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occur. We demonstrate and check our prescription in a number of examples.

KeEywoRrDs: Effective Field Theories, Nonperturbative Effects, Renormalization Group,
Conformal Field Theory

ARX1v EPRINT: 1803.10793

OPEN AcCCESS, (© The Authors.

Asticle funded by SCOAP?. https://doi.org/10.1007/JHEP08(2018)120


mailto:fitzpatr@bu.edu
mailto:jaredk@jhu.edu
mailto:amikatz@bu.edu
mailto:lvitale@bu.edu
mailto:matthew.walters@cern.ch
https://arxiv.org/abs/1803.10793
https://doi.org/10.1007/JHEP08(2018)120

Contents

1 Introduction and summary 1
1.1 Advantages of lightcone quantization 3
1.2 The problem of zero modes )
1.3 Our prescription 7

2 Lightcone quantization and its discontents 8
2.1 CFT definition of zero modes 9
2.2 Concrete bare parameter discrepancies 11
2.3 A problem with holographic models 12
2.4 The role of zero modes in a holographic model 14

3 Integrating out the zero modes: a prescription 16
3.1 Argument for prescription 16
3.2 Momentum space diagnostic 19

4 Examples and applications 21
4.1 Vacuum energy 21
4.2 Ising model 22
4.3  ¢* theory 25
4.4 Holographic models 30
4.5 O(N) model 33

5 Discussion and future directions 37

A Hamiltonian matrix elements from correlation functions 39
A.1 Lorentzian correlators and the ie prescription 39
A.2 Computing matrix elements 40

B Detalils of the bulk model Old-Fashioned Perturbation Theory 41

C SUSY bulk model 44

D Lightcone truncation and the infinite momentum limit 45

1 Introduction and summary

Quantum field theories (QFTs) can be defined as points along a renormalization group

(RG) flow between scale-invariant fixed points. One advantage of this formulation is that

it does not make reference to a Lagrangian or a weak coupling expansion, but instead puts
conformal field theory (CFT) fixed points front and center. As methods for describing CFTs
become more sophisticated, this formulation becomes increasingly useful as a practical

computational tool.



Of course the CFT endpoints are only half of the story, the other half being the
dynamics of the RG flow. In many cases of interest, the flow is triggered by deforming the
Hamiltonian by one of the relevant operators of the CF'T,

H = Hcpr +V, V= )\/dd_lx Or(x). (1.1)

The resulting theory can then be studied through non-perturbative Hamiltonian truncation
techniques, which involve restricting the Hilbert space to a finite-dimensional subspace and
numerically diagonalizing the truncated Hamiltonian exactly. Yurov and Zamolodchikov
were the first to derive the low-lying spectrum of QFT using the truncated spectrum ap-
proach [1, 2]. Recently, Hamiltonian truncation has been revived, in part thanks to several
technical advancements that have improved the numerical predictivity of the method [3-7].
In the past few years Hamiltonian truncation has been applied with success to a variety
of models, and to study several aspects of QFT, such as spontaneous symmetry break-
ing [4, 8, 9], scattering matrices [9], and quench dynamics [10, 11].}

While many of the results and considerations in this paper should be generalizable to
different UV bases, in this work we will focus on the particular implementation of conformal
truncation [13-16], which uses the eigenstates of the UV CFT Hamiltonian. These states
can be organized into representations of the conformal group, each of which is associated
with a primary operator O(z). Working in momentum space, we can write the states in
the general form

0, P, 1) = / dlx e P TO(2)|0) (= P?). (1.2)

These states are characterized by an eigenvalue C under the quadratic Casimir? of the
conformal group, spatial momentum 15, and invariant mass g. We can then truncate this
basis by keeping only those states with Casimir eigenvalue below a particular threshold,
C < Cmax. This approach allows us to study the resulting RG flow using only data from
the original CFT (see [16] for a more detailed discussion). Specifically, the Hamiltonian
matrix elements associated with the relevant deformation are constructed purely from CFT
three-point functions.

However, in using this method (or any other Hamiltonian truncation approach), we
must choose a quantization scheme in order to define both the basis states and the re-
sulting Hamiltonian matrix elements. The focus in this paper will be on lightcone (LC)
quantization. This quantization scheme involves using one spatial direction = to define
new LC coordinates 2+ = %(t + z). The Hilbert space is then defined on spacetime slices
of fixed LC ‘time’ x+, with 2~ viewed as a spatial coordinate, along with the remaining
transverse components . The resulting Hamiltonian corresponds to the generator of LC

time translations

Hic=P,. (1.3)

! A more comprehensive list of references can be found in [12].
2This takes the familiar form C = A(A — d) + £(£ + d — 2) in terms of operator dimensions and spins.



Because equal-time (ET) quantization is better understood conceptually than LC quan-
tization, it will be useful to know how to directly compare matrix elements in the two
quantization schemes. The comparison is given by the fact that LC quantization can be
understood (and in fact was originally derived [17-21]) as the infinite momentum limit of
equal-time quantization. The individual matrix elements of the full theory (CFT + defor-
mation) generically depend on the CFT invariant masses u, p’ of the two external states,
as well as the overall spatial momentum P. The corresponding LC quantization matrix
elements can be obtained by taking the limit ]13 | = 00,3

lim M]%T(luv :u/> ﬁ) = MﬁC (5 :u/)a (1.4)
| P|—o00
where M2 = E2 — P? = 2P, P_ — ]5?_ is the mass-squared operator. The main subtlety
is that, due to truncation, the infinite momentum limit of the eigenvalues of M%T are
sometimes not the eigenvalues of Mﬁc, and one may need to add new terms to the LC
Hamiltonian to compensate for this effect.

In this paper we will develop a prescription that matches LC and ET Hamiltonians
to all orders in the relevant deformation parameter. This matching is non-trivial because
LC quantization discards physical “LC zero modes” that are present in ET quantization.
This fact is responsible for many of the advantages of LC quantization, but also for several
potential problems. Our prescription was partly motivated by a desire to better understand
when these advantages reflect true simplifications from LC quantization, and when they
indicate that the LC treatment is missing a crucial aspect of the physics. Before we
explain the prescription, we will review some of these advantages and disadvantages, and
the precise relation between LC and ET quantization. Much of our discussion reviews
well-known results [22-24], but we will also emphasize a major advantage associated with
large N theories, which will be crucial to exploit in future applications.

1.1 Advantages of lightcone quantization

Lack of vacuum renormalization. Probably the most well-known simplification in LC
quantization is the lack of vacuum renormalization. Physical states in LC quantization are
required to have positive LC momentum,

1
P.=—(FE-PF;) >0, 1.5
(B~ P (1.5)
leaving the vacuum as the unique state with P_ = 0. So conservation of LC momentum

forbids any matrix elements which mix the vacuum with other states, and the interacting
vacuum is naively the same as the Fock space vacuum,

1Nrc = [0)rc. (1.6)

3Part of the non-trivial content of this relation is that the matrix elements of M? in LC quantization

are independent of the choice of reference frame P_. In other words, the matrix elements only depend on
Lorentz invariant parameters, namely the original masses of the external states. This is due to the fact that
boosts simply rescale the LC Hamiltonian P; and can be used to completely factor out its P— dependence.
We show this explicitly in appendix D.



This is advantageous as it eliminates the dependence of the physical state energies on the
vacuum energy.*

As we will discuss, the correct interpretation of the statement that the vacuum state
is not renormalized is a bit subtle. In particular, the fact that physical states in LC have
P_ > 0 really is the statement that states with P_ = 0, which are present in ET, have
been discarded, and our main focus will be on how to correctly reintroduce their effects.

Additional selection rules. Positivity of LC momenta actually forbids a large class
of Hamiltonian matrix elements, not just those involving the vacuum. For example, in
the case where both external states are created by scalar operators, the matrix elements
associated with the relevant deformation vanish when the scaling dimensions are related

by an even integer,
(O, P, u|Vic|O Py =0 (A =A+Ap+2n). (1.7)

We can clearly see that matrix elements involving the vacuum are merely a special case of
this more general class, with A =0 and A’ = Ag.

When the original CFT is a free theory, these lightcone selection rules forbid any
process involving the creation of particles from the vacuum. For example, if our relevant
deformation is a mass term, in ET quantization this operator would mix the one-particle
state with all states containing odd numbers of particles. However, in LC quantization all
of these matrix elements are set to zero, such that there is no mixing between states with
different particle numbers.

Major simplifications for large N theories. The selection rule (1.7) also simplifies
large N CFTs which are deformed by a relevant single-trace operator. As we will now
explain, in lightcone quantization large N RG flows appear to be fully determined by the
planar OPE coefficients of (only) single-trace operators; in contrast equal-time quantization
requires all planar OPE coefficients, including those of all multi-trace operators.

To understand this simplification, we must first briefly review the behavior of three-
point functions in the large N limit. For single-trace operators O;, all OPE coeflicients are
suppressed by at least one power of N,?

1
)~ N

Consequently, the relevant deformation must scale linearly with N in order to ensure that

(0;0r0; (1.8)

the resulting Hamiltonian matrix elements will be O(1),
V= N)\/dd_leR(az), (1.9)

where the coefficient A is held fixed as N — oo.

4 A noted closely related advantage is the potential absence of the “orthogonality” catastrophe, consisting
in the fact that non-perturbative states in finite volume have exponentially small overlaps with perturbative
states (see [7], appendix A.1).

®More precisely, this is our operational definition of “N”. For some large N CFTs, this “N” will be a
power of the rank of the underlying symmetry group. Also, note that all operators are normalized such
that the two-point functions are O(1).



Matrix elements which mix these single-trace operators with generic multi-trace states
[O; - - - O;] are suppressed by higher powers of N. For example, the three-point function
involving a double-trace operator behaves as

(0:050;04]) ~ 5 (1.10)
The associated matrix element therefore vanishes in the infinite NV limit. However, there is a
crucial exception, which is multi-trace operators [O; ... O] involving the relevant operator
Op itself. For instance,

(O;0Rr[0;0R]) ~ 1+ %, (1.11)
where the leading O(1) term corresponds to the known OPE coefficients for a generalized
free field (GFF) [25]. In ET quantization, the matrix elements of V' between states created
by the single-trace operator O; and the double-trace operator [O;Ogr| will therefore be
O(N). Such contributions complicate the large N limit and in particular prevent one from
simply discarding matrix elements that vanish at infinite IV, since diagonalization of the
Hamiltonian can effectively multiply the N-suppressed matrix elements by the N-enhanced
ones. In order to apply conformal truncation in ET quantization, we therefore need the
full set of planar limit OPE coefficients for the large N CFT.

However, the leading GFF contributions to the Hamiltonian vanish in LC quantization,
precisely because the scaling dimensions of single- and double-trace operators are related
by an integer at infinite N. Because of this, there are no longer any O(N) terms in the
Hamiltonian, which suggests that we can safely ignore any matrix elements which go to
zero as N — oco. Amagzingly, this eliminates all matrix elements that mix single-trace states
with multi-trace ones, which naively means we only need the planar limit OPE coefficients
of single-trace operators in LC quantization. This is a much smaller set of data than the
planar limit OPE coefficients of all operators, so the elimination of GFF matrix elements
naively represents a striking simplification of the initial data that is required for conformal
truncation.

1.2 The problem of zero modes

Many of the above virtues have a corresponding dark side, associated with LC zero modes.
In LC quantization, any degrees of freedom with LC momentum p_ = 0 are non-dynamical
and can therefore be removed from the Hilbert space. This removal of zero modes auto-
matically follows from the definition of LC quantization as the infinite momentum limit
of ET quantization, as all Hamiltonian matrix elements involving zero modes vanish as
]15 | = oo. In fact, it is precisely these vanishing matrix elements that lead to many of the
simplifications discussed above.

This naively suggests that we can simply ignore zero modes in LC quantization, espe-
cially if we focus on states with finite P_, and there are multiple examples in the literature
where doing so apparently yields valid results (see [26] for a recent review). However, as
is well-known, there are also many cases where discarding zero modes leads to conceptual
confusions and explicit, physical mistakes. Some of the most important of these problems
are the following;:



Apparently trivial vacuum. This problem is the flip-side of the advantage that the
LC vacuum is apparently not renormalized and the vacuum energy naively receives no
corrections, which suggests that there is no cosmological constant problem in LC quanti-
zation [27, 28]. However, this claim is clearly in conflict with both ET quantization results
and standard Feynman-diagram perturbation theory [29-33], and furthermore leads to
conceptual difficulties in the case of spontaneous symmetry breaking (SSB) [34-37].

Insensitivity to tadpoles. The problems associated with zero modes are not just lim-
ited to the vacuum, however. An especially simple example is that of a scalar field theory
deformed by a tadpole,

V(p) = V() + Ao (1.12)

For typical V(¢), the addition of the tadpole shifts the mass and couplings in the theory,
with observable consequences for the resulting spectrum and RG flow. Yet, the contribution
of the tadpole to the action is purely a zero mode of ¢, which means it will have no effect
on the Hamiltonian matrix elements if zero modes are not included.

Incorrect predictions for simple holographic models. While the above tadpole
example (1.12) may seem a bit special, there is a very similar problem which arises in
deformations of large N theories by single-trace operators. A simple toy example is a large
N CFT dual to an effective field theory in anti-de Sitter (AdS) with the bulk Lagrangian

Lo = 5000,0 — gm*¢? — 1 6" (113)
If we deform this theory by the single-trace operator O dual to the scalar field ¢, the
arguments of the previous section suggest that the resulting RG flow depends at leading
order only on the single-trace three-point function (OOQQ), since any contributions to the
LC Hamiltonian from multi-trace operators vanish in the limit N — oo. However, it is
clear from solving the bulk equations of motion for ¢ that the dynamics are sensitive to g4

even in the infinite N limit.

