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1 Introduction

In this paper we consider the supercurrent multiplet when coupled to supergravity, using
superconformal and superspace techniques. The results presented here are an extension of
a previous investigation of the same authors [1]. In rigid supersymmetry the supercurrent
multiplet has a certain amount of ambiguity due to the possibility of improvement terms.
These redefinitions modify the conservation law of a supercurrent J,, expressed through its
supercurrent divergence [2-7]

D Joug ~ DY + wa, (1.1)

where Y, w, are chiral superfields and moreover w, satisfies a reality condition D, w® =
Dsw®. In linearized supergravity [3,6] the current couples to the Einstein multiplet Foq :

an'z ~ _’f2<]ac'w (12)
together with a Ward identity, which (without a gauge multiplet) is

old minimal supergravity: EdEad =D,R,
new minimal supergravity: D B =Wk, (1.3)

where R is a scalar chiral multiplet and WX is a spinor chiral multiplet. The trace equation
becomes in the two formulations

R~ —rK’Y , Wh~ —kw, . (1.4)

«

The equations (1.2]) and (1.4]) are the supergravity extensions of the Einstein equation and
its trace

G ~ /<92TW,
R~ —r’T", (1.5)

Equations also contain the Einstein tensor identity (strong equation =):

VIG,,, =0, (1.6)
which then implies the ‘weak’ equation (=)

Vi, =0, (1.7)

The latter is the covariant conservation law of the stress tensor, which holds when the
matter field equations are imposed. Note that in the superconformal supergravity context
the Planck constant is hidden in the value of the (first component of the) compensating
multiplet, which is a chiral superfield in old minimal supergravity and a linear multiplet in
new minimal supergravity

old minimal supergravity: DX’ =0, X0 =g~

'We will indicate equations valid modulo equations of motion by ~.
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new minimal supergravity: T(L)=T(L)=0, L=xr", (1.8)

where we denote by 2 equations due to the (super)conformal gauge fixing. 7" is the super-

conformal version of the superspace operator D [8,9], which defines a chiral multiplet from
another multiplet, and T' defines an antichiral multiplet.

1.1 Old minimal Superconformal formulation: results

It has been speculated in the literature that the gravity analogue of the conservation law
(1.1) where both Y and w, are present corresponds to a new type of supercurrent with
(16 4+ 16) bosonic + fermionic degrees of freedom, while the two minimal supergravities
have (12 + 12) degrees of freedom and the maximal non-minimal supergravity has (20 + 20)
degrees of freedom [4},(6,/7]. In the present paper we will argue that the conservation law
when both Y and w, are not vanishing is perfectly possible whenever an additional gauge
symmetry acts on the chiral compensating multiplet X°. This just happens in old minimal
supergravity when a Fayet— Iliopoulos (FI) term and a Kéhler potential appear.
The basic Lagrangian we consider is

L= [N(Xf,Xf)er]D + WWalp (X = {X° X'}, (1.9)

where ¢ is the (dimensionless) FI constant. We will assume that the fields X* appear only
in the form

NXT X1 = X°X°(s%, 8, S'=X/X", (1.10)
Note that under FI U(1) gauge transformations
X0 5 X0 V - V+A+A, St inert, (1.11)

while under Kahler transformations
X0 5 X%, ® - @ FE. W(S) — W(S)eE, (1.12)
where we mention the transformation of the superpotential for completeness. We do not
further consider a superpotential in this paper. However, since in this paper we will confine
to an additive ® such that
d=-3+0M, (1.13)

where the first term corresponds to pure supergravity, the Kéahler invariance will be lost.
Below, we will see that in the new minimal formulation, unlike the old minimal one, the
gravity-matter splitting preserves the Kahler invariance. See below (1.23)), where the Kéahler
invariance is evident.

The super-Einstein equations are obtained from the Lagrangian by variation of the
auxiliary field A, (the gauge field of the U(1) R-symmetry of the superconformal algebra).
So the super-Einstein equation becomesﬂ

%iﬁygdel% = V(X0 V) + Joa(XO,V, 8 + EX ~ 0, (1.14)
2We follow the conventions of [10], where the actions, transformations and field equations are given
explicitly. Some additional notation is introduced in [9].
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where we split the contributions according to ((1.9) and further to (1.13]), and we have
50% = 4WdWOA ) Wa = TDaV - _%iAa 5 (115)

Ao being the left-projected gaugino in the gauge multiplet.
We will prove a ‘strong identity’ (V, X° arbitrary)
eV (e5VX0)
(X0)?

DEMY = (£V XD, [ + 36 X%V X, . (1.16)

The superspace geometry that encodes the Ward identity in was denominated ‘chirally
extended supergravity’ in [11]. Note that for £ = 0 this becomes the Ward identity of [1].
Equation has both terms as in even if we are in old minimal supergravity. The
field equations coming from have a contribution coming from the V and X° field
equations (field equations for the auxiliary fields, respectively D and F°)

ID=D,W* =D W* ~ —1NetV = —L¢(NG + NM)etV
T(NgetV) =~ 0, (1.17)

where we have introduced

N =N%4 NM, NG = —3X0X°, NM = XXM (57 §%), (1.18)
while
GN(X,)_() 50 0P 50 M M _ 0 [ aM ,0PY
No=—"2" X (d-8_— ) =-3X"+N, NM=X0 (oM _g— | .
0= X0 5 o5 SAT+ No™s 0 T
(1.19)

The second line in (|1.17)) gives the trace of the Einstein equations in de Sitter space as

described in section . Acting with D" on (1.15)) using we find
DEV = —2W, D ~ W, (NC + NM)etV (1.20)
From the field equation we have
DM £ D e+ DEY. ~ 0. (1.21)

In this sum, the first term of (1.20)) (with N“) cancels the last term in (1.16)) and with the
second part of (1.17)) we obtain

e VT (oY NY)
(X0)?

