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Propert ies of .ynchrolron radlution (SR :ue addressed in terms of the behnvionr 1 f the 
r:idiatcd wave eh:ctric field . Bused n this method a simple theory of low l'rcq11cncy far
licld SR is established lmblc to rcuch up lo X-ray energy rungc in suffi kntly l1igh 
cnerg lcpt n mach ines; spectral :1 11gular cl istribu,.uons and othor pnip ' rtics urc derived . 
As 1 direct outcome. it is shown thul n (2h)-dcvi;iti n dipole produces hi •hcst brightness 
i11 the low frequency spcctrnl rongo with a gu.in r lhur w.r.t. edge S R um! up to scveml 
order l'rnagnitudc w.r.l. body SR from a long djpo le. Numerical ex.amplcs i11 given . 

Keywords: Synchrotron radiation; Infrared SR; Edge radiation 

1 INTRODUCTION 

Low freq uency synchr tron radintion (SR) has a l way, been a concern in 
many re p cts, e.g., a to beam diagnostics with visible li ght in medium 
energy machines and up Lo X-rnys in highest energy machines. It is now 
al ·o becoming a holler topic fo r the sak of quaJity I ng-wavelength 
rad iation production in last generation SR rings such as the SO EIL 
project, 1 as well as in existing machines. 

Properties of SR can be efficiently addressed in terms of the behav
iour of the radiated wave electric field . The method has long been used 
in the case of weak SR2

•
3 and proved to be efficient in strong SR studies 

as we11. 4
-

7 In this paper we establish by this means a simple theory of 
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lo w l'requem:y. 1·:1 1·- l'i c ld S I~ :.111d 1-Vc n:vi c1·\I severa l 1·,: l:1Lcd prnpl:i-ii <.:s. 

T il l: rn;1 lcri: il so lc ve loped 1 >1·o vidcs I he r ig Ii I u 11cln:; t: 111d i 11 g wh~1 c 

d:1ssic tl 1 li cn 1·y or· s R c;:i 111rnl: i I :ii lows precise ,:;1 lrn l:1 I ion DI' s R 
i11tem:i1y :ind :1n gul:1 r tli:;t1·ih11tio11:; . 

As :1 direc t 01.1tco111c we sltllW 11uw lo w 1·1-c q111;:11 cy SR 1 rn1ll.:l'lics l; :1 usc 

:1 (2/-y)-de vi:1li clll dipole lo :.; l1i l'1 tl1c S I~ pc;1l; cncrg:y ilc 11si1y tu lhc lq 

l'n:quency spcc tr:il r:lll gc - li :1hlc io reach t.tp lo X - r:1y c1H; rgy r:111 gc:-: i11 

su1Tic ic11tl y lii gh energy lcplo11 in ;1chi11cs. cnl:1ili11g :1 )} ti11 01·1·o ur w .1·.t. 

edge SR :ind up lo several orders ol. lll:1g11i1udc W.l' .l. hod y SR l'rom a 
long dipok. :111d vn11f'ine111 e11t ol' the 1·:1di:1tilll1 within J2h rills :1p,;r. 

lure co 1w. ·· orn p ~1ri so n s with ':dgc :111d bod y SR :ire performed :i nd 

11u111cr ic: il cx:1rnplcs :1rt: give n. 

Th e S R ~:pcc tr : tl :.111 gula1· cnngy dcnsil y is give11 h/ 

( I ) 

w here,. is th e cJ ist:1nce (:lss umed co nslanl) !'mm !he p:1rliclc trajecllff) 

1\;g ion lo Ilic observer. /~: ( cv) the Fou1·iu 11 ·:111 sl'omi ol' t l1 c clccl 1·ic l'idi 

l:-(1) 01· the rndi:1lcd w:1vc. w/21r th e spcl.:tr:1l 1'1·,_:qucn,:y :11HI ~I Ilic. soli d 

:lll glc. In Ilic 1'~1r - l'iclr.I apprn x imalio11 (r « / ) th e clect1·ic l'i ekl ol' iii<; 

r:1di:1lcd clectrom:1g11ctic w :1 vc writes (sec notations in Figure I) 

-o:. 11 i/(r') • [(ii'(t') - /i(r')) •~ :9'(1 1
)[ 

r(r) =-- . . -· , 
4 1rr:111' r(t')( I - i/(1 1

) · f"l(1 1
)) · 

(:2) 

wilh 

f 1 = I - r(t')/ 1' (l) 

:incl I = obser ve r lime, 11 :o= p:1rticlc lime, ii( 11
) = r(1') / r(11

) = observer 

direct ion. c/i(r') = p:tl'li clc ve locity, f[( 11
) = dfi/<11 1

• 11 = ch:11·ge. r is 

110r111:i1 tu ii' a11d can he split into the lwo pol:iris:ilion co111po11e11ls f;;, 
l~:tr:illcl lo the bend plane ;111cl /~" normal to ;~·;, :tncl iT. 
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FIGURE I Reference laboratory frame and notations used in the text. The particle 
rotates with w0 = c/p velocity; its radiation is observed al large di stance r (assumed 
constant) under arbitrary aiming (1:\, 1/,). 

