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Abstract

Within the standard model we carry out an analysis of CP -violating observables in neutral B-

meson decays at the �(4S) resonance. Both time-dependent and time-integrated CP asymmetries

are calculated, without special approximations, to meet various possible measurements at symmetric

and asymmetric e+e� B factories. We show two ways to distinguish between direct and indirect

CP -violating e�ects in the CP -eigenstate channels such as B0
d
= �B0

d
! �+�� and �0KS . Reliable

knowledge of the Cabibbo-Kobayashi-Maskawa phase and angles can in principle be extracted from

measurements of some non-CP -eigenstate channels, e.g. B0
d
= �B0

d
! D��� and

(�)

D (�)0KS , even in the

presence of signi�cant �nal-state interactions.
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1. Introduction

Observing CP violation in the B-meson system and confronting it with the predictions of

the standard model is a challenging task in particle physics. On the experimental side, a sample

of at least 108 B mesons is required before meaningful measurements of CP asymmetries can

be carried out. On the theoretical side, there are two obstacles to reliable numerical predictions

for CP asymmetries in exclusive non-leptonic B decays. First, the present knowledge of some

of the underlying electroweak parameters such as the Cabibbo-Kobayashi-Maskawa (CKM)

matrix elements [1] is insu�cient. Second, intrinsic uncertainties due to the impact of strong

interactions exist. While the former awaits more accurate measurements, the latter needs a

deeper understanding of the dynamics of the non-leptonic weak decays.

It is well known that large CP asymmetries may arise in many exclusive decay channels

of neutral B mesons, either from B0- �B0 mixing or via �nal-state strong interactions, or by

a combination of the two [2]. However, many of the previous quantitative predictions are

problematic because they have ignored or injudiciously simpli�ed �nal-state interactions [3].

In the long run, a great improvement of these calculations is possible to yield reliable results.

It is more instructive at present to explore various available measurements of CP asymmetries

at B factories, in order to test the unitarity of the CKM matrix and study the impact of

�nal-state interactions in neutral B decays in a model-independent way.

In this letter we present a non-trivial analysis of CP -violating observables in correlated

decays of B0
d
�B0
d pairs at the �(4S) resonance, a clean basis of the future symmetric and asym-

metric e+e� B factories [4]. Two categories of interesting transitions are focused on: (1) B0
d

and �B0
d decays to CP eigenstates, in which signi�cant QCD-loop-induced (penguin) contribu-

tions may exist; and (2) B0
d and �B0

d decays to common non-CP eigenstates, whose amplitudes

depend only on a single weak phase. To meet various possible measurements proposed for

a new generation of e+e� colliders running at the �(4S) [4,5], we calculate both the time-

dependent and time-integrated decay probabilities and CP asymmetries by taking �nal-state

interactions into account. Some useful relations between the observables and the weak and

strong transition phases are obtained. We show two ways to distinguish between direct and

indirect CP -violating e�ects in the CP -eigenstate decays such as B0
d=

�B0
d ! �+�� and �0KS .

In principle, reliable knowledge of the CKM phase and angles can be extracted from measure-

ments of some non-CP -eigenstate decays, e.g. B0
d=

�B0
d ! D��� and

(�)

D (�)0KS , even in the

presence of signi�cant �nal-state strong interactions. We also point out that measurements of
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a few pure penguin modes such as B0
d=

�B0
d ! �KS should serve as a good test of the existing

calculations for the strong penguin diagrams.

2. Decay probabilities of B
0
d
�B0
d pairs at the �(4S)

The unique experimental advantages of studying b-quark physics at the �(4S) are well

known. For either symmetric or asymmetric e+e� collisions, the detectors required to measure

CP violation in correlated decays of B0
d
�B0
d events are sophisticated, but within the limits of

the present technology [4,5]. On the �(4S) resonance, the B's are produced in a two-body

(B+
u B

�
u or B0

d
�B0
d) state with de�nite charge parity C = �. The two neutral B mesons mix

coherently until one of them decays. Thus one can use the semileptonic decays of one meson

to tag the 
avour of the other meson decaying to a 
avour-non-speci�c hadronic �nal state.

At a centre-of-mass beam energy above mB+mB� but below 2mB�, the e+e� annihilation can

produce B �B� or B� �B pairs, which dominate the b�b �nal states [5]. The B� ( �B�) will decay

radiatively to the B ( �B), leaving B �B
 with the B �B in a C = + state. At a B factory, both

the B0
d
�B0
d decays in the C = � and C = + states are worth studying in order to search for

large CP -violating e�ects.

