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ABSTRACT: We study the action of S-duality on half-BPS Wilson loop operators in 5d
N = 1 theories. The duality is the statement that different massive deformations of a
single 5d SCFT are described by different gauge theories, or equivalently that the SCFT
points in parameter space of two gauge theories coincide. The pairs of dual theories that
we study are realized by brane webs in type IIB string theory that are S-dual to each
other. We focus on SU(2) SQCD theories with Ny < 4 flavors, which are self-dual, and
on SU(3) SQCD theories, which are dual to SU(2)? quiver theories. From string theory
engineering we predict that Wilson loops are mapped to dual Wilson loops under S-duality.
We confirm the predictions with exact computations of Wilson loop VEVs, which we extract
from the 5d half-index in the presence of auxiliary loop operators (also known as higher
qq-characters) sourced by D3 branes placed in the brane webs. A special role is played
by Wilson loops in tensor products of the (anti)fundamental representation, which provide
a natural basis to express the S-duality action. The exact computations also reveal the
presence of additional multiplicative factors in the duality map, in the form of background
Wilson loops.
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1 Introduction and summary of results

Five-dimensional SCFTs deformed by relevant operators often admit a low energy descrip-
tion in terms of 5d A/ = 1 SYM gauge theories with matter. The corresponding massive
parameters are interpreted in the gauge theory as the Yang-Mills couplings t = 9\71%/[ for
the simple factors in the gauge group and the masses of the matter hypermultiplets. The
SCFTs are then viewed as the limit of infinite coupling gyym — oo (t — 0) and massless
matter of the gauge theories. This was described first in the seminal paper of Seiberg [1] for
SU(2) gauge theories with Ny < 7 flavor hypermultiplets, where it was argued from their
string theory engineering that the SCFTs have enhanced En, 1 global symmetry. Many
more SCFTs have been contructed from 5d A = 1 quiver gauge theories and related to
brane systems and geometric engineering in string theory (see [2-6] for some early papers).!

It can happen that different massive deformations of a SCFT lead to different gauge
theory descriptions. Typically a deformation with parameter ¢ > 0 or ¢ < 0 can lead
to two different gauge theories with couplings g{(f/[ ~ |t|. Thus deformations in different
“chambers” of the parameter space may be described by different gauge theories.? This can
be phrased as a duality between the gauge theories which are obtained from deformations
of the same SCFT.

One such duality is realized by S-duality in the type IIB brane setup realizing the
5d theories and we will thus call it S-duality. An important class of S-dual theories are
SU(N)M~1 linear quivers and their dual SU(M )"~ linear quivers. They can be realized as
the low-energy theories of webs of 5-branes in type IIB string theory as described in [5, 6]
and the action of S-duality exchanges the brane webs of the dual theories. This duality
can be tested by computing observables in the dual theories and matching them with
appropriate identification of parameters. This assumes that the gauge theory observables in
question can be analytically continued in the deformation parameters to the full parameter
space of the SCFT. Such tests have been performed with exact results from topological
strings [10, 11] and from supersymmetric localization at the level of the partition function
(or supersymmetric index) of the gauge theories [12].

An important challenge is to understand how S-duality acts on loop operators. In this
paper we answer this question for half-BPS Wilson loop operators,

W:TrRPexp</iA—|—ad:L‘>, (1.1)

where A is the one-form gauge potential, o the adjoint scalar in the vector multiplet and R is
a representation of the gauge group. We find that S-duality acts as an automorphism on the
space of Wilson loops, namely that Wilson loops are mapped to Wilson loops. This differs
from 4d S-duality where Wilson loops are mapped to 't Hooft loops (or in general to dyonic
loops), and from 3d mirror symmetry where they are mapped to vortex loops [13]. Our

'Recently there were some attempts to classify low rank 5d A" = 1 SCFTs based on their Coulomb
branch or their engineering in M-theory [7, 8]. See also [9] for an analysis of low rank 5d SCFTs based on
numerical bootstrap techniques.

2However this is not a generic phenomenon. Often some regions of parameter space simply do not admit
a gauge theory description.



findings are guided by the type IIB brane realization of half-BPS loop operator insertions.
We relate Wilson loops to configurations with specific arrays of strings stretched between
D5 branes and auxiliary D3 branes. Through standard brane manipulations we identify
these configurations across S-duality and deduce a prediction for the S-duality map between
Wilson loops.

We consider two classes of theories, which are those with lowest gauge algebra rank.
In section 3 and 4 we consider SU(2) theories with Ny < 4 flavor hypermultiplets. These
theories are self-dual under S-duality. For instance the pure SU(2) theory is dual to another
pure SU(2) theory with the gauge couplings related by ¢t = —f(namely the region of negative
t is described by the dual SU(2);__, theory). In section 5 we consider examples of SU(3)
theories and their SU(2) x SU(2) quiver duals.

An important prediction of the brane analysis is that there is a privileged basis of
Wilson loops in which to express the S-duality map: these are Wilson loops in tensor
products of fundamental and anti-fundamental representations for each gauge node.® They
are naturally realized in the brane setup. For these loops we predict a one-to-one S-duality
map. For Wilson loops in other representations (which are linear combinations of loops in
the privileged basis), each individual loop is mapped to a linear combination of loops in
the dual theory. We therefore focus on Wilson loops of the former kind.

To test the proposed duality map we compute the exact VEVs of the Wilson loops
wrapping the circle at the origin of the 5d Omega background S' x R?heg, or ‘half-index’ in
the presence of Wilson loop insertions, using supersymmetric localization. This happens
to be a challenging computation because the modifications of the instanton corrections (in
particular to the moduli space of singular instantons at the origin) in the presence of a Wil-
son loop are not yet completely understood (to our knowledge). To side-step this problem
we follow the approach advocated in [14] (see also [15]) and compute instead the VEVs of
certain N' = (0,4) SQM loop operators, which are roughly speaking generating functions
for some Wilson loops. They are defined by an array of 1d fermions with a subgroup of the
flavor symmetry gauged with 5d fields in an N' = (0, 4) supersymmetry preserving manner
(they preserve the same supersymmetry as the half-BPS Wilson loops). The relevant SQM
loops are those sourced by stacks of n D3 branes placed in the brane web.* The Wilson
loop VEVs can then be identified as certain residues of the SQM loop VEVs in the SQM
flavor fugacities. This property is inferred from string considerations. The virtue of the
SQM loops is that one can use their brane realization as a guide to find the appropriate
modification of the ADHM quiver quantum mechanics computing instanton corrections.
Our results confirm the validity of the procedure by correctly reproducing the classical
contributions to the Wilson loop VEVs and by confirming the conjectured S-duality map.®

3For higher rank theories, the relevant representations are tensor products of anti-symmetric represen-
tations for each gauge node.

“These SQM loop operators are also known under the name of fundamental (for n = 1 D3) or higher
(for n > 1) qq-characters in the language of [16-19], although the relation to Wilson loops is not discussed
in those works.

SFor the N' =1 and N/ = 1* SU(N) theory our prescription for computing the VEVs of Wilson loops in
anti-symmetric representations is the same as that of [14]. This case corresponds to the SQM loop sourced
by a single D3 brane (n = 1).



We find however a somewhat surprising feature: Wilson loops in the appropriate tensor
product representations do not transform exactly into their dual Wilson loop, but rather
come with an extra multiplicative factor which can be interpreted as a background Wilson
loop. We say that they transform covariantly under S-duality. Let us summarize our results:

e For the self-S-dual SU(2) theories with N; < 4 flavors we consider Wilson loops in
the representations 2" and find that they transform under S-duality as

SWaen(t,m,) =Y " W2®n(t~, mg) , (1.2)
with ¢, my, t, My, the gauge coupling and mass parameters in the dual theories respec-

tively (see section 4 and appendix B for the precise maps), and Y = et Zgil(_l)kmk
= Y1, We also find that at each order in the appropriate expansion parameter the
contributions to the Wilson loop VEVs are organized into characters of the ENf+1
symmetry, confirming the symmetry enhancement. S-duality is then a transformation
in the Weyl group of En, 41 [11]. The parameter Y can be understood as a charge
one background Wilson loop for a U(1) subgroup of En, 1. We strongly believe that
these results hold for Ny =5,6,7 (but we were not able to test it).

e For SU(3) theories we consider Wilson loops in representations 3™ @ 3%"2 and in
the dual SU(2) x SU(2) quiver Wilson loops in representations (2971, 2€72), We find
the exact map

S Waeni ggeny = Yme{mW(z@nl,z@nz) ) (1.3)
with background Wilson loops Y7, Y2 which are given, for instance in the duality re-
lating the SU(3) Ny = 2 to the SU(2) x SU(2) quiver without fundamental hypermul-

] ) 284y ¢, mitmy _t1+2t t_mi+tmg
tiplet (see section 5.1) by Y1 =e~~ 3 =e2T 1  andYo=e 3 =e2 1

These results are based on exact computations up to 2 or 3-instanton corrections and for
the Wilson loops in the lowest rank representations, namely with n = 1,2 (sometimes
n = 3) and n; + ny < 2, which is as far as we could reasonably go technically (using
Mathematica). We conjecture a generalization of the S-duality map of Wilson loops with
the relation (6.2) for the duality relating SU(M) SQCD theories to SU(2)™~1 quivers.
Before moving to the bulk of the discussion it is worth mentioning some related work.
Analogous dualities of 5d A" = 1 theories for SU(NNV) theory with Ny flavors and Chern-
Simons level N — % were studied in [20] (with generalization to quiver theories). In that
case the theories are self-dual with a map of massive parameters which reverses the sign
of the (squared) gauge coupling. The paper describes duality interface theories for this
duality, but also study the action of the duality on Wilson loop operators. This involves

a dressing factor in the form of a background Wilson loop as well.® The enhancement to

®The map proposed in [20] (equation (4.2)) is not quite analogous to what we find for S-duality, because
it acts covariantly on Wilson loops in irreducible representations, instead of tensor product representations.
We observe that the proposal does not seem consistent with the fact that Wilson loops in rank N antisym-
metric representations are trivial. The duality studied is not S-duality in general, but it should be S-duality
for SU(2) theories (up to En,+1 Weyl transformations). Moreover the method proposed to compute the
half-index in the presence of a Wilson loop differs from the one proposed in this paper and might explain
the slightly different results. We believe that the method we present provides a more robust framework to
carry out such computations.
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Table 1. Brane array for 5d A/ = 1 theories and half-BPS loop operators. (tanf = %).

EN, 11 global symmetry seen from the computation of the superconformal index in SU(2)
SQCD theories was also found in [21, 22] and with Wilson ray insertions in [23], using
closely related computational methods.

The rest of the paper is organized as follows. In section 2 we discuss the brane realiza-
tion of Wilson loops and SQM loops in IIB string theory, their relations and the action of
S-duality inferred from type IIB S-duality. In section 3 we explain the computation of the
half-index with Wilson loops in detail and derive the exact S-duality action for the pure
SU(2) theory. Section 4 contains the computation and the results for the SU(2) theory with
Ny =1 and Ny = 2 flavors. We relegate to appendix B the study of SU(2) with Ny =3
and 4. In section 5 we study the duality relating SU(3) theories to SU(2) quivers and
we generalize it in section 6. The remaining appendices contain details about the ADHM
instanton computations (appendix A) and some exact results which were too voluminous
to fit in the main text (appendix C).

2 Branes and loops

In this section we give a brief review of the brane realization of 5d N/ = 1 theories follow-
ing [6] and we explain how the insertion of half-BPS loop operators can be achieved by
adding extra branes or strings to the construction.

2.1 Brane setup

The 5d N = 1 theories that we will study are engineered with a 5-brane web in type
[IB string theory, with the orientations described in the first entries of table 1. A 5(,
brane spans a line in the 2°¢ plane defined by cos(8)x5 + sin(6)z% = 0 with tan 6 = L. In
this convention we have D5 = 5 ;) and NS5 = 5(1 o). In pictures we stick to the usual
convention that D5 branes are horizontal lines, while NS5 branes are vertical lines, which
means we draw pictures in the 2°® plane.

The brane setups have parallel D5 branes spanning an interval along «® and supporting
a 5d Yang-Mills gauge theory at energies lower than the size of the interval. The simplest
example is that of figure 1-a with two parallel D5s supporting an SU(2) gauge theory.”

"For N D5 brane segments, it is believed that the diagonal U(1) C U(N) subgroup of the gauge group
living on the D5s is massive, so that the theory at energies sufficiently small is an SU(N) gauge theory.
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Figure 1. a) Brane realization of the pure SU(2) theory. b) Half-BPS strings excitations for
W-bosons and instanton particles.

There are two distances in this configuration: the distance 2a between the D5s correspond-

ing to the VEV of the real scalar in the vector multiplet (¢) = (g —Oa ), and the distance
teff := —— = t 4+ 2a between the NS5s corresponding to the effective abelian coupling on

Jeft

either of the D5 branes, where we denoted t := g% the bare Yang-Mills coupling of the
SU(2) theory. The brane setup thus describes the gauge theory at finite coupling ¢ and
on the Coulomb branch of vacua. The SCFT is obtained as the configuration where these
two sizes are set to zero, namely when the D5s and NSbs are shrunk to zero size and the
configuration looks like two intersecting 5(; 1) and 5(; ) branes.

In this picture one can add strings stretched between 5-branes associated to particle
excitations of the 5d A/ = 1 theory, as shown in figure 1-b. F1 strings stretched between
D5s are W-bosons excitations with mass 2a, while D1 strings stretched between NS5s are
instanton particles with mass ¢t + 2a.

To add flavor hypermultiplets to the 5d theory one should add external (semi-infinite)
D5 branes to the construction. To increase the rank of the gauge group one should add D5
segments to the construction. We will look at these more elaborate brane setups in later
sections.

2.2 Half-BPS loop operators

Half-BPS loop operators are realized by adding semi-infinite F1 strings, D1 strings and/or
D3 branes to the setup with the orientations given in the second entries of table 1. The
F1 strings, D1 strings and D3 branes all preserve the same four supercharges, so we can
consider configurations with all of them together if we wish. The presence of the strings
and/or D3 branes break the supersymmetry to a 1d N’ = (0, 4) subalgebra.

Importantly the D3 and D5 branes are in a Hanany-Witten orientation relative to each
other, with a F'1 string creation effect, which means that as the D3 brane crosses the D5
brane a F1 string is created stretched between them. Similarly (and remarkably) the D3
and NS5 branes are also in a Hanany-Witten orientation relative to each other, but with a
D1 string creation effect: as a D3 brane crosses an NS5 brane a D1 string is created. We
illustrate these effects in figure 2. This will be important since, according to [24], the low
energy physics is not affected by moving the D3 brane along #°° as long as one takes into
account these string creation effects.
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Figure 2. Hanany-Witten string creation/annihilation effects as we move a D3 brane (green dot)
in the 2°6 plane.

This also comes with an important property, usually called s-rule: at low energies
there can be at most one F'1 string stretched between a D3 and a D5, and similarly at most
a D1 string stretched between a D3 and an NS5. This is because the lowest energy mode
on such a string is fermionic.

The interpretation of the semi-infinite F1 and D1 string as operator insertions in the
SU(2) gauge theory is the following. A semi-infinite F1 string stretched from infinity (along
2°) to the D5s inserts a half-BPS Wilson loop in the fundamental representation of SU(2).
There are two configurations — the string ending on one or the other D5 — corresponding
to the two states traced over in the fundamental representation. A semi-infinite D1 string
stretched from infinity (along %) to the NS5s inserts a loop operator which should be a 1d
defect related to instantons in the 5d theory, however we do not know of any description
of these loops in terms of a singularity prescription for the 5d fields. We will not try to
characterize them further in this paper, however we observe from figure 2 that such loops
are related to standard Wilson loops through Hanany-Witten moves, therefore it is enough
in principle to study Wilson loops.

The interpretation of a D3 brane placed in the middle of the 5-brane array is not
strictly speaking as the insertion of a loop operator since the D3 brane support a 4d N' = 4
U(1) SYM theory at low-energies. However the 4d theory is coupled to 5d theory along
a line, through charged localized 1d fields, and the whole 5d-4d-1d setup preserves the
same supersymmetry as a half-BPS loop operator in the 5d theory, namely 1d N = (0,4)
supersymmetry. Moreover the 4d theory will not play a role in our computations and we
can consider it as non-dynamical.® Therefore we interpret this setup as inserting a loop
operator described by coupling a (0,4) SQM to the 5d theory.

