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Abstract

A sample of 4148 four-jet events observed in the ALEPH-detector at LEP in 1989 and
1990 is used to test the underlying gauge group of strong interactions. A �t to the ratios
of the \colour factors" CF , NC and TF , which determine the di�erential cross sections,
yields NC=CF = 2:24�0:32stat�0:24syst and TF=CF = 0:58�0:17stat�0:23syst. This is
in agreement with the values expected from QCD: NC=CF = 2:25 and TF=CF = 0:375.

The non-zero value of NC=CF constitutes direct evidence for the existence of the triple-
gluon coupling and excludes any Abelian gauge theory by more than �ve standard
deviations.
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1 Introduction

One consequence of the non-Abelian nature of QCD is the existence of a direct coupling between
three gauge bosons, the so-called \Triple-Gluon Vertex" (TGV ). Based on assumptions about

the dominant parton-parton scattering processes the production of high-pT jets in high-energy
hadron collisions has been discussed as evidence for the existence of the TGV , see e.g. [1]. In
e+e�annihilations the energy dependence of the three-jet cross section [2], where the TGV enters
through loop corrections, constitutes another indirect evidence. Direct evidence at a �xed centre-
of-mass energy can be obtained from the study of four-jet events where the TGV contributes
already at tree level.

An analysis of four-jet events, based on test variables proposed by various authors [3, 4, 5, 6],
has been used to study the TGV experimentally. These variables are sensitive either to the

di�erences in the angular distributions of qqgg and qqqq events or to the di�erences between
contributions from double-bremsstrahlung diagrams and diagrams involving the triple-gluon
coupling. Experimental results [7, 8, 9, 10] have been presented which show that the measured
distributions of those test variables are consistent with QCD while a speci�c Abelian gluon
model [3] could be excluded. This model is based on the three dimensional representation of
the gauge group U(1), denoted U(1)3.

The DELPHI-collaboration has performed a simultaneous analysis [11] of two test variables
with a �rst measurement of the colour factors of the theory of strong interactions, thereby not
only eliminating one speci�c Abelian model but also restricting the range of alternative gauge

groups.
This work generalizes this kind of analysis in a manner where one no longer refers to speci�c

test variables but directly extracts the colour factors from the measured 5-fold di�erential four-jet
cross section in a likelihood �t. This ensures that all selected four-jet events enter the analysis
without any loss of information.

2 Theoretical Basis

Perturbative calculations of jet production in e+e�-annihilation processes to O(�2
s) have been

performed by several authors [12, 13, 14, 15] for the case of massless partons. The results of
reference [15] are the basis for the \matrix element" option in the JETSET [16] Monte-Carlo, in

the following referred to as \Lund-ME" model. For any gauge group the di�erential cross sections
derived from the diagrams shown in �gure 1 factorize into kinematical and gauge group dependent
terms:

� qqgg �nal states (�gure 1 a-c):

1

�0
d�(4) =

�
�sCF

�

�2 �
FA (yij) +

�
1 � 1

2

NC

CF

�
FB (yij) +

NC

CF

FC (yij)

�
(1)

� qqqq �nal states (�gure 1 d):

1

�0
d�(4) =

�
�sCF

�

�2 �TF
CF

Nf FD (yij) +

�
1 � 1

2

NC

CF

�
FE (yij)

�
; (2)

where yij = m2
ij=s denotes the scaled invariant mass squared between any pair of partons i and j

with i; j = 1 : : : 4 and Nf the number of active avours. The analytical form of the kinematical
functions FA : : : FE can be extracted from Ref. [15]. The coe�cients CF ; NC and TF are the colour
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factors which for any representation of a gauge group describing the interaction can be calculated
from its structure constants fabc and its generators (T a)ij :

X
a

�
T aT ya

�
ij
= �ij CF (3)

X
a;b

fabcf�abd = �cd NC (4)

Tr
h
T aT yb

i
= �ab TF (5)

In an intuitive way the colour factors can be identi�ed with the fundamental couplings of the

theory, as illustrated in �gure 2. The colour factor CF determines the strength of the coupling of
a gluon to a quark or an antiquark, NC describes the strength of the splitting of a gluon into two
further gluons and TF the strength of the splitting of a gluon into a quark-antiquark pair [17].
Therefore the ratio NC=CF is a direct measure of the relative strength of the TGV compared to
the quark-gluon coupling.