Supposing one neutral B meson decaying to a semileptonic state jl�X�i at (proper) time

t1 and the other to a non-leptonic state jfi at time t2, the time-dependent probabilities for

such a joint decay can be given by [2]

Pr(l�X�; t1; f; t2)C / jAlj
2jAf j

2e��(t1+t2)
"
1 + j�f j

2

2

�
1 � j�f j

2

2
cos[�m(t2 + Ct1)]� Im�f sin[�m(t2+ Ct1)]

#
;

(1)

where C (= �) is the charge parity of the B0
d
�B0
d pair. Here we have de�ned � � (�1 + �2)=2

and �m � m2�m1, where �1;2 and m1;2 are the widths and masses of the Bd mass eigenstates,

B1;2. In obtaining Eq. (1), two good approximations �� � �1 � �2 << � and �� << �m

have been used [6]. In addition,

Al � hl+X�jHjB0
di

CPT
== hl�X+jHj �B0

di ;

Af � hf jHjB0
di ;

�Af � hf jHj �B0
di ; �f � e�2i�B

�Af

Af

;
(2)

where �B � arg(VtbV
�
td) is the phase of B

0
d-
�B0
d mixing [2,6]. For the case that one neutral B

meson decays to jl�X�i at time t1 and the other decays to j �fi (the CP -conjugate state of jfi)
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at time t2, the corresponding decay probabilities Pr(l�X�; t1; �f; t2)C can be obtained from

Eq. (1) by the replacements Af !
�A �f and �f !

�� �f , where

�A �f � h �f jHj �B0
di ; A �f � h �f jHjB0

di ;
�� �f � e2i�B

A �f

�A �f

: (3)

The di�erence between the decay probabilities associated with B0
d ! f and �B0

d !
�f is a

basic signal for CP violation. In practice, one has to consider the possibility of an e+e� collider

to measure the time development of the decay rates and CP asymmetries. For a symmetric

collider running at the �(4S) resonance, the mean decay length of B's is insu�cient for the

measurement of (t2� t1) [4]. On the other hand, the quantity (t2+ t1) cannot be measured in

a symmetric or asymmetric storage ring operating at the �(4S), unless the bunch lengths are

much shorter than the decay lengths [4,5]. Therefore, only the time-integrated measurements

are available at a symmetric B factory. Integrating Pr(l�X�; t1; f; t2)C over t1 and t2, we

obtain

Pr(l�X�; f)� / jAlj
2
jAf j

2

"
1 + j�f j

2

2
�

1

1 + x2d

1 � j�f j
2

2

#
; (4)

and

Pr(l�X�; f)+ / jAlj
2
jAf j

2

"
1 + j�f j

2

2
�

1� x2d
(1 + x2d)

2

1� j�f j
2

2
�

2xd

(1 + x2d)
2
Im�f

#
; (5)

where xd � �m=� � 0:7 is a measurable of B0
d-
�B0
d mixing [7]. For an asymmetric collider

running in this energy region, one might want to integrate Eq. (1) only over (t2+ t1) in order

to measure the development of decay probabilities with �t � (t2 � t1) [4,5]. In this case, we

obtain

Pr(l�X�; f ;�t)� / jAlj
2
jAf j

2e��j�tj
"
1 + j�f j

2

2
�
1 � j�f j

2

2
cos(�m�t)� Im�f sin(�m�t)

#
;

(6)

and

Pr(l�X�; f ;�t)+ / jAlj
2
jAf j

2e��j�tj

2
41 + j�f j2

2
�

1q
1 + x2d

1� j�f j
2

2
cos(�m�t+ �xd)

�
1q

1 + x2d

Im�f sin(�m�t+ �xd)

3
5 ; (7)

where �xd � tan�1 xd � 35�.

From Eqs. (4)-(7) one can straightforwardly obtain the decay probabilities associated with

B0
d !

�f and �B0
d !

�f . Corresponding to the possible measurements for joint B0
d
�B0
d decays at
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symmetric (S) and asymmetric (A) B factories, we de�ne the CP -violating asymmetries as

A
S
C �

Pr(l�X+; f)C � Pr(l+X�; �f )C

Pr(l�X+; f)C + Pr(l+X�; �f)C
; (8)

and

A
A
C(�t) �

Pr(l�X+; f ;�t)C � Pr(l+X�; �f ;�t)C

Pr(l�X+; f ;�t)C + Pr(l+X�; �f ;�t)C
: (9)

In the following, we shall calculate AS
C and AA

C(�t) for two categories of interesting neutral

B decays and explore relations between the observables and the weak and strong transition

phases in them.