At low energies the localized 1d modes are two complex fermions y,=12 (two (0,4)
Fermi multiplets), which arise as the lowest excitation of strings stretched between the D3
and D5 branes. They form a doublet of SU(2) which is identified with the 5d gauge group.
The 1d fermions x, are coupled to the 5d ‘bulk’ theory via gauging the SU(2) symmetries
by the 5d vector multiplet at the location of the line defect.” This leaves a U(1); flavor
symmetry acting on both fermions with the same charge. The corresponding mixed 5d-1d

8Tt would be interesting to study the full 5d-4d theories interacting along a line defect and to understand

the duality properties of such systems.
9The 5d N = 1 vector multiplet can be decomposed into 1d N = (0,4) multiplets. This provides a 1d
vector multiplet which gauges the SU(2) flavor symmetry of the defect theory.
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Figure 3. 5d-1d quiver theory corresponding to the addition of a D3 brane in the center. The circle
indicates the 1d flavor symmetry gauged with 5d fields. The dashed line indicates a bifundamental
Fermi multiplet (two fermions).

quiver theory is shown in figure 3. The 1d action is (in implicit notation)
Sy = / dt Y (0 — iACD P+ gD P — M 6l . (2.1)

The VEVs of the vector multiplet scalar ¢(°? and the real mass M can be identified with
the positions of the D5s and of the D3 along 2° respectively. Denoting M the position of
the D3 brane and a1, ap the positions of the D5s along x°, the fermions have mass a; — M
and as — M.

It will be central in our discussion to understand the relation between such ‘D3-loop
operators’ or ‘SQM loop operators’ and the Wilson loop operators that we wish to study.
This is because the exact computation of Wilson loop VEVs is at the moment not com-
pletely understood, therefore in order to evaluate them we will have to make use of certain
relations between the VEVs of SQM operators and the VEVs of Wilson loops on a given
manifold. To this purpose we make the following heuristic argument.

We consider the supersymmetric partition function on some manifold of the SQM
theory associated to the presence of the D3 brane, by which we mean the partition func-
tion of the 5d-1d theory, and we normalize it by the partition function of the 5d theory
alone Z5q.14/Z5q. We define this as the normalized VEV of the SQM loop. It receives
contributions from the degrees of freedom sourced by (fundamental) strings stretched be-
tween the D3 and D5 branes. Since there can be at most one F1 string stretched between
the D3 and a D5, there are four possible configurations with F1 strings contributing:
(0,0),(0,1),(1,0),(1,1), where (n,m) stands for n strings stretched to the top D5 and m
strings stretched to the bottom D5. In the configurations (1,0) and (0, 1), with a single
string, one can move the D3 brane to the top or to the bottom of the brane setup so that
no string ends on it anymore (taking into account the string annihilation effect). Such
configurations carry almost trivial contributions to the SQM loop VEV!Y since the D3
brane is decoupled from the brane web. In the two other configurations, (0,0) and (1,1),

%Because of the flux induced by the D3 brane on the D5 worldvolumes (and vice-versa) [24], such a
contribution is not 1, but rather a simple classical factor, as we will see in later sections.



D3
F1

@ D3 -—

@® D3
F1 .
D3 -
F1

Figure 4. The (0,0) and (1,1) string configurations (on the left) are related to the two configurations
for the fundamental Wilson loop insertion (on the right) by Hanany-Witten moves.

by moving the D3 vertically to the top of the brane configuration we obtain a brane con-
figuration with a string stretched between the D3 and one of the Dbs, corresponding of the
two setups of the fundamental Wilson loop insertion. This is illustrated in figure 4. There-
fore the (normalized) fundamental Wilson loop VEV corresponds to a sector of the SQM
loop, which is associated to the two configurations (0,0) and (1,1). These configurations
are those with zero net number of strings ending on the D3 (when placed in the middle
of the web)!! and correspond to states with no charge under the U(1) ¢ symmetry. The
same considerations apply in the presence of D1 strings stretched between the two NSbs,
corresponding to instanton sectors of the gauge theory, and in the presence of extra F1
strings stretched between the two D5s, corresponding to sectors with W-boson excitations.
Therefore we arrive at the proposal for the pure SU(2) theory,

(fundamental Wilson loop) = (SQM loop) (2.2)

U(1) ¢ neutral sector )
In explicit computations this means that the Wilson loop will be obtained by taking a
residue in the U(1) flavor fugacity. Of course the heuristic argument that we gave is not
precise enough to predict the overall coefficient in the above relation and we will find in
later sections that it holds up to a sign.

To access Wilson loops in higher representations we need to consider more D3 branes.
Let us place n D3 branes in the middle of the 5-brane web, as in figure 5. The SQM theory
has now Fermi multiplets transforming in the bifundamental representation of SU(2) x
U(n) s, with U(n)s flavor symmetry associated to the stack of D3s. Once again we can
think of configurations with strings stretched between the D3s and the D5s and try to
isolate those corresponding to Wilson loops insertions. We take the D3s separated, namely

1 The net number of strings ending on the D3 is the number of strings ending on the D3 counted with a
sign according to their orientation, namely the difference between the number of strings ending on the top
and on the bottom of the D3 brane in the picture.



Figure 5. Adding n D3 branes realizes a quiver theory with a Fermi multiplet in the bifundamental
of the SU(2) x U(n) flavor symmetry.

we give generic masses to the n fundamental Fermi multiplets. Each D3 brane of type (0,0)
or (1,1) (zero or two strings attached) contributes as the insertion of a fundamental Wilson
loop. The sum over configurations with D3s of type (0,0) or (1,1) only can be mapped to
the trace over states in the tensor product representation 2" :=2®2®---® 2 (n times).
It corresponds to the sector of the SQM theory neutral under a U(l)? maximal torus of
U(n)s. We thus arrive at the proposal

(Wilson loop in 2®%™) = (SQM loop) (2.3)

U(l)’fl neutral sector

Finally we may think about identifying configurations related by D3 permutations, which
correspond to averaging over U(n); Weyl transformations. The resulting reduced set of
configurations reproduces the states in the symmetric representation of rank n of SU(2),
or spin n representation, and corresponds to projecting to the U(n) f invariant sector in
the SQM,

(Wilson loop in spin n) = (SQM loop) (2.4)

U(n) ¢ neutral sector '
These are the predictions we can make from the analysis of the brane setup realizing half-
BPS loop insertions. As we will see in the next sections, some more refined prescription
will be needed to extract the Wilson loop VEVs from the SQM loop VEVs, in the form
of a precise residue integration. We will now try to make these claims more precise, to
confirm them by exact computations and use the results to understand the S-duality map
of Wilson loops.

Before proceeding we should make a comment. In the description of the SQM defect
theory there is no excitation corresponding to D1 strings stretched between the D3 and the
NS5 branes, although these are present in the brane setup. These should correspond to 't
Hooft loops in the 4d SYM theory living on the D3 branes (that we consider as frozen).
This means that in our field theory description we are restricting to a sector of the full
system which excludes these excitations. One consequence of this is that when applying
S-duality to the brane setup we will not be able to map the full SQM operator to a dual
SQM operator, but we will only map the Wilson loops which are sectors of the SQM loop.

~10 -



2.3 S-duality

A type IIB brane configuration realizing a 5d gauge theory can be transformed by S-duality,

(1) _01) of the SL(2,Z) symmetry of IIB string theory, to a dual

brane configuration, which may realize a different 5d gauge theory. S-duality in type 1IB

namely the element S = <

thus implies a duality or equivalence of the two 5d gauge theories and in particular the
identification of their infinite coupling SCFT limit. We will refer to the duality of 5d
theories as S-duality again.

In the brane picture S-duality transforms a 5(,,) brane into a 5_,,) brane. For
convenience we combine it with a reflection z° < 2% so that NS5 and D5 branes are still
horizontal and vertical respectively in the brane picture.!? Therefore under S-duality the
brane picture is simply flipped around the z® = 2% diagonal.

In many situations the dual brane configuration has no D5 branes and we cannot read
a dual field theory. We will only discuss situations where there is a dual 5d field theory.
When this is the case, in general the dual 5d gauge theories have different gauge gauge
groups and hypermultiplet representations. The Coulomb parameters are exchanged with
the effective abelian gauge couplings.

In the simplest cases, and in particular for the pure SU(2) theory, S-duality brings
back the brane configuration to itself with the Coulomb parameter and effective coupling
exchanged 2a <> t + 2a. This means that the theory is mapped to itself under this map
of parameters. We say that the pure SU(2) theory is self-dual. We will see that SU(2)
theories with Ny flavors are also self-dual, while SU(N) theories with N > 2 are dual to
SU(2) quiver theories. We will study both situations in this paper.

The action of S-duality on loop operators can be understood from their realization
in the IIB brane picture. F1 strings and D1 strings are swapped under S-duality, which
means that in general Wilson loops will be exchanged with the loops created by the D1
strings. However, brane manipulations like those in figure 2 suggest that these two classes
of loops are not independent, but rather form a single class of half-BPS loops which can all
be realized with D3 branes placed in the middle of the brane web. One way to phrase this
is that Wilson loops of one theory are mapped to Wilson loops of the dual theory under
S-duality. This is the conjecture that we wish to verify.

Theory A Theory B

Wilson loop in R4 Wilson loop in Rp

We will make this mapping more precise in examples by providing the map of representa-
tions labelling the Wilson loops R4 < Rp. We will see that the mapping of Wilson loops
is actually slightly more complicated in the presence of massive deformations because it
involves some dressing factors corresponding to background Wilson loops.

12The reflection can be seen as a 5 rotation in z%, followed by a parity x° — —x® reversing the orientation
of one type of 5-branes. Combined with IIB S-duality, it ensures that NS5s and Db5s are exchanged. This
convention is different from part of the literature on the topic where S is only combined with the 7 rotation.
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In the case of a self-dual theory, the brane picture predicts that the set of all Wilson
loops gets mapped to itself under the exchange of deformation parameters, with contribu-
tions from W-boson excitations exchanged with contributions from instanton excitations.
We will see that Wilson loops in certain representations — the tensor products of funda-
mental representations — are directly mapped back to themselves under the duality, they
transform covariantly under S, while loops in other SU(2) representations are mapped to
linear combinations of Wilson loops.

3 Loops in pure SU(2) theory

The simplest theory to analyse is the pure SU(2) theory, whose brane web is shown in
figure 1. According to the discussion in the previous section we expect the set of all Wilson
loops to be mapped to itself under S-duality. We now wish to find precisely how S-duality
acts on each individual Wilson loop.

To do so we propose to compute the exact half-index of the 5d theory in the presence
of a Wilson loop, which is the VEV of a Wilson loop on S* x Rﬁlm, where the loop wraps
S' and is placed at the origin in Rﬁlﬂ.m Here Rém denotes the R* Omega background
with equivariant parameters €1, 2. To be more precise we will be considering the VEVs of
Wilson loops normalized by the partition function.

Such supersymmetric observables can in principle be computed by equivariant localiza-
tion techniques, as discussed for example in [20, 25-27] following the seminal works [28, 29].

However, in practice one encounters difficulties because the computations reduce to an in-

4

tegration over the moduli spaces of singular instantons localized at the origin of R¢, ,.

The presence of a Wilson loop affects these moduli spaces in a way that is not completely
understood to our knowledge. To circumvent this difficulty it has been proposed in partic-
ular cases [14] (building on the analysis of [30, 31]) that Wilson loop observables can be
identified as certain contributions in partition functions of 5d-1d coupled systems, namely
contributions in SQM loop observables (aka qg-characters [16-19]). To compute the SQM
loop observables (Lgqwm) one then relies on the string theory realization of the defect the-
ory. From the brane construction it is possible to understand how the loop affects each
instanton sector, as we will see below. Explicit proposals and computations have been
made in [14] for Wilson loops in completely antisymmetric representations in 5d N = 1*
U(N) theory and 5d N' =1 pure U(N) theory, as well as in [15] for Wilson loops in more
general representations in 5d N/ = 1* U(N) theory. Here we apply the same approach to
study Wilson loops in all possible tensor product of antisymmetric representations for a
larger class of 5d N = 1 theories with unitary gauge groups. In section 2 we have proposed
a relation between Wilson loops and SQM loops. Based on the brane realization of the
SQM loops we will be able to carry out the computations and extract the exact results
for the Wilson loops. The validity of the method will be ensured by consistency checks,
including nice S-duality properties.

13The name half-index comes from the fact that the superconformal index is computed by the partition

function on S! x S*, which can be obtained by a gluing procedure from two copies of S x R?lﬂ. It is

sometimes called hemisphere index.
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3.1 Half-index computations from residues

In section 2.2 we predicted the equality (2.3) between the (normalized) VEVs of the Wilson
loop in the tensor product representation (Waen) and the U(1)} neutral sector of the
(normalized) SQM loop VEVs realized with n D3 branes (Lgqwm)-

The evaluation of the SQM loop on St x R?l ¢, is obtained from standard equivariant

localization techniques. The exact result has the form of a supersymmetric index and
depends on various fugacities:

° ql = e and ¢u = e are the fugacities associated to the symmetry generators

( i147j2+R) and 3 5(j2—Jj1+R) respectively, with j1, jo the Cartans of the SO(4)1234 ~

SU( )1 xSU(2)3 rotation symmetry on R* and R the Cartan of the SO(3)739 ~ SU(2)r
R-symmetry;

a

e o = €% is the fugacity associated to the Cartan generator of global SU(2) gauge
symmetries;

e Q = et is the fugacity associated to the U(1)i,st symmetry (instanton counting
parameter);

o z; = ¢Mi are the U(n) ¢ flavor symmetry fugacities of the defect theory, with M; the
masses of the SQM multiplets.

In the /' = (0,4) SQM, the R-symmetry is SO(4) ~ SU(2)s x SU(2)g. The result of the
computation is organized in an expansion in instanton sectors weighted by QF, k > 0,
multiplied by a common perturbative part. Since we normalize the SQM loop by the
partition function in the absence of the defect, we have the following structure

ZSd — ZEI))ert Z Zlnst Qk
k>0
rt inst k’) k
Zsaaa = Z5 (@) Y Zgaid (0, 2) Q" (3.1)
k>0

_ Zsd1d _
Lg E ck(a, o)
sa) Z5d k>0 H

Since Z5p§rt cancels in the normalization there is no need to compute it. The coefficient

Z;IzlSt’(k)(a) is computed as the supersymmetric index of the ADHM quantum mechanics

of the instanton sector k. The coefficient Z;rclftlc(l )(a, x) arises from a modified N' = (0,4)
ADHM quantum mechanics'? which can be read off from the brane realization of the SQM
loop and which is shown in figure 6 for the SQM loop realized with n D3 branes. The various
(0,4) supermultiplets arise from the lowest modes of fundamental strings stretched between
various D-branes. We have a U(k) gauge theory with a vector multiplet and an adjoint

hypermultiplet (both symbolized by a circle in the figure), 2 fundamental hypermultiplets

1414 & = (0,4) supermultiplets and Lagrangians can be constructed as the dimensional reduction of the
2d N = (0,4) supermultiplets and Lagrangians. See [14, 22] for a detailed presentation of the (0,4) ADHM
quiver data. See e.g. [30, 32] for details on 2d (0,4) supersymmetry.
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Figure 6. Brane setup for the k-instanton sector in the presence of the SQM loop and associated
N = (0,4) ADHM quiver SQM. The circle denotes a U(k) vector multiplet with an adjoint hyper-
multiplet, the continuous line a bifundamental hypermultiplet, the dashed line a Fermi multiplet
with single fermion and the mixed-doubled line a twisted hypermultiplet and a Fermi multiplet with
two fermions. The SU(2) flavor symmetry is gauged with 5d fields in the 5d-1d theory.

(continuous line), n fundamental twisted hypermultiplets and n Fermi multiplets with two
complex fermions (doubled continuous-dashed lines), and 2n uncharged Fermi multiplets
with a single fermion (dashed line). In addition there are potential terms (J and E terms)
required by (0,4) supersymmetry and other potentials coupling 1d and 5d fields.'> The
flavor symmetries of the ADHM theory are SU(2) x U(n); with fugacities a for SU(2),
identified with the global SU(2) gauge transformations of the 5d theory, and = ... 5, for
U(n). Closely related ADHM quantum mechanics were already considered in [14, 15, 30,
31] in relation to Wilson loops in 5d A/ = 1* theories.

