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ANALYTIC CRITERIA FOR STABILITY OF BEAM-LOADED
RADIO-FREQUENCY SYSTEMS
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This paper presents the instability analysis of a beam-loaded radio-frequency
system with beam phase-loop and cavity tuning-loop for both accelerating and non-
accelerating beams. In addition, the case of rf voltage-proportional feedback around
the cavity is presented. The symbolic manipulation program SMP was used to ex-
pand and simplify the Routh determinantal conditions for a fifth order characteristic
polynomial. In some cases, the conditions have easy physical interpretations and it
is possible to give an analytic criterion for the threshold beam current. However,
for the most part, the Routh conditions lead to simultaneous quadratic conditions
on the beam current and loop gains. Finally, SMP was used to study the case of
dipole-quadrupole mode coupling for an accelerating beam.
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1. INTRODUCTION

The topic of beam loaded radio-frequency systems dates back to Robinson’s
paper? of 1964. However, apart from the work of Pedersen?® there has been little sub-
stantial advance in obtaining analytic stability criteria for realistic rf systems with a
multitude of feedback loops. The stumbling block is one of mathematical complexity.
The analysis proceeds as follows: (i) write the matrix equation for the system vector,
(ii) expand the matrix determinant to find the characteristic polynomial, and (iii
apply the Routh! criteria to the coefficients of the polynomial. The order n of the
characteristic polynomial scales roughly as the matrix dimension. The size of the
polynomial scales roughly* with the square of the matrix dimension; and by size we
mean the number of terms in each of the polynomial coefficients a,. The largest
member of the Routh criteria grows as the polynomial size to the power of n —1;
and so a small change in the matrix dimension can result in an enormous increase
in complexity. The case of beam and cavity alone, studied by Robinson, results in
a fourth order polynomial and is tractable by hand-working. In general, adding a
control loop with a single time constant will raise the order by one; so introducing
two loops yields a sixth order polynomial, and (by human standards) there results
“an astronomical number of terms” to contemplate and simplify. However, using a
computer tool such as the symbolic manipulation program SMP* to keep track of all
the terms the problem becomes feasible, though still not facile because the task of
simplification requires substantial human skills of pattern recognition. Indeed, the
author estimates that 80% of his time was spent attempting to reduce and simplify
the Routh conditions.

In this paper, we concentrate on 5'" order systems; and briefly mention some
results for 4 and 6'® order characteristic polynomials. Though not all of the results
are new, the presentation given here is more complete and more detailed than any
other source the present author is aware of.

The initial part of this document, Sections 2, 3 and 4 is concerned with es-
tablishing the dynamical equations for the cavity, the beam and the control loops,
respectively. In Section 5 we record the generic Routh criteria up to sixth order. In
the remaining Sections 6 through 14, we build up and examine ever more complex
systems vsing the components described in the preliminary Sections 2 through 4.

2. BEAM LOADING THEORY

The purpose of this section is to develop a model for the cavity response to small
amplitude and phase modulations of the driving current vectors. The disposition of
steady state phasors is as shown in Fig. 1. We adopt the notation introduced in
Reference.® The cavity voltage is V(t)e’“* and the total current driving the cavity is
Ir(t)e™*, where t indicates time and w is the drive angular frequency. Bold face type
will indicate complex quantities, and ordinary type face will denote pure scalars. We
shall employ dot notation for time derivatives. The cavity fundamental resonance
is modelled as a parallel resonance LCR circuit. Let Qe = 1 /VLC be the cavity
resonance frequency and a = Q,s/(2Q) = 1/(2RC) be the cavity half-bandwidth. As
noted in Reference,’ the dynamical effect of sweeping the cavity resonance frequency

*We have assumed a sparse non-diagonal matrix. If the matrix is diagonal, then the scaling is linear.
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We set ¢y = 0 and then compare real and imaginary parts:

Re=>1 = Yjcostpg— Yysinuy — hcospy , (13b)
and Im => tan¥ = Y,cospy — Yasintpa + hsin, . A (13b)

2.1.2. Non steady state We now find the relation between current and voltage vectors
for small perturbations. The cavity response is modelled by:

Teéy + [1-jtan¥ley — (I3/Ip)e~Ver — jr.AQ(t)=0. (14)

To proceed further, explicit expressions for the constituents of Ir are required.
Let nm.c +er) = Hm: +ed)+ Hw: +e)+ ch +ey), (15a)
then I3er = ISei%iey — jIfe i"e, — he’¥ Ie; . (15b)

We substitute the perturbation vectors e, = (z. + j¢.), note that e, = ey, and
compare real and imaginary parts to find, respectively,

zv(1 + s7c) + ¢v tan ¥ + Yy(@asin g — 24 cos a)

+Y3(2s 8in py — Py cos pp) + h(zv coshp — gy singy) = 0, (16a)
¢v(1 + s7.) — zv tan ¥ — Yy(dq4 cos Y4 + z45in q)
+Yi(zscos s + dusinps) + h(@v cosypp + zvsingy) = 0. (16b)

Note, setting h = 0 will recover the situation of no rf feedback around the cavity,
and in this case the demand and generator currents are equal so that subscript d can
be replaced by g. Note, until we choose a definite value for the steady state demand
phase 14 there is no direct relation between tan ¥ and (Y} , ). If the tuning changes,
then 7.AQ(t) should be added to the right hand side of Equation (16b) for imaginary
parts.