3. CP asymmetries in Bd decays to CP eigenstates

We �rst consider the B0
d and

�B0
d decays to CP eigenstates (i.e. j �fi = nCP jfi with nCP =

�1), such as J= KS ; �
+��, and �0KS. With the phase convention CP jB0

di = j �B0
di, we have

A �f = nCPAf ; �A �f = nCP
�Af , and �� �f = 1=�f . For symmetric and asymmetric e+e� collisions at

the �(4S), the corresponding CP asymmetries in (B0
d
�B0
d)C ! (l�X�)f are given by

AS
�

=
1

1 + x2d
Uf ;

AS
+ =

1� x2d
(1 + x2d)

2
Uf +

2xd

(1 + x2d)
2
Vf ;

(10)

and

AA
�(�t) = Uf cos(�m�t) + Vf sin(�m�t) ;

AA
+(�t) =

1q
1 + x2d

[Uf cos(�m�t+ �xd) + Vf sin(�m�t+ �xd)] ;
(11)

where

Uf =
1 � j�f j

2

1 + j�f j2
; Vf =

�2Im�f

1 + j�f j2
: (12)

Non-vanishing Uf and Vf imply the CP asymmetry in the decay amplitude (i.e. j�f j 6= 1) and

the one from interference between decay and mixing, respectively. From the above equations

one can observe a few interesting features.

(1) AS
� is a pure measure of direct CP violation, while AS

+ contains both direct and indirect

CP asymmetries. A combination of the measurements for AS
�
can in principle distinguish

between direct and indirect CP -violating e�ects in neutral B-meson decays [8]. From Eqs.

(10) and (12), we obtain

Uf = (1 + x2d)A
S
� ;

Vf =
(1 + x2d)

2

2xd

"
A
S
+ �

1� x2d
1 + x2d

A
S
�

#
:

(13)
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(2) Compared with the time-integrated CP asymmetry in incoherent B0
d and

�B0
d decays to

CP eigenstates [9] (e.g. in a hadronic production environment or in high energy e+e� reactions

[10]):

A =
1

1 + x2d
Uf +

xd

1 + x2d
Vf ; (14)

the direct and indirect parts of AS
+ have the additional dilution factors (1�x2d)=(1+x

2
d) � 0:34

and 2=(1 + x2d) � 1:34, respectively.

(3) Both AA
�(�t) are composed of direct and indirect CP violation and have the following

relation:

A
A
+(�t) =

1q
1 + x2d

A
A
�

 
�t+

�xd
�m

!
: (15)

In contrast with AA
�
(�t), the asymmetry AA

+(�t) has a dilution factor in its magnitude

1=
q
1 + x2d � 0:82, and a positive shift in its phase �xd � 35�.

(4) If j�f j = 1, only the asymmetries via mixing remain in AA
�(�t). As a signal of the exis-

tence of direct CP violation, the deviation of j�f j from unity can also be probed by measuring

the time development of the asymmetries. In particular, one can extract the information on

direct CP violation with the help of

A
A
�

�
n�

�m

�
=

q
1 + x2dA

A
+

 
n�

�m
�
�xd
�m

!
= (�1)nUf ; (16)

where n = 0;�1;�2, and so on.

From the measurements of AS
� or AA

�(�t) one can obtain the information on jAf j; j�f j,

and Im�f for the decays B0
d ! f and �B0

d ! nCP f . At the quark level, most of the neutral

B decays to CP eigenstates occur through the transitions b ! (Q �Q)q (with Q = u; c; t

and q = d; s) and their 
avour-conjugate processes. With the help of the CKM unitarity

VubV
�
uq + VcbV

�
cq + VtbV

�
tq = 0, the decay amplitudes Af and �A �f can be symbolically expressed

as

Af =
h
Aue

i(��u+�u) +Ace
i(��c+�c)

i
e�i�K ;

�A �f = nCP

h
Aue

i(�u+�u) +Ace
i(�c+�c)

i
ei�K ;

(17)

where �u � arg(VubV
�
uq) and �c � arg(VcbV

�
cq) are the b-decay (weak) phases, �u;c are the

corresponding strong phases, Au;c are the full (real) amplitudes calculated to �rst order in the

weak interactions and (in principle) to all orders in the strong interactions, and �K is a weak

phase associated with the possible K0- �K0 mixing in the �nal state (�K = arg(VcsV
�
cd) when jfi

contains a single KS or KL, and �K = 0 when jfi is of zero strangeness). De�ning h � Ac=Au,
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� � �c � �u, and �M � �B � �K, one obtains

jAf j
2 = A2

u

h
1 + 2h cos(� + �u � �c) + h2

i
;

j�f j
2 =

1 + 2h cos(� � �u + �c) + h2

1 + 2h cos(� + �u � �c) + h2
; (18)