Discrepancy between bare parameters in ET and LC. If the lightcone Hamilto-
nian Vi is defined as the infinite momentum limit of the equal-time Hamiltonian Vg,
then naively the bare parameters (which are Lorentz invariant) associated with the rele-
vant deformations should be the same in both quantization schemes. However, there are
cases where the two schemes obtain different mass eigenvalues when using the same bare
parameters [38, 39)].

Obstacles to integrating out zero modes. All of the foregoing difficulties with zero
modes reduce to the same core problem: LC quantization is missing contributions to the
Hamiltonian which are present in ET quantization. In some cases these contributions
can safely be ignored, while in others they can’t, with no clear a priori diagnostic for
determining when and no systematic method for reintroducing the necessary effects.

A natural strategy for trying to deal with the problem of the missing zero modes is
to try integrating them out, rather than simply discarding them. However, there are signs
that in Discrete Lightcone Quantization (DLCQ) integrating out zero modes can lead to
new strongly coupled interactions between the remaining modes [40].



1.3 Our prescription

In this work, we will describe how to overcome most of the problems described above, by
proposing a general prescription for absorbing the effects of zero modes into a new effec-
tive LC Hamiltonian to all orders in the relevant deformation parameter. This proposal is
formulated directly in terms of correlators of the UV CFT, and is thus not restricted to
theories with known Lagrangian descriptions. The prescription is essentially a matching
procedure, where we construct an effective lightcone Hamiltonian Heg for the theory with-
out any zero modes that reproduces all correlation functions of the theory in the presence
of zero modes. To connect the Hamiltonian to correlators, we define it in terms of the L.C
unitary evolution operator U as

Hog = lim i0,U(z™), (1.14)
zt—0
where the evolution operator is constructed from the naive lightcone Hamiltonian Vic
(i.e. without including the effects of zero modes). Through the Dyson series for U(z™), the
matrix elements for H.g can be written in terms of correlators of the original CF'T involving
multiple insertions of Vi ,c. We thus “integrate out” the zero modes by embedding their
contributions to higher-point functions into Heg via eq. (1.14).
We can therefore understand the effects of zero modes by looking at higher-point
correlation functions of the general form

(O, P, u|T{Or(z1) - - Op(zn)}O', P, i), (1.15)

If these correlators are regular as xjj — 0, then all the higher-point contributions to (1.14)
will vanish, reducing our prescription to the standard definition of Hamiltonian matrix
elements in terms of three-point functions. However, as we will show, there are cases
where these correlators include effects that do not have a spectral representation in LC
quantization, which leads to factors of § (x:;) This singular behavior is picked up by our
prescription for Heg, resulting in corrections to the naive Hamiltonian.

We demonstrate that our conjectured prescription:

e results in a non-zero contribution to the vacuum energy,

e reproduces the shifts in masses and couplings due to tadpole deformations,

e includes the effects of multi-trace operators on large N RG flows,

e explains the discrepancy between bare parameters in ET and LC perturbatively,
e automatically integrates out non-dynamical fields.

In fact, in most CFTs, Heg will not get any contributions from zero modes aside from the
vacuum energy. In addition, we will provide evidence that in many theories where Heg does
get contributions from zero modes, those contributions simply shift the bare parameters in
the original theory.



Our prescription for matching the LC and ET Hamiltonians is perturbative in the
relevant deformation parameters, and can fail non-perturbatively. We will discuss an ex-
plicit example of this failure in section 4.3. One might nevertheless hope that knowing the
perturbative matching can still be useful for understanding qualitative or even quantita-
tive aspects of the non-perturbative matching. We leave a more detailed analysis of such
non-perturbative matching effects for future work.

Another remaining important open question is how to get the vacuum structure cor-
rect in cases of spontaneous symmetry breaking (SSB). It will be important to determine
whether the LC methods we adopt in this approach are sufficient for correctly reproducing
the broken phase of SSB, or whether they must be supplemented with additional inputs.
For instance, one concern is that there is no SSB in finite volume, since mixing between
different vacua lead the true ground state to be a superposition of the infinite volume
symmetry-breaking vacua. Although formally we work in a framework where the volume
is infinite, one may worry that the truncation itself causes the system to behave more like
finite volume for SSB effects. At a more technical level, we will see that our prescription
applied to the theory of a scalar field perturbed by a source term £ O J¢ simply gener-
ates the terms in the Hamiltonian produced by expanding around the new shifted vacuum.
However, there are generally multiple local extrema of the potential, and it is not clear
if the correct choice needs to be put in by hand in the LC treatment, or whether it can
be selected dynamically.” A useful concrete check would be to compute the spectrum of
the theory in the broken phase, for instance in A¢* theory, and see if the result correctly
reproduces the spectrum of fluctuations around one of the Zs-breaking vacua.

This paper is organized as follows. In section 2, we describe in more detail some
of the problems with LC quantization mentioned above. In section 3, we present our
prescription for the effective LC Hamiltonian H.g, together with a quantitative diagnostic
test in momentum space for whether or not the prescription generates new contributions to
H.g in a given theory. In section 4, we demonstrate how the prescription works in a number
of applications. One of the main applications is to A¢* theory in 2d, where the prescription
reduces to a previous prescription due to Burkardt [38]. Our numeric results are consistent
with the conjecture that the prescription works to all orders in perturbation theory, but
indicate that it fails non-perturbatively. In section 5, we conclude with a discussion of
future directions.

2 Lightcone quantization and its discontents

In this section, we provide a more detailed discussion of some of the problems with LC
quantization listed in the introduction. We begin with a definition of lightcone zero modes
in section 2.1 and a discussion of their role in CFTs. Then we briefly review the discrepancy

SMoreover, the prescription is still non-perturbative in terms of the parameters of the UV CFT, which
can for instance include the gauge coupling if the UV CFT is a gauge theory.

"For an illuminating physical picture of how this can occur, see [41]. Essentially the same issue of whether
or not a fundamental field vev must be set by hand in a LC treatment arises in holographic models we
consider, where a necessary input to the boundary value problem for a bulk field ¢ profile is the boundary
vev (O) of its boundary dual operator.



between ET and LC bare parameters in section 2.2. Finally, in section 2.3 we discuss a
new problem that has great importance for the application of Hamiltonian truncation to
large N gauge theories.

2.1 CFT definition of zero modes

Free and large N CFTs have a Fock space description. In these cases lightcone zero modes
can be easily identified as the states where one or more Fock space modes have vanishing
lightcone momentum p_ = 0.

However, we would like to have a more general, non-perturbative definition of zero
modes, which can be applied to any CFT. Here, we construct such a definition in terms
of the associated Hamiltonian matrix elements, which will allow us to easily demonstrate
why these contributions naively vanish in LC quantization (or equivalently, in the infinite
momentum limit of ET quantization). The derivation of this result will be somewhat
schematic, with a more careful proof presented in appendix A.

In the standard formulation of conformal truncation, Hamiltonian matrix elements
associated with a relevant deformation O are defined as the Fourier transform of CFT
three-point functions,

(0,P,u|V|O', P iy = X / Ay 7 zy dlay !PT I (O(2)Op(22) O (23)). (2.1)

As is well-known, these three-point functions are completely fixed by conformal symmetry,
up to overall constants corresponding to OPE coefficients. For the case where the two
external operators are scalars, these correlators take the form

Cooro

/ _

(O(21)OR(22)O0'(73)) = xAJrAR—A’xAHLARfoAJrA’—AR‘ (2.2)
12 23 13

A useful formal trick for studying the universal kinematic structure of this three-point
function (and thus the resulting Hamiltonian matrix element) is to pretend that the three
operators are composites constructed from building blocks A, B, and C,

Or=AB, 0O=AC, O =BC, (2.3)
where the scaling dimensions for these new operators are
A= %(A FAR—A), Ap=— %(A’ FAR—A), Ao— %(A LA —AR).  (24)

Note that we are not assuming that this CFT is free or has a large N expansion. These
building blocks are merely a means of representing the kinematic structure of three-
point functions. Because these operators are fictitious, their dimensions are not neces-
sarily bounded from below due to unitarity and can therefore even have negative scaling
dimension.

Using these building blocks, the kinematic structure of this three-point function simply
becomes a product of two-point functions,

(O(21)OR(22) O (23)) ¢ (A(21)A(22))(B(22) B(23))(C(21)C(23)) = 55 zlAB SAG -
Tyg " Tz T3
(2.5)




Figure 1. Triangle diagram associated with the matrix element (O|V|O’), demonstrating the flow
of momentum. Each leg of the triangle can be thought of as the momentum space two-point function
of a fictitious “building block” operator. Lightcone zero modes are defined to be contributions where
one of the legs has vanishing lightcone momentum.

Similarly, we can rewrite the Hamiltonian matrix element in terms of the spectral densities
of these fictitious operators,

(O, P, ulV|0', P, 1y = ACooro, 64 (P — P') /ddpPA(P —p)p(P' —p)pc(p). (2.6)

We can therefore think of this matrix element as an integral over the momentum space
two-point functions of the building blocks, as shown in the schematic “triangle diagram”
in figure 1. These diagrams are useful in picturing the flow of momentum in the associated
matrix element. The vertices correspond to the insertions of the physical local operators,
while the legs correspond to the internally propagating building blocks.

We can now use this representation of the matrix elements to define the contribution
of zero modes in a general CFT as any diagram where one of the legs has zero lightcone
momentum (i.e. p— = 0 or p_ = P_). Note that this definition naturally encompasses
the more familiar case of free field theory, where the legs of the triangle diagram simply
correspond to one or more internally propagating Fock space modes.

Generically, we expect such contributions to be a measure-zero part of the full integral.
However, in the special case where the dimensions of the three external operators are related

by an non-negative even integer,
A=A+ Ag+ 2n, (2.7)
one of the fictitious building blocks obtains a non-positive integer scaling dimension,
Ay=-n, Ap=Ar+n, Ac=A+n. (2.8)

For this special case, the associated spectral density is given by a derivative of the Dirac
delta function. For example, in d = 2 we obtain

pa(P—p)=38" (P —p)d"(P-—p_)  (Aa=-—n), (2.9)

with similar expressions in higher dimensions. The spectral density for A therefore fixes
the internal momentum P_ — p_ = 0, such that only zero modes contribute.

~10 -



Focusing specifically on the lightcone momentum dependence of the Hamiltonian ma-
trix element (and suppressing all other factors), we can then obtain®
. . _d
(0, P, uV|0', P, ) o /dp— (P = p_) (P — p_)Artn=g St
(2.10)
d
x (P_ — P )Arz,

These zero mode matrix elements are thus set by the difference in total lightcone mo-
mentum between the two external states. In LC quantization, conservation of momentum
automatically sets this difference to zero, but we can also see that this difference vanishes
in the infinite momentum limit of ET quantization,

12

2_
P,—PL:(\/u2+P§—Pw)—(\/u’2+P§—Pm)Nu—m (P = o0).  (2.11)

2| Pyl

For deformations with A > %, we therefore find that all zero mode contributions
vanish in lightcone quantization. For deformations with Ar < %, the story is somewhat
more subtle. Rather than vanishing, the associated matrix elements are all IR divergent.
We expect that one can regulate these divergences with some IR cutoff, and then take
the limit A;jg — 0, so that all contributions from zero modes decouple from the resulting
low-energy states and can be removed.’

Note that for free or large N theories, these zero mode matrix elements precisely
correspond to the case where one of the operators is a composite built from the other two,

O = [00g], = OF"Op, (2.12)

such that we can interpret these vanishing contributions as the creation of the Og degrees
of freedom from the vacuum.

2.2 Concrete bare parameter discrepancies

In some cases it had already been recognized in the literature that the “naive” light-
cone Hamiltonian is missing contributions that prevent a precise matching to equal time
computations. In particular, in [38] (see also [39]) it was pointed out that in a scalar theory,
the effect of zero modes is to renormalize bare parameters on the lightcone.

For example, consider the deformation of free scalar field theory by both a mass term
and a quartic interaction,

(1 1
V= /dd Ly <2m2¢2 + 4!)\¢4> . (2.13)

As was demonstrated in [38], if we compute the one-particle mass perturbatively, we find
that there are a class of Feynman diagrams which contribute in ET quantization but vanish

8Here we’ve used the fact that CFT spectral densities scale as po(p) ~ p*2 .

9For more details in the particular case of a free theory, see [16], where the decoupling of zero modes
due to IR divergences naturally led to a rearrangement of the naive conformal basis into new “Dirichlet”
states with no overlap with zero modes.

- 11 -



in LC quantization, leading to a discrepancy in the resulting physical mass eigenvalues as a
function of the bare parameters m? and A. From the perspective of conformal truncation,
these Feynman diagrams are constructed from intermediate Hamiltonian matrix elements
which vanish on the lightcone. This discrepancy can in principle be fixed by shifting the
LC bare mass relative to the ET value,

mi o = miy + om2(\), (2.14)

where the coupling-dependent counterterm corresponds to resumming all diagrams which
contribute in ET but not LC quantization. However, this fix may seem unsatisfying, as
the counterterm must be introduced by hand, with no general prescription for determining
when corrections are necessary.