3. BEAM EQUATIONS

We shall give equations for rigid bunch dipole and quadrupole oscillations in
the limit of small amplitudes.

3.1. Dipole motion

We suppose the ideal cavity drive frequency wp is synchronous with a particle
travelling with the equilibrium momentum demanded by the guide magnetic field.
However, as a result of modulations, the cavity phase may advance or lag the ideal
phase (&0 = [wodt) by an amount ¢y. Likewise, the beam centroid may differ from
the ideal phase (®o) by an amount ¢,. The energy given to the beam is the vector
dot product of cavity voltage and beam current.

3.1.1. Steady state If the beam image current has phase 4, then the beam current
has phase ¥} = ¢ + 7. Suppose there is a single cavity with peak voltage V°. The
energy gain per turn is:

AE, = eV°cos[y)} — ¥v] = eVPsinpy . (17)

3.1.8. Non steady state Suppose the cavity has relative phase and amplitude mod-
ulations ¢y and zy. The energy gain of the beam centroid is:

AEy = V(1 + zv) cos[(¥} + ¢s) — (¥v + év)] . (18)

We subtract the steady state energy gain, Equation (17), to find the energy deviation
SE:

SE = eVO(1 + zv)[sin py cos(dy — dv) — cos py sin(dy — ¢v)] — eVOsinp . (19)
We expand to first order and take the Laplace transform, to obtain:
88E = Ki[zvsinpuy + (dv — ds) cos py] . (20)

Because of the energy deviation, the phase error ¢ will advance at the rate: s ¢, =
K36E . The product of constants is

1 1] ev®
=M=pn-_2
Ky x K3 =9, .\Mo 4.» A 2nh,E,’

where the symbols follow those in Reference.” Note that we have chosen to define
11,, the synchrotron frequency, sans the usual cos uy term.

(21)

3.2. Quadrupole motion

In this section we derive the envelope equation for a bunch which has elliptical
equi-density contours in the longitudinal phase plane. The equations presented follow .
from Reference.® We start from the phase equation for a general particle, with index

i
¢i = Q2 {(dv cos s + zv sin ) — (1 + 2v) cos(in) X ¢i} . (22)

Let ¢; = AB(t) cos y(t) with the constraint 3y/0t = 1/5. We use the chain rule to

evaluate the derivative and find ¢; = Acosy |3 — 1/87).

Hence A[f—1/8% = —Q%(14 zv)cos py x AB + Q3 [¢v cospy + zv sin )/ cos ) .

We make the assignments cos = +1 (as occur at the extrema of the phase oscilla-
tions) and sum the two resulting equations so as to eliminate the terms in zy and
¢v. Finally, we note that on the envelope Af = © is the bunch half-length. Hence
the envelope equation is:

‘
% - Mlm = —Q%cospu(l+2v) X O. (23)
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2nd order polynomial,

RH(1): a;

RH(2): a4

RH(3): ao

3rd order polynomial,

RH(1): a3

RH(2): a;

RH(3): —aea3 + a;a;

RH(4): ao

4th order polynomial,

RH(1): a4

RH(2): a3

RH(3): —aja, + aza3

mwmﬁbvu l—heam + ay(ayaq — Q»ﬂuv_

RH(5): ao

5th order polynomial,

RH(1): as

RH(2): a,

RH(3): —azas + asza,

gﬁhvu I—a—nw + h»ﬁhﬂﬁa - ﬁeaav - ﬁca—;bu_
RH(5): —[ao(azas — azaq)? ~ (aoas — a1a4)(a1a} + az2(azas — azay) — apaqas))
RH(6): ao :

—ﬂmﬁwv" as

RH(3): —ajae + aqas

RH(4): —[aza? + a3(asas — aqas) — ajasaq)

RH(5): .u_a.?%. — a4a5)? — (a1a6 — a205)(aza} + as(asas — a4as) — ayasae)
+ a%a?%. aqas)]

RH(6): (aoaj + a1(azas — E&Ea.?uaa - a4a5)? — (@106 — a205)(aza} + a(azag —
a4a5) — a1050g) + aga3(aszag — aqas)] — apas(azal + 8?%., a4as) — a,a5ag)?

RH(7): a0

6. CAVITY AND BEAM DIPOLE MODE
This is the case originally treated by Robinson.?

6.0.1.5teady state relations The model assumes that the generator (or power tube)
current is maintained by an ideal feed-forward according to:

Yycospy=14+Yysingy ; VYsing,=Yicosp,—tan¥. (33)
6.0.2. Determinantal matriz The vector equation M x x = 0, where x =
(2v) $vy ¢6, 6E), implies:
zl 22 -GY, 0
2 H SR ..m_m =0. (34)
-8 -Cp Ch K]

9

Here 21=1+4s7, ; 22=tan¥ ; Cy=cos(m) ; Sy =sin(m).
6.0.3. Characteristic polynomial

Q?[cos ps(1 + tan? ¥) — Yy tan ) + 292 cos(py)r. s
+ [(1 + tan? ¥) + (2, 7)? cos my)s? + 278 + 728
(35)

6.1. Routh determinants

RH(1), RH(2) and RH(3) imply 7. > 0.

RH(4): tan ¥ > 0, hence ¥ > 0.

