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1 Introduction

Dualities are remarkable features of string theory which have helped to expose and under-
stand some of the intricate structures of the theory. Examples for dualities are S-duality,
T-duality, mirror symmetry and heterotic-type I duality — and in this work we will be
interested in T-duality for open strings.

Non-geometric backgrounds. Dualities can be used to construct new backgrounds for
string theory which are well-defined only using duality transformations. An example is F-
theory in which S-duality is needed to construct globally-defined solutions, and in a similar
way T-duality can be utilized to build so-called non-geometric backgrounds. The latter
are spaces which do not allow for a description in terms of Riemannian geometry, but in
which O(D, D;Z) T-duality transformations are used as transition functions between local
charts [1, 2]. In this way globally well-defined backgrounds can be constructed.

The standard example for a non-geometric background is obtained by applying suc-
cessive or collective T-duality transformations to a three-torus with H-flux. After one



T-duality one arrives at a twisted three-torus [3, 4], which is a geometric space and to
which one can associate a geometric flux Fkij. A second T-duality transformation gives
the T-fold background [2], which locally can be expressed in terms of a metric and B-field
but which globally is non-geometric. To this configuration one can associate a Q-flux Q;7*.
Finally, even though the Buscher rules cannot be applied, a formal third T-duality leads
to a background with R-flux R“* [5, 6] and it has been argued that this space not even
locally allows for a geometric description. This chain of T-duality transformations is often
summarized as follows

Hy, ——0—  Fly  — @i D Rk (1.1)
where T; denotes a T-duality transformation along the direction labelled by ¢. Non-
geometric backgrounds have interesting properties, for instance, they lead to non-
commutative [7-13] and non-associative [14-22] structures (for a review see [23]). Fur-
thermore, non-geometric - and R-fluxes can help in stabilizing moduli in string-
phenomenology (see e.g. [5, 6, 24-29]) and they can provide mechanisms for the construction
of potentials for inflationary scenarios in string-cosmology (see e.g. [30, 31]).

The purpose of this paper is to investigate non-geometric backgrounds from an open-
string perspective. In particular, we want to understand the global properties of D-branes
in non-geometric spaces, which is important for applications in D-brane model building.
In the context of doubled geometry, D-branes in non-geometric backgrounds have been
discussed already in the original paper [2] and have been investigated further in [32, 33].
However, here we are interested in a description in string theory.

T-duality for open strings. In order to analyze D-branes in non-geometric back-
grounds, we follow a strategy similar to the closed-string situation and apply T-duality
transformations to D-brane configurations on a three-torus with H-flux.

T-duality for open strings in toroidal backgrounds with constant metric and B-field
can be studied via well-known conformal-field theory (CFT) techniques, but for curved
backgrounds with non-trivial B-field one usually has to rely on Buscher’s procedure [34]
of gauging a symmetry of the world-sheet action and integrating-out the gauge field. This
approach has been investigated already in the literature, and some of the relevant papers
are the following:

e In [35] the authors discuss T-duality for the open string along a single direction.
They consider the bosonic string as well as the superstring from a world-sheet point
of view, and they analyze the behavior of the effective target-space action. The direc-
tion along which the T-duality transformation is performed has Neumann boundary
conditions, and a Lagrange multiplier is implemented in a way which does not allow
for a generalization to Dirichlet directions for non-trivial world-sheet topologies.

e In [36, 37] the case of a single T-duality transformation is studied from a path-
integral point of view and as a canonical transformation. The gauge group on a stack
of D-branes can be non-abelian, and the B-field is required to be independent of
the coordinate along which T-duality is performed. T-duality is considered along a



direction with Neumann boundary condition, and the topology of the world-sheet is
assumed to be trivial.

e In [38-40] the authors investigate T-duality along multiple directions with a non-
abelian isometry group. The B-field and consequently the H-flux are set to zero, and
the topology of the world-sheet is assumed to be trivial.

e T-duality for open-string sigma models has been studied also in [41] with the inclusion
of the fermionic sector on the world-sheet. Boundary conditions are discussed and
the case of a single T-duality is considered for world-sheets with trivial topology.

In the present paper we extend the above analyses and work-out missing details: 1) we
include world-sheets with a non-trivial topology in our studies, 2) we present procedures
for T-duality transformations along directions with Neumann as well as Dirichlet boundary
conditions, and 3) we include the case of performing collective T-duality transformations
along multiple directions. For part of our analysis we include the case of a non-abelian
isometry algebra, but final results are obtained only for the abelian case.

We furthermore mention that T-duality for open strings has been studied via canonical
transformations also in [42, 43|, and T-duality for D-branes from an effective field theory
point of view has been investigated for instance in [44-46]. D-branes in non-geometric
backgrounds have been analyzed from an effective field theory point of view in [15] and
through boundary states in [47], and in the context of generalized complex geometry D-
branes and T-duality have been studied in [48]. Poisson-Lie T-duality for open strings has
been discussed in [49] and [50], and in a somewhat different approach T-duality for open
strings has also been considered in [51-53].

Outline. This paper consists of essentially two parts: first we discuss on general grounds
open-string T-duality via Buscher’s procedure, and in the second part we apply this for-
malism to D-brane configurations on a three-torus with H-flux. More concretely:

e In section 2 we consider the world-sheet description of open strings, the gauging of
symmetries and how the ungauged action can be obtained from the gauged one. We
pay special attention to the topology of the world-sheet.

e In section 3 we perform collective T-duality transformations either along all Neumann
or all Dirichlet directions. We find for instance that, as expected, under T-duality
Neumann and Dirichlet boundary conditions are interchanged.

e In section 4 we consider D-branes on a three-torus with H-flux and study T-duality
along one, two and three directions. This is on the one-hand to illustrate the pro-
cedure discussed in section 3, and on the other-hand to obtain explicit examples for
D-branes on the twisted three-torus and on the T-fold.

e In section 5 we discuss the results from section 4. We review the Freed-Witten
anomaly cancellation condition, and we show that D-branes satisfying this condition
are globally well-defined on the twisted torus and on the T-fold.

e Section 6 contains a brief summary of the results obtained in this paper.



2 Non-linear sigma-model for the open string

We begin our discussion by reviewing the non-linear sigma-model description of the open
string and studying the gauging of world-sheet symmetries. The latter are then employed
in section 3 for performing T-duality transformations.

2.1 World-sheet action

We first introduce the sigma-model for the open string, specify boundary conditions and
consider global symmetries of the world-sheet action.

The action. The world-sheet action for an open string can be defined on a two-dimen-
sional world-sheet ¥ with non-empty boundary 9% # &. We allow for a non-trivial target-
space metric GG, Kalb-Ramond field B, dilaton ¢ and open-string gauge field a, although
at a later stage we impose restrictions upon them. The field strengths of B and a will
be denoted by H = dB and F = da, respectively. For later convenience we perform a
Wick rotation and consider an Euclidean metric on the world-sheet. The resulting action

then reads
1 1 i o : o a
S=——— =G d X" AN*d X7 4+ —B;;d X ANdX? + —Ro«1
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) (2.1)
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where a = a;dX? is understood to be restricted to the boundary ¥. Coordinates on the
world-sheet ¥ are denoted as 0* = {o!,0?} and on the boundary 9% as s. Coordinates
on a D-dimensional target-space are denoted by X?(c) with ¢ = 1,..., D, which can be
interpreted as maps from the world-sheet ¥ to the target-space. The exterior derivative
operator d acting on X° can therefore be written as dX? = 0,X%(¢)do®. The Hodge
star-operator on X is denoted by %, the Ricci scalar for the world-sheet metric is R, and
k(s) is the extrinsic curvature of the boundary k = t2t®V,ny,, where t* and n? are unit
vectors tangential and normal to the boundary, respectively. Note furthermore that on the
boundary we have dX|sy, = 20, X ds.