In [38, 42], it was argued by inspection of Feynman diagrams that the correct matching
should be

A
mie = min + 5 (6%, (2.15)

where the vev of ¢ is evaluated in ET quantization. In section 4.3, we will verify this
formula explicitly to the first few orders in perturbation theory, and discuss its failure
non-perturbatively.

2.3 A problem with holographic models

Simply discarding zero modes leads to incorrect predictions in a simple class of CFT models
defined holographically using AdS Lagrangians. The main point is quite simple: AdS
models can have contact interactions involving n > 3 bulk fields that have very important
effects on RG flows, which are represented as non-trivial classical solutions in the bulk. But
these interactions will be invisible if one only studies the OPE coefficients of single-trace
operators (i.e. 3-pt interactions of bulk fields). At large N, this is in direct conflict with
the naive LC selection rule (1.7), which implies that only single-trace data should affect
RG flows.
The simplest explicit example includes a real scalar field in AdS with bulk'? Lagrangian
Lads = %(8@2 — %m2¢>2 — i%qﬁ‘l. (2.17)
We are just going to work in the semi-classical limit at large N, so we will rescale the field
¢ — N¢ to put the AdS Lagrangian in the form

1 1 1
Laas = N? [ =(09)* — -m*¢” — —qu* ) . (2.18)
2 2 4
10VWWe will work with Poincaré patch coordinates
—dz? + dz?,
ds* = ———*. (2.16)
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We assume that g4 > 0 for stability at ¢ — +00. We will be interested in deforming the
boundary theory by the CFT operator NOg dual to ¢, and we take m? = E;gSAR(AR —d)
negative, which corresponds to Or being a relevant operator with Ar < d.

The key point is that at infinite IV, the quartic coupling g4 does not affect any of the
single-trace OPE coefficients. In fact, for this particular example, the Zs symmetry of the
AdS Lagrangian restricts all single-trace OPE coefficients to be exactly zero. Therefore, if
the logic in the previous section is correct, g4 cannot have any effect on the theory at infinite
N, even after deforming by the relevant operator O in the boundary CFT Hamiltonian.
In fact, the argument from the previous section would predict that there is no resulting
RG flow, since all Hamiltonian matrix elements for this deformation vanish at infinite N
in lightcone quantization. We will now demonstrate that there is a resulting RG flow and
ga4 does in fact affect the IR of the theory, so something in the previous section must have
been too fast. The idea is very simple — holographic RG flows involve solutions to the
classical equations of motion for ¢, and g4 will obviously affect these solutions.

Turning on the relevant deformation Op in the boundary CFT corresponds in the bulk
description to imposing a non-zero boundary condition for ¢:

V=NAOr ¢ ¢(z) R\ Br 4 a0, (2.19)

The second boundary value o can be determined dynamically once the bulk profile is
known. To find the bulk profile, one imposes the bulk equations of motion for ¢. For ¢
constant in the boundary directions a:g , the bulk equation of motion is just

d—1 m? 1
Bop———0:0— 50 = 500" (2:20)

For any value of A and «, there is a unique solution ¢ to this equation, and « is chosen
to minimize the action S[¢.] evaluated on this solution. When g4 = 0, the bulk theory
is free and the equation of motion is easily solved by ¢q = Az 2R + az®R everywhere.
Substituting back into the action,
2
Suimolinl) = 5[40 d - Ag) + 2% " (2.21)
This action is minimized at o = 0.

However, the situation is qualitatively changed for any non-zero value of g4. For g4 > 0,
the bulk equations of motion cannot be solved in closed form. In appendix C we describe
a supersymmetric version of this model where an analytic solution is possible, but the
important qualitative points can be understood intuitively as follows. Because Agr < d,
\z8=AR grows as z increases for any non-zero value of ), and therefore the bulk term g4¢*
in the potential eventually becomes important for large enough z. The value of « that
minimizes the action is the one that causes ¢ to asymptotically approach the minimum of
its bulk potential Vags(¢) = %m2¢2 + %¢4 at large z. In other words, since m? < 0, any
non-zero A pushes ¢ away from the origin and, as it evolves into the bulk, it rolls down

—m?2

its potential to the true minimum at ¢ = + m

A numeric solution exhibiting this
behavior is shown in figure 2.
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Figure 2. Numeric solution of the bulk profile ¢(z) in the toy model. (Black, solid): exact numeric
solution; (red, dashed): asymptotic value at ¢ = 4/ _g—'f; (blue, dotted): free theory behavior
gb:)\zd_AR. Parameters are Ag=1.7, A=0.1, g4=0.5, zyy=10"%, d=2, all in units of faqg=1.

To determine the spectrum of the theory, one expands ¢ around the background so-
lution ¢¢. In the deep IR, the background ¢ is just a constant and so one can do

this expansion analytically. The fluctuations around ¢q = £/ _TTQ have a bulk mass of

V{s(¢a) = —2m?. This mass corresponds to an IR dimension for O of

AR =14+ /1 +2ARr(2 - Ag). (2.22)

In the language of the CF'T, turning on the relevant deformation triggers an RG flow from
a UV CFT where Og has dimension Ag to an IR CFT where it has dimension Ajg.

To summarize the main point, at large N g4 is completely invisible in the OPE co-
efficients of single-trace operators, yet from the bulk solution we see that the value of g4
controls when the theory deformed by Op transitions from the UV behavior with dimen-
sion Ag to the IR behavior with dimension Arg. In fact, any term ¢™ in the bulk potential
with n > 4 is invisible to the single-trace OPE coefficient in the infinite N limit, yet from
the bulk perspective it is clear that they affect the IR of the theory.!!

2.4 The role of zero modes in a holographic model

One can see intuitively that zero modes are the culprit behind the incorrect LC prediction
above. The problem arises from the non-trivial background profile ¢, which is manifestly
pure zero mode since it is momentum-independent. In this subsection, we will analyze the

"The questions raised by this discussion have broader implications that go beyond conformal truncation
itself. If one can show that single-trace OPE data is sufficient to determine large N RG flows in a given
class of theories, then all bulk contact interactions in the AdS duals of these theories, such as g4 (or e.g. the
R* term in gravity) are, in a certain sense, fully determined by the 3-pt interactions. This has a natural
interpretation in tree-level string theory, where one expects that knowledge of the 3-pt interactions for all
string states determine the full string scattering amplitude. But it appears very surprising from the point
of view of AdS effective field theory, where contact interactions would seem to be independent parameters.
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nature of the missing zero mode contributions in more detail. We work in d = 2 spacetime
dimensions for simplicity.

We can bring the zero mode contributions back into view by starting with equal-time
quantization and then taking the lightcone limit via an infinite boost. For this purpose,
we need only introduce a small momentum ¢_ > 0 for the relevant deformation:

V= )\/dx_eiqw()(x) + h.c. = XO(gq-). (2.23)

The deformation now has time-like energy-momentum, which means we are performing
equal-time quantization in some ¢_-dependent frame.

We will see that in the limit ¢_ — 0, the contributions from double-trace operators
in the bulk model get pushed to infinitely high dimension, outside the space of the trun-
cated basis used for Hamiltonian truncation. To start, we can write out the old-fashioned
perturbation theory (OFPT) for the perturbation V' at second order:

2 3 (O, p, V) ($V]O, p', 1)
Ey — Eo

[<0,p,u\H!0,p’,u’>}( : (2.24)

The sum over 7 is a sum over all states retained by the truncation. We will restrict
our attention to the double-trace states, which are parameterized by their twist n, spin
¢, momentum P_, and invariant mass-squared pu?. As shown in the previous subsection,
the matrix elements of V' between a single-trace operator O and a double-trace operator
[0?],,0 (with twist n and, for simplicity, spin 0) are proportional to a power v = A — 1 of
the momentum ¢_:

<Oap7:u|v‘[02]n,07p7 M> o8 6(P— —pP-— Q—)qz’ V= A - 17 (225)

and therefore vanish at ¢_ = 0 for A > 1. However, in addition to the sum over double-
traces, there is also a divergent integral over their invariant mass-squared M?2. The crucial
point is that the infinite sum over all the double-traces resums into a function of M? that
vanishes at large M2 > p_/q_:

M>p

@ it [ _ _
[(O,p,u|H|O,p’,u’>] R /0 dM2;f<M2;>. (2.26)

We relegate the explicit details of the sum and the function f for the toy model to
appendix B, but the basic point is independent of its precise form.

Individual double-trace states and their descendants just contribute to a finite number
of terms in the Taylor series of f; therefore they vanish at g_ — 0, and their integral over
M? diverges at finite ¢_. Both problems are solved in the infinite sum, where the integral
over M? converges, and absorbs the ¢_ dependence at small g_. In other words, there is
a problem with the order of limits — if we perform the infinite sum before taking ¢ — 0
then zero modes will be correctly included, but taking the lightcone limit before performing
the sum discards all zero mode contributions.

To summarize, at finite g_, the “zero mode” contributions are present in the sum
over physical double-trace states, but at g— — 0, their contributions are lifted from the
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spectrum. In the next section, we will introduce a prescription to recapture the zero mode
contributions that get discarded by lightcone quantization, using only the correlators of
the UV CFT fixed point. A key lesson of the above analysis is that we will be trying to
reintroduce contributions that, as ¢ — 0, no longer have any representation as a sum over
physical intermediate states in the Hilbert space.

3 Integrating out the zero modes: a prescription

As compared to the standard, equal-time description, lightcone quantization can often
provide striking simplifications. But these advantages may come at a cost, because the
lightcone appears oblivious to the complexities of vacuum structure, as it ignores zero
modes and their mixing with other states. Thus we need a prescription for detecting these
zero mode contributions, determining if they affect observables, and including them where
necessary. In this section we will develop such a prescription and provide both a position
and momentum space version. Then in section 4 we will show how our prescription resolves
a number of issues with lightcone quantization.

To motivate our prescription, we first study equal-time quantization in a frame with
very large momentum P,. This will make it possible to see how the zero modes drop
out as P, — oo, but remain as additional §(z™) function contributions to correlators.
Our prescription identifies these delta functions and uses them to build a new lightcone
Hamiltonian Hcg that includes the zero modes. These delta functions can also be identified
in momentum space as polynomial terms in the lightcone momenta.

3.1 Argument for prescription

Consider a general CFT, which is then deformed by a relevant operator Ogr. A natural
set of observables are the time-dependent two-point functions (O(t)O(0)) of local UV CFT
operators in the presence of this deformation. We can construct these by inserting the
unitary time evolution operator between two CFT basis states

(O, Py, ylU(£,0)|0, By, 1y = <O,Px,u]7'{e_if5 dt’[H0+V<t’>1} 10, Py, 1), (3.1)
We can evaluate this expression by expanding U (t,0) as the Dyson series
t 1 t
Ut0) = 1— z/ ity H(ty) — 2/ dtrdts TUH(4)H ()} + .. (3.2)
0 0
By construction, the external basis states are eigenstates of the original CFT Hamiltonian

Hy, which means we only need to consider the contributions of the deformation V to
this series,

t
((’),Pm,mU(t,O)|O,Px,u’>3((’),Px,u|C),Px,u’>—i/ At(O, Py, plV (£)]O, Py, 1)
0

1 t
_2/ dtldtg(@)PmM|T{V(t1)V(t2)}‘(’)7P$7M'>_|-. o (33)
0
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In order to compute any two-point function (O(t)O(0)), in principle we need all correlation
functions involving n intermediate insertions of the deformation Og.

For concreteness, let’s focus specifically on the second-order term in this expansion,
which corresponds to a four-point function in the CFT. In equal-time quantization, we can
compute this four-point function by inserting a complete set of intermediate states,

(O, P, p|V(£1)V (£2)|O, P, i)

= [ RO PalV (1)1 Prs i), PV (/0. Pty Y
¥
The individual contributions of intermediate states correspond to momentum space three-
point functions, or equivalently the matrix elements of the deformation.
However, if we take the limit P, — oo, we find that all intermediate contributions
where Ay, = A + A + n vanish. Roughly, such intermediate states, which correspond to
lightcone zero modes, have matrix elements that behave like

0=
(O, Py, plV (1) |9, Py prop) ~ (ﬂ) (Py — 00), (3.5)

for some power a.. This is exactly what we saw for the bulk toy model in eq. (2.25), where

the intermediate two-particle contributions all vanished in the lightcone limit. In that
22
example, the small lightcone momentum transfer ¢_ we introduced is equivalent to a P:“’

in the large momentum limit,

2 2
Po>u B — 1
q_:P_—Pw_:< M2+P§—Px)—(,/ui+Pg—Pz) SIS (36)
X

The time-ordered two-point function (O(t)O(0)) is independent of the choice of mo-
mentum frame, so these contributions must still be present in the full, physical result. For
any fixed P, these contributions are present in the sum over states, but as P, increases, their
contributions come from larger and larger ,ui, the invariant mass of the intermediate states.
At P, = oo, which is equivalent to working in lightcone quantization (see appendix D),
the four-point function is no longer reproduced as a sum over states. In other words,
in the lightcone limit P, — oo, there are contributions to the four-point function that do
not have a spectral function decomposition. Momentum space three-point functions, which
correspond to the naive set of Hamiltonian matrix elements, are not sufficient to reproduce
(O(t)O(0)) in lightcone quantization.