If RH(4) < 0, and the cavity is detuned in the wrong sense, then there is an instability
with: Im[s] = £Q, cos py.

RH(5): cospy(1 +tan? ¥) — Yytan ¥ > 0  implies the Robinson limit:

Y: <2cospy [ sin2¥. (36)

If RH(5) < 0, then there is an instability with Im(s] = 0. In this case phase-focusing
of the bunch centroid is lost, and the bunch simply wanders.

Note, the Robinson criterion RH(5) is m&:ﬁi not because we have substituted a
general expression for the generator current, but rather because no expression at all
is needed for the generator.

Note, substituting the matched generator condition (¥, = 0 or tan¥ = Y;C}) in
RH(5) gives the special case stability limit: Y < 1/sin .

7. CAVITY WITH IDEAL RF FEEDBACK, AND BEAM DIPOLE MODE

7.0.1. Steady state relations The generator (or power tube) current I, is the sum of
the demand I; and the feedback current Iy = —(h/R)V. The ideal feedback phasing
is ¥ = 0. The generator conditions (Y; and ;) are set according to Equation (33).
The demand current is set by an ideal feed-forward, according to

Yicospg =Y cosyp, +h 5&:%"5&:&-.. (37

Because there are no feedback loops, neither Ig nor Ig explicitly enter the matrix
elements. However, as seen from the demand vector, the cavity shunt resistance and
cavity time constant are reduced by a factor 1/(1 + k) where h is the feedback gain.

7.0.2. Determinantal matriz The vector equation M x x = 0, where x =
(2vs $vs #s, 6 E), implies:

z1 22 =-CY, O
-22 21 SY 0

0 o s -0
=S -C, G, s

=0, (38)

qna..a..w:_..._.ouozaoo_.upin.saw.vmorua«.aoa_vm:uzo..o_.e!_._5_...ci._&..._u...._.a«o:o_.-oo:-
correctly adjusted. .
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feed-forward setting of the demand current phase and is not completely practical,
particularly as the beam current must be measured.

Alternatively, we may make the tuning angle ¥ the dependent variable, and
discover what is the consequence of setting the demand current phase equal to zero
(¥4 = 0). We find that the detuning is modified: tan¥ = Y,cospy + hsinyp. If
we substitute for tan ¥ into RH(5), then Y} < (1 + hcos,)/ sin yy which shows the
stability limit is degraded compared with the case of ideal feedback (¥ = 0).

9. CAVITY, BEAM DIPOLE MODE, AND FAST BEAM PHASE-LOOP

The model of Section 6 is supplemented with a beam phase-loop which is in-
tended to damp bunch dipole oscillations. We shall assume that the phase-loop has
the response of a pure integrator, that is ¢, = (I{;/s) x (¢s — ¢,). We call this
loop fast, because it amounts to proportional (i.e. no lag) feedback to the input of a

variable frequency source. Note, ¢, is the deviation of the generator phase from the
steady state set-point .

9.0.1. Steady state relations The model assumes that the generator (or power tube)
current is maintained according to:

Y,Cy =Y,cos¢p, =1+ Yysing, ; Y5, =Y;siny, = Yicosuy —tan ¥ .

Because we have added a control loop, we are forced to insert these explicit forms
for the generator components into the determinantal matrix.

9.0.2. Determinantal matriz The vector equation M x x = 0, where x =
ANo: &.: QE ﬁ.. m@v. m—dﬂ:ou"

z1 22 S)Y, -CY, 0

-z22 21 -C)Y, SY, O
0 K, s -K, 0 |=0, (44)
0 0 0 s -

=Sy —Ch 0 C s

with 21=143s1. ; 22=tan¥ ; Cy=cos(us) ; Ss=sin(m).
9.0.3. Characteristic polynomial

Q3[cos pp(1 + tan® ¥) + K,7csin py(Y; cos py — tan ¥) — Yy tan ¥ +
+ [K,(1 4 tan® ¥) + K, Yi(sin py — cos py tan ¥) + 2Q2 cos(m)rc] s +

+[(14tan®¥) + K,r(1+ Yisinm) + (7))’ cosm)s? + 2rcs° + 72s*
(45)
A necessary condition for stability is that the coefficient of s' should be greater

than zero, and this implies

Y < sec?¥ + 20%(r./K,) cos py

b cos up(tan ¥ — tan up)

, (46)
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from which we conclude tan ¥ > tan gy and K, > 0. In the limit py — 0 we find an
expression which resembles the Robinson limit:

2 2 . _ 2 2027,
amap 1 AR V/E)] = Zog+ Rl

However, in most cases this limit is subordinate to RH(5) below.

Y, <

(47)

9.1. Routh determinants

RH(1) and RH(2) imply 7. 2 0.

RH(3): 2 + K,7.[cos2¥ + Y} cos ¥ sin(¥ + )] > 0.

For K, > 0 and (¥ + p) > 0, condition RH(3) is satisfied automatically for all
tuning angles ¥ < /4. For tuning angles greater than 45°, the term cos 2¥ becomes
negative, and stability is not guaranteed unless K,7. < 2. For example, consider the
case py = 0; then RH(3) implies

-2
sin 2V

2
K7,

Though this condition gives the minimum beam load ratio Y;, the maximum value
will be constrained by RH(5) below.