3 LOW FREQUENCY SR 

Properties of the integral in Eq. ( 1) can_be inferred from properties of the 
integrand in the Fourier transform E(w) that is, from E(t) (Eq. (2)). 
Furthermore in the case orio_w frequency SR the Fourier transform for 
a 6.t-long impulse verifies E(w) :::::: ( 1 / Vh) .f~, E(t)e- iwt dt\ w""o' which 
leads to 

i(w) :::::: ~ ( if(t) dt 
v2rr}c,., 

(4) 

independent of the frequency w under observation. This integral can be 
calculated in particle time variable t' under the form 

.:; 1 1 ~ dt E(w) :::::: ~ E(t')-d , dt' 
v 2rr ei.1 t 

(5) 
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wilh C(i 1 ) :=:. f (/(/ 1
)) while llw 1(1 1

) dc1w11drncc can hr: obL:.1incd i'1·orri 

I:: l.J. (3) ih:.11 :1lso l°' rn vicl c ~;. hy lill•::n:nii "11io11 ,;·xp ,1nckcl [() onle1· ( l /'y2 

3. 1 ll"n:qm:ncy 'Va lidi ty Doma in 

As ~t:1ll:cl :1hovc lhc low l'rcqucncy :1p11J"oxi111alion is valid :.is 10111~ as 

cu l.~ /-~ I. when; 6.1 is the lol:il dl11·:1lion o/'!hc ohsnvcd im1Julsc a11cl ~'i n 

he ob1:1i11ed /'ro111 E:q. ( 11) wilh 11 = L/2c. whe1·c L i;; llic 111a g11ctic l'idd 

extcnl. 111 thc /'orw:1rd clircclio11 (1/1 = 0) lhis givL:s 

!.~! = L( I + ·/ 11.C / 17)/ ioy~ 1 · 

wl1 cn; n: = wul .f1· = L/t.i is lhc lol:il dcvi:11io11 :incl I' 1s ihc c1.wv:1i1l1 • 

1·adius. 011c Lhne/'orc gels the valiclily co11dilirn1 

w « L(I + 12) . ( ) 

As an example consider a 2.5 GeV elec!rnn subjecl lo 11: ;c::; :!Oh 
dcvi:llion in :1 L = ll.2.111 lo11 g clipole(11~SOn1); the 111ockl n:q1.1i1·,,·s il1 at 

( fat. (}<) with 1·11 >> I) tci << l"Uc::;'.J •""- 10
15

racl s-
1
• i.e .• rather IOJ lg 

w:1velengths /\ )> I pm; on th e other hand. a we:1ker magnet wi i.l1 

11 ;~~ 500 in. devi:1 ti on 1) = (hence. lrngth L = such 1r1ag-11·~t 

provides higher low /'requency intensity. see Section 4) leads lo mud1 

higher 1·requency validity limil w <.( :l1·3c'/4p = ;c::;'.J >< I0 1 ''J"ad ~ - J 
(,\ ~ 0.04 pill). 

At 45 GeV in LEP in a 11 = I]()() n1 , L = 0.5 Ill long dipole (1v ;::~ Yi j'f') 

validity o/' the moclel clernancls that w·z< 24c/<Y.. 1 L~ 10 11 
racl s 1 

(,\ >~ 0.02 prn); ll1is co11dilio11 is /'or i11sla11ce l':1irly J'ull'illcd in Llic 11i,1·i/ih• 

!i,<.;/11 (,\ ::::o 0.4 ~1ni) di<1g11oslic experi111enls repo rted in !~er. l:<iJ whi Gh 

shows excellent co11sistcncy with the /'orm:1lisrn developed hcreal"i.cr. 

3.2 l<:lcctric Field in Particle Time 

Following regular notation.-> we Lake~ (Figure I) /"(1 1
) = 1? - j!(1 1

) •"=' 

constant with R (resp. ;Y(it)) = position ol'Lhe obsc1·ver (particle) in lh•e 
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laboratory frame, and ¢ (resp. 'If;)= horizontal (vertical) component of 
the observation angle (¢ is zero in the direction coinciding with 
w0 t' = 0), w0 = c/ p =rotation frequency with p =constant bending 
radius. In the (x, y, z) frame this leads to 

ii= (cos1/1cos¢, cos1jJsin¢, sin1/J), jJ = (3(cosw0t', sinw0 t',O) . (9) 

Substituting in Eq. (2) one gets the electric field impulse from a (2cT')
long dipole, as split into the two components introduced in Section 2 

( 10) 

where rect(x) = 1 if-!< x <!and zero elsewhere, allowing for the finite 
extent of the magnetic field. By taking such "rect'' field model we neglect 
possible effects of smooth field fall-off at magnet ends. On the one hand 
sharper end field mostly affects the high frequency spectrum domain;2 

on the other hand, the "rect'' model is justified as long as the edge extent 
remains much shorter than the magnet length, as has been shown with 

some detail in previous publications. 5
•
9 

It can be observed from the equations above taken with¢= 0, that the 

sign of Ea(t') goes with that of the bending radius p (due to the 
w6 = c3 / p3 dependence), contrary to E"'(t') (w6 dependence). This plays 
an important role in the low frequency range, in possible decrease or 
increase of interference effects between neighbouring SR sources, as 
shown in Refs. [5,11]. 

Note that E"(t') is zero at T; = <f>/w0 ± Ji + 1 27f;2 hwo in particle 
time; this corresponds to 2w0T; = 2h deviation in the laboratory frame. 
The related half-width Tc of Ea(t) in observer time can be obtained from 
Eqs. (3), (9) (or by integration ofEq. (6) as well) with</>= 0 which (given 
that w0t' « 1) leads to 

( 11) 

and by taking t' = T;, which gives Tc= ±(1 +121f;2 )
3

/
2/wc, with We= 

3-y3c/2p =critical frequency. It can also be pointed out that Ea,'Tr(t') have 
shapes similar to Ea.At) as seen by the observer (Figure 2(a)) whose 
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Fl , R · 2 (a) Typical shapcs Df 1hc H0 (1) 111d ii,,(t) R c:omp nc11 ls a observed i11 
1hc din:c1ion of Lhc cc11 trc of .in L ::o:1 20cm-lon[\ dipole. under (arbi1rnry) vcnii.:al 
uiming ..,~·=5 (a cording 10 &1 (1 2) for a 2.5 cV clcclron 0 11 11 11 = 53.6111 ci rc11l11 r 
1rajcc1ory, with <j1= 1J and obsu valion di lane· r = 10111). (b) The relutcd specmd 
ungulur densities; lhc way Lhcy change fo rm according lo lhc lrunca lun: or h,"(I) (1.c., 
:l(Cmding lo 1he 111:1gncl length L) is addrcs.ct.I in Section 4.3 :i nd Figw·c 8. 