Boundary conditions. Next, we consider the equations of motion for the fields X and,
in particular, the corresponding boundary conditions. Denoting by F;k the Christoffel
symbols for the target-space metric G;; and by H;j;, the components of the field strength
H = dB, the equations of motion for X* following from (2.1) read

0=dxdX' + T dX™ A*dX" — %Himndxm AdX™
v (2.2)
— 5G1m8m¢ Rx1 s

where the index of H;;, has been raised using the inverse of G;;. As boundary condition we
can impose Dirichlet boundary conditions of the form §X*|yx = 0 or Neumann boundary
conditions. Denoting the tangential and normal part of dX? on the boundary by

(dX?),, =t°0.X"ds| s (dx?)

ta

=n?0,X" ds}82 , (2.3)

norm



where t* and n® are again unit tangential and normal vectors, and introducing the gauge-
invariant open-string field-strength F as 2ra/F = 27d’F + B, we can summarize the
boundary conditions as

Dirichlet 0=(dX?),,
Neumann 0= Gy (dXi)HO]rm +27a i Fyp (de) tan T a'k(8)0u¢ ds o5 (24)
Here and in the following we split the target-space index ¢ = 1,..., D into Dirichlet and
Neumann directions ¢ and a, respectively.

Now, the Hodge decomposition theorem for manifolds with boundary (see for in-
stance [54]) allows us to decompose the space of closed p-forms C? = {w € QP : dw = 0}
into exact p-forms EP = {w € 0P : w = dn,n € P71} and closed and co-closed forms whose
normal part vanishes on the boundary CeC%, = {w € O : dw = 0, d'w = 0, wporm = 0}.
Here, QP is the space of smooth differential forms on ¥ and d' denotes the co-differential.

In formulas, this decomposition reads
CP = EP @ CcC¥; . (2.5)

For Dirichlet boundary conditions — with vanishing tangential part of d.X i this implies
in particular that the CcC}; part of dX* vanishes and hence dX* is an exact one-form on
the world-sheet X.

Global symmetries. In order to perform T-duality transformations, let us now require
the world-sheet action (2.1) to be invariant under global symmetry transformations of
the form

6 X1 = ekl (2.6)

For global symmetries the infinitesimal transformation parameters € are constant, and we
require the target-space vectors k, to satisfy a Lie algebra g as

(ko kgL = fap Ky, (2.7)

where f,37 are the structure constants satisfying the Jacobi identity. The label a takes
values « = 1,..., N with N = dim(g).

The variation of the action (2.1) with respect to the transformations (2.6) does not
vanish in general. However, when the following conditions are met then (2.6) is a global
symmetry of the action

Ly, G =0,
Ly, B = dvuy, 27ra/£kaa‘82 = (—vo + dwa)}az, (2.8)
Ly, ¢ =0.

Here, G = %GijdXi®de, B = %BijdXi/\de, a = a;dX" and ¢ are interpreted as target-
space quantities.! The Lie derivative along a vector field k is given by £, = dotj,+0d, with

'In order to keep our notation manageable, we do not explicitly distinguish between quantities on the
world-sheet and on target space, but assume this to be clear from the context. For instance, on the
world-sheet we have £,G = %(LkG)ijdXi Axd X7,



¢ the contraction operator acting on dX* as L, dX J = 67 and d is the exterior derivative
acting as d = dX* 9;. Furthermore, in order to apply Stokes’ theorem and show that (2.6)
is a global symmetry of the action (2.1) we require

Vg ... globally-defined one-forms on X, (2.9)
W - .. globally-defined functions on 0. '

Let us also investigate when the boundary conditions (2.4) are invariant under the
global symmetry (2.6). For Neumann boundary conditions there are no restrictions due
to (2.8), whereas for Dirichlet boundary conditions we find a non-trivial requirement. These

are summarized as

Dirichlet 0=0.k.|
o% (2.10)

Neumann .

However, strictly speaking the Dirichlet conditions read § X g|82 = 0 which are not preserved
under global transformations of the form (2.6). For local symmetry transformations on the
other hand, the situation is different and we can preserve Dirichlet conditions of this form.

2.2 Gauged world-sheet action

In order to follow Buscher’s approach to T-duality, we now promote the global symme-
tries (2.6) to local ones by introducing corresponding gauge fields.

Gauged action I. To gauge the global symmetries, we consider € = ¢*(0?) and intro-
duce world-sheet gauge fields A¢. The resulting gauged action takes the following form

~ 1 1 i i qa ] j o
S = _2770//2 [2Gij(dX + kLA )/\*(dXJ+kgA5)+5R¢>*1 }

i

1 . ,
/ |:BijdXz/\dX]
2
¥

B /
2T ) (2.11)
+ (T + dxa) A AX + 3 (Lk[g’f)@ + fa67X7> A% A AB}
1 - o /
- 2mia’agdX® — i Qox + @' k(s)pds|
2ra! Jox
where for later purpose we introduced a set of scalar fields x, with « = 1,..., N and where
we have defined
Vo i= Vo — 1, B (2.12)

The one-form gy, depends on whether the local symmetries are along Neumann or Dirichlet
directions and we specify its precise form below. The local symmetry transformations for



the gauged action (2.11) are given as follows?

6 X1 = kL,

5 A = —de” — fa, %P AT, (2.13)
SeXa = _Lk<a%)€ﬂ - faﬂ’yﬁﬁX’)H
however, under (2.13) the gauged action (2.11) is in general not invariant. For invariance
of the terms in the bulk > we have to require that dy, are globally well-defined on ¥ and
have to impose the additional constraints

~ - - 1
‘Ck@vj = fag’y’l),y, Lk[gfﬁi]avg = g LkaLkglfka . (2.14)

Boundary conditions. Let us now come to the boundary conditions for the gauged
action. In particular, the conditions (2.4) for the fields X* are preserved provided that the
transformation parameters € satisfy on the boundary

Dirichlet 0 = k% (de)

)

ox

Neumann 0= Gukl (deo‘)norm + 21 i Fopk?, (de®)

tan

(2.15)

)

tan ED

where we employed the restrictions (2.10) coming from the global symmetries. However,
for Dirichlet boundary conditions we again have a stronger requirement from demanding
that §X %\32 = 0. This implies in particular that kieabg =0.

We now turn to the boundary conditions for the gauge fields A% and start with the
following two observations:

e For Dirichlet conditions we argued that the corresponding transformation parameters
€* have to vanish on the boundary. Comparing with the transformations (2.13), we
can conclude that under local symmetry transformations the gauge fields A% do not
change on the boundary. In fact, as we will discuss in section 2.3, in order to show the
equivalence to the ungauged action we demand that A% vanishes on the boundary.

e For Neumann conditions we can determine the equations of motion for X? from the
gauged action (2.11). If we require that for this variation boundary terms vanish, we
obtain conditions for the A% summarized below.

Motivated by these observations, we then impose the following boundary conditions for the
gauge fields A% [41]

Dirichlet 0= K (A%)

Y

o (2.16)
+ 20 i F ok (A%)

tan

Neumann 0= Gaiké (AO‘)

norm tan

oy

Note that these conditions are preserved under the local symmetry transformations (2.13).

2Qur convention for the (anti-)symmetrization of indices contains a factor of 1/n!, and for better dis-
tinction we highlight the (anti-)symmetrized indices by under-lining or over-lining them.



Gauged action II. After having discussed the boundary conditions for the gauge fields,
we can now specify the one-form Qpy in the action (2.11). For simplicity we consider local
symmetry transformations either all along Dirichlet directions X “ or all along Neumann
directions X®. Mixed cases can also be treated, but the presentation becomes more in-
volved.

e We start with Dirichlet boundary conditions. In this case the infinitesimal variation
parameters €* vanish on the boundary, and hence the boundary terms in (2.11) stay
invariant under (2.13). For Qyx we then choose

Dirichlet Qox =0. (2.17)

e For Neumann boundary conditions we introduce a second set of Lagrange multipliers
¢q with a =1,..., N, and we specify the one-form Qg5 as

Neumann Qox = (Xa + o +wa — 27ro/Lkaa)Aa ) (2.18)

The ¢, are required to be constant fields on the boundary 9%, and the x, have to be
globally well-defined on the boundary 0. The latter requirement implies that dx,
is exact on the boundary, and hence it follows from the Hodge decomposition (2.5)
that C'cCn-part of dy, vanishes. We therefore have in summary

Xa - -- globally-defined functions on X, (2.19)
¢q ... constant functions on 0. .