For some common groups the colour factors are:

SU(N) : NC = N; CF = (N2 � 1)=(2N); TF = 1=2

QCD = SU(3) : NC = 3; CF = 4=3; TF = 1=2

Abelian gluon model = U(1)3 : NC = 0; CF = 1; TF = 3

QED = U(1) : NC = 0; CF = 1; TF = 1

Absorbing CF into the normalisation of the cross sections (1) and (2), inter-jet correlations in four-
jet events depend only on the ratios NC=CF and TF=CF . These ratios, which carry information
about the gauge structure of the underlying theory, can be determined experimentally from a
comparison of the di�erential four-jet cross section, measured as function of the scaled invariant

masses squared yij, with the theoretical predictions.

3 Data Analysis

3.1 The ALEPH detector

The ALEPH detector, which provides tracking and calorimetric information over almost the full
solid angle is described in ref. [18].

The charged particles are measured in two central tracking chambers. The inner tracking
chamber (ITC) is a conventional drift chamber which provides up to 8 coordinates per track.

The main chamber, a large time projection chamber (TPC) with radius of 1.8 m, yields up to
21 space points per track. Both chambers are located inside a superconducting solenoid. At the
nominal magnetic �eld of 1.5 T a momentum resolution of �p=p2 = 0:0008/GeV is achieved by
the combined system of TPC and ITC [19].

The electromagnetic calorimeter (ECAL) is a lead proportional tube sandwich with a total
thickness corresponding to 22 radiation lengths with 45 read out layers. It is separated into three
stacks corresponding to 4, 9 and 9 radiation lengths respectively. Anode wire signals are summed
plane by plane for each module. Cathode pads of approximately 3�3 cm2 from consecutive planes
are connected together to form towers pointing to the interaction region.

The hadron calorimeter (HCAL) is an iron streamer tube sandwich with 23 layers, segmented
into 4800 projective towers.

In both calorimeters clusters are de�ned as groups of hit cells topologically connected. The
energy of a cluster is the sum of the energies measured in its cells. Spurious clusters due to
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electronic noise or malfunction are rejected by using the independent information provided by
the wire readout of the ECAL or the streamer tube readout in the corresponding HCAL module.
The accepted ECAL clusters can be identi�ed as electromagnetic or hadronic clusters by virtue
of the granularity of the calorimeter and taking advantage of the characteristic longitudinal and
transverse pro�les of electromagnetic and hadronic showers.

3.2 Event selection

The selected data consist of approximately 150000 hadronic events taken with the ALEPH detector
at LEP in 1989 and 1990 at centre-of-mass energies around the Z mass.

All events are subjected to an energy ow analysis which makes use of the information coming
from most of the ALEPH subdetectors. In particular, advantage is taken of the photon, electron
and muon identi�cation capabilities and of the redundancy of the energy measurements in the
calorimeters. This energy ow algorithm provides information about charged and neutral, i.e.
photon- and neutral hadron-like, particles. The principles of the energy ow algorithm are
described in Ref.[20]. An energy resolution of 9% is achieved on the total energy at the Z mass.

To be used in the present analysis, charged particle tracks are required to be reconstructed

with at least four space coordinates in the TPC and to originate from the beam-crossing point
within 5 cm along the beam direction and 3 cm in the transverse direction. Furthermore, good
tracks must have an angle of at least 20 degrees and a transverse momentum of pt � 200 MeV/c
with respect to the beam axis. Selected events are required to have at least 5 such charged tracks
and a total charged energy in excess of 15 GeV.

To be considered in the subsequent analysis, the neutral clusters must have an energy of more
than 300 MeV and their extrapolation to the beam-crossing point must form an angle of at least
20 degrees to the beam axis.