expressions are 10 (Figure 2) 

. ( ((qw0-y4)/(7rfocr))( I - 4 siuh 2 ( !/3Asinh 2wct)) 
tu t) = ? 2 1 • 

( I -~ 1'21J,2)- [I + 4 sinh (1/3Asinh 2wet) j· 

Err(t) = ((11wo')'4)/(7rcocr))271/, sinh ( l / A. inh 2wc t) 

( I + 1':?..1;2)5/2(1 + 4 inh2( l /3 . sinh 2wcl)f 

( 12) 
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(with We= wc/(1 + ,.,t21/J2)312
) differing from E"·"(t') essentially by the 

squeeze of the central a'rch that ensues the r(t') contraction (Eq. (6)) . 
However these expressions have non-simple dependence on t which 
makes calculations easier to handle int' variable. 

The related spectra as obtained by numerical calculation of Eqs. (1) 
and (2) are shown in Figure 2(b) as expected the a component does 
not go to zero with w, due to the truncation of E"(I) (Figure 2(a)) 
entailing fEa-(1) dt 1' 0" in Eq. (4) whereas JE7f(1) dt stays null because 
E1f(t) is odd. The left limit value in the spectra can be calculated from 
Eqs. (14). 

In the classical hypothesis of an infinitely long dipole (that would lead 
to the K}13 -, K~13 -like a and 7r spectrn8

) the electric field satisfies 
J Ea,1f(t) dt = 0. Besides, given that E"(t) is even, J Ecr(t) dt = 0 tells that 
the area under the infinitely long negative tails equals that under the 
positive arch . 

3.3 Spectral Angular Energy Density 

Substituting Eqs. (10) into Eq. (5) and introducing the total deviation 
angle n = 2w0 T' one gets the spectral amplitude density in the low fre

quency approximation (w « 212c/L(l + 1 2a 2 /12), Eq. (8)) 

£ ( ) = q1
2 

[ a/2 - ~b 
(f w 3 ? 2 

(2n) l-E0cr I+ 121/;2 +12(a/2 - ¢) 

a/2 + ¢ J + ? ~ , 

I + 1 2·tjJ- + 12(rr./ 2 + ¢t 
- q1

2 
[ I Err ( w) = 

3 2 
1f; 1 

(2n) / t:o cr 1 +121/;2+12(a/2-¢)-

( 13) 

- I + 121(;2 + ~2(a/2 + ¢)2] , 

Substituting Eq. (13) in Eq. (I) gives the spectral angular energy density 

82 w" 1!1'' [ n/2 - ¢ 
(1;()[2 = 47!'"1 rot I + 'Y21/,2 -t 72 ( rv /2 - 1/> )2 

oj2 + <b ] 
1 

2 , 
1 -1- ry21/.2+ 1'2(o/2 + rp) 

"Such so-called strange electromagnetic waves showing non-zero electric field integrals 
are addressed in Refs. [ 12, 13]. 
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D2 Wn 1r2'l 
iJwiJn 4n1foc 

( 14) 

with an = Or/Jihj1. The parameter ryn/2 = ')'WoT' can be understood as th(; 
ratio 2cT' /(2ph ) of the magnetic field extent to the critical trajectory arc: 
length 2f!h that corresponds to the ccnlrul p si Livc arch in F:., t ; muny 
properties to be derived ahead shm asympl lie behaviour related to 
that ratio. The distributions are illuslrnlcJ in Figure 3 ·in lhe case of :1 

2.5 GeV electron traversing a (20//)-ckvialic 11, lip l e, ~ r which th low 
frequency approximation (Eq . (8)) is valid ns long a. >. » 27fo2L/24, 
e.g., ..\ » I ~Lm given L = 20 cm. 

30 graphs similar to those shown in Figure 3 have been produced 
elsewhere by numerical means, e.g .. in SR studies at the LEP mini
wiggler,r' and as to the peaked edge SR, in the course of investigatio11s 
on SR from straight sections at ESRF 11 and in relation with edge SR 
studies in Ref. [15]. These types of palterns have also recently been 
subject to experimental recording at LEP6

•
16 and ESRF. 11 

As stressed abovch (Eq. (4)), iJ2W/Dwdn docs not depend on Ilic 

observation frequency win the low frequency approximation" (Eq. (il)) 
and in particular, JE"( t) dr =I 0 upon finite dipole length entails non
zero energy dcn ·ity for w --+ 0 by onlra L to Lhe K]13 dassi al 111 dd, 
which ben fits to Lhe low freq uency rang . d Als as cx 1 e tcd fr m whal 
precede, 02 W0/awDf'l reaches a muximurn in Lhe direction 1/> = 0 fo r 
1'n = 2 (Figure 6(ll) that is for a 2h particle devia tion when the sole 
p silivc arch in E0 (r) is inlerccptcd - this is addressed in ection4. fr m 
thereon if /<V increases f Ea(r) di decreases since purl of lh negative 
tails in £"(1) is intercepted by the observer, and orrclatively the li Wn/ 
DwDn maximum at rf1=0 leaves the place to the depression between 
the two end peak pairs as shown in Figure 3(a). Conversely, ii" ~;n 

b And In ;igrccmcn l wi Lh published experimental rc.~ul ts. 17 

' Such is nol Liu.: case f r the b1gh frcqm:ncy purl. or the ~llcctrum which c. tends 
ncco rding to the wuy E(r) b tr11ncaletl, i.e., accm·di ng 10 the nmgnct lengt h /.; This is 
ndclrcsscd in cctlon 4.:1. 