Finally, in order for the gauged action (2.11) to be invariant under the symmetry
transformations (2.13) in the case of Neumann boundary conditions, in addition
to (2.14) we impose

1
Lk[gwé] ’82 = ) |:fa6'way + Lk@v,}] ‘82 y 0= foég'y(;s7 o (2.20)

Symmetries of the gauged action. The gauged action (2.11) has been constructed
such that it is invariant under the local transformations (2.6). However, by extending the
original action by additional fields v,, ws and ¢, further symmetries may arise. And
indeed, we find the following transformations which leave the action (2.11) invariant [38]:

1. Gauge transformations of the Kalb-Ramond field with a globally well-defined one-
form on the world-sheet ¥ denoted by A:

B — B+dA,
1
a %G_WA’ (221)

Vo — Vo + L, dA,

Wa — Wa — L, A



2. Shifts of the one-forms v, by exact forms using functions A,:

Vo — Vo + dAq,
Xao = Xa — Ao, ﬁk[g)\@ = fag’y)w . (2.22)

Wa — Wa + Ao,

3. Gauge transformations of the open-string gauge field a with a globally well-defined
function A on the boundary 0%:

a — a+dA,
(2.23)
Wa — Wa + 27ro/zkad)\.

4. Shifts of the functions w, by constants 0,:

Xa = Xa + 0o,
s fas 0, = 0. (2.24)
waﬁwa_aom

5. Shifts of the functions ¢, by constants ©:

Pa = Pa + O,

(2.25)
Wa — Wa — Oy .
Note that for Dirichlet boundary conditions the boundary term {2y, vanishes, and therefore
the last two symmetries are slightly modified and less restrictive.

2.3 Recovering the ungauged world-sheet action

We finally want to show how the ungauged world-sheet theory (2.1) can be recovered from
the gauged action (2.11). This will be done using the equations of motion of the Lagrange
multipliers x, (and ¢q) [55-57].

Equations of motion for x, (and ¢). Let us start by determining the equations of
motion for the Lagrange multipliers from the gauged action (2.11). We distinguish again
between all-Dirichlet or all-Neumann boundary conditions:

e In the case of Dirichlet boundary conditions, we recall from (2.17) that the one-form
Qgy, vanishes. The variation of the action (2.11) with respect to x, then leads to

~ 1

5,8 = 0Xa | dA™ — < f5, " AP N A7 2.26
X 2wal /; Xa ( 2 fﬁ"/ ) ) ( )

where the boundary term vanishes due to the Dirichlet conditions (2.16). Setting to

zero the variation (2.26) leads to the equations of motion for A%, and together with

the boundary condition on A% we have

1
0=F“=dA* - ifﬁﬁAﬂ NAY, 0=A" . (2.27)



e Next, we turn to the Neumann boundary conditions. In this case the boundary one-
form Qpy takes the form given in (2.18), and for the equations of motion for x, and
¢ we determine

~ 1
— a - a AB v
0yS 27T0//2 0Xa (dA 2f57 AP NA > )
‘ (2.28)
=~ i
0sS = 0o A,
¢ 2ma! o2 ¢
which gives the equations of motion
1
= F* = dA™ — - f3,"AP A AY = A" 2.29
O 2 fﬁv /\ I 0 % ( )

Here it also becomes apparent why in the case of Neumann boundary conditions we
introduced a second set of Lagrange multipliers ¢,. The latter are needed in order
to set to zero the gauge field on the boundary [38].

Abelian isometry algebra. Let us now consider abelian isometry algebras for which
the structure constants f,37 are vanishing. In this case the equation of motion for x,
imply that A® is closed, and according to (2.5) we can therefore decompose

A% = da?o) + Z af“m)wm 5 (2.30)

where af‘o) are globally defined functions on I, a‘()‘m) € R and o™ € CCC'}V is a basis of
closed and co-closed one-forms on Y whose normal part vanishes. However, taking into
account also the second condition in (2.27) and (2.29) we see that the tangential part of
A% is required to vanish on the boundary. As we discussed before, this implies that the
CcC}, part of A% is trivial, i.e. a‘(”m) = 0. Therefore A% is exact — and using the gauge
symmetry (2.13) we can set A® to zero. We have then recovered the original action (2.1)
from the gauged one (2.11).

Non-abelian isometry algebra. In the case of a non-abelian isometry algebra the
situation is different. Since due to the first condition in (2.27) and (2.29) the gauge fields
A% are not closed, we cannot apply the Hodge decomposition theorem. Heuristically, we can
follow a method similar to the one in [58] where a field redefinition from DX = d X+ k¢ A®
to dY? has been discussed. This procedure allows to recover the original action from the
gauged action also in the case of non-abelian isometries, however, it does not take into
account a non-trivial topology of the world-sheet.

More accurate would be to start from the cohomology of the gauge-covariant derivative
and determine a corresponding Hodge decomposition theorem for manifolds with boundary.
This is however beyond the scope of this paper.

3 T-duality

In this section we discuss collective T-duality transformations for the open string. In
section 3.1 we first present results for the closed-string sector of the T-dual theory, whereas
in section 3.2 and 3.3 we consider the open-string sector with Neumann and Dirichlet
boundary conditions.

~10 -



3.1 Closed-string sector

We start by determining the metric and Kalb-Ramond B-field of the T-dual background.
We do so by following Buscher’s procedure [34, 59] of gauging target-space isometries —
as discussed in section 2.2 — and integrating-out the corresponding gauge fields A%.

Equations of motion for A%*. The equations of motion for the gauge fields A% are
obtained by varying the gauged action (2.11) with respect to A%. Since the latter appear
without a derivative, we can solve the equations of motion algebraically. From the part of
the action defined on the bulk ¥ we find using matrix notation [58]

-1 —1 af . —1\ 7 .

4% =—([6-Dg™D] ") (1 +i%DGT) " (k+ig), (3.1)
where we recall that o, 8 = 1,..., N. For ease of notation, we have defined the following
quantities

Gap = kZGz‘j%, §a = dXa + Va,
. . (3:2)
'Dag = Lk[g@@ + faB’YXq/’ ka = k‘&GijdX].

Note that although in (3.1) the inverse of the matrix G appears, in the integrated-out
action only the inverse of (G + D) plays a role. We therefore require invertibility only for
the latter.

The contribution to the equations of motion for A% from the boundary 9% depends
on the type of boundary conditions for the gauge fields (2.16). For instance, if we impose
Dirichlet conditions the gauge fields are absent on the boundary as shown in (2.17). On
the other hand, if A% satisfy Neumann boundary conditions we find a non-trivial condition
which has to be imposed as a constraint. In particular, we have

Dirichlet g,
(3.3)

Neumann 0=2md g, a — (Xa + Pa + Wa) .

Integrated-out action. Using the expressions (3.1) and (3.3), we can now evaluate the
action (2.11). We obtain the following general form

. 1 . ad
S=-—— G+iB+ —R¢x1
2o’ Js 2
. (3.4)
— / 2mic’ a,d X + o'k(s)pds|
2ma! on
with the world-sheet quantities G and B given by the expressions
L 1 _
G=GC—5 (k+"(G+D) " Ax(k—9).
(3.5)

—_

B=B->k+&T(G+D)"'A (k—9),

[\
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in which matrix multiplications for the indices o, = 1,..., N is understood. We note
that the original metric and B-field appearing in (3.5) read G = G;;dX’ A *dXJ and
B =1B,;;dX" AdXJ. The fields in (3.5) can be regarded as a “metric and B-field” for an
enlarged target space of dimension D 4+ N, which is locally parametrized by coordinates

{X", Xa} [60].

Change of basis. The symmetric matrix G defined through (3.5) has N null-eigenvalues.
In the basis {dX? dy,} the corresponding N null-eigenvectors are of the form [58, 60]

ki
ey = a , 3.6
" (Daﬁ - Lka%) (36)

which can be used to perform a change of basis. Since the Killing vectors k, are assumed
to be linearly independent, we can always find a coordinate system in which the N x N
matrix k5 is invertible and where all other components of k%, vanish.® Let us then define
the following basis of one-forms

e = (k1)5dX"7,
€™ = dX™, (3.7)
ea = dxa + [thavg) + fas xs) (K775 dX7

where the indices take values o, = 1,...,N and m,n = N + 1,...,D. We can now
express the fields (3.5) in this new basis:

e Since the symmetric two-tensor G has N zero-eigenvalues, it can be brought into
the form

. 1.
G= 3 G[J@I A *CJ, (38)

where we employed the notation e/ = {e,,e™} with I =1,..., D. Using the defini-
tions shown in (3.2) and (2.12), the components Gy take the following form

Goun = G — kam [(G+D)"1 G (G — D)1 kg
~ kam [(G+D)7'D(G—D)7']* s
+ Tam [(G+D)7 D (G~ D) ks,
+ Bam [(G+D)1G(G—D) ] G

G = 4+ [(G+D)'G(G-D) ']

3This is true when the isometry group has no fixed points or only isolated fixed points. If however the
isotropy of the isometry group is non-trivial, the matrix k2 is not invertible [56] and a different basis of
one-forms e®, e™ and e, in (3.7) has to be chosen.
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These expressions are the components of the metric of the dual background after
performing a collective T-duality transformation along N directions. In particular,
for the case of a T-duality along one direction these formulas reduce to the usual
Buscher rules [34].

e For the two-form B given in (3.5) we find a slightly different structure. In particular,
we can write

3 = % Brel Ael + B (3.10)
where the anti-symmetric matrix B, takes the form
an = an + kam [(g + D)_l D (g - D)_l]aﬁ k,Bn
+ kam [(G+D)1G(G-D) ] G5,
— Bam [(G+D)G(G-D)] ks
- ﬁam [(g + D)il D (g - D)il]a 6Bn
(3.11)
B% =~ [(G+D)'G(G-D) | ks

B = — [(G+D)'D(G-D)]"

These expressions give the B-field of the T-dual background, which in the case of a
single T-duality again match with the Buscher rules.