Finally, the total visible energy is required to be in excess of 0:5
p
s and the momentum

imbalance along the beam direction of all accepted tracks and clusters to be smaller than 0:4
p
s.

3.3 Reconstruction of four-jet events

The accepted events are fed into the PTCLUS [21] clustering algorithm which combines the
good angular resolution of the LUCLUS [22] algorithm and the ability to reconstruct parton
multiplicities of the JADE [23] algorithm. The algorithm takes the highest energy particle as
the initiator of a �rst cluster and assigns to it all tracks with a relative transverse momentum
below a certain threshold. The highest energy non-assigned track forms the initiator of another
cluster which is treated the same way. The procedure is iterated until all tracks are assigned. The
remaining clusters then are merged further using the JADE-scheme. In a �nal step those tracks
which are not in the jet closest in angle are reassigned. The PTCLUS algorithm was used with the

covariant E-scheme [24] merging, which is found to provide the best reconstruction of the lowest
energy jet.

The clustering algorithm is required to produce exactly four clusters. In order to have a clean
sample only those events are retained as four-jet events which for all pairs of clusters satisfy the
cut

yij > ycut = 0:03: (6)

Here yij denotes the scaled invariant mass squared for clusters i and j calculated by

yij =
2Ei Ej � (1 � cos �ij)

E2
vis

; (7)
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where �ij is the angle between the jets, Ei and Ej are their energies and Evis is the total visible
energy of the event. The requirement ycut = 0:03 ensures that the number of misidenti�ed two-
and three-parton events is small.

In addition the following cuts are applied to the four-jet sample: the angle to the beam axis
for each jet is required to be above 20 degrees, the number of charged tracks or neutrals per jet at

least two and the sum of the six scaled invariant masses squared above 0.95. This results in 4148
four-jet events passing all cuts.

Finally, in order to compare to the theoretical prediction, the yij are rescaled such that
momentum conservation for four massless partons is ful�lled:

4X
i<j=1

yij = 1 : (8)

3.4 Determination of the colour factors

The colour factors are determined from the data by a maximum likelihood �t of the second order
theoretical prediction, i.e. by maximizing

lnL =
X
i

ln
�i(NC=CF ; TF=CF )

�tot(NC=CF ; TF=CF )
(9)

with respect to NC=CF and TF=CF . The sum runs over all selected four-jet events, �i denotes the
folded four-jet cross section obtained by summing (1) and (2) over all permutations of parton-type
assignments to the jets, thereby taking into account that no identi�cation of parton type or quark
avour is done, and �tot is the corresponding total cross section. The ratio �i=�tot then is the
probability density for observing the event i for a given set of colour factors. The best �t values

found for the data are NC=CF = 2:76 � 0:25 and TF=CF = �0:12� 0:17.
Maximizing lnL yields a measurement of NC=CF and TF=CF , but doesn't provide a criterium

for the quality of the �t. One test of the �t quality can be performed by comparing the distribution
of the individual log-likelihood values (equation (9)) to that obtained from Monte-Carlo data with
well de�ned input colour factors. Comparing for example the data and the Lund-ME model the
mean values of the distributions for the respective best �t values are hlnLidata = 0:223 � 0:011
and hlnLiME = 0:233 � 0:010. The agreement indicates that the �t quality for the data is as
good as expected. As a second test all one-dimensional projections on any yij-axis of the general

5-dimensional distribution were compared with the corresponding projections of the �tted cross
sections. The �t quality was found to be good in all cases.

For the Lund-ME model the �tted colour factors are found to be NC=CF = 2:75 � 0:20 and
TF=CF = �0:31 � 0:14 in agreement with the data. This is illustrated in �gure 3, where the
uncorrected distribution for the modi�ed Nachtmann-Reiter angle [25] is compared both to the
prediction of the Lund-ME model and the Abelian gluon model. Taking the statistical errors of
the Monte-Carlo (not shown) into account one �nds �2

ME=NdF = 9:8=9 for the Lund-ME model
and �2

AM=NdF = 38:8=9 for the Abelian model. The sensitivity to the gauge structure of the
theory is therefore already visible at the level of one-dimensional projections.