We relegate the details of the computations to appendix A. It is still worth mentioning
that we obtain our results by first considering the 5d U(2) gauge theory with fugacities
a1 = €™, a9 = €2, and then projecting onto the SU(2) theory by imposing the traceless
conditiona; = —ag = a with a = e®. There are additional subtleties to this procedure that
arise when including matter hypermultiplets (see next sections and appendix A) and we
follow [12] for the precise method. To keep the formulas short we show some results only
at the one instanton order, although we computed them up to three instanton order.

For the n =1 SQM loop (single D3 brane), we find

qq(a+a™t)
(1 —=a2qig2)(1 — a2q1q2)

(Ligu) = — (a +at-Q + O(Q2)> a7t (3.2)
It is a Laurent polynomial in the U(1)y fugacity x. We can easily relate the various terms
in this polynomial to contributions from strings in the brane setup with a single D3 brane
(figure 3). In particular, the terms z and ! can be associated to the contributions with
one string stretched from the D3 (placed in the middle) to the upper and to the lower D5
respectively; moving the D3 brane to the top, respectively to the bottom, of the brane
web and taking into account the string annihilation effect we observe that the D3 brane
decouples from the 5-brane array, explaining the almost trivial contribution to the SQM

15We did not study in detail the form of the J and F terms. Being Q-exact, they do not affect the
computations, except for the identifications of 1d and 5d flavor symmetries which are implicit in appendix A.
The J and E terms ensuring A/ = (0, 4) supersymmetry can be found e.g. in [30].
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loop (no instanton correction). The counting parameter z and z~! can be associated to
the presence of fluxes induced by the D5 brane on the D3 worldvolume [24]: with a D3 at
(exponentiated) position z and a D5 at (exponentiated) position y we associate a classical
contribution \/3% or \/y% if the D3 is above or below the D5. In addition, if a string
is stretched from the D3 to the D5 we add a factor y/z or z/y if the D3 is above or
below the D5. These rules ensure that the contribution of a given configuration of strings
is invariant under Hanany-Witten moves of the D3 brane along z%. Using these rules we

understand the four classical contributions z = \/a/z/ra(z/a), 271 = \/a/z\/ra(l/za),
a = +/a/zy/za and o' = \/a/z/za(r/a)(1/za) as associated to the four possible string
configurations (1,0), (0,1), (0,0) and (1,1) discussed in section 2.2 (the positions of the two
D5s are y = « and y = 1/a). The other terms are instanton terms and only affect
the sectors (0,0),(1,1), namely the sector neutral under U(1)y, that we recognized as the
fundamental Wilson loop.

Following our prescription (2.2) we can extract the fundamental Wilson loop (W3) by
taking a residue over x, which selects the contributions from U(1)¢ neutral states,

dx
Wo) = — L”Zl . 3.3
Wah == § o (LGh) @) (33)
Here we have fixed the coeflicient in the relation to —1, so that the classical contribution
to the Wilson loop matches usual conventions. This leads to

qq(a+a™t)
(1—-0a2q1q2)(1 — a2q1¢2)

Wo)=a+at-Q +0(Q?). (3.4)

We can now look at larger values of n, where the SQM loop is defined by coupling n
fundamental fermions to the 5d SU(2) theory (figure 5), with n flavor fugacities x;. For
n =2 (two D3 branes) the SQM loop evaluates to

( §5§4> =x122 + 3;'1_11’2_1 + $1x2_1 + xl_lxg — (1 + 22 + 1:1_1 + :1:2_1)<W2)
(I —q)(1 —q)(1 + qig2)z122 (3.5)
(Il - Q1Q2932)(932 - Q1Q2$1)

+ (Wag2) — Q

where we have identified the contribution (Ws), given by (3.4), and the contribution
(W2 g2) for the Wilson loop in the tensor product representation 2 ® 2, with

dxl dwg —9
‘/‘/ = —_— Ln
(Wa2) ]5127%361 27T2'x2< sQu) (71, 72)

(1-g)(1 = g)(1 +q1g2) —2q1g2(0* +2+a7?)
(1-a?qg)(1 - a?qqe)

+0(Q%),

(3.6)
with the contour C for z1,x2 being circles around the origin with radii such that |zs| <

=’ +2+a7+Q

q1q2|m1| and |xa] < (q1g2) " t|z1| (see explanation below). Here again the classical contri-
butions to <L’§(§I%/I) (zero-instanton level) can be understood as associated to the possible
configurations of strings stretched between the two D3s and the two Dbs. The Wilson
loop VEV (Wag2) corresponds, according to our prescription (2.3), to the U(l)fc invariant
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Figure 7. Contour C (red) for the x5 integration, assuming x; is integrated (after z2) on the unit
circle. On the left: we exclude the residue at o = g1g2x1 (keeping only the residue at zero). This
can be achieved by choosing the integration circle on the right.

sector, which can be isolated by taking the residue over the two fugacities x1,z2 (3.6).
Indeed we recognize the classical contribution as that of the 2 ® 2 SU(2) character.

The appearance of the fundamental Wilson loop (Wa2) can be understood as the con-
tribution from string configurations where one D3 brane has a single string attached. We
can move and decouple such a D3 brane from the brane web, leaving a single D3 in the
middle of the web, sourcing a fundamental Wilson loop. There are four such configurations
(with one D3 in the middle and one D3 moved outside) corresponding to the four factors
(Wa) appearing in (3.5).

In addition to the classical and Wilson loop factors there is a extra contribution in
<L§51%/[> at one-instanton level (but not at higher instanton levels) in the form of a rational
function of 21, xo. We notice that this term has poles at z2/71 = q1¢2 and x2/21 = (q1g2) L.
We interpret this term in the string/brane language as arising from the motion of a D1
segment stretched between the two D3 branes. Indeed, such modes have (exponentiated)
mass parameters (z2/z1)* when the D3 branes are in flat space (corresponding to q1gs =
1), explaining the presence of the poles. They contribute to the VEV of a line operator in
the D3 brane theory'® and should a priori not contribute to the Wilson loop VEV of the

5d theory that we would like to compute.

If we take a naive contour of integration C as two unit circles, we would pick a residue
contribution from these terms at xo = (qig2)*'z;. Based on the above discussion, we
believe that these residues should be excluded. One way to achieve this is to define the
contour C as described above. We illustrate this in figure 7. This choice provides a consis-

tent picture in the study of S-duality in the later sections.

1By taking a residue over a we can isolate this extra factor and recognize it as a monopole bubbling
contribution for an 't Hooft loop of minimal magnetic charge in the 4d U(2) SYM theory living on the D3
branes, with 1, z2 identified with the 4d Coulomb branch parameters (see [33-35]).
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The method generalizes to any n. The Wilson loop in the tensor product representation
297" is extracted from the SQM loop by the residue computation

dx;

<W2®n == f H 27-‘-Z; gQM>(J:1’ ey $n) 5 (37)

with a contour C around the origin such that poles at z; = (q1q2)i1mj are excluded. For

instance one can pick contours as circles around zero radii such that |z, 1| < (q1g2)™ |z,

i=1,---,n— 1. This reproduces the prediction from the heuristic brane argument (2.3).
Let us give one more explicit results for n = 3,

f dl’l d.CCQ dl‘g

¢ 2mixy 2mixe 2mixs

(Wag2g2) = — <LSQM>(x17x27$3)

=a®+3a+3at+a3

(1—q1)(1 —q2)(2+ q1 + @2 + 2q1q2) — 3q1q2(a® + 2 + a7 2)

2
(1-a2qq2)(1 — a2q1q2) +o@Y-

(3.8)
The fact that we always recover the correct classical part for the Wilson loop VEVs is a

+Qa+a™t)

confirmation of the validity of our residue procedure.

From the evaluation of the Wilson loops in the tensor product representation 2%”, one
can compute Wilson loops in any representation. For instance the Wilson loop in the rank
two symmetric representation (spin 1/2) is given by Ws, = Waga — W4, = Waga — 1,
where we used the fact that the rank two antisymmetric representation Ay is trivial.

Although we will focus only on Wilson loops in tensor product representations in
this paper, we can also compute directly the VEV of Wilson loops in rank n symmetric
representations S, which are simply the irreducible spin n representations of SU(2), by a
different residue prescription. Following the logic of section 2.2 we expect that such Wilson
loops can be extracted from the SQM loop (Lgqy) by projecting onto the U(n) invariant
sector. This is achieved by computing the residue in x1,x9,--- ,x, with the U(n) Haar
measure,

(Ws,) = (— 7{1‘[2%’;2 an( ) (L) (1, - ) - (3.9)

Once again we define the contour C as unit circles with residues at ; = (g1¢2)*'x; removed.
In explicit computations we recover, for instance, the identity Waga =1+ W,.

Before concluding this section, for the sake of completeness, we should also mention
that different string theory realizations of the 5d N' = 1 pure SU(2) theory appear to have
different SQM loop operators, but same Wilson loop observables. Consider for example the
brane configuration in figure 8: as argued in [12, 36-38] this describes the same pure SU(2)
theory as figure 1, after removing the contribution of extra decoupled states associated to
the parallel external NS5-branes.!” The partition functions of the two brane configurations

"In computations, the difference arises because one starts from U(2) with Chern-Simons level x = —2
rather than k = 0, before projecting to SU(2).
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Figure 8. A possible alternative brane realization of the 5d A" =1 pure SU(2) theory.

coincide, modulo a factor which is independent of the SU(2) gauge fugacity « but only
depends on the instanton fugacity @ [12, 21, 22]. The situation is somehow similar, although
slightly more complicated, for our SQM loop operator. For example, when adding one D3
brane the configuration in figure 8 gives

(Liga) = (14 Q) — (W) + 27, (3.10)

with (W2) as in (3.4). Comparing with (3.2) we see that the only difference appears in
the x sector, which receives a single instanton correction (due to the interaction between
D1 stretched along the parallel external NS5 branes and the D3 inside of them), while the
fundamental SU(2) Wilson loop is the same. With two D3 branes we find instead

(L) =m1xa(1+ Q) +ay oyt + (ray ! + 27 w2) (14 Q) — (21 + 22) (1 + Q)(Wa)

(1—q)(1 — @)1 + qrg2)2323
(331 - CJ1CJ2$2)(9E2 - Q1Q2331)

— (a7 + 2 ) (Wa) + (Wage) — Q , (3.11)
with (Wa), (Wage) as in (3.4), (3.6) respectively. Comparing with (3.5) we again notice
that although the sectors involving positive powers of 1, 2 receive @) corrections (and the
extra rational function is also slightly modified), the Wilson loops still coincide. A similar
pattern can be observed at higher number of D3 branes, as well as in more complicated
theories. It is however not clear to us whether only one SQM loop VEV is the correct result,
or whether the different options correspond to several SQM loops in the SU(2) theory.

3.2 S-duality of Wilson loops

As we explained in the previous section the pure SU(2) theory is self-dual under S-duality
with the exchange of massive parameters 2a <+ 2a+t, which is the map (2a,t) — (2a+t, —t).
We see here that S-duality relates the theory at coupling ¢ to the theory at coupling —t,
i.e. at negative g%. It is not obvious how to make sense of the 5d theory at negative t.
One needs to analytically continue the theory to negative ¢, assuming that observables are
holomorphic in ¢. This may be possible, however we only need to assume something weaker,
which is that the theory is well-defined as long as the effective coupling ¢ + 2a is positive,
which can be seen as a constraint on the space of vacua (a > —t/2). This condition ensures
for instance that instantons on the Coulomb branch have positive mass.

It is convenient to introduce the exponentiated parameters, or “fugacities”,

Qr=e?", Qp=e ' (3.12)
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in terms of these variables the S-duality map is

S-duality map :  (Qr,Qp) — (@B, QF) . (3.13)

The terminology Qr,@p refer to the fiber-base duality of toric Calabi-Yau three-folds,
realizing the 5d SCFTs in M-theory, studied in [11]. The M-theory realization is dual to
the type IIB brane realization and the fiber-base duality of the Calabi-Yaus is the S-duality
that we want to study.

In the previous section we evaluated the Wilson loop VEVs in a small Q = Qp/QF
expansion. To check S-duality we should further expand in small Qr and write the result
as a double expansion in Qr,Qp. We find'®

L2 Wa) =14 Qr + Qp + X (44)QrQp + X&' (4:)QrQs(Qr + Qp)
+ QrQp(Q% + QrQs + QY)xy (¢4) (3.14)

+ QRQB (™ (a) + i (0) + 33" (@i a)) + o

Qr(Wae2) =1+2(Qr + Qp) + (QF + QrQs + Q%)
+ (x?l(%) + Xél(Q+)X§1(Q—)>QFQB
+ Qr@p(@r +Qn) (X8 () + x4 () + x4 (4)x3" (a-))
+QrQp(Q% + QrQp + QF) (><§11 (a) + X5 (24) + X§" (%)x?l(qf))
+ QFQB( (a+)x5" (0-) + 6" (04)x5™ (a-) + X4 (@ )xa (a-)

P a)xa (a-) + X7 (ar) + 2687 (ar) +1) + (3.15)

Q1 (Wasae2)=1+3(Qr + Qp) +3(Q} + QrQs + Q%)
+ (x?l(q+) x5 (=) + X2 (@)xa (@) + 2) QrQn
+ (x?l (g+) +3x5" (4+) + X3 (4+)x3™ (9-) + X5 (4)x2" (¢-)
x5 0)xE" (40)) QrQp(Qr + Qp) + (QF + Q3Qb + QrQh + Q%)
+.... (3.16)
SU(2) (~ A1) characters for various representations. Indeed ¢, and ¢_ are fugacities for
two SU(2) symmetries of the theory: SU(2)giag =diag(SU(2)2 x SU(2)gr) and SU(2); re-
spectively.
Every term in the above expansions is invariant under the S-duality map Qr < @p.

However we had to multiply each Wilson loop by a factor Q%/ % to obtain this result. We
therefore have the identity

n/2
(Waen) Qs Qi) — <gi> (Waen) (@, Q) (3.17)

18We use the evaluation of the Wilson loop up to three instantons, which we did not explicitly write in

the previous section.
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This means that the Wilson loops are not invariant under S-duality, but rather covariant
with the transformation

S Wasn(a,t) = e~ 2 Wasn(a +t/2,—t), (3.18)

with “S.” denoting the action of S-duality. In the CFT limit ¢ — 0, the Wilson loops
become invariant under S-duality. The multiplicative factor e~% can be interpreted as
background Wilson loop of charge —n for the a U(1)ips global symmetry associated with
the instanton charge.

We thus find that Wilson loops in tensor product representations 2" transform co-
variantly under S-duality. From here we can deduce the transformation of Wilson loops
in any representation. What we find is that in general Wilson loops do not transform
covariantly, but rather pick up an inhomogeneous part in the transformation. In particular
all the Wilson loops in spin n representations are mapped to combinations of Wilson loops
involving various representations with different multiplicative factors.

E; symmetry. This is not the whole story since the pure SU(2) theory is conjectured to
have an F; = SU(2); global symmetry in the CFT limit (¢ = 0), enhanced from the U(1)inst
symmetry, and S-duality should correspond to the Zy; Weyl transformation in SU(2);. To
make the SU(2); symmetry manifest one should introduce a different set of variables,

1

A=e 179 y=e2=Q 2. (3.19)

The parameters Qr, Qp are re-expressed as Qp = A%y and Qp = ATQ. The S-duality (or
Weyl transformation) then corresponds to

S-duality map :  (A,y) = (A,y71). (3.20)

The parameter y is the SU(2); fugacity. Expanding observables in powers of A2, one
expects coefficients f,(y) which are SU(2) characters. This was checked at the level of the

St x RY, ., partition function or “half-index” in [11] at the first few orders in A, using the

topological vertex formalism.
Expanding the Wilson loops in this new set of parameters we find

Ay W) =143 (1) A7 + X3 (404 + 33" (0)xd () A° (3:21)
+ (08 W0 (a0) + X3 (@) + 33 (@) + 38" (a-)x@ (a4) ) A4 +

A <W2®2>—1+2X 4

( )+ X" (a4) + xél(Q+)x’£‘1(q_)>A
x5y >( Har) + x5 (a) + X4 (@)xg (g-)) A°
i () (3 (a0) + X8 (a0) + 3 (a0 (a-)) A°
(6 (@3 (a0) + X8 @)X (a-) x4 (0)x3 (@) 3 (a)x5™ ()

+ X7 (g4) + 2x5 " (g4) +1)A8+---, (3.22)
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A3y (Wagaga) =1+ 3x5 " (y) A2

+ <3XA1 (y) + x5 (a+) + x5 (0-) + x5 (g4)x5 " (a-) + 2) A
( (g4) + 3x5" (a+) + x5 (a)x5" (a=) + x4 (a+)x5 " (¢-)
)X

(g (g )>A6+X Hy)AS 4 (3.23)

The SU(2); characters do appear, but only after multiplying the Wilson loop by a factor
(A%y)"/2.