Im�f = nCP
sin 2(�u � �M) + 2h cos � sin(�u + �c � 2�M) + h2 sin 2(�c � �M)

1 + 2h cos(� + �u � �c) + h2
:

In Eq. (18), three relations are given between the observables (jAf j, j�f j, and Im�f ) and the

weak and strong transition parameters (�u;c, �M , Au;c, and �). If the relevant weak phases

have been well determined elsewhere, one may use these relations to probe Au;c and �, in order

to obtain the information on �nal-state interactions. In principle, the decay amplitudes Af

and �A �f can be evaluated with the help of e�ective weak Hamiltonians [11] and QCD [12]. The

experimental determination of Au;c and � will provide a test of the theoretical calculations.

There are two categories of interesting decay modes, in which no signi�cant entanglement

exists between the tree-level and penguin contributions:

(1) For the decay modes with dominant tree-level amplitudes such as B0
d=

�B0
d ! J= KS

and D+D�, one can safely neglect the component Au in Af and �A �f . As a result, Eq. (18) is

simpli�ed as

jAf j = Ac ; j�f j = 1 ; Im�f = nCP sin 2(�c � �M ) ; (19)

where only the CP violation from mixing remains. Taking B0
d versus �B0

d ! J= KS for

example, we show the relative size betweenAA
�
(�t) and AA

+(�t) as well as betweenA
S
�
and AS

+

in Fig. 1. Obviously one of the angles of the CKM unitarity triangle, � � arg(�V �
cbVcd=V

�
tbVtd),

can be reliably determined from the measurements of AA
�(�t) or A

S
+ with the help of the

relation4 Im�J= KS
= sin(2�).

(2) For the pure penguin transitions such as B0
d=

�B0
d ! �KS and K0 �K0, Au;c contain no

tree-level components and may be more easily calculated. Using perturbative QCD and sim-

plifying �nal-state hadronization, the quantities Au;c and �u;c have been estimated for some

charmless exclusive decay modes [13]. Those rough results can give one a feeling of ballpark

numbers to be expected. Since the electromagnetic penguin transitions such as B0
d ! 
K�0

have been observed recently [14], a further study of the pure strong penguin decays would be

very useful. In such decays a comparison between the theoretical and experimental results

of h and � will provide a good test of the understanding of the strong penguin diagrams. In

4Note that here n
CP

= �1 since J= KS is a CP -odd state.
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practice, B0
d versus

�B0
d ! �KS might be most promising, since their branching ratios are on

the order of 10�5 [15], a level at which current B experiments start to observe rare decays [16].

4. CP asymmetries in Bd decays to non-CP eigenstates

Now we consider the case that B0
d and �B0

d decay to a common non-CP eigenstate (i.e.

j �fi 6= nCP jfi), but their amplitudes Af (A �f ) and �A �f ( �Af) contain only a single weak phase.

Most of such decays occur through the quark transitions
(�)

b ! u�c
(�)
q and c�u

(�)
q (with q = d; s),

and a typical example is B0
d=

�B0
d !

(�)

D (�)0KS as illustrated in Fig. 2. In this case, no measurable

directCP violation arises in the decay amplitudes since j �A �f j = jAf j; j �Af j = jA �f j, and j�� �f j = j�f j

(see Eq. (23)). For symmetric and asymmetric e+e� collisions at the �(4S) resonance, the

corresponding CP asymmetries in such decay modes are given by

AS
� = 0 ;

AS
+ =

�2xdIm(�f � �� �f )

2 + x2d + x4d + x2d(3 + x2d)j�f j
2 � 2xdIm(�f + �� �f )

;
(20)

and

AA
�
(�t) =

�Im(�f � �� �f ) sin(�m�t)

(1 + j�f j2) + F (�f ; �� �f ;�m�t)
;

AA
+(�t) =

�Im(�f � �� �f ) sin(�m�t+ �xd)q
1 + x2d(1 + j�f j

2) + F (�f ; �� �f ;�m�t+ �xd)
;

(21)

where F is a function de�ned as

F (x; y; z) � (1 � jxj2) cos z � Im(x+ y) sin z : (22)

Compared with the CP asymmetries in neutral B decays to CP eigenstates, here AS
+ is a

pure measure of CP violation via B0
d-
�B0
d mixing. Note that the evolution of AA

�(�t) slightly

deviates from the harmonic oscillation. From the above equations we see that the quantities

j�f j, Im�f , and Im�� �f can be determined if the measurements of AS
+ or AA

�(�t) are carried out

at future B factories. It should be noted that in some previous studies, �� �f = ��f was taken

in order to simplify �nal-state interactions and allow numerical estimates. Certainly this is

a very special condition and only valid for a few decay modes. The processes shown in Fig.