11 111 'Rcfs. j5,6] this r ro pcrty wus f'ouud 10 cause rdalivc ly lltghcr 1ntcnsil . loss th:tn 
pr~dict~tl by the K.n mod I. u1 on interference between ·h n dipoles. 
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· l ill RE 3 Angular dislrilrn 1io 11 of th rnclinlion ernilt.cd by :i cl1arg • 1rnvcrsi ng :in 
n : (20/r)-<lcvi111 io11 dipo le (6.q. ( 14 wit l1 10 = 20): 1h · grnphs u1·c norm;ilbcd 1.0 the 
rm1)(11111 1m ol' l lH: a radiation from the cen tre of' the dip le (upper Eq. 14) wi lh 
<J•- •'•- OJ. The end rcak~ (11·c due tn cd 1c S R: f I lowing Eq. (26) (with 1" ::» I) the rr 
comp11n~n1 (u) i ~ 1.cro in ohservtlli1111 din:ctions (q , ·1/•l = (±u./2. 0) th111 is l.O suy. 
when obsorvmg the dipole ends, anrl i t 1s pc<tkcd in ± 1/-y di rections on b<llh sidi.:s f 
both dipo le c11ds namely ul (efJ. q>)= (± (n/2 l f-y),()) (Eq. (27)): 1hc encl rr-pcaks lend 
10 cqu:rl :1m1>lflt1dc as 'Yfl increusc . . T he 7r componcnl (b) is peaked .ii dipole ends 
In 1h · directions ( = (±rif2, · If'"/ ) Eq. (25)): it 1s ~-cro c 11 the ~= 0 1111d 011 1hc 
\!•=Oilx1s. 

clccrea. es lhe 1/1 = O max imum persists, ye t lo 'el'' an1p.litude correlatively 
with Lhl.!ensuin ' truncation otthc £(T(r) posi tive arch. n the orher h<'lnd 
ii W wfawU 2 d e. not strot1gly d pend on 'Y"'; t>2 Wrr/RwDn is zer on 
the 1/1- 0 axis si ne 13',,.(t) l,!•-o= O (Eq . 10) a nd is-zero on the ¢ = 0 
axis . ince JE." 1)dr l, =o=O (Eq. ( 13)), hence the~ ur-1 b· shape fthc 
1T pectral angu lar densily (Figu.re 3(b)). 

The pr jccli ns [ th ' spectral tingular energy density onto the 1/1 

and 1/> observat ion directi · n .. ar· btained by integration of Eqs. 14) 
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so that, on the one hand as concerns Lhe r/; projection (Figure 4(a)) 

iJ2 Wa (?·r [ 'y2(n/2 - </>)
2 

/JwD</> = 87f2r.oc (I+ "Y2(n/2 - c/1)2) 312 

"Y2(n/2 + </J)2 2 (n/2) - - </>2 
+ , 1/1 + , k c i + "/2 c <Y; 2 + <f> n " (): .. , 

x ( J1 " 1"(:</2 - <:I)' - I C>'(:>/2 +<:\)' ) l · ( 15) 

rP w.. q
2
"f [ 1 I 

DwD</> = 87f
2
foc Ji+ "Y2(n/2 _ </J)2 + Ji+ "Y2(n/2 + </!)2 

/1 +12(n/2-r/;)
2 -VI +"Y2(n/2+c;))

2
] 

+ 2 '"'(<Y"(</J • 

on the other hand as concerns the ~' projecti on (F igure 4(b )) 

D2 w(T c/"Y 12(0/2)2 

DwD1(; 47f2foc J l + 12,~11( l + 121/;2 + 12 ( n/2) 2
) ' 

()2 W l/2"' "'2 (n/2)2 
7f _ ) 2 ;,2 I , 

~ - -4 2 "'( I, 1/ 2 o • 
uwuef! 7f foe (I + "/21/12) (I + 121fi2+12((v/2t) 

( l 6) 

(a) dW/domega.dphi v.s. gamma.phi 

0.4 

0 .35 

0.3 

0 . 2 

-20 -10 0 20 

FIGU RE 4(a) 
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(b) 
1. 

dW/domega.dpsi v.s. gamma.psi 

0.8 

0.6 

0.4 

0.2 

-15 -10 -5 0 5 10 15 

FIGURE 4(b) 

FIGURE 4 Projectio ns or Lhe rr and n spcclrn) angular densities or Figure 3 onto the 

,1, and 'if' observation directions (Eqs. ( 15) and ( 16)) with 'Y" = 20). The graphs ;ire 
normalised Lo the maximum or the 1/1-projceted rr amplitude issued from the centre or 
the dipole (upper Eq. (16) with 1/1 = 0). 

Finally integration of the equations above gives the spectral energy 

density 

( 17) 

In the short dipole limit /et « 1 (i.e., when a small fraction of the 
positive arch of the electric field impulse is observed) one gets 

(18) 

and the partition is (d W(T/dw)/(d Wrr/dw) = (3/4)/(1/4). The numerical 
values are for q =elementary charge and given in units of J s. The total 
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spectral density is Lhc sum and writes 

dW dWrr dW,r - =--- +--
dw dw dw 

(] l)) 

In the long dipole limit "f<Y >> I (i.e., when the long negative tails in the 
obsL~rvcd electric field impulse have much wider extent than the soil; 
central positive arch) one gets 

dY11rrl" I <P -- 17 . -- ... __, -~-- ln ('Yn) = 4.898 x 10 · ln ('Yn), 
dw 2 7f-f()C 

d 1-V,, , ,, ... 1 l/1 l ("(<Y) 4 I - 17 I ("(IY) 
-- ---+ - J- n - = .898 x () · n - , 
dw 27f-f11 c c e 

- = --+ - -___, --- In - = l) 7% x Ill In -d W d Wrr d W.,, / « · I l/
2 (''IV) - 1,7 (''n) 

dw dw dw 7f2 f 0c ft · JC (20) 

with c=cxp(l) , and the ratio writes (dW"/dw)/(dW"/dw) = (ln('Yn) )/ 
(ln('Yn) - 1) ~ (I /2)/( I /2) . Equations (20) show that the spectral en erg v 
density is a logarithmically increasing function or 1 11· (within the mo l1· I 
validity limit w « 24c/1v.2 L) , i.e. , of the ratio or the magnet length L = 11n· 

to the critical arc length 2ph . In other words , the longer the negati v;.: 
tails in the electric field impulse (Figure 2(a)), the larger (logari l l 1-

mically) the energy density in the low frequency range. 