4 Loops in SU(2) theories with matter

The discussion of Wilson loops in the pure SU(2) theory generalizes to SU(2) theories
with Ny fundamental flavors. These are realized via 5-brane webs with extra external
D5 and NS5 branes. They are again self-dual under S-duality and we will show that the
Wilson loops in the 2%™ representations transform covariantly under S-duality. It is well-
known that the SU(2) theories with Ny flavors enjoy a conjectured symmetry enhancement
U(1)inst x SO(2Ny) — En, 41 at the CFT locus. The S-duality is again a Weyl transfor-
mation in En, 41 [11]. We check this remarkable conjecture by showing that the Wilson
loop VEVs on St x Rél ¢, admit an expansion in En, 1 characters.

Because of technical limitations we studied only the cases Ny = 1,2,3,4, however
we strongly believe that the Wilson loops in the remaining theories with Ny = 5,6,7
have qualitatively identical properties. In this section we provide the results for Ny = 1
and Ny = 2 flavors, while the theories with Ny = 3,4 are discussed in appendix B to
shorten the presentation. Our results strongly support the general relation (4.20) for the
action of S-duality on Wilson loops in tensor product representations 2™ at finite massive
deformations.

41 Np=1

We start by considering the SU(2) gauge theory with one fundamental hypermultiplet.
The brane web realizing the theory is shown in figure 9-a. It is useful to see it as arising
from the U(2)_; /5 theory with Ny = 1, by ungauging the diagonal U(1). The index —%
indicates a Chern-Simons at level —3 for the diagonal U(1).!% This U(2) theory is used to
facilitate explicit half-index computations (see appendix A).

The vertical positions of the internal D5 branes are a1, as for the Coulomb parameters,
and the vertical position of the external D5 brane is m; for the mass parameter of the
hypermultiplet. The horizontal distance between the two NS5 branes is the effective gauge
coupling t.g of the abelian theory on a single D5. At a generic point on the Coulomb
branch the adjoint real scalar is ¢ =diag(a1,aq), with say a; > ag, and the prepotential

9This ‘parent’ U(2) theory is also in principle the theory realized by the brane setup 9-a. However the
diagonal U(1) subgroup of the gauge group is massive, since there is only one Coulomb branch deformation
of the brane web (i.e. preserving the positions of the exterior 5-branes), corresponding to the SU(2) Coulomb
parameter.

- 21 —



m1 —
------- a
L J
kD1 | @
....... -a . n D3
t,=2a+t-mj/2
5d 1d
1 1 n
Figure 9. a) Brane realization of the SU(2) theory with Ny = 1, with a; = —as = a. b)

Brane setup and ADHM quiver SQM for the k-instanton sector in the presence of an n D3 branes
SQM loop.

evaluates to [4]

t 1 1 1
F=c(af+a3) + =(a1 — a2)® — —((m1 —a1)® + (m1 — a2)®) — (a3 +a3), (4.1)
2 6 12 12
where we assumed mj > a; for i = 1,2, as in the figure. The effective coupling on a D5
brane is )
0 F mq
teﬁ‘:W:t‘F(al*ag)*?. (42)
We now impose the traceless condition a; = —as = a and define the fugacities
a=e", pu=em. (4.3)

The half-index in the presence of a Wilson loop in the tensor product representation
2% is computed using the same technology as for the pure SU(2) theory. We identify
the Wilson loop VEVs with sectors of the SQM loop realized by the addition of n D3
branes in the center of the brane web. This SQM loop Lgq s described, as for the pure
SU(2) SYM theory, by a (0,4) SQM theory with 2n Fermi multiplets with flavor symmetry
SU(2) x U(n)s and the SU(2) flavor gauged with 5d fields.

The SQM loop VEV (Lgqy) is computed with the modified ADHM quiver for the
k-instanton sector shown in figure 9-b, deduced from the brane setup with n D3 branes
and k& D1 branes. This ADHM quiver is not the same as in the pure SU(2) theory (there
are (0,4) Fermi multiplets from strings stretched between the D1s and the external D5 and
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superpotential terms identifying 1d and 5d flavor symmetries). Finally the Wilson loop in
29" is extracted by the residue computation (the same as (3.7))

n

dx;
Wagn) = (—1)" ~(L§ . 4.4
Waer) = 0" f T 50 (B ) (4.4)
where x1,- -+, x, are the fugacities for the U(n); SQM flavor symmetry and the contour C
is chosen such that |z;41| < (quge) ||, fori=1,--- ,n— 1.

We find for n =1,

(Lign) = x1 — (Wa) + a7,

w0 e + P ) - P et o)

2
(1-a2q1q2)(1 — a2q1q2) +o@Y-

(4.5)

Wa) =a+a '+ Qqg

For n = 2,

(L&) =aiwa +ay oyt +wway ' oy ws — (o1 + 22 a7 + 2y ) (W) + (Wage)
12(1 = q1)(1 — q2)(1 + q1g2)x122
! (71 — q1q272) (72 — q1q271)
1/2 172 —172(1 —q1)(1 — q2)z122(T1 + T2
+ Qg gV ( )( )r122( )
(131 - CJ1CJ2£U2)(332 - Q1QQ$1)

(4.6)

- 1—q)(1— @)1+ qg) = 2qaq¢(e® +2+a™?)
W: =a?+24+a 2+ 1/2(
< 2®2> Qﬂl (1 — a2q1q2)(1 — 0472(]1(]2)

12 12 —12 (@+a ™ (1 +q)(1+ ¢) 2
_ + 0 .
Qa2 ) (1 - a2 @)

Acting with S-duality in the brane setup (z° <> 2% reflection) we find that 2a is
exchanged with teg = ¢t + 2a — m1/2 and m; becomes mj — a + teg/2 = 3my /4 +t/2. The
S-symmetry is the Weyl transformation in the full Ey = SU(2) x U(1) global symmetry
(enhanced from SO(2) x U(1)). To make this symmetry apparent, we define

A= efa7%+% , Y= e%f% , V= efifmTl , (47)
giving the map of fugacities

a=A"ty V2 =y P (4.8)

The parameter A captures the Coulomb branch moduli, while y and v are fugacities for
the SU(2) and U(1) global symmetries respectively. S-duality corresponds to the action

Yy — y_l, with A and v invariant.
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Expanding further the above results (at 3-instanton order) at small A, we find

Ay' 2 (Wa) =1+ x3" (1) A* = x3" (4 )04° + x5 (g4) A*
= X2 (X2 ()04 + x3" (W)x5" () A° +x5" (a)v° A% + .
A2y(Waga) =1+ 25" (1A = (3" (a1) + x5 (a-) JvA®
+ (687 () + 8" (a0) + X3 (@3 (g-) ) A° (4.9)
— X W (a0 (8 (g4) + X3 (g) o A®
8" () (™ (ar) + 38" (a4) + X4 (a1 )x3" (g-) ) A°

+ (X?,h (g+) + x4" (a)x3" (a-) + 1)v2A6 +....

The coefficients are expressed as characters of SU(2) as in the previous section.
Here again the characters of the SU(2) C E5 global symmetry arise only after multi-
plying the Wilson loops by a factor (A2%y)™/2. We deduce that under S-duality the Wilson

loops transform covariantly, with the S action
S Waan (A, y,v) =y~ " Waen (A, y 1, 0v). (4.10)

This is the same transformation as in the pure SU(2) theory (3.18), except that now the

mi

. t_
parameter Yy y=e2 4.

42 N;p=2

The brane realization of the SU(2) theory with Ny = 2 fundamental hypermultiplets is
shown in figure 10. We can regard the theory as arising from the U(2) theory with Ny = 2
(without Chern-Simons term), by ungauging the diagonal U(1). We denote mj, my the
masses of the fundamental hypermultiplets.

The prepotential of the theory on the Coulomb branch, with parameter ranges mo <
a1, az < my (corresponding to the brane configuration of figure 10), is

t 1 1
F = 5(a% + a3) + 6(@1 —ag)? — 5 i;Z [(m1 — a;)® + (a; — m2)?] (4.11)
and the effective abelian coupling is
82]-" mi1 — mo mi1 — My
teﬁ‘zaT]-Q:t_‘_(al_aQ)—T:t+2a_?, (412)

corresponding to the distance between the NS5 branes in the brane configuration. In the
last equality we imposed the traceless condition a; = —as = a. We define the fugacities

a=e¢e", p=e", pup=em. (4.13)

The Wilson loops Waen are evaluated from the residue formula (3.7) from the SQM
loop Lsom defined as before, but with the modified k-instanton ADHM SQM shown in
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Figure 10. a) Brane realization of the SU(2) theory with Ny = 2 (with a1 = —as2 = a). b)
Brane setup and ADHM quiver SQM for the k-instanton sector in the presence of an n D3 branes
SQM loop.

figure 10-b. We find for n =1

(Lga) =v1 — (Wa) + 27",

(g + 1Py @0 + a7 ey )
(1—-a?2q1q2)(1 — a2q1¢2)
(1 i P et o) e
(1—a2q1q2)(1 — a2q1q2) ’

(Wa) =a+a '+ Qqig

(4.14)

- Qq1q2

while for n = 2

( gg%ﬁ =z129 + xl_lacgl + xlazgl + 331_1332 — (x1 + 22 + xl_l + $2_1)<W2> + (Wag2)

L0 (1-q1)(1—¢q2) Q}/Qq;ﬂ(xl@ + pap2)(z1 + x2) — z122(1 + q1g2) (1 + p2)
'y (71 — q1q222) (22 — Q1q21)

)

i+ p2 (L= q1)(1 = g2)(1+ q192) — 2q1g2(0” + 2+ ?)
V12 (1 -a?q1g2)(1 — a2q1q2)
L+ pe Vi1 + )1+ @) (e +a™?) +0(Q%)

Vi (1-02q1g2)(1 — 0~ 2q10) |

(Waga) =a*+2+a 2+ Q

+Q

(4.15)
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S-duality, implemented by the 2® <> 2 reflection, acts on the parameters as follows:

. t mip — mso t 3
tion : — = - t— —=+—(my —
S action a 2+a 1 , 2+4(m ma),
t  3my+mg t  mi+3mgy
- -4+ —27= - -+ — 4.16
mi 2+ 1 3 ma 2+ 1 ( )

To make the E5 = SU(2) x SU(3) global symmetries (enhanced from SO(4) x U(1)) appear,
we define the new set of fugacities

_t_ _m +mg
A=e"37% u=e 2z
2t _t w _t_mi—m2
Yy1=e¢€3, Y2 =¢€ 3+ ; Yys=e¢€ 3 2 ’ (417)

satisfying y1y2ys = 1. The y; are the SU(3) fugacities and w is the SU(2) fugacity. In
terms of the new parameters, the S action is simply y; <> yo (with the other parameters
invariant) and corresponds to a Weyl transformation in SU(3). In particular it does not

commute with the flavor symmetry m; <> mo, which is the Weyl transformation yo <> ys.

The full group of Weyl symmetries of SU(2) x SU(3) corresponds to the action u — u™*

for SU(2) and the permutations of y,y2, y3 for SU(3).
Expanding further the above results (at 3-instanton order) at small A, we find

Ay P (Wa) =1+ x52(1) A% — x5 (a0)xa" () A% + x5 (g4)x2> () A*
— X4 (x5 () (W) A + x5 (4:)xE (W) A® + X2 (a1 ) x> (§) A°
+ (6 (@)xg" (a-) + X8 () + X8 (a4) ) A° +
A%y (Waaz) =1+ 2052 ()47 — (x3" (a+) + 3" (a-) )3 (w)A4°
@A+ (xa (a4) + X3 (@ )x8 (o )) 5 (A
X

X
él) §)A°
A
8

)
)

A A
- <x41(q+) 2" () + x5 (@)xe ' (

2

A A
+ (Xsl(q+) + x5 () + x4 (@)xa ' ( )x

+ (X8 (@) + XA (@xE (a0) + 1) () A° +
(4.18)
We find the expansions in characters of the E3 global symmetry after multiplying the
Wilson loops by a factor (A%y;)"/2. We deduce that under S-duality the Wilson loops
transform covariantly, with the S action

_n

2
S'W2®” (Aa y17y27y3au) = <z;> W2®" (A7y2>y17y37u) ; (419)

ml—

1/2 — eé . Since it does not commute with

with the multiplicative parameter (y1/y2)
the flavor Weyl symmetry F' exchanging m; and mgy (y2 <> y3), we can define a second S-

duality action S’ = F~!.S.F which implements y; <+ y3 and transform the Wilson loop with
12 _ o3t

a multiplicative parameter (y;/y3)
F exchanges S and 5.

. The flavor symmetry transformation
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We study similarly the SU(2) theories with Ny = 3 and Ny = 4 flavors in appendix B.
We find again that the Wilson loop VEVs (Wasen) are computed from the residue for-
mula (3.7), with appropriate SQM loop L3y derived from the brane configurations with
n D3 branes. The results for n = 1,2 are again consistent with the enhanced ENf+1 flavor
symmetry at the CFT point.

Under S-duality we find that the Wilson loops Wagn transform covariantly,

S.W2®n (:lj) - Y_n W2®n (27,> 5 (420)

with ¢ the fugacities, ¢ their S-transform, and Y = et Zi\zl(_l)kmk.m The parameter
Y can be understood as a charge one background Wilson loop for a U(1) subgroup of
En;+1. This is our main result for SU(2) theories with Ny < 4 flavor hypermultiplets. We
conjecture that this will hold for Ny = 5,6,7 and n > 3 as well.

5 SU(3)-SU(2)? dualities

We now explore the action of S-duality in theories which are not self-dual. The lowest rank
examples relate SU(3) theories with flavor hypermultiplets to SU(2) x SU(2) quiver theories.
They are part of a larger group of dualities relating SU(N)™~! quivers to SU(M)N~!
quivers, proposed in [5, 6, 39] and studied e.g. in [10, 11]. We will discuss two instances
of such dualities and find how the Wilson loops of one theory are mapped to the Wilson
loops of the dual theory.

5.1 SU(3) Ny =2 and SU(2), x SU(2),

First we consider the SU(3) theory with Ny = 2 fundamental hypermultiplets. Its brane
realization is shown in figure 11-a. Acting with S-duality on the brane configuration we
obtain the web diagram of figure 12-a, which realizes the quiver theory SU(2), x SU(2),
which has one bifundamental hypermultiplet. The index 7 indicates that the SU(2) gauge
nodes have a non-trivial theta angle.?! Indeed in five dimensions an SU(2) gauge theory
admits a Zo valued deformation, parametrized by 6 = 0,7, which affects the weight of
instanton contributions in the path integral. We refer to [2] for a more detailed discussion
on the theta angle deformation and to [12] for the determination of the theta angles from
the brane configuration.

We will see that the exact computations of the half index with Wilson loop insertions
support the S-duality map between loops that one can read from the brane picture. We start
by computing the Wilson loop VEVs in the two dual theories from residues of SQM loops.

5.1.1 SU(3), Ny =2 loops
To start with we would like to compute the VEVs of Wilson loops on S' x R _ in the

€1,€2

SU(3) theory. In particular, in analogy with the SU(2) case, we will focus on Wilson loops

20This one S-duality. Other S-duality transformations are obtained by conjugating S by flavor Weyl
symmetries (permutations of the myg).
2In the previous sections the theta angle was always vanishing.
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Figure 11. a) Brane realization of the SU(3) theory with Ny = 2. b) Brane setup ADHM quiver
SQM for the k-instanton sector in the presence of an n D3 branes SQM loop.

in tensor product representations Ry, n, = 3¥" ® 3%¥"2. Loops in other representations
can be obtained as linear combinations of those.