Let us finally address the residual B-field B mentioned in (3.10). Through the one-forms
e® it depends on dX® of the original background, and it takes the explicit form

i 1
B = e A | dXa + va + 5 (th, Ug) + Fas"X7) €7 |- (3.12)

We discuss this expression separately for Neumann and Dirichlet boundary conditions in
the following two subsections.

Dilaton. The dual dilaton ¢ has to be determined by a one-loop computation as in [59].
However, here we determine ¢ by demanding that the combination e 2?v/det G is invariant

under T-duality transformations. We then find
- ldetG

¢:¢_Zdeté'

Closure of basis. In our above discussion, we have identified e/ = {e,,e™} with I =

(3.13)

1,..., D as the basis one-forms of the T-dual background. As such, they have to be closed
under the exterior derivative d. Let us therefore compute the following expressions

Qe = —3 fn " A& = (K75 [OmhZ)em A
de™ = 0, (3.14)

de, = —faﬁ”’eﬂ N ey + (3mLk<avE) - [Lk(av@ + fm‘sx(s} (k_l)Z[amk:gDem Ae,
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from which we see that in general the basis e/ = {e,, e™} does not close under the exterior
derivative d. This means that the dual background may implicitly depend on the original
coordinates, which is a property expected from a non-geometric background. Nevertheless,
if we restrict ourselves to either of the following situations

0= fcuﬁf7

0= v
0 = Omtrzvg ( { Jas } , (3.15)
0 = Opk? 1T ke

we see that the basis e/ = {e,, ™} is closed under the exterior derivative. Note also that,
as mentioned in footnote 3, in the case of a non-trivial isotropy of the isometry group a
different basis of one-forms has to be chosen. In this case the exterior algebra may take a

different form.

Remark on non-geometric fluxes. Given the general form of the dual metric and B-
field after a collective T-duality transformation shown in (3.9) and (3.11), we want to take
the opportunity and remark on possible non-geometric fluxes. In particular, given Gy and
B;s we can define a new metric g/’ and bi-vector field A7 via

(G+B) ' =g+5, (3.16)

1J

where g/’ corresponds to the symmetric part and 8!/ to the anti-symmetric part. The

non-geometric Q- and R-fluxes are then expressed in terms of 5 as follows
Q' = oa1p7", R = 35Ny g (3.17)

Let us now consider a D-dimensional background and perform a collective T-duality
transformation along all D directions. Ignoring for a moment that the basis of dual one-
forms does not close among itself under d, from (3.9) and (3.11) we can determine

Bap = gaﬁ ) IBaﬁ = Da,()’ ) (318)

where we note that for the dual coordinates x,, the position of the index is reversed as com-
pared to the original coordinates X . For the non-geometric fluxes we compute using (2.14)
and the Jacobi identity of f,z7

Qa57 = fﬁva, Raﬂ'y = Lka%ﬁbk.yH« (3.19)

The general form of these expressions is as expected: for a background with a non-abelian
isometry group the metric is usually non-trivial and one expects a corresponding non-
geometric flux related to f,g”. Under a collective T-duality transformation along all di-
rections this geometric flux should be mapped into the non-geometric @Q-flux, as in (3.19).
Furthermore, under a collective T-duality transformation along all directions the H-flux is
expected to be mapped into the non-geometric R-flux, as can be seen in (3.19). However,
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as mentioned above, the dual-basis one-forms e, defined in (3.7) do not closed under the
exterior derivative

deq = —fape’ Ne, . (3.20)

In this way the dual geometry implicitly depends on the original coordinates, which on
general grounds is expected from a non-geometric background.

3.2 Open-string sector — Neumann directions

Let us now consider the open-string sector and specialize to T-duality transformations along
multiple Neumann directions X®. T-duality along Dirichlet directions will be discussed
in section 3.3, but the mixed case of collective T-duality along Neumann and Dirichlet
directions at the same time will not be studied separately.

Integrating-out I — gauge fields A%. We start by integrating-out the gauge fields
A® from the gauged action (2.11), taking into account the Neumann boundary conditions
shown in (2.16). The solution to the equations of motion for A% in ¥ has been given
in equation (3.1), which leads to the dual metric and B-field shown in (3.9) and (3.11),
including the residual B-field (3.12). The contribution to the equation of motion for A%
coming from the boundary leads to the constraint (3.3), which we implement as a d-function
into the path integral

5(¢a — Xa) g Xa = Xa + wa — 27 1, a. (3.21)

Furthermore, the gauge fields A% are subject to the Neumann boundary conditions. Eval-
uating these for the solution (3.1) gives the following general condition on the boundary

0= [Gm-kg x A%y 1) + 2w iFopkb A% (3.22)

.

where AB\(M) denotes the solution (3.1). In general (3.22) will take a complicated form

(

and has to be computed in a case-by-case analysis. However, if we restrict ourselves for a
moment to the abelian situation with f,g7 = 0 and contract (3.22) with kg, we find that

0 = d¥a (3.23)

los:-

These relations describe Dirichlet boundary conditions for the dual coordinates x., which
we expect on general grounds.

Integrating-out II — Lagrange multipliers ¢,. Next, we consider the Lagrange
multipliers ¢,. After integrating-out the gauge fields A® and implementing the con-
straint (3.21), the path integral takes the following schematic form

_ [ [DX'][Dxa]
7= / Vgauge

/ [Déa) §(da — Xa) o, eXp(S[Xi,Xa]) : (3.24)

where Vgauge denotes the volume of the local gauge symmetry (2.13), X have been defined
in (3.21) and S denotes the action (3.4). Since the latter does not depend on ¢, the
integral over ¢, can performed trivially and the J-function (3.21) gives one.
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Integrating-out III — coordinates X®. The action S still depends on the original
coordinates X® which satisfy Neumann boundary conditions. This means in particular
that dX® can have a non-vanishing C'cC}-part, so the local symmetry (2.13) cannot be
used to set X to zero. However, the residual B-field (3.12) provides the required terms.
In the following we restrict ourselves again to the abelian situation and make the technical
assumption that k‘g are constant, but more general cases can be treated in a similar fashion.

To start, let us note that in (2.8) we have shown conditions which relate the open-
string gauge field a, the one-forms v, and the functions w, on the boundary 0% to each
other. All these quantities depend only on X, which have a unique continuation from the
boundary J¥ to the bulk ¥. We can therefore assume that the relations (2.8) and (2.14)
are valid also on . This allows us to rewrite B in the following way

Bres — d[—f(oéeo‘ — 27ra'a} + 27ro/(%anem A e”) , (3.25)

with F' = da the open-string field strength and X, were defined in (3.21). The dual
action (3.4) contains B together with the open-string gauge field on the boundary. For

i - i
o 7/ / BI‘GS. o . / 27Ta/a
2 Js 2ma! Jox

=4 L /82 Xa€® — ﬁ /z 27T04/(%an€m A e”) ) (3.26)

2ma!

those we compute

The second term in (3.26) denotes the open-string field strength along the directions which
are not dualized and combines with By,, in (3.11) into the gauge-invariant open-string
field strength. Turning to the first term in (3.26), since the dX® with Neumann boundary
conditions appearing in e“ are closed, we can expand them into an exact and a CcC}V—part
similarly as in equation (2.30)

dX* = dXF + > Xe™, (3.27)

[0

where X, are globally-defined functions on 3, X (m) € R are constants and ™ € CcC}, is a