et

D

Joo & (e X°)*D, [ ] — EW,NMesV (1.22)
which is the generalization of R ~ —r?T,* of general relativity. We understand the last term
in the context of electromagnetism in Appendix [C]

Note that for conformally coupled (neutral) chiral multiplets N}* = 0 and the violation
of the superconformal symmetry comes only from the last terms due to the FI term.
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1.2 New minimal Superconformal formulation: results

In the new minimal formulation with neutral matter and FI term, the action is

nm L «
£mm = {SLanLHLK]DJrg[LV]DHW Walp (1.23)

where K is the matter Kahler potential
K(S5,5) =—=3In(—19(S5,9)) . (1.24)

The relevant field equation is here the field equation of x,, the fermionic component of the
linear multiplet, which defines WX, WX and W™ for the three first terms of 1’

Wk 4wk wemFl &~

L
L _
Wy =3TDaln 55 .
WE =TDK = —3iX(K),
Wil — ey, (1.25)

where \,(K) is the P\ component of the real multiplet K E| Clearly, x does not appear in

the last term of (1.23]).
The full A, field equation is split as

EE+ I, +EV =0, (1.26)

where J, is related to the part with the K&hler potential in (1.23) (the FI term does not
contribute). We will prove below the strong equations

DieL = LWL,  DEW = —2W,D. (1.27)
The D field equation is now 2D + (L = 0, leaving us with
D Joo ~ LWE (1.28)
which is identical to the rigid equation for the supercurrent of the matter system.

In section [2] we will give a general proof of the strong equations (Ward identities) men-
tioned above, based on general rules of the transformations of field equations. We obtain
the higher 6 components of the Einstein multiplet in section [3| and in section [4] we discuss
applications related to rigid supersymmetric curved backgrounds. We give an account of the

3e.g. WL isi times the covariant field equation for Ppx of the first term of , see Appendix

“The superfield WX is also the main ingredient in the construction of super-Kéhler invariant actions
in [12] and in the new actions for broken supergravity, dubbed ‘Liberated supergravity’ in [13]. In these
papers, this superfield is used in the context of old minimal supergravity.



different auxiliary field formulations and related conformal compensators of N' = 1 super-
gravity in section 5] We finish with a conclusion in Section [6] In Appendix[A] we give some
information on the linear multiplet and the related fermionic chiral superfield. Supercon-
formal Ward identities are given in Appendix [Bl Appendix [C] explains an electromagnetic
analogue of the conservation law. In Appendix[D]we discuss the example where supergravity
with FI term is coupled to a charged chiral multiplet, and we consider also a nilpotent chiral
multiplet so that the model includes a Volkov—Akulov field.

2 Ward identities

2.1 General equation

As mentioned in the introduction, we obtain results by giving first Ward identities that are
of the form -
DEw=..., Eac = 3172480, or €, = 2iE04(72)*" (2.1)

where .4 or, equivalently &,, is defined by the field equation of A, in supergravity actions:
in general

Eo=—ce el —38S. (2.2)

In the notation where ©(¢') indicates the covariantized field equationﬂ of the field ¢, the
latter equation is written

o= —g (Ay). (2.3)

The multiplet &, has (Weyl,chiral) weights (3,0). The right-hand side of should have
weights (7/2,3/2). Other components of £, are obtained by successive supersymmetry trans-
formations on this lowest component of the multiplet.

We will consider several actions, e.g. S°" and define then £;™ as the expression defined
by when S = S°™. But first we find general relations that do not depend on the choice
of action S.

The quantity in (2.1) is _

D Ens = — 1 (v*0rE,), (2.4)

where 0 is defined by
0, = €PLOLE, + €EPRORE, . (2.5)

To find this, we use a method explained in [1, Appendix D], based upon earlier work in
e.g. [14,15]. The covariant field equations satisfy Ward identities

5(e)¢’ ©(6), = 0. (2.6)

—

5@(¢)i = §¢§+ non-covariant terms.



We will use the formula that gives the symmetry transformation of covariant field equations

e = - (I e, (27)

cov

where ‘cov’ refers to a covariantization of all spacetime derivatives and omission of terms
with undifferentiated gauge fields. The equation depends on which multiplets are taken in
the theory and on their transformation laws (see the sum over j in the right-hand side). E.g.
since A, does not appear in S-supersymmetry transformations of other fields, with €
replaced by the S-supersymmetry parameter 7 implies that does not transform under
S-supersymmetry and therefore ©(A,) defines a superconformal primary.

We will consider this now for superconformal ()-supersymmetry, Withﬂ

the Weyl multiplet: {ef, 1, b,, A,}.
chiral multiplets: {X, Qf F!}.

a real vector multiplet: {V, (, H, W,, A\, D}, which in Wess—Zumino (WZ) gauge is re-
duced to {W,,, A\, D}.

a real linear multiplet: {L, a,,, x}.

The supersymmetry transformation of the field equation of A, according to (2.7)), with
¢' replaced by A, depends on the fields that have a term A€ in their transformation. Such
terms are included in covariant derivatives. Considering all the fields mentioned above, we
find

5(0(A,) = Pr [—giew)a - %m (Xf@(ﬂn T %szf@w»)
—;%c@(H) — 3ICO(W), + Z%A@(D)} +h.c.. (2.8)

Combining this with and , we find
D" Eus = [17°0(W)a + 2V2X'O(Q); + 1V2'O(F),;
—2iCO(H) + $7°¢CO(W), +iXO(D)] . (2.9)

This expression can be rewritten upon use of the Ward identity (2.6) for S-supersymmetry,

see ,

W(S) = (65¢") ©(¢)i = 0. (2.10)

Considering the mentioned multiplets, the left projection of this equation is

PW(S) = P, [ya@(w)a +V2XTO(Q); — 2ACO(H) + Ly°COW), — 2L @(X)] . (2.11)

6The generalization to several real or linear multiplets is obvious, adding indices that are summed similar
to the sum over I for the chiral multiplets.