The Wilson loop VEVs will arise from various residues of SQM loops realized with
n = n1 + ng D3 branes placed in the central regions of the brane web. The associated (0,4)
SQM has 3n Fermi multiplets transforming in the (3,n) of SU(3) x U(n)s, where U(n) is
the flavor symmetry of the SQM and SU(3) is gauged with 5d fields.

The string configurations contributing to a Wilson loop in the 3 are those with a D3
brane above the brane web and with a single string stretched from the D3 to any D5
segment. Upon moving the D3 brane towards the middle regions, taking into account
Hanany-Witten effects, we reach configurations with a D3 brane placed between the top
and middle D5s, with zero net number of strings attached. Such configurations are associ-
ated to states with a non-vanishing charge under the U(1) flavor symmetry associated to
the D3. Indeed the classical factor arising from D5 and D3 actions with this positioning

is VN e a5 =/ ama, (as discussed in section 2.2), thus in the U(1) sector of charge

1
2
on the D3 is zero. Similarly a Wilson loop in the 3 representation is realized from config-

(sector 2'/2). Additional strings do not change the U(1); charge since their net number

urations with a D3 below the brane web and with a single string stretched from the D3
to any D5 segment. After Hanany-Witten moves they become configurations with the D3
placed between the middle and bottom D5s and with zero net number of strings ending
in it. They carry a classical contribution \/% \/0‘77 \/% =, /% and correspond to the
SQM sector of U(1) charge —1.

Similarly, for a Wilson loop in Ry, n, the string configurations contributing are those
with n; D3s between the top and middle D5s and ny D3s between the middle and bottom
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D5s, and with zero net number of strings attached. These configurations match the SQM

1 1 1 1
sector of charge (2, g Ty —2> under U(1)" xU(1)"2 C U(n), with n = ny+no.
—_— ——o—

ni no
Here a charge % or —% is a flavor U(1) charge associated to a single D3 brane in the upper

or lower central region of the web.
We thus arrive at the following proposal for the residue relation between the SQM loop
and the Wilson loops, isolating the relevant charge sector:

de‘i e dx;
(Wr, )= (— ;4 (L) (@), (5.1)
1 2 1271'2:6/ o 1/2 SQM

where n = ny + ng , x; are the U(n) fugacities, and the contour C needs to be fixed
to avoid spurious residues. As before, we will take C to be unit circles with residues at

= (q1q2)* 'z}, i < j, excluded. The sign in (5.1) is fixed a posteriori from the explicit
computations.

The evaluation of the SQM loop VEV proceeds with the k-instanton ADHM quiver of
figure 11-b, derived from the brane picture. We start from the computation for the U(3)
theory with Ny = 2 flavors and then impose the traceless condition a; + a2 + a3 = 0 on
the Coulomb branch parameters.

We denote mi,mo the flavor masses and work in the chamber a; > as > m; > a3 as
in the figure. We define a12 = a1 — ag, as3 = as — az and the fugacities

a a m m
ajpg =€e"?, agg=e", =", pup=e". (5.2)

The formulas that we find in terms of these parameters are too long to be reported here (we
provide some explicit results in terms of other variables below). Still we find the expected
structure, for n = 1, 2,

(Ligh) =23 — 21> (Wa) + 27 (W) — 272,

<LSQM> _$3/2$3/2 x;3/2$;3/2 B xi’/Q:c;?’/Q B x;3/2x3/2
(ol g
B (zf3/2x;1/2 + x;1/2x53/2 B x3/2x;1/2 B x71/2x3/2) <W§>

/2,1
1

12—12 12 —1/2  —1/2 1/2
+ <W3®3 / / (W3 g3) — (331/ Ty / + I /952/ ><W3®§>

)+
(1- ql)(l QQ)\/%’N?Q \/Q1Q2(331 +x2) (1 + p2) — (1 + qrge) (w172 + pap2) '

+Q
12 (551 - (I1(I2€E2)($2 - Q1QQ931)

(5.3)
The appearance of Wilson loops VEVs in (5.3), with the correct classical part (zero in-
stanton sector), is in agreement and confirms the residue formula (5.1). Here again we see
spurious terms at one-instanton level in <LSQM> (last line in (5.3)), whose poles are avoided
by the contour prescription in 5.1.
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In order to check S-duality we introduce a new set of variables corresponding to (ex-
ponentiated) distances between D5 branes (Qf,) and between NS5 branes (Qp,),%>

—a —1 —a -1 my—ma 1251
QF1:€ 12:012, QF2:€ 23:@237 sze 2 = @)
4 2 mi+mg
Qp, — c—1—Han-Fay-migma -
1 1/3 2/3 ’ (5.4)

Qg Qg3 /12

Qp, = e—t—3aa—doagt 2152 _ QP f2

By 2/3 4/3°

Qyy Qg

S-duality exchanges D5 and NS5 branes in the brane web, therefore it will map Qp pa-
rameters of the SU(3) theory to Qr parameters of the SU(2)? theory and vice-versa. To
compare the vevs we will need a double expansion in Qg and QQr parameters. Thus we
want to express the Wilson loop VEVs in terms of the new parameters and expand further
in small Q. We show here the results at order two in Qp,Qp, and at order three in
appendix C.1,

QULPQIE (Wa) =1+ Qr, + Qp, + QrQr, + QrQp, + X4 (44)Qr QB
— x5 (a)X3" (Qm)Qr V/Q5,QB, + - .- ,
QL Waes) =1+2(Qr, + Qp,) + Q% +Q%, +2QrQr +2Qr Qs
+ (X?l(%) + x5 (a1)xa (a-) + 1>QF1 QB

— (38" (@) + 33 (0) ) x5 (Qu)Qr VQ5, Qs + -

QrQr(Wigs) =1+ Qr +Qr, +Qp, + OB, +3Qr QF,
+2Qr,Qp, +2Qr,Qp, + Q5,Qp, + X3 (1+)(Qr @B, + QR,Q5,)
— X2 (21)x2  (@m)(Qr, + Qr)vV/QB,Qpy + - .- -
(5.5)
The VEV of the Wilson loop <Wm> = (Wr,,, ., ) is obtained from (Wg, . ) by ex-
changing Qr, < Qr,, Qp, < Qp, and inverting Q,, — (Qy,) ! (reflection about the z°

axis in the brane picture).
2n1+ng n1+2n9

We have multiplied the VEVs by appropriate factors Qp > Qp,°  to facilitate the
comparison under S-duality. This normalization always corresponds to having expansions

starting with a term 1. This indicates that they are normalized indices counting some
BPS states. It would be interesting to understand what these states are in detail in a
future work.

5.1.2 SU(2), x SU(2), loops
In the SU(2), x SU(2), theory we consider Wilson loops in the tensor product repre-

sentations Ry, n, = (2%7,2%72). Again other Wilson loops can be obtained as linear

22The distances between NS5 branes are, in this case, the lengths of D5 segments and correspond to the
effective abelian couplings on the Coulomb branch. They can be computed as the second derivative of the
prepotential as in previous sections. Here 7 = £ 3" af + 1 Dicylai —a;* =53, [lai —mal® +]ai —mal?].
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Figure 12. a) Brane realization of the SU(2), x SU(2), theory. b) Brane setup ADHM quiver
SQM for the (kq, k2)-instanton sector in the presence of an (ny,ng) D3 branes SQM loop.

combination of those. These Wilson loops are related to the natural SQM loop that is
engineered with n; D3 branes in the right-central region (between the middle and the rigth
NS5 segment) and na D3 branes in the left-central region (between the left and middle
NS5 segments), as shown in figure 12-b. This SQM loop corresponds to a (0,4) SQM
theory with 2n; + 2ny Fermi multiplets transforming in the (2,1,n1,1) @ (1,2,1,n2)
of SU(2) x SU(2) x U(n1)f1 x U(ng) e with U(nq)s1 x U(ng)se the flavor symmetries
and SU(2) x SU(2) gauged with 5d fields (this is the SQM theory in figure 12-b when
k1 = ko =0).

Following the usual heuristic argument, we say that the string configurations contribut-
ing to the Wilson loop VEV (W3 . ) are those with n; D3s in the central right-region,
ne D3s in the left-central region, zlm(Qi with zero net-number of strings attached. These
contributions are extracted from the SQM loop VEV by selecting the U(1)™ x U(1)"2 C
U(n1) 1 x U(ng) r2 neutral sector, namely by performing the residue computation

2 dz;
- _ n1+nz J (n1,m2)
<WR"1’"2> %H 27Tz:m 1;[ 2miz; (Lsqu (2, 2) (5.6)

where x; and z; are the U(n1) s and U(ng) ¢ fugacities, respectively, and the contour C is
chosen as unit circles with residues at z; = (q1q2)i1:ﬂj and z; = (qlqg)ilzj excluded.

(n1,m2)

The computation of (Lgqy, ) is performed using the (&1, k2)-instanton ADHM quiver
of figure 12-b, read from the brane setup with k; + k2 D1 segments. In the presence of a
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non-zero theta angle for the SU(2) gauge factors the computation of the half-index must
be modified. We follow the prescription of [12], appendix A (see also appendix A).

We start from the U(2) x U(2) theory (without Chern-Simons terms) with Coulomb
parameters a;j, ¢ = 1,2, j = 1,2, and impose the trace condition a11 +ai2 = —(az1 +a) =
mpie the mass of the bifundamental hypermultiplet. We then define the SU(2) x SU(2)
Coulomb parameters a; = %(011 —a12), Gz = %(azl — as2) and the fugacities®?

ap=e", ay=e?, p=emi, (5.7)

Here again the formulas are too long to be reported in terms of the gauge theory parameters.
The result that we find from the residue formula (5.6) reproduce the known classical parts
of the Wilson loop VEVs.

To compare with the dual SU(3) Wilson loops we introduce the new set of variables

QF;, @B, corresponding to (exponentiated) distances between D5 segments and between
NS5 segments respectively.

~ 2 ~—2 ~ —%Fy _ ~—D 7~
Qr =c al:al ) Qp, =€ a2:a2 ) Qm=¢€" =1, (58)
Qp, = e 1720+ ® — 0,67%8,, Qp, = e 2TUT%2 — Qyq,a; 2.

We then express the results in terms a double expansion in @ F C~2 B;- We show here the

expansions up to order two, and in appendix C.2 up to order three, with appropriate

multiplicative factors @g/ 2@%/ 2

CN?}«"/12<VV(2,1)> =1+ CT2/B1 + @Fl + C531 @BZ + CT2/B1 @FQ + X?l (‘H—)@Bl @Fl

- X1241 (q+)Xél (@m)@Bl \/ @Fl@FQ +... )

éFl <W(2 ®2,1)> =1 + 2(@31 + QVF1) + ©2B1 + Qv%‘l + 2@31 QVBQ + 2@31@Fz
+ (3" (@) + 3" (@:)%3" (a-) + 1) 05, Qr,

~ (60 + 33" (@)) X3 (@), \ Qe Qs + -
~%2©%2<W(2,2)> =1+Qp, +Qp, + Qr, +Qr, +3Q5,Qs,
+2Q5,Qr, +2Q5,Qr, + QrQr, + X3 (¢1)(Q5Qr, + Q5,QFr,)

— X5 (a)x3 " (Qm) (@B, + QB,) \ QrQm+ ...
(5.9)
The Wilson loops (Wg,,, ) are obtained from (Wg, . ) by the exchange Qr < QF,,
@ B, < @Bg and the inversion va — (@m)_l, corresponding to a reflection about the x°

axis in the brane picture.

5.1.3 S-duality

We are now ready to compare Wilson loops across S-duality and find the exact map. The
map of parameters is simply the exchange of the Q;, @p, with the Qp,, QF;:

S_duahty map : (QFN QBj7 Qm) A <QBi7 QFj7 Qm) . (510)
2To be precise the a;; parameters corresponds to the x% positions of the D5 segments in the brane

§2> — mbif/Z,

picture. They are related to the ai-” of appendix A as a1; = agl) + mbi/2 and az; = a
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From the brane realization of the loops we can already predict the map up to multiplicative
factors. The Wilson loops realized with n; and ne D3 branes in the two central regions of
the brane web, with zero net number of strings attached, are related across S-duality. We
thus expect the duality to map the SU(3) loop Wg,, . to the SU(2) x SU(2) loop Wﬁnl,nQ
(we chose the notations purposefully). From the low nj,ne exact computations above we
find the exact relation

2n1+ng ni+2n9

Qp, " @p" Wry ., = @:7711@:?2<W7§ ) (5.11)

ni,ng

which, expressed in terms of gauge theory parameters, yields

<W’Rn17n2> = Yl_’VL1}/2—n2 <Wﬁn1,n2> s (512)
2% +? t mq+m t- +2? mi+m
withY; =e 3 =e2t 1> and Yo =e 3> =es~ 4. Therefore the S-duality

action can be expressed as
%% — YTy 2~
S. Rnyng = Yl Y2 Rnyng’

SWs =YY" WR imy -

Rnl,nQ

(5.13)

The parameters Y7, Ys can be understood as background Wilson loops of charge one for
U(1) subgroups of the global symmetry. For instance Y] is a charge one Wilson loop in
U(1)diag € U(1)inst X U(2)favor in the SU(3) theory.

The fact that explicit computations are in agreement with the above simple formula
is remarkable and provides a strong validation of the procedure we devised for extracting
the Wilson loops VEVs.

Importantly we focused on Wilson loops in the tensor product of (anti)fundamental
representations Rnhm,ﬁnhm. From this results one can deduce the S-duality map involv-
ing any chosen representation, however the map will be more complicated, in the sense that
a given SU(3) Wilson loop in representation R will be mapped to a linear combination of
SU(2) x SU(2) Wilson loops and vice-versa.

5.2 SU(3) Ny =6 and SU(2) x SU(2) Ny =2 +2

As a second example we consider the SU(3) theory with Ny = 6 fundamental hyper-
multiplets (without Chern-Simons term). Its brane realization is shown in figure 13-a.
The S-dual brane configuration is that of figure 14-a, which realizes the quiver theory
SU(2) x SU(2), with two fundamental hypermultiplets in each gauge node. We will call it
the SU(Z)%\/,«:2+2 theory.

5.2.1 SU(3) Nj =6
We first compute the VEVs of Wilson loops on S' x RZ _ in the SU(3) theory, and we

€1,€2
focus on Wilson loops in tensor product representations R, n, = 3% @ 3972,

The computation is essentially the same as for the SU(3) Ny = 2 theory. The Wilson
loop VEVs will arise from residues of the SQM loops realized with n = n; + ng D3 branes

placed in the central regions of the brane web. The SQM loop 1d theory is the same as
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k, D1

t
eff2 .nD3

Figure 13. a) Brane realization of the SU(3) theory with Ny = 6. b) Brane setup ADHM quiver
SQM for the k-instanton sector in the presence of an n D3 branes SQM loop.

for the SU(3) Ny = 2 theory, but the k-instanton ADHM quiver is modified. It is given by
the (0,4) quiver of figure 13-b.

The relation between the SQM loop and the Wilson loops is still given by (5.1).

We start from the computation for the U(3) theory with Ny = 6 flavors and then
impose the traceless condition a; + as + ag = 0 on the Coulomb branch parameters. We
denote m;1,... ¢ the flavor masses and work in the chamber m; > a1 > (mg, m3) > az >
(myg, ms) > a3 > mg as depicted in the figure. We define a1o2 = a1 — a9, azs = as — a3 and
the fugacities

a1g=eM2, apg=¢e"B, Q=e ", p=em. (5.14)

The formulas that we find in terms of these parameters are again too long to be re-
ported here.

To check conveniently S-duality we express the results in terms of the new variables
Ay, A, w, z and y;, satisfying H?:l y; = 1, defined as

1 1 1 wy 1/3 .
a12:1417w, 0423:A722, Q:Ea ,Uz':<;) yi (i=1,...,6). (5.15)

It is believed that the global symmetry group at the SCFT point is enhanced from U(6) gayor
X U(1)inst to SU(2) x SU(2) x SU(6) [11, 12] (see also [40]). Our choice of parameters is
such that w and z will be the fugacities of the two SU(2) factors, while the y; will be the
fugacities of the SU(6).