(0)
basis of closed and co-closed one-forms with vanishing normal part. A corresponding basis
of the first homology on 9% will be denoted by 7y, and can be normalized as fvm " =047
Now, the exact part X{o) appearing in (3.27) can be set to zero using the symmetry (2.13),

while for the C’cC’}V—part we distinguish the following two situations:

e Let us first assume that we can define winding/momentum numbers 7y, for the X«
as follows

7{ dX® = X, = 2l | n, €Z, (3.28)

m

which determine the X f‘m) appearing in (3.27). For a compactification of X* on a
circle or a flat torus without H-flux these momentum/winding sectors always exist,
but on more general backgrounds these may be either absent or not be quantized.
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Coming now back to the first expression in (3.26), we see that the path integral (3.24)
(after integrating over ¢,) contains the following terms

ZD / ex ae”
Vgauge P 2na! Jox X

[DX{p)) i [ o 1\8 ya
P50 5 [ [ e

Vgauge ne ¢
Z,('"> (3.29)
D Z exp [/ Xg(k_ )an(m)]
n¢ €L @ ox
1
> ) [ Xp (K1), = ma )] :
S 2ra %

where from the second to the third line we set to zero the exact part using the
local symmetries, and from the third to the fourth line we employed the definition of
the periodic Kronecker d-symbol [55]. We therefore see that coordinates y, on the
boundary 0% are quantized as

~ —1\8
— Xo(k )a‘az €27, (3.30)

e The second possibility is that X Elm) appearing in (3.27) are real numbers determined
via the equations of motion (2.2), which are in particular not quantized. In this case
the sum in (3.29) is replaced by integrals over X Fm)’ leading to Dirac J-functions

which set
Xolgs =0 (3.31)

Let us also note that x,, defined in (3.21) contain a contribution from the open-string gauge
field @. This means that a non-vanishing ¢ a leads to a shift of the dual coordinates x4,
which is again expected on general grounds.

Summary. Let us summarize the main steps to obtain the dual open-string sector in
the case of Neumann boundary conditions. We illustrated this procedure with an abelian
isometry algebra with constant Killing vectors, but more general configurations (subject
to the questions discussed above) follow a similar pattern:

1. First, we integrate-out the gauge fields A% from the gauged action (2.11). This gives
the dual metric and B-field in the bulk and imposes the constraint (3.21) on the
boundary. The boundary conditions for A% shown in (3.22) imply that the dual
coordinates satisfy Dirichlet boundary conditions.

2. Next, we integrate over the Lagrange multipliers ¢, in the path integral. Due to the
d-function (3.21) this integral gives one.
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3. Finally, we perform the path integral over the original coordinates X®. The exact
part of dX“ can be gauged to zero using the local symmetry (2.13), while the co-
homologically non-trivial part of dX® appears in the residual B-field (3.12). The
latter either gives rise to a periodic Kronecker §-symbol in the path integral leading
to quantization conditions for the dual coordinates on the boundary, or gives a Dirac
d-function which imposes Dirichlet conditions for the dual coordinates.

We want to point-out that these results are in agreement with the well-known CFT analysis
of T-duality for the open string: T-duality along a Neumann direction results in a dual
Dirichlet direction, and a non-trivial Wilson line leads to a shift of the dual coordinates on
the boundary.

3.3 Open-string sector — Dirichlet directions

We now turn to collective T-duality transformations along directions with Dirichlet bound-
ary conditions. Due to the absence of the Lagrange multipliers ¢, the procedure differs
slightly from the Neumann case.

Integrating-out I — gauge fields A%. We start again by integrating-out the gauge
fields A® from the gauged action (2.11). The equations of motion for A% in the bulk X
lead to the solution (3.1), which in turn gives the dual metric and B-field shown in (3.9)
and (3.11). The residual B-field can be found in (3.12) and — as already summarized
in (3.3) — there are no additional conditions arising from the variation of the action with
respect to A% on the boundary.

The boundary conditions for A% shown in (2.16) require the gauge fields to vanish on
the boundary. For the solution (3.1) this implies in particular that

_ a
0= 4] (3.32)
which using (3.1) and the basis e/ = {e,, €™} given in (3.7) can be expressed as
0=0G(e"), . +1B ("), - (3.33)

By comparing (3.33) with (2.4) we conclude that these relations describe Neumann bound-
ary conditions for the dual coordinates, which is again expected on general grounds.

Integrating-out II — coordinates X“. Next, we turn to the original coordinates
X which appear in the action via the residual B-field. In the following we assume for
simplicity that the Killing vectors are constant and that v, = 0, but for more general
configurations can be treated in a similar way.

Since the original coordinates X satisfy Dirichlet boundary conditions, the one-forms
dX“ are exact on X.. This allows us to rewrite the residual B-field (3.12) in the following way

B = ¢® Adya = d[Xa (k_l)g 65:| , (3.34)
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which for the action implies

. 5 . xo k_l g
- /Bres' S / 2ma’ ¥65 . (3.35)
2o Js 2mal Jox 2mad

We therefore see that the position of the D-brane in the original theory X%|sx determines

a constant gauge field for the T-dual theory

1 o
L (5 Xﬁ’ . 3.36
2mwa’ ( )5 % ( )
Using the local gauge symmetry (2.13) we can then fix X® in the bulk 3 to a convenient
value, and trivially perform the corresponding integration in the path integral. In this way

we have then obtained the T-dual theory.

Summary. Let us briefly summarize the main steps for obtaining the dual background
for a collective T-duality transformation along Dirichlet directions.

1. We first integrate-out the gauge fields A% form the gauged action (2.11) and obtain
the dual metric and B-field. The boundary conditions (3.32) for the gauge fields then
lead to Neumann boundary conditions for the dual coordinates.

2. In contrast to the case of T-duality transformations along Neumann directions, in
the present situation there are no Lagrange multipliers ¢, present.

3. In the case of an abelian isometry algebra and vanishing one-forms v,,, we can rewrite
the residual B-field (3.12). The latter then leads to a Wilson line along the dual
directions determined by the position of the original D-brane. Since the original
one-forms dX% are exact, we can use the local gauge symmetry to fix them to a
convenient value in the bulk ¥ (subject to the boundary conditions on 9X).

We want to point-out again that these results agree with the results expected from a CFT
analysis on a background with constant metric and B-field. In particular, a T-duality
along a Dirichlet direction leads to a Neumann boundary condition, and the position of
the original D-brane corresponds to a constant gauge field in the dual theory.

4 Examples — three-torus with H-flux

In this section we want to illustrate the formalism introduced above with the example of
the three-torus with H-flux. We discuss a number of different settings and show explicitly
that the results expected from toroidal compactifications with constant B-field are obtained
also for non-trivial B-field.

Setup. As a starting point we consider the background of a flat three-torus with H-flux
and different types of D-branes. We denote coordinates on the three-torus T2 by X* with
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i =1,2,3, and impose the identifications X* ~ X* 4 2. The corresponding basis for the
co-tangent space is given by one-forms dX?, and the metric and B-field read

R? 0 0 o
Gi=|0 R o], B = hX®dx'ndx?, ¢ = o, (4.1)
0 0 R3

where h € Z due to the flux-quantization condition. The radii R; have the dimension of
the string-length ¢, whereas the coordinates X are dimensionless. The dilaton ¢ is taken
to be constant, and the Killing vectors we are interested-in (in a basis dual to dX?) are

given by
1 0 0
ki=10], ko=111, ks=10]{, (4.2)
0 0 1

which satisfy an abelian isometry algebra. Our conventions for the open-string sector is
that a Dp-brane has Neumann boundary conditions along the time direction and along p
spatial directions in T3, while the remaining directions are of Dirichlet type. Finally, since
in our convention the coordinates X are dimensionless it turns out to be convenient to use
also dimensionless dual coordinates

Xa = — Xa - (43)
«
4.1 One T-duality

We start with discussing one T-duality transformation for the above background. For
convenience we always take the direction X', but the formalism introduced in section 3
gives similar results for the other directions. In particular, we can equally perform a T-
duality transformation along the direction X3.

