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Abstract

We consider a relativistic flux tube with arbitrary mass spinless quarks
at the ends. A classical circular solution is found. The quantized equations
corresponding to mesons at rest are constructed and solved. A comparison is

made with all available spin-averaged heavy-light and heavy-heavy states.
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1 Introduction w3913
The relativistic flux tube (RFT) model shows promise to provide a realistic de-
scription of all meson states. The RFT model is in essence a description of dy-
namical confinement [1]-[4]. For slowly moving quarks rigorous QCD relativistic
corrections {5]-[7] clearly demonstrate that the scalar confinement potential picture
is incorrect [2, 7]. On the other hand, the RFT dynamics are consistent with both
spin-dependent [3, 8, 9] and spin-independent [2, 3] QCD expectations. The basic
assumption of the RFT model is that the QCD dynamical ground state for large
quark separation consists of a rigid straight tubelike color flux configuration con-
necting the quarks. In this idealized limit the quarks and tube are shown in Fig.
1.

The heavy-light mesons are important for many reasons. For our present pur-
poses, these mesons exhibit relativistic dynamics while still maintaining some sim-
plifying aspects. The heavy quark mass supresses most spin dependence so that a
spinless quark analysis has considerable validity. The one heavy quark also means
the reduced Salpeter equation {10] will be appropriate and that relative time degrees
of freedom are unimportant.

Although a full RFT analysis of heavy-light mesons with fermionic quarks has

not yet been completed, our present spinless calculation is useful for several reasons:

1. The extension to unequal quark masses requires the solution of several tech-
nical problems. These problems have their origin in locating the center of

momentum and ensuring that the total momentum of the meson vanishes.

2. Both spinless and fermionic quark analyses share a common orbital angular
momentum analysis. The techniques developed here will therefore be of direct

utility in the more realistic calculation.

3. Because of the suppressed spin dependence due to the small color magnetic

moment of the heavy quark, a spin-averaged analysis is realistic.
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velocity vy perpendicular to the tube, the transverse force is a/~v., and for circular
orbite this must equal the mass m;v,, times the centripetal acceleration or
i

a
A::;EL -
I;

(12)
L

This. along with the straight string condition (8). assures that the meson is at rest

(i.e., the total linear momentum (11) vanishes). From (12) we also have

2 ar;
I _— 13
Ol m; + ar; (13)
2 ar;
5 1+ —. 14
3= 1+ (14
The total interquark distance is evidently
r=ry+ra, (15)
and using (8) and (13), we obtain
" Matar (16)
my + mg + 2ar
my, + ar
"2 my + mg + 2ar (17)
When the above expressions are substitued back into (13) and (14), we find
. a p
ew_ r(my + ar) , (18)
(my + ar){my +ms + ar)
cw.w _ ar{m; + ar) , (19)
(ma + ar)(my + ma + ar)
N (m; + ar){(m; + ma + ar)
T

m;{m, +mq + 2ar)

The quantities r;, v, , and v, have now been expressed in terms of the interquark

distance r. The circular RFT equations can similarly be expressed in terms of r
Equation (9) for the meson angular momentum becomes

J Jar

2— .
r (my + mo + 2ar)?

e

T\SZEM + alw + /ma(my + ar)

+ (my + ma + ar){(my + ar)(ms + ar)
2

%

[arcsinv,, + arcsinv,,] .

(my + mg + 2ar)
and the state mass M from (10) is

(21)

my + mo + ar

T (Vo) o )

N /\213: + ms + ar)(my + ar)(ma + ar)

T [arcsinv,, + arcsinvy,] . (22)
In (21) and (22) v;, and vy, are functions of r given by (18) and (19). The above
circular solutions reduce to the equal mass case considered earlier [11].