Combining (2.9) and (2.11]), we get

D' Eas = [LV2 (X1O(Q)r + 2000(F);) —iCO(H) + DNO(D) +iLO()| . (212)

«

In Appendix [A]it is shown that the general equation (2.7) also implies that

WX =i0(x)a , A (2.13)

o 2

satisfy the same properties (chiral primaries with real D*W,). Therefore, we still rewrite
this equation as

D Eas = IV2 [XTO(Q) 1o + 20LO(F);] — iCuO(H) — 2W,O(D) + WX L. (2.14)

The upper indication x for WX will later be used to refer to the x field equation of
particular actions, e.g. S* for the pure supergravity new minimal model: . The term
with (,O(H) is absent in WZ gauge. The last two terms of are of the form of the
second term in (|1.1)) when ©(D), is a constant (FI constant) or L is a constant (conformal

gauge choice L = k2).

2.2 0Old minimal pure supergravity

We first consider pure supergravity with only the compensating multiplet X°. Thus we only
have the terms with O(2)y and O(F'), in the right-hand side of ([2.14)).

When we apply (2.7) for ¢' = F'! we get
1

5(6)@(F)[ B —EgpL@(Q)]. (215)

Therefore we have

O ) 1 0 0
5(e) SO O [(X°0(Q)o + 2Q°O(F)o] , (2.16)

The quantity in the left-hand side has (Weyl,chiral) weights (0,0). Applying (2.7)) for S-

supersymmetry for ¢* = F! shows that O(F); is S-supersymmetry invariant since F! does
not appear in the S-transformations of the fields. Therefore D, is well defined on this

quantity and we can write ([2.14]) as

=& 1 @(F)O
DEM = ——(X")’D, 2.1
gaa 3 ( ) <X0)2 ) ( 7)
where ‘om’ stands for pure ‘old minimal’ supergravity. We can apply it to the action
som = [-3X°X°] | (2.18)
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where O(F)y = —3F° = —3T(X"). With the definition

1 0
= e T(X"), (2.19)

we thus get the equation in the form presented in [1]:

R

D& = (X°)*Dasg

(2.20)

The value of £™ is in this case

£m — _8XOXOA, + 41X, X0 — 4iX°0,X° + 2i0° P 7,20 + 2/2i, (PLQOX6 _ PRQOX0> ,
(2.21)
whose flat limit is

E0 e = —4iX00,5 X0 4 4iX%0,, X0 — 2(Dy X°) (D X) . (2.22)

(e}

2.3 Old minimum supergravity with a FI term

We now apply the above for the case when X° transforms under an Abelian gauge group
gauged by a real multiplet V. The supergauge transformations are given in , where
the chiral superfield A reduces in the WZ gauge to A = —%i& plus contributions to the
supersymmetry (see e.g. (2.28) in [16]). The 6 transformation is then a phase transformation
on the compensating scalar with gauge field W,.

5(0)X° = Licox®,  SW,=0,0. (2.23)

2

The action that provides the FI term is the covariantization of (2.18)), and is indicated by
‘om, V"’ B
SomY = [=3X %V X0 . (2.24)

This action leads to covariant field equations
O(F%)Y = =3T(X"),  OH)" =3X'T(VX?), (2.25)

in agreement with the Ward identity for the transformation with parameter the upper com-
plex component of A:
1O(H) — ¢ X" O(Fy) =0. (2.26)

Since we still have only one chiral multiplet, the rewriting of the first two terms of (2.14)) in
(2.17) is still valid. The field equation for the auxiliary field D of the gauge multiplet in WZ
gauge gives the moment map, P, and the supergauge-invariant form is

OD) =-P, P=3cX%"VX". (2.27)
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Therefore we get

SE pom,V 0\3 T (e*VX") 3. 0 V 50
D e = (XD, X0z +2W, P — i€ X T (e*V X?) . (2.28)
Since ¥V Dye %Y = —2i¢(,, the last term can be absorbed in the first one

e~V T (8V XO)
(X0)?

DUEY = (Y XO0)3D, [ +2W,P. (2.29)

When using this in WZ gauge, the exponentials of V' do not appear, and the equation
simplifies to (we denote the &, field now as £o™FT)

4 R
Drem T = (X0)3Daﬁ +2W,P. (2.30)

But one should take into account that the supersymmetry transformations of a chiral mul-

tiplet are modified, i.e. B B
§(e)F° =...— LieePLAX", (2.31)

and covariant spacetime derivatives get a W, connection. Thus the meaning of supercovari-
ant derivatives D, is different, and (2.31)) induces an extra term

Fo )

R 1: 00

(X°)*Da~75 = (X°)*Da

PW, . (2.32)

The latter replaces the contribution in (2.29)) where the derivatives D, and T act on V.

We can write a supergauge-invariant version of ([2.22))

EMVE =268V X0D,e 8V DaetV X0 — 2e8V XD eV DtV X°
ad fiak a & & a

— 267 Dy (2 X9 Dy (et X0). (2.33)
This expression makes no sense in conformal language since e.g. D, can only be applied on
a multiplet with ¢ = —w. Thus this expression is only applicable to the rigid supersymmetry
limit. Therefore we write D, and not D,, ... But we can check the coefficient of the last

term in 1) by using this flat limit. Indeed, D on 1) gives a ter
DiEmY| = WP, (2.34)

flat

This contains the contributions of the last term of (2.29) and of (2.32)).