D1-brane along X!. Let us place a Dl-brane along the direction X' and consider a
constant open-string gauge field a. The corresponding field strength F' = da vanishes, and
the boundary conditions (2.4) take the form

0= (dx") 0= (dX?) 0= (dX?) (4.4)

norm ’ tan’ tan °

The constraints (2.8) and (2.14) for a T-duality along the X!-direction are solved for
instance by

a = apdX?!,
vy =0, a1 = const. , (4.5)
w1 = Oa

and the dual metric and B-field can be determined from the general expressions (3.9)
and (3.11) (together with (4.3)) as

12 12 h 3

=~ /20&? _%iﬂX 2 ’ S

Gry = —%—%%X?’ R3 + Vo [LXx3]" o |, Brs=0. (4.6)
0 0 R}
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This background is known as a twisted three-torus [3, 4], and the dual basis can be read-off
from (3.7) as {dx1,dX?,dX3}. The boundary condition for dy; is determined via (3.22),
and together with the remaining directions we have

0= (dX1) ., - 0=(dXx?)

0= (dX?) (4.7)

tan’ tan °

The dual background therefore contains a D0-brane. The residual B-field (3.12) can be
determined as B* = dX! A dy;, and by performing the path integral over X' gives
the condition

X1 — 2%@1]62 € 217. (4.8)

However, since we do not know how to quantize the theory in the presence of a non-trivial
H-flux we have no information about the momentum/winding numbers of the original
coordinate X!. Strictly speaking we should therefore set the right-hand side of (4.8) to
zero following (3.31). In summary, we see that the dual background is a twisted torus with
a DO-brane, whose position is specified by the Wilson line a;.

D2-brane along X!'-X2. As a second example, we consider a D2-brane along the
directions X! and X? with a non-trivial open-string field strength Fi» = f = const. The
boundary conditions (2.4) then take the form

0= RE(AX") yopy, + 270 (f + 72 X7) (AX7)
0=R3(dX?)  —2mdi (f+ X% (dXY),,.. (4.9)
0=(dX?%),.,

and for a T-duality along the direction X! the constraints (2.8) and (2.14) are solved by

a = ardX!'+adX?+ fXtdX?,
v = —2ma’ fdX?, ai, a9, f = const., (4.10)
w1 = 0.

The T-dual metric and B-field are again determined from the general expressions (3.9)
and (3.11) with (4.3), from which we find

12 12 h 3
Sz —Sz [2nf + 3 X7 0
~ o /2 h 2 h 2
Gry=| —G [2nf + 5 X°] R+ 5 [2nf+2X°]7 0 |, (41)
0 0 R3 ‘

B]J:()v

which again describes a twisted three-torus. Note however that here the gauge-invariant
open-string field strength 2wa/ F1o = 27a/ f + %hX 3 appears. The dual basis is determined
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via (3.7) and reads as before {dyx1,dX?,dX?}, and from (3.22) we find the boundary con-
ditions

0= (dX1) -
0= G (dx1),,,, + Go2(dX?) (4.12)
0= (dX3)tan :

These describe Dirichlet conditions for ¥; and X3 and a Neumann boundary condition for
X2, and hence the dual backgrounds contains a D1-brane along the X2-direction. The
residual B-field (3.12) is determined as B™ = dX ! A (dy; — 2w’ fdX?), which via (3.26)
cancels the open-string gauge field fX'dX? C a on the boundary. Performing then the
path integral over X' gives

(X1 — 27a1] 55, =0, (4.13)

following the same reasoning leading to (3.31). The Wilson line apdX? C a is untouched,
so the dual open-string gauge field reads

3=aydX?. (4.14)

In summary, we find that the T-dual background is a twisted torus with a D1-brane with
constant Wilson line along the X 2-direction. We also note that when turning-off the H-flux
and setting h = 0, the metric (4.11) becomes constant. The boundary conditions (4.12)
then describe a D1-brane at an angle in the X'~ X? torus, which reproduces the well-known
CF'T result.

D3-brane along X!'-X2-X3. Let us also briefly discuss a D3-brane along all direc-
tions of the three-torus. Such a configuration does not satisfy the Freed-Witten anomaly
cancellation condition [61], which says that H pulled-back to the D-brane has to vanish in
cohomology. Nevertheless, we perform a T-duality transformation along the X !-direction
in order to gain insight on the dual background.

For simplicity, we consider a setting similar to the above-discussed D2-brane along
X'-X?2 but replace the Dirichlet boundary conditions along X3 by Neumann boundary
conditions and set a = 0. The dual background is then given by

Gy = —%%X:” R%—Fa—? [%X‘gf 0 |, By =0, (4.15)
0 0 R3
with boundary conditions
0= (Xm)tan ’
0= G (dx1),,,, + G22(dX?) (4.16)
0=(dXx?) .
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These relations describe a D2-brane with Dirichlet boundary conditions along x; and Neu-
mann conditions along X? and X3. Since the original configuration is inconsistent, this
T-dual configuration has to be inconsistent as well. We come back to this point in sec-
tion 5.1.

DO0-brane. We also want to illustrate T-duality transformations along Dirichlet direc-
tions. To do so, we first consider a DO-brane which is point-like on the three torus. The
boundary conditions therefore read

_ 1 _ 2 _ 3
0=(dX"),,. . 0= (dX?),,. " 0= (dX?),.. . (4.17)
and the constraints (2.8) are solved by
a=0, vy =0, w; =0. (4.18)
The dual background is then given by (3.9) and (3.11) as
12 2 p
B ke
Gry=| -9 hx3 R24on[hx3)® o Brs=0 (4.19)
RZ 2 2 7 lor ’ 1J ) .
0 0 R?

which describes again a twisted three-torus. The dual basis is determined via (3.7) and
reads {dy1,dX?,dX3}, which satisfy the boundary conditions

0= GH (dgl)norm + GlQ(dX2)norm )
0=(dX?),., (4.20)
0= (dX3)tan :

These expressions describe a Neumann condition for the direction Y1 and Dirichlet bound-
ary conditions for X? and X3, and hence the dual background contains a D1-brane. The
residual B-field (3.12) takes the form B™ = dX' A dy;, and since X' satisfies Dirichlet

boundary conditions dX ! is exact and we can compute

i . i .
_ Bres — _ 2ral [Ldv ] . 421
27ro//2 2ma! /32 e 2 AN ( )

We can therefore identify a constant Wilson line along the direction y; with the position

of the D-brane along the original direction X'

Xox
27

5= dx: - (4.22)

In summary, the T-dual background is a twisted three-torus with a D1-brane and a constant
Wilson line corresponding to the position of DO-brane along the original direction X!.
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D1-brane along X2. As asecond example for a T-duality transformation along a Dirich-
let direction we consider a D1-brane along the X?2-direction. We choose a constant Wilson
line for the D1-brane, and the boundary conditions read

1 2 3
0= (dX"),,. 0=(dX?) ., 0= (dX?),, - (4.23)
The constraints (2.8) are solved for instance by
a = apdX?,
vy =0, az = const. , (4.24)
w1 = 05
and the dual background is given again by
12 12 h 3
pa 2 2 2 )
Cry=| ~SpaeX® B3+ 5z [:X°] 0 |, Bry =0, (4.25)
0 0 R}

with dual basis {d¥1,dX?,dX3}. The boundary conditions (3.32) are evaluated as

0= Gll( Xl)norm + GlQ(dXQ)norm )
0= Ggl (Xm)norm + GQQ (dXz)norm , (4.26)
0=(dXx?),.,

which describe a D2-brane along the directions ¥ and X 2. For the residual B-field a com-
putation similar to (4.21) applies, which leads to the following dual open-string gauge field
Xl
5= 2108 40 4 apax?. (4.27)
27

D2-brane along X?-X3. For completeness, let us also consider a D2-brane along the
directions X2 and X? with vanishing open-string field strength. The analysis is very
similar to the case of a D1-brane along X? which we just discussed. The dual background
is given by (4.25) with dual basis {dy;,dX?,dX3}. The boundary conditions (3.32) are
evaluated as

0= GH (dkl)norm + GlZ(dX2)norm )
0=Go'(dx1), .y + Go2(dX?), (4.28)
0= (dX3)n0rm’

which describe a D3-brane along the twisted three-torus. Note that since the H-flux of
this background vanishes, the Freed-Witten anomaly cancellation condition is satisfied.
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4.2 Two T-dualities

In this section we consider two collective T-dualities for the three-torus with H-flux defined
in (4.1). For concreteness we always perform a collective duality transformation along
the directions X! and X?, which have the same boundary conditions. However, other
combinations can be studied in a similar way.

