmonic coil method

theory

agnetic field generated by a typical cylindrical accelerator
hen integrated along its longitudinal axis (corresponding

m path), satisfies the 2D Laplace equation on a transverse
herefore, it can be described by the complex harmonic

n [36]:

+ iBx =
∞∑

n=1

Cn

(
z

Rref

)n−1

(1)

= Bn + iAn is the nth complex harmonic coefficient, Bn and
rmal and skew field components, respectively, and Rref a

harm
origi
netic
a qu
the m
and 

not v
mate
on th

T

expr

Br =

Bt =

T
term
be c
who

A.2 C

T
mag
widt
supp
geom
and 

tion
be a
tion
mag
assu
with
 radius, which usually approximates the maximum beam

st practical cases, magnets are designed to provide only
 harmonic component n, typically with 1 ≤ n ≤ 6. For n ≥ 2,

The p
expresse

z1(�) = z1
 (2018) 37–49

s of order smaller than n depend on the position of the
he coordinate system (“feed-down effect” [12]). The mag-

 is the locus where magnetic field is null by definition. For
pole magnet (n = 2), when a coordinate axis coincides with
etic axis, a1 and b1 vanish; while if n = 3, the nullity of a2
n be taken as definition of magnetic axis (a1 and b1 may
h). Higher harmonics, commonly due to construction and
imperfections, tend to decrease as R−n

ref
for n → ∞ (based

uchy estimate for holomorphic functions) [12].
dial Br and tangential Bt field components (Fig. 17) can be

Fig. 17. Field components frame in magnet bore.

d in polar coordinates:

ei�) =
∞∑

n=1

(
r

Rref

)n−1

[An cos(n�) + Bn sin(n�)] (2)

ei�) =
∞∑

n=1

(
r

Rref

)n−1

[Bn cos(n�) − An sin(n�)] (3)

 components contain exactly the same information in
their Fourier coefficients; therefore, in principle they can
n as measurands in order to reconstruct the field as a

eometry

ils used to measure the integral field of an accelerator
re usually long rectangular loops of wire, constrained in

 the relatively-narrow magnet aperture, mounted on a
haft that allows rotation around a longitudinal axis. The

 of an ideal coil can be described by the complex points z1
s shown in cross-section (Fig. 18), representing the loca-
e conductor turns in the transverse plane. The origin can
ed as coincident with the trace on the section of the rota-

 not necessarily coinciding with the magnetic axis of the
nder test. In case of a multiple winding, all the turns can be

 as lumped together as the central positions in the analysis,
ligible uncertainty [38].

osition of the windings during the rotation can be

d as:

,0ei� = R1ei
(

+ ��
2 +�−�0

)
(4)
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Fig. 18. Filament location in the complex plane.

,0ei� = R2ei
(

− ��
2 +�−�0

)
(5)

e index 0 denotes the initial position of the windings and
tial phase of the coil. Usually, �0 is defined by the bisector
il opening angle ��  (Fig. 17), when an angular encoder

 reference trigger pulse.
agnetic flux linked through the coil during its rotation at
ry angle is given by the real part of the complex magnetic

:

tLcRe

∫ z2(�)

z1(�)

Bdz = Re

∞∑
n=1

�n

Rn−1
ref

Cnein(�−�0) (6)

is the number of winding turns, Lc the axial length of the
�n the coil sensitivity coefficients:

(
zn

2,0 − zn
1,0

)
= NtLc

n

(
Rn

2ein ��
2 − Rn

1e−in ��
2

)
(7)

 the windings size invalidates the lumped approximation,
ession can be generalized by using a sum over individual
s [39]:

2Nt∑
j=1

zn
j,0(−1)j (8)

represents the complex coordinates of the jth single half-
ent in the initial position, ordered so that the out-going

n halves of the wire loops alternate. This formulation is
rly useful for PCB-based coils, where the coordinates of all
l conductor tracks are available by design.

have the physical units of meters to power (n + 1) and
ude varying exponentially with n. In the following, they
alized with respect to the reference radius in order to

the dimension of an area (m2) and a comparable order
ude:

1
(9)

depend only upon the geometry of the coil and can be
 by calibration through the coil area, the rotation radius,