"The conventions in Appendix A of [1] imply T = D? = —D%D,;, and we neglect all terms that have less
than 3 derivatives on V.
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In WZ gauge, the field equation of A, is the covariantized version of , which implies
that there is an extra term:
EomFl — _XOX0A, 4+ 4iX°9,X° — 4iX°9,X° + 2iQ° P, 0°
+ 2v/2i4), (PLQ"X@ _ PRQGXO)
=& — SW, P, (2.35)
where 9,X° = 9,X° — $IEW,X°. The transformation of £ contains then the transfor-

mation of W,
Sextra(€)ES™T = —8P6(e)W, = §PEVA, (2.36)

which leads to the same term ([2.34)).

2.4 Gauge kinetic terms

Now we consider

SV = =1 [APLA], = WO Wap (2.37)

4

which added to (2.24)) gives the off-shell version of the Freedman model [17,11]. The A, field
equation of this action leads to

EV =idvad,  EN = Aadg = AWV, . (2.38)

Here there are no chiral multiplets, and the only contribution in the right-hand side of ([2.14))
comes from

eV (D) = D =iD*\, = —2D“W,, . (2.39)

Hence the equation is

DEW = —2W, D, (2.40)

which can easily be checked from the supersymmetry transformation of X. For the full model
with FI term and kinetic terms, we thus get

. —3EV (EV X0
D" (e +£Y),, = (€ X°)"D, l O rawp-p).

ac (XO)2

where the last factor is the D-field equation.
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2.5 New minimal pure supergravity

Here we have only a real linear multiplet L (and the chiral multiplet X°, which, however,
does not appear in the action):

L
St {3Lln XOXO}

I _ _
= XPLXXPRrX

1
:§/d4xe[ O°L + = (va0" 4+ Do LD L + XPx) + i

2 2L

1 - 1 1
+ i (ZDX + — (w*ﬁ DL) x + ﬁxxx) }
1

vpo 1
+ el (QA“_Z T

— XX + L@%x)auapa » (2.42)

using fields and notations as in Appendix @ The A, field equation gives now

3
EL = —dv, + E)Z%ﬁax. (2.43)
According to (2.14]), this satisfies
DEL = LWE, (2.44) ]
where now we use for O(x) the field equation for the action ([2.42)):
: 3 3
Wk =ie()*", o)t = o7 PrDy + e —— PrxxPrx — 4L2 — iy Prx . (2.45)
In Poincaré gauge, L = x~2 and y = 0, this is
L g 1 [, Y 3 1 ab 1- 2
Wa = _§PL7 ‘R (Q) ) R;ux(Q) =2 8[# - §1A[,u'7* + Zw[upyab + Zl"{ V*V[M?A %} )
(2.46)
which agrees with what is found in [18}19).
2.6 The FI term in new minimal supergravity
The FI term in new minimal supergravity is
sl = ¢[LV], . (2.47)
A,, does not appear in this action. Hence (2.14)) reduces here to
0= —2W,0™ (D) + wrmFL [, (2.48)

Indeed, O™ (D) = %EL and WimF = €W, The FI term in new minimal does therefore
not contribute to &, and this is consistent with the conservation equations.
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We can consider then the total action
gunmtotal _ gL 4 gumFlL 4 oW (2.49)
The conservation equation is then
D' (eF+&V)  =LWE-2DW,, (2.50)
Adding the zero result and using this is

50’( (EL + gW)ad - I ng,total - QWa@nm’tOtal(D) ’
W;lm,total — Wé/ + f Wa 7 @nm,total(D) =D + %é‘L’ (251)

and thus the right-hand side also vanishes by the field equations.

3 Components of the Einstein curvature multiplet

The Einstein current multiplet is defined by the field equation of A, the U(1) gauge field in
the Weyl multiplet, see or (2.3)). This is the first component of a real multiplet since it
is a superconformal primary (it does not transform under S-supersymmetry). Then all other
components are defined by the transformations of this first component. These components
are denoted as

{Cay 24y Hay Boa, Moy Do} (3.1)

where the fermions Z, and A, are Majorana spinors, while from the bosons only H, is
complex and the others are real.

We omit now the overall coefficient in (2.3)), and start from C, = ©(A),. We then use
to derive the further components. E.g. determines the Z, component. Sometimes
we use Ward identities for several symmetries to rewrite expressions. In (6.3) of [1] we
obtained this result for the coupling of the Weyl multiplet to chiral multiplets. Now we will
add a real multiplet and a linear multiplet as in section [2.1]

The relevant components are then

C, =0(A),,
1 3
Z,=30(1)s — a7y - OW) + E’ya (QI@(F)I + h.c.) - 517*%)\‘4@(D)A — 217.:7.0(x) L,

H, =2iX'D,0O(F); — 4iO(F) D, X" + 315\A%PL (A\)a + 31;3%1339(;() ,

Bio =30(€)ab — 1O (€)c” + 3EabcaDO(A na (Q'O(Q); + 2F'O(F); + h.c.)
+ 1 DAO(D) 4 + 3iF,*O(D) 4 + %)\A%b@( )4
— 3LO(a)be — 20 LO(L) — XO(x) — 5X7aO(X) ,

Au = 29"Di 2y — 3V2 (0(Q)'D, X + Q'D,O(F); + h.c.)
+3 (57 F4 = 19D") %0(N\)a + 1A 0O (W)}
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+ 37,77, A DO (D) 4 — 617D, (A O(D) 4)
— 3 (# = PL) 7O(x) — 317.7axO(L) — 3i77e7axO(a)* — 617D, (B(X)L)
D, = —2D"Dy,0(A), — 2D|,D,O(A)°
~ 5 (2D, X0 (X); - Q'D,0(Q); — 2F'D,O(F); — he)
+ OW)oaDA + BO(A) a7 7a DM
+ 30,0(L) + 30°0(a)pe + 3D LO()s0 — 21O(x) 727" Dyx (3.2)

We will further restrict ourselves to the components up to B, arguing that the higher
components follow from the constraint that the multiplet is a generalization of a linear

multiplet, i.e.