Now we can easily establish three limiting cases:

1. Heavy-heavy case (my,ms > ar)

ar

Equations (21) and (22) can be expanded in the small quantities 2= and 2~
with results

J: = AEV = (23)
my + mo
3
.<N my + mo + cM.m:. AMAV
From the above the shifted Regge slope is
dJ A miymo VW pNiw
d(M —m; —m)2 ~ \my+ma/ 3a3

(25)



8

“ JﬂD . N T/ +4
(or) eyt = H
J
(6¢) T+ {TaTl ey} = ——¢
(1+ )1

J0 A X
(s¢) NNlm'lrma +mp « r

01

[1] s
paztiuenb pue pazuowwAs aq pinoys suorenbs Jesisse oy ‘o10jeIat ], “si01eiado
[edIURYDSW-UWNIUEND ' PaIdpPISUD a1e « pur Ta uaym () # [ Ta] Je1[) sueoul yorym
(26) H(prdia)Ta = Ta

aA®RY p[noam am ‘(gg) aseo
ssewi-fenba ay) 10] uonenbs WnIUSWOW reNIuUe [RDISSE[D JY) JIOAUL PINOD M J1 ‘OS]

's101e10d0 URIIWILY 9g puoys “Ta pue 'Ta JeI) 94d1[0( 0} UOSEal POOT B oAvY oA

Aomv : g|E. «— Ta
12
[¢ "1] sassewr yrenb a8ref Jo jtuay] o) ut ooUIg
TA Ta Tay
e — ) = (T4
(ce) (T = Srmmm) T = (T
pue
(re) W+t =4
A
Ta ’
k L 4-(& y e
(gg) Tomeor T THMT H
d
(ze) T TaTlgy = o

0] 20MPaI 95D ssew-Tenba oY) 10] (/-1) suoljenba [edIsseld I,

ased Jy3i[-Aaeay oY} pue ssew-fenby 1°'¢

suorjenbry [eoisser) ayj jo uoljeziyueny) ¢

‘} UO13098
Ul passnosIp 8¢ [[IA YOIYa UOWN[OS wnjuend oy} ST 9AIND Paysep 9y ¢ pue g 's81g
ya0q uy “paurelqo st adofs y1un jo jwi nqurey oyj urede ; 98I1ev] 10} pur ‘paureIqo
st (gg) s Aaeay-£avoy oY) r [[ews 1y -odols 9839y paijjiys jseIL Y} sejeIisnl
¢ ‘81 Jo 2AIND PIfOS 3y} A2DC'( = lw IoJ *(Tg) ] nque) 273 soyoeordde adofs
oy} £ > fw a1dym f o3Iv] 1y (87) Jo Nwl| JySi-Aaeey oY) WOy pajoadxs se
[[ews 3 syun g jo odofs pajjis B SMOYS dAIND PI[0S oY, "0 = lw 9B} am g 914 U]
‘[ Jo nonpuny e se adoys 2859y payjiys a3 30[d pue ; 429, _(£Z) =V ‘ADHC = “w

9S00UD 9py ¢ pur g SSIJ Ul pajRISH[[l ale SUONBNIIS SUNIWI] SNOUeRA S ],

PG _ o
(1€) . R
jo (nqurey) adoys a83ay © Juiald
L
(0g) — =R
.8
(62) = =T

UTR}qO Bv JIUIL[ SIY) U] "UOSaW 313 JO

A31oue pUe WINJUIUIOW JBUOI}RIOT 9] [ SSLIIRD aqn) 9y} m&uﬁﬂ@ SSel 0197 10

(0 = *w = Tw) ased 3y3-1ySIT ¢

cbe g(Pw—Jy)

(8¢) 7= 7
st ado[s a8Say pejiys ay3 « SuneuIwy
(L2) Lo = g
DY
S
(92) LADL !

puy aas 1wy styy ur (gg) pue (1g) woy ‘ulesy

(4p <« Twi'g = lw) osed JyJi-Aaesy °7



where {A. B} = AB + BA. Similarly, the heavy-light case classical equations with

mo as the heavy quark mass,

J .
P Weyrvs +2arf(vy) (41)
H = ma+ Wy, + «%E , (42)
vy
after quantization become
I(l+1) 1

— = m:d\?,ﬁci+:?n.2?»1 . (43)

H = mot ~{W, )+ &g 2800y (44)
2 2 vy

3.2 General case

In the general case with m; # mo things get more complicated. Besides equation
defining the angular momentum, we also require that total momentum of the system
must be zero, which is trivially satisfied in the two special cases considered above.
We begin by using the straight tube condition (8) and the quark separation
variable (15) which give
vy,

r=——"r, 1=12. (45)
vy, + UL,

The classical RFT equations (1-7) can then be expressed in terms of v, ’s and r:

2 2
ooy, Ve gy, el
r vy, + v, vy, Uy,
1 . .
+ a . A.\.Ad.:v + \.Adhnvv ) A.mm.v

iy o2
(v, +vg,)