3.5 Correction procedure

Detector limitations and fragmentation e�ects, i.e. e�ects due to perturbative higher orders and
hadronisation, lead to a shift of the measured colour factors with respect to the true values.

A correction for this e�ect is extracted from Monte-Carlo simulations based on a tuned version
of the Lund-ME model. Even though the Lund-ME model in general does not describe the
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structure of hadronic �nal states as well as the parton shower (PS) option of the Lund model [16],
it is expected to be more suited for this analysis since it has the full second order matrix
elements (1,2) used in the �t of the colour factors, while the PS option contains leading logarithms
to all orders but is not complete in second order. 60000 four-parton �nal states are generated with
ymin, the minimum scaled invariant mass squared of any two partons, set to ymin = 0:01. All

events are passed through the full ALEPH detector simulation and the full reconstruction chain.
Reweighting the events generated with the Lund-ME model, thereby going to matrix elements

with di�erent colour factors, a two-dimensional correction function for NC=CF and for TF=CF is
extracted. The results are parametrized in the following way:

�
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�
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�
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�
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�
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�
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�
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�2

m
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�
TF

CF

�2
m

+ c5

�
NC

CF

�
m

�
TF

CF

�
m

(10)

�
TF

CF

�
c

= d0 + d1
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NC
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�
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�
TF

CF

�
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+ d3

�
NC

CF

�2

m

+ d4

�
TF

CF

�2
m

+ d5

�
NC

CF

�
m

�
TF

CF

�
m

(11)

The index m refers to the measured values and c to the corrected ones. The coe�cients are
given in Table 1. The uncertainty of this correction due to �nite Monte-Carlo statistics is
�MC(NC=CF ) = 0:11 and �MC(TF=CF ) = 0:05.

c0 = �1:193 d0 = 0:618

c1 = 1:121 d1 = 0:052

c2 = �0:067 d2 = 1:008

c3 = 0:042 d3 = �0:007
c4 = 0:027 d4 = 0:008

c5 = �0:026 d5 = 0:024

Table 1: Coe�cients of the correction functions (10) and (11)

4 Systematic errors

The following sources of systematic uncertainties are discussed:

� Statistical uncertainty in the correction function

� Fragmentation uncertainties

� Experimental systematic errors

� Background from misidenti�ed two- and three-parton events.

Table 2 summarizes the individual contributions. The statistical error of the correction function
was already given in the previous section, the others are briey discussed below. A more detailed
description can be found in Ref. [26].

4.1 Fragmentation Uncertainties

The fragmentation uncertainties include uncertainties due to higher order corrections, mass and
hadronization e�ects.

One way to estimate the importance of uncalculated higher order corrections is the variation
of the renormalization scale �. In second order perturbation theory the three-jet rate as well as
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Source of uncertainty �NC=CF �TF =CF

statistical error of correction function 0.11 0.05

fragmentation uncertainty 0.08 0.20

experimental systematics 0.11 0.08

background from 2- and 3-parton events 0.10 0.08

Table 2: Summary of systematic errors for the measurement of NC=CF and TF =CF

the three-jet kinematics depend on the scale. For four-jet events only the rate is a�ected. Since
this analysis only studies correlations within four-jet events, it is in principle not a�ected by scale
uncertainties. Scale dependencies may however enter indirectly through the inuence of the scale

on the two- and three-parton cross sections, thereby a�ecting the number of background events
which enter the four-jet sample. This background decreases for smaller scales. Since the analysis
of the uncertainties due to background events uses a large scale (� = MZ), any possible scale
dependencies are covered by the error due to background.