The missing zero modes do not have a spectral representation in lightcone quantization.
Instead they appear as local terms in lightcone time, meaning that their contributions are
proportional to d(z™). We will see many explicit examples in section 4. When inserted
in the LC version of the Dyson series in eq. (3.3), this delta function eliminates one of
the integrals over time, reducing a second-order term in the Dyson series to the effective
first-order term

er .Z’+
/

dxjdx;w,P_,M\T{V(xl)V(xz)}\o,P_,u’>~/ 4ot (O, P |6 Hut(21)| O, P, i),
0
(3.7)
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We can reintroduce these missing contributions by defining a new effective lightcone
Hamiltonian via the derivative at 2™ = 0 of the unitary evolution operator U(z™,0):

Heg = lim i0,U(z™,0). (3.8)
zt—0

Matrix elements of the effective Hamiltonian H.g are therefore written as a sum over n-point
functions involving n — 2 insertions of the relevant deformation Or. When these higher-
point functions are regular at + = 0, only the term linear in V contributes, because the
region of integration 0 < :EZ+ < x shrinks to zero at * = 0. In this case, our prescription
reduces to the standard definition of Hamiltonian matrix elements in terms of three-point
functions. However, when vanishing intermediate states lead to factors of §(z ), the higher-
point correlators can contribute even in the 2™ — 0 limit, modifying the naive lightcone
Hamiltonian to include the effects of zero modes. Note that this prescription only relies on
“data” derived from the correlation functions in the UV CFT.

In order to see that the only higher-order contributions to H.g come from lightcone
zero modes, let’s look more explicitly at the four-point function contributions which do have
a spectral decomposition in lightcone quantization. These can be rewritten in the form

(O, P, p|T{V (a1 )V (23) O, P—, 1)

A -2 2 ’ixﬁ + _iixfz +
2 Z/o dp ‘<Ov P77M|V|¢’P—7#w>| <€ R O(ay) e PP 9(_9512))
¥

A2 ] )
= di® p(u, i) | dPy P+t ) 2 39
/0 fi p(u,u)/ + € 2P P — 2 tic 2P P P —ic)’ 39

where we have taken both external states to have the same invariant mass p for simplicity,
we have defined 71 = ui — 12, and the four-point function spectral density is

Pl i) = 3O, Pl V[, P, ). (3.10)
P

Note that in eq. (3.9) we have written D instead of = because, crucially, not all contributions
to this four-point function are contained in the sum over states in lightcone quantization.

The advantage of the last expression in eq. (3.9) is that, for finite UV cutoff A, the
integral over p is finite, since the integrand and the range of integration are finite, and
therefore no &(z7,) factors can be produced. Manifestly, only terms in the four-point
function that cannot be written in this spectral function representation will contribute to
our prescription for Heg.

While this discussion has been somewhat technical, at its core, our prescription can
be understood as a simple matching procedure between equal-time and lightcone quanti-
zation. Specifically, the effective lightcone Hamiltonian Heg is constructed such that the
resulting time-dependent two-point functions of local operators match those in equal-time
quantization. In equal-time quantization, these two-point functions can be computed by
inserting a complete set of states, which means that the three-point function contributions
to the Hamiltonian are sufficient to reconstruct the resulting dynamics. However, in light-

cone quantization, this is no longer true, precisely because we have removed some of the
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intermediate states from the Hilbert space by discarding zero modes. Our definition for
H.g in terms of the unitary evolution operator is thus simply designed to add back in any
contributions which were initially discarded in lightcone quantization.

3.2 Momentum space diagnostic

Now that we have a general prescription for constructing the effective Hamiltonian from
CF'T correlators, we can develop a practical diagnostic for determining when this Hamilto-
nian receives higher-order contributions due to zero modes. Inserting our definition of H.g
from eq. (3.8) in between two basis states, we obtain the general matrix element expression

(O, P|Heg|O', Py = lim i0+(O, P|U(xz",0)|0', P'). (3.11)
T —00

Consider a generic higher-point function appearing in the Dyson series expansion of the
right-hand side

+

<(9,P\U(q:+,0)|(9’7P’>D(_i')n/m dz{ - dx (O, P|T{V (z1)-- V(x,)}|O', P"). (3.12)
n! 0

This correlator will only lead to a nonzero contribution to H.g if it contains n — 1 delta
functions in x;; To see when these delta functions can arise, we can study the associated
momentum space correlator

/ A%, - - d, T T (O PIT{OR(21) - - Op(2)}|O', P')

(3.13)
= (2m)%6¢ (P —P > Qi> G(ai, P, P').

Because the relevant deformation Opg is a scalar, this function G can only depend on the
momenta ¢; via the Lorentz invariant combinations

@, ¢-q, @-P q-P.

However, because the momenta ¢; correspond to insertions of the lightcone Hamiltonian,
their “spatial” components ¢; = (¢;—, ;1) are all set to zero, eliminating the first two
Lorentz invariant terms. The remaining two terms are actually equivalent due to conser-
vation of lightcone momentum, so that the only nonzero Lorentz invariant combination for
each g; is

¢ P=qP-.

We therefore have the following simple test: we can only obtain n — 1 delta functions (or
derivatives of delta functions) in ™ if the function G contains a contribution which is
analytic in ¢; - P (multiplied by an arbitrary function of P, P’).

For large N theories, which have a weakly coupled bulk description, there is a partic-
ular class of Witten diagrams which automatically satisfy this test, and thus give rise to
corrections to the effective Hamiltonian. Any “plant” diagram where the physical modes
created by the external states connect to the zero modes created by Op through a single
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Figure 3. General structure of “plant” diagrams which lead to effective Hamiltonian contributions
in large N theories. The zero modes (dashed lines) created by the relevant deformation O must
only connect to the physical states (solid lines) via a single contact interaction.

vertex (the “base” of the plant) corresponds to a polynomial in ¢; - P. As we can see from
the schematic example in figure 3, these plant diagrams have a simple interpretation as the
propagation of physical modes in the background bulk profile created by zero modes.

Similarly, if the UV CFT we’re deforming is either free or has a weakly-coupled bound-
ary description, such as a Banks-Zaks fixed point, then any Feynman diagram with this
same plant structure will lead to corrections to the effective Hamiltonian. Unlike the large
N case, however, where the sum of plant diagrams create nonlocal interactions reproducing
an entire bulk profile, the contributions from these boundary plant diagrams correspond to
local interactions in the field theory. For example, a boundary diagram similar to figure 3,
where only two physical propagators connect to the plant, simply gives rise to a mass
counterterm for the physical modes. In other words, plant diagrams on the boundary only
shift bare parameters in the Lagrangian. In this case, the contributions from zero modes
therefore don’t affect any of the resulting dynamics, as they only alter the map between
UV parameters in the Lagrangian and the resulting IR scales. Unless we are interested
in this precise map, we can therefore safely ignore the contributions from boundary plant
diagrams, to all orders in perturbation theory. As we discuss in section 4.3, it is precisely
this class of plant diagrams which explain observed discrepancies in perturbation theory
for ¢* theory in equal-time and lightcone quantization.

More generally, we now have a straightforward diagnostic for determining which cor-
relation functions (if any) contribute to the effective Hamiltonian, by looking at their
momentum space dependence on ¢;. For CFTs which are either perturbative or have a
weakly-coupled AdS dual, this analysis becomes especially simple and can be performed
at the level of diagrams. In section 4 we will use our prescription to either resolve dis-
crepancies between equal-time and lightcone quantization, or to demonstrate that such
discrepancies are harmless.
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4 Examples and applications

4.1 Vacuum energy

We will now use our prescription for Heg to study the vacuum energy for the deformation
of a general CFT,
(Hog) = lim 0 (U(x™)). (4.1)
zt—0
It will be easy to see that there are contributions to the vacuum energy from each order in
the Dyson series expansion of the r.h.s.. Consider the n'" order term

ot
AE, = lim 04 day - dx  (T{V(x]) - V(zD)}). (4.2)
xT—0 0
Following the analysis of section 3.2, we can determine whether this term contributes to
the vacuum energy by studying the associated momentum space correlator G(g;),

TG VD) =3 [ dane e Eetica st Sa). 63

However, because all the Lorentz invariant scalar products ¢; - ¢j vanish, G must be a
constant,

G(ai) = Go, (4.4)

resulting in a non-zero contribution to the vacuum energy,

ot n—1

dof -+ dal iN"Go [ [ 6(x — 25)8771(0) = —A"Go 6771 (0).  (4.5)
i=1

AFE, = lim i0 /

" zt—0 + 0

Our discussion has been very general, so we will now work out the contributions to the

vacuum energy explicitly in the case of free field theory. Some of the computations will
also be useful as a warm-up for more complicated examples that we will study below.

Vacuum energy in free field theory. Consider a free scalar theory perturbed by a mass
term m2¢2. All diagrams that contribute to the vacuum matrix elements (vac|Heg|vac)
are built from one-loop diagrams with ¢? insertions included in the loop. To evaluate
their contribution to Heg, we will work in mixed position/momentum space, keeping z* in
position space and all other coordinates in momentum space. In mixed position/momentum
space, each ¢ propagator can be written as

ik ot
ezk+1’

2k k_ — k% +ie

G(z", k) = / dk, (4.6)
Note that if 2T > 0, then we can close the contour in the upper half-plane, and the
propagator vanishes unless k_ < 0. Similarly, if #7 < 0, then we get zero unless k_ > 0.
The case where x+ = 0 is more subtle and has to be treated carefully, and in fact our
prescription dictates that all zero mode contributions come from this case.
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A “vacuum” loop with n mass terms has no external momenta flowing through the
loop, so every propagator has the same k_ and k| :

+_ +
( % 1+1)

N T\ 20 5d—1 d—2 ie’
TV VD) =2t 0) [arat2uz 1= | Hdkz+2k2+,€__k2+“

(4.7)
Our argument above implies that this contribution vanishes unless all az::r coincide. But

when the :1::r coincide, we can obtain (formally infinite) delta function contributions. We
can integrate over the z; to calculate the coefficients of these (5(le 4+1) functions. This
integration forces all k;1 to be identical, so we are simply left with

n—1 ‘
_ (2mi)™
/ (1;[1 dxj) t= /d]'€+ (2kyk_ — K2 +ie)" (4.8)

This result is also a little subtle. If k_ # 0, then there is an order-n pole in one place, so

we can close the contour on the other side of the real axis and see that we just get zero.
But if k- = 0, then the integration over ki diverges. We have again identified a delta
function, this time d(k_). We can integrate over k_ to pick up the coefficient of the §(k_):

n—1 n - B _—
/ a_ | T dat ) 7= / dl@rdk,(zm)‘ _ (=2 / 2rdr2 _ 27rz)2 .
i=1 (2k+k_—kl—|—ze) o (r +k¢L)" (n—1)k (n—1)

1
(4.9)
where we have Wick rotated and changed to radial coordinates. So finally we see that
. -1
(—2mi)ntt n
T=——"m0k-) | RIC2) (4.10)
(n—1)k7 iy

Therefore, these diagrams contribute (only) to our prescription for Heg, and furthermore
we see that their entire contribution comes from the k- = 0 modes. The full vacuum
energy is the resummation of all possible such diagrams. While we have focused on free
field theories, this discussion would also apply to bubble diagrams in more general theories.

4.2 Ising model

We have mainly focused on the case where zero modes are individual Fock space modes
in an otherwise dynamical field. However, there are cases where an entire field becomes
non-dynamical in LC quantization and must be integrated out to generate an effective
Hamiltonian for the remaining dynamical fields.

A simple illustrative example is the 2d Ising model. As is well known, a deformation
of this CF'T by the energy density ¢ is equivalent to free field theory of a massive fermion,

L = Liging — me = 1p04 1 +ix0_x — V2my, (4.11)
with the operator identification

e=V2x, T=T _=ipd_1vp, T =Ty =ixdix. (4.12)
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From the Lagrangian, we see that in LC quantization the left-moving field x has no kinetic
term and is thus non-dynamical. Equivalently, its free equation of motion restricts x to
only be composed of zero modes,

P_x =0. (4.13)

We therefore need to integrate out x to obtain an effective Lagrangian for the physical
degrees of freedom built from 1,

Lo = 0y — Sy (4.14)

As we’ll now demonstrate, our prescription automatically constructs this effective potential
directly from the CFT correlation functions, without making any appeal to equations
of motion.

From a conformal truncation perspective, the need to integrate out y can first be seen
when constructing the naive Hamiltonian from three-point functions. For example, if we
look at the simplest matrix element, which corresponds to mixing between ¢ and 7', we find

(e, P|V|T, Py =m / d*xy day s e T3P0 (o2 )e (29) T (23)) = 0. (4.15)

Just like in other free or large N examples, this integral vanishes because the scaling
dimensions of € and T are related by an integer,

Ar =2A.. (4.16)

This behavior continues for other three-point functions, such that we naively find that all
contributions to the Hamiltonian due to this deformation vanish in lightcone quantization.

However, using our prescription, we know that there may be corrections to the Hamil-
tonian from higher-point functions. For example, let’s consider the matrix element between
two insertions of the stress tensor component 7', which is built solely from the dynamical
field ¢. Using our prescription, the resulting matrix element can be written in terms of
the unitary evolution operator,

<TaP‘Heff|T7 Pl> = $1+H2016+<T7P‘U(w+)’T7 Pl) (417)

The insertion of the evolution operator can then be expanded into a Dyson series, turning
this expression into a sum of correlation functions,
o+
(T, P\U(z™)|T, P') = (T, P|T, P') z/ dz{ (T, P|V(z1)|T, P")
0 (4.18)

1 /=
B 2/0 dzi da3 (T, P|T{V (z1)V (z2)}|T, Py + - --

For this particular example, the standard three-point function contribution to the Hamil-
tonian actually vanishes because the associated OPE coefficient is zero,

(T(21)e(22) T (23)) = 0. (4.19)
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Figure 4. Using our prescription, the Ising four-point function (T'eeT’) gives rise to a Hamiltonian
matrix element involving the effective interaction w%w. This contribution arises due to the factor
of 6(z) in the x propagator (dashed line).