Condition RH(3) also allows a domain of stability with ¥ 4y, < 0; the damping
provided by the phase-loop can overcome (to a limited extent) the instability caused
by detuning in the wrong sense (Sres < Warive below transition energy). In the limit
K,1.>» 1, we obtain the approximate stability limit:

>

—8» 2% + _ when ¥ > 0. (48)

cos2¥
$A§6um=_e+t,_ when ¥ 4 < 0.
or Y, <2/tan|2¥| when py =0 and ¥ <0. (49)

Note, negative detuning does not conflict with RH(5) below.
RH(5): cospuy(1 + tan? ¥) + K7 sinp Yy singy — Yy tan ¥ > 0.
When ¥ > 0 this implies a slight modification to the Robinson limit:

2cos py

Yo < 259588 11 4 K cos @ tan (Y, singy)] = ool BorelYpsinty)sinpy

sin 2V 8in 2¥ tan ¥

(50)
The additional stability (when g, x ¥, > 0) arises from arranging the steady state
generator current to partially oppose the steady state beam image current; this has
the effect of slightly reducing the vector-geometric cross-coupling between amplitude
and phase modulations. However, this violates the matched generator condition, and

implies that the tube must deliver reactive power.
RH(4):

0 < 2K,(R7.) cos mYi(cos pytan ¥ —sin ) + 4Q7.Yitan ¥ +
2K, sec?¥[sec*¥ + Yi(sin py — cos pp tan®) + (2,7c)” cos py(cos 2¥ + tan py sin 2¥)] +
7.K2[(1 + Yisingu)® — (Y, sin ¢ tan ¥)7] . (51)
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For the case py = 0 and ¥ > 0 this condition is satisfied automatically. However,
Routh condition RH(4) turns out to be subordinate to RH(5):

—(27)%Ys x * Y1 (7. sin 2u — 4 tan ¥)? — 8Q3 cos p1y7. tan ¥ sec’¥ +
+ 2K, x[sec?® — (,7.)? cos ps)(2tan ¥ — sin 2py sec’¥) + 1. K][2tan ¥ +
+ (,7.)? cos sy sin 2py — 3sin 2y, sec’¥) — 12K sin wt& >0. (58)
This expression for Y;(K;) can be solved for the beam current Y}, and is found to
factor:
Y < [0.5K, sin 2us(sec?¥ + 1K) — K, tan ¥ + QF cos(m)7e X
x (2tan ¥ — 0.5K,7.sin 2p)](2sec*¥ + Ky7.) / Q37(2tan ¥ — 0.57 K, sin2ys)* . (59)
Because the beam current (V) is positive, we find a quadratic constraint on the
tuning loop gain:
(o {sin 2® + sin 2u,[(Q,7c cos ¥)? cos pp — 1]} —
— 1.K? cos? ¥sin2uy — 202 cos(pp)T.5in2¥ < 0. (60)
The above expression (59) is general and applies to accelerating buckets. We now
show how the expressions simplify for a non-accelerating beam, to demonstrate the

correspondence with Pedersen.® Let us compare RH(4) and RH(5) in the limit
py — 0, and for the cases ¥ > 0 and ¥ < 0.

10.1.1. Tuning angle +ve RH(4) is satisfied automatically, but we find RH(5) re-
quires

Y < (27 — K,)(2sec?¥ 4 K1) _ 1- K, 2 + K,r.
b 4027 tan ¥ - 2027, ) lsin2¥ * tan¥)’

and conclude that the tuning loop gain is limited to K; < 2027, when ¥ > 0. Indeed,
this instability regime where ¥, < 1, ¥ > 0 and K, > 2Q27, has been experimentally
observed in the CERN PS Booster.? Note also that for 'ty > 0 and p = 0, RH(5) is
a more severe constraint than the condition on the coefficient of s'.

(61)

10.1.2. Tuning angle -ve
.1 . (2+ Krc.cos? ¥)

gﬂ#v -av—-a M\v < Nr. wa.—.n mmu.— —Ne_

(2 4+ K. cos® ¥)
2027, 8in |2¥|

and so RH(5) constitutes the more severe constraint. Note, when ¥ < 0 the tuner
gain must satisfy K; > 2Q3r..

The gain condition, for +ve and -ve tuning angles, can be summarized
(K —207)x ¥ <0.
RH(6): Examination of the coefficient of s° implies the condition K; > 0 when
Y, sin py < 1 as is required by RH(5).

whereas RH(5) implies Y, < (Ki—29r.)
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11. CAVITY, BEAM DIPOLE MODE, TUNING LOOP, AND FAST BEAM
PHASE-LOOP

We supplement the previous model with the ideal (or fast) phase-loop;
sdy = Kp(d» — ¢,). We note that because s7.AQee = Ki(dy — ¢,) there is the

possibility for cross-coupling to the tuning loop through the cavity-voltage phase-
perturbation ¢,.

11.0.1. Steady state relativns The generator (or power tube) current Iy is set as
follows:

Y,Cy=Y,cospy=14+Yisinpgy, ; Y,S,=Y,sinep,=Y,cosp,—tan¥. (62)

The presence of the phase-loop implies we must substitute explicit expressions for
the generator into the determinantal matrix.