—51—
D’ —D" Eaa: . 3.3
. (3.3

In the Poincaré limit, L is a constant, and this equation reduces to D?E,; = 0. The
constraint 1} applies also to the gauge multiplet, replacing % with %.

3.1 Components in old minimal formulation with FI term

The values of the covariantized field equations depend on the considered action. For the
action in section [2.3]in WZ gauge we have

O(A), = — 3iX"D,X° + 3iX°D, X° — 3i0° P, Q0
O)a = -+ Ji9 (X"Py — XOPp) A,
O(e)ap =- -+ 20wk [XOXOD +V/2iA <PRQGX0 — PLQOXG)] ,
O(F)y = — 3F°,
(

)
O(Q)o =3P, PQ° — 321X P A
O(X)o = — 30°X0 + 2¢ (—XGD n \/§i5\PRQG> ,

O(D) =—P =-3¢x"X°,
O(\) =2v/2i¢ (PRQGXO - PLQOX@) ,
o), =ti¢ (X%QXO ~ XD, X0 ¢ QO%PRQO> , (3.4)
where the ... are the expressions in (6.5) of [1], and the covariant derivatives also include

the connection for (2.23) with gauge field W,,.
We consider the conformal gauge

Conformal gauge old minimal : =Kk, =0, b, =0, (3.5)

f2
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after which the conformal U(1) symmetries mix with the  gauge symmetries, Ay = —3£0,
and as such the fields transform with a different weight under the remaining gauge symme-
tries, as in (D.4) in Appendix @ Correspondingly, we define

AS = A+ LW, (3.6)

which is thus inert under the remaining transformations, and also appears in the S-super-
symmetry decomposition law instead of A,:

Gole) =0ale) + b5 (n = J(inu A — Pru— P)e) + b (Ao = 1) |
Prdo = Poda+ LPLGA +0)e,  u=rEC. (3.7)

Then the field equations become

K*O(A), = 645,
KPO(), = — ﬂabCRbC(Q) — 3172,
K*0(e), b Gap + 6A§A£ + 3N (uu — ASA% 4 ) ,
KO(F?) =
V250(Q°) 2 Py®Ray(Q) — 3P
KO(X0) = —3iDAS + LR + 345 A — 3¢D),
*0(D) = — O =0,  KO(W), = 3645, (3.8)

where

~ . " .o
R,uu(@) =2 (a[u - %114[#7* + %‘w[,u b(ea w>7ab + %7[;;(_1/7*4/4 + U)PL + UPR> wu} )
ﬁaAg :VaAIE, + %i@ZaV*Qg% an = %’Vbﬁbtx@) + %%ﬂ/bcﬁbC(Q)
Gab :Rab - %nabTICdRcd Rab = R(ab) - %&Cﬂy(aRb)c(Q) + %@E(a’.}/cRb)c(Q) ) (39)

and R, is the torsionful Ricci tensor.
The first components of the Einstein curvature multiplet (3.2)) in the gauge (3.5)) are then

k2C, :6A§ ,
K22y = — 39" Rup(Q) — %7 Ry (Q) + 3im7a\E
KH, = — 6Dy, Dyt = (94 — 3EW,)a + uPry - b,
K2 Bha =3Cap — 1anGe” + 18ASAS + 3ny (ut — ASASC — €D)
+ 3eapea DAL — LiEEy (W) . (3.10)
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3.2 Components in new minimal supergravity

Since A,, does not appear in the action ([2.47)), the first component of the Einstein multiplet,
proportional to ©(A),, does not get a contribution from the FI term, and the Einstein tensor

multiplet is unchanged [

We immediately consider the conformal gauge
Conformal gauge new minimal : L] = k2, Xz =0, bulg =0, (3.11)

which implies that the Poincaré supersymmetry transformations are

Sole) =ale) + b5 (n = hin®upie) + 0 (Aa = —1604 )
qga = Qo — %11/12%45%% . (312)
and qga is of the same form as in 1} but with

Ry (Q) = 2 (0 — 31ApY + 3w a + 3177 M) Y07 4
H, = k%, = eileaﬂé“”p” (ff2(9yapg — }lzz,ﬁpz/}o) ) (3.13)

The action (2.42)) in this Poincaré form is

X0X0 22
+ 3P (24, — H,)0,a,, - (3.14)

L 1 _ ~
[3Lln ] = / d*ze— [R — 1, 7""R,,(Q) + gHaHﬂ
D

The action (2.42)) leads to the following field equations
O(L) = LRy + 2H,H,

3 3 3 3 .
O(x) = ﬁﬂﬁx + = PxXPrx + = PrxXPLX — —517:¥X

2 2 412
0. 0 2 1, =
=31y 7¢a = G177 - R(Q)
~ 3 3
52@(6)0& E Gab - Z_lnabHch + §HaHb )

- 3 N
O(a)ap 2 3iF,(A) — 5gabcdpcztfd,

52@(w)a E _%’YabcébC(Q) s
o 3

9
G(A)a = _8_LIX7*7aX + 3v, = ?Ha- (315)

The first components of the Einstein curvature multiplet (3.2]) in the gauge (3.11]) are then

k*C, = 3H,,

8Other field equations, like ©(v)), ©(e), do change but these contributions cancel since the first component
of the multiplet is the same.
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FJZZa = _%’Vabcﬁbc(Q) )
H,=0,

I{QBba = 3 <éab — %T]abHch + %HaHb — EabcdﬁCHd + 31Fab(A)> . (316)

4 Curved backgrounds

To obtain supersymmetric backgrounds that preserve four supersymmetries, we consider the
three curvature multiplets: Weyl, Einstein and scalar curvatures and impose that the high 6
components (in presence of auxiliary fields) are vanishing in the background. For the Weyl
multiplet, W,g,, the vanishing of the second component leads to the vanishing of the Weyl
tensor

Wiwpe =0, (4.1)

which will be valid for all the examples below.