In general higher order contributions not only change the rate of four-jet events but also the
correlations between the jets. As a consequence the e�ective colour factors obtained from the
comparison to pure second order perturbation theory are di�erent from the true ones. This is
corrected by the functions (10) and (11), which approximate all e�ects beyond O(�2

s) in the

framework of the Lund-ME model, where both perturbative higher orders and hadronisation
e�ects are modelled by the string fragmentation concept. The Lund-PS model does not contain
the complete second order matrix element, but it includes leading logarithms in all orders of �s.
The four-parton level in the Lund-PS2 model thus does not correspond exactly to the second
order matrix element with QCD colour factors. Assuming that the leading-log contributions are
dominant, the model is nevertheless suited to predict the shift in the colour factors due to higher
order corrections. Since di�erent missing higher order terms are simulated by the fragmentation
process in the Lund-ME and the Lund-PS model, the shifts in the colour factors between the
four-parton level and the hadron level are di�erent. The di�erence in the shifts is therefore used

as an estimate of the uncertainties due to higher order terms.
The partons in the matrix element model are on-shell, while the average o�-shellness in the

parton shower is approximately 2.5 GeV. Therefore the above estimate is assumed to include also
uncertainties associated with the fact that the theory strictly applies only to massless partons.

The uncertainty related to the transition from the second order parton level to the hadron
level de�ned above was determined using a dedicated high statistics Monte-Carlo production.
The correponding colour factors for both levels are given in table 3. For the parton shower model
the shifts in the colour factors are found to be �PS(NC=CF ) = 0:96 � 0:04 and �PS(TF=CF ) =
�0:29� 0:03. The same shifts for the matrix element model are �ME(NC=CF ) = 0:99� 0:04 and

�ME(TF=CF ) = �0:48 � 0:03. Taking the di�erences of these shifts and adding the statistical
errors in quadrature the contribution of higher order e�ects to the fragmentation uncertainties are
obtained to be �ho(NC=CF ) = 0:06 and �ho(TF=CF ) = 0:19.

As an additional check the fragmentation parameters are varied. The ranges cover the values
obtained from �tting the ALEPH data [27] and those parameters determined in reference [28]
using small renormalization scales. Within the statistical uncertainties of the simulation no
e�ect on the measured colour factors could be found. An upper limit is estimated to be

2The second-order parton level in the Lund-PS model was de�ned by the partonic con�guration after the decay of the

two partons with the highest virtual mass in the shower history.
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�par(NC=CF ) = �par(TF=CF ) = 0:05 which is included in the total fragmentation uncertainty.

4.2 Experimental systematics

To estimate the systematic error due to the experimental procedure di�erent combinations of
merge- and clustering-algorithms, as described in [24], and di�erent sets of cuts to de�ne the
four-jet sample were studied and the RMS-shift of the results taken as the systematic error. One
�nds �cuts(NC=CF ) = 0:07, �cuts(TF=CF ) = 0:04, �alg(NC=CF ) = 0:09 and �alg(TF=CF ) = 0:07.

Adding both contributions in quadrature the experimental systematic errors are found to be
�exp(NC=CF ) = 0:11 and �exp(TF=CF ) = 0:08.

4.3 Background from misidentied two- and three-parton events

To determine the systematic error due to background from misidenti�ed two- and three-parton
events an additional Monte-Carlo sample of 10000 events was studied with the same parameters
as for the pure four-parton �nal states, but generating only two- and three-parton events. From
these 5 events are misidenti�ed as four-jet events, i.e. at 90% con�dence level the misidenti�cation
probability is smaller than pmis = 9:3 � 10�4. For the data sample this corresponds to an upper
limit of 108 background events in the selected four-jet sample which bias the measured colour
factors because of their di�erent inter-jet correlations. The size of this bias is estimated by adding

the log-likelihood function for the background events to the log-likelihood sum of the four-parton
sample. The observed shift is taken to be the systematic error due to background. One obtains
�bg(NC=CF ) = 0:10 and �bg(TF=CF ) = 0:08.

5 Results

After correction the ratios of the colour factors are obtained as NC=CF = 2:24� 0:32stat� 0:24syst
and TF=CF = 0:58�0:17stat�0:23syst. For the �nal errors all but the fragmentation errors and the
uncertainties of the correction function were propagated through the correction. The correlation
coe�cient for the statistical errors is �stat = 0:065. Taking the systematic errors given in table 2
to be uncorrelated yields a correlation coe�cient � = 0:043 for all errors combined in quadrature.