11.0.2. Determinantal matriz The vector equation M x x = 0, where x =
(2vs Pus TeASlres, B9, H3, 6 E), implies:

21 22 0 SY, -GY, 0

22 21 -1 =GY, SY% 0

0 K, s -K 0 0 [_

o K, 0 s -K, o0 =0 (63)
0o 0 o0 o s -

=S -C, 0 0 C, s

with z1=1+4s7. ; 2z2=tan¥ ; Ci=cos(m) ; S =sin(p).
11.0.9. Characteristic polynomial

Q2 cos s Ky(1 — Yy sin ) + {3[cos (1 + tan® & + 1K) — Yy tan ¥] +

+ K,[K+ Q7 sinpm + (Yicosp — tan ¥))} s + {K, + 203 cos(pu)r. +

+ Kp[(1 + tan? ¥) + 1K, + Yi(sin gy — cos py tan ,S; s + [1+tan®¥ +
+ 7Ky + (Q7e)? cospy + 7 Kp(1 + Visinpy)) s® + 2res' + 725%. (64)

The coefficients of s! and s? in the characteristic polynomial have the possibility
to change sign (when ¥ > 0), and a necessary condition for stability is that they be
greater than zero. The coefficient of s! is automatically positive on and below the
matched generator curve tan ¥ = Y} cos yty provided that p, < 45°. Alternatively for
the general case ¥, # 0, we find the beam current limit:

Y 2cos py(1 + 7Ky cos? ¥) + K, [2K; cos? ¥ /03 — 7, sin py sin 2]
b < : = :
sin2¥ — Kp7. cos? ¥ sin 2y,
2 K(r. + K,/Q3)

for ¥ >0,o0r S.Ammswe+ :5.6

when p — 0. (65)
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Re=>  Y,Cpz2, - Y;S,¢ = (Y;Cp + h)z4 — Y; Syba — b2y,

Hs = H\‘-w‘N- l—l ﬂ\.QQﬁh = *\‘h‘N& + AsQO + ‘dv&& - ﬁﬂﬁe .

Eliminating z,, substituting € = (Y;C) — tan ¥) and subtracting a multiple of ¢, we
find:

[(1 + Y35)* +€°)(¢5 — ¢0) = [(1 + Y3 55)* + € + h(1 + Y354)|(a — 64) + he(2y — 2d) -
To first order in € we have:

_(1+h+%5) he _
(¢9 — &) = aa; -¢) + e AN (20 — 2d) . (74a)

In the limit V35, < 1 and he < 1 we obtain the approximate relation: (¢, — ¢,) =
(1+ h)(¢4 — ¢v), and this is valid on and close to the matched generator curve. Since
there is no amplitude loop, z4 = 0 for all time; and so it becomes possible to write the
matrix coefficient completely in terms of ¢4. In a similar fashion we may eliminate
¢4, and obtain z, to first order in ¢€:

_(1+h+1S) he _
(%= =)= "GTwe) ™ arwsy =) (745)

We shall also choose to write the cavity equations as if the cavity is driven by I; and
I;; this has the effect of causing the substitution z1 = (1 + h) + s7..

12.0.1. Steady state relations The generator (or power tube) current I, = I3+ I, is
the sum of the demand I4 and feedback I; currents. The demand current I, is set as
follows: :

Yicospa=Ca¥a=(1+h)+Yisingy ; Yysingg=S¥g3=Yicospy—tan¥.

The presence of the phase-loop implies we must substitute explicit expressicns for the
demand current into the matrix coefficients. The feedback current is I; = —(h/R)V.

12.0.2. Determinantal matriz The vector equation M x x = 0, where x =
ANQ. ﬁe. ﬂopbz. b4, b, %@v. mgﬂ:gu

z1 22 0 S4Yy -CY, 0
—-22 z1 -1 -CyYy S 0
0 K((14+h) s -K((1+h) 0 0 |_
0 K, 0 s -K, 0 |= 0. (75)
0 0 0 0 s -2
=S -Cy 0 0 Ch s
21

12.1. Routh determinants

It is found that the characteristic polynomial is identical with that of the pre-
vious Section 11, except with the substitutions:

Te tan ¥ Y,
RIS h=17

made throughout the expression. This being so, we can take over all the results
of the previous section regarding the positive definite nature of the polynomial and
regarding the Routh-Hurwitz determinants. For example RH(6) becomes

Te =

(76)

_ Yy sinpy
1 |C+S >0, (W)

which indicates that the stability limit is enhanced by a factor (1 + h), just as for the
case of rf feedback only and matched generator.

13. CAVITY, BEAM DIPOLE MODE, AND SLOW TUNING LOOP, AND
FASE BEAM PHASE-LOOP

We choose to model ihe tuning loop response as a single pole, or lag with time
constant 7¢; that is

TeAQres = Ki(dy — ¢0)/(1 + 37,) . (78)

The phase-loop model is unchanged: s¢, = K,(#s—¢,). Once more, there is the possi-
bility for cross-coupling between phase and tuning loops through the cavity phase 4,.

13.0.1. Steady state relations The generator current I is set as follows:
Yycos¢p, =Y,Cy =1+ Yisinpuy ; VY,sing,=Y,S,=Y,cospy —tan¥.

The presence of the phase-loop implies we must substitute explicit expressions for the
generator into the determinantal matrix. The absence of an amplitude loop implies
that the generator amplitude is set by an ideal feed-forward.