3.4 Radiation 01>cning 

The horizontal and vertical rrns opening angles for the rr component :1.n: 

(21) 

(The </> dependence of 1/1rr- nns is a lengthy expression of little interest; 
hence we just show its </>-> 0 limit.) The rr-opening is therefore a cone 
with rms aperture JI+ ("(<Y/2)2/"f and increases with magnet lc11 gth 
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at given 'Y in the low frequency approximation (Eq. (8)) . In the short 
dipole limit and under ·1/; = 0 aimin g one gets 

and 
10 « I 

'~1rr-1111s -----> I/"( (22) 

as expected. 18 ln the long dipole limit (yet within the limit or the low 

frequency assumption w « 24c:/n 2 L) one gets 

ef>,.,_rms and (23) 

that is, both the horizontal and the vertical openings tend to half the 
value of the particle sweep angle o (see Figure 4). As to the w compo
nent, similar calculations provide identical dependence in "(<~ and 
identical asymptotic behaviour, namely 

,1,_,o IV , 
r/>rr- nns '._______, - I + ( "(n/2)-, 

"( 
(24) 

One can observe (Figure 3) that the 7r component is peaked in , and 
confined around four directions obtainable from Eq. ( 13) by taking 

DErr /O</! = 0 and DE.,,)Otf! = 0, namely 

, I I + ('Ya / 2)2 

rf! rr- pcak = ± "( J 
2 

+ ('Ya/
2
)2 , 

I + ('Y<~/2)2 
2 + ("fn/2)

2 
(25) 

which a re increasing functions of the magnet deviation n. For a short 

dipole one gets ef>rr-rms, 1f;rr-l'lllS ---> ± l /"f and q)rr-pca b 'tf!rr-pca k ---> ±I /"fv'2. 
For a long dipole one gets ¢rr-rnm V'rr - rms ---> ± a/2 and ¢rr-pcak---> ±n)2 
(which corresponds to the magnet ends) while 1f;11 _rcak ---> ± l /T 

3.5 Comments on Low Frequency Edge Radiation 

Special SR properties such as edge radiation2 4
'
14

'
15 (and in particular 

its enhanced low frequency energy density), transition radiation 19
•
20 

can be understood in terms of the way the electric fi eld impulse is 
truncated from the observer standpoint, which depends on the 
horizontal component ¢ of the observation direction (Eq. (10)) , as 
schemed in Figure 5. 

.... 
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Eft) 

FIGURE 5 The shadowed arc;1s 111;1lcrialisc the various shapes o f the /i,,(/) 
polarisation component of the electric fi eld impulse, as radiated over the all-d1puk 
extent, rrnm the observer view point (;1ccording lo Eq . (10)). The vertical componrnt ,, , 
or the observation angle has arbitrary value and the ho1·iznnlal component 'i' is, 
graph I: towards the body or the dipole; gr;1ph 2: / 1 -1- 0

;
2·1/J2 /"i upstream J'rom the C.\il 

di1cclion or lhc particle - main contribution lo the edge radiation , the right negati ve· 
t;1il is no longer seen; graph 3: in the ex it direction -- only hall' the impulse is seen, t1 1, 

llcld integral is almost zero; graph 4: Jl-1-12·\i12 / 0 1 clownslream or the exit direction 
second contribution lo edge SR. only the left negative tail remains in sight. 

In a particular direction close to the particle trajectory incidence :ii 

magnet ends the low frequency spectral angular density in the <T co111 

ponent is zero; this is when E"(I) is truncated in the vicinity or ii~; 

symmetry axis in such a way that the area under the positive hali'-an"h 

equals that under the negative tail (graph 3 in Figure 5). The ex;ict 

direction depends on /<Y that is to say, on the dipole length L = 2cT' or 

equivalently on the impulse width 2Tc= 2(1+12·1/12
)

312/wc; it can Ile 

obtained from Eq. (13) by solving E"(w) = 0 for</>, which gives 

! - I /1 2, 2 ( I )2 <;>"_zero - ±- +11/> + ')'n 2 . 
')' 

( 26) 

Upon ·1/J = 0 aiming one gets q),,_zcro = J 1 + (ln/2) 2 /1 and, /'or 

large values of ')'ct (i.e ., long negative tails) </>rr-zcio --> ±n/2 and identi

fies with the particle direction at magnet ends, that is to say, there is no 

radiation from magnet ends! 