P =0 = Wyv,ve, ~Wavi.vl,
1 1 1

- ar——(— =), (47)
CA + Vi, )\n_L Yia

H = Wuvy, +Wevy,

1 . .
+ ar————(arcsinvy, +arcsinvy,) . (48)
vy, + vy,

3\2 = <ﬁw + Sw ’ (49)

because of radial momentum conservation, and function f(v,) is defined as

Here we have

flvy) HW?E&:EIW\WV . (50)
If we could invert equations (46) and (47) for vy, and vy,, they would be in general
different functions of r.p, and J, so that corresponding quantum mechanical oper-
ators will not commute. Therefore. our quantized equations will contain products
of three non-commuting factors, and we have to find the way to symmetrize them.
In doing that, we have to keep in mind that our procedure must reduce to equa-
tions (39.40) and (43.44) in the equal-mass and the heavy-light limits, respectively.
The easiest way to ensure this is to symmetrize first between non-commuting factors
containing vy, and vy, to obtain symmetric operators O(vy,,v1,), and then to sym-

metrize between these operators and radial operators. If we do that, our quantized

equations (46-48) become

{1+1) 1 1 ) 1
VT o LW, e, ———
r MA h m?.r Vi SL+E.~:
1 1 5 1
~{W,, , = T —
+ m,ﬂ ? mf«bct ~P.+F5:
+ J? HQA )+ fvL,) . 1 (31)
—a{r,={f(v v}, ————=1}}, 5
2 2 - o Ad.f + @._Lvm

1 Lo
NVP =0 = MA««&.ZQF»N.F_V|Mﬁ$§.ﬁ<kmc.ﬁww
a, 1 1 1 1
- Yrs—————1}}. (52)

b)
2 27v vy, v, Vi,

10
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these two cases we can obtain by finding the v, from the non-symmetrized angular
momentum equations [4], and then symmetrizing it by taking the average of the
non-symmetric v, matrix and its transpose. The eigenvalues obtained from the
symmetrized hamiltonians (40,44) are usually a couple of MeV’s lower than the
eigenvalues obtained from the non-symmetrized equations. In Fig.4 we compare the
non-symmetrized solution [4] for m; = mo = 0 (solid curve) with the symmetrized
solution shown at integral angular momentum quantum number /. The difference
between symmetrized and unsymmetrized solution is at most a couple of MeV’s over
a wide range of rotational and radial excited states. With increase of quark masses
this difference decreases.

In the general case we have two unknown matrices and the equations are much
more complicated. In addition. a good initial guess for v,, and v, is not easy to

find. Usually, for the initial guess for v, in the case of [ > 0 (for | = 0 solution

is trivial, v;, = vy, = 0) we use symmetrized equal-mass guess for m = m; and
the same angular momentum quantum number /. Despite these complications. for
N < 10 basis states we have found that our procedure converges very quickly no
matter how large the difference between ms and m; is (i.e., no matter how bad
initial guess is). In comparing with experimental data. we require only the lowest
one or two eigenvalues, and these are determined within 10 MeV if we use 5, and
within 1 MeV if we use 10 basis states. Fits with N = 10 are reliable and completely
adequate for our purposes.

In Figs. 2 and 3 we compare the ground state quantum solution (for continuous
values of [ [4]) with the classical yrast solution. We show in these figures the pre-
dicted shifted Regge slope. The correspondence limit at large angular momentum

is well satisfied.

13

5 Comparison with Experiment

As mentioned earlier, mesons containing at least one heavy quark will have relatively
small dependances on quark spins. It seems realistic then to compare our predictions,
which do not include quark spin, directly to spin averaged energy levels. There are
however two additions to the model which must be incorporated in order to have a

phenomenologically successful result.

5.1 Short range interaction

The flux tube configuration has been assumed to dominate when the quarks are
widely separated. At short distance there must be an attractive singular interaction
due to the single gluon exchange. We parametrize short and intermediate distance

interaction by the usual potential

(38)

Vs(r) = =

érmamwﬁmrog&mmmbommzn me. Fgmmnmao::::gnon&voﬁm:aww:wgwm&;nmm
to the well known “Cornell potential” [13]: a superposition of linear confinement
Veons = ar and the Coulombic term (58). From general consideration we expect
k to “run” such that it will increase slowly as the quarks are separated. In our
comparison with data we will allow different «’s for heavy-heavy and heavy-light

mesons.