13.0.2. Determinantal matriz The vector equation M x x = 0, where x =
(20y Duy TeAQresy P9, #8, 6 E), implies:

21 22 0 SY, -CY, 0
-22 z21 -1 <=CY, SY, 0
0

0 Nr.. 1 + 81y .IN»\. 0 -
o K, o s -k o |=0 (M)
0o 0o o 0 s -2

=Sy -C, 0 0 Cy s ,
with 21=1431. ; 22=tan¥ ; Cp=cos(uy) ; S =sin(py).

18.0.8. Characteristic polynomial The size of the largest Routh determinant scales
as the 4*" power of the size of the polynomial. Replacing the tuner integral control

22




o
(68) 0 < i ,s00ug t{ + Wigutstisod ity g
+ [122()s00 35y + ¢ s egnr 4+ (P AN°L 4 4 + 1) + g) soog)u
+ (3 = 1y) 500 ,(C105) + g0t + (P22 + 1)ty wis g
+ (0’2 = ')l o0 ly (P105)g + (g 52 — T){M
+ (g2 = 12)' e+ (4N°L + 2) L + ug

:sow02aq (%)HY
*39Y3aNJ [[118 W9)SAS 3ty $9onpal L 3P °L UOIIPU0d 3Y) Jo Isn Fuiyewr pue 'suld) 67

03 wsAs aY) sonpax ‘97800 I <= j uwy ‘UoOl)IPUOD J0jRIdBULT paydIewr Y} Surnyns
-qng °sulid) [elUIOUOW O} SUIRIUOD UOIRPUOD st} ‘271 Leme Suwoioe) soyye :(H)HY

ue} o ¢l ue
. _e._< am - _?M. >0 sowooaq sty T < 4y g oy s pue

“rl lajuers | |aglusiye | |aguey
(O LTI L Y LNy
~ L "y + ) e

109 soytiduuts uotytpuod ayyy ‘g = 9 ‘wwaq Futyviaeddu-uCU B JO 95D I} 10

(s8)

u

|97 + q| uts g 500 24y .
(%= D 0 X% + (RG34 )% 4
:a31v] 003 jou 8t Jusa1IND wrwaq 3y paptaoid ‘g > M + A ‘But
-unjap aatyedau yym £3tiqess Jo utewiop B smofe osfe § < (g)HY uonpuod 3y,

* 0 <(¢)HY 30} uoyIpUCd
justogyns € jou st 1YL = A UL} UOIIPUOD JojBIaUST patajewr ayy ‘siyy Jo Yy ul

(28) 0>+ p ueym

2

ue 173 dyroy
(98) " oSF <@ Pm aﬁ.a».—l._ﬁuls.zTTm..lTs.A:

uonjtpuoo ajeutixordde oYy puy am g = Y pue [ & j,re) 358D 3} 104
n\aNo 7

(s8) . (duwer+ 1)g

w
= (1= 8u9) + ' < (f ey + 4 w500 g
JUILIND Uredq 9} UO UOTIBJIUI[ B S8
Pan1jsuod 3q osfe ued (¢)HY "SUOIPUOD YINOY] I3YI0 YIIM SIDIJUOD Sy} Inq ‘parmbaz
st 0 > ') 1°Y) puy om @ « i pue (1 < # ue)) Sutunjap a3re| Jo ased ay) o

)
(¥8) T pUe 1 A f 0= vy 1> 2y
2y ured rouny

aY) Uo jrIL] ® 09 SPUIY SIY) pur ‘JUSLIMD UNEI] 0192 JO U] 3Y) UL d[qe)s 9q P[NOYs
wa)sAs aY) ‘qutodpue)s (eotyouad v woay ‘Apsitg © 1 <€ %YL pownsse aARY 9M 2TOYM

"y dypd)

(€8) ‘0 < (mum -+ um)idsodyf +(p,uer — 1)+ 5-'y — (D001 +1) VM
{ULIO} JUSIUSAUOD 10t v Ut ()Y 9I1IM SN 193] 9817 Inq

‘apeit 3q URD JBY) SIDUIIUL [RIIAIS T8 Y], * ,OF < A Pue [ < %y°L soswdo oy Wt
1d30xa £styus 03 Aswa A[1re; st uonIpuod S1Y) ‘g < %y pur g < A4 Sutunjap aansod 104

144

12 yim paredwod %27 pajdafBau ospe aavy Im ‘18] upy

0 < [(4 wey 9500
+ 1 wis) 1932298 + 4998 AT 500 J29N% + (43°L — 1)L + 4998 Jag)ee (8)HY
"0 < 2 pue 0 < °+ A(dunt (Z)HY pwe (1)HY

SJuUDUIWLIANNIP YINoY I°§T

(c8)
4y o uty] pue ﬁc..ﬂ — agws
o= B ) — B < >4 1
0="p _cmcm+§+a:+ ..4_ bl b ] Rk S
2 o - d
‘o< p ueym [97 w8 4800%2 — (91 — g )urs ] g s00 4yp "

[2()s05 3052 + (N + D2 + N1 o500 + 2 + 1
3Ua1Md ureaq o)