However, let’s look more carefully at the next contribution in this series, due to the four-

point function,
(T, P|T{V (z1)V (22)}|T, P") = m2/d:cfde(T,P|T{5(x1)s(x2)}]T, P'. (4.20)

Because the external states are built only from 1, we can use the fermion representation
of € to factorize this expression into two independent correlators,

(T, P|T{e(z1)e(z2) YT, P') = =2(T{x(@1)x(22)}) - (T, PIT{(21)(22) }|T, P'). (4.21)
The time-ordered two-point function of x in this expression is given by
—i

(T (@)Xl = —— P (o ) + poleh) s, (422

Am(zy — iesgn(zy)) Amay

where P indicates the principal value. The propagator for y thus gives rise to a delta
function singularity in 2™, leading to a nonzero contribution to the effective Hamiltonian,

xt

1
(T, PloHelT, P') =~ lim i, / datdai (T, PIT{V (21)V (22)}IT, P')
0

zt—0
m?
= — lim 04
4 z+t-0 0

im?
= 4/dx1_dx2_ sen(x (T, P|T{(z1)¥(z2) T, P'). (4.23)

zt

datduf o) [ durdey sen(ei) (1 PIT (0@ @)} T, P)

Not only do we obtain a nonvanishing contribution to the Hamiltonian, but the result-
ing matrix element is actually equivalent to that obtained by integrating out ¥,

2
mm _ 1
T POHAT.P) =" [ da™ (T Plo(@) 5 w7, P).
Our prescription therefore automatically “integrates out” x to reduce the original four-
point function to an effective three-point function, as shown schematically in figure 4.
We can also understand the emergence of this delta function by looking at the associ-
ated momentum space structure of this four-point function, which takes the schematic form

G(q, P,P) = (L) flq_, P, P). (4.24)
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The only dependence on the lightcone energy g associated with the Hamiltonian insertions
comes from the x propagator, which factors out from the rest of the correlator. The real
part of this propagator is manifestly independent of ¢, leading to a delta function in x.

If we repeat this analysis for the higher-point functions in the Dyson series, we find that
there are no other contributions to Heg, which can easily be seen by dimensional analysis.
Each pair of € insertions brings two lightcone time integrals but only one delta function, so
at higher orders the number of delta function singularities is insufficient to overcome the
suppression as 7 — 0. We therefore only need to consider four-point functions to obtain

the full effective Hamiltonian for this particular theory.

4.3 ¢* theory

Let’s now apply our prescription to a simple example where the resulting IR theory is
interacting. Our UV CFT is simply free field theory involving a single massless scalar field,
which we then deform by adding a mass term and a quartic interaction,

e 1
V= /dd Ty <2m2¢2 + 4!)\¢>4> : (4.25)

This particular example will allow us to demonstrate how our prescription resolves multiple
known problems in lightcone quantization: the discrepancy between bare couplings in ET
and LC identified by Burkardt in [38], the divergent contributions due to zero modes
discussed by Hellerman and Polchinski in [40], and the insensitivity to tadpoles.

Matching bare parameters in LC and ET. As discussed in section 2.2, there is a
disagreement in the resulting spectrum of ¢* theory if we use the same bare parameters in
ET and LC quantization. However, at least in perturbation theory, this discrepancy can
be removed by shifting the LC bare mass by a counterterm proportional to the expectation
value of ¢? in the interacting theory [38],

2

A
mic = mpr + §<¢2>- (4.26)

This discrepancy between ET and LC quantization only arises because we are missing the
effects of zero modes on the Hamiltonian. In other words, the naive expression for Vi g,
with the original bare parameters, is incomplete and needs the additional corrections from
higher-point functions, which naturally lead to the shift in eq. (4.26). We can reproduce
the result (4.26) by applying our prescription to the one-particle matrix element,

zt

[ ot d o PITV @)V Yo, P,

(=2)"
n!

. P|H.g|é, P') = lim 0
(¢, P|Hexl 6, P') xgglohrzn:

If we look at the various terms in this sum, we find that there is a class of contributions,
shown schematically in figure 5, which all have the “plant diagram” structure discussed
in section 3.2. These higher-point correlators therefore contain delta function singularities
and result in additional contributions to the LC Hamiltonian. More importantly, these cor-
relation functions precisely correspond to the Feynman diagrams used in [38] to determine

— 95—



~a
e

- .
QS - - ¢
“ o0
@

Figure 5. General structure of plant diagrams which contribute to the effective Hamiltonian
in ¢* theory. These higher-point correlation functions correspond to Feynman diagrams which
contribute to the one-particle mass in equal-time quantization but vanish in lightcone quantization.
By including these terms in Heg, our prescription eliminates the naive discrepancy between the two
quantization schemes.

the counterterm in eq. (4.26). So in this case, our prescription just reduces to the result of
this earlier work.

We have tested (4.26) explicitly up to O(\?) for the case d = 2 by numerically comput-
ing the mass gap in LC and in ET quantization. First, we discuss the perturbative results.
The LC mass gap figap iS

2 _ 2
/Lgap,LC = mrc

3 9
2, ey = —11.5198, c5 = 53.62, (4.27)
T

2

whereas the ET mass gap is!

2 _ 2
Hgap ET = MET

LS, (;Ty],

n=2 mE
~ 3 9 63¢(3) . ~
G2=—35, &3=— 53 0 (1= —14.656, ¢5 = 65.97. (4.28)
Finally, the vev (¢?) is
63¢(3 513¢(3
($%) = C?E )z #)\3 +15.2612)3* + O(\P). (4.29)
T T

Substituting (4.26) into the LC expression reproduces the ET coefficients analytically up
to O(A\?), and to within 0.2%[4.4%] at O(A*)[O(ND)]:

L3, 9, 63(3)
c —= ¢ =
2 2 BT 273

, ¢4 — —14.685, c5 — 63.08. (4.30)

While this perturbative check of (4.26) is an encouraging sign, we have nevertheless
found experimentally that it appears to fail at the non-perturbative level. The most serious

12The ET results were obtained by a combination of numerical results from Hamiltonian truncation and
from explicit computations of the Feynman diagrams. The latter were obtained by private communication
from M. Serone and G. Spada, whom we thank for sharing their preliminary results.
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Figure 6. Left: the predicted value for m? from (4.26) as a function of méy, with A = 1 fixed.

At large mi and mi, the relation is well-described by perturbation theory (in -2;) and is well-

behaved. However, at small m2., the function is not monotonic, and as a result there are some real
values of m - that correspond to two different real m% . values, and some that do not correspond
to any real m¥y values, indicating that the prescription cannot be correct in this regime. Right:
the predicted mass gap ,uéap in units of the bare mass, for the ET computation (black, dashed),

the raw LC computation (blue, dot-dashed), and for the LC computation corrected by (4.26) (red,

solid). The corrected LC result does significantly better than the raw result at large m2 (small

m%%TL but starts to turn back upwards at small m% at the same point that m?(m#y) (left plot)

does, and disagrees completely for smaller m% .

issue is that as one decreases the bare ET mass-squared ma with A fixed,'3 the vev (¢?)
increases, and eventually the ‘matching’ m? value defined via (4.26) turns around and
starts to increase for decreasing m%T, as shown in figure 6. Therefore, if the prescription
were exactly correct, then by inspection we could choose two different values of m%T that
correspond to the same value m%c, which means that both m%T values would have to have
the same physical predictions. However, no such redundancy is seen in the numerical ET
analysis, and this matching procedure thus fails for values of m%T beyond the turnaround
point. We leave a more detailed analysis of the interpretation and consequences of this

result for future work.

No Hellerman-Polchinski corrections. In [40] Hellerman and Polchinski pointed out
additional possible zero mode contributions, beyond those captured by figure 5. In that
work, they were specifically interested in studying the effects of zero modes in the framework
of discrete lightcone quantization (DLCQ) [43, 44], in which the “spatial” direction =~ is
compactified. They demonstrated that, in this DLCQ framework, internal loops involving
zero modes appeared to generically lead to IR divergences, precisely due to the §(z™)
structure of zero mode propagators.

While we are instead interested in studying conformal truncation at infinite volume,
one might worry that such divergences give rise to additional contributions to the effective
lightcone Hamiltonian, beyond those that can be accounted for with a shift in the bare
mass. For example, consider the diagram on the left in figure 7, where two physical modes

13The bare parameter \ is easily matched between ET and LC since the theory is super-renormalizable
and A is just the leading small 2-to-2 scattering amplitude at high energies in both quantizations.
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Figure 7. Two possible corrections to the effective lightcone Hamiltonian due to four-point func-
tions. By inserting a complete set of states, we find that the spectral decomposition of the left
diagram survives in the infinite momentum limit, such that there are no analytic terms in ¢;4 and
thus no contributions to the effective Hamiltonian. The spectral decomposition of the right dia-
gram vanishes in this limit, giving rise to delta function singularities which correct the lightcone
Hamiltonian.

(solid lines) exchange a loop of zero modes (dashed lines). From the perspective of our new
prescription, this diagram corresponds to a four-point function contribution in the Dyson
series expansion,

rt

@ PUEHIRP) 2 =5 [ defde (@ PITV@)V@ et ). (431)

However, if we repeat the analysis of section 3.2 and study the momentum space form
of this particular correlation function, we find that the loop integral gives rise to non-
analytic dependence on ¢; - P, where ¢; are the momenta of the V insertions. When we
Fourier transform with respect to ¢;y, we therefore do not obtain delta functions in z*.

We can understand this behavior by inserting a complete set of intermediate states
into this four-point function,

d
PV @)V ()| P) = 3 [ GG PIV(@)|0. Fo)(O. FolV (w26 P). (432)
O

In ET quantization, this particular diagram only receives contributions from four-particle
intermediate states. If we then take the infinite momentum limit, we find that these in-
termediate contributions do not vanish. This correlation function thus retains its spectral
decomposition in LC quantization and does not give rise to any terms which are analytic
in g;+. Phrased more simply, this process is already captured by the three-point func-
tion contributions to the lightcone Hamiltonian, with no additional four-point function
contribution needed.

We can contrast this example with the diagram on the right in figure 7, which is
simply a two-particle generalization of the mass shift diagrams in figure 5. If we look at
the spectral decomposition of this four-point function in ET quantization, we find that it
also only receives contributions from four-particle intermediate states. However, if we again
take the infinite momentum limit, we find that all of these contributions vanish, because
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Figure 8. Leading corrections to the cubic interaction (left) and bare mass (right) in Heg due to
a tadpole term. Including all diagrams of these two types in the LC Hamiltonian is equivalent to
performing the field redefinition ¢ — ¢ + v.

the associated operator scaling dimensions are related to that of ¢? by an integer,

Ao =2Ag+n = lim (¢% P|¢*O,Po)=0. (4.33)
| Py |—o0
This lack of a spectral decomposition in LC quantization leads to terms which are analytic
in g;4, which in turn leads to a correction to the effective Hamiltonian.
More generally, we find that the only correlation functions which contribute to the
effective Hamiltonian are the mass renormalization diagrams in figure 5 (and their higher-
particle generalizations).

Effects from tadpoles. Finally, we can deform our theory by a tadpole term,

§V = / d¥ 1z go. (4.34)

From a Lagrangian perspective, it’s obvious that we simply need to shift our field ¢ by the
acquired expectation value v in order to move to the minimum of the new potential. This
shift then generates a cubic term and corrects the bare mass,

9o + %m2¢2 + %W‘ Mol % (m2 + ;w) »? + %Aw?’ + %W‘. (4.35)
While the naive LC Hamiltonian built from three-point functions completely misses this
effect (since all matrix elements involving the ¢ deformation vanish), it is straightforward
to see that the higher-point contributions in H.g automatically generate these shifts in
bare parameters.

For example, consider the matrix element contribution from the four-point function

(6, PIT{V (21)V (22)}|¢°, P') ng/ddlwl s (g, PIT{6(21)¢" (22)} 0%, P'), (4.36)

which corresponds to the left diagram in figure 8. This diagram has the familiar plant
diagram structure, which means it contains a delta function associated with the zero mode
propagator (dashed line) and thus contributes to Heg. As we can see, the resulting matrix
element clearly corresponds to a cubic interaction, mixing the one- and two-particle states.
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Similarly, we can obtain the leading contribution to the mass shift by looking at the
five-point function

(&, PIT{V (21)V (22)V (x3)}|¢, P')

5 g [T a0y 0 a0, PIT (60000 s o P,
which corresponds to the right diagram in figure 8. The two zero mode propagators each
contain a ¢(x) function factor, leading to a non-zero correction to the bare mass.

Of course, to obtain the full Heg we need to include the infinite set of higher-point
functions that fall into these two classes. However, we can already see diagrammatically
that performing this sum is equivalent to computing the VEV of ¢. Our prescription
therefore automatically “redefines” ¢ to account for the presence of a tadpole.