At angles very close to the particle incidence at dipole ends the time 

integral f £"(1 1
) dt' is extremum: maximum towards the body o/' the 

magnet (graph 2 in Figure 5), relative maximum outwards (graph 4 in 

Figure 5) , while J E1r(1 1
) dt' reaches about~ or the (maximum) value 

attained when observing in the exit direction of the particle; these arc Lhe 

two incidences under which edge SR happens to deliver spectral angular 
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energy density noticeably stronger than regular SR originating from the 
magnet body. Those angles can be obtained by solving DE"(w)/()qJ = 0 
for ¢ (Eq . ( 13)), which leads to 

~,_,o I _, ±-
"( 

o v 21n»I ( I) 1 + ( "(ct/2t ± 21 + ( "(n/2) --+ ± a/2 ± ~ . (27) 

In other words in very long dipoles ('Ya» I) the energy density is 
peaked in directions ± lh on each side of dipole ends as expected, 14

• 
15 

while in shorter magnets the position of the peaks depends on the 
magnet length (through 1n). The peak amplitudes are obtained from 
Eq. (14) with 'lj;= O and, respectively for the low and high amplitude 
one, in the long dipole limit, 9) ~ ± (a/2 + 1 h), ¢ = ±(cv./2 - 1 h) 
(Eq. (27)) which leads to the energy ratio 

-1n/2» I 
_, I: I. (28) 

The low and high peaks tend to reach identical amplitude as "(<¥ 

increases: this is because the energy brought to the low peak by the 
negative tail in E0 (t) tends to match that brought to the high peak by 
the positive arch. 

Then component is zero on the ¢ = 0 and 'ljJ = 0 axis due to Err l<t>=O = 0 
and Err lv•=O = 0 (Eq. (13)). On the other hand then component is peaked 
in the directions (ef>rr-peak> 'l/J7r-peak) defined in Eq. (25). 

Figure 3 shows the typical shape and the above features of the 
angular distribution of low frequency edge radiation in a (20/-y)
deviation dipole . The a-component edge peak amplitude (Figure 3(a)) is 
7 .8 times larger than the peak energy density issued from the centre of 
the body (yet they still are 3.3 times weaker than the enhanced low 
frequency radiation from a stand-alone (2/-y)-dipole, as shown in 
Section 4.4). 
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4 ENHANCED LOW FREQUENCY ENERGY DENSITY 

From what rrcct:dcs it appcars that th low frequcnc energy density is 
ma im iseu u11111 trunL'aLing the E,. impu lse al ±r~. DQing so i ~o l citcs the 
centra l posit iv' <t rch or the impulse ;111d mu xi mi. c. the intcgni I JH (1) d 1 

and hence tile int ensity in the a comp rn 11 1, in the I ' l'n:c.,1ucrn:y 
spect ral range. This is achicvcd by obso rvin the centre or H (211)

dcvia th n dipole; as sh ' n I elow the gai n on the spectra l nngular 
energy density . o obt:iincd w.r.t. body SR rnrn u lon g, dip le rcaehc:-. 
on.lers or nw gnitu le in th I 1w l'rcq ucm.:y range. thi last being letcr
minecl hyc (Eq . (8) with 711 = 2) . ...; « 3··/-c/2L = J ; ~c/4ri = w,. 2. 

4.1 Parameters of a (2/y)-Dipole 

The deviation in the dipok satisfies BL/Bp = 2h" Taking Bf! = p/q c::: 

E/c = 1'£ 0/c (with E = particle energy and £0 = rest energy) this llxcs the 

magnetic field integral , namely (Bin Tesla, Lin meter) 

BL = 2£0 /c ~ I /300 (T m ) (for electrons). (29) 

Typically L ::::o centimeters and B ::::o kGauss ; for ins tance, taking 

L = 2.15 cm in Eq . (29) entails B = 0.155 T, independent of rarticlc 

energy. I n a 2.5 GcV machine th i. mea ns a l) .4 1 mracl c rbit devia ti n. 

The recL(l'/2T' ) licld model (Eq. (10)) remains va lid a · I ng as the 
magnet ga p is much sma ller than ils length . In rclati n with lhe )O\\ 

frequency cri terion w « 3··/°C'/2L \ hich clctcnnincs the rrcquem:y 
alidit.y domain, that cou ld be a con eni nt criterion in r<lcr l fix a 

lower limit lo L. gi en the vacuum pipe diameter, !>O a l preserve the 

validity of the analytical formalism developed so far. 

4.2 Properties of the Low Frequency Radiation 

The spectral angular energy density writes (Eq. (14) with --y1Y = 2) 

(Figure 6) 

"No te that, the smaller L, the wider the low frequency approximation range. For i 1~
slancc. one gels w« !0 16/ L(rad /s) (>, » 0.2 >: JO r.L(111)) al 2.5GcV, w« 4 x 111

1
' 

L(rad/s)(-A » Sx tO 111 L(m))at45GcV. 
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(a) dW sigma/domgadPhidPsi (Norm) 
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FIGURE 6 Angular density ()3 W/DwiJr/>ih/i from a (2/t)-dcviation dipole (Eq. (30)). 
The graphs are normalised as in Figure 3 in order to allow comparison. (a) a 
component, peaked al (rf>, 1/J) = (0, 0) and at the two weak side lobes in the directions 

(r/1,'ifJ) = (±J2VI + J2h. 0) 

(Eq. (27) with 1'" = 2); the depressions in between are at (±J2/f, 0) (Eq. (26)}. (b) 7r 

component; its intensity is zero along the 4, and °if'= 0 directions; it is peaked in the 
four directions (</>, 'if1) = (±2/f-/3, ± ../2.h/3) (Eq. (25)}. 

(30) 

By comparing Figures 3(a) and 6(a) it can be observed that the two 
weak outward side lobes of the CT component edge SR are damped to 
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almost ncgligihle amplitude (obtainable from Eq. (14) with 1/ i ~c:c () 

and (afkr Eq. (27)) 1,h = ±/2 /l+J2h), while the Lwo inward lobes 

merge into a unique central one. The projections write (Eqs. (I 5) 

and (16)) (Figme 7) 

dW/domega.dphi v.s. gamma.phi 
0.7 

0.6 

0.5 -
0. 4. 

0-3 

0. 2 

0.1 

-4. -3 -2 -1 0 1 2 3 4 

dW/domega.dpsi v.s. gamma . psi 
0.5 

0 .4. 