5.2 Constant term

A constant term is also added to the hamiltonian giving

mnmmwﬂ+0.lm, (59)

with Hppr given by (53). Just as the dynamical Wilson loop “area term” generates

precisely the RFT equations of motion [14], the Wilson loop “perimeter term” adds

14
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solution (yrast). The quantum solution is also proposed and solved numerically. We
have confined our comparison of the RFT with data to mesons containing at least one
heavy quark primarily because in this case spin dependence should be small enough
that the spin averaged data can be compared to our spinless quark calculation. We
have done a simultaneous fit to all of the available heavy-light and heavy-heavy data.
We find that the same parameters which arise in the usual heavy onia analyses [12]
apply to the heavy-light states as well. The one main difference is that a constant
term now must be added to the hamiltonian (539). When only heavy onia were
considered an additive constant was arbitrary due to the QCD scaling relation (60).
With the addition of heavy-light mesons, the constant C still can vary quite a bit,
but C = 0 for example is excluded.

From Fig. 11 we observe that difference in quark masses are mnuch better defined

than the individual quark masses. In particular, we have
my — m, = 3385 £ 20MeV . (63)

Upon closer inspection of the fit in Table 1 we see that for heavy-light mesons those
containing a charm quark are overestimated by 25MeV, while those containing a
bottom quark are underestimated by about 20MeV". This indicates that the heavy
quark difference my — m. should be about 45 MeV smaller for heavy-light mesons
than the one for heavy-heavy mesons. This discrepancy was pointed out some time
ago [17] and still persists even in the context of a more sophisticated treatment.

It will be important to include spin in our model. Fortunately the orbital angular
momentum discussion in this paper will form a key ingredient of the more complete
calculation. The results will be somewhat different even for the spin averaged case
since a Darwin type term will arise due to the fermionic nature of the quarks both
at long and short range. The RFT model formulation with fermionic quarks has

been discussed in some detail [3] previously.
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Table 2: Heavy-heavy spin averaged states. Since 7,’s have not been observed yet,
in calculating spin averaged mass for all S states in bb system we assume T — 1 =
TABLES 10420MeV on the grounds that this splitting should be approximately one third of
the corresponding splitting in the ¢z systems. We estimate that the error introduced
in this way is probably less than 5MeV. We also assume that p-wave hyperfine

Table 1: Heavy-light spin averaged states. Spin-averaged masses are calculated in splitting in the bb mesons is negligible.

the usual wav, by taking m of the triplet and _ﬂ of the singlet mass.

state spectroscopic label spin-averaged theory error
state spectroscopic label spin-averaged theory CITOT P 25+, mass (MeV) (MeV) (MeV)
JP 8+, mass {MeV) {MeV) (MeV) ¢z quarks
cti. cd quarks . - g ]
e (2979) 0 So e
U H%ON 0~ Hrm‘ \ _ _ . H.m. Awommv wo: 9
. neon . re 15 (1974) 2000 26 v (3097) 1 "5t |
D AMOOCV 1 ' .mm Yoe Awr»wwv ka uNVo 1
b_ Amr»w#v 1+ HNUH 1P Awr»wrs 2419 -3 Yie Awmwuv 1+ H:UH
- ) 1P (3525) 3494 =31
c§ quarks \2e (3556) o+ 3p,
D, (1969 0~ 1S = 1
: (1969) } o 15 (2075) 2105 30 he (3525) 17 Py
D; (2110) 1 Si . (3594) 0- 215, | 25 (3663 3665 )
D, (2537) 1% ip, 1P (2537) 2526 11 o o(3686)  1- 295, (3663) 5
bii. bd quarks bb quarks )
B (5279 0~ 1S - 3 45 14. _
* (5279) ] = 1S (5312) 5203 1 T (9460) 1 S, | 1S (9450) 9444 6
B (5325) 1 S T (10023)  1- 235, | 25 (10013) 10009 —4
b5 quarks T (10355) 1° 35, | 3S (10345) 10360 15
mm Amwmmv 0~ Hrm.o 18 AM%OOV 5389 -20 ob AOWQOV O+ wwo ]
Yis (9892) 1+ 3p 1P (9900) 9908 8
Yo (9913) 2* 3P, |
\h (10232)  0F 23p, |
Y, (10255) 1t 2P, 2P (10261) 10268 7
\h, (10268) 2% 2P, |
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