4.4 Holographic models

We now turn to the case of theories at large N, in order to demonstrate how our prescrip-
tion resolves the problem encountered in section 2.3. Specifically, let’s again consider the
example of a large N CFT, dual to a ¢* effective theory in AdSz41,

1 o 1 59 1gs 4y
Lk 2(8¢) 5 0] 4N2¢ (4.38)
As discussed in section 2.3, if we deform this theory by the single-trace operator O dual to

the bulk field ¢,
£bdy = LcpT — )\NO, (4.39)

we naively find that all contributions to the lightcone Hamiltonian vanish as N — oo.

However, let’s now use our prescription to construct the effective Hamiltonian, just as
in prior examples. Focusing on the matrix element between two insertions of the single-
trace operator O, we again have the possible four-point function contribution

1 a

(O, P|6HegO, P’y = -5 xlgrgo i8+/0 dz{dxy (O, PIT{V (z1)V (22)}|O, P').  (4.40)
We can compute the underlying position-space four-point function via AdS perturbation
theory, where the leading correction due to the bulk interaction corresponds to the tree-level
Witten diagram shown in figure 9.

As we can see, this diagram clearly has the “plant” structure discussed in section 3.2,
which means its momentum space expression is analytic in the lightcone energy g;4 asso-
ciated with the two zero modes. In fact, because this particular bulk process is a simple
contact interaction, the resulting function has no dependence on g;4. This four-point func-
tion therefore contains a delta function in % and provides a nonzero contribution to the
effective Hamiltonian.

We can also see the emergence of this delta function explicitly by directly computing
the zero mode bulk-to-boundary propagators. So long as the single-trace scaling dimension
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Figure 9. Witten diagram for the leading effective Hamiltonian contribution due to a bulk quartic
interaction. The bulk-to-boundary propagators of the two zero modes (dashed lines) have delta-
function singularities in 2%, leading to a nonvanishing Hamiltonian matrix element for the physical
external states (solid lines).

A > %, there are no IR divergences when integrating over the spatial directions, resulting
in the simple expression

A
P 0 ot o) — d—1 < _ A=A+

where we’ve suppressed any overall coefficients. We thus see that, as expected, propagators
of bulk zero modes have delta-function singularities in 2.

Our prescription therefore allows us to construct the effective Hamiltonian for a single-
trace deformation even though the naive three-point function contributions vanish. Note
that even though this resulting matrix element doesn’t mix single-trace operators with
multi-trace ones, it still relies on the multi-trace OPE coefficients contained in the four-
point function. Our prescription thus confirms that for this particular toy example, our
analysis of large N theories in section 1.1 was too naive. If there are delta-function singular-
ities in higher-point functions of single-trace operators, then lightcone conformal truncation
requires the full set of planar limit OPE coeflicients, just as in equal-time quantization.

The effective Hamiltonian for this bulk theory doesn’t only receive a contribution
from the four-point function, but actually has an infinite number of contributions coming
from additional higher-point functions, all of which are necessary to correctly capture
the IR physics. Let’s analyze these higher-point corrections more carefully, in order to
determine the structure of the resulting Heg. Consider the n'" order term in the Dyson
series expansion,

rt

(O, P|Heog|O, P') D (=9) lim i8+/ dz{ ... dz} (O, P|T{V(21)...V(zn)}O, P).
0

n!  z+-0
(4.42)
At leading order in the large N limit, this term potentially receives Witten diagram contri-

butions with the same plant structure as the four-point function, where the external states
are connected to a single bulk vertex, from which a “tree” of zero modes grows towards
the boundary to connect to the Hamiltonian insertions, as shown in figure 10.
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Figure 10. The higher-point function contributions to Heg corresponding to AdS “plant diagrams”
resum to reproduce the bulk profile ¢, which solves the bulk equations of motion.

All diagrams of this type are manifestly analytic in g;, which means they all provide
a nonzero contribution to the effective Hamiltonian. The resummation of this infinite set
of diagrams is actually equivalent to solving the equation of motion for ¢ in the bulk. This
was anticipated in section 2.3, where we demonstrated that “naive” conformal truncation
does not capture the IR physics arising from a deformation of the bulk profile. In other
words, resumming all of the higher-point function contributions to the Dyson series results
in the full effective Hamiltonian

d
(O, P|Hel O, P') = N%*~1(P — P') / o1 Stutelda ()] Ka(P.2)Ka(P',2),  (4.43)
z
where ¢ is the solution of the bulk equation of motion with a boundary source,

S{)ulk[d)d(z)] =0, ¢Cl(z) Z:JO )\]\TZd_A + OéZA, (444)

and KA is the momentum space bulk-to-boundary propagator for the physical modes cre-
ated by the external states,

A
Ka(P.2) = [ dPgeiP= ? _ A-d
a(P:2) / ve <x2—22—iesgn(9:+)) ooz

Diagonalizing H.g therefore amounts to finding the spectrum of perturbations around the

[NJisH

Jn_a(pz). (4.45)

[N]isH

saddle point ¢ in the semiclassical large N limit. This makes it clear that an infinite
number of terms in the Dyson series are actually necessary to compute Hqg exactly, as the
series expansion corresponds to an expansion of ¢, in powers of the boundary source A,
shown schematically in figure 10.

With knowledge of the bulk action, one may be able to reconstruct ¢, and compute
H.g directly. In appendix C, we discuss a simple supersymmetric model where this can be
done analytically. However, in more physically realistic cases one might just have access to
the CF'T correlators in eq. (4.42). In that case, one might hope that truncating the Dyson
series to a fixed order in A\ could be sufficient to compute the Hamiltonian to a reasonable
accuracy. However, there are two obstructions. First, the resummed series may not be
analytic in A. In a bulk model, this manifests itself with the presence of a boundary VEV,
corresponding to the a term in eq. (4.44). Second, the individual series expansion terms
in eq. (4.42) can be IR divergent. For example, in any large N model with local bulk

~32 -



interactions deformed by a single trace boundary deformation, the n'" order term in the
Dyson series is proportional to

n dz n(d—
(0, PlH|0, P') N/Zde R T a(p2) Ty _a(u'2), (4.46)

which diverges for n > d—%‘ On the other hand, we know that the exact expression in
eq. (4.43) is convergent, as ¢ approaches a constant in the IR. Therefore, resumming the
whole series is necessary to obtain a finite Hamiltonian.

Alternatively, one can introduce an IR regulator. One possibility is to introduce an IR
brane at z = zig, so that the integrals (4.46) will be finite by construction. In that case,
we can derive a rough estimate of the highest order term in the Dyson series

Nmax 2 )\Aﬁ{id (447)
needed to access QFT observables (e.g. spectral densities) down to the IR scale Ajg ~ zl_Rl.

4.5 O(N) model

As a final example of how to apply the prescription for Heg, in this section we consider a
simple deformation of the O(/N) model at large N. The O(N) CFT can be defined via the
explicit action [45]

1 1 1 u 2

d 2 2 2

S = /d x [2 (Oudi)” — 57’@ - N ((bl) , (4.48)
where ¢ = 1,--- , N and we tune to the critical point » = 0. There is a free fixed point,

u = 0, as well as an interacting one with u # 0. We will first focus on the free fixed point;
at the end of this section, we will describe the generalization to the interacting case. We
will deform by the singlet operator ¢?, so that

S = Scrr + AN / dlx ¢, (4.49)

and in what follows we drop the i index on ¢ for simplicity. We will see that in this
model, no contributions to the effective Hamiltonian arise, i.e. Heg = H, except for a
renormalization of the vacuum energy.

Four-point function. We begin by considering the contribution to Heg at second order
in the Dyson series for some external operators O, that carry non-vanishing total mo-
mentum p_. We can try to extract the §(z™) coefficient from the corresponding four-point
function by integrating over a small window around where the mass deformations coincide.
The four-point function in mixed position/momentum space contains two insertions, one
at xf and one at x; The x; dependence appears in two propagators, which together are

.t ot 1
ez:v12k+ +izgzkly

7= [ dk,dK :
/ Tk k- — K2 tie) (2K k- — K2 + ic)

(4.50)
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We integrate over x? over a small window around xf:

ik —K)8 _ =il =K, )

i(ky— K\ +ie)(2kpk_—k? +ie) (2K k_—k? +ie)
(4.51)
Next, we do the ky integral. We can take the k_ to be non-negative, so both poles are

zf+6 A
7= / dry T = e*+1s / dkdk,
x

-6

below the real axis. Therefore, only the term with the —ik;d in the exponent contributes:

AL
T =2 / dK! i (4.52)
= 4T . .
Tk — K2 tie (2K, k- — K2 +ie)

Now, the key question is what happens when we take § — 0: do we get zero or not? Note
that if we assume k_ > 0, then the answer vanishes at § — 0:

limZ' = 0, (k- >0). (4.53)
0—0
_ _de
However, if k_ = 0, then the e - causes the first term to shut down, and we instead find
2w o+
lim 7' = L et _=0). 4.54
T = [k ZEeeh, ke =0) (4.54)

Therefore, we explicitly find that the contributions to Heg from the four-point function
vanish when there is non-zero momentum k_ flowing through the propagators between the
relevant operators.

This result still allows for the possibility that a contribution arises that is purely
localized at k_ = 0. Since k_ = 0 is a point of measure zero in the integral over k_,
the only way it can contribute a finite amount is by having a §(k_) function localized
contribution in the dk_ integrand. To establish that no such d(k_) contributions are
present, we can set k_ = 0 inside the integrand and show that we get a finite result. So, let
us again start with the four-point function with some general two-particle external states
O and O'.1* Without loss of generality, for any tensor operator Oy, ,,, we can always
choose the component with all minuses, i.e. O_..._. In the two-particle operator case, such
operators are linear combinations of d_ derivatives acting on ¢;¢; (e.g. (92 ¢;)d; +(0_¢;)?),
and in the one-loop diagram this linear combination simply introduces extra dependence
on k_ given by the corresponding polynomial fo(k_).'> Consider now setting k& = 0,
and following the propagators around the closed loop, as depicting in figure 11. The first
propagator, from the external operator at x}f to the mass insertion at :L‘f, just becomes
a d(af):

eik+xil k=0
dk = d(zh). 4.55
/ Tk k. — k2 + e (@) (455)

1At infinite N, the correlators of higher-particle states, e.g. (¢:¢:)?, factor into the correlators of the
two-particle states.

5Tn the free theory, or the interacting theory at infinite N, operators like (8,¢)? with internal contracted
indices can always be reduced using the equations of motion to a linear combination of primaries and
descendants of primaries that have only 0_ derivatives.
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Figure 11. Four-point diagram in mixed position/momentum space, contributing to Heg for
external states O at second order in the Dyson series in the free O(N) model with a mass-squared
¢? deformation.

Similarly, the propagator between the two mass insertions just becomes 5(xf2), and the
propagator between the second insertion and the final state becomes (5($;3). The last
propagator, between the two external states, is however qualitatively different, since it has
some external p_ flowing through it:

eik.,.:lf;; k_=0
2 .
—p_)—k: +ie

1
—2kyp_ —k? +ie’
(4.56)
We have included the polynomials fo(k_), for(k—) corresponding to the external states,

folk) for(k-) ko) [ dis g Fol0)for(0) | dk

but since these are finite they can be ignored. In addition, we have set the factor in
the numerator to 1, since the other propagators became a product of § functions o
§(z7)8(x)0(x8) = 8(zf;)6(xf,)0(xf;), and so set 25, = 0. The integral on the r.h.s.
above is logarithmically divergent at large k. Physically, a logarithmic divergence is not
strong enough just based on dimensional analysis to correspond to a d(k_) singularity eval-
uated at k_ = 0. To be more mathematically precise, we can note that the result is finite
if we choose a two-sided regulator —A < ky < A’ with finite A/A’" in the limit A — 0.
Equivalently, if we choose a Gaussian regulator, ~ 6_52k2+, then the r.h.s. has a finite § — 0
limit of —%. Since this result is finite at k_ = 0, there is no §(k_) factor.!®
Higher-point functions. Finally, we argue that there are no contributions to Heg from
higher-point functions (other than the vacuum energy), by reducing higher point functions
to the same form as the four-point function.

First, since mass insertions ¢ have two legs, we can think of one “coming in” and one

“going out” and we can follow them around the diagram in a chain until they eventually

1Note that this logic relied crucially on the presence of the p_ in the last propagator. In the vacuum
bubble, p_— = 0, and the last propagator at k_ just produces another 5(w§'4). Since there is already a
§(xd,) from the chain of the other propagators, the final result contains §(z3,)d(z35,) = &(z4,)d(0), which
does have the required strength singularity to indicate the presence of a §(k_) term. As a final comment,
one may worry about divergences from the k, integral. However, one can always (and may be forced to)
introduce a regulator on k. Since this regulator is boost invariant, it cannot introduce additional k_ or
2+ dependence, and so cannot introduce either §(k—) or §(z+) functions.
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end by connecting to the external state. Consider chains that are at least three insertions
long. We are only interested in J(z™) function contributions, so consider the case where
all the times of the operators coincide. If we take any insertion in the middle of the chain,
it has k_ flowing into and out of it, so it cannot have both its legs pointing into the past
or into the future - if it does, then the diagram vanishes. This means that we can integrate
over its time, because the only possible contributions come from when it lines up with the
time of the other operators in the tower. But this leads to a significant simplification, if
we look at the two propagator factors coming out of it:

avt | des i’ e”ﬂ-(Ijqﬁ”j)“k;(xj*xjﬂ) dk eik-ﬁ-(xz‘tl*x:rﬂ) A5T
t/)xiu/l * +(2k+k—ki+4ex2k;k—ki+4e)‘]/‘ T2k k- —k2 tie)? (457)

The r.h.s. of the above expression is the same form as a single propagator, except that the
denominator is squared. Clearly, repeating this procedure for n such internal insertions
just gives

" eik+ € —:c;:_n)
. 4.58
/*@mm—ﬁ+@n (4.58)

Therefore, all the propagators between all the mass terms just collapse to a single modified
propagator of the above form. The result is equivalent to a four-point function with this
modified propagator between the two mass terms, and at k_ = 0 the modified propagator
simply has extra powers of k| compared to the original propagator. The argument in the
previous subsection then immediately applies.