D2-brane along X'-X2. We start with a D2-brane along the directions X' and X?
with a non-trivial open string field strength F12 = f = const. The boundary conditions (2.4)
then take the same form as in (4.9), namely

0=R{(dX")  42mai (f + £5X°) (dX?)

tan ’

0=R3(dX?) _ —2ma/i(f + {%X") (dX") (4.29)

norm tan’

0= (dx?)

tan ’

For a collective T-duality transformation along two directions the constraints (2.8)
and (2.14) are solved by

a = a;dX'+adX? + 3f (X'dX? — X?dX") ,

v = —2na’ fdX2,

vy = +2ma’ fdX1, ai,as, f = const. (4.30)
w = — ma'f X2,

wy =+ ma'f X1,

and the T-dual metric and B-field are determined from the general expressions (3.9)
and (3.11) together with our convention (4.3). We find

12 p2
o'“R3

; P 0 0
R3R3+[2ma’ f+£5hX3]
GIJ = O 0/2R% / 2 9
R3R3+ [2ma’ f+55hX3]
2
0 0 R2
4.31
0 —a/? [2ﬂa’f+%hX3] ( )
2
R3R3+ [2ma’ f+ 82 hX3]
B,y = ta? [2m’f+%hx3] 0 ol
2
R3R3+ [2ma’ f+ 5 hX3]
0 0 0

which are the metric and B-field of the T-fold background [2]. Note that here again the
gauge-invariant open-string field strength 27a/Fio = 27a’f + %hX 3 appears, and hence
the open-string sector has an effect on the T-dual closed-string background. The dual
basis is determined via (3.7) and reads {dyi,dys,dX?}, and from (3.22) we obtain the
boundary conditions

0 0= (dX2),,, - 0= (dX?) (4.32)

I
—
o,
=
S
SN—
o+
I
B

tan ’
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describing a DO-brane. The residual B-field (3.12) is found as B™ = dX' Ady; +dX? A
dye—2ma’ fAX*Ad X2, which via the computation below (3.26) leads to the condition (3.31)

[Xa — 2maq] 55, = 0. (4.33)

D3-brane along X!'-X2-X3. For later purposes let us also consider a D3-brane along
the three-torus. Since here the Freed-Witten anomaly is not cancelled, this configuration
is inconsistent. Nevertheless, applying a collective T-duality transformation along the
directions X' and X? gives the T-fold background (4.31) with a D1-brane satisfying the
boundary conditions

0= (d)zl)tan ’ 0= (dXz)tan’ 0= (ng)norm ’ (434)

Since the original configuration is not allowed by the Freed-Witten anomaly, this T-dual
configuration is forbidden as well. We come back to this point in section 5.1.

DO-brane. We now turn to collective T-duality transformations along Dirichlet direc-
tions. For a D0-brane the boundary conditions take the form

0=(dx"),, . 0=(dX?),, 0=(dX?),, ., (4.35)
and the constraints (2.8) are solved by
a = 0, V12 = O, w12 = 0. (4.36)

The dual background is then determined by the general expressions (3.9) and (3.11) as

S - 0 0
R}R3+[52n.X3]
-~ O/2R%
GIJ = 0 P . 0 )
R3R3+|$2hX3)
0 0 R2
, (4.37)
—a’Q%\_hXS
O 2 P2 o 3 2
R3R3+[52hX3)
~ /
BIJ = +a/2§7hX3 0 0 ;
RIR3+ [ $2hX3)
0 0 0

which is again that of a T-fold. Note that here the open-string gauge flux Fio = f is absent,
since the original DO-brane does not support an open-string gauge field. The boundary
conditions (3.32) lead to the following expressions

0= G (dX1) o + B (dX2) 1
0= G (dX2) ygppy + 1B (dX1) (4.38)
0= (dX3)tan,

which take the expected form of Neumann boundary conditions (2.4) for the dual coordi-
nates.
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D1-brane along X3. For completeness we also consider a DI-brane along the X3-
direction. This configuration is very similar to the case of a D0-brane which we just
discussed, and a collective T-duality along the directions X' and X? gives the T-fold
background (4.37). The boundary conditions of the dual background describe a D3-brane
and are given by

0= GH (dkl)norm +1 Bl2 (dX2)tan ’
0= G (dX2) yopn + 1B (AX1) (4.39)
0= (ng)norm :

4.3 Three T-dualities

We finally discuss a collective T-duality transformations for the three-torus along the di-
rections X', X2 and X3. As we can see from the second relation in (2.14), in this case the
H-flux has to vanish and we therefore set h =0 in (4.1).

D3-brane along X1-X2-X3. Let us start with a D3-brane along all directions of the
three-torus, and consider an open-string field strength Fjo = f = const. together with
B = 0. The boundary conditions (2.4) then read

0=Ri(dX")  +2ra'if(dX?),,, .
0=R5(dX?)  —2ra'if(dX"),, . (4.40)
0= R3(aXY),,.
and the constraints (2.8) and (2.14) are solved by

a = apdX' +adX? +a3dX? + 3 f (X'dX? — X?dX") |

v = —2nad’ fdX?,

vy = +2ma’ fdX1,

vg =0, a1,as,as, f = const., (4.41)

w = — wd'f X2,
wy =+ ma'f X1,
(,U3:0.

The T-dual metric and B-field are determined from the general expressions (3.9) and (3.11)
for which we find

a/QRQ
RfR%—l—[ZTfa’ f1? 0 0
Gry = 0 S S
1= RIR3+[2mad f]? :
0 0 oy
13 (4.42)
—2ma/3 f
§ +2 0/3f R{R3+[2ma/ f]° 0
— T

Brs = R el [P 0 01,

0 0 0
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and we see again that the open-string gauge flux f enters the T-dual closed-string back-
ground. The dual basis {dx1,dx2,dxs} is subject to the boundary conditions describing a
DO-brane

0= (Xm)tan’ 0= (dX2)tan’ 0= (dXS)tan ’ (443)

where the location of each dual coordinate on the boundary is given by the open-string
gauge field as already shown in (4.33).

DO0-brane. Finally, for a DO-brane there is no open-string field strength and hence the
dual metric and B-field after a collective T-duality transformation along all three direc-

tions read
%? 0 0
Gy=1] 0 %g 0o |, B/y=0. (4.44)
12
0 0 O}‘z—%

The dual coordinates are subject to the boundary conditions

0= (dxa 0= (dx2 0= (dX3) 0 » (4.45)

)norm ) )norm ’

which describe a D3-brane. The open-string gauge field is characterized by the position of
the original DO-brane as in (3.36).

5 Freed-Witten anomaly and boundary conditions

We now discuss the results obtained in section 4. We first briefly review the Freed-Witten
anomaly cancellation condition, and then study the global properties of the open-string
boundary conditions.

5.1 Freed-Witten anomaly

It is known that D-branes in backgrounds with non-vanishing H-flux are subject to the
Freed-Witten anomaly cancellation condition [61]. In particular, the restriction of the
field-strength H = dB to the D-brane has to vanish (in cohomology). Denoting the cy-
cle wrapped by the D-brane by I' and its Poincaré dual by [I'], this condition can be
expressed as

HA[=0. (5.1)

For backgrounds with geometric F-flux and non-geometric @- and R-fluxes the general-
ization of this condition has been discussed for instance in [25, 31, 62—-65]. Here one finds
the expression

(d—HA —Fo —Qe —R.)[I] =0, (5.2)
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where the various fluxes are interpreted as operators acting in [I']. Using the contraction
with a vector field ¢; = ¢p,, in a coordinate basis they act as

HA =4 Hyjj, dX'AAXI AdXP
Fo =4 Fr; dAXIANAXIA o

. . (5.3)
Qe :%Qﬂk dX'A 0 Ao,

RLC :%Rijk i N N
Let us now discuss this condition for the examples studied in section 4:

e For the three-torus with H-flux we mentioned already on page 22 that a D3-brane is
forbidden by the Freed-Witten anomaly. And indeed, since [['p3] is a point on T? we
|
see that in this case H = 0.

e For the twisted torus we can determine the geometric flux F kij as the structure
constants of the vielbein one-forms under the exterior derivative. We see that for
the examples in section 4.1 only F'l53 is non-vanishing, and hence (5.2) implies that
on a twisted T? a D2-brane along the directions X2 and X3 is forbidden. This is in
agreement with our conclusion on page 22.

e For the T-fold backgrounds obtained in section 4.2 we can determine the non-
geometric Q-flux via (3.17). Here we find that the only non-vanishing component
is @3'2, and hence (5.2) implies that on a T-fold a D1-brane along the X?3-direction
is not allowed. This is again in agreement with our findings on page 26.