The new “Coulomb branch” parameters are A, As and in order to check S-duality we
need to expand further the results in small A1, A>. Using the ADHM quivers described in
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figure 13-b and the residue relations, we obtain for 0 < njy,ns <1,
AP A B W) =14 A1 () = AV A G (@ng® (@) + AV A @)
+ ArAaxg™ (w)xa™ (2) + ATxa (a4) + A1A3x3 (a4)x3™ (w)
+ A1A, (1 + 3" (J+)> (2) — AT Aaxa  (a4)X5 " (W)x44 ()
J)

— AP AP (@ng (W)X (@) + AP A X (w)xs (7
— AYP A3 (a)xa ()X (7) + Adxe (a4)x3™ (w)
— AYPAY A (@)xs (w)xe® ()

+ AP AP (g XA (W) @) + -

(5.16)
AP 4GP P22 (Waga) =1+ 24103 (w) + 2477 43X () + 2414005 ()3 (2)
= A2 45 (3 (@) + 38" (0-)) g (@) + A (w)
+ A <X§41 (g+) +x2" (2:)x2" (qf)) + 241 45X (04)x3" (w)
+ AN (a4) (38" (a4) + 337 (0)) X5 (w)

— AVP AP () (Xz (g4) + x5 (- )

+ AT 4G @) (6 @) + 38" (0-)) 18 (w)xig
— 2417 43 x5 (a1 )xs (w)xZ (i)
— 4242 (x4 (a4) + 33 (a)) X5 (w)x33 (@)
+ A3 5% (ar) (3 (a) + X357 (a-)) x5 ()
+ 2434, (14 x5 () 3" (2)
+ 2477 45 3 ()2 ()
= AYP A5 (3 (@) + 38" (00)) g ()X @) + -
(5.17)

Ay Aswz(Wygg) =1+ Aixg" (w) + Aaxa' (2) + ATxa ' (¢4) + A3xg" (a4)
+ 341 Agxg (w)xa' (2) — AP AY° X3 (¢ )xe> (@)
— P4 (axa® ()
+ AP AP @) + AP AP @) + AN (a0 (w)
A" (a0)x3M (2) — AV AN (a)x3” (w)xg® ()
— AP AP (@ (e () + AT AT (a0xs (w)xa (9)
+ AT A G (@na (X2 () — A A3xa (a0)xs " (2)xa8 ()
X

+ A1 A3 (2X31(Q+) + x5 (a1)x2 (g 7)+1) X5 (w)+ A1 A3y (w)xs ' (2)
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— AR08 (a4)X5" ()38 (7) + ATA2 (245" (1)

+ X2 (@4)xz" (a-) + 1) Xz (2)

+ A A (g (2) — 47743 (2 (a0) 038" (00)) 1 ()X ()
+ 247 A3 g (w2 ()

= AP A3 (2" (04) + 337 (a)) X5 () ()

+ 24145 (s @) + (5.18)

As expected the coefficients in the expansion are characters of SU(2)?xSU(6), providing a
strong support to the symmetry enhancement proposal.

5.2.2 SU(2) x SU(2), Ny =2+2
In the SU(Q)?\,f:2 1o theory we consider Wilson loops in the tensor product representa-

tions Ry ny, = (29™1,2972), Their VEVs are computed from the residue formula 5.6 as
before, from the same SQM loop VEVs, but with the (ki, k2)-instanton ADHM quiver of
figure 14-b.

The relevant fugacities are the same &1,&2,@1,@2,;7 as before, together with the

flavor fugacities ji;; = €™ g(aitain) = eméﬂ', with 7,7 = 1,2, for the 242 fundamental
/

hypermultiplets. m;; are the masses of the fundamental hypermultiplets in the SU(2)?
theory.
We reorganize the fugacities to check S-duality and make the SU(2)? x SU(6) symmetry

manifest (enhanced from SU(2)Z  x SU(2)ur x U(1)Z,) as follows:

inst

_ (y3yaysy6) /4

a1 = Gy — (ysy6) /4 &, \/M @2_\/M
T 42/3 3 ’ — 11/3 42/3 ) I =\
Al/ Aé/ (y1y2)'/* Al/ Az/ (y1y2y3y4) /4 Y1y2 Y3Y4

a 3~ oo L fy1 - lve ~ 1 [ys
“:\/7’ “11:1“\/7’ H12= —q]—, Ho1= 24/ —, ,u22=\/7,
Ya Y2 w\ ys Ys 2\ ys
(5.19)

where we used the same notations Aj, As,w, z,y; as in the previous section, providing

implicitly the map of parameters under S-duality.
Expanding at small Ay, Ay we find

1/4
A2 AL <y33y/f;§y6> (W) = rhs. of (5.16),

1/2
A4/3A2/3 <y1y2> W = r.hs. of 5.17), (5.20)
I S Wiag2.1)) (5.17)

1/2
Ay Ay <ylyz) (Wiaz) = rhs.of (5.18).
Y5Y6

5.2.3 S-duality

Acting with S-duality on the brane setups realizing the loop insertions we can predict the
same map between Wilson loop operators as in the previous section, up to the dressing
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Figure 14. a) Brane realization of the SU(Q)?V,::2+2 theory. b) Brane setup ADHM quiver SQM
for the (k1, k2)-instanton sector in the presence of an (n1,n3) D3 branes SQM loop.

with a background Wilson loop: the SU(3) Wilson loop Wx,, ... is mapped to the SU(2)?
Wilson loop Wz . The exact computations above support the precise relation
n1,n2

_ \yniy—n2 .
(W) = Y ™Y5 "W ) (5.21)
with
Yy = e R R mh miy )+ (g —mby) _ § - TR
’ 5.22)
T2t 1 / 1,0 ' t _mitmotmgtmg—ms—meg ( '
Y, = e~ 3 (Ml —miy)+g(mhy —mhy) _ o5— 1
The S-duality action can be expressed as
_ymiy e .
S'WRnl,ng - }/1 Y2 WRnlan . (523)

The parameters Y7, Y5 can be understood as background Wilson loops of the global sym-
metry group.

6 Generalization

From the heuristic brane reasoning and the above exact results it is straightforward to
conjecture the S-duality map relating the two following theories: the SU(M) Np1—Ny2)/2
theory (the subscript indicates the Chern-Simons level) with 2N —44- N1+ Nyo fundamental
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hypermultiplets, for 0 < Ny; <2 and 0 < Nyg < 2, and the SU(2)M*1 linear quiver theory
with Ny and Ny fundamental hypermultiplets in the left-most and right-most SU(2)
nodes respectively.?*

The Wilson loops transforming covariantly under S-duality are the SU(M) loops

Winy - in tensor product of rank 7 antisymmetric representations A; and their dual

. 7”1\/171)

SU(2)M~! loops W(n1,~~ in the representation 2™ for each quiver node:

. 7”]\/[71)
AP @ A2 @ @ ASML o (20™ 28m2 L. 9@y (6.1)
The associated SQM loops are realized with stacks of nq,ns,--- ,ny—1 D3 branes placed

in the M — 1 central regions of the brane system. The results in this paper generalize to
the S-duality map

SWn, =YY T W, (6.2)

b MM 1) SNAM—1) 0

with parameters Y; which are background Wilson loops, for which we conjecture the ex-
t 111 s 2i—2 oM —4 Npo
pressions in terms of SU(M) parameters Y; = 2 1 (2r=1 Mt 2kmy M= 2 kmpimy Mk— 221 k)

where 1y, my, and 7y, are the masses of the Nyy, 2M — 4 and Nj» fundamental hypermul-

)

tiplets respectively.
Further generalization to the SU(M)N=1 — SU(N)M~! duality can also be worked out
along the same lines.
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A ADHM formulae

In this appendix we collect the formulae we used in the main text to compute the partition
function on the Omega-deformed flat space R? | x St, or “half-index”, of 5d ' =1 SU(N)
theories with Ny flavors, engineered via 5-brane webs, in the presence of the SQM loop
operator generated by the insertion of n D3 branes. More precisely what we introduce
below are the formulae for U(N), theories, with Chern-Simons level x.2> SU(N), results
can be recovered after imposing the traceless condition and performing some other minor
changes, as discussed for example in [12, 36] and reviewed below. Most of this short review
is based on [14, 22].

24The conjectured duality actually extends to the ranges 0 < N1 <4,0 < Ny <4, although this relates
to more involved brane configurations compared to what we have been considering in this paper. The case
Ng1 = N2 = 4 is actually conjectured to describe a 6d ' = (1,0) SCFT compactified on a circle. We
thank Gabi Zafrir for pointing this to us.

*The specific choices of  is dictated by the number of flavors N in the theory and the sign of their
mass parameters (and related to the angles of the external 5-branes of the web).
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A.1 Single gauge node case

Let us start by considering the half-index Zsq for a 5d N' = 1 U(N), theory with Ny
fundamental matter (without loop operators), which is just the partition function of the

5d theory on the Omega-deformed background R 12 X S1. This is known to factorize as

Tsa = ZE 7t (A1)

here Zggrt contains the perturbative (classical + 1-loop) contribution to the partition func-
tion whose explicit form will not be needed in the following, while Zé‘(lft contains non-
perturbative corrections due to instantons. The instanton part of the partition function

takes the form of a series expansion in the instanton fugacity Q = et

1nst =1+ ZQk 1nst ’ (AQ)

k>1

) is the partition function of the N' = (0,4) ADHM quantum mechanics for k
instantons. This reduces to the contour integral

inst,(k) dos
Zsd Tk f [1_11 27

with (defining sh(z) = 2sinh(5))

inst
where Z;

VAN

vec“fu

w28 (A.3)

48 _<_ sh(2e,) ) ﬁ sh(es — ¢ )sh(ds — s + 2¢)

vec

sh(ep)sh(ez) it — ¢ + €1)sh(ps — ¢ + €2)
H H L , (A.4)
oo sh(os —ar + €4 )sh(—s + ar + €)
k Ny i k
Zf(und - H H Sh —¢s + mb) ZéS) = H e "o
s=1b=1 s=1
In this expression €12 are the Omega background deformation parameters of R? L2 X St
and we define e; = %, while diag(ay,ag, -+ ,an) correspond to the Cartan VEV of

the real scalar in the 5d vector multiplet, and m; are the masses of the 5d fundamental
matter multiplets. In terms of SQM symmetries, € is the SU(2) = diag(SU(2)2 x SU(2)R)
R-symmetry equivariant parameter, while e_ is a flavor symmetry parameter. The above
factors combine contributions from various 1d N = (0,4) multiplets of the ADHM SQM.
Z\(,Ig(): contains the contributions of a U(k) vector multiplet with an adjoint hypermultiplet,
and N fundamental hypermultiplets, Zf(ﬂd matches the contribution of Ny fundamental

Fermi multiplets with single complex fermion, and Z((JS) is only the classical contribution

from a 1d supersymmetric Chern-Simons term at level —x.%%
The integral (A.3) is evaluated by residues, and the contour choice is dictated by the

Jeffrey-Kirwan prescription. For the case at hand, the poles selected by this prescription

%For references on 1d NV = (0,4) multiplets see footnote 14.
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are classified by N-tuples of Young tableaux Y = {Y1,...,Yn} with total number of boxes
Y] =N | |¥,| = k. Practically, this corresponds to taking residues at

dps=ar+er+ (i —1)eg + (5 — 1ea, (A.5)

with (7, ) box in the tableau Y;.. As explained in [12, 36], the SU(N), partition function (or
SU(2) partition function with some discrete §-angle for N = 2) is obtained from the U(N),
one after we impose the traceless condition Zivzl a, = 0, redefine Q — (—1)*Nr/2Q and
remove (by hand) additional U(1) factors if parallel external NS5 branes are present [37, 38].

These results are modified by the presence of the SQM loop realized by the addition of
n D3 branes in the brane setup. The half-index Z54.1q4 computes the partition function of
a bd N =1 U(N), theory with Ny flavors coupled to the 1d N' = (0,4) SQM by gauging
1d flavor symmetries with 5d fields. It factorizes as

Zsara = 255" 204 (A.6)

here ZPS" is as in (A.1), while ZI%! | contains the non-perturbative instanton corrections
to the 5d-1d system. The instanton part can again be written as a series expansion in @),

t k inst, (k)
éréb-ld - Z Q 5d-1d (A.7)
k>0

where this time Zéftlé ) is the partition function of a modified (0,4) ADHM quantum
mechanics for k instantons, the modifications being due to additional matter multiplets

arising from strings stretched between D3 and D1 or D5 branes. This takes the contour

inst,(k) dos
Zsa1d = 7{ [H o
s=1

which is the same as (A.3) apart from the additional contribution

5T sh(es — My + e_)sh(—¢s + M + )
Zsan = Hl lHlSh D GG = sty A

integral form

282078 Zion (A8)

vec

corresponding to n/N Fermi multiplets with a single fermion (n multiplets in the fundamen-
tal representation of the SU(NN) global symmetry, gauged with 5d fields), n fundamental
twisted hypermultiplets and n fundamental Fermi multiplets with two fermions. Here M;
are the masses of the Fermi multiplets, associated to the U(n) global symmetry of the
ADHM SQM. The contour choice for (A.8) is still dictated by the Jeffrey-Kirwan prescrip-
tion: in this case, apart from the N-tuples of Young tableaux (A.5), additional poles of

the form
¢s = M; — ey (A.10)
contribute, where however at most only one pole of the form (A.10) can be selected for
each [ = 1,...,n; for example, in the N =n = k = 2 case there are five new poles given by
¢1= a2+ €y, or ¢1= — €4, (A.11)
2 = M2 — €y, P2 = My — €.
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As before, SU(N), results can be obtained from U(N), ones after imposing the traceless
condition ny:l ar = 0, redefining Q — (—1)*tN4/2Q and removing additional U(1) factors
if parallel external NS5 branes are present. However, in the main text we always work with
the normalized VEV of the SQM loop observable

Zsa1a 28
(Lsqm) = Zu ~ Zim (A.12)

where we divided by the partition function of the 5d theory. In addition to removing the
ngrt factor, this procedure also eliminates extra U(1) factors due to parallel external NS5
branes; the normalized SU(NV),, observable is therefore obtained from the U(N), one (A.12)
simply by imposing the traceless conditions and redefining @ — (—1)*+V7 12Q).

A.2 Linear quiver case

We can now move to the half-index Zsq for a 5d N =1 [[7_; U(Ny)y, linear quiver gauge
theory with p nodes and bifundamental fields (without SQM loop). This is simply the

partition function of the 5d quiver theory on Rel , XS 1 which factorizes as

Zsq = 220" Zinst (A.13)

We will only be interested in the instanton part, which takes the form of a series expansion
in the instanton fugacities Q; = e~%, i =1,...,p, of the p gauge groups:

i kp ~in: ,E
zit= S Qb.qQpzit®, (A.14)
E1,...,kp>0

where we denoted k = {k1,... kp}. Here Z;4 inst, (K) | is the partition function for a generalized
quiver ADHM quantum mechamcs of k 1nstantons, which reduces to the contour integral

p ki
inst, (k d s
a0 = T

with the various factors entering the integrand given by

R
z8) 728 78] (A.15)

k

Z(E):ﬁ< sh(2e) )k’ﬁl—’[ <zﬁs — ¢y )sh(e}" ¢(”+26+)

o\ shle)sh(er) ) 7 15t Sh( (8" )-1- )sh(el! ¢EI) + €2)

(A.16)
p kr Np 1
IHHH sh(o) — ot + e )sh(—o" +af” +e)
@ p—1 kr Nipa p—1kry1 Ny

2 =TT TI st(=ot” + a4+ mO) T I T shio ™) - af? —m")
I=1s=1 r=1 I=1 s=1 r=1 (A7)
;ﬁﬁkﬁl +¢tl+1) m? +e_)sh( gl) B §1+1) (D) Fe)
i1 s i sh(=of + o 4 4 e )sh(al) — oY —mD) 4 ey)
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) G A1)

I=1s=1

Zk()lff) is also a combination of factors arising from (0,4) SQM multiplets in the ADHM
quiver. In this expression a!”) are the VEV of the real scalar field in the 5d U(Nr), vector
multiplet, while m(!) can be identified with the mass of the I-th 5d bifundamental matter
multiplet, because of constraints from potentials coupling ADHM and 5d matter fields. The
integration contour for (A.15) is determined by the Jeffrey-Kirwan prescription; similarly to
the single gauge node case, the relevant poles to be considered for the integration variables

qﬁgl) are classified in terms of Nj-tuples of Young tableaux yu {Y(I) ,Y]SII)} with
total number of boxes [Y ()] = PO |YT(I)] = ky, that is
o) =aD 4 e, + (i —1)e + (j — Deg (A.19)

with (4, 7) box in the tableau YT(I). As before, the partition function for the [T7_, SU(Ny),,
quiver theory is obtained from the [T}_, U(Ny)., one by imposing the traceless condition
ny’l a') = 0 for all gauge nodes I = 1,...,p, redefining Q; — (—1)"+tN+1/2+Ni-1/2¢,
(here Nog = Npy1 = 1) and removing extra U(1) factors if the 5-brane web involves parallel
external NS5 branes.