0.3 

0.2 

0.1 

-4. -3 -2 -1 0 1 2 3 4 

FIGURE 7 Projections or the rr and 7r spectral angular densities from a (2n)-d1pok 
on lo l11c 1/i and 1/• obscrw1Lion dircclions (Eqs. (31 )). The gr~1phs arc norlllaliscd as 111 

Figure 4 lo ~dlow comparison. 
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(3 l) 

82 Wa £/--y 

Dw&i/J - 2n2Eoc Jl + 12v,2(2+ 1 21;!2)' 

82 W.- = q2--y 121/,l I . 
fJvJoV' 2n2t:0c ( l + 121/-,2)3/2(2+ 121/-,2) 

The spectral energy density writes (Eq. (17)) 

dW q2 

" /2 Asinh( I) = 3.053 x 10- 37 (J s), 
dw 2 n2E0c 

dW.- = + (V2Asinh(l) -1) = 1.207 x 10- 37 (Js) 
dw 2n Eoc 

(32) 

where the numerical values hold for q =elementary charge. One 

therefore gets the partition (d Wa-/dw)/(d W,,. /dw) = 2.53. 
Therms openings and w-peak directions are (Eqs. (21), (24) and (25) 

with --yn = 2) 
<Pa-rms == 7/Ja-rms = c/JJr-rms == 'l/J7r-rms == Vl/f, 

c/Jrr-peak = ±2hv'3, i/J.--peak = ±J2hv'3. 
(33) 

These properties stay unchanged at constant /, that is, at constant 

deviation 2h or equivalently at constant field integral BL (Figure S(a)). 

The spectral angular energy density in the low frequency range 
decreases when the dipole deviation departs from 2h (Figure S(b)), its 

projections (Eqs. (31 )) decrease as well, whether the deviation decreases 

(this is because the positive arch of the electric field impulse received 

by the observer is truncated within ±re) or whether the deviation 

increases (this is because part of the negative tails are introduced in the 

electric field impulse received by the observer during a time I> 2rc, 
which is detrimental to JEa-dt and hence to low frequency radiation); 
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dW/ domega.dphi.dpsi 

(arbitrary units) 

L = 

lE+s F--~~~~~~~~~~~~~2~.1~s~mrn:='--,,.-=~ 

1E+4 
Long dipole 

1E+3 

omega (keV) 

lE+lE-4 lE-3 lE-2 lE-1 lE+O lE+l lE+;! 

(bl lE+
6 

dW/domega.dphi.dpsi 

(arbitrary units) 

L = 4. cm ( ·1ct :::: 4.) 

L == 0.5 cm (yu::::0.5) 

1E+4 

1E+3 

ome'la (keVJ 
1E+2 '--~~~....,__~~~~-'--~~~....._~.._.~~'"-~~~~ 

lE- 4 lE-3 lE-2 lE-1 lE+O H:"· l 

Fl R E 8 Energy density in Lhc fo nvnrd di rcctio11 (1/1 = 1/•= 0). us .obl<1 1 11 ~cl lrom 
11umcncal ealculat ion r Eq . (I) iwd (2) {cons!an l over frequency range as stntccl In 
Eq. (8)). H) I he graph com par. the. J..:fn · like spect rum rrnm " 2.5 GcV cl<:: ll'Oll 111 fie ld 
11 = I.SST (p = 5.4m), and the IT-spectrum rrn111 u (2/-y)-dipolc wilh field Integra l 
BL = l/300Tm, in 1wo cnses: the dipo le is ci1her a (21ih )-long piece ol' th l.l l"m mcr, 
wi1h length L = 1/300 IJ = 2. IS mm (Eq. (29)), or the di polo length ls lcn 11111cg longer 
wi lh ten times weaker lield: both the 'c (2/'r)-clipo lc~ provide 1dcnticili and 111uxu11 u111 
energy densi ty (Eq. {30)) in the low frequency range (w «. w. / 2) , more. than 100 liincs 
!hill from 1.he long dip(J ie if w < l.2cV (,\ > I ~lm) ( ·q. (37)). (b} start i11g 1"ro111 (_J;) 
dcvintion (/.= 2. 15 cm), the field integra l ls varii.:d by changing L u1 constnn l /J: th~ 
graph shows that lrl11,,JDwDf!I.,.._. .,, u in the low frcquoncy region (Eq . (30)) dccrc-ascs 
when BL lcparls from I /300 T 11'1 (Eq . (29)). 
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the latter effect is accompanied by an increase of the radiation opening 
with an overall effect of about constant integrated power per unit of 
magnet length. 

4.3 Comparison with Classical SR Model 

The properties of low frequency SR in a finite extent magnetic field as 
described above sensibly depart from what the classical theory of low 
frequency SR from an infinitely long dipole provides. Let us write the 
latter under the form (after Ref. [8]) 

a2W 3q2,2 r(2/3)2 (w)2/3 (w)2/3 
__ er = - = 1.70 X 10-37 / 2 - , 
&an 8Jr3c0c 2113 we we 

a1w7r = 3q2,2 r(I/3)2 ,21;}(!:'!_)4/3 (34) 
&an 16Jr3 foe 2213 we 

( )

4/3 
= 2.64 x 10-3712(/'!/!)2 : 

and with 1-independent vertical rms opening angles8 

'1/J,,,R = 0.7560(wo/w) 113 , 'ljJ7r,R = l.0143(wo/w) 1
/
3 (35) 

much larger than lh and increasing with decreasing observation 
frequency w. 