�n =

T
exac

��  =

S
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lt angle. These three scalar parameters, together with the
ase �0, are geometrically equivalent to the two  complex

 z10 and z20. The initial phase depends upon the way the
chanically mounted with respect to the reference frame

noise  ra
the ma
with  eq
exceed
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 by the encoder), and therefore is a property of the trans-
a whole, rather than of the coil alone.
, in principle, sensing coils can be built with any arbitrary
t of windings z1,0 and z2,0, the two most used geometries

l (where the phase is the same) and tangential [12]. In
ce with the divergence of the magnetic field being zero
ce-free region, the radial and the tangential field inter-
y a tangential or a radial coil, respectively, contains the
ormation. The choice between the two  options depends
ny practical factors, such as the mechanical design of the
shaft and the available space. As a main criterion, since
onic order n, signal levels increase with Rn−1. Thus, the
gnal on higher orders will be given by a coil mounted tan-
on a circular shaft with the largest diameter fitting the

 This advantage, however, is balanced by the difficulty to
ight positioning tolerances by a tangential configuration
e importantly, by some sensitivity terms approaching zero
erpreted as a continuous function of n:

 ein ��
2 − e−in ��

2 = 0 (R2 = R1) (10)

s intuitively evident if a coil with an opening angle ��
qual to a sub-multiple of 2� is considered:

⇒ �2jm = 0, j = 1, 2, . . . (11)

 coil will not link any flux of the corresponding 2jm field
 (and all of its integer multiples) at any angle during the
The zeros will fall between two  harmonics, causing the
e of the corresponding �n to be very small. This loss of

ion in the measured flux can be minimized by designing a
l coil so that the zeros fall exactly in the middle between
onics. In general, Eq. (7) cannot have zeros if the radii R1

e different.

onic compensation

nical  imperfections (due to assembly errors) and rotation
bration and torsion) degrade metrological performance of
otating coil measuring high-order harmonics, even if ide-
ned for measuring all the harmonic content of a magnet.
lar, torsional or flexural vibrations (rotation errors) of the
ise to spurious harmonic content, roughly proportional to
nant order or to the one immediately below, respectively
hanical perturbations cannot be made negligible; there-

rther coil, ideally insensitive to these two  components, is
is is commonly referred to as harmonic compensation (or

lly bucking). A coil measuring the main field component,
s referred to as absolute.
ctice, compensation is easily achieved by taking a suitable

bination of the outputs of two or more individual coils,
 in a radial or tangential array. The design and the con-

 of such an array are simpler when all the coils are equal
rmly spaced, although this is by no means necessary.
mpensation can be of two  types:

e:  the coils are physically connected in series or series
ion, if possible via an easy reconfiguration of the setup.
ired connections, especially practical for arrays on the
CB, offer higher reliability. In both cases, common mode
ations are rejected, thus providing a higher signal-to-

tio. The compensation effectiveness depends critically on
nufacturing quality of the coils; in particular, for arrays
ual nominal areas of the single coil, tolerance should not

 a few tens of ppm. With standard winding, such a tight
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ment can be met  by fabricating and sorting more units
tually necessary (at least three times as many).
the signals of all coils of the array are acquired indi-

 and then compensated numerically. This method offers
ity,  because the signals can be scaled and phase-shifted

 by using complex coefficients in the linear combination.
t only increases vastly the range of possible compensa-
emes, extending them to multiple harmonic orders with
e physical array, but also allows compensation of coil

ction and assembly errors, leading to different coil sur-
 angular mounting errors. Drawbacks include higher cost
i-channel acquisition and the related uncertainty, due to
ch and drift of gain, as well as noise limitations and offset
idual acquisition channels.

fectiveness of a compensated coil in suppressing a given
ponent n can be assessed by means of the so-called “buck-

 [21]:

abs
n
mp (12)

represents the nth harmonic component of the measured
 flux and the superscripts abs and cmp  denote the absolute
ensated values, respectively. Often, the absolute coil is a

e array used for the compensation, typically the outermost
ill output the largest signal in a multipole. In this case, the

atio provides a consistent comparison between intrinsi-
ame quantity, with and without the unwanted harmonics.
nds both on the coil geometry and on the signal acquired
specific measurement; therefore, its measured value in

 measurements is affected by electrical and mechanical
ty.
nds to infinity when the compensation is perfect, i.e. when
armonic component vanishes from the measured flux. By
l winding techniques, bucking factors of the order of a
, for the dipole, and 50–100 for the quadrupole, are com-
. The phase, on the other hand, contains information on

ruction quality of the coil array (e.g., in case of two  equal
ected in opposition to cancel out the dipole, but having a

allelism error).
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