Interacting case. Here, we will briefly describe how the above arguments can be gen-
eralized to the interacting fixed point of (4.48). As usual, is it useful to rewrite the action
in terms of an auxiliary field o:

o~ dy |1 2 L, 1 o N o
S_/da:[2(8u¢z) 2r¢i 2U¢>i+u0 . (4.59)

At infinite IV, the o two-point function can be computed in closed form. At the
critical point, it can be summarized by the fact that o becomes a primary dimension
A = 2 operator, so (o(q)o(—q)) « g. Planar 1PI correlators of the relevant deformation ¢?
are just one-loop diagrams with ¢? insertions. At a diagrammatic level, the main difference
between a theory of N free bosons and the interacting O(N) CFT is that in the interacting
theory there are o propagators attached to each ¢? insertion. In momentum space, these
are trivial to include.

The prescription (3.8), on the other hand, expresses the correlators as functions of
lightcone time. Since contributions to Heg arise only from d(z™) function dependence in
the correlators, we can isolate these contributions either by working in momentum space
and considering the limit where the energy g4 of the relevant operator insertions goes to
infinity, or we can work directly in real space and integrate over an infinitesimal window
in time. We will mostly use the latter strategy. In this case, there is a useful simplification
that arises when we restrict our attention to such d(z™) contributions, that allows us to
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take correlators in the free O(IV) theory and simply associate an extra factor of the k
momentum component flowing through the ¢?c vertex. The reasoning is as follows.

Consider any correlator with some insertions of o in the interacting O(N) theory, with
no external q_ flowing in through the o propagator. We can write the o propagator in
terms of its spectral function in mixed position/momentum space as

+ 2 Meiq+x+
<O-(‘T 7Q—7QL)U(07 _q—7_QJ_)> = /d/vb dQ+ 2 P) .. (4-60)
2q4+q- —q] — p* +ie
The relevant deformation ¢ is integrated along all £~ and therefore has g = 0. With
g = 0, it is clear that there are no poles as a function of ¢y, so if x+ # 0, then the

propagator vanishes; the only possible contribution is proportional to §(z%). We can
compute the coefficient of the §(x*) function by integrating,

A iqraxt A du2
/dl’+/ dMZdQ+2'lL€—2. = —/ 2//1/7% =gy, (4.61)
0 —q1 — K te 0o 91 Tn
where we have subtracted off a UV divergence = —2A. Therefore,
(0(27,0,41)0(0,0,—q1)) = 6(z)mqy - (4.62)

In our prescription, we integrate over 2™, so we just pick up the contribution 7|q,|. A 1PI
diagram in the interacting theory, with the external ¢ operators, is therefore reduced to
diagram in the free theory, without them, times a factor of 7|q_|.

5 Discussion and future directions

Our main result in this paper is the prescription (1.14) for an effective lightcone Hamilto-
nian H.g that incorporates the effects of integrating out zero modes. The proposed H.g
was defined directly in terms of CF'T correlation functions, without reference to an un-
derlying Lagrangian. One can regard Heg as the result of integrating out the zero modes
before taking the LC limit.

We have shown how to apply our prescription in several examples, but there is more
work to do to understand how H.g behaves in various specific theories. However, it seems
very plausible that many theories will not have any contribution to Heg beyond the vacuum
energy and the renormalization of bare parameters. The reason is that, as we saw in
section 2.1, LC quantization only discards zero mode contributions between operators with
definite relations in their dimensions. Such relations arise in free theories and infinite N
theories, and often in integrable theories, but rarely in generic non-integrable theories.

Of course, free theories are a particularly important class, since their CF'T data is
readily available. It is likely that the types of arguments employed in sections 3.2, 4.3,
and 4.5 could be generalized to a large class of perturbative theories. The goal would be to
show that perturbative deformations lead to an H.g whose deviations from the naive LC
Hamiltonian can be completely absorbed by a shift in the bare parameters of the theory,
plus terms like the non-local fermion bilinear term in (4.14) that result from integrating
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out non-dynamical fields. At a diagrammatic level, this seems plausible because diagrams

17 in order to produce §(x*)

contributing to H.g must have very special configurations
functions in LC time.

In general, it may be more natural to study Heg using CFT data. Unfortunately, the
OPE is not so well-behaved in momentum space. Most of our analyses have been either
fully in momentum space or else in mixed position/momentum space. It would be useful
to understand if they can nevertheless be reformulated in terms of a convergent OPE.

Our prescription for constructing H.g allows one to match LC and ET calculations to
all orders in the deformation parameters. However, it is still possible for there to be addi-
tional non-perturbative effects which are missed by this construction, as we demonstrated
in the case for 2d ¢* theory in section 4.3. While one might hope that the perturbative
data is sufficient to determine these non-perturbative effects either quantitatively or at
least qualitatively (for instance, whether these effects can simply be absorbed into a shift
in bare parameters), it remains unclear if this is generally the case. We plan to consider
these effects in more detail in future work, which must be understood in order to develop
a fully non-perturbative prescription for integrating out zero modes.

Looking ahead, perhaps our most important conclusion is that RG flows originating
from /' = 4 SYM at infinite IV can be investigated using lightcone Hamiltonian truncation
methods. If our expectations about Heg bear out, then at least at finite 't Hooft coupling A
the only contribution to H.g arises from integrating out the non-dynamical component of
fermion fields on the LC. The only other data that is needed for LC Hamiltonian truncation
is the spectrum of operators, which are known, and three-point functions of single-trace
operators, which have been obtained up to three loops [46, 47].'® So it may be possible
to obtain the spectra of large N confining gauge theories in practice by perturbing N' = 4
SYM theory.
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A  Hamiltonian matrix elements from correlation functions

In this appendix, we consider the standard method for computing Hamiltonian matrix
elements from CF'T three-point functions. First, we briefly review the use of ie prescriptions
in Lorentzian correlation functions. Using this prescription, we then explicitly compute
Hamiltonian matrix elements for the example of d = 2, demonstrating that a large set of
matrix elements vanish for free or large N theories.

A.1 Lorentzian correlators and the ie prescription

In standard conformal truncation, Hamiltonian matrix elements are given by Fourier trans-
forms of Lorentzian correlation functions. These correlators can in turn be defined as an-
alytic continuations of Euclidean correlation functions. However, there are ambiguities in
this analytic continuation, depending on our choice of contour. These different contours
correspond to different orderings of the operators in the resulting Lorentzian correlator.
Fortunately, we can use a simple e prescription to fix a particular choice of contour,
and thus a particular operator ordering (for a nice review, see [48]). In general, we can
obtain a specific ordering for Lorentzian correlators with the following prescription

<01(t1, .fl) tee On(tn, .fn» = lim <01 (tl — i€1, 51) e On(tn — ien, .fn», (Al)

€;—0

where the limit is taken with €; > --- > ¢, (such that O; is the leftmost operator and O,

+

the rightmost). In terms of the lightcone coordinates x* = %(t =+ x), this prescription

becomes
+ + .
T = T — i (A.2)

As a simple example, let’s consider a two-point function in d = 2. Using this e
prescription, we find the two orderings

1
(O(21)O(a2)) = ,
1 ’ ((‘(L’:—L‘FQ - Ze)(xl_Q - ie))A (A?))
(O(22)Oar)) = !

(2 + i) (wyy + i)
We can also use these two expressions to obtain the time-ordered correlation function
1 1
(T{O(21)O(x2)}) = - (a4

((ar:f2 —iesgn(t2))(xy, — i€ sgn(tlg)))A (931+255f2 — ie€)

We could also consider ordering operators with respect to the lightcone time z™, rather
than the standard time ¢. However, this ¢e¢ prescription is only necessary if the two op-
erators are timelike separated. In other words, both orderings are equivalent at spacelike
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separation, since the operators commute due to causality,
[O(z1),0(x2)] =0 (22, < 0). (A.5)

At timelike separation sgn(z™) = sgn(t), which means that lightcone time-ordering is
actually the same as standard time-ordering in causal theories.
A.2 Computing matrix elements

For a general CFT deformed by a relevant operator O, the resulting Hamiltonian matrix
elements are given by

(O,P,u|V|O', P 1y = A / Az d* ay dlag TP ) (O(2))Op(22) O (23)). (A.6)

The three-point function in the integrand is a Wightman function with a specific ordering.
We therefore need to use the appropriate ie prescription to enforce this ordering. For
example, in d = 2 this correlator takes the form

Cooro
O(z1)0O o' = 1
< (.’L‘l) R(.TQ) (.%'3)> (.%'1_2 _ iG)h+hR_h/ ([E2_3 _ ’iE)h/+hR_h($1_3 _ ie)h+h/_hR
1 (A7)
X T .7 7 T/ 17 7 T .3/ 1)
(v — G Thn T (ady — e R (o, — i)
where h and h are the (anti)holomorphic dimensions
h=A+0 h=A—L (A.R)

For this 2d example, let’s specifically focus on the integral over the insertion of the
relevant deformation, ;. This integral takes the form

1
I(x],25)= [ dz5 - — .
50 = [ 03 e gy

(A.9)

Looking at the integrand, we see that there are two branch points, where Op collides with
one of the other operators. Due to our ie prescription, one of these branch points is located
in the upper half plane and the other is in the lower half plane, as shown in figure 12. So
long as the relevant deformation has Ar > %, we can then evaluate this integral by closing
the contour on either side, leading to the result

2l (2hg — 1)

I(x],25) = . A.10
E5) = BT o = YT + b — ) s — )] 10

However, if the holomorphic dimensions are related by an integer, such that
B =h+hg+n, (A.11)

then one of the gamma functions in the denominator is singular, such that this expression
vanishes.
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Figure 12. Integration contour for evaluating Hamiltonian matrix elements. The ie prescription
forces the two branch points to lie on opposite sides of the real axis. If the scaling dimensions are
related by an integer, such that h' = h + hg + n, one of the branch points becomes a zero, and the
integral vanishes.

This behavior is easy to understand from the associated integration contour. When
the dimensions are related by an integer, the integrand takes the form

1 (g —ie)"
(3;1_2 _ ie)h-‘th—h/ (:E2_3 _ Z'e)h’-i-hR—h (562_3 _ ie)QhR-i—n'

(A.12)

In this case, there is no longer a branch point at ], such that if we close the contour in
the lower half plane the integral (and the resulting Hamiltonian matrix element) vanishes,

(O, P_, u|Vic|O, P 'y =0 (' =h+hg+n). (A.13)

For theories at large IV, this relation between dimensions precisely corresponds to the
case where one of the operators is a double-trace operator built from the other two,

O = [OOR]nn = OF T Op. (A.14)

We thus see that all matrix elements mixing single-trace operators with double-trace op-
erators vanish at infinite IV,

(0, PIVicl[OORnm Py =0 (N — o0). (A.15)

While we’ve focused on the case of d = 2 for the sake of simplicity, this result can be
generalized to arbitrary d.

B Details of the bulk model Old-Fashioned Perturbation Theory

Here we will go through the details of the Old-Fashioned Perturbation Theory (OFPT)
computation, referenced in section 2.4, of the energy eigenvalues in the bulk toy model
at second order. We want to evaluate the contributions at second order, (2.24), from
double-trace operators.

The relevant operator is a deformation to the CFT described by the interacting theory
in the bulk with a quartic coupling ~ gs¢*. To take the effect of the bulk interaction into
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account, we will also work to first order in an expansion at small g4. The computation
will be easiest to do if we first sum over double-trace operators in a bulk Fock space basis;
once we have the answer, it will be straightforward to interpret the result as a sum over
primary operators.