5.2 Boundary conditions

Next, we consider the global behavior of the open-string boundary conditions for the back-
grounds studied in the last section. To do so we first briefly recall how the examples of
section 4 can be interpreted as torus fibrations over a circle, and then turn to the global
properties of the boundary conditions.

Torus fibrations. We note that the three-torus with H-flux, the twisted three-torus and
the T-fold background can all be realized as T2-fibrations over a circle. In particular, for
the examples studied in section 4 we can express the metric and B-field as

Gy = (Gij(Xg) 02> | By - (Bij(OXg) g) 7 (5.4)

with 4,7 = 1,2,3 and i,j = 1,2 labelling the fiber directions. These fibrations are globally
well-defined through gluing local charts with O(D, D;Z) transformations, which include
gauge transformations, diffeomorphisms and so-called S-transformations. This can be made
precise by defining a generalized metric H which contains the metric and B-field as

( L (G-BG™'B) +BG™! >
H= ;

~G7'B o/ G 9
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for which we can explicitly check that he examples of section 4 satisfy
H(X? +2m) =0 TH(X?) O L. (5.6)

Here, O € O(2,2;Z) C O(3,3;Z) are transformations which take the form

1 0 0 +h 0
T3 with H-flux: Op = , B=| -h 0 0 [,
B 1 0 0 0
A_1 0 1 —h 0
twisted T3: Op = | A=|o0 1 0 [, (5.7)
0 A
0 0 1
1 0 +h 0
T-fold: Op = < b ) , B=|-h 0 0|,
0 1 0 0 0
and which correspond to gauge transformations, diffeomorphisms and S-transformations,
respectively.
Boundary conditions. Let us now turn to the boundary conditions. Using

2D-dimensional matrix notation we can express the Dirichlet and Neumann conditions
shown in (2.4) in the following way

(8)= (ot &) (00 o

where the restriction of G and F to the boundary 9% is understood. The dilaton can be
studied separately and we come back to it below. A particular D-brane configuration is
then specified by a projection operator IT acting on (5.8), which takes the general form

(A 0 -
H_<01_A>, AZ=A. (5.9)

For instance, a D1-brane along the X!-direction is characterized by the D x D matrix
A = diag(0,1,...,1).

We now want to determine how the boundary conditions (5.8) of the three-torus with
H-flux, twisted three-torus and the T-fold background behave under X3 — X3 + 27.
For the coordinates we find that under O(D, D;Z) transformations we have the following

general behavior fiber-wise?

() == (60 ) =o (e ) oo

4For a general transformation of the form © = (Z’ Z) € O(D, D;Z) the matrix Q can be determined as

0= <a+2ﬂb}' Lva

e a +27rbf>’ with G the metric and F the gauge-invariant field-strength.
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where the 2D x 2D matrix ) for each of the cases takes the form

1 0

T3 with H-flux: Qg = ( > ,
01

. 5 A=l 0

twisted T: Qa = 0 At ] (5.11)
1+278F LG

T-fold: T .

wBG 1 +27BF

The matrices A and § have been defined in (5.7), and we note that for the case of the T-fold
the normal and tangential part of dX* are mixed under the O(D, D;Z) transformation.
Using these relations, for the examples of section 4 we then find

D B o 0 i(dX),,.
N X3 4+ 21 271'0/; G X3 4+ 21 (dX)norm
B o 0 Ly (i(dX),,,
A 5:12)

N X3

where the subscript x = (B, A, 3) corresponds to the three-torus with H-flux, the twisted
T3 and the T-fold. The coordinates dX? in one patch are related to dX? in another patch
via (5.10), and we emphasize that these relations are to be evaluated on the boundary. We
then see that the boundary conditions are globally-well defined using, respectively, gauge
transformations, diffeomorphisms and S-transformations.

Dilaton. In the expression (5.8) for the open-string boundary conditions we have omit-
ted the dilaton. This contribution can be discussed separately, and we first determine
using (3.13)

T3 with H-flux: ® = oo,
) R
twisted T3: ¢ = ¢o — log [\/3} , (5.13)
1 R?R? 2
T-fold: ¢ = ¢g — ilog [ 01/22 + (27Tf + %XS) 7

where for the T-fold we included the open-string field strength f = const. which in some
examples vanishes. We now consider each of these cases separately:

e For the three torus with H-flux, a gauge transformation leaves the metric invariant,
and hence the combination e~ 2%v/det G is invariant under the action of Og. Further-
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more, since the dilaton is constant it does not change under X2 — X3 4 27 and so
the contribution to the corresponding boundary conditions is well-defined.

e For the twisted three-torus e~ 2?v/det G is invariant under diffeomorphisms Oa and
the dilaton is constant, so the contribution to the boundary conditions is again well-
defined.

e For the T-fold on the other hand, the dilaton is not constant and transforms un-
der B-transformations. In particular, by requiring e=2#v/det G to be invariant we
can determine

P(X? +2m) = Og[p(X?)], (5.14)

where the action of Og is understood in an abstract way and not as a matrix mul-
tiplication. We therefore see that the dilaton is well-defined under X? — X3 4 27
using a S-transformation, and hence also the contribution to the boundary conditions
is well-defined.

Projection. So far we have studied how (5.8) behaves under X3 — X342 for the exam-
ples of section 4. We now want to discuss how the projection operator (5.9) is implemented
on the boundary conditions. To do so, we again proceed by discussing the examples:

e For the three-torus with H-flux the behavior under X3 — X3 + 27 is captured
by (5.12), provided that first the Og € O(3,3;Z) transformation is performed and
after that the projection (5.9). In particular, we have

D D
N X3 + o7 N X3

One quickly sees for instance from the (NN) case that if we perform the Og trans-

I =1 (5.15)

formation on the projected boundary conditions we do not reproduce the expected
result from (5.12).

e For the twisted three-torus a similar analysis can be made. We verified explicitly
that a projection similar to (5.15) produces the expected behavior of the boundary
conditions from (5.12), and that performing the Op transformation on the projected
boundary conditions does not match with the explicit computation.

e Finally, for the T-fold the condition (5.15) similarly applies. This means in particular,
that the type of D-brane does not change under the identification X3 — X3 + 2.
The boundary conditions are therefore well-defined.

6 Summary and conclusion

In this paper we have studied T-duality transformations for open-string backgrounds via
Buscher’s procedure. We illustrated this formalism with the example of the three-torus with
H-flux and its T-dual configurations, and we analyzed global properties of the open-string
boundary conditions for these backgrounds. More concretely:
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e T-duality transformations for open strings via Buscher’s procedure have been dis-
cussed before in the literature [35, 36, 38]. Here we extended these analyses and
worked-out missing details: we took into account non-trivial world-sheet topologies,
we included T-duality along directions with Dirichlet boundary conditions, and we
allowed for collective T-duality transformations along multiple directions.

We find that — as expected — also for curved backgrounds Neumann and Dirichlet
boundary conditions are interchanged under T-duality, and that a constant open-
string Wilson line along a Neumann direction shifts the position of the D-brane in
the T-dual Dirichlet direction and vice versa.

e In section 4 we illustrated the above formalism through various examples for the three-
torus with H-flux. We obtained D-brane configurations on the twisted three-torus
and on the T-fold, and we saw that an open-string gauge-flux affects the closed-string
sector of the T-dual theory.

e In section 5 we discussed the results of section 4. After briefly reviewing the Freed-
Witten anomaly cancellation condition, we showed that D-brane boundary condi-
tions for the three-torus with H-flux, the twisted three-torus and for the T-fold are
globally well-defined using, respectively, gauge transformations, diffeomorphisms and
[B-transformations.

Since [-transformations mix the tangential and normal part of dX* on the bound-
ary, naively one might have thought that Dp-branes on the T-fold can change their
dimensionality under X? — X3 + 27. However, we show that this is not true due
to the mixing between the metric and B-field under S-transformations. Our findings
furthermore agree with results obtained in doubled geometry in [2, 32, 33].

An interesting next step is to extend our formalism to non-abelian T-duality transfor-
mations [56, 57, 66-69]. We have already included the possibility of a non-abelian isometry
algebra for the gauging procedure and for integrating-out the gauge fields, however, the
change of basis (3.7) is singular in certain non-abelian cases. One approach to avoid this
problem is to find a different change of basis which is non-singular, and we hope to come
back to this question in the future.
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