UO JUN| B PUY 9M ISIMIBYI0 ‘Y uey S A uey Jt aatysod st .6 JO JuUAtOYR0D YT,

*mofaq ‘(9)HY 03 ajeulpIogns St UOIYIPUOD S1Y} ‘19A9MOY

. (e +4r) puey | Agus
(18) 0="® Gwryw Tz 4T
‘0<i uoym

(*rfg s i 500 4y°2 — pguts)agys + (M — A)ws 4800 4yg o1
(977 wis g uts 2292 — (i 800 Y2 + 1) 800305 + (i ¢80 °) + 1)°MT 4

:531JS1948 JULLIND ureaq 3y i aatyisod st ¢ Jo JUAYJI02 oY ],

'019z UWY) 1978213
aq Lay) ety st £31[1qus 10} uoyIpuod Aressacau v pue ‘() < 4 usym) ults sfueyd 0y
Ayqssod ayy) aavy [erwoukjod 519811999818YD 2 U ,¢ PUB & JO SIUIDY0D AY T,

*Kouonbaiy Jo uotsuswmtp oYy pey 3t (11 U01G)
A{sno1aa1d 5BRIOYM ‘SSO[UOISUSUITP MOU 81 'Y/ 18Y} P3JOU 9q Os[e p[noys 3] *dp e ured
ajtuyut svy YoIYM [01IU0d [erSajut aand ® Jo aswd 3Y) Yim pareduwioo se ferwoukjod
a3y jo utsvy ayy saytpour £[Buoxys (g = &) op v doof Butuny ayj jo 'y ured ayuy oy,

(08) RRCLVATE R LTIY S
+ oo [ wis 24y229g + 1780072, (2°8) + (24Y + )+ (# uer + 1)) +
4 ¢ [ 8002225057
+ (1 ey 500 — s ws)udy ik + (44 + 1)) + (Bt + (W +1)] +
+ ¢ {[( ey — g uis dy22g:0)gts + (1 wes 00 — W us) YL +
+ 172 + (8 71 + 1)) 500 55 + (B wea W uts oz — Ty + A ued + 1))} +
H{('3 = “3p°£) g u1s 4100 + 4 ey 1 — i eyl wts Ay — (U3 + b (U3 + 1) 0055
:ut0} ajeunxoidde arpy
03 s9onpaz ermoukjod snsuyRIRYD oY) ‘ASarenys sty Sutdoduy {10308} oures oy
£q pardnnur are suL) Yjoq I9A9UIYM 2 Yim paredwod se 2 323[dau pue L D L

as®d 3Y) 19PISUOD [[eys aM ‘SIY) ploaw O], *(G)HY Ul suwy jo Jaqunu ayy s[dnjo0
pue ‘009 A[y3no1 £q perwoukiod sy Jo YIFus| oYy IsWAIOUL [{IM [01IUOD e M




For a non-accelerating beam, this becomes a quadratic in Y;? :

21 + T2K,(2 + 1K) + 2Ki(1 — T2KG) +
1. K}(1 = 12K2) + 21 ) Kpr(m = 7 K) +

Y2n[2(2 + Ko + Kpro + 1Ko K) + 4(Qrere + 1)) + V'2r, > 0. (90)
The domain of stability will be maximized when the coefficient of ¥}’ (the term
independent of V;) is positive.
RH(5): After substituting the matched generator condition, ¥, = 0, the fifth Routh
determinant still consists of 251 monomial terms. However, after substituting py = 0
and factoring, the system collapses to 71 terms, and making extensive use of the

condition 7. < 7, reduces the condition still further. We find the following quadratic
condition in Y;? :

K, AN__..C + Q272) + K221 - T2Kp(2 + . K,) + (e )P re(1 - 7l - 27.K,)) +
K21} 4 Kyt (2 4 Qirer) + Kim[4 + Kpni(2 + 1K) - Qr.r(1 - 21K, - Q¥72)] +
+ (r (2 rer = T) + (K PIQ2(1 — 7.K,) - K7} +
Yo {Kla + K6 + 2K0) + Q3(2r? + 3r2K + SrKer)] + 2K (ro + K7 + Kim) +
arr? - (UK )re - 202Km(1 - 2372)} +

Y 2r(K, + K, K - Q3Kr) >0. (91)

Under the conditions K; < 7/, and K, > Q3r, RH(5) is positive for all ¥}, though
there may be an upper bound on K,. The conditions on K, and K, do not conflict
with RH(4) > 0.

RH(6): (K; + sec?¥)cos py — (Y3 + 7K, sin py) tan ¥ + 0.5Y; (7 Kp — K,;) > 0.
Solving for Y; we find the beam current is limited to:

Y < 2co8 py(1 + I cos? ¥) — 1., sin 2V sin py
d sin 2¥ + cos? ¥ sin 2y ( Ky — 7. Kp)
2 K,

2w ¥ ny M0 (Y

when ¥ >0

or Y, <

14. CAVITY, BEAM DIPOLE MODE AND BEAM QUADRUPOLE MODE

Robinson type stability for dipole-quadrupole mode coupling has been inves-
tigated in Wang,'® using a Sacherer style formalism and for the case of a non-
accelerating beam. In this section we employ the equivalent circuit model and gen-
eralize to the case of an accelerating beamn. However, for ease of exposition ve shall
consider the Routh determinants for j¢, = 0 before going on to the case u, # 0.