The computation is modified by the insertion of the SQM loop, associated with the presence
of ny D3 branes for each set of Ny D5 branes. The half-index Z54.14 computes the partition
function of a 5d N' = 1 [[}_; U(Ny),, linear quiver gauge theory with bifundamental matter
fields coupled to a 1d SQM, which lives at the intersection of the D3 and D5-branes, in the
usual way. The half-index factorizes as

0
Zsa-1a = 233 Zsa'a - (A.20)
Zgésl 4 is expressed as a series expansion in the instanton fugacities Q1, ..., @, of the 5d
gauge groups,
i k t,(k
Zia= Y Qb .Qrzn, (A.21)
kl?“'7kp>0

where Zg:f’tlé ) | is the partition function for a quiver (0,4) ADHM quantum mechanics of

k instantons modified by additional matter multiplets sourced by strings between D3 and
D5 or D1 branes; this can be written as the contour integral

p ki
inst,(k d s
Z3 = f [II 1155 ¢

which is similar to (A.15) modulo the additional contribution to the integrand

p Nr nr p kr mns sh M() sh(— (I) M(I) B
Ao =TT TTshor” - ”HHH e )h(ogs + M te)

=1r=1(=1 —1s= 111Sh M )—|—6+)h( ¢()+Ml()+€+)
(A.23)

;2
2029 2R 2 (A.22)
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with MZ(I) the masses of Fermi multiplets and twisted hypermultiplets, associated to the
[T7_, U(ns) global symmetry of the ADHM SQM.

The contour of integration is dictated once more by the Jeffrey-Kirwan prescription:
apart from the Ny-tuples of Young tableaux (A.19) there are additional poles contributing,
some of the form (A.10), i.e.

o =M — ¢, (A.24)

and some other of the form

o =M —mD —ep GV =D 4 mlID — ey (A.25)

for d)g]) as in (A.24); we are however not able to write them in full generality, therefore we
find these additional poles with a case by case analysis. Results for [[/_, SU(Ny),, quiver
theories are as usual recovered by imposing the traceless condition Z,J,V:I 1 ag) = 0 for all
I=1,...,p, redefining Q; — (—1)"1+Nr+1/2+Ni-1/2(); and normalizing by the 5d partition
function Zsq (this removes additional U(1) factors arising if parallel external NS5 branes

are present).

B SU(2) theory with Ny = 3,4

In this appendix we extend the computations of Wilson loop VEVs and we express the
S-duality map for the SU(2) theory with Ny = 3 and N; = 4 flavors.

B.1 N;=3

The brane realization of the SU(2) theory with Ny = 3 flavors is shown in figure 15. We
can regard the theory as arising from the U(2) theory with Ny = 3 with Chern-Simons
term k = —%, by ungauging the diagonal U(1). We denote m1, mg, mg the masses of the
flavor hypermultiplets. With a; = —a2 = a, we define the fugacities

a=-e", p=em. (B.1)

The Wilson loops When are evaluated from the residue formula (3.7) with the SQM loop
L associated to the k-instanton ADHM SQM shown in figure 15-b. (Lgq,) is evaluated
following the recipe of appendix A, taking into account the corrections due to the U(2) —
SU(2) projection and the presence of parallel external NS5 branes. We find

(Wa) —a+a~! + Q\/W(l + q1q2)(p1 + p2 + M3_+ [ fh2f13)
H1 23 (1 -a?q1q2)(1 — a2q142)
0192 (a+wﬂU+MWerm+mm)+O@%
NGV (1= a?q1q2)(1 — a2q1q2) 7
(Wagz) =a?+24 a2
1+ ppo + paps 4 pops (1 —q)(1— q2) (1 + q1q2) — 2q1q2(a® + 2+ o™ ?)

+Q
VI 23 (1—-a2qiq2)(1 — a2qiqo)
pipops + g1 4 po + ps \/CI1CI2(1+Q1)(1+(I2)(Oé+oz_1) 9
+Q 3 — +0(Q7).
VI 23 (1—-a2qiq2)(1 — a™2q1¢2)

(B.2)
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Figure 15. Brane realization of the SU(2) theory with Ny = 3 and brane setup ADHM quiver
SQM for the k-instanton sector.

To exhibit the F4 = SU(5) enhanced flavor symmetry we introduce the fugacities

_2t_ 4t _ty mi—motmg

A=e 5 a, Yypr=e€s, Yy2 = ¢€ 5t 2 5
_t_mp—ma—m3 _t_mitmotmg _t mitmg—mg

Y3 =€ 5 2 R Yg=e€ 5 2 R UYs = € 5+ 2 s (B3)

where y; are the SU(5) fugacities satisfying [ [, s = 1. In terms of the new parameters, the
S action is

S-duality :  y1 <> y2, Y3 <> Ys. (B.4)

It is a Weyl transformation in SU(5). It does not commute with the Weyl flavor symmetries
given by permutations of my,ms, ms, which correspond to the permutations of s, y3, y5 in
the SU(5) Weyl group.

We then expand further the Wilson loop VEVs at small A,

Ay P (Wa) =1+ X8 (D A2 — x5 (e )X2 (DA + x5 (a0)x1a () A*
— X4 (a) X () A® — (Xfl(%) + x5 (g4) + x& (Q+)Xél(q7))A5
+ <x?1(q+) + x5 (g4) + X5 (4)xz" (q_)>x%(17)A6

A Ay (= A Ay s
+ X8 (@)X e (A + xa (g )X e @A + ..

(B.5)
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APy (Waga) =1+ 2x5* () A* - (xéh (a+) + x5 (qf))x?‘ (7)A°
@A+ (3 (a0) + x5 (@) (a-)) xig () A*
= (X4 (@) + X5 (@) + X5 (a0 )x8 (0-) ) xad () A°
= (X (@) + 38" (a4) + X5 (@) (a-)
X8 (x5 (0-) + X4 @ )xa (a-) + 43 (g-) ) A° (B.6)
+ (8 () + 265 (a0) + X6 (@43 (0-) + X3 (@03 (a-)
G (@)X () 33 (0)x3 (0-) ) i () A°
+ (X?l(%) +xat (@ )xa (o) + 1) X2 (i) A
(36 (@) + 38" (a4) + x4 (@038 (a-) ) (DA + .

The expansions exhibit the expected SU(5)(~ A4) characters.
Under S-duality, we have

y1\ 2
S'W2®”(A7ylay2)y37y47y5) = <y2> W2®”(A)y27y17y47y3ay5) ) (B7)
. . . . 1 1_77L17m2+7n3
with the multiplicative parameter (y;/y2)2 = e2 1

B.2 N;—4

The brane realization of the SU(2) theory with Ny = 4 flavors is shown in figure 16.
We can regard the theory as arising from the U(2) theory with Ny = 4 (without Chern-
Simons term), by ungauging the diagonal U(1). We denote m; the masses of the flavor
hypermultiplets, with fugacities p; = ™.

The Wilson loops Waen are evaluated from the residue formula (3.7) with the SQM
loop Lgq) associated to the k-instanton ADHM SQM shown in figure 16-b. (Lgqy) is
evaluated following the recipe of appendix A, taking into account the corrections due to
the U(2) — SU(2) projection and the presence of parallel external NS5 branes. We find

g 1+ quge) (D, i + Zz‘<j<k i 14 fk)
[Lui (1-a?ae)(l-a2qag)

qgp (@+a )1+ >icj ity + 1 1) L0
VL (1—c?ae)(l—a?ag) ’
(Wag2) =’ +2+a2
L3 matty + TTimi (1— )(1 — 2) (1 + q12) — 2q1g2(a® + 2+ a72)

Wa) =a+a'+Q

-Q

T VI i (1 - c?qg2)(1 — o 2q1g2)
DoiHi D icjen ikt /@ q2(1 4 1) (1 + q2)(a + o7 t) 2
T (- e -alag) 0@
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Figure 16. Brane realization of the SU(2) theory with N; = 4 and brane setup ADHM quiver
SQM for the k-instanton sector.

To exhibit the F5 =Spin(10) enhanced flavor symmetry we introduce the fugacities

t m1—mgtmg—my
_ ,—35—a _t R
A=e2 ) y =€, Y2 =€ 2 3
—mj+mo+m3z—my _m1+m2+m3+m4 mi+mo—m3z—my
Yys = ¢ 2 ’ Ygs = ¢ 2 ) Ys = ¢€ 2 ) (Bg)

where y; are the s0(10) fugacities. In terms of the new parameters, the S action is
S-duality :  y1 <> y2, Y3 Y4 (B.10)
We then expand further the Wilson loop VEVs at small A,
Ay (W) =1+ X35 (A — x5 (a0 () A°
+xa (a)XE @A+ (X8 (a4) + x4 (a0 )xg (g-) +1) A1
= (X @) + 8" (a4) + X3 (@0 )x3 (a-) ) (3 () A°

A Es (=
— X4 ()X 5a (DA + ..,

(B.11)

APy (Waga) =1+ 2x15 () A% — (xé‘l (a1) +x3" (qf))x%(@Y)A3
B @AY+ (38 (a0) + X3 (@) (a-) ) X3 () A
+ (xéh (a4) +xa" (a)x2™ (=) + x3" (a+)x3™ (a-)
8" (a4)xg" (g-) +1) A*
= (8" (@) + 3" (@) (6 (@) (@) + )3 ) 4°
= (X8 (@) + 38" (0) ) (@ XL DA +

The expansions exhibit the expected Spin(10) characters.

(B.12)
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Under S-duality, we have

|3

Y1\
S‘W2®"(A’ yl’y27y37y47y5) = <y2> W2®"(A7y27y17y4ay3)y5)7

mq—mo+mg—m
with the multiplicative parameter (y; /yg)% R

C Results

(B.13)

In this appendix we collect various results which are too long to be presented in the

main text.

C.1 Wilson loops in SU(3), Ny = 2 theory

Using the notations of the main text, we have

Q2/3Q1/3< >

=1+Qp +Qp, +QrQr +Qr 0B, + Xgll(Q+)QF1 QB

- X2 (Q+)X2 Qm QFl V QBl QBQ q+ X2 (Qm)QFlQFQ V QBlQB2

- X41 (Q+)X2 I(Qm)QFl (QF1 + QBl) V QBlQBQ
+QrQrQYs, + x5 (¢+)Qr Q5 (Qr + Qp,)
+ X?l (Q+)QF1 (QBlQBQ + QFIQBQ + QF2QB1 + QFzQBz) T,

QL QL Wsws)
=14+2(QF, +Qp,) + Q% +Q%, +2Qr,Qr, +2QF Qp,

+ (X’é‘l (a+) + X2 (a4)x3" (a-) + 1) Qrn QB

= (8 () + 38" (0) ) x3" (Qm)Qr V@, P

+20%,Qm + (3 (0) + 3" (@) + x4 (0:)x8" (0) ) @ Q. (Qr, + Q)
+ (6" (@) + X8 (0)x5 (0) + 1) Qr Q. (@i, + @)

+ (X?l (a+) + X2 (a+)xz" (a-) + 3) QrQrQr +2x3" (4+)Qr QrQp,

— (@ ) + 38" (a4) + X3 (@0)x8" (00) ) X3 (Qu)Qr (@, + @,) /@5, Qi

- 2X§41 (Q+)XI241 (Qm)QF1 QFQ QBl QBQ +... )
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QR QR (Wsg3)
=14+ Qpr +Qr + @B, +Q@p,
+3QrQr, +2Qr,Qp, + 2Qr,Q5, + Qp,Qp, + x5 (44)(QrQp, + Qr,QB,)
— X2 (@)x2 (Qm)(Qr, + Qr) V@5, @B, + Q1 Qr, + QR QF,+ Qr Q%+ Qn Q3
+ X5 (4+) QR Q%, + Q%,Qp, + Qr,Q%, + Q4,Qn,)
X8 (41)(Q3 QBy + Q%,Q5, +2Q1 Q5 QB, + 2Q1,Q5,Q5,)

+ (2X3 (g+) + Xz '(q ) Hg-) + 2) QF1QF2(QB1 + QB2)

QFlQBl + QFQQBQ + QF1 + QF2) V QB1QBQ
— X2 (4+)%2" (Qm)(Qr @, + QR Qp,)V Q5 O,

_ (3X2 (q1) + x5 (- )) Qm)Qr Qr/QB,QB, + ... .

- X4 (q+)x2 (Qm
X

)
)
(C.3)

C.2 Wilson loops in SU(2), x SU(2), theory
Using the notations of the main text, we have

QL Wiz)
=1 + éBl + @Fl + @Bl@BQ + @BléFg + X?l (Q+)@BléF1

— x5 (a)X5 (Qm)Qp, \/ QrQr — x5 (44+)x3 " (Qm) Q5. Qp, \/ QrQr, (.4

- Xfl (Q+)X§1 (@m)QVBl (@Bl + QvFl) V QvFl @F2
+ Q5 Qp,Qr + X5 (4+)Q5,Qr, (@5, +Qr,)
+ x5 (41)QB, (QRQF, + Qp.QF, + QBQr + QpQF,) + ...,

Qr, Wiz2e2,1))
=1+2(Cp, +Qr) + Q% + QF, +205,Cn, +205,Cr,
+ (X6 (@) + X8 (@)x3 (0-) + 1) Qp, Oy
= (" (@) + X3 (a)) 3" (Qu)Qp,\ O O,
+20%,Qp, + (8 (ar) + X3 (1) + x4 (04)x3" (0-) ) @3, O (@, + T
+ (X (a0) + X8 (x5 (0) + 1) Qp, Qr (@, + Q)
+ (X6 (@) + X8 (@)x3" (0-) +3) 05, Qm.Qr, +2x3" (04)Q5, Q. O
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(C.5)
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~%2@%2<W(2,2)>
= 1+©B1 +©B2+@F1 +©FQ
+ 3@31 @BQ + 2@31 @FQ + 2@32@5 + @F1 @Fg + X?l (%)(@Bl @Fl + @BQQFQ)

— X3 (g4)x3" (Qm) (@B, + @Bz)\/ QrQr, +Q%,Qp,+Qp,Q%, +Q5, Q% +Qp,Q%
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+ x5 (04)(Q%,Qr, + Q%,Qr, +2Q5,Qr,Qr, + 2Q5,Qr QF,)
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Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] N. Seiberg, Five-dimensional SUSY field theories, nontrivial fized points and string
dynamics, Phys. Lett. B 388 (1996) 753 [hep-th/9608111] [INSPIRE].

[2] M.R. Douglas, S.H. Katz and C. Vafa, Small instantons, Del Pezzo surfaces and type-I-prime
theory, Nucl. Phys. B 497 (1997) 155 [hep-th/9609071] [iINSPIRE].

[3] D.R. Morrison and N. Seiberg, Extremal transitions and five-dimensional supersymmetric
field theories, Nucl. Phys. B 483 (1997) 229 [hep-th/9609070] [INSPIRE].

[4] K.A. Intriligator, D.R. Morrison and N. Seiberg, Five-dimensional supersymmetric gauge
theories and degenerations of Calabi-Yau spaces, Nucl. Phys. B 497 (1997) 56
[hep-th/9702198] [INSPIRE].