Since the scalar multiplet follows from the transformation of the Einstein multiplet,
the other constraints follow already from the latter. In particular we have to consider the
transformation of the fermion field Z, in the Einstein multiplet:

PrdZ, = 15* Py (iHo — " Bra — iPC,) € +1Pr (—3Ca + YaC’) 1 - (4.2)

We can write the S supersymmetry parameter of (3.7) and (3.12)) in a uniform way using
the values of C, in (3.10]) and ({3.16]):

Py = ($Hik*¢ — tu) e, (4.3)
just taking u = 0 in case of new minimal. This leads to
P82, =3Py [i(Ha + 36°Cot) — Y°k By — iPC, — i7apCtt] €, (4.4)
where
Bpa = k2B + %/{4 (—4C.Cp + 1upCLCE) . (4.5)

The vanishing of the right-hand side of (4.4) constrains supersymmetric backgrounds. Split-
ting in independent parts we get

CQUZO, 7‘[@:0, Bba:O, Dacbzo. (46)

We can then further consider only the bosonic part of these equations.

In the previous section, we did not include here the contributions of the gauge kinetic
terms, see section . Note, however, that implies that C, does not have bosonic
terms from this part, and from we see that also H, does not get extra bosonic terms.
There will be new terms in ©(e),,, whose bosonic part is

O (€)oa = Fua(W)Fy* (W) + 20 Fea(W)F4 (W) — $nuwD?. (4.7)
Taking also into account ([2.39)), this gives from (3.2]) an extra contribution to By,:
BY = 3F (W) Ey (W) + 3nu Fea(W)FYW) + 20, D* + 3iF,,(W) D. (4.8)
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4.1 Curved backgrounds old minimal

The equations in (4.6)), apart from By, = 0, imply with the bosonic parts of the values in
(13.10):
uAs, =0,  (Qu+3iEW,)u=0, V,AS=0. (4.9)

Then the antisymmetric part of By, = 0, has only the terms with Fab(W), which vanish
adding (3.10]) to (4.8) upon use of the D field equation

DrP=3exX02= 3¢x2. (4.10)

In this case, we get from (4.5)), without taking into account the gauge terms (4.8]), that
the symmetric part of By, is

Bloay = 3Gap — NavGe® — 6ASAS + 34y (wia + ASAS —€D) . (4.11)
Hence, without matter, the vanishing of this expression leads to
Ry — 245 A5 4 0oy (2A%AS + 3ut — 3¢D) = 0. (4.12)

The above equations for £ = 0 were also obtained in section 6.1 of [1] and agree with [20-22].
Note that R+ 6A4,A% + 12uw = 0 and V# A, = 0 are the vanishing of the upper component
of the multiplet R. The equations allow supersymmetric solutionsﬂ

AdS;: A, =0, R+12uu~0, u#0,
S3x L: A, = (A, 0,0,0), w0, B~ 0,
Roo ~ Rgi =~ 0, Rij =~ 2143(5” s (Z = 1, 2, 3) , R~ 6143,
AdS; x L: A, ~ (0,0, 0, As), u~0, By, ~0,
Rz~ Ry ~0, Ry~ —2A%,;), (i=0,1,2), R~ —643, (4.13)
where Ay or As are constants.

For a de Sitter configuration, an extra nilpotent Volkov—Akulov field X! was introduced
in |1} and a possible solution is

dS: F' ~ k2)\, Fl' —%Kfz,u,
KRt = —2 Rk — 2% | = =257 1%, KR|ge R A (4.14)

The scalar curvature is then R = 4x*V = %/(2#2 — 12k72)2% and thus
B, =~ R+ 12uu ~ 165212, (4.15)

signals the breaking of supersymmetry.

9In [20H22| also Euclidean theories are considered by treating real supergravity fields as complex fields.
Such an extension is not included in the investigation in this paper.
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4.2 FI term in components

In absence of matter (S*) the FI model is the Freedman model [17,/11], which has a field
equation ([2.25)) B
TV X% ~0. (4.16)

This is the covariantized R chiral scalar curvature multiplet. Note that the above equation
in components and in the WZ gauge reproduces the field equations. The first component is

u=krF"~0, (4.17)
while the last component is proportional to ©(X)y in (3.4)
(0" +1iA%) (9, +iA5) X° — tRX® 4 1¢X° D ~ fermionic terms (4.18)
With zero fermions and in conformal gauge a de Sitter solution is obtained with

ASR0,  Re3eD~ k22, (4.19)

i

The breaking of supersymmetry is evident from

B,*~ R —126D ~ —9¢D . (4.20)

4.3 Curved backgrounds new minimal

In this case, with the values in (3.16)), the first two equations of (4.6)) are empty. The last
equation and the antisymmetric part of By, imply

V,H,=0, 0, A, =0, (4.21)
The symmetric part of By, is in this case
Biya) = 3 (G = LHoHy — tna HHC) (4.22)

2
and its vanishing implies
Rab :% (HaHb — T]abHCHc> . (423)

The trace of the latter, R + %H ®H, = 0 is also the # component of the chiral curvature.
These equations agree with the constraints in [20]. The solutions S* x L and AdSs; x L in
(4.13) are also possible here, in this case with A, vanishing, and H,/2 taking the value of
A, of the old-minimal solutions. However, there is no room for the AdS, solution in this
case. These are just examples of solutions of the supersymmetry-preservation conditions.
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5 Auxiliary fields and conformal compensators

We give here a summary and discussion of auxiliary field formulations of N = 1, D = 4
supergravity. First of all we repeat the argument that auxiliary field formulations that have
a consistent Lagrangian and describe pure supergravity can only have (12+12) + a multiple
of (8 + 8) degrees of freedom. This is so because additional fermions should come in pairs
of 4-component spinors in the form £ = ...+ Ax +.... This is e.g. also mentioned in 23],
where they clearly mention that their (16 4+ 16) set has either to be reduced to one of the
(124 12) sets, or it describes additional physical degrees of freedom. Similarly, the structure
in [11] with (16 4 16) fields is in fact an off-shell description of the Freedman model [17],
discussed also in this paper, and thus contains other propagating degrees of freedom.