14.0.1. Steady state relations The generator current Ig is set by an ideal feed for-
ward as per Equation (33).

14.0.2. Determinantal matriz The vector equation M x x = 0, where x =
ANe. ﬁe. Zb, ﬁe. Qm. %. Q—&\V' ma—v—mOmn

z1 22 M.u\o lﬁ.ov\- 0 0 0
-22 21 CYya SY 0 0 0
0 0 0 s -2 0 0
-S, -C, 0 C s 0 0 |=o0, (93)
o 0 0 o0 0 s -
C© O 0 0 0 4C, s
0 0 1 0 0 F 0

with 21 =14s71. ; . 22=tan¥ ; Cy=cos(im) ; Sp=sin(m) ; Fo= Fo(Bo).
14.0.3. Characteristic polynomial

Q4 cos py[4(cos py sec’¥ — Yy tan'¥) + YiFoOopcos (Vs + sinpiy — cospp tan ¥)] 4+
Q3(5 cos py sec’ ¥ — Yy tan¥ + 4(7.Q, cos py)? + Ys FoOp cos py(sin pp — cos pp tan¥)] s +
(922 cos py)? (8 + Vs FoOosinmy)s + 703 cospy(10 + Yy FyOosinpy) 8® +
Tan»e + 5(R7e)? 33:_ s' 4 21.8® + 12s%. (94)
14.1. Non-accelerating beam

For the case p = 0 the characteristic polynomial reduces to:
Q4[d(sec’¥ - Vi tan ¥) + Vi FoOo(Y; — tan ¥)] + Q3[5sec?¥ + 4(7.0,)?

~Y; tan ¥(14+Fo00)] s? + 80, s + 107,02 8° + [sec? ¥ +5(R,7:)?] o + 27.8° + 724°.

The coefficient of s? has the possibility to change sign when ¥ > 0, and this
implies a limit on the beam current:

Y

< 2 5 + 2(Q,1.)?
A._— + N...e@ev sin 2¥ tan ¥ )

However, this condition is superseded by RH(5), RH(6) and RH(7).

14.1.1. Routh determinants

RH(1), RH(2) and RH(3) all imply 7. 2 0.

RH(4): (2Q,7:)*(1 + FyO¢)tan ¥ > 0 implies the tuning angle must be positive
(¥ > 0), because Fy > 0.

RH(5) factors and can be manipulated to the form:

tan ¥(1 + 4Fy00) + Yi[FoOo — sin? ¥(1 + Fp0,)?} > 0. (95)

There is no constraint for tuning angles sin ¥ < /F;0,/(1+ Fy6o); and in this range,
condition RH(6) supersedes. In the cases (i) FyOp < 1 and (ii) large tuning angles
sin ¥ & 1 we find the two approximate conditions:

2 :. + AM.QQQV

() Yo< 258 X (T FoBoy? ’

tan ¥(1 + 4F,0,)
1+ FoO(1 + FoOo)

() i< (96)
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We suppose RH(3) > 0, so this leaves two new conditions.
First u». < 3tan ¥ /[Fy©qcos py] which poses a severe constraint to the maximum

beam current at small tuning angles unless the synchronous phase angle p, is large
or the bunches are short.

We shall suppose that RH(4) is satisfied; in this case the condition on the term
in braces {...} > 0 reduces to:

4Y; + 3sin py[2sec? ¥ — Q212 cos py(8 + Y3 FyOo sin py)] + 12(cos pp tan ¥ — sin ) >

~Yisinpy x RH(4)/(2cos )

which is satisfied when RH(3) and RH(4) are greater than zero. Hence the second
new condition poses no constraint.

RH(7): 4(cos pp sec?¥ — Yy tan ¥) + Y, FyOq cos py(sin ytp — cos yp tan ¥ + ¥3) > 0.
The term in Y;? in this quadratic will favourably modify the stability compared with
the Robinson limit. However, for small tuning angles condition RH(6) supersedes
RH(7); and for large tuning angles, tan ¥ > 1, we find the approximate condition:

2cos py
K< sin2¥(1 4+ FyOpcos? ) '

which strongly resembles the Robinson limit.

(104)

14.2.2. Matched generator We may substitute the condition 1, = 0 into RH(7) and
find an explicit threshold current for the zero frequency instability for operation on
the matched generator curve Y, = tan ¥. The result is:

Y < V1= Fo@o/4 + (FuOo/8)? + Fo@o 14 9F,0,/8
b ~ .

sin py(1 — Fo©Oo/4) sin py

The Robinson limit is recovered on setting ©p = 0. Because RH(7) > 0 is not a
sufficient condition for RH(4), RH(5) and RH(6) to be positive there might be other
dynamical instabilities before the static instability limit is reached.

(105)

15. CONCLUSION

Analytic criteria for the stability of a beam-loaded rf cavity with beam phase-
loop and cavity tuning-loop both modelled as ideal integrators have been derived.
Few simple results comparable to the Robinson criteria are obtainable for these multi-
parameter systems. In fact, due to the size of the 5" Routh determinant (up to two
hundred monomial terms for the accelerating beam case) the abridged criteria re-

ported herein are incomplete in that they are not both necessary and sufficient Y.
Thus substitution of numerical system parameters, or the use of graphical methods

for course, the complete criteria are available in very lengthy SMP output files.

29

may still be required to establish absolute stability bounds.
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