The result is in agreement with QCD and also with the measurements NC=CF = 2:55 � 0:71
and TF=CF = 0:02 � 0:48 from the DELPHI analysis [11]. The Abelian gluon model is clearly
excluded. Adding statistical and systematic errors in quadrature the ALEPH result rules out any
alternative Abelian theory by more than �ve standard deviations. This is illustrated by �gure 4
where this measurement including its 68% con�dence level contour based on the combined errors
is shown in a two-dimensional plot of TF=CF versus NC=CF . Also indicated are the expectations
for all simple Lie-groups with the fundamental representation for the fermions and the expectation
for the Abelian gluon model [29].

Table 3 summarizes the results of this analysis. The �rst three rows show how for QCD the

colour factors measured by the likelihood �t shift when going from the second order parton level
to the detector level after the full simulation. As the fourth row shows, the large shift between
hadron level and full simulation can be understood mainly as a result of the selection cuts de�ning
the four-jet sample, as decribed in sections 3.2 and 3.3. In fact, it is found that corrections based
only on the selection cuts reproduce within 25% the corrections (10,11) extracted from the full
simulation. This allows to compare the uncorrected results from the data to the predictions
of di�erent Monte-Carlo models obtained after applying the selection cuts de�ning the four-jet
sample to the generator hadron level. Again the Lund-ME prediction is in agreement with the

data while the Abelian gluon model is in clear disagreement. Interestingly, for this particular
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Event sample NC=CF TF=CF

Lund-ME, parton level 2:32 � 0:06 +0:39� 0:05

Lund-ME, hadron level 3:31 � 0:06 �0:09� 0:05

Lund-ME, full simulation 2:75 � 0:20 �0:31� 0:14

Lund-ME, selection cuts 2:75 � 0:20 �0:18� 0:15

Lund-PS, parton level 1:74 � 0:06 �0:05� 0:05

Lund-PS, hadron level 2:70 � 0:06 �0:34� 0:05

Lund-PS, selection cuts 2:13 � 0:18 �0:42� 0:12

Abelian gluon model, selection cuts 1:33 � 0:32 +2:81� 0:36

DATA uncorrected 2:76 � 0:25 �0:12� 0:17

DATA corrected 2:24 � 0:32stat � 0:24syst +0:58� 0:17stat � 0:23syst

Table 3: Comparison of colour factors obtained from various Monte-Carlo models on parton, hadron

and detector level, together with the uncorrected and the corrected �t results from the ALEPH data.

The numbers for Lund-ME and Lund-PS for parton and hadron level are from a dedicted high statistics

production.

event sample the data favour the matrix element model over the parton shower model, as can be
expected. This shows that the analysis is sensitive to the di�erence between the complete second
order matrix elements and the leading-log approximation, which is clearly visible in the colour
factors �tted at the parton level for both models (see table 3).

6 Conclusions

A new method to measure the gauge structure of the theory of strong interactions, using
the di�erential four-jet cross sections, was applied to hadronic data taken with the ALEPH
detector in 1989 and 1990. A sample of 4148 four-jet events was selected and analysed. The
results for the ratios of colour factors NC=CF = 2:24 � 0:40 (0:32stat; 0:24syst) and TF=CF =
0:58� 0:29 (0:17stat; 0:23syst) are in agreement with the QCD colour factors (NC=CF )QCD = 2:25
and (TF=CF )QCD = 0:375. The non-zero value of NC=CF is clear evidence for the existence of the
triple-gluon vertex. Any Abelian theory is ruled out by more than �ve standard deviations.
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Figure 1: Classes of diagrams contributing to the four-jet cross section in second order QCD. The crossed

amplitudes are not drawn.
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Figure 2: De�nition of the colour factors in terms of fundamental couplings. The �nal state colour indices

have to be summed.
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Figure 3: Uncorrected distribution of the modi�ed Nachtmann-Reiter angle compared to QCD and the

prediction from the Abelian gluon model.
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Figure 4: Measured ratios of colour factors compared to the prediction from di�erent gauge theories. The

dotted lines indicate the locations of the classical Lie-groups SO(N), SU(N) and Sp(2N) for arbitary N.
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