Still there have been made claims of sets of auxiliary field different from the old minimal
[24-26], new minimal [27], or non-minimal set [28,129]. There have been proposals for new
non-minimal sets of auxiliary fields or (16 + 16) sets. The latter suffer certainly from the
feature mentioned above that they cannot describe pure supergravity. Still one may wonder
whether the theory with extra physical degrees of freedom can be obtained using the minimal
sets of auxiliary fields.

The known sets of auxiliary fields can be obtained by coupling the Weyl multiplet to
a compensating multiplet, and perform gauge fixings. The old minimal supergravity is
obtained by using a chiral compensating multiplet [30,31], new minimal supergravity is
obtained by a real linear compensator |32,33] and non-minimal supergravity by a complex
linear multiplet [32,33]. The latter has an arbitrary Weyl weight w and for generic Weyl
weight the multiplet is irreducible. For Weyl weight w = 2 the real part can be separated,
and the multiplet can be restricted to a real linear multiplet, and for w = 0, a chiral multiplet
can be separated (by acting with 7" on the complex linear multiplet). For these values of the
parameter the non-minimal set thus reduces to one of the minimal sets plus a meaningless
separate part.

Theories with the same set of multiplets but different gauge fixings are equivalent, i.e.
different gauge fixings can always be rephrased as field redefinitions [34]. In [35] it has been
checked that the new non-minimal sets are reproduced by a gauge fixing of a reducible set
of compensating multiplets, containing a chiral multiplet or a linear multiplet, and another
multiplet. Hence, by choosing a gauge fixing in the chiral or linear multiplet, these set of
auxiliary fields become reducible, and one can restrict to one of the minimal sets of auxiliary
fields. Later the (16 + 16) sets were brought up [36}37]. However, it was shown again that
these are just obtained by a different gauge fixing when using together a chiral and a real
linear multiplet [38-40]. These authors reproduced the action and transformation law of the
(16 + 16) set by some gauge choice, and showed by another gauge choice that the theory can
be reduced to one of the minimal versions coupled to a physical real linear or chiral multiplet.
They even exhibited explicitly the redefinitions that are equivalent to these changes of gauge
conditions.

This shows that the known N = 1 sets of auxiliary fields can be restricted to the old
and new minimal and the non-minimal ones, each described by one irreducible compensating
multiplet. In this paper we considered old and new minimal sets. Then the auxiliary fields
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are

old minimal: (A4,, u = kF°),

new minimal: (A4,, a.,), HF = e tervro (fs261,apo — ilﬁl/ypwg) ) (5.1)

The actions for pure Poincaré supergravity are

1 1- 1
kle7lLom =R — YYD, — guﬂ + 3A%A,

27 2
1 1- 3 3
ket Lmm :53 — 52/1”7“’”(&, — 3y, A, )Y, + ZHaH“ + 5525#'””(2/1” — H,)0,a,, . (5.2)

6 Conclusion

We obtained the conservation laws in old and new minimal supergravity, also in case that
there are FI terms. They can be written as equations on conformal superprimary multiplets.
They follow from Ward identities that can be derived in general. Such general relations
allow us also to obtain the different components of the Einstein supermultiplet. This in turn
gives an alternative derivation of the Festuccia—Seiberg relations [20] for supersymmetric
backgrounds.

One of the main results of the present paper is the Ward Identity given by , which
shows that is perfectly compatible with the old minimal formulation provided one
realises that the FI gauging makes the chiral compensator not inert and the mere existence
of the FI gauge field introduces eight more (4B+4F) off-shell degrees of freedom. This is
the reason why the authors of [11] called it chirally extended Supergravity, although it was
originally introduced in the context of the old minimal formulation by Stelle and West [41].
We point out that these results are the local exact nonlinear version of the linearized results
of [6] obtained by coupling the rigid S super current multiplet to linearised supergravity. A
similar modification is expected to work also for the Kahler invariance. The modification of
the super current conservation law occurs since the chiral compensator is not inert under FI
or Kéhler symmetry. Such modification doesn’t occur in new minimal supergravity because
the linear multiplet compensator is inert under these gauge symmetries (see )
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A Linear multiplet and related spinor chiral superfield
For convenience, we repeat the transformations of the independent fields of the linear mul-
tiplet

1
5L = —iey.,
216’7 X

1
ox = —3 (yé + i'y*ZDL) € —2ivn L,

1. 1_
da, = ZKWV%X + éey[uw,,]L. (A.1)
where . .
Vg = e—lea'usul/pa (auapa - Z@Z_JV’Ypl/)UL) + §Xvab¢b : (A2)

Therefore, (2.7) implies that in any action containing this multiplet
6(e)PLO(x) = —3iPLeO(L) + iy PLeO(a) . - (A.3)

First of all this implies that P.O(x) is a chiral multiplet. It does not transform under
S-supersymmetry, and is thus a super-primary field. Since Ppyx has (Weyl chiral) weights
(5/2,—3/2), the field equation PO(x) has weights (3/2,3/2), consistent with the require-
ments for a chiral multiplet [8,9]. Furthermore we find