On the other hand, taking Eq. (30) with cf>= 0 gives the cr spectral 
angular energy density from a (2//)-dipole in the low frequency 
approximation in the forward direction (the Jr density is zero in the 
forward direction) 

iJ2W I 
Owa~ rp=O 

(36) 

Comparing Eqs. (36) and (34) leads to the energy ratio in the bend 
plane('!/!= 0) 

8
2 

Wu I ll2Wu I 
Dw<Jn Clns<h:11I : &.,;OD, ('2/r}-dipole 

= r(2/3)
2 ( w ) ~/3. 

24/:1 . I 
We 

(37) 

possibly highly in favour of the (2//)-dipole. Namely, taking p = 5 m, w = 
1.88 x l0 15 rads- 1 (.A= 1 µm) in Eq. (34), one gets, for E=2.5GeV, 
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w/wc ;:::::: 1.8 x I 0- 4 and the ensuing ratio <i Wrr/Dwonlnissica1: D2 W,,/ 
awDSll(2h)-dipo1c;::::: I: 140 (Figure 8(a)). 

As to the openings, the (2/t)-dipolc SR is confined in a cone with 
Jih rms aperture (Eq. (33)) independent of w, while that of the long 
dipole is much wider, namely, 1</>u;:::::: 1 n /2;:::::: mrad x / in the bend plane 
and (Eq. (35) with the numerical values above) 'yif1 R;::::: 10 proportional 
to / 'w 1

/
3 in the vertical plane. 

Figure 8(a) more generally compares the spectral angular energy 
density in the forward direction (</> = ·1/1 = 0), over the all-effective 
spectral range of the radiation (obtained by numerical computation) . 11 
can be checked that the (2/t)-dipole energy density in the low frequency 
range docs not depend on its length contrary to what occurs at high 
frequency (the shorter the (2/t)-dipole, the wider the spectrum extent). 
In particular an adequately short (2/t)-dipole appears to deliver high 
frequency spectral energy density asymptotically comparable to th :it 
from a long dipole. 

Another way to compare long and short dipole radiation ll'ilhin the 

lowfi"eque11cy approximation (Eq . (8)) is as follows . The peak(} spectra\ 
angular energy density for both is obtained from Eq . (14) taken for 

'lj1 = 0, namely 

The peak energy density from the long dipole body ensues by sub
stituting </; = 0 and taking / rt» 1 in Eq. (38), and the peak (2/t)-dipole 
energy density is obtained by substituting cf;= 0 and /rt= 2, which 
we write 

i.12 w(T I 
fJw8f! Long-di po le 

Their ratio writes 

and 
il2 w(T I (,2 ,2 

8waD (2/1)-dirolc = 4Kx;;oc · 

(39) 

32 w" I 32 w" j 
[)w[)f! Long-dipole : 8w[)f! (2/1)-dipolc (40) 

= - : - = l: (la /4) 2 
( 

1 )
2 

I 
1a /2 4 
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and diverges with increasing 1a (the Long-dipole body SR tends to 
zero). For instance, for 1a~20 (e.g., 22cm long dipole with magnetic 
field 0.155Tat 2.5GeV, validity range (Eq. (8)) >. »a2L /24-;:::, 10- 6 m) 
the ratio is 1: 100; for 1a-;:::, 50 (e.g., 50cm long dipole with magnetic 
field 0.155 Tat 45 GeV, )... » 0.04 x 10- 6 m) a l : 150 ratio comes out. 

4.4 Comparison with Edge SR 

The gain in er energy density fr m a (2/'y)-d ipole w.r.t edge radiation 
can b es li.malecl fr m the sha pe of the observed el cLric fi eld impLtlse, 
a ~ llows. In the ca e f the (2/'y)-dip le the fu ll p siLiv arch of the 
a impulse is received by the observer. Ln th ca e of th· peak edge radiu
t.ion (in the direclion I h fr m the magn tend gra ph 2 in Figure 5) Lbe 
observer receives in additi n a 1 art of the negative Lai l of that impulse. 
Following the Fourier transform approxinrnli n or Eq. (4) the energy 
densityratio [Bdg : (2/1')-d ip lej isthesq uarcofthe rntiooftheelc u·i 
fie ld integrals, tha t is to say, I : 4 if the edg rad iati n is i ucd fr m a.n 
ialinilely long di1 ole ~1 I it more if the dipole is not very I ng ( ince in 
such case the nega ti ve tai l f theedge elect riclield impulse is tnrncatcd -
just like in Figure 5, and hence the area under E"(t) is a little more 
than half the area under the sole positive arch). 

This can be checked analytically. The ratio of the edge radiation 
peak energy density (Eq. (28)) to the (2/r)-dipole peak energy density 
(Eq. (39)) writes 

a2w" j a2w" I 
8w8f1 Edge : 8w8f2 (2/-y)-dipole 

( 
2 ) 

2 
in» l 

= l + ia : 4 ---+ l : 4. 

( 41) 

Instead, for not too large 1a value one gets slightly increased edge SR. 
For instance, with a= 20/r deviation one gets (I+ (1/10))2

: 4-;:::, 1 : 3.3. 

5 CONCLUSION 

A simple theory of low frequency, far-field synchrotron radiation is 
established on the basis of the approximation of the radiated electric 
field Fourier transform by its time integral. 
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Special properties of low frequency SR are pointed out, and inter
preted in terms of the shape and truncation of the electric field impulse. 
Tt is in particular shown that the spectral angular energy density takes its 
maximum at low frequency rather than in the w~ critical freq ucncy 
region as in the case of a long dipole. The method allows detailed 
comparison between edge and dipole body radiation. 

As an application it is shown that a short, (2//')-devialion dipole 
causes the low frequency spectral angular energy density to be maxi
mised, confined within a /2h rms aperture cone, entailing a gain of up 
lo four w.r.t. edge SR and up to several orders of magnitude w.r.L. body 
SR from a long dipole, and making it a highly recommendable candi 
date as a long-wavelength radiation source. Properties of the (2/i)
dipole are derived and illustrated with numerical examples. 
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