2 provide an example where �� �f 6= ��f , since the �nal states
(�)

D (�)0KS contain both I = 0 and

I = 1 isospin con�gurations.
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Symbolically the decay amplitudes Af (A �f) and �A �f ( �Af) can be written as

Af = A�e
i(��+�)e�i�K ; �A �f = A�e

i(�+�)ei�K ;

A �f = A~�e
i(�~�+~�)e�i�K ; �Af = A~�e

i( ~�+~�)ei�K ;
(23)

where � � arg(VcbV
�
uq) and

~� � arg(VubV
�
cq) (with q = d; s) are the b-decay (weak) phases, � and

~� are the corresponding strong phases, A� and A~� are the real (positive) hadronic amplitudes,

and �K is the possible K0- �K0 mixing phase in the �nal states as de�ned in Eq. (17). With

the notation �� � ~� � �, we obtain

Im�f =
A~�

A�

sin(�� + �+ ~�� 2�M) ;

Im�� �f =
A~�

A�

sin(�� � �� ~�+ 2�M ) :
(24)

Or equivalently,

Im(�f + �� �f ) = 2j�f j sin�� cos(�+ ~�� 2�M) ;

Im(�f � �� �f ) = 2j�f j cos�� sin(�+ ~�� 2�M) :
(25)

From these relations one can reliably determine �� and (� + ~� � 2�M ), once j�f j, Im�f ,

and Im�� �f have been measured in experiments. This is really interesting because we do not

need to ignore the presence of signi�cant �nal-state interactions in these decays. In Ref. [17],

B0
d !

(�)

D 0(�)KS and their CP -conjugate processes have been considered to probe the angles

of the CKM unitarity triangle � and � with the help of an approximate form of Eq. (24).

Certainly one can also apply Eq. (24) or (25) to some other related decay modes such as

f = D(�)���;
(�)

D (�)0�0; F (�)�K�, and
(�)

D (�)0J= . On the experimental side, to detect such

charmed channels should be a little easier than to detect those without charm.

5. Discussion and conclusion

To meet various possible measurements at symmetric and asymmetric e+e� B factories, we

have analysed both time-dependent and time-integrated CP -violating asymmetries in corre-

lated decays of B0
d and

�B0
d mesons at the �(4S) resonance. A parallel discussion can be given

for joint B0
s
�B0
s decays at the �(5S). Because of the very large B

0
s -
�B0
s mixing predicted by the

standard model (xs � O(10) [18]), the observable size of time-integrated CP asymmetries at

the �(5S) will be considerably diluted. On the other side, the time-dependent measurements

are also di�cult for B0
s and

�B0
s decays due to the expected rapid rate of oscillation. In fact,
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it is almost impossible to accumulate su�cient Bs events at the �(5S) for the study of CP -

violating e�ects. Using hadron collisions or high energy e+e� reactions (e.g. at the Z peak)

for producing beauty mesons, one might be able to measure the proper time evolution of some

Bs decays in the future. Then Eqs. (18) and (24) remain useful for analysing the weak and

strong transition phases in them. As an independent test of the CKM picture of CP violation,

the study of incoherent Bs decays such as B0
s=

�B0
s ! J= � and �

(�)

D
0 is quite helpful.

It is worth while at this point to remark that in Eq. (17) (or Eq. (23)) the decay am-

plitudes Af and �A �f are parametrized in terms of their weak phases, where all the strong

interaction contributions are included in Au;c and �u;c (or A�; A~�; � and
~�). Reliably evaluating

these strong-interaction quantities is a serious theoretical challenge. In the literature most

of the numerical calculations are done with the help of e�ective weak Hamiltonians and fac-

torization approximations, where all the long-distance strong interactions are incorporated in

the hadronic matrix elements of local four-quark operators. However, the quark �nal states

are not uniquely related to the physical states, and the overlap between them could be very

complicated. In order to give reliable predictions of CP asymmetries in B-meson decays, a

deeper study of the dynamics of non-leptonic weak transitions, especially at the hadron level,

becomes more urgent today [19].

In conclusion, measurements of neutral B decays at the �(4S) supply a valuable oppor-

tunity to probe the sources of CP violation beyond the K-meson system and to advance our

understanding of �nal-state strong interactions in exclusive weak decays. In view of recent

development in building high-luminosity B factories [4,5], we believe that the work done here

should be useful for experimental studies of CP violation and B-meson decays in the near

future.
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