[5] O. Aharony and A. Hanany, Branes, superpotentials and superconformal fixed points, Nucl.
Phys. B 504 (1997) 239 [hep-th/9704170] [INSPIRE].

[6] O. Aharony, A. Hanany and B. Kol, Webs of (p,q) five-branes, five-dimensional field theories
and grid diagrams, JHEP 01 (1998) 002 [hep-th/9710116] [INSPIRE].

[7] P. Jefferson, H.-C. Kim, C. Vafa and G. Zafrir, Towards Classification of 5d SCFTs: Single
Gauge Node, arXiv:1705.05836 [INSPIRE].

[8] P. Jefferson, S. Katz, H.-C. Kim and C. Vafa, On Geometric Classification of 5d SCFTs,
JHEP 04 (2018) 103 [arXiv:1801.04036] [INSPIRE].

[9] C.-M. Chang, M. Fluder, Y.-H. Lin and Y. Wang, Spheres, Charges, Instantons and
Bootstrap: A Five-Dimensional Odyssey, JHEP 03 (2018) 123 [arXiv:1710.08418]
[INSPIRE].

— 49 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/S0370-2693(96)01215-4
https://arxiv.org/abs/hep-th/9608111
https://inspirehep.net/search?p=find+EPRINT+hep-th/9608111
https://doi.org/10.1016/S0550-3213(97)00281-2
https://arxiv.org/abs/hep-th/9609071
https://inspirehep.net/search?p=find+EPRINT+hep-th/9609071
https://doi.org/10.1016/S0550-3213(96)00592-5
https://arxiv.org/abs/hep-th/9609070
https://inspirehep.net/search?p=find+EPRINT+hep-th/9609070
https://doi.org/10.1016/S0550-3213(97)00279-4
https://arxiv.org/abs/hep-th/9702198
https://inspirehep.net/search?p=find+EPRINT+hep-th/9702198
https://doi.org/10.1016/S0550-3213(97)00472-0
https://doi.org/10.1016/S0550-3213(97)00472-0
https://arxiv.org/abs/hep-th/9704170
https://inspirehep.net/search?p=find+EPRINT+hep-th/9704170
https://doi.org/10.1088/1126-6708/1998/01/002
https://arxiv.org/abs/hep-th/9710116
https://inspirehep.net/search?p=find+EPRINT+hep-th/9710116
https://arxiv.org/abs/1705.05836
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.05836
https://doi.org/10.1007/JHEP04(2018)103
https://arxiv.org/abs/1801.04036
https://inspirehep.net/search?p=find+EPRINT+arXiv:1801.04036
https://doi.org/10.1007/JHEP03(2018)123
https://arxiv.org/abs/1710.08418
https://inspirehep.net/search?p=find+EPRINT+arXiv:1710.08418

[10] L. Bao, E. Pomoni, M. Taki and F. Yagi, M5-Branes, Toric Diagrams and Gauge Theory
Duality, JHEP 04 (2012) 105 [arXiv:1112.5228] [INSPIRE].

[11] V. Mitev, E. Pomoni, M. Taki and F. Yagi, Fiber-Base Duality and Global Symmetry
Enhancement, JHEP 04 (2015) 052 [arXiv:1411.2450] [INSPIRE].

[12] O. Bergman, D. Rodriguez-Gémez and G. Zafrir, 5-Brane Webs, Symmetry Enhancement
and Duality in 5d Supersymmetric Gauge Theory, JHEP 03 (2014) 112 [arXiv:1311.4199]
[INSPIRE].

[13] B. Assel and J. Gomis, Mirror Symmetry And Loop Operators, JHEP 11 (2015) 055
[arXiv:1506.01718] [INSPIRE].

[14] H.-C. Kim, Line defects and 5d instanton partition functions, JHEP 03 (2016) 199
[arXiv:1601.06841] INSPIRE].

[15] P. Agarwal, J. Kim, S. Kim and A. Sciarappa, Wilson surfaces in M5-branes, JHEP 08
(2018) 119 [arXiv:1804.09932] [iNSPIRE].

[16] N. Nekrasov, BPS/CFT correspondence: non-perturbative Dyson-Schwinger equations and
qg-characters, JHEP 03 (2016) 181 [arXiv:1512.05388] [INSPIRE].

[17] J.-E. Bourgine, M. Fukuda, Y. Matsuo, H. Zhang and R.-D. Zhu, Coherent states in
quantum Wi oo algebra and qq-character for 5d Super Yang-Mills, PTEP 2016 (2016)
123B05 [arXiv:1606.08020] [INSPIRE].

[18] T. Kimura and V. Pestun, Quiver W-algebras, Lett. Math. Phys. 108 (2018) 1351
[arXiv:1512.08533] [INSPIRE].

[19] J.-E. Bourgine, M. Fukuda, K. Harada, Y. Matsuo and R.-D. Zhu, (p, ¢)-webs of DIM
representations, 5d N' =1 instanton partition functions and qq-characters, JHEP 11 (2017)
034 [arXiv:1703.10759] [INSPIRE].

[20] D. Gaiotto and H.-C. Kim, Duality walls and defects in 5d N =1 theories, JHEP 01 (2017)
019 [arXiv:1506.03871] INSPIRE].

[21] H.-C. Kim, S.-S. Kim and K. Lee, 5-dim Superconformal Index with Enhanced En Global
Symmetry, JHEP 10 (2012) 142 [arXiv:1206.6781] INSPIRE].

[22] C. Hwang, J. Kim, S. Kim and J. Park, General instanton counting and 5d SCFT, JHEP 07
(2015) 063 [arXiv:1406.6793] [INSPIRE].

~-M. Chang, O. Ganor and J. , An index for ray operators in n S,
23] C.-M. Ch. 0. G d J. Oh, An index f in 5d E, SCFTs, JHEP 02
(2017) 018 [arXiv:1608.06284] [INSPIRE].

[24] A. Hanany and E. Witten, Type IIB superstrings, BPS monopoles and three-dimensional
gauge dynamics, Nucl. Phys. B 492 (1997) 152 [hep-th/9611230] [INSPIRE].

[25] D. Gaiotto and H.-C. Kim, Surface defects and instanton partition functions, JHEP 10
(2016) 012 [arXiv:1412.2781] INSPIRE].

[26] M. Bullimore and H.-C. Kim, The Superconformal Index of the (2,0) Theory with Defects,
JHEP 05 (2015) 048 [arXiv:1412.3872] [INSPIRE].

[27] M. Bullimore, H.-C. Kim and P. Koroteev, Defects and Quantum Seiberg- Witten Geometry,
JHEP 05 (2015) 095 [arXiv:1412.6081] [INSPIRE].

[28] N.A. Nekrasov, Seiberg- Witten prepotential from instanton counting, Adv. Theor. Math.
Phys. 7 (2003) 831 [hep-th/0206161] [INSPIRE].

— 50 —


https://doi.org/10.1007/JHEP04(2012)105
https://arxiv.org/abs/1112.5228
https://inspirehep.net/search?p=find+EPRINT+arXiv:1112.5228
https://doi.org/10.1007/JHEP04(2015)052
https://arxiv.org/abs/1411.2450
https://inspirehep.net/search?p=find+EPRINT+arXiv:1411.2450
https://doi.org/10.1007/JHEP03(2014)112
https://arxiv.org/abs/1311.4199
https://inspirehep.net/search?p=find+EPRINT+arXiv:1311.4199
https://doi.org/10.1007/JHEP11(2015)055
https://arxiv.org/abs/1506.01718
https://inspirehep.net/search?p=find+EPRINT+arXiv:1506.01718
https://doi.org/10.1007/JHEP03(2016)199
https://arxiv.org/abs/1601.06841
https://inspirehep.net/search?p=find+EPRINT+arXiv:1601.06841
https://doi.org/10.1007/JHEP08(2018)119
https://doi.org/10.1007/JHEP08(2018)119
https://arxiv.org/abs/1804.09932
https://inspirehep.net/search?p=find+EPRINT+arXiv:1804.09932
https://doi.org/10.1007/JHEP03(2016)181
https://arxiv.org/abs/1512.05388
https://inspirehep.net/search?p=find+EPRINT+arXiv:1512.05388
https://doi.org/10.1093/ptep/ptw165
https://doi.org/10.1093/ptep/ptw165
https://arxiv.org/abs/1606.08020
https://inspirehep.net/search?p=find+EPRINT+arXiv:1606.08020
https://doi.org/10.1007/s11005-018-1072-1
https://arxiv.org/abs/1512.08533
https://inspirehep.net/search?p=find+EPRINT+arXiv:1512.08533
https://doi.org/10.1007/JHEP11(2017)034
https://doi.org/10.1007/JHEP11(2017)034
https://arxiv.org/abs/1703.10759
https://inspirehep.net/search?p=find+EPRINT+arXiv:1703.10759
https://doi.org/10.1007/JHEP01(2017)019
https://doi.org/10.1007/JHEP01(2017)019
https://arxiv.org/abs/1506.03871
https://inspirehep.net/search?p=find+EPRINT+arXiv:1506.03871
https://doi.org/10.1007/JHEP10(2012)142
https://arxiv.org/abs/1206.6781
https://inspirehep.net/search?p=find+EPRINT+arXiv:1206.6781
https://doi.org/10.1007/JHEP07(2015)063
https://doi.org/10.1007/JHEP07(2015)063
https://arxiv.org/abs/1406.6793
https://inspirehep.net/search?p=find+EPRINT+arXiv:1406.6793
https://doi.org/10.1007/JHEP02(2017)018
https://doi.org/10.1007/JHEP02(2017)018
https://arxiv.org/abs/1608.06284
https://inspirehep.net/search?p=find+EPRINT+arXiv:1608.06284
https://doi.org/10.1016/S0550-3213(97)00157-0
https://arxiv.org/abs/hep-th/9611230
https://inspirehep.net/search?p=find+EPRINT+hep-th/9611230
https://doi.org/10.1007/JHEP10(2016)012
https://doi.org/10.1007/JHEP10(2016)012
https://arxiv.org/abs/1412.2781
https://inspirehep.net/search?p=find+EPRINT+arXiv:1412.2781
https://doi.org/10.1007/JHEP05(2015)048
https://arxiv.org/abs/1412.3872
https://inspirehep.net/search?p=find+EPRINT+arXiv:1412.3872
https://doi.org/10.1007/JHEP05(2015)095
https://arxiv.org/abs/1412.6081
https://inspirehep.net/search?p=find+EPRINT+arXiv:1412.6081
https://doi.org/10.4310/ATMP.2003.v7.n5.a4
https://doi.org/10.4310/ATMP.2003.v7.n5.a4
https://arxiv.org/abs/hep-th/0206161
https://inspirehep.net/search?p=find+EPRINT+hep-th/0206161

[29]

[30]

[31]

[32]

[33]

[34]

[35]
[36]

[37]

[38]

[39]

V. Pestun, Localization of gauge theory on a four-sphere and supersymmetric Wilson loops,
Commun. Math. Phys. 313 (2012) 71 [arXiv:0712.2824] [nSPIRE].

D. Tong, The holographic dual of AdS3 x S% x S3 x S, JHEP 04 (2014) 193
[arXiv:1402.5135] [INSPIRE].

D. Tong and K. Wong, Instantons, Wilson lines and D-branes, Phys. Rev. D 91 (2015)
026007 [arXiv:1410.8523] [INSPIRE].

P. Putrov, J. Song and W. Yan, (0,4) dualities, JHEP 03 (2016) 185 [arXiv:1505.07110]
[INSPIRE].

Y. Ito, T. Okuda and M. Taki, Line operators on S* x R? and quantization of the Hitchin
moduli space, JHEP 04 (2012) 010 [Erratum ibid. 1603 (2016) 085] [arXiv:1111.4221]
[INSPIRE].

T.D. Brennan, A. Dey and G.W. Moore, On ’t Hooft defects, monopole bubbling and
supersymmetric quantum mechanics, JHEP 09 (2018) 014 [arXiv:1801.01986] [INSPIRE].

T.D. Brennan, Monopole Bubbling via String Theory, arXiv:1806.00024 [INSPIRE].

O. Bergman, D. Rodriguez-Gémez and G. Zafrir, Discrete 8 and the 5d superconformal
index, JHEP 01 (2014) 079 [arXiv:1310.2150] [INSPIRE].

L. Bao, V. Mitev, E. Pomoni, M. Taki and F. Yagi, Non-Lagrangian Theories from Brane
Junctions, JHEP 01 (2014) 175 [arXiv:1310.3841] [INSPIRE].

H. Hayashi, H.-C. Kim and T. Nishinaka, Topological strings and 5d Ty partition functions,
JHEP 06 (2014) 014 [arXiv:1310.3854] [iNSPIRE].

S. Katz, P. Mayr and C. Vafa, Mirror symmetry and ezact solution of 4 — D N = 2 gauge
theories: 1., Adv. Theor. Math. Phys. 1 (1998) 53 [hep-th/9706110] [INSPIRE].

[40] Y. Tachikawa, Instanton operators and symmetry enhancement in 5d supersymmetric gauge

theories, PTEP 2015 (2015) 043B06 [arXiv:1501.01031] NSPIRE].

~ 51 —


https://doi.org/10.1007/s00220-012-1485-0
https://arxiv.org/abs/0712.2824
https://inspirehep.net/search?p=find+EPRINT+arXiv:0712.2824
https://doi.org/10.1007/JHEP04(2014)193
https://arxiv.org/abs/1402.5135
https://inspirehep.net/search?p=find+EPRINT+arXiv:1402.5135
https://doi.org/10.1103/PhysRevD.91.026007
https://doi.org/10.1103/PhysRevD.91.026007
https://arxiv.org/abs/1410.8523
https://inspirehep.net/search?p=find+EPRINT+arXiv:1410.8523
https://doi.org/10.1007/JHEP03(2016)185
https://arxiv.org/abs/1505.07110
https://inspirehep.net/search?p=find+EPRINT+arXiv:1505.07110
https://doi.org/10.1007/JHEP04(2012)010
https://arxiv.org/abs/1111.4221
https://inspirehep.net/search?p=find+EPRINT+arXiv:1111.4221
https://doi.org/10.1007/JHEP09(2018)014
https://arxiv.org/abs/1801.01986
https://inspirehep.net/search?p=find+EPRINT+arXiv:1801.01986
https://arxiv.org/abs/1806.00024
https://inspirehep.net/search?p=find+EPRINT+arXiv:1806.00024
https://doi.org/10.1007/JHEP01(2014)079
https://arxiv.org/abs/1310.2150
https://inspirehep.net/search?p=find+EPRINT+arXiv:1310.2150
https://doi.org/10.1007/JHEP01(2014)175
https://arxiv.org/abs/1310.3841
https://inspirehep.net/search?p=find+EPRINT+arXiv:1310.3841
https://doi.org/10.1007/JHEP06(2014)014
https://arxiv.org/abs/1310.3854
https://inspirehep.net/search?p=find+EPRINT+arXiv:1310.3854
https://doi.org/10.4310/ATMP.1997.v1.n1.a2
https://arxiv.org/abs/hep-th/9706110
https://inspirehep.net/search?p=find+EPRINT+hep-th/9706110
https://doi.org/10.1093/ptep/ptv040
https://arxiv.org/abs/1501.01031
https://inspirehep.net/search?p=find+EPRINT+arXiv:1501.01031

	Introduction and summary of results
	Branes and loops
	Brane setup
	Half-BPS loop operators
	S-duality

	Loops in pure SU(2) theory
	Half-index computations from residues
	S-duality of Wilson loops

	Loops in SU(2) theories with matter
	Nf=1
	Nf=2

	SU(3)-SU(2)*2 dualities
	SU(3) Nf=2 and SU(2)(pi)x SU(2)(pi)
	SU(3), Nf=2 loops
	SU(2)(pi) x SU(2)(pi) loops
	S-duality

	SU(3) Nf=6 and SU(2) x SU(2) Nf=2+2
	SU(3) Nf=6
	SU(2)xSU(2), Nf=2+2
	S-duality


	Generalization
	ADHM formulae
	Single gauge node case
	Linear quiver case

	SU(2) theory with N(f)=3,4
	Nf=3
	Nf=4

	Results
	Wilson loops in SU(3), Nf=2 theory
	Wilson loops in SU(2)(pi) x SU(2)(pi) theory