DO(x)a =10(L). (A.4)
Therefore it is convenient to define
WX =i0(x)a, (A.5)

such that D*WX = —O(L) is real. The components of this chiral multiplet are
1 1
WX = §i0(X)as —=(PL)saOL) + —=(7"")aO(a)r, —1(PO a}. A6
£ = {10000 TP + ()00, (PO - (A0)

B Superconformal Ward identities

To derive the components of the Einstein curvature multiplet, we made use of the Ward iden-
tities that are granted by the superconformal symmetries. In our formalism Ward identities
are constructed from the action in the following way{"

o5
dot

10 After partial integrating terms with 8#6A, extra curvature terms can appear in 1) from (D.12) in [1].

W(T*) = (6(e*)¢") = (6(e™)¢") ©(¢); + curvature terms = 0. (B.1)
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The ¢ are the independent fields of the action and 7 the operator of one of the symmetries.
The Ward identities transform into Ward identities under the symmetries and are therefore
invariant. We will now summarize the Ward identities for the conformal supergravity algebra

Cov. get: W(P)q = D'O(e)a + O(A) Rap(T) + 26 (1) R (Q)
+ [0(X) DX + O(Q) DQr + O(F) D, Fy + h.c.]
+ O(W)YEp® + 0N D\, + O(D)*D,Dy

+O(L)D,L + O(x)Dux + 30(a)*Dyap , (B.2)
Lorentz: W (M )y, = O(€)pa) + ;11 [QI’yba@(Q)I + h.c.} + }lj\A'yba@()\)A + %X%a@(X) ,
(B.3)

Dilatations: W (D) = O(e),”
+ [@U[XI@(X)[ + (w] + %)QI@(Q)I + (w[ + 1)@(F)[FI + hC}

+30(N)* A4 +20(D)"Da+ 2LO(L) + 3xO(x) (B.4)
spec.conf.: W(K), = 0(b),, (B.5)
T-symmetry: W(T) = — D*O(A), +i [X]G)(X)I — 19'0(Q); - 2F'O(F); — h.c.]

+ 30N Aa — 3ixnO(x), (B.6)
Q-susy: W(Q) = —DO(¢), (B.7)

+ 75 [AO(X) + (=PX' + F') 6(Q); + PQ'O(F); + h.c.]

— 30N OW)G + 5 (=37 F + 10D ©(N)a

+ 31 PAO(D) 4 + 517.xO(L) + 5 (f — 1. PL) O(x)

+ 5 (31X + b L) ©(a)”, (B.8)
S-susy: W(S) = 7.0()" + V2 [X'0(Q); + h.c.] — 2i1.0(x)L. (B.9)

C Current conservation with gauge symmetry: elec-
trodynamics analogue

In this section, we understand the presence of the W, contribution in (|1.22)) in the context of
electrodynamics. After all this contribution is not so surprising because in electrodynamics
the conservation of the gauge-invariant matter stress tensor gets a contribution

My, ~ —F,,J"M, (C.1)
which just cancels the 9*T7 ™, which satisfies

T = 2F,, 0 F\F . (C.2)

This corresponds to higher 6 terms in (1.22)). The term NMW,, o ®MW,, contains at the ¢
level the right-hand side of (C.1)) since F,, is at the 6 level of W, and at the 6* level of ®
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is the component

(0D . 0P
B, (®) =i (8Sia“5 — @aﬂs> =J)". (C.3)

D Coupling chiral supergravity to a charged
chiral multiplet

In this Appendix we give the Lagrangian when the supergravity with FI term is coupled to
a charged chiral multiplet. The charge under the U(1) of the gauge multiplet is fixed by the
requirement that a superpotential term be invariant. This analysis extends to an arbitrary
number of charged fields [16] but here we will confine the example to a single chiral multiplet
S with a superpotential

(X)W (S) = 6(X°)*S, (D.1)

linear in S, so that if S? = 0 is imposed we have the Volkov-Akulov (VA) theory. The
gauge-invariant supergravity action that includes (D.1)) is
L= [-3X"X%V] 4+ [X°X085e V] 4+ 0 [(X°)?3S], + [WWalp,  S*=0, (D.2)
and the (FI) gauge transformations ((1.11)) contain then also a transformation for S:
X0 5 X0 S — Seh V - V4+A+A. (D.3)

In WZ gauge, this leads to transformations as in . Furthermore there are the conformal
U(1) symmetries, e.g. 6X° = iApX?. After the conformal gauge fixing that makes X real,
these transformations mix such that X° does not transform, i.e. A\p = —%5«9. The fields
that are charged under these symmetries, denoting the components of the multiplet S as

{Sa PLX) f}v are

field |i\p i£0 | resulting i&60
Pry % 0 _%
P | 300 -3
X° 1 3 0
PLQO _% % % (D4)
RN '
s o0 -
P | -3 -3 -
f -3 -3 0
D 0 0 0

and opposite for the complex or charged conjugates.
The spectrum of this theory contains gravity coupled to Maxwell in de Sitter space with
a charged scalar, a spin 1/2 field and a spin 3/2 massive gravitino. The scalar disappears if
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S is nilpotent. This can be obtained by adding a chiral term [05?(X°)3]r, with ¢ a chiral
multiplet with zero Weyl weight and transforming under as 0 — g exp(—3£A). Thus
the FI model can be written in a Volkov—Akulov form, as suggested in a final comment
in [11]. Deleting & we have the Volkov—Akulov model coupled to supergravity [42,43].

The Goldstino is then a linear combination of the gaugino A and the VA fermion y, since

both F and D have a non-zero value. The cosmological constant is

KV = 967 4 02, (D5)

with an additional charged scalar contribution if S is not nilpotent. By deleting S we have
the Freedman model, while by deleting V' (or setting £ = 0) we have pure supergravity [24]
or Maxwell-Einstein supergravity with auxiliary fields [16].
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