To begin, we write the double-trace states corrected by the g4¢* coupling in the bulk
at leading order:

o (P1P2| [ dzdz_\/G9s¢ D1, D2) | _ _
1, p2) Y = |p1, p2) + /d2P1d2P2 lﬂf — fz s—|P1D2)- (B.1)
Mo N N S o
P1— p2— P1— p2—

States without an (™ superscript are eigenstates in the absence of both the bulk interaction
g4¢* and the boundary deformation V. The above expression is the expansion in g4¢* and
should not be confused with the expansion in the relevant deformation V' ~ AO(q-); we
will perform two separate OFPT expansions, one in g4 (to first order), and one in V' (to
second order). To avoid clutter, from now on we will use the abbreviation

/g4q§4 = /dzdx_\/§g4¢4. (B.2)

The denominator in (B.1) is the energy denominator, and p? is the mass-squared of
each state. The integral d?p1d*ps can equally well be thought of as an integral over
A1, 42, P1—, P2

Next, we return to the second order OFPT term in the expansion in the relevant
deformation V:

(2) 1% OO (py, pa| V[P
Pt = [(O,p,u!H!Qp’,u’ﬂ B /d2p1d2p2 (v plf2> e Ll f;‘ ) +(pep).
p—  pi—  pa—
(B.3)

We have written D instead of = above because we are just considering the contribution
from the double-trace states at this order. Substituting the expression for |p1p2>(1) into
dP* above, we need the following overlaps:

(p| /A(9|p1,p2>(°) = M52 (p—p1)d(po— —q-) +sym, v=A-1, (B.4)

and

o (D2l [ a0t prip2) | di3jis (p,q—, fio| [ 920 p1, p2)

I= <p|V/d2p1d2p2 ) ~£ 2 2 p1p2> =A 202 ) f 2 2
L_Fﬁ_ﬁ_& q— L_F&_L_ﬁ
pi— ' p2—  pi—  p2— j q—  p1—  p2—

(B.5)
The matrix element of g4¢* on the r.h.s. above can be evaluated using standard methods
for Witten diagrams:

d~2~y A Y 9y 7~
I:A/ iafts (/me 12, i2) _ (B.6)
qg— K + | R LS R )
p— q- p1- p2—

A, pa, p2, fi2) = (p, q—,ﬂz\/g4¢4|p1,pz> 294/ zdzJ, (pn2)Jy (pez) Jy (flaz) Jy (pz).
0
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Putting everything together, one finds

d,UQd[LQ,MV,LNLV _

§P* > / Y A, 1, pras fiz). (B.7)
(1?1 = =) = p3) (i3 — p3)

The integral is over the mass-squareds of the Fock space modes, but we are interested in the

contribution from the mass-squareds of the full double-trace states. To change variables,

we start with the mass-squared M? of the double-trace state:

4! p2—
M? = (p1 + p2)* —M1+M2+#%7+M2p1 : (B-8)

In the evaluation of §P*, § functions set p* = p{ and pa— = ¢_, so
M2 g2 <1+g‘>+u§ <1+§‘>. (B.9)

In the limit of small ¢_ < p_ and large M? > p? (with fixed external momentum p and
©2), we therefore have the relation

ps ~ M?q_[p_. (B.10)
Finally, we obtain the relation described in the text:
¥_9
5P+~/du am2 4=y <M2q )2 A(u M,MZ ,M2> (M?>>p? i3 and ¢ <p_).
b " B (B.11)

We would like to understand how this result scales at large M? and small ¢_ for general
values of v. This will be determined by the integral

spt duz (M\/7) Alpa p, M (q— /p-)"/?, fin) (B.12)

which in turn depends on the amplitude

Ayt s iz, fiz) = g1 /0 " ez [ () T2 T o) (B.13)

evaluated at large ps. We can immediately evaluate the fio integral since only a single
Bessel function in the amplitude depends on this variable, yielding

* g <M\/7)V RRAAGES )/dz [T, (2))2 T, <zM\/E>. (B.14)

Note that for v > —% the integrand is convergent near z = 0. If we expand at large M, we
can simplify the Bessel function

sm l( 27w+4zM\/>+7r)
<ZM1/ > € \/T . (B.15)
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In this approximation, the remaining z integral essentially becomes the large ‘energy’
Fourier transform of

F(2) = = [T ()P (B.16)

with respect to z. It appears that its possible to directly evaluate this integral in terms of
3F, hypergeometric functions (producing a final result that scales as 1/M? for all v), but
there is a better way to understand the large M behavior.

At very large values of M, the Fourier transform will be dominated by the least ana-
lytic parts of f(z). Since f is smooth at general values of z, this means that the transform
will be dominated by the boundary of the region of integration, namely small z. In this
limit f(z) ~ 2¥, so we can evaluate equation (B.14) simply by rescaling the integration
variable, giving

SPT ~ gy (B.17)

for all values of v at large M, where we have neglected many numerical factors.

C SUSY bulk model

In this section we analyze a large N model with local bulk Lagrangian in which the bulk
profile can be solved exactly. As discussed in section 2.3, finding the correct AdS vacuum
profile in necessary to describe the correct IR QFT.

In particular, consider a “supersymmetric” bulk Lagrangian for a single scalar field, in
terms of a superpotential W (¢),

2
S = N2/dd+1m\/jg; [22 <az<z> - 18W> + 122(8M¢)2] (C.1)

z 0¢ 2
1 1 S|
~ N2/dd+1aﬁ\ﬁ—g —22(0,4)% — dW + = ow + =22(0,0)?| - (C.2)
2 2\ 0¢ 2
For definiteness, let us fix the form of the superpotential,
_m.2 9,3
W= 26— 26", (C:3)

corresponding to a bulk mass M? = m(d — m) and UV conformal dimension A = m or
A = d — m for the boundary operator. In this paper we consider the second case, since
deforming the CFT by an operator with dimension % < A < d can be more directly treated

with Conformal Truncation.

The exact background solution is found by solving 0,¢. = % %—‘g R which in case

=®Pcl
of the explicit superpotential (C.3) gives

Zm

da(z) = )\m (C4)
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which in the UV approaches
b R0 A2+ o(22M) . (C.5)

According to the standard AdS/CFT dictionary, the boundary condition (C.5) is equiv-
alent to deforming the boundary action by 65 = NX [ Oa. Note that the power 2d—m
is absent in (C.5), so that (Oa) = 0. This is property holds for any form of the local
superpotential W.

In the IR, the bulk profile (C.4) flows to a constant, ¢ 7L 277”. Expanding the
potential around the asymptotic profile, the mass squared for the linearized spectrum of
perturbations is V”(¢q) = m(d + m). That corresponds to an IR CFT with spectral
dimension Ay = d + m = 2d — A, which is irrelevant.

Using Conformal Truncation, it is possible to plugin (C.5) into (4.43) to compute
the effective Hamiltonian for the spectrum of perturbations around ¢.. That would give
access to information on the full RG flow, for example via the spectral density of Oa.
That, however, lies outside the scope of the present work.

D Lightcone truncation and the infinite momentum limit

In this appendix, we demonstrate that the matrix elements of the “naive” lightcone Hamil-
tonian, which are computed from CFT three-point functions, correspond to the infinite
momentum limit of matrix elements of the more familiar equal-time Hamiltonian. While
this result is perhaps not surprising, establishing this relation is an important step in
justifying our prescription for the effective LC Hamiltonian.

To start, let’s briefly review the structure of conformal truncation in ET and LC
quantization. In both cases, the correction to the Hamiltonian density simply corresponds
to a relevant local operator Or(x). The resulting ET Hamiltonian is given by integrating

this relevant operator over a slice of fixed time ¢,
H=Hy+Vir,  Vir = )\/dd_lx On(t, ), (D.1)
while the LC Hamiltonian is obtained by integrating over a slice of fixed lightcone time z,
Py = Pyo+ Vic, Vic = )\/clau_dd_2$L Op(z™,z™,7h). (D.2)

Here, #' is the set of directions perpendicular to the lightcone directions & = %(t + x).

We are specifically interested in computing the matrix elements of the invariant mass
operator M? = PFP,. We can write this in terms of the ET Hamiltonian,

M? = (Hy + Vigr)? — P2 = M2 + {Ho, Var} + Vir, (D.3)
or in terms of the LC Hamiltonian,

M2:{P+0+VL07P*}_p’J2_:MOQ_‘_{P*»VLC}' (D4)
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For conformal truncation, we consider the matrix elements of M? in a basis of states with
definite conformal Casimir C, spatial momentum P, and invariant mass u,

0., 1) = / il =P O(2)|0), (D.5)

where ;2 = P? is the associated eigenvalue of the unperturbed mass operator Mg. The
resulting ET basis states are labeled by the spatial momentum P = (P, P 1), while the
LC states are labeled by P = (P, P 1 ). Note that these basis states are defined by Fourier
transforming with respect to all spacetime directions, regardless of quantization scheme.'?

Because the physical mass-squared is Lorentz invariant, the eigenvalues of the full
infinite-dimensional matrix constructed from M? are the same in both ET and LC quan-
tization. However, the individual matrix elements in the two quantization schemes are
generically different, due to the fact that the operator is acting on two different Hilbert
spaces. If we truncate the two matrices by setting some Cpax and then diagonalize, we will
therefore obtain two different sets of eigenvalues. While these eigenvalues must converge
to the same result as Cpax — 00, at any finite truncation level there will generically be
some difference.

However, we now want to show that in the infinite momentum limit the individual ma-
trix elements in ET quantization exactly match those of LC quantization. In other words,
we can define the LC Hamiltonian as the infinite momentum limit of the ET Hamiltonian.
To do so, we first show that in the limit of infinite spatial momentum (|P,| — o0), the
matrix elements that are linear in V' match in the two quantization schemes,

lim <07an,u|{H07 VET}|O/7P:27M/> = <O>P*7M|{P*7 VLC}|O/7P/—>:UJ/>' (D'6)

| P | =00
We then show that the matrix elements of VéT vanish at infinite momentum,
Jim (O, P V|0, Py = . (D.7)
As a first step, consider the normalization of our basis states. Given the definition

in eq. (D.5), we find that the inner product is simply the Fourier transform of a CFT
two-point function,

(0,P, O, Py = / Ay dzq TP (O (21)O(a9)). (D.8)

Since the transverse momenta are conserved in both quantization schemes, we can specifi-
cally consider the reference frame with P, =0, without loss of generality.

Depending on our choice of quantization scheme, we can then rewrite this inner product
in the form

2E(2m)0(Py — P) 6(p® — u?) No(P)  (ET)

(D.9)
2P_(2m)8(P- — PL) §(* — p*) No(P)  (LC)

(O, P, p|o, P ) = {

19 As shown in [49], this complete set of states in Minkowski space can be mapped to the more familiar
radial quantization states via a combination of conformal transformations and Wick rotation.
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where, for simplicity, we’ve suppressed the overall delta functions for the transverse mo-
menta. Note that both quantization schemes have the same overall normalization factor

No(P) = / iz P2 (O()0(0)). (D.10)

Let’s look at this normalization factor more carefully. Because we’ve set P, = 0, this
function can only depend on p and P, (or equivalently o and P_). However, if we organize
our basis into eigenstates of the operator Jy_, which generates boosts in the ¢-x plane,
then we can complete fix the P,-dependence, obtaining the general expression

No(P) = P2 fo(u), (D.11)
where m is the boost eigenvalue of O.
Turning to the mass-squared operator, we can write the matrix elements in a somewhat
similar form,

(O, P, u|M?|0", P, 1) =

; Y (ET) /
{@(m)é(zﬂx P;) Moo/ (P, P') (D.12)

2P_(2m)3(P_ — PLY MES) (P, P!)

where we’ve again suppressed any P | delta functions. In ET quantization, there are three
distinct contributions to these matrix elements: the original CFT term Mg, the linear
correction {Ho, Ver}, and the quadratic correction Vi2y. Focusing first on the linear term,
we can write the properly normalized ET matrix element as the Fourier transform of a
CF'T three-point function,

sMED (p pry — ME + E')
Moo/ (P 1) VAEE'No(P)No: (P)

/ dia dty! PP (O(2)OR(0)0' (2')).
(D.13)

Similar to the inner product, we can fix the P,-dependence of this matrix element by
using the transformation of the operators under J_, obtaining

)‘(E+E,) m pim’ ( / Pl—)
= PP — . D.14
JAEENo(P)No (P~ I\ B (D-14)

However, the overall scaling with respect to boosts is precisely cancelled by the normaliza-

sMET) (P, P

tion factors, reducing this to the somewhat simpler expression
MNE+ E P
= (/ ) =9 (:U’u 1, P ) (D.15)
VAEE' fo(p) for (1) -
20

SMED) (P, P’

If we now take the limit P, — —o00,”’ we find that the matrix element reduces to the

P,-independent expression

/
lim SMET(P, Py = Ag(p, 1) (D.16)

Pp——o0 Vo) for(u')

20The direction of this limit does not change the final result, but taking P, — —oo is the natural choice
in order to obtain slices of fixed ™ (rather than x7).
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The resulting expression exactly matches the linear correction to the LC matrix elements,

(LC) "N A d e ddo! (UP-T=P'2') ()4 o
MG PP = s [ e ey
Ag(u, 1) '

Vo) for (W)

We therefore see that the LC matrix elements simply correspond to the infinite mo-
mentum limit of ET matrix elements,

Jim MG (i Pr) = M) (o). (D.18)

One interesting consequence of this relation is the observation that LC matrix elements are

actually independent of the choice of reference frame, as all P_-dependence cancels out.

Lightcone truncation is thus the natural framework for making both unitarity and Lorentz

invariance manifest.

To complete this argument, though, we also need to establish that the matrix element
contributions from VEQT vanish at infinite momentum,

lim (O, Py, p|Vip|O', Phoy') = 0. (D.19)

P,—00

To see this, consider inserting a complete set of states,

<07P$7M|VEQT’O7/P;7/’L/> ~ Z/dE<OaPx7,U"VET|¢7P$7E><¢7PI7E|VETOlvp‘;?,u/%
P

where we have labeled the intermediate states by their energy E and spatial momentum
P,. The range of integration of F is restricted to £ > P,, since the invariant mass-squared
must be positive, but is also restricted to E < /P2 + A? = Pyk% in the presence of a UV
cutoff, which we generically must introduce to even define the matrix elements of Vgr. The
range of integration for E therefore vanishes as P, — oco. Equivalently, the integral could
instead be written in terms of the invariant mass ,u?/) of the intermediate state, in which
case we obtain an explicit suppression factor of 1/, /P2 + ui in the integration measure.
The integral therefore vanishes at infinite momentum, since both the range of integration

and the matrix elements in the integrand remain finite in the P, — oo limit.?!

2INote that we can take the P, — oo limit after performing the dufb integration, so the subtleties that
we saw in evaluating the Dyson series at infinite momentum